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Sharp Concentration Analysis of Online Stochastic
Approximation Algorithms

Danna Zhang, Member, IEEE, Zhipeng Lou, and Wei Biao Wu

Abstract—This paper introduces a comprehensive framework
for analyzing online stochastic approximation algorithms from
the perspective of nonlinear time series analysis. We intro-
duce functional dependence measure to capture the underlying
complex dependence structure of these algorithms, which can
significantly facilitate the theoretical studies. In the more realistic
setting where the gradient noise exhibits only a finite q-th moment
(q > 1), we develop a new Burkholder-type inequality as a
powerful tool for analyzing general q-th moments of online
stochastic approximation algorithms, and systematically quan-
tifying the proposed functional dependence measures. Equipped
with these quantified dependence measures, we propose insightful
and elegant approaches to derive sharp q-th moment and tail
probability inequalities for both the iterates of the stochastic
gradient descent algorithm and the Polyak-Ruppert averaging
estimators. In particular, to address the non-stationary nature
of the outputs of these algorithms, we introduce a previously
underexplored blocking technique with time-varying block sizes,
which can be of independent interest when dealing with non-
stationary processes.

Index Terms—Concentration inequalities, Martingale, Nonlin-
ear time series, Online learning, Stochastic gradient descent.

I. INTRODUCTION

ADVANCEMENTS in data acquisition techniques have
led to an explosion in data generation over the past

several decades. One commonly encountered type of dataset
is large-scale streaming data, which arises across a variety
of fields, including signal processing, financial econometrics,
industrial monitoring, e-commerce, the Internet of Things
(IoT), meteorology, agriculture, and many others. Real-time
analysis of sequentially collected data streams has become
increasingly crucial across a wide range of domains. However,
the sequential nature, high volume and high velocity of large-
scale streaming data make traditional batch-based methods
(e.g., M -estimation) computationally infeasible, thereby ne-
cessitating the development of new online learning method-
ology. In modern statistics and machine learning, stochastic
approximation algorithms, particularly the Stochastic Gradient
Descent (SGD) algorithm introduced by [1] and its variants
([2, 3, 4, 5, 6, 7, 8, 9, 10]), have become fundamental tools.
These algorithms are widely adopted due to their computa-
tional efficiency and scalability, especially in the context of
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online optimization involving large-scale streaming data. In
particular, the following optimization problem is investigated:

ω∗ = argmin
ω∈Rd

F (ω), (1)

where F (ω) = EX∼Ξ{f(ω,X)} is the objective function of
interest, and the minimizer ω∗ ∈ Rd is the population pa-
rameter vector. This paper focuses on the statistical inference
of ω∗, a fundamental problem in both statistics and machine
learning.

Given a sequence of sequential random samples
X1, X2, . . . ∼ Ξ and an initial value ω0 ∈ Rd, the
SGD algorithm updates the estimate of ω∗ via the iteration

ωt = ωt−1 − γt∇f(ωt−1, Xt), (2)

where ∇f(ω,X) ∈ Rd denotes the gradient of f(ω,X) with
respect to ω, and (γt)t≥1 is the step size sequence defined
by γt = γ1t

−β , with β ∈ (0, 1). For efficient statistical
inference of the population parameter, [11] and [12] proposed
the averaged SGD estimator

ω̄t =
ω1 + · · ·+ ωt

t
.

Since the introduction of the SGD algorithm, its convergence
properties and distribution theory have been extensively stud-
ied ([13, 14, 15, 16, 17, 18, 11, 19, 12, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29, 30, 31]). However, several fundamental
challenges are still unresolved. In particular, deriving sharp
non-asymptotic concentration inequalities and moment bounds
remains an open problem in realistic settings where the gra-
dient noise ∇f(ω∗, X) possesses only a finite q-th moment
with q > 1.

The primary objective of this paper is to propose a com-
prehensive framework for analyzing online stochastic approx-
imation algorithms through a new lens: nonlinear time series
analysis. Specifically, for each t ≥ 1, the iteration (2) yields
the following causal representation of the SGD iterate ωt as a
function of the inputs X1, . . . , Xt up to time t,

ωt = ht(Xt, Xt−1, . . . , X1), (3)

where ht(·) = (ht,1(·), . . . , ht,d(·))⊤ is an Rd-valued mea-
surable function. Given this representation, it is evident that
the sequence (ωt)t≥1 exhibits temporal dependence and con-
stitutes a nonlinear causal process. Notably, this dependent
process is non-stationary due to the time-varying step sizes.
Analyzing such a non-stationary sequence is highly nontrivial
and poses significant mathematical challenges. To address
these difficulties, we propose studying the sequence (ωt)t≥1
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from the new perspective of dynamic systems, employing the
functional dependence measure introduced by [32] to capture
the intrinsic complexity of the dependence structure. These
measures substantially facilitate the theoretical development of
concentration properties and distribution theory for temporally
dependent sequences ([32, 33, 34, 35, 36, 37, 38, 39, 40, 41,
42, 43, 44, 45, 46]).

Non-asymptotic moment inequalities provide an effective
tool for evaluating the finite-sample convergence properties
of online stochastic approximation algorithms. The first type
of fundamental inequalities we derive are upper bounds on
E|ω̂ − ω∗|q for ω̂ ∈ {ωt, ω̄t}, where q > 1. The special case
of the last iterate ω̂ = ωt has been studied in the literature
([14, 15, 24, 28, 47, 48]). In this work, we establish a new
Burkholder-type inequality that is both more computationally
tractable and applicable to a broader class of cases. For the
Polyak-Ruppert averaging estimator ω̂ = ω̄t, the general q-th
moment inequality with q > 1 remains largely unexplored,
except for the special case q = 2 ([24]). Leveraging the
quantified functional dependence measures for the SGD se-
quence (ωt)t≥0, we aim to close this gap by proposing an
elegant method to derive general q-th moment inequalities
for functionals of SGD iterates. Remarkably, our approach
only requires the standard convexity and stochastic Lipschitz
conditions of the random gradient function ∇f(·, X).

Another important class of concentration inequalities con-
cerns tail probabilities, which play a central role in modern
machine learning theory ([49, 50, 51, 52]). For online stochas-
tic approximation algorithms, concentration inequalities of the
form P(|ω̂−ω∗| ≥ z) for ω̂ ∈ {ωt, ω̄t} enable the derivation of
finite-sample high-probability bounds and facilitate the study
of sample complexity ([49]). Existing works primarily focus
on light-tailed settings, where the gradient noise ∇f(ω∗, X) is
either strictly bounded or exhibits exponential-type moments
([53, 54, 25, 55, 56, 27, 57]). However, in many realistic
applications, the gradient noise typically possesses only a finite
q-th moment. Consequently, the development of sharp tail
probability inequalities for ω̂ ∈ {ωt, ω̄t} remains insufficient.
In this paper, we significantly relax the moment conditions to
allow for heavy-tailed distributions and establish new Nagaev-
type concentration inequalities for SGD iterates. The cele-
brated Nagaev inequality, firstly introduced by [58], provides
tight control over tail probabilities of the sum of independent
random variables. To illustrate the idea, let Y1, . . . , Yn ∈ R be
independent centered random variables with maxt≥1 E|Yt|q <
∞ for some constant q > 2. Then, for any z > 0, [58]
established the following tail probability inequality:

P

(∣∣∣∣∣
n∑
t=1

Yt

∣∣∣∣∣ > z

)
≤
Kq,1

∑n
t=1 E|Yt|q

zq

+ 2 exp

(
− 2z2

Kq,2

∑n
t=1 E|Yt|2

)
, (4)

where Kq,1 = (1 + 2/q)q and Kq,2 = eq(q + 2)2. It should
be noted that the polynomial term involving

∑n
t=1 E|Yt|q/zq

is known to be tight in general ([58]) and is significantly
sharper than E|

∑n
t=1 Yt|q/zq , the order that can be obtained

by applying the widely used Markov inequality. Specifically,

for i.i.d. centered random variables Y1, . . . , Yn, we have∑n
t=1 E|Yt|q/zq ≍ n/zq , while E|

∑n
t=1 Yt|q/zq ≍ nq/2/zq .

The latter can be much larger than n/zq in view of q > 2.
Extensions of the Nagaev inequality for independent random
variables to weakly dependent stationary processes have been
studied in [59], [42] and [43]. In the context of online stochas-
tic learning, [30] were among the first to derive the sharp
Nagaev-type concentration inequality for the Polyak-Ruppert
averaging estimator of the mini-batch SGD algorithm for
linear regression model estimation. However, their argument
relies on the linearity of the gradient function ∇F (·) and is
restricted to linear regression models. Developing Nagaev-
type concentration inequalities for general SGD algorithms
applied to optimization problems like (1), where the gradient
function is nonlinear, remains an open problem. Moreover,
when the gradient noise has only finite moments, the mar-
tingale decomposition of (2), which is commonly used to
derive exponential-type concentration inequalities ([53, 54, 25,
55, 56, 27, 57]) fails to yield tight tail probability bounds.
This poses significant mathematical challenges. As a major
theoretical contribution, we propose a new method to derive
sharp tail probability inequalities for ω̂ ∈ {ωt, ω̄t}. Our
technical novelty is twofold. First, we construct a nonlinear
autoregressive coupling and develop a refined analysis that
captures the nonlinear dynamics underlying the SGD iterates.
Second, we introduce a previously underexplored blocking
technique with time-varying block sizes to address the non-
stationarity of the SGD sequence. Both techniques are of
independent interest for the broader study of nonlinear and
non-stationary stochastic processes.

The rest of this paper is organized as follows. In Section II,
we establish a sharp Burkholder-type inequality and system-
atically quantify the functional dependence measures for the
SGD sequence. We then introduce a new approach for deriving
general q-th moment inequalities for both the SGD iterates
and the Polyak-Ruppert averaging estimator. In Section III,
we present a nonlinear autoregressive coupling of the SGD
sequence and develop sharp concentration inequalities that
bound the differences between the coupling processes and the
original SGD sequence. In Section IV, we derive tight q-th
moment and tail probability inequalities in the heavy-tailed
setting, where the gradient noise exhibits infinite variance.
In Section V, we conduct a finite-sample simulation study
to illustrate the dichotomous phenomenon revealed by the
established inequalities. All technical proofs are provided in
Section VI.

We begin by introducing some frequently used notation.
For a vector ν = (ν1, . . . , νm)⊤ ∈ Rm, its Euclidean norm
is denoted by |ν| = (ν21 + · · · + ν2m)1/2. The unit sphere in
Rm is denoted by Sm = {ν ∈ Rm : |ν| = 1}. For any
random vector Y ∈ Rm with E|Y |q < ∞ for some constant
q > 0, we define ∥Y ∥q = (E|Y |q)1/q . Throughout this paper,
we use C, C0, C1, C2, . . . to denote positive constants, whose
values may vary across different contexts. For two sequences
of positive numbers (an)n≥1 and (bn)n≥1, we write an =
O(bn) if there exists a positive constant C such that an ≤ Cbn
for all sufficiently large n.
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II. MOMENT CONCENTRATION INEQUALITIES

A. Dependence measure

Recall from (3) the causal representation ωt =
ht(Xt, Xt−1, . . . , X1) for the SGD iteration, which can be
viewed as a dynamic system with {Xt, . . . , X1} as inputs,
ht(·) as the data-generating filter, and ωt as the output. The
temporal dependence of the process (ωt)t≥1 follows directly
from its causal structure. To quantify the underlying depen-
dence structure, we employ the functional dependence measure
introduced by [32] within the framework of nonlinear time
series analysis, which is grounded in the concept of coupling.
We first introduce some preliminary definitions. Let F0 = ∅,
and for h ≥ 1, define Fh = (Xh, . . . , X1) and the projection
operator

Ph(·) = E(·|Fh)− E(·|Fh−1).

Then, {Ph(·)}h≥1 forms a sequence of martingale differences
adapted to the filtration {Fh}h≥1. Martingale decomposition is
a key tool in theoretical investigations of temporally dependent
processes (e.g., [32]).

Definition 1 (Functional dependence measure). Let (X ′
t)t∈N

be independent and identically distributed (i.i.d.) copies of
(Xt)t≥1. For each h ∈ {1, . . . , t}, define the coupled random
vector of ωt as

ωt,{h} = ht(Xt, . . . , Xh+1, X
′
h, Xh−1, . . . , X1).

Assume that maxt≥1 E|ωt|q < ∞ for some constant q ≥ 1.
The functional dependence measure of the temporally depen-
dent sequence (ωt)t≥1 is defined as

φq,t,h = ∥ωt − ωt,{h}∥q.

The functional dependence measure φq,t,h defined above
admits an important interpretation: it quantifies the contri-
bution of training sample Xh to the t-th SGD iterate ωt.
Moreover, for each h ∈ {1, . . . , t}, φq,t,h also provides an
upper bound for the q-th moment of the martingale difference
Ph(ωt), in view of Jensen’s inequality. The framework of
functional dependence measures provides the foundation for
the subsequent analysis of functionals of the non-stationary
sequence (ωt)t≥0. For example, sharp concentration bounds
for |ω̄t − ω∗| can be derived by leveraging functional depen-
dence measures together with the martingale decomposition
ωt = E(ωt) +

∑t
h=1 Ph(ωt) for each t ≥ 1.

In Section II-B, we derive sharp upper bounds for the
functional dependence measure φq,t,h. To this end, we impose
the following regularity conditions.

Assumption 1. There exists a positive constant µ > 0 such
that for ω, ω′ ∈ Rd,

(ω − ω′)⊤{∇F (ω)−∇F (ω′)} ≥ µ|ω − ω′|2.

Assumption 2. There exist positive constants Mq < ∞ and
Lq <∞ such that ∥∇f(ω∗, X)∥q ≤Mq , and for ω, ω′ ∈ Rd,

∥∇f(ω,X)−∇f(ω′, X)∥q ≤ Lq|ω − ω′|. (5)

Assumption 1 guarantees that the objective function F (·)
is strongly convex, which is a standard condition in the

literature (e.g., [12, 24, 6, 60]). Assumption 2 imposes a
natural Lipschitz continuity condition on the random gradient
function ∇f(·, X), measured in terms of the q-th moment.
This generalizes Assumption H2 in [24], which corresponds
the special case q = 2. Moreover, Assumption 2 ensures
the Lipschitz continuity of the population gradient ∇F (·).
In particular, combining (5) with Jensen’s inequality yields
|∇F (ω)−∇F (ω′)| ≤ L1|ω − ω′| for ω, ω′ ∈ Rd.

B. Concentration inequality

We begin by establishing a Burkholder-type moment in-
equality, which plays an essential role in deriving sharp
concentration inequalities. This result applies to a broad class
of random vectors and may be of independent interest in
probability theory. For instance, when applied to the sum of
martingale differences, it recovers the classical Burkholder
moment inequality for martingales (Lemma 13).

Proposition 1. Let ξ ∈ Rd and ζ ∈ Rd be two random vectors
such that E|ξ|q <∞ and E|ζ|q <∞ for some constant q ≥ 2.
Then the following inequality holds:

∥ξ + ζ∥2q
≤∥ξ∥2q + 2∥ξ∥2−qq E{|ξ|q−2ξ⊤E(ζ|ξ)}+ (q − 1)∥ζ∥2q. (6)

Remark 1. Proposition 1 can be viewed as a stochastic gener-
alization of Lemma 2.1 in [61] and Proposition 7 in [62], both
of which concern deterministic (non-random) vectors. When
E(ζ|ξ) = 0, (6) reduces to

∥ξ + ζ∥2q ≤ ∥ξ∥2q + (q − 1)∥ζ∥2q. (7)

A special case of inequality (7), where ξ, ζ ∈ R are scalar
random variables, was established in [63]. It is also worth
noting that the equality in (6) holds when q = 2. For further
discussion on the tightness of the constant q− 1, see Remark
2.1 in [63]. For the infinite-variance case q ∈ (1, 2), an anal-
ogous Burkholder-type inequality was established in [64] and
is provided in the Appendix (Lemma 12) for reference.

Equipped with Proposition 1, we establish an upper bound
for the functional dependence measure of (ωt)t≥1 in the
following lemma. In particular, the bound holds uniformly for
arbitrary step-size schemes (γt)t≥1 and is applicable to a wide
range of scenarios.

Lemma 2. Under Assumptions 1 and 2, it holds that for all
t ≥ 1 and h ∈ {1, . . . , t},

∥ωt − ωt,{h}∥2q ≤8(L2
q∥ωh−1 − ω∗∥2q +M2

q )γ
2
h

·
t∏

m=h+1

{1− 2µγm + (q − 1)L2
qγ

2
m}.(8)

Remark 2. It is worth noting that the upper bound in (8)
depends explicitly on the q-th moment of the SGD iterates,
as well as on both t and h. This feature highlights the ability
of the bound to capture the complex temporal dependence
structure of the SGD sequence in a fully non-asymptotic
manner. Throughout this paper, we focus on the time-varying
step-size scheme γt = γ1t

−β . By substituting γt, together with
the non-asymptotic moment bound established in Lemma 3
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and Theorem 4 below, into (8), we obtain an explicit upper
bound for the functional dependence measure, which plays a
central role in the subsequent theoretical analysis. Recently,
[65] derived an upper bound on the functional dependence
measure for SGD with a constant step size, which can be
viewed as a special case of the more general upper bound
provided by (8).

To quantify the effect of the initial estimate ω0 on the
SGD iterates (ωt)t≥0 and to streamline the exposition of
the subsequent theoretical analysis, we introduce an auxiliary
coupled process (ω◦

t )t≥0. This process is initialized at the true
parameter, ω◦

0 = ω∗, and for t ≥ 1, updated recursively by

ω◦
t = ω◦

t−1 − γt∇f(ω◦
t−1, Xt). (9)

The process (ω◦
t )t≥0 shares the same temporal dependence

structure as the original (ωt)t≥0 defined in (2), differing only
in the initialization. Hence (8) continues to hold for (ω◦

t )t≥0.
In the following lemma, we establish non-asymptotic q-th

moment bounds for the differences (ωt − ω◦
t ) and (ω̄t − ω̄◦

t ).

Lemma 3. Under Assumptions 1 and 2, for all t ≥ 1, we have

∥ωt − ω◦
t ∥q ≤ C1 exp(−C0t1−β)|ω0 − ω∗|,

∥ω̄t − ω̄◦
t ∥q ≤

C2|ω0 − ω∗|
t

,

where C0, C1 and C2 are positive constant independent of t
and ω0.

Building on Lemma 3, we focus on the coupling process
(ω◦
t )t≥0 in what follows. We begin by deriving a non-

asymptotic bound for the q-th moment of the SGD iterates
(ω◦
t )t≥1.

Theorem 4. Under Assumptions 1 and 2, for all t ≥ 1, we
have

∥ω◦
t − ω∗∥2q ≤ CM2

q γt, (10)

where C is a positive constant independent of t.

Remark 3. It is remarkable that the rate of convergence
∥ω◦

t − ω∗∥q = O(
√
γt) is tight for any β ∈ (0, 1), given

the asymptotic normality of (ω◦
t − ω∗)/

√
γt as t → ∞.

Moreover, for all t ≥ 1 and h ∈ {1, . . . , t}, combining the
non-asymptotic upper bound (10) with (8) yields the following
bound for the functional dependence measure,

∥ω◦
t − ω◦

t,{h}∥
2
q ≤ CM2

q γ
2
h

t∏
m=h+1

{1− 2µγm + (q − 1)L2
qγ

2
m},

(11)

where C is a positive constant independent of t and h. In
the special case of a constant step size γt ≡ γ1, a non-
asymptotic upper bound of a similar nature was established in
the recent work [65] This result can be viewed as a counterpart
of Theorem 4 corresponding to the case β = 0.

We now turn to deriving the moment bound for the Polyak-
Ruppert averaging estimator ω̄◦

t . Unlike the individual SGD
iterates, deriving tight concentration inequalities for the gen-
eral q-th moment of ω̄◦

t remains relatively unexplored in
the literature and presents significant technical challenges. In

Theorem 5 below, we present a new result providing an upper
bound for the general q-th moment of ω̄◦

t , leveraging the mar-
tingale decomposition and quantified functional dependence
measures established in (11). Importantly, our analysis requires
only the existence of the q-th moment of the stochastic noise
(Assumption 2). Our approach decomposes the deviation of
ω̄◦
t into stochastic and bias component as follows,

∥ω̄◦
t − ω∗∥q ≤ ∥ω̄◦

t − E(ω̄◦
t )∥q + |E(ω̄◦

t )− ω∗|.

We propose a new approach to upper bound ∥ω̄◦
t −E(ω̄◦

t )∥q
based on a martingale decomposition. Specifically, using the
sequence of projection operators {Ph(·)}h≥1, ω̄◦

t admits the
following martingale decomposition,

ω̄◦
t − E(ω̄◦

t ) =
1

t

t∑
s=1

s−1∑
h=0

Ps−h(ω◦
s ) =

1

t

t−1∑
h=0

t∑
s=h+1

Ps−h(ω◦
s ).

(12)

For each h ∈ {0, 1, . . . , s − 1}, {Ps−h(ω◦
s )}s≥h+1 is a

sequence of martingale differences adapted to the filtration
{Fs−h}s≥h+1, satisfying ∥Ps−h(ω◦

s )∥q ≤ ∥ω◦
s − ω◦

s,{s−h}∥q .
Consequently, the martingale moment inequality (Lemma 13
in the Appendix) can be applied.

To bound the estimation bias |E(ω̄◦
t ) − ω∗|, we impose

the following Lipschitz continuity assumption on the Hessian
∇2F (·).

Assumption 3. There exists a positive constant ϱ < ∞ such
that for ω ∈ Rd,

|∇F (ω)−∇2F (ω∗)(ω − ω∗)| ≤ ϱ|ω − ω∗|2.

Assumption 3 is standard and widely adopted in the litera-
ture on concentration inequalities and asymptotic distributions
of Polyak-Ruppert averaging estimators in stochastic approx-
imation algorithms ([11, 12, 24]).

Theorem 5. Under Assumptions 1, 2 and 3, for all t ≥ 1, we
have

∥ω̄◦
t − ω∗∥q ≤

C1Mq

t1/2
+

C2 max{M2
2 , 1}

tβ
, (13)

where C1 and C2 are positive constants independent of t.

Remark 4. Most existing results in the literature focus on the
special case q = 2 and typically require a higher-order moment
assumptions on the stochastic noise ∇f(ω∗, X). For example,
[24] and [47] assume the existence of fourth-order moments.
In contrast, Theorem 5 only requires the existence of the q-th
moment of the stochastic noise (Assumption 2), substantially
weakening the moment conditions. As a result, our approach
provides new insights even in the classical setting q = 2.

The second term on the right-hand side of (13),
C2 max{M2

2 , 1}t−β , quantifies the estimation bias |E(ω̄◦
t ) −

ω∗|, which arises from the nonlinearity of the gradient function
∇F (·). This bias term becomes asymptotically negligible
when β > 1/2. According to the central limit theorem
for the Polyak-Ruppert averaging estimator ([11, 12]), the
convergence rate t−1/2 in the first polynomial term is known
to be tight. However, the numerator C1Mq in this term is
generally suboptimal and can be improved under stronger
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moment assumptions. More specifically, for any q ≥ 2,
suppose that Assumption 2 holds with 2q. Then, by leveraging
the linear time-varying autoregressive coupling in (22), we
obtain a refined upper bound for ∥ω̄◦

t −ω∗∥q , as stated in the
following proposition.

Proposition 6. Suppose that Assumptions 1 and 3 hold, and
that Assumption 2 is satisfied with 2q. Then, for all t ≥ 1, we
have

∥ω̄◦
t − ω∗∥q ≤

∥∥∥1
t

t∑
s=1

H−1∇f(ω∗, Xs)
∥∥∥
q

+O
(
tmax{−β,β/2−1}

)
, (14)

where H = ∇2F (ω∗) ∈ Rd×d denotes the Hessian matrix.

Remark 5. Proposition 6 extends Theorem 3 in [24], which
considers only the case q = 2. Notably, the first term on
the right hand side of (14) is independent of β and, when
squared in the case q = 2, matches the Cramer-Rao lower
bound Tr(Σ)/t in certain statistical models ([47]), where

Σ = H−1Cov{∇f(ω∗, X)}H−1 ∈ Rd×d.

Since this bound is improvable for such models, (14) provides
more reasonable guidance than (13) for selecting β in the step
size γt = γ1t

−β . In particular, the convergence rate of the
second term on the right hand side of (14) is minimized by
choosing β = 2/3. When q = 2, (14) was further refined
by [47] to

∥ω̄◦
t − ω∗∥22 ≤ Tr(Σ)

t
+O

(
t−min{(β+1/2),(2−β)}

)
,

under the additional assumption that the covariance matrix
of the random gradient function ∇f(ω,X) is Lipschitz con-
tinuous with respect to ω. It would be of interest to inves-
tigate whether analogous refinements can be established for
∥ω̄◦

t − ω∗∥2q with q > 2, which we leave for future work.

III. NONLINEAR AUTOREGRESSIVE COUPLING

The primary goal of this section is to develop tight con-
centration inequalities for the tail probabilities of SGD it-
erates, which are essential for analyzing finite-sample high-
probability bounds and the sample complexity of stochastic
algorithms. While concentration inequalities have been ex-
tensively studied in the context of modern machine learning
(e.g., [66, 52, 67] and references therein), most existing results
focus on independent data and cannot be extended to the
sequence of SGD iterates. The non-stationary nature of the
sequence (ω◦

t )t≥0 poses significant mathematical challenges
for deriving sharp tail probability inequalities. Consequently,
even the existing generalizations of concentration inequalities
to stationary distributions (e.g., [59, 42, 68]) fail to apply
here. A straightforward method is to apply Markov’s inequality
along with the moment inequalities in Theorems 4 and 5;
however, this typically does not yield tight tail probability
bounds when q > 2. In this work, we address this open
problem and advance the probabilistic toolkit available for
analyzing SGD sequence.

We propose a new approach to capture the nonlinear
stochastic dynamics underlying the SGD iterates (ω◦

t )t≥0.
Our analysis begins by introducing a nonlinear autoregressive
coupling for (ω◦

t )t≥0. Observe that (9) can be equivalently
expressed as

ω◦
t = ω◦

t−1 − γt∇F (ω◦
t−1)− γt{∇f(ω◦

t−1, Xt)−∇F (ω◦
t−1)}.

Under the Lipschitz continuity assumption on the gradient
function (Assumption 2), it follows that ∥{∇f(ω◦

t−1, Xt) −
∇F (ω◦

t−1)} − ∇f(ω∗, Xt)∥q ≤ 2Lq∥ω◦
t−1 − ω∗∥q. This ob-

servation motivates the construction of an auxiliary nonlinear
autoregressive coupling for the sequence {(ω◦

t − ω∗)}t≥0.
Specifically, we define the process (νt)t≥0, initialized with
ν0 = ω◦

0 − ω∗, and recursively updated according to

νt = νt−1 − γt∇F (ω∗ + νt−1)− γt∇f(ω∗, Xt).

For notational convenience, we define εt = −∇f(ω∗, Xt)
for t ∈ N in what follows. Since εt ∈ Rd, t ∈ N, are
i.i.d. random vectors, the process (νt)t≥0 can be interpreted
as a time-varying nonlinear autoregressive process. In the
following lemma, we provide a non-asymptotic quantification
of the coupling approximation error.

Lemma 7. Under the conditions of Theorem 4, for all t ≥ 1,
we have

∥(ω◦
t − ω∗)− νt∥2q ≤ C1M2

q γ
2
t , (15)

and, for any vector α ∈ Sd,

P(|α⊤E0(ω̄
◦
t − ν̄t)| > z) ≤

C2t1−β(log t)q−1Mq
q

(tz)q

+ 4 exp

(
−C3z2t1+β

M2
2 log t

)
, (16)

where E0(·) = · − E(·), and C1, C2, and C3 are positive
constants independent of t and α.

Remark 6. The tail probability upper bound in (16) is essential
for deriving a sharp Nagaev inequality for ω̄◦

t in Section III-B.
Specifically, as β > 0, it suffices to establish the concentration
inequality for the nonlinear autoregressive coupling process
(νt)t≥0, in view of Theorem 10. Unlike the q-th moment
bound in (15), deriving the tail probability bound in (16)
is highly nontrivial and mathematically challenging due to
the complex dependence structure in the difference process
{(ω◦

t − ω∗ − νt)}t≥1. In particular, applying Markov’s in-
equality yields the upper bound E|α⊤E0(ω̄

◦
t − ν̄t)|q/zq for

the tail probability P(|α⊤E0(ω̄
◦
t − ν̄t)| > z), which is in

general not sharp, especially when q is large. In classical
time series analysis, the m-approximation method combined
with the blocking technique is useful for handling temporal
dependence ([36, 59, 40, 42, 43, 45]). However, the tradi-
tional blocking technique, which employs equal block sizes,
is primarily designed for stationary sequences and is not
well suited to SGD algorithms with time-varying step sizes
γt = γ1t

−β , as the SGD sequence (ω◦
t )t≥0 is intrinsically non-

stationary. To address this challenge, we propose a new ∆k-
approximation method, where (∆k)k≥1 is a sequence of non-
decreasing integers, and modify the blocking technique using
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time-varying block sizes, adapting it to the non-stationary
nature of the SGD sequence.

We briefly outline the construction below. For notational
simplicity, define ϑt = ω◦

t − ω∗ − νt. Let ψ0 = 0 and let
(ψk)k≥1 be a sequence of positive integers such that ψk−ψk−1

is even and

ψk − ψk−1 ≍ kβ/(1−β)(log t)1/(1−β), k ≥ 1. (17)

Without loss of generality, assume that ψK = t for some
integer K ≥ 1. Define the consecutive block sums

Bk =

ψk−1+∆k∑
s=ψk−1+1

ϑs and B⋄
k =

ψk∑
s=ψk−1+∆k+1

ϑs

for k = 1, . . . ,K, where ∆k = (ψk − ψk−1)/2. By con-
struction,

∑t
s=1 ϑs =

∑K
k=1(Bk + B⋄

k). Since Bk and B⋄
k

exhibit different dependence structure across k, we introduce
∆k-approximation for Bk and B⋄

k to be

B̃k =

ψk−1+∆k∑
s=ψk−1+1

E(ϑs|Xs, . . . , Xs−∆k
),

B̃⋄
k =

ψk∑
s=ψk−1+∆k+1

E(ϑs|Xs, . . . , Xs−∆k
).

Under this construction, both the sequences {B̃k}k≥1 and
{B̃⋄

k}k≥1 consist of independent random vectors. Conse-
quently, the Nagaev inequality in (4) can be applied to bound
the tail probabilities of both

∑K
k=1 B̃k and

∑K
k=1 B̃⋄

k. It is
worth mentioning that the sequence (ψk)k≥1 in (17) is cho-
sen to balance these tail probabilities and the approximation
error |

∑t
s=1 ϑs −

∑K
k=1(B̃k + B̃⋄

k)| introduced by the ∆k-
approximation.

We now introduce another time-varying autoregressive pro-
cess to quantify the estimation bias |E(νt)| for t ≥ 1.
Under Assumptions 2 and 3, for any constant p satisfying
q/2 ≤ p ≤ q, we have

∥∇F (ω∗ + νt−1)−∇2F (ω∗)νt−1∥p ≤ (2L1 + ϱ)∥νt−1∥q/pq .
(18)

This bound motivates the definition of an auxiliary linear time-
varying autoregressive process (υt)t≥0, initialized as υ0 = ν0,
and updated for t ≥ 1 via

υt = υt−1 − γt∇2F (ω∗)υt−1 + γtεt. (19)

The process (υt)t≥0 is a linear time-varying autoregressive
process driven by i.i.d. innovations (εt)t≥1, with deterministic
matrices Id−γt∇2F (ω∗) =: At, t ≥ 1, as coefficient matrices.
Consequently, (υt)t≥1 admits the explicit linear representation

υt =

t∑
h=1

γh

(
t∏

m=h+1

Am

)
εh, (20)

and satisfies E(υt) = 0 for all t ≥ 1. In the following lemma,
we establish non-asymptotic bound on the p-th moment of the
difference between the two coupling processes (νt)t≥1 and
(υt)t≥1.

Lemma 8. Under the conditions of Theorem 5, for any
constant q/2 ≤ p ≤ q, and for all t ≥ 1, we have

∥νt − υt∥p ≤ C(2L1 + ϱ)Mq/p
q γ

q/(2p)
t , (21)

where C is a positive constant independent of t.

Remark 7. As shown in (21), the approximation error bound
between (νt)t≥1 and (υt)t≥1 becomes tighter as the constant
ϱ in Assumption 3 decreases. Moreover, since E(υt) = 0
for all t ≥ 1, when q ≥ 2, inequality (21) implies that the
bias term satisfies |E(νt)| ≤ ∥νt − υt∥q/2 = O(γt). Beyond
bounding the estimation bias, Lemma 8 also quantifies the
linear approximation error for both the SGD iterate ω◦

t and the
Polyak-Ruppert averaging estimator ω̄◦

t . This property is par-
ticularly useful for establishing the corresponding asymptotic
distributions. Specifically, combining Lemma 8 with Lemma 7
yields

∥(ω◦
t − ω∗)− υt∥2p = O(t−qβ/p),

∥(ω̄◦
t − ω∗)− ῡt∥2p = O(t−qβ/p), (22)

where ῡt = (υ1 + · · · + υt)/t. In view of (20), both υt and
ῡt are linear combination of i.i.d. centered random vectors
ε1, . . . , εt. Consequently, to characterize the asymptotic be-
havior of ω◦

t − ω∗ and ω̄◦
t − ω∗, it suffices to derive the

asymptotic distributions of υt and ῡt, under the conditions
q > p and qβ > p, respectively.

A. Concentration of the SGD iterates

For any non-random vector α ∈ Sd and z > 0, combining
the q-th moment bound established in Theorem 9 with the
Markov inequality yields the following tail probability bound

P(|α⊤(ω◦
t − ω∗)| > z) ≤

CMq
q t

−qβ/2

zq
. (23)

However, the order −qβ/2 in the polynomial term
CMq

q t
−qβ/2z−q is not tight when q > 2, resulting in a less

sharp analysis of the sample complexity. In the following theo-
rem, we develop a tighter Nagaev-type inequality for the SGD
iterates by leveraging the functional dependence measures in
Lemma 2 and the nonlinear autoregressive coupling introduced
above.

Theorem 9. Under the conditions of Theorem 4, for any vector
α ∈ Sd and any z > 0, we have

P(|α⊤(ω◦
t − ω∗)| > z) ≤

CMq
q t

(1−q)β

zq
+ 2 exp

(
−C0z2tβ

M2
2

)
,

(24)

where C and C0 are positive constants independent of t and
α.

Remark 8. It is worth mentioning that Theorem 9 is valid for
arbitrary β ∈ (0, 1). In particular, since (1 − q)β < −qβ/2
for any constant q > 2 and β > 0, the polynomial term
CMq

q t
(1−q)βz−q is tighter than the corresponding term in (23).

In fact, following the arguments in Section 4 of [30], it can
be shown that this polynomial order CMq

q t
(1−q)βz−q cannot

be improved when the stochastic gradient noise ∇f(ω∗, X)
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only exhibits a finite q-th moment. The additional exponential
term in (24) provides a sub-Gaussian-type concentration result.
Thus, Theorem 9 reveals an interesting dichotomous phe-
nomenon: for small z, the sub-Gaussian tail dominates, while
for large z, the polynomial term CMq

q t
(1−q)βz−q dominates.

The transition point between these two regimes satisfies z ∼
c0t

−β/2√log t as t → ∞, where c0 = M2

√
β(q/2− 1)/C0.

When the step size is constant, that is, γt ≡ γ1 corresponding
to β = 0, a tail bound of a similar type was recently obtained
in [65]. That result addresses the constant step size regime and
complements (24) in Theorem 9.

B. Concentration of the Polyak-Ruppert averaging estimators

Theorem 10. Assume that β ∈ (1/2, 1). Then, under the
conditions of Theorem 5, for any vector α ∈ Sd and any
z > 0, we have

P(|α⊤(ω̄◦
t − ω∗)| > z) ≤

CMq
q t

(tz)q
+ 2 exp

(
−C0z2t
M2

2

)
, (25)

where C and C0 are positive constants independent of t and
α.

Remark 9. Theorem 10 provides a Nagaev-type inequality
for the Polyak-Ruppert averaging estimator. It aligns with
the result for the special case of online linear regression
in [30], which employs the mini-batch SGD algorithm. Similar
to the discussions in Section III-A, the polynomial term
CMq

q t
1−qz−q in (25) is significantly tighter than the tail

probability bound obtained by applying Markov’s inequality
with the upper bound on the q-th moment ∥ω̄t−ω∗∥q in (13).
Moreover, as illustrated in [30], this polynomial order is
necessary and unimprovable.

IV. INFINITE VARIANCE

A prominent characteristic of large-scale streaming data
is the presence of outliers and heavy-tailed distributions.
Recently, there has been growing interest in the convergence
properties and distribution theory of the SGD algorithm and its
variants under heavy-tailed settings ([69, 70, 62, 71, 72, 73]).
To advance the current understanding of stochastic dynam-
ics in online stochastic approximation algorithms operating
in heavy-tailed environments, in this section, we relax the
moment condition by allowing the gradient noise ∇f(ω∗, X)
to have only a finite q-th moment for some constant q ∈ (1, 2)
and derive new concentration inequalities for both moments
and tail probabilities, applied to both the SGD iterates and the
Polyak-Ruppert averaging estimators.

Similar to Lemma 3, the non-asymptotic q-th moment
bounds that characterize the effect of initial estimate ω0 remain
valid for q ∈ (1, 2). Consequently, it suffices to focus on
the coupled process (ω◦

t )t≥0. In the following theorem, we
establish non-asymptotic concentration inequalities for both
ω◦
t and ω̄◦

t , quantified in terms of their q-th moments.

Theorem 11. Under Assumptions 1 and 2, for all t ≥ 1, we
have

∥ω◦
t − ω∗∥q ≤ C0Mqγ

1−1/q
t . (26)

Furthermore, suppose that Assumption 3 holds. Then, we have

∥ω̄◦
t − ω∗∥q ≤ C1Mqt

(1−q)/q + C2Mq
q t

(1−q)β . (27)

Here, C0, C1, and C2 are positive constants independent of t.

Remark 10. When combined with Markov’s inequality, The-
orem 11 provides upper bounds on the tail probabilities of
both ω◦

t and ω̄◦
t , which in turn directly imply the following

high-probability bounds

|ω◦
t − ω∗| = O(tβ/q−β),

|ω̄◦
t − ω∗| = O(t(1−q)min{1/q,β}).

Notably, the last term C2Mq
q t

(1−q)β in (27) quantifies the esti-
mation bias |E(ω̄◦

t )− ω∗| arising from the nonlinearity of the
population gradient ∇F (·). To ensure valid statistical inference
based on ω̄◦

t , Theorem 11 suggests selecting step sizes with
β > 1/q, so that the estimation bias becomes asymptotically
negligible. Compared to the finite variance setting discussed
in Section II-B, smaller step sizes are required to study the
asymptotic distribution of ω̄◦

t when q ∈ (1, 2).

V. SIMULATION STUDY

In this section, we conduct a finite-sample simulation study
to illustrate the dichotomous phenomenon revealed by the
Nagaev-type inequalities presented in Theorems 9 and 10. We
consider the model X = ω∗ + ε, where ω∗ = E(X) and ε
denotes the random noise. The parameter ω∗ is estimated using
SGD with step sizes γs = 0.5 × s−0.505 and initial estimate
ω0 = ω∗. The algorithm is run for t = 5000 iterations, with
updates given by

ωs = ωs−1 − γs(ωs−1 −Xs), s = 1, . . . , t.

Our primary objective is to identify the two distinct decay
regimes of the tail probabilities as functions of z > 0.
According to Theorem 9, when z is small, the sub-Gaussian-
type term 2 exp(−C0z2tβ/M2

2 ) in (24) dominates, whereas for
large z, the polynomial-type term CMq

q t
(1−q)βz−q becomes

dominant. An analogous dichotomy for the Polyak-Ruppert
averaging estimator follows from (25) in Theorem 10.

To facilitate visualization, we focus on the transformed tail
probabilities

P ∗
z =

√
− logP(|ωt − ω∗| > z),

P̄ ∗
z =

√
− logP(|ω̄t − ω∗| > z).

Under this transformation, sub-Gaussian-type tails correspond
to a linear scaling of P ∗

z with respect to z, while polynomial-
type tails yield a dominant growth rate

√
q log z for large

z. A similar pattern is expected for P̄ ∗
z in accordance with

Theorem 10. We note that both P ∗
z and P̄ ∗

z depend on t, which
is suppressed for notational simplicity.

Without loss of generality, we set ω∗ = 0. For the random
noise ε, we consider scaled Student’s t-distributions, i.e.,
ε ∼ tk/

√
k
k−2 , with degrees of freedom k ∈ {2.5, 3, 3.5}.

The scaling ensures that M2
2 = Var(ε) = 1 for all consid-

ered values of k. The empirical transformed tail probabilities
are computed based on N = 107 independent replications.
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Fig. 1. Empirical transformed tail probabilities, computed via (28), for the
SGD iterates and the Polyak-Ruppert averaging estimators.

Specifically, let ωt,ℓ and ω̄t,ℓ, ℓ = 1, . . . , N , denote the SGD
iterate and the Polyak-Ruppert averaging estimator obtained
from the ℓ-th replication, respectively. For any z > 0, the
empirical counterparts of P ∗

z and P̄ ∗
z are computed as

Pz =

√√√√− log

(
1

N

N∑
ℓ=1

I{|ωt,ℓ − ω∗| > z}

)
,

P̄z =

√√√√− log

(
1

N

N∑
ℓ=1

I{|ω̄t,ℓ − ω∗| > z}

)
. (28)

Figure 1 summarizes the empirical transformed tail prob-
abilities Pz and P̄z over a range of values of z. When z
is small, both Pz and P̄z exhibit an approximately linear
dependence on z, consistent with the dominance of the sub-
Gaussian-type tails. In particular, these linear curves are nearly
identical across different values of k ∈ {2.5, 3, 3.5}, indicating
the tightness of the sub-Gaussian-type tails. As z increases,
the linear trend disappears and discrepancies across different
values of k emerge, as

√
q log z becomes the leading term.

Overall, Figure 1 aligns well with the established theory,
clearly illustrating the dichotomous phenomenon for both the
tail probabilities of SGD iterates and the Polyak–Ruppert
averaging estimators.

VI. PROOFS

In this section, we provide the detailed proofs of all theo-
retical results stated in the main text.

A. Lemmas

The following lemma, adapted from Lemma 1 in [64],
provides a Burkholder-type inequality for the infinite-variance
case q ∈ (1, 2).

Lemma 12. Let ξ ∈ Rd and ζ ∈ Rd be two random vectors
such that E|ξ|q < ∞ and E|ζ|q < ∞ for some constant q ∈
(1, 2). Then, we have

E|ξ + ζ|q ≤ E|ξ|q + qE
{
|ξ|q−2ξ⊤E(ζ|ξ)

}
+ 22−qE|ζ|q.

Lemma 13 below presents the Burkholder inequality ([74,
63, 64]) for the q-th moment of a martingale, valid for q > 1.

Lemma 13. Let (Dt)t≥1 be a sequence of martingale differ-
ences and let Dn =

∑n
t=1Dt. Assume that maxt≥1 E|Dt|q <

∞ for some constant q > 1. Then, we have

∥Dn∥min{q,2}
q ≤ Cq

n∑
t=1

∥Dt∥min{q,2}
q ,

where

Cq =

{
(q − 1), q > 2,
22−q, 1 < q ≤ 2.

B. Proof of Proposition 1

Proof of Proposition 1. Let φ(t) = ∥ξ + tζ∥2q , 0 ≤ t ≤ 1. If
φ(t) = 0 for some t ∈ [0, 1], then (6) trivially holds. Now we
assume φ(t) ̸= 0 for all t ∈ [0, 1]. Elementary calculations
lead to

φ′(t) = 2∥ξ + tζ∥2−qq E
{
|ξ + tζ|q−2

(
t|ζ|2 + ξ⊤ζ

)}
,

and

φ′′(t) ≤ 2(q − 1)∥ξ + tζ∥2−qq E
(
|ξ + tζ|q−2|ζ|2

)
≤ 2(q − 1)∥ξ + tζ∥2−qq ∥ξ + tζ∥q−2

q ∥ζ∥2q
= 2(q − 1)∥ζ∥2q,

where the first inequality follows from Cauchy’s inequality and
the fact that 2−q < 0, and the second inequality follows from
Hölder’s inequality. Consequently, applying Taylor’s theorem
yields

∥ξ + ζ∥2q = φ(1) = φ(0) + φ′(0) +

∫ 1

0

(1− t)φ′′(t)dt

≤ ∥ξ∥2q + 2∥ξ∥2−qq E
(
|ξ|q−2ξ⊤ζ

)
+ 2(q − 1)∥ζ∥2q

∫ 1

0

(1− t)dt

= ∥ξ∥2q + 2∥ξ∥2−qq E
(
|ξ|q−2ξ⊤ζ

)
+ (q − 1)∥ζ∥2q.

C. Proof of Theorem 4

Proof of Theorem 4. For simplicity of notation, we denote
δt = ωt − ω∗. Observe that ∇F (ω∗) = 0 and

E{∇f(ωt−1, Xt)|Ft−1} = ∇F (ωt−1).

Hence, by Assumption 2, we have

E
{
|δt−1|q−2δ⊤t−1∇f(ωt−1, Xt)

}
=E

{
|δt−1|q−2δ⊤t−1(∇F (ωt−1)−∇F (ω∗))

}
≥ µE|δt−1|q,

and ∥∇f(ωt−1, Xt)∥2q ≤ 2M2
q +2L2

q∥δt−1∥2q . Then, it follows
from Proposition 1 that

∥δt∥2q ≤ ∥δt−1∥2q + (q − 1)γ2t ∥∇f(ωt−1, Xt)∥2q
− 2γt∥δt−1∥2−qq E

{
|δt−1|q−2δ⊤t−1∇f(ωt−1, Xt)

}
≤ ∥δt−1∥2q − 2µγt∥δt−1∥2−qq ∥δt−1∥qq

+ 2(q − 1)γ2tL
2
q∥δt−1∥2q + 2(q − 1)γ2tM

2
q

= {1− 2µγt + 2(q − 1)L2
qγ

2
t }∥δt−1∥2q + 2(q − 1)γ2tM

2
q .(29)

Consequently, an argument analogous to the proof of Theorem
1 in [24] yields (10).
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D. Proof of Lemma 2

Proof of Lemma 2. By Theorem 4 and Assumption 2, for each
t ≥ 1, we have

∥ωt − ωt,{t}∥2q = ∥∇f(ωt−1, X
′
t)−∇f(ωt−1, Xt)∥2qγ2t

≤ 8L2
q∥ωt−1 − ω∗∥2qγ2t + 8M2

q γ
2
t .

Then, for each h ∈ {1, . . . , t − 1}, similar to (29), it follows
by Proposition 1 that

∥ωt − ωt,{h}∥2q ≤∥ωh − ωh,{h}∥2q
t∏

m=h+1

Vm

≤8(L2
q∥ωh−1 − ω∗∥2q +M2

q )γ
2
h

t∏
m=h+1

Vm.

where Vm = 1− 2µγm + (q − 1)L2
qγ

2
m

E. Proof of Theorem 5

Proof of Theorem 5. In view of (19), we have E(υt) = 0 for
all t ≥ 0. It then follows from Lemmas 7 and 8 that

|E(ω̄◦
t − ω∗)| = |E{(ω̄◦

t − ω∗)− ν̄t}+ E(ν̄t − ῡt)|
≤ ∥(ω̄◦

t − ω∗)− ν̄t∥2 + ∥ν̄t − ῡt∥1

≤ Cmax{1,M2
2 }

tβ
. (30)

Then it remains to upper bound ∥E0(ω̄
◦
t )∥q . Recall that

Vm = 1 − 2µγm + (q − 1)L2
qγ

2
m. By (11), Lemma 13 and

the martingale decomposition in (12), we have

∥E0(ω̄
◦
t )∥q ≤

C
t

t−1∑
h=0

√√√√ t∑
s=h+1

∥ω◦
s − ω◦

s,{s−h}∥2q

≤ CMq

t

t−1∑
h=0

√√√√ t∑
s=h+1

γ2s−h

s∏
m=s−h+1

Vm ≤ CMq

t1/2
.

Combining this with (30) yields (13).

F. Proof of Proposition 6

Proof of Proposition 6. By Lemma 7 and Lemma 8, we have

∥(ω◦
t − ω∗)− υt∥q ≤ ∥(ω◦

t − ω∗)− νt∥q + ∥νt − υt∥q
≤ C1Mqγt + C2M2

2qγt.

Then, applying the triangle inequality yields

∥(ω̄◦
t − ω∗)− ῡt∥q = O(t−β). (31)

We next derive an upper bound for ∥ῡt∥q . By the definition
of the process (υt)t≥1 in (19), for each s ≥ 1,

υs−1 − υs
γs

= Hυs−1 − εs.

Recall that εs = −∇f(ω∗, Xs) for each s ∈ N. Hence, using
the upper bound ∥υs∥q ≤ CMqγ

1/2
s , we obtain

∥∥∥ῡt + 1

t

t+1∑
s=2

H−1∇f(ω∗, Xs)
∥∥∥
q

=
∥∥∥1
t

t+1∑
s=2

H−1υs−1 −H−1υs
γs

∥∥∥
q

≤
∥∥∥1
t

t∑
s=2

H−1υs
( 1

γs+1
− 1

γs

)
+
H−1υ1
tγ2

− H−1υt+1

tγt+1

∥∥∥
q

≤1

t

t∑
s=2

∥H−1υs∥q
( 1

γs+1
− 1

γs

)
+

∥H−1υ1∥q
tγ2

+
∥H−1υt+1∥q

tγt+1

=O
(
tβ/2−1

)
.

Combining this with (31), we conclude that

∥ω̄◦
t − ω∗∥q

≤∥(ω̄◦
t − ω∗)− ῡt∥q +

∥∥∥ῡt + 1

t

t+1∑
s=2

H−1∇f(ω∗, Xs)
∥∥∥
q

+
∥∥∥1
t

t+1∑
s=2

H−1∇f(ω∗, Xs)
∥∥∥
q

≤
∥∥∥1
t

t+1∑
s=2

H−1∇f(ω∗, Xs)
∥∥∥
q
+O

(
tmax{−β,β/2−1}

)
.

G. Proof of Lemma 7

Proof of Lemma 7. For notational simplicity, we denote δ◦t =
ω◦
t − ω∗ and δ̄◦t = (δ◦1 + · · · + δ◦t )/t. By Proposition 1 and

Theorem 4, we have ∥δ◦t ∥2q ≤ CM2
q γ

2
t for all t ≥ 1, and

∥δ◦t − νt∥2q
≤∥δ◦t−1 − νt−1 − γt{∇F (ω∗ + δ◦t−1)−∇F (ω∗ + νt−1)}∥2q
+ (q − 1)γ2t ∥∇F (ω∗ + δ◦t−1)−∇f(ω∗ + δ◦t−1, Xt)− εt∥2q

≤{1− 2µγt + (q − 1)L2
1γ

2
t }∥δ◦t−1 − νt−1∥2q

+ 4(q − 1)γ2tL
2
q∥δ◦t−1∥2q.

Consequently, an argument analogous to the proof of Theorem
1 in [24] yields (15).

Now we bound P(|α⊤E0(δ̄
◦
t − ν̄t)| > z). Note that ψk ≍

k1/(1−β)(log t)1/(1−β) for each k ≥ 1 and K ≍ t1−β/(log t).
By the triangle inequality,

|tE0(δ̄
◦
t − ν̄t)| ≤

∣∣∣ K∑
k=1

E0(B̃k)
∣∣∣+ ∣∣∣ K∑

k=1

E0(B̃⋄
k)
∣∣∣

+
∣∣∣ K∑
k=1

(Bk − B̃k)
∣∣∣+ ∣∣∣ K∑

k=1

(B⋄
k − B̃⋄

k)
∣∣∣

=:Υ1 +Υ2 +Υ3 +Υ4.
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We begin with upper bounding P(Υ1 > z) and P(Υ2 > z).
For any constant q ≥ 2, by the triangle inequality and (15),

∥E0(B̃k)∥q + ∥E0(B̃⋄
k)∥q ≤ 2

ψk∑
s=ψk−1+1

∥δ◦s − νs∥q

≤ CMq

ψk∑
s=ψk−1+1

γs ≤ CMq(log t),

which implies that
K∑
k=1

∥E0(B̃k)∥qq +
K∑
k=1

∥E0(B̃⋄
k)∥qq ≤ CKMq

q (log t)
q

≍Mq
q t

1−β(log t)q−1.

Consequently, since B̃1, . . . , B̃K are independent, it follows by
Corollary 1.8 in [58] that

P(Υ1 > z) ≤
CqMq

q t
1−β(log t)q−1

zq

+ 2 exp
{
− Cqz2

M2
2 t

1−β(log t)

}
.

Similarly, the inequality above also holds for P(Υ2 > z). It
remains to upper bound P(Υ3 > z) and P(Υ4 > z). Note that

K∑
k=1

(Bk − B̃k) =
K∑
k=1

ψk∑
s=ψk−1+1

s−∆k−1∑
h=1

Ph(δ◦s − νs)

=:

K∑
m=1

ψm−∆m−1∑
h=1∨(ψm−1−∆m−1)

Λ(m,h),

where

Λ(m,h) = Ph
( K∑
k=m

ψk∑
s=(ψk−1+1)∨(h+∆k+1)

(δ◦s − νs)
)

and Ph(·) = E(·|Xh, Xh+1, . . .)−E(·|Xh+1, Xh+2, . . .) is the
projection operator. By Lemma 2,

ψk∑
s=(ψk−1+1)∨(h+∆k+1)

∥Ph(δ◦s − νs)∥q

≤CqMq∆k exp

{
− C∆k

(∆k ∧ h)β

}
γh ≤ CqMqt

−C ,

where the last inequality follows from the fact that ∆1−β
k ≍

kβ(log t) and ∆k/h
β ≥ ∆k/ψ

β
k ≥ C(log t) for h ≤ ψk−∆k−

1 ≤ ψk. Consequently, since {Λ(m,h)}h≥1 is a sequence
of martingale differences, it follows by Lemma 13 and the
triangle inequality that∥∥∥ K∑

k=1

(Bk − B̃k)
∥∥∥2
q

≤Cq
K∑
m=1

ψm−∆m−1∑
h=1∨(ψm−1−∆m−1)

∥Λ(m,h)∥2q ≤ CqM2
q t

−C .

The same upper bound holds for ∥
∑K
k=1(B⋄

k − B̃⋄
k)∥2q . Then,

by the Markov inequality, we obtain P(Υ3 > z) + P(Υ4 >
z) ≤ 2(CqM2

q t
−C)q/2/zq . Combining all these results leads

to (16).

H. Proof of Lemma 8

Proof of Lemma 8. Recall that At = Id − γt∇2F (ω∗) ∈
Rd×d. By (18) and the bound ∥νt∥2q ≤ CM2

q γt for all t ≥ 1,
we obtain

∥νt − υt∥p ≤ ∥At(νt−1 − υt−1)∥p
+ γt∥∇F (ω∗ + νt−1)−∇2F (ω∗)νt−1∥p

≤∥At∥op∥νt−1 − υt−1∥p + Cγt(2L1 + ϱ)(Mqγ
1/2
t )q/p,

where ∥ · ∥op stands for the operator norm.
Observe that ∥At∥op ≤ 1 − γtλmin{∇2F (ω∗)}
when 1 − γtλmax{∇2F (ω∗)} ≥ 0, and ∥At∥op ≤
1 + γtλmax{∇2F (ω∗)} otherwise. Consequently, elementary
calculations yield (21).

I. Proof of Theorem 9

Proof of Theorem 9. Recall that δ◦t = ω◦
t − ω∗. By Lemma 7

and the Markov inequality,

P(|δ◦t − νt| > z) ≤
∥δ◦t − νt∥qq

zq
≤

CMq
q t

−qβ

zq
.

By Theorem 4 and Lemma 7, we have |E(νt)| ≤ ∥νt∥2 ≤
C1M2t

−β/2, where C1 is a positive constant independent of t.
Hence, by choosing C0 ≤ (log 2)/(4C2

1), (24) holds trivially
for all z ≤ 2C1M2t

−β/2. Otherwise, for z > 2C1M2t
−β/2,

we have P(|α⊤νt| > z) ≤ P(|E0(α
⊤νt)| > z/2). Therefore,

it suffices to derive an upper bound for P(|E0(α
⊤νt)| > z) for

any z > 0. By a similar argument as the proof of Lemma 2,
it follows that for each h ∈ {0, 1, . . . , t− 1},

|Pt−h(α⊤νt)| ≤E(|εt−h − ε′t−h||Ft−h)γt−h

·
t∏

m=t−h+1

{1− 2µγm + (q − 1)L2
qγ

2
m}

=:E(|εt−h − ε′t−h||Ft−h)×A(t, h), (32)

where ε′1, . . . , ε
′
t ∈ Rd are i.i.d. copies of ε1. For any constant

q ≥ 2, elementary calculations yield

t−1∑
h=0

Aq(t, h) ≤ Cqt(1−q)β . (33)

For any z > 0, let y = qz/(q+2) and define another sequence
(ν⋄s )

t
s=0 with ν⋄0 = 0 and

ν⋄s =ν⋄s−1 − γs∇F (ω∗ + ν⋄s−1)

+ γsεs ×min

{
1,

y

2A(t, t− s)|εs|

}
, (34)

for s = 1, . . . , t. Then, we have

P(|E0(α
⊤νt)| > z) ≤

t∑
s=1

P
{
|εs| >

y

2A(t, t− s)

}
+ P(|E0(α

⊤ν⋄t )| > z)

≤
CqMq

q t
(1−q)β

zq
+ P(|E0(α

⊤ν⋄t )| > z),
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and it suffices to establish an upper bound for P(|E0(α
⊤ν⋄t )| >

z). To this end, we shall first upper bound the following
moment generating function

M⋄
t (ϕ) = E exp{ϕE0(α

⊤ν⋄t )} = E exp
(
ϕ

t−1∑
h=0

Pt−h(α⊤ν⋄t )
)
,

for ϕ > 0. For each h ∈ {0, 1, . . . , t − 1}, we have
sup|α|=1 |Pt−h(α⊤ν⋄t )| ≤ y in view of the definition in (34).
Consequently, by Lemma 1.4 in [58], we have

E{exp(ϕPt−h(α⊤ν⋄t ))|Ft−h−1}

≤1 +
exp(q)ϕ2

2
E{|Pt−h(α⊤ν⋄t )|2|Ft−h−1}

+
exp(ϕy)− 1− ϕy

yq
E{|Pt−h(α⊤ν⋄t )|q|Ft−h−1}I{ϕ > q/y}

≤1 + exp(q)ϕ2A2(t, h)M2
2

+
exp(ϕy)− 1− ϕy

yq
2qAq(t, h)Mq

q I{ϕ > q/y}. (35)

Observe that the upper bound above is independent of Ft−h−1.
Hence, by (33),

M⋄
t (ϕ) ≤

t−1∏
h=0

(
1 + exp(q)ϕ2A2(t, h)M2

2

+
exp(ϕy)− 1− ϕy

yq
2qAq(t, h)Mq

q × I{ϕ > q/y}
)

≤ exp
(Cqϕ2M2

2

tβ
+ Cq

exp(ϕy)− 1− ϕy

yqt(q−1)β
Mq
q I{ϕ > q/y}

)
.(36)

Following the proof of Theorem 1.3 in [58], we obtain

P(|E0(α
⊤ν⋄t )| > z)

≤2

(CqzqMq
q

t(q−1)β
+ 1

)−1

+ 2 exp

(
−Cqz2tβ

M2
2

)
≤
CqMq

q t
(1−q)β

zq
+ 2 exp

(
−Cqz2tβ

M2
2

)
.

J. Proof of Theorem 10

Proof of Theorem 10. By Lemma (3) and the Markov inequal-
ity, for any z > 0, we have

P(|ω̄t − ω̄◦
t | > z) ≤ Cq|δ0|q

(tz)q
.

Since |E(ω̄◦
t − ω∗)| ≤ C2 max{M2

2 , 1}t−β and β > 1/2, it
suffices to upper bound P(|E0(α

⊤ν̄t)| > z) for all z > 0 in
view of (16). Note that

t∑
s=1

E0(α
⊤νs) =

t∑
h=1

Ph

(
t∑

s=h

α⊤νs

)
=:

t∑
h=1

χh.

Here (χh)h≥1 is a sequence of martingale differences adapted
to the filtration (Fh)h≥1 and

|χh| ≤
t∑

s=h

A(s, s− h)E(|εh − ε′h||Fh)

=: Ã(t, h)E(|εh − ε′h||Fh).

For any constant q ≥ 2, elementary calculations lead to∑t
h=1 Ãq(t, h) ≲ t. Recall that y = qz/(q + 2). Similar

to (34), we define the sequence (ν◦s )
t
s=0 with ν◦0 = 0 and

ν◦s =ν◦s−1 − γs∇F (ω∗ + ν⋄s−1)

+ γsεs ×min

{
1,

y

2Ã(t, t− s)|εs|

}
, s = 1, . . . , t,

and let χ◦
h = Ph(

∑t
s=h α

⊤ν◦s ) for h ∈ {1, . . . , t}. Similar
to (35) and (36), we have

E exp
(
ϕ

t∑
h=1

χ◦
h

)
≤ exp

(
Cqtϕ2M2

2 + Cq
exp(ϕy)− 1− ϕy

yq
tMq

q × I{ϕ > q/y}
)
.

Consequently, we obtain

P

(∣∣∣∣∣
t∑

h=1

χh

∣∣∣∣∣ > z

)

≤
t∑

s=1

P

{
|εs| >

y

2Ã(t, t− s)

}
+ P

(∣∣∣∣∣
t∑

h=1

χ◦
h

∣∣∣∣∣ > z

)

≤
∑t
s=1 Ãq(t, t− s)Mq

q

(y/2)q
+

CqMq
q t

zq
+ 2 exp

(
−Cqz2

M2
2 t

)
≤
CqMq

q t

zq
+ 2 exp

(
−Cqz2

M2
2 t

)
.

K. Proof of Theorem 11

Proof of Theorem 11. By Lemma 12, under Assumption 1
and Assumption 2, it follows that

E|ω◦
t − ω∗|q

≤(1− qµγt)E|ω◦
t−1 − ω∗|q + 22−qγqtE|∇f(ω◦

t−1, Xt)|q

≤(1− qµγt + 2Lqqγ
q
t )E|ω◦

t−1 − ω∗|q + 2Mq
q γ

q
t . (37)

Consequently, an argument analogous to the proof of Theorem
1 in [24] yields (26).

To establish (27), we first bound ∥ω̄◦
t − ω∗∥q . By (26),

Lemma 12, and an argument analogous to that for (37), it
follows that, for all t ≥ 1 and h ∈ {1, . . . , t},

E|ω◦
t − ω◦

t,{h}|
q ≤ CMq

q γ
q
h

t∏
m=h+1

(1− qµγm + 22−qLqqγ
q
m).

Then, by Lemma 13 and the martingale decomposition of ω̄◦
t

in (12), we have

∥E0(ω̄
◦
t )∥q ≤

C
t

t−1∑
h=0

( t∑
s=h+1

E|ω◦
s − ω◦

s,{s−h}|
q
)1/q

≤ CMqt
(1−q)/q. (38)
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We now bound the estimation bias |E(ω̄◦
t )−ω∗|. Recall that

δ◦t = ωt − ω∗. By Lemma 12 and an argument analogous to
that for (37), we obtain

E|δ◦t − νt|q

≤E|δ◦t−1 − νt−1 − γt{∇F (ω∗ + δ◦t−1)−∇F (ω∗ + νt−1)}|q

+ 22−qγqtE|∇F (ω∗ + δ◦t−1)−∇f(ω∗ + δ◦t−1, Xt)− εt|q

≤(1− qµγt + 22−qLq1γ
q
t )E|δ◦t−1 − νt−1|q + 4γqtL

q
qE|δ◦t−1|q.

Combining this with (26) yields E|δ◦t − νt|q ≤ CMq
q γ

2(q−1)
t

for all t ≥ 1. Since q ∈ (1, 2), setting p = 1 in (18) yields

E|∇F (ω∗ + νt−1)−∇2F (ω∗)νt−1| ≤ (2L1 + ϱ)E|νt−1|q.

Combined with the triangle inequality, this implies that

E|νt − υt| ≤ E|At(νt−1 − υt−1)|+ γtE|∇F (ω∗ + νt−1)

−∇2F (ω∗)νt−1|
≤ ∥At∥opE|νt−1 − υt−1|+ γt(2L1 + ϱ)E|νt−1|q

≤ ∥At∥opE|νt−1 − υt−1|+ C(2L1 + ϱ)Mq
q γ

q
t .

Then we have E|νt − υt| ≤ CMq
q γ

q−1
t for all t ≥ 1.

Consequently, for q ∈ (1, 2), the triangle inequality implies

|E(ω̄◦
t )− ω∗| ≤ ∥(ω̄◦

t − ω∗)− ν̄t∥q + ∥ν̄t − ῡt∥1
≤ CMq

q t
(1−q)β ,

and combining this with (38) yields (27).

VII. CONCLUSION AND DISCUSSION

In this paper, we introduce a comprehensive framework
for analyzing online stochastic approximation algorithms by
establishing connections with nonlinear causal time series
analysis. By quantifying the associated functional dependence
measures, we establish tight moment and tail probability in-
equalities under the assumption that the gradient noise exhibits
only finite q-th moment (q > 1). Our proposed methods
may serve as valuable tools for further theoretical studies of
these algorithms, including weak convergence and the strong
invariance principle.
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