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F-Test for Comparing Reduced & Full Model

For testing

Hy: reduced model is true|v.s. |H; : full model is true

The test statistic is

I = (SSEreduced B SSEfull)/(dereduced B CIﬂEfuII)
IvlSEi"ull
<SSEreduced — SSEfuII)/(dereduced _ CH:Efull>

SSEfull/dﬂzfull

P Under Hy, SSE,eguceq & SSEg,, and thus F-stat would be small.

P A large F-statistic is evidence against H,, and hence should reject H,.

P F > 0 since SSE,eguced = SSEsui

P> Under H,, the F-statistic has an F'-distribution with dfE
degrees of freedom.

reduce



The F' Distributions
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P An F-distribution has two parameters dfl and df2.
P There is one F-density for each pair of dfl and df2.
P The order of dfl and df2 matters.

e.g., F'(2,7) and F(7,2) are different F-distributions.
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Example (Salary Survey Data)

To test whether the salary growth rate per year of experience (X) depends on
education (E), we should test ExX interactions.

pl30 = read.table("P130.txt", header=TRUE)
p130$E = as.factor(p130$E)

Iml = Im(S ~ E + X + ExX, data=p130)

Im2 = 1m(S ~ E + X, data=p130)

anova(lm2, 1mil)

Analysis of Variance Table

Model 1: S ~ E + X
Model 2: S ~ E + X + E * X

Res.Df RSS Df Sum of Sq F Pr(>F)
1 42 550853135
2 40 497897342 2 52955792 2.13 0.13
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anova(lm2, 1ml)
Analysis of Variance Table

Model 1: S ~ E + X
Model 2: S ~E + X + E * X

Res.Df RSS Df Sum of Sq F Pr(>F)
1 42 550853135
2 40 497897342 2 52955792 2.13 0.13

The F-statistic 2.13 is computed from the SSE's (RSS) as follows

F = (SSEreduced — SSEfull)/(dereduced — dfEfuII)
SSEg/dfEq
 (550853134.6991 — 497897342.452) /(42 — 40) 91979
B 497897342.452/40 -
What are the degrees of freedom of the F statistic?
a. 42 and 40 c. 2 and 40
b. 40 and 42 d. 2 and 42
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anova(lm2, 1ml)
Analysis of Variance Table

Model 1: S ~ E + X
Model 2: S ~E + X + E * X

Res.Df RSS Df Sum of Sq F Pr(>F)
1 42 550853135
2 40 497897342 2 52955792 2.13 0.13

The F-statistic 2.13 is computed from the SSE's (RSS) as follows

F = (SSEreduced — SSEfull)/(dereduced — dfEfuII)
SSEg/dfEq
_ (550853134.6991 — 497897342.452) /(42 — 40) _ 91979
497897342.452 /40 '
What are the degrees of freedom of the F statistic?
a. 42 and 40 c. 2 and 40 <— Ans

b. 40 and 42 d. 2 and 42
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P-value of an F-Test

The F-statistic

(SSE B SSEfuII)/<dereduced

SSEfull/dﬂzfull

— dﬂEfuII)

reduced

F=

which has an I distribution with dfE — dfEg,, and dfEg,, degrees of freedom.

reduced

Under H,: Reduced Model is true, the P-value is the area of the upper-tail under the
F'-curve with dfE

reduced

F-curve with dfE — dfEg,, and dfEg,, degrees of freedom

reduced

P-value = shaded area

[
observed value of the F-statistic

— dfEg,, and dfEg,, degrees of freedom beyond the [ statistic.
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Finding the P-value in R

To test ExX interaction, the P-value for the F-statistic 2.13 is

F(2,40) P-value = 0.13

4) F=2.13 5

pf(2.13, df1=2, df2=40, lower.tail = FALSE)
[1] 0.1321

Conclusion: Little evidence of ExX interaction.
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Finding P-values using the F'-table

Table entries are Flos 1, ., where Py, ,, (F' > Fos5,,1,) = .05 .

141

1 2 3 4 5 6 7 8 9 10 12 15 20 25 30 40

v

1] 161 200 216 225 230 234 237 239 241 242 244 246 248 249 250 251
21185 19.0 192 192 193 193 194 194 194 194 194 194 194 195 195 195
31101 9.55 928 9.12 9.01 894 889 885 881 879 874 870 8.66 8.63 8.62 8.59
41771 694 659 639 626 6.16 6.09 6.04 6.00 596 591 586 5.80 577 575 572
5661 579 541 519 505 495 488 4.82 477 474 4.68 462 456 452 450 446
6| 599 514 476 453 439 428 421 4.15 410 4.06 4.00 394 3.87 3.83 3.81 3.77
7| 559 474 435 412 397 3.87 379 3.73 3.68 3.64 3.57 351 3.44 340 3.38 334
8 | 532 446 407 3.84 3.69 3.58 3.50 344 339 335 328 322 3.15 3.11 3.08 3.04

9| 5.12 426 3.86 3.63 348 337 329 323 3.18 3.14 3.07 3.01 294 289 286 2.83
10 | 496 4.10 3.71 348 333 322 3.14 3.07 3.02 298 291 285 277 273 270 2.66
11 | 484 398 3.59 336 320 3.09 3.01 295 290 285 279 272 265 260 257 253
12 | 475 3.89 349 326 3.11 3.00 291 285 280 275 2.69 262 254 250 247 243
13 | 467 3.81 3.41 3.18 3.03 292 283 277 271 267 260 253 246 241 238 234
14 | 460 3.74 334 3.11 296 285 276 270 2.65 260 2.53 246 239 234 231 227
15 | 454 3.68 329 3.06 290 279 271 2.64 259 254 248 240 233 228 225 220
16 | 449 3.63 324 3.01 285 274 266 2.59 254 249 242 235 228 223 219 215
17 | 445 359 320 296 281 270 2.61 255 249 245 238 231 223 218 215 210
18 | 441 355 3.16 293 277 266 258 251 246 241 234 227 219 214 211 206
19 | 438 3.52 3.13 290 274 2.63 254 248 242 238 231 223 216 211 207 2.03

P The F-table below gives the critical value at 0.05 significance level.
then P-value < 0.05 and Hy, is rejected at 0.05 level



Finding P-values using the F'-table
significance

Table entries are Flos5 5, 1, where Py, 1, (F > Fos5.0, 1) - level

m
1 2 3 4' 5' 6 7 8 9 10 12 15 20 25 30 40

161 200 216 225 230 234 237 239 241 242 244 246 248 249 250 251
185 19.0 192 192 193 193 194 194 194 194 194 194 194 195 195 195
10.1 955 9.28 9.12 9.01 894 889 885 881 879 874 870 8.66 8.63 8.62 859
771 694 6.59 639 626 6.16 6.09 6.04 6.00 596 591 586 580 577 575 572
6.61 579 541 519 5.05 495 488 482 477 474 468 4.62 456 452 450 446
599 514 476 453 439 428 421 415 410 4.06 4.00 394 387 3.83 3.81 3.77
559 474 435 412 397 387 3.79 3.73 3.68 3.64 3.57 351 344 340 3.38 334
532 446 4.07 3.84 3.69 358 3.50 3.44 339 335 328 322 3.15 3.11 3.08 3.04
9 | 512 426 3.86 3.63 348 337 329 323 3.18 3.14 3.07 3.01 294 289 286 2.83
10 | 496 4.10 3.71 348 333 322 3.14 3.07 3.02 298 291 285 277 273 270 2.66
11 | 484 398 3.59 336 320 3.09 3.0 295 290 285 279 272 265 260 2.57 253
12 | 475 3.89 349 326 3.11 3.00 291 285 280 275 2.69 262 254 250 247 243
13 | 467 3.81 3.41 3.18 277 271 2,67 260 253 246 241 238 234
14 | 460 3.74 3.34 3.11 270 265 2.60 2.53 246 239 234 231 227
15 | 454 3.68 329 3.06 2.64 259 254 248 240 233 228 225 220
16 | 449 3.63 324 3.01 2.59 254 249 242 235 228 223 219 215

445 359 320 296 2.55 249 245 238 231 223 218 215 210
E 441 355 316 293 251 246 241 234 227 219 214 211 206

438 3.52 3.13 290 248 242 238 231 223 216 211 207 203

<
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P The F-table below gives the critical value at 0.05 significance level.
then P-value < 0.05 and Hy, is rejected at 0.05 level



Finding P-values using the F'-table

Table entries are Fo1,,,.,, Where Py, ., (F > Fo1,4,.,) = .01

v
Vo 1 2 3 4 5 6 7 8 9 10 12 15 20 25 30 40

21985 99.0 992 99.2 993 993 994 994 994 994 994 994 994 995 99.5 99.5
3341 308 295 287 282 279 277 275 273 272 271 269 267 266 265 264
4 | 212 18.0 16.7 16.0 155 152 150 148 147 145 144 142 140 139 138 13.7
51163 133 121 114 11.0 10.7 105 103 102 10.1 9.89 9.72 9.55 945 938 9.29
6
7
8

13.7 109 9.78 9.15 875 847 826 8.10 7.98 787 7.72 7.56 7.40 730 723 7.14
122 955 845 7.85 746 7.19 699 6.84 672 6.62 647 631 6.16 6.06 599 591
11.3 865 7.59 7.01 6.63 637 6.18 603 591 581 567 552 536 526 520 5.12
91106 8.02 699 642 6.06 580 561 547 535 526 511 496 481 471 4.65 4.57
10 | 10.0 7.56 6.55 599 564 539 520 5.06 494 485 471 456 441 431 425 417
11 ] 9.65 721 622 5.67 532 507 489 474 4.63 454 440 425 410 401 3.94 386
121 933 693 595 541 506 482 464 450 439 430 416 4.01 3.86 3.76 3.70 3.62
131 9.07 6.70 574 521 4.86 4.62 444 430 4.19 410 396 3.82 3.66 3.57 351 343
14 | 8.86 6.51 556 504 4.69 446 428 4.14 4.03 394 380 3.66 3.51 341 335 3.27
15 | 8.68 636 542 489 456 432 414 400 3.89 380 3.67 3.52 3.37 328 321 3.3
16 | 8.53 6.23 529 477 444 420 4.03 389 3.78 3.69 355 341 326 3.16 3.10 3.02
17 | 840 6.11 5.18 4.67 434 410 393 3.79 3.68 3.59 346 331 3.16 3.07 3.00 2.92
18 | 829 6.01 5.09 4.58 425 4.01 384 371 3.60 3.51 337 323 3.08 298 292 284
19 | 818 593 501 450 417 394 3.77 3.63 352 343 330 3.15 3.00 291 284 276
20 | 810 5.85 494 443 4.10 3.87 3.70 3.56 3.46 337 323 3.09 294 284 278 2.69

P The F-table above gives the critical value at 0.01 significance level



Finding P-values using the F'-table

Table entries are Fo1,,,,, Where Py, ,, (F' > Fo1,, ;) lSelggifICanCe

151
w12 3 4(3) 6 7 8 9 10 12 15 20 35 30 4

21985 99.0 992 99.2 993 993 994 994 994 994 994 994 994 995 99.5 99.5
3341 308 295 287 282 279 277 275 273 272 271 269 267 266 265 264
4 | 212 18.0 16.7 16.0 155 152 150 148 147 145 144 142 140 139 138 13.7
51163 133 121 114 11.0 10.7 105 103 102 10.1 9.89 9.72 9.55 945 938 9.29
6
7
8

13.7 109 9.78 9.15 875 847 826 8.10 7.98 787 7.72 7.56 7.40 730 723 7.14
122 955 845 7.85 746 7.19 699 6.84 672 6.62 647 631 6.16 6.06 599 591
11.3 865 7.59 7.01 6.63 637 6.18 6.03 591 581 567 552 536 526 520 5.12
91106 802 699 642 6.06 580 561 547 535 526 511 496 481 471 4.65 4.57
10 | 10.0 7.56 6.55 599 564 539 520 5.06 494 485 471 456 441 431 425 417
11 ] 9.65 721 622 5.67 532 507 489 474 4.63 454 440 425 410 401 3.94 386
121 933 693 595 541 506 4.82 4.64 450 439 430 416 401 3.86 3.76 3.70 3.62
131 9.07 670 574 521 4.86 4.62 444 430 4.19 4.10 396 3.82 3.66 3.57 3.51 343
14 | 8.86 6.51 556 504 4.69 446 428 4.14 4.03 394 380 3.66 3.51 341 335 3.27
15 | 8.68 636 542 489 456 432 414 400 3.89 380 3.67 3.52 337 328 321 3.3
16 | 8.53 6.23 529 477 444 420 4.03 389 3.78 3.69 355 341 326 3.16 3.10 3.02

840 6.11 5.18 4.67 4 410 393 379 3.68 3.59 346 331 3.16 3.07 3.00 2.92
@ 829 6.01 5.09 458 401 3.84 371 3.60 3.51 3.37 323 3.08 298 292 284

8.18 593 5.01 450 4. 394 377 3.63 352 343 330 3.15 3.00 291 284 276
20 | 810 5.85 494 443 4.10 3.87 370 3.56 3.46 337 323 3.09 294 284 278 2.69

I

P The F-table above gives the critical value at 0.01 significance level
P For dfl =5, df2 = 18, if the F-statistic exceeds F(, o1 451—5.472-18 = 4-25,
P-value < 0.01 and Hy is rejected at 0.01 level



