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Inclusion Exclusion Formula

Lecture 4 will introduce formula for calculating the probability for the union of several
events 𝐸1, 𝐸2, … , 𝐸𝑛:

P(𝐸1 ∪ 𝐸2 ∪ … ∪ 𝐸𝑛)
when 𝐸1, 𝐸2, … , 𝐸𝑛 are NOT disjoint.
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Inclusion Exclusion Formula for Two Events
To find P(𝐸 ∪ 𝐹), we can split 𝐸 ∪ 𝐹 into 3 disjoint parts

▶ I = 𝐸 ∩ 𝐹 𝑐

▶ II = 𝐸 ∩ 𝐹
▶ III = 𝐸𝑐 ∩ 𝐹

By Axiom 3 of Probability,

P(𝐸 ∪ 𝐹) = P(I) + P(II) + P(III)
P(𝐸) = P(I) + P(II)
P(𝐹) = P(II) + P(III)

which shows that

P(𝐸 ∪ 𝐹) = P(𝐸) + P(𝐹) −
=P(𝐸∩𝐹)

⏞P(II)
= P(𝐸) + P(𝐹) − P(𝐸 ∩ 𝐹)

E
F

I II III
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Inclusion Exclusion Formula for 3 Events

E F

G

P(E)+P(F)+P(G)

E F

G

P(E)+P(F)+P(G)
−P(EF)−P(EG)−P(FG)

Thus

P(𝐸 ∪ 𝐹 ∪ 𝐺) = P(𝐸) + P(𝐹) + P(𝐺)
− P(𝐸𝐹) − P(𝐸𝐺) − P(𝐹𝐺)
+ P(𝐸𝐹𝐺)

4 / 13



Inclusion Exclusion Formula for 4 Events

P(𝐸 ∪ 𝐹 ∪ 𝐺 ∪ 𝐻) = P(𝐸) + P(𝐹) + P(𝐺) + P(𝐻)
− P(𝐸𝐹) − P(𝐸𝐺) − P(𝐸𝐻) − P(𝐹𝐺) − P(𝐹𝐻) − P(𝐺𝐻)
+ P(𝐸𝐹𝐺) + P(𝐸𝐹𝐻) + P(𝐸𝐺𝐻) + P(𝐹𝐺𝐻)
− P(𝐸𝐹𝐺𝐻)
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Inclusion Exclusion Formula for 𝑛 Events

P(𝐸1 ∪ 𝐸2 ∪ … ∪ 𝐸𝑛) =
𝑛

∑
𝑖=1

P(𝐸𝑖)

− ∑
1≤𝑖1<𝑖2≤𝑛

P(𝐸𝑖1
𝐸𝑖2

)

+ ⋮
+ (−1)𝑟+1 ∑

1≤𝑖1<𝑖2<…<𝑖𝑟≤𝑛
P(𝐸𝑖1

𝐸𝑖2
… 𝐸𝑖𝑟

)

+ ⋮
+ (−1)𝑛+1P(𝐸1𝐸2 … 𝐸𝑛),

where the summation
∑

1≤𝑖1<𝑖2<…<𝑖𝑟≤𝑛
P(𝐸𝑖1

𝐸𝑖2
… 𝐸𝑖𝑟

)

is taken over all of the (𝑛
𝑟) possible subsets of size 𝑟 of the set {1, 2, … , 𝑛}.
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Example 1 — Sports
Of students in a certain college:

▶ 36% of the students play tennis,
▶ 28% play squash,
▶ 18% play badminton.
▶ 22% play both tennis and squash
▶ 12% play both tennis and badminton,
▶ 9% play both squash and badminton, and
▶ 4% play all three sports.

What percentage of students play at least one of three sports?

P(𝑇 ∪ 𝑆 ∪ 𝐵) = P(𝑇 ) + P(𝑆) + P(𝐵) − P(𝑇 𝑆) − P(𝑇 𝐵) − P(𝑆𝐵) + P(𝑇 𝑆𝐵)
= 36% + 28% + 18% − 22% − 12% − 9% + 4%
= 43%.
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Example 2 — “Void” in Bridge

▶ Recall that a Bridge hand consists of 13 cards.
▶ A “void” in Bridge is a hand with no cards in at least one of the four suits.

TRUE or FALSE and explain:
the probability that a bridge hand is “void” in at least one suit

P(void) =
(4 ways to choose the “void” suit)(39

13)
(52

13)
=

4(39
13)

(52
13)

≈ 0.05116.
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Example 2 — “Void” in Bridge (2)
Let

▶ 𝐸1 = the bridge hand includes no clubs (♣)
▶ 𝐸2 = the bridge hand includes no diamonds (♢)
▶ 𝐸3 = the bridge hand includes no hearts (♡)
▶ 𝐸4 = the bridge hand includes no spades (♠)

Note {void} = E1 ∪𝐸2 ∪ 𝐸3 ∪ 𝐸4, and

P(𝐸𝑖) =
(39

13)
(52

13)
, 𝑖 = 1, 2, 3, 4.

However,
P(void) ≠ P(𝐸1) + P(𝐸2) + P(𝐸3) + P(𝐸4)

since 𝐸1, 𝐸2, 𝐸3, and 𝐸4 are NOT disjoint.
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Example 2 — “Void” in Bridge (3)
Note

P(𝐸𝑖𝐸𝑗) =
(26

13)
(52

13)
, P(𝐸𝑖𝐸𝑗𝐸𝑘) =

(13
13)

(52
13)

, P(𝐸1𝐸2𝐸3𝐸4) = 0.

By Inclusion Exclusion Formula for 4 Events,

P(void) = P(𝐸1 ∪ 𝐸2 ∪ 𝐸3 ∪ 𝐸4)
= P(𝐸1) + P(𝐸2) + P(𝐸3) + P(𝐸4)

− P(𝐸1𝐸2) − P(𝐸1𝐸3) − P(𝐸1𝐸4) − P(𝐸2𝐸3) − P(𝐸2𝐸4) − P(𝐸3𝐸4)
+ P(𝐸1𝐸2𝐸3) + P(𝐸1𝐸2𝐸4) + P(𝐸1𝐸3𝐸4) + P(𝐸2𝐸3𝐸4)
− P(𝐸1𝐸2𝐸3𝐸4)

= 4 ⋅
(39

13)
(52

13)
− (4

2) ⋅
(26

13)
(52

13)
+ (4

3) ⋅
(13

13)
(52

13)
− 0 ≈ 0.05107.
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Example 3 — The Matching Problem

Suppose that each of 𝑁 men at a party throws his hat into the center of the room.
The hats are first mixed up, and then each man randomly selects a hat.
What is the probability that none of the men selects his own hat?
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Example 3 — The Matching Problem — Sol (1)
Let 𝐸𝑖 = the 𝑖th man gets his own hat.

▶ {None gets his own hat}𝑐 = {at least one gets his own hat} = 𝐸1 ∪ 𝐸2 ∪ … ∪ 𝐸𝑁
▶ P(𝐸𝑖) =

▶ P(𝐸𝑖𝐸𝑗) =

▶ P(𝐸𝑖1
𝐸𝑖2

… 𝐸𝑖𝑟
) =

Thus,

∑
1≤𝑖1<𝑖2<…<𝑖𝑟≤𝑁

P(𝐸𝑖1
𝐸𝑖2

… 𝐸𝑖𝑟
) = (𝑁

𝑟 )(𝑁 − 𝑟)!
𝑁! = 𝑁!

𝑟!(𝑁 − 𝑟)!
(𝑁 − 𝑟)!

𝑁! = 1
𝑟! .

since there are (𝑁
𝑟 ) terms in the sum above.
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Example 3 — The Matching Problem — Sol (2)
By the Inclusion-Exclusion Formula,

P(𝐸1 ∪ 𝐸2 ∪ … ∪ 𝐸𝑁) =
𝑁

∑
𝑖=1

P(𝐸𝑖) − ∑
1≤𝑖1<𝑖2≤𝑛

P(𝐸𝑖1
𝐸𝑖2

) + ⋯

+ (−1)𝑟+1 ∑
1≤𝑖1<𝑖2<…<𝑖𝑟≤𝑁

P(𝐸𝑖1
𝐸𝑖2

… 𝐸𝑖𝑟
)

+ ⋯ + (−1)𝑁+1P(𝐸1𝐸2 … 𝐸𝑁)

= 1 − 1
2! + 1

3! + ⋯ + (−1)𝑁+1 1
𝑁!

Finally, P(None gets his own hat) is

1 − P(𝐸1 ∪ 𝐸2 ∪ … ∪ 𝐸𝑁) = 1 − 1 + 1
2! − 1

3! − ⋯ + (−1)𝑁 1
𝑁! =

𝑁
∑
𝑘=0

(−1)𝑘

𝑘! .

When 𝑁 ↑ ∞, the probability approaches ∑−∞
𝑘=0

(−1)𝑘

𝑘! = 𝑒−1 ≈ 0.3679.
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