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Recursive Nonparametric Estimation for
Time Series

Yinxiao Huang, Xiaohong Chen, and Wei Biao Wu

Abstract—This paper considers online kernel estimation for
both short- and long-range dependent time series data. Utilizing
the predictive dependence measure of Wu, we carefully study the
asymptotic properties of recursive kernel density and regression
estimators for a general class of stationary processes. In partic-
ular, we prove that the proposed estimators have the asymptotic
normality and the corresponding central limit theorems are
provided. In addition, we establish the sharp laws of the iterated
logarithms that precisely characterize the asymptotic almost sure
behavior of the proposed estimators.

Index Terms— Almost sure convergence, kernel estimation,
law of the iterated logarithm, long-range dependence, recursive
estimation, wavelet estimation.

I. INTRODUCTION

ITH the advance of modern computing and data
Wacquisition techniques, voluminous data are collected
in various applied areas including astronomy, computer
networks, remote sensing, weather monitoring, high frequency
trading among others. New challenges arise as to how to
interpret and model the data. Nonparametric methods are
widely used as a powerful tool for data analysis, modeling and
inference. They are especially useful to explore relationships
between explanatory variables and dependent variables in
situations in which the associated functional forms are not
known. Popular nonparametric estimators such as the kernel
density estimator of Rosenblatt [40] and the kernel regression
estimator of Nadaraya [32] and Watson [55], however, suffer a
serious computational drawback in that they are non-recursive.
When a new data item arrives, one has to re-calculate any
non-recursive estimator based on all of the observations.
In situations where data items arrive sequentially and a large
amount of data can be generated at a rapid rate, recursive
updating algorithms are much preferred. Namely the value

Manuscript received November 26, 2012; revised November 5, 2013;
accepted November 14, 2013. Date of publication November 26, 2013; date of
current version January 15, 2014. W. B. Wu was supported by the National
Science Foundation under Grant DMS-0906073 and Grant DMS-1106970.
X. Chen was supported by the Cowles Foundation for Research in Economics,
USA. This paper was presented at the 2012 Joint Statistical Meetings.

Y. Huang is with the Department of Statistics, University of
Illinois at Urbana-Champaign, Champaign, IL 61820 USA (e-mail:
yinxiao@illinois.edu).

X. Chen is with the Department of Economics, Yale University, New Haven,
CT 06520 USA (e-mail: xiaohong.chen@yale.edu).

W. B. Wu is with the Department of Statistics, The University of Chicago,
Chicago, IL 60637 USA (e-mail: wbwu@galton.uchicago.edu).

Communicated by G. Moustakides, Associate Editor for Detection and
Estimation.

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TIT.2013.2292813

of the estimator at current time can be updated from its
immediate past and the current data item, so that the update
can be computed instantly regardless of the sample size. This
approach is also termed as the online or real-time updating
method. The traditional non-recursive procedure (such as the
Rosenblatt estimate and the Nadaraya-Watson estimate) is
called the off-line or batch method.

There are already huge amount of published papers on
asymptotic properties of on-line kernel density and regression
estimators for independent and identically distributed (i.i.d.)
data. In particular, recursive kernel density estimators were
introduced by Wolverton and Wagner [58], Yamato [63]
and Deheuvels [6], and have been studied by Wegman and
Davies [56], Wertz [57], Roussas [41], Hall and Patil [18],
Mokkadem et al. [30] and many others. Different versions
of recursive kernel regression estimators were introduced by
Révész [35], [36], Ahmad and Lin [2] and Devroye and
Wagner [7], and have been studied by Krzyzak and
Pawlak [24], Greblicki and Pawlak [11], Krzyzak [23],
Walk [52], Gyorfi et al. [13], Mokkadem et al. [31], among
many others.

There are some published papers on asymptotic properties
of recursive kernel density and regression estimators
for short-range (i.e., weakly) dependent data. See, e.g.,
Takahata [47], Masry [27], [28], Masry and Gyorfi [29],
Gyorfi and Masry [15], Tran [49], [50] and others for
on-line kernel density estimator, and Roussas and Tran [42],
Gyorfi et al. [14], Walk and Yakowitz [53], Wang and
Liang [54], Amiri [3] and others for on-line kernel regression
estimator for stationary short-range dependent data.

In this paper we shall study the on-line kernel estima-
tors for density and regression functions allowing for both
short- and long-range dependent data. We model the temporal
dependence using the functional and predictive dependence
measure of Wu [59]. The predictive dependence concept has
a natural interpretation for on-line procedures since it measures
how a dynamic system reacts to a change in the underlying
exogenous shock. This notion of dependence is very gen-
eral and easy-to-verify. It covers a large class of linear and
nonlinear time series models, which could be short-range
(i.e., weakly) or long-range (i.e., strongly) dependent. To the
best of our knowledge, there is no published work on asymp-
totic properties of recursive nonparametric estimators for time
series models using the predictive dependence measure. In this
paper, for a large class of stationary time series that are both
short- and long-range dependent, we establish the asymptotic
properties for both the recursive density and the recursive
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regression estimators. Due to the online nature, the study
of the almost sure convergence properties becomes more
relevant than the weaker form of in probability convergence.
Here we shall give a precise characterization of the almost
sure convergence by proving the sharp laws of the iterated
logarithm. We also establish the asymptotic normality, and the
almost sure version of the optimal uniform convergence rates.
Our results substantially extend the applicability of the online
methods to time series estimation and forecasting.

In the literature, there are also plenty of work on other
on-line nonparametric procedures. For example, Vilar and
Vilar [51] and Gu and Lafferty [12] considered recursive local
polynomial regression. Smale and Yao [44] and Yao [64]
studied an on-line estimate based on stochastic gradient
descent algorithms (Robbins and Monro [39]; Kiefer and
Wolfowitz [22]; Duflo [8]; Kushner and Yin [25]. Smale and
Zhou [45] studied on-line learning with reproducing kernel
Hilbert space under Markov sampling. Chen and White [4]
studied a class of projection based Robbins-Monro procedures
in a Hilbert space for weakly dependent data. The mathemat-
ical tools used in our paper could also be extended to the
settings of these papers. For example, in Section III-C we
provide a law of the iterated logarithm and an asymptotic
normality for recursive wavelet density estimators allowing
for both short- and long-range dependent data.

The rest of paper is structured as follows. Section II
presents the recursive kernel estimates and the functional and
the predictive dependence measures. The latter allows us to
consider both linear and non-linear processes under short- and
long-range dependence. Under this framework, we investigate
the limit properties of the recursive density estimator and
the recursive regression estimator in Sections III and IV
respectively. Besides the usual central limit theorem and strong
(weak) convergence, a sharp law of the iterated logarithm is
derived in each section. Section V provides some simulation
results that corroborate the theoretical findings of the article.
The appendix contains all of the proofs.

The following notation is used throughout the paper. For
two real numbers a and b, we write a A b = min (a, ).
For two sequences of real numbers {s,} and {#,}, we write
Sp~ 1ty if limy—00 S/t = 1; we write s, < 1, if there exists
a constant ¢ > 0 such that ¢ < s,/t, < 1/c hold for all
large n. We say that a function g is Lipschitz continuous
on a set A if there exists a constant C < oo such that
lg(x) — g(x")| < Clx — x'| for all x,x’" € A. The symbol
C denotes a positive constant which may differ in different
occurrences. For a random variable X write X € £LP, p > 1,
if |X]|, := [E(|X|")]"? < oo and write | X|| := [|X]|2. The
symbol = means convergence in distribution. Denote by C*
the class consists of all continuous functions that are k-times
differentiable with continuous k-th derivatives.

II. RECURSIVE ESTIMATES AND DEPENDENCE
CONDITIONS

A. Recursive Kernel Estimators

Given the data (X;, Y;)}_,, following the classic Nadaraya-
Watson [32], [55] procedure, we can estimate the regression
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function g(x) = E(Y|X = x) by

>y YiKp, (x, Xi)
Z:’:l Kb”(.x,Xi) ’

where Kp, (x,u) = K((x — u)/bn), K is a kernel function
and b, is the bandwidth sequence. There is a huge liter-
ature on properties of the estimator (1); see for example
Gyorfi et al. [13] and Fan and Yao [9]. A drawback of g, is
that it is non-recursive. There is no simple algebraic relation-
ship between g, and g,+1. If a new data item (X,+1, Yn+1)
arrives and b, # byy1, then one needs to re-calculate all
Kp,, (x,X;) for i = 1,...,n, thus having computational
complexity O(n). The latter problem becomes more severe
if one wants to evaluate g at multiple points x1, ..., x; since
in this case the computational complexity becomes O(nl). The
memory requirement is also O (n) since one has to store all the
past data. These drawbacks seriously restrict the applicability
of the Nadaraya-Watson method in applications that involve a
large amount of data and require frequent updates.

As a simple modification of (1), we can have the following
online version:

gn(x) = (1

Dy YiKy, (x, Xi)/ 20 bi _ )
D Ko (e, X/ 20 b f(x)]

where fn(x) is the online estimator for the marginal density
of X;. The estimators admit the following recursive update
scheme: letting B, = >_/_, bi,

@) = fac1(x) + B by Kp, (x, Xn) /by — fruo1(x)],
gv,,(x) = gnfl(x)‘i‘yn[yn _g'nfl(x)]a 3)

where y, = y,(x) = (ﬂ(x)Bn)’le”(x, X,) is the step size
that is a stochastic function of x. Note that the update can be
computed within O(1) step and the memory complexity for
the algorithm is also O(1). When the quantity f,(x)B, in (3)
is replaced by nb, then the estimator g, is very similar to
the recursive estimator obtained by the method of stochastic
approximation (Révész [35]). In (3), €, := Y, — g,—1(x) can
be regarded as the one-step-ahead prediction error. The new
information at time n comes in the form of ¢, which is used
to update g together with the previous estimator g,_i. The
residuals e, so generated are called nonparametric recursive
residuals.

gn(x) = )

B. Causal Time Series, Dependence Measures
Throughout the paper we assume that X; is a (strictly)
stationary process of the form

Xi=R(...,&g-1,¢&), “4)

where ¢;, i € Z, are i.i.d. random variables and R is a mea-
surable function such that X; is well-defined with a marginal
density function f. In our regression model we assume

Yi = G(Xiaei)a (5)

where e¢;, i € Z, are iid. and e; is independent
of Fi = (...,&i—1,¢&i). Then the regression function
gx) =EW;|X; =x) = E[G(x, ¢)].
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The class of processes that (4) represents is huge and it
includes many commonly used linear and nonlinear processes;
see Wu [60] for a review. Section III concerns properties of
the on-line estimate f, (x) for the marginal density function f
of X;. An important special case of our regression model (5)
is the nonlinear time series model

Xit1 = G(Xi, €i4+1), (6)

where ¢; are i.i.d., by letting ¥; = X;4+1 and ¢; = ¢;+1. Under
suitable condition on G, (6) has a (strictly) stationary and
ergodic solution (Wu and Shao [62]).

Based on the representation (4), we can introduce our
dependence conditions. For [ > 1 let Fj(x|F;) = P(Xgp1 <
x|Fi) be the [-step ahead conditional or predictive distribution
function of Xy; given Fy. Assume that the conditional density
fi(x|Fr) = dF;(x|Fr)/dx exists, hence the marginal density
f(x) = Efj(x|Fk). Assume throughout the paper that there
exists a constant C > 0 such that

esssup sup fi(x|Fx) <C.
Fr x€R

Let P;(-) = E(:|F;) — E(-|]Fi—1) be a projection operator.
Following Wu [59], for k > 1, define the predictive depen-
dence measure

Ok = sup |Pofi(x[Fr—1)I-
xeR

Let Eg,ek,i,k € Z,be iid If I < k, let Fryy =
(...,e-1, el’, €l+1,---,&k) be a coupled version of F; with
g in the latter replaced by ¢. If I > k let Fyyy = Fi.
Note that for k > 1, E(fi(x|Fr—1)|Fo) = fx(x|Fo) and
E(fix|Fe-DIF-1) = fiex(xIF-1) = E(fi(x|Fo,10)]F0)-
We can then interpret 6 as the contribution of ¢y in
predicting X. If fi(x|Fx—1) does not functionally depend on
&0, then Gy = 0. A simple upper bound for 6y is the following
functional dependence measure

ok = sup || f1(x|Fr=1) — filx|Fe—1,0) I

xeR

)

®)

©)

Note that E(fi(x|Fk-1,00DIF0) = E(fix|Fe-DIF-1),
we have 0y < J;. For k < 0, we have Fj (o) = F¢ and thus
O =0, =0.

In many cases it is easier to deal with dx. Proposition 1
provides bounds for J; for linear processes, which can
have infinite variances, for example, a-stable processes with
0 < a < 2. Proposition 2 concerns nonlinear time series that
can be expressed as iterated random functions.

PROPOSITION 1: Let ¢; be i.i.d. with density f, € C' and
finite a-th moment, &« > 0. Assume that (aj)?ozo are real
coefficients satisfying >3 la;[** < oo where a A b =
min (a, b). Then the linear process

o
X: = Zajet,j
j=0

is well-defined, and, if sup,(f:(x) + |f/(x)]) < oo, then
5 = O(lar|**?).

(10)

1303

ProPOSITION 2: Consider the nonlinear time process
Xi+1 = G(X;, &i4+1) in (6), where ¢; are i.i.d. and G(-, )
satisfies G(x,e9) € L7, 7 > 1 and

G (x, e0) = G(x', e0) I«

p <

lx —x’|

L := su

x#x!

Assume that the conditional density f(x|u) of X, given

Xi—1 = u is uniformly bounded with sup, , f(x|u) < Co
and satisfies the uniform Holder continuous condition

p SUPs LfCelu) — f Gl

1. (11)

- <H, a>0. (12)
uFtu lu — u'l|*
Then & = O(p*) for some p € (0, 1).
EXAMPLE 1: (Thresholded Time Series). Following

Tong [48], we consider the thresholded autoregressive process

X, =ai X | +aX, | +e, (13)

where u™ = max(u, 0), 1~ = min(u, 0), |ai| < 1, |az] < 1
and ¢, are i.i.d. with density function f, and have a finite
rth moment, ¢ > 0. Let g(u) = au™ + aru~. Then
FGlu) = folx — gu)). Assume H = sup,, | f/(w)] < oc.
Clearly (11) and (12) hold with L = max(|a], |az2]) < 1,
o = 1 and this H. Note that the moment condition on &; is
very mild. It holds, for example, if ¢; is Cauchy, since in this
case E(Je/]") <0 if 0 <7 < 1.

EXAMPLE 2: (ARCH Processes). Assume that &; are i.i.d.
with density f; and have a finite 7th moment, 7 > 0. Define

X, = (a} + a3 X* )V, (14)

where a; and ap are real parameters such that |laeoll; < 1.
Then (11) holds and (14) has a stationary solution. Let g(u) =
(al2 + a%uz)l/ 2. Then the conditional density has the form
FGxlu) = fo(xc/g(w))/g(w). Assume that sup,, | f/(w)] < oc.
Elementary calculations show that sup, , [0f (x|u)/du| < oo,
implying (12) with @ = 1. As in Example 1 the moment
condition here on &; can also be very mild.

Our dependence measure is very different from the widely-
used strong mixing conditions and their variants such as
absolute regularity and near epoch dependence. In the context
of asymptotic theory for recursive kernel estimates, it turns
out that our predictive and functional dependence measures
are very useful and convenient. Optimal and nearly optimal
results can be established with elegant and concise proofs.

In our asymptotic theory we can allow both short- and
long-range dependent processes:

(D1). (Short-range dependence) A, := Z,fim o < o0.
Hence ©,, := > 72, 6k < Ap < 005

(D2). (Long-range dependence) oy = O(k~7£(k)), where
1/2 <y < 1 and €(-) is a slowly-varying function,
namely lim,_,  €(cz)/€(z) = 1 for any ¢ > 0.

Condition (D1) implies that the cumulative contribution of
the input go in predicting future values {Xi}i>1 is finite,
thus suggesting short-range dependence. It is satisfied for
many nonlinear time series models (see Proposition 2 and
Examples 1 and 2) and short-range dependent linear processes
(see Proposition 1). The other condition (D2) indicates that
go can have a long-range predictive capability, due to the
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slow decay of J;. An important example is the fractionally
integrated autoregressive moving average process.

IIT. RECURSIVE DENSITY ESTIMATION

Let f be the marginal density function of the stationary
process (X;) given in (4). As in (2), we consider the recursive
kernel density estimator

n

falo) = Bi ;Kbi (x, Xi), (15)
where (b;) is the bandwidth sequence, B, = >, b;,
Kp(x,u) = K((x — u)/b) and K(-) is a kernel function.
Throughout the paper, we assume that the kernel function
satisfies the following condition:
(K). The kernel K has a bounded support [—M, M];

there exists Cxk < oo such that sup, |K(u)| +

Jr u?|K (u)ldu < Ck. Let k := [ K*(s)ds < oo.
Condition (K) is satisfied by many popular choices of
kernels including the rectangle kernel K(v) = 1j,<1/2,
the Epanechnikov kernel K(v) = 3(1 — 1)2)1|U|<1/4, the
triangular kernel K (v) = (1 — [0])1}y|<1, the biweight kernel
K@) =151 —02)21‘U‘<1/16 and the triweight kernel K (v) =
35(1 — 02)31|D|<1/32 among others, where 1. is the indicator
function.

A. Asymptotic Properties

Let B,; = Z?:lbf, | € Z, and write B, = B, . The
following theorem provides the central limit theorem of the
recursive kernel density estimator (15).

THEOREM 1: Assume condition (K), sup, | f/'(u)| < oo,
and either one of the following:

(i) Condition (D1), B, — 00, > ¢2| Byi+ 5/By < 00, and
B2 = 0(By);
(ii) Condition (D2), b; < i’ﬁfo(i) where 2(1 —y) < f < 1
and €o(-) is a slowly varying function.
Then we have the central limit theorem

VBul fu(x0) — E £, (x0)] = N(O, &f (x0)). (16)

If in addition 3353 = o(By,), then (16) holds with E £, (xo)
replaced by f(xg).

We shall briefly discuss the bandwidth condition for the
short-range dependence case (i) and the long-range depen-
dence case (ii) in Theorem 1. Motivated by the traditional
kernel estimates, a popular choice of the bandwidth sequence
is b x i~#, where 0 < p < 1. Then under (D1),
B, = >0 b =< n'=#, and Byo = Z?:lbiz = nl=28
(resp. log(n) or O(1)) for f € (0,1/2) (resp. f = 1/2 or
B € (1/2,1)). Thus the bandwidth condition in Theorem 1(i) is
satisfied. On the other hand, if the underlying process exhibits
long-range dependence as in case (ii), then a more restrictive
condition 2(1 — y) < f < 1 is needed.

The following theorem provides the law of iterated
logarithm (LIL) for the recursive kernel density estimator (15).
For a sequence of random variables W,, and a real number c,
we write lim, , W, = =c if limsup, . W, = c and
liminf, o W, = —c.
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THEOREM 2: Assume condition (K), sup, | f'(u)| < oo,
and either one of the following:
(i) Condition (D1), B, — oo, (log n)4+Bn,2 logn = O(B,)
and D> 72 Byi+k o/By < 00;
(ii) Condition (D2), b; =< i #£y(i) where 2(1 —y) < f < 1
and €o(-) is a slowly varying function.
Then we have the law of the iterated logarithm

V/Bul fa(x0) = E fu(x0)]
o0 TogTos B, = +/2xf (x0). (17)
We remark that generally there is no LIL result for
non-recursive estimators unless the bandwidths {b,} vary
very slowly. For i.i.d. random variables, Hall [16] proved
a LIL for the non-recursive kernel density estimator

fu(x) = (nby)~! > Kp, (x, X;) under
|bm/bn -1 =0.

lim,

lim limsup  sup
=0 n—oo m:lm—n|<ne

(18)

See also Hiardle [19]. If (18) is violated, for example,
b, = 2+(—=1)")n—", then one can only obtain an almost sure

upper bound of the form /B, ! logn for f,, (x0) — E fn (x0)-

B. An Alternative Form

As an alternative of the recursive kernel density
estimate (15), one can use the form
V6] 1ilK( X)) (19)
xX)=— —Kp, (x, X;).
n n b,‘ bi !

i=1
Under the assumption that X; are i.i.d., the above esti-
mator were studied independently by Wolverton and Wag-
ner [58] and Yamato [63]. Takahata [47] and Masry and
Gyorfi [29] obtained almost sure rates of f: to f for the class
of asymptotically uncorrelated processes. Nguyen [33], [34]
proved asymptotic normality of fn*(x) for Markovian
processes that satisfy the G2 geometric beta-mixing condition.
Robinson [37], [38] derived weak consistency and asymp-
totic normality of fn*(x) under strong mixing conditions.
Masry [27] obtained quadratic mean convergence and asymp-
totic normality under various mixing conditions. Masry [28]
and Gyorfi and Masry [15] derived strong consistency and
almost sure convergence rates of f,;"(x) under various mixing
conditions; see Tran [49], [50] for improved results. Recall
that B,; = >/ b, I € R. We shall here provide the
central limit theorem of the recursive estimator (19) under
our framework (4).
THEOREM 3: Assume condition (K), sup, | f/(u)| < oo,
and either one of the following:
(i) Condition (D1), B, —3 = 0(33,_1);
(ii) Condition (D2), b; =< i #£y(i) where 2(1 —y) < f < 1
and €o(-) is a slowly varying function.
Then we have the central limit theorem
nlf,; (xo) — Ef,; (x0)]
vV Bn,fl
Besides the central limit theorem, one can also have the LIL
result as in Theorem 2 that concerns the almost sure limiting

behavior of the estimator. The proofs are similar to those of
Theorems 1 and 2, and we shall here omit the details.

= N0, xf(xp)).
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C. Recursive Wavelet Density Estimation

Another popular approach is the wavelet density estimate.
To introduce it, we shall use the language of multi-resolution
analysis (Daubechies [5]). Let {V;};ez C £2(R) be a collec-
tion of nested subspaces such that ﬂjez Vi ={4}, UjeZ Vi
is dense in L2(R), Vi1 C V), f2x) e Vi1 & f(x) eV,
V; has orthonormal basis {¢;(x) = 2//2¢(2/x — k), k € Z}
for some function ¢ € £2(R) with fR #*(x)dx = 1. Let the
detail space W; be given by V11 = V; @ W;, which has
the orthonormal basis {y;i(x) = 212y 2Ix — k), k € 7}
for some function y. Then V,, @ Wi @ W1 D Wit2 - -
is dense in L£2(R). Let

FO) =D cmadma) + D D djxyjx),

keZ j=mkeZ

(20)

be the orthogonal representation of f, where m is the reso-
lution level, the coefficients ¢,k = fR fW)pm x(u)du and
dik = [r f@wjr()du. Since ¢y i = E¢yir(X1), we can
empirically estimate it by ¢,y x = n = z, | @k (X:), and the
wavelet-based estimator

BN = emamax) = Z¢m k<x>2¢m k(X))
keZ keZ
1 $ z m 5 m
= ;tzllkezzzzgs(z x —k)224Q2"X, — k)

(nbn)7 ZK()C Xz),

where K(u,v) = > .z ¢u — k)¢p(v — k) has a bivariate
representation with bandwidth b, = 27™. Here the kernel
K(-,-) is bivariate. As in (2), we can naturally define the
recursive wavelet density estimator

> i1 K(x/bi, Xi/b;)
Z?:l bi

THEOREM 4: Assume that K (-,-) is a symmetric bivari-
ate kernel satisfying sup, ,|K(u,0)] < oo, sup, [p
|K (u,v)|do < oo, K(u,v) — 0 as |[u — v] — o0, and
for az(u) = [ K*(u,v)dv, inf, 0?(u) > 0. Let B,(x) =
zl 1 bio? (x/b;). Then under (i) or (ii) of Theorem 1, we have
the central limit theorem

WL (x0) — E £ (x0)]
A/ Bn (x0)

Under (i) or (ii) of Theorem 2, we have the law of the iterated
logarithm

f'TnWV(x) —

21

= N(0, f(x0)). (22)

Balf," (x0) — Ef," (x0)]
V' By (x0) loglog By, (xo)

If the bias b~ 'EK (xo/b, X/b) — f(xo) = O(b*) as b — 0,
p > 1, then (22) [resp. (23)] hold with Ef,""(xo) therein

replaced by f(x0) if Bupr1 = o(By) [resp. Bupir =
OB, ).

= +/27(x0).

(23)

am,_,
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D. Bandwidth Selection
For the traditional kernel density estimate
fax) = (x, Xi), (24)

we have the bias Efn(x) — fx) ~ bzvzf”(x)/Z where
v = [u?K(u)du, and the variance var(f,(x)) ~ (nb,)~!
f )k (Silverman [43]). The optimal bandwidth b, mini-
mizing the asymptotic mean squared error (AMSE) has the
form b, = én~ 5 with ¢ = (f(x)r)' Py f’(x))~2.
For our recursive estimate f,(x), letting b; = ci—# where
0 < B < 1 and c is a constant, we have by elementary
calculations that E f, (x)— f (x) ~ va.f"(x)Bn,3/Bn ~ (1=)/
(2 — 6B)b2va f7 (x) if ﬁ < 1/3, or 210g(n)b2v2f”(x)/3 if
p = 1/3, or (’)((nb,,) Yif g > 1/3. And var(f,(x)) ~
(1 = B)(nby)~' f(x)x. Let f = 1/5. Then the AMSE-optimal

c satisfies
1/5
c:a[(l 3/5)2] P s
(1-1/5)

Hence we can first conduct a pilot study and, based on
part of the sample Xi,..., Xy with a relatively large N,
we can apply the classical bandwidth selection procedure
(for example, Jones et al [21]) and obtain an estimate of ¢
for the non-recursive estimate. Then we use b; = ci —# with
¢ = 571/3¢ for our recursive estimates. With this choice, we
have AMSE(f,(x))/AMSE(f,(x)) = (2 x 57252 ~ 1.1,
suggesting that the recursive estimator has a quite satisfactory
performance. A simulation study is carried out in Section V.

(25)

IV. RECURSIVE KERNEL REGRESSION ESTIMATION

If we observe a bivariate stationary process (X;, ¥;) accord-
ing to model (5), we can consider the problem of estimating
the conditional regression function g(x) = E(Y;|X; = x).
Let V,(x) = E(|Y1|”|X1 = x), and 02(x) = Va(x) —g%(x) be
the conditional variance function. Recall that the conditional
regression function can be recursively estimated by g,(x)
defined in (2). We shall here provide the asymptotic properties
of the recursive kernel regression estimator g, (-). Section IV-A
presents a central limit theorem for g,. A LIL is given in
Section IV-B and Section IV-C provides an optimal uniform
almost sure convergence rate.

A. Asymptotic Normality

Recall (2) for J,(x). We shall first state a central limit
theorem for J,(x) — EJ,(x). Then the asymptotic normality
of g,(x) follows by Slutsky’s theorem. Theorem 1 is a special
case of Theorem 5 with ¥; = 1.

THEOREM 5: Let p > 2. Assume that g and V, are
Lipschitz continuous, V), is bounded on a neighborhood of xo.
Under conditions of Theorem 1, we have

VB (I (x0) — EJ, (x0)) = N(0, Va(x0) f (x0)x).

Hence it implies that for f(xg) > 0, we have

VB (0 - 0

n ()C())

(26)

) = N(0,5”(xo)/f (x0)).  (27)
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B. A Law of the Iterated Logarithm

THEOREM 6: Let 2 < p < 4. Assume condition (K),
sup,, | f'(u)| < oo, g and V, are Lipschitz continuous, V, is
bounded on a neighborhood of x, g, (x) := EJ, (x)/E f, (x) =
gx)+ O(B;l/z), and either

(i) Condition (D1), (logn)*?/(P=2 4B, 5 logn = O(B,) and
D k=1 Btk 5/ Bok < 00; or
(ii) Condition (ii) of Theorem 2.
Then for any x with f(x) > 0, we have the LIL

— B (@) — gax)) V2
Moo ™ Jioglog By, T

C. Uniform Almost Sure Convergence

In this section we shall study the uniform almost sure
convergence for g(-) over compact intervals. To this end we
need to introduce the uniform functional dependence measure

S = | sup | fi (x| Fx=1) — f1(x|Fr—1,40p)]

xeR
We shall modify conditions (D1) and (D2) accordingly with i
therein replaced by J7, and call the new dependence conditions
as (D1°) and (D2°), respectively.

THEOREM T7: Assume (K), ¥; € LP, p > 2, V() is
bounded on [—a — w,a + ] for some y > 0. (i) Assume
(D1°) and > "2 Byi+k 5/ (kByi) < 0o. Then

sup  By|Ju(x) — EJy(x)| = Ous.(xn)»
x€[—a,a]
where y, = n'/?logn + /B, logn.
(i) Assume (D2°), b; < i #€y(i) where f < 1 and £o(-) is
a slowly varying function. Then there exists a slowly varying
function €3 (n) such that

sup  By|Jy(x) = EJ,(x)| = Ous.(n),

x€[—a,al

. (29)

(30)

€1V

where 1, = yn + n3/2=F~y {2(n).

REMARK 1: In (ii) of Theorem 7, we do not impose the
condition 2(1—y) < S, which is needed in previous theorems.
Consequently, in (31) there is the term n3/2=B=7 ¢5(n) which
accounts for dependence. Note that if 3/2—f —y < 1/p or
2(1 —y) < p, then the second term in 7, is absorbed into the
first term y,,. <

COROLLARY 1: Assume minye[—q,q7/f(x)] > 0 and
f.g € C’[—a — y,a + y]. Let p, be the right hand side of
(30) and (31). Then under conditions of Theorem 7, we have

xel%ljl;(,a] |§n(x) - g(x)l = Oa.s.(pn/Bn + Bn,3/Bn)~ (32)
PROPOSITION 3: Let X;,¢;,i € Z, be i.i.d. N(0, 1) and

consider the regression model
Yi = g(Xi) +ei, (33)

where ¢ € C'[—y, 1 + y] for some y > 0. Let b; < i=p,
0 < f < 1. Assume (K). Let g,(x) = EJ,(x)/Ef,(x). Then
for any a € (0, 1), there exists a constant ¢ > O such that

limsup P sup |8,(x)—gn(x)|>cy/ By logn ) >a. (34)
n—00 x€[0,1]
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Proposition 3 suggests that the almost sure bounds in
Theorem 7 and Corollary 1 are generally un-improvable,
since under model (33), y, in Theorem 7 can be reduced to
/By logn, and the stochastic part of (32) maxyefo,17 |8 (x) —

gn(x)| = Oa.s.(\/ Bn_l logn).

V. A SIMULATION STUDY

We shall here carry out a simulation study and examine the
finite sample performance of the recursive kernel estimators.
We consider two models:

(1) Nonlinear AR(1) process X; = 0|X;_1|+¢;, where ¢; are
ii.d. N(0, 1) and |8| < 1. Then the stationary distribution
is skew-normal with density 2¢(x(1 — 6%)!/2)®(6x),
where ¢ (-) and ®(-) are the standard normal density and
distribution functions (cf. Andé¢l et al. [1] and Tong [48]);

(ii) Fractionally integrated process (1 — B)?X; = & where
g are ii.d. N(0,¢?) with ¢ = I'>(1 — d)/T(1 — 2d),
0 < d < 1/2. Then the marginal distribution of (X;)
is standard normal, and X; = Z?‘;o wjgi—j with
v = TG + /TG + Dr@)y ~ jTr@)
(cf. Hosking [20]).

Let & = 0.3 in model (i) and d = 0.09 in model (ii), and
n =103 Using the bandwidth selector in Jones et al [21], we
obtain ¢ ~ 0.92 for model (i), and ¢ ~ 0.90 for model (ii),
respectively. By (25), for the recursive estimator we choose
¢ = 0.67 and 0.65 for model (i) and (ii), respectively. Figure 1
presents the comparison of the empirical bias/variance with
the asymptotic values averaged over 10000 replications for
both recursive and traditional kernel density estimators given
by (15) and (24), respectively. It shows that, for both models,
the empirical bias and variance of the recursive kernel density
estimator are quite close to those of the classical non-recursive
version.

APPENDIX

Proof of Proposition 1. It follows from equation (36) in
Wu et al. [61] by letting p =2 and ¢ = a therein. <&

Proof of Proposition 2. By Theorem 2 in Wu and
Shao [62], (11) implies that the Markov chain (6) has a sta-
tionary solution of form (4) such that the following geometric
moment contraction property holds:

Xk — Xiqopllc = O(LY), where Xy 0y = R(Fi.(0))- (35)

Let ok, = sup.er Il fi(x|Fi=1) — fi(x|Fe—1,10))llp. Then
by (12),

[ f1(xX| Fr—1) = fr(x | Fi—1,0p) | <min(2Co, H | X — X 10)|”)-
(36)

Hence, if ap < 7, by (35), we have dy, = O(pk) with
p=L* If ap > 7, we have

min(2Co, H|Xx— Xk 10y|*)’ <(2Co)?" « Ha | X — Xi 031",

37
which by (35) and (36) also implies &, , = (’)(pk) with
p= LT/P. &
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Fig. 1. Plots of the bias (left) and variance (right) of both recursive
(rKDE, black) and traditional (KDE, green in color/gray in grayscale) kernel
density estimates with sample sizes n = 1000 from Model (i) (top) or Model
(ii) (bottom). The form of density estimators are given by (15) and (24) for
recursive and traditional ones. Each result is averaged over 104 replications.
The solid lines are empirical estimates (EE), while the dashed lines are average
asymptotic values (AA) for either bias or variance discussed in Section III-D.

LEMMA 1: Assume that (X;) is short-range dependent
satisfying condition (D1) and

> By oo (38)
=1 sz
Let
Ry(x) := D (E(Kp, (x, X)|Fi-1) — E(Kp, (x, X)) . (39)

i=1

Then B, v 2R,,()c) — 0 almost surely, namely R, (x)
1/2
0as5.(By'").

Proof of Lemma 1. Recall 7; = (..., ¢;_1, &;). Define

An(x,0) 1= D bil filx — bv|Fi1) — f(x = biv)].

i=1

(40)

Notice that E(Kp, (x, X;)|Fi—1) = bi [ Ku)fi(x — bju
|Fi1)du, we have R,(x) = [p K@)Ay(x,u)du.
Since fi(x|Fi-1) — f(x) = 272, Pi-tfi(x|Fi-1) and
Pii fi(x|Fi—1), i = 1,2,..., are martingale differences,
by the triangle and Doob’s inequalities, and the orthogonality
of the projection operators P;-,

(41)

max | Ay (x, u)]
n<2k

n

Zb Pi-t fi(x = biv| Fi-1)

max

1307
00 2k
< D 2D biPici filx — bivl Fio1)
=1 |i=1
. " 1/2
=2 2| 2 bAIPit filx = bivl Fimp)I?
=1 i=1
~ ok 1/2
<> 2> 02| =20iB) 42)
=1 i=1 ’
holds uniformly over x and u. Let Wy = max,x
| Ry (x)|?/ Byi-1. By (38),
s s K (u)| |max Ay(x,u 2du
ZEwkstR' @] [max, ot [Anx, 0]
sz—l
k=2
< 00. (43)

Hence > 72, Wi < oo almost surely, implying Wi = 0,4.4.(1)
and R,(x) = o0as.(BY?). &

Lemma 1 concerns the short-range dependent case with
®; < oco. Under long-range dependence, @ in (41) is infinite
and the bound therein is no longer useful. In this case we need
the following Lemma 2, where an upper bound of a different
type is given.

LEMMA 2: We have

' k<n

Assume condition (D2) and b; = i_ﬁt’o(i) where 0 <
f < 1 and ¢p(-) is another slowly varying function. If
y+,[)’/2 > 1, then R, (x) = 04.5. (B ) and 2, = (’)(‘I’ ). Here
= O(n3 25— 27{’2(n)€0(n)) if3/2> p4+y; ¥, =001)
1f 3/2 <f+y;and ¥, = O (n)) if3/2=p + y, where
Ci(n) = >0 m= 13 (m) L% (m).
Proof of Lemma 2. Write A, = A,(x,u). Let A, 1) be
a coupled version of A, with g in the latter replaced by the
ii.d. copy €. By Jensen’s and the triangle inequalities,

(44)

2 n 2
< Z(Zbi&il) =: B,.
i=1

leZ

HPI max | Ag|
k<n

<

max | Ag|
k<n

— max |A
kinl kAl

n
< D il fitx = bvlFir) = filx — biv| Fioi )

i=1
n

< > Ibildi,
i=1

which implies (44) since the projection operators P;-
yield martingale differences.

We now prove the second assertion. Let b} = i By (i),
5*—1Vf(l)l>1bg—é*—landb*—é*—01fl<0
and 2F = > L (O bior 1)2 By Karamata’s Theorem,

> b;“ = nb} and
2 n n 2
> () = 3% 0w ()

i=1
On(5) (nb})?).

(45)

I=—00 I=—00

(46)
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Elementary calculations show that, since f 4+ 7y > 1, we have
> 2o bior,,, < mbhdy as m — oo. Again by Karamata’s
Theorem if 20 —p —yp) > =1, 0or 3/2 > B+ 7y,
we obtain > _,(mb}6%)?* < nd(bi6H2 1 3/2 < f+ 7y,

m-m
then D _, (mb}o%)? < z;’le(mb;a;)z < o00. At the
borderline case with 3/2 = f + y, then > _ (mb%d%)? =

¢1(n), which is also a slowly varymg function. Combining
all these three cases, we have Zl__nH(Z" o bior )P =

St 2 b, =< i (mbhae)T = O(W).
And ZI 0(21 lb*&#< l) = Zl O(Zm lbm+15* )2 can be
bounded in the same way. Notice that =, = (>, +

Zl——n+l+21 o) (X bisr l) , the result follows and
we have > 72, By /By < oo if y + /2 > 1, which, as
in (43), implies R, (x) = 0g4.5. (Bl/ ). <&
Proof of Theorem 1. By Lemmas 1 and 2, it follows
that R, = op(B,ll/ 2) since almost sure convergence implies
convergence in probability, hence it suffices to show that

2iz1 D

S5 = N, 26/ (o)), @7

where D; = Ky, (xo, X;) — E[Kp, (x0, X;)|Fi-1]

To this end, we shall apply the martingale central limit
theorem; see Hall and Heyde [17]. Since |D;| is bounded by
2Ck and B, — oo, for any € > 0, we have Di21|D,~|>B,1,/2e =0
for all large n. It remains to show that -

n
B, ' > E(D}|Fi-1) = xf(x0) in probability.  (48)
i=1

Since
E(D}Fi—1) = E(K} (x0, Xi)|Fi—1) — E*[Kp, (x0, Xi)| Fi-1]

and elementary calculation readily shows that E(K li (x0, Xi)
|Fi—1) = xf(x0)b; as i — oo; and E(Kp, (xo, X;)|Fi—1) =
O(b;). Notice that B, — oo, it follows by Toeplitz lemma
that,

B, ' > E(D}|Fin1)

i=1

= B! Z[E(Kzi. (x0, X)) Fi—1) — E*(Kp, (x0, Xi)|Fi—1)]
i=1

= B (ko + OD)
i=1
— xf (x0). (49)
Hence (47), and then (16) follows. <&

Proof of Theorem 2. Recall R, (x) in equation (39). We can
write

By (fu(x) —Efu(x)) = My(x) + Ry (x), (50)

where

n

D (K (x, Xi) = E(Kp, (x, X0)| Fi-1))

i=1

is a martingale relative to the filtration F,. Then the Theorem
follows from Lemmas 1, 2 above and 3 below. &
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LEMMA 3: Under conditions of Theorem 2, we have

M, (x0)
Tim — 7 =4./2 52
am,,_, o /B, Toglog B, Tog log B, xf (xo0) (52)

Proof of Lemma 3. Write My = 0, M,, = M, (x¢) and
D, = M, — M,_1. Then D, are martingale differences.
By Strassen’s [46] martingale representation theorem (see also
the Appendix in Hall and Heyde [17]), on a possibly richer
probability space (here, for presentational simplicity, we take
it to be the same as the original space), there exists a standard
Brownian motion B and a sequence of nonnegative random
variables 71, 77, ... such that

k
(My, k > 1) = p(B(Ty), k = 1), where Tk = D7,
i=1

E(ti|Fi-1) = E(Df|Fi-1) ass., (53)
and for C; =2(8/x%)77'T' (g + 1),
E(rf*|Fie1) < CUE(D]|Fie1) as. for g > 2. (54)

Let t, = E(T,) = >/_; E(D?). By (7) and condition (K),
|E(Kp, (xo — Xi))|Fi—1)| < Cb;, which by sup, | f'(u)| < oo
implies E(Diz) =k f(x0)b;i(1 + O(b;)). Hence

Iy = ’Cf(XO)Bn + O(Bn,2)~
We shall now apply (53) and (54) to prove (52). Write

(55)

n n
To—tn = > (ti —E(m|Fio) + D Bl Fio) — E(w))
i=1 i=1
= Py + On.
Note that P, is also a martingale. By Doob’s inequality
and (54),

(56)

2 n
< 4|P > <4D E(})
i=1

n
< 4C4 Y E(D}) = OBy). (57
i=1
As in (43) by the Borel-Cantelli Lemma, max; |P; |2
0a.5.(Byck?), implying the almost sure bound max;<, | P; | =

0a.s.(By*logn). For Q,, recall (40) for A, (x, v), we have

0, = 3 (E0AF) - 5(02)

i=1
n
= > (E(K3 (x0, X0)|Fimn) — B(KZ (v0, X0) + O®))
i=1
= [ K20 A0, 000 + O(B,.2).
R
Hence, under (i) (resp. (ii)), we have by Lemma 1 (resp.
Lemma 2) that
T, —tn = Og5.(Ay), where A, = Bl/zlogn + By2.

By Lévy’s modulus of continuity for Brownian motions,
we have almost surely that

max |B(T) — B(#)| < sup IB(x) — B(y)|
k=n [x—y|<CAn, 0<y<ty
< C(Aylog(By/An))">. (58)
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Under conditions on (b;) in (i) or (ii), we have

Aplog(B,/A
nlog(By/Ay) -0 (59)
n—oo B, loglog B,
Since f, — o0, by the law of the iterated logarithm for
Brownian motions, we have

— B(t,
fim, o) _ 4 (60)
2t, loglogt,
Hence by (53), (58) and (59), we have (52). <&

Proof of Theorem 4. To simplify notation we let x = xo.
Let D; = K(x/bi, Xi/bi) — E(K(x/bi, Xi/bi)|Fi-1) and
M, =Y, D;. Similarly as (50), we write

Bu(/,"(x) —Ef,"(x)) = My + R, (61)

where, noting that
E(K (x/b;, X; /bi)|Fi—1) = bi/RK(X/bi,M)fl(biulfi—l)du,
the term

00
Rn = z Rn,k, (62)
k=1

where Rux = >0 bi [ K(x/bi,u)Pi fi(biu|Fi—1)du.
By the Cauchy-Schwarz inequality and conditions on K (-, -),
we have

n 2
IRy il = D b7E ( /R K (x/bi, w)Pit fi (bl-uml)du)
i=1

< 208 [ 1K G/bidn
i=1
<E /R K G biy )| it f1 (Bite| Fit) Pl

= Db} O0}).
i=1

Hence wunder the short-range dependent case (D1),
IR, = O(@l)Bi,/zz. Using a similar argument as the
one in Lemma 2, we can deal with the long-range dependent
case (D2). By the continuity of f, we have

EK?(x/b, X;/b)
= / K2 (x/b, u) f (bu)du
R

= (/ +/ )Kz(x/b,u)f(bu)du
lub—x|>b1/2 lub—x|<b1/2
= ¢?(x/b) f(x) + o(1)

as b — 0, due to the conditions on the kernel K (-,-). Then
the martingale part M, can be similarly dealt with by using
the argument in Lemma 3. <&

Proof of Theorem 5. To simplify notation we let x = xo.
Let G = (...,ei—1,e;, Fi), & = YiKp, (x, X;) and

(63)

(64)

Aq(x,v) = > glx — biw)b; (filx — biv| Fi1)
i=1

—f(x — biv)). (65)

1309

Note that & is Gj-measurable and E(Y;|X; = x) = g(x).
As in (39), we can write

Lyi= Y (BEG-1) ~ B = [ KOAZ 0o, (60
i=1

By (K), since g is bounded at a neighbor of x = xg, by
the argument in Lemmas 1 and 2, we have ||L,|| = o(J/By).
Let di = & — E(&1Gi—1). Then (26) follows from

752 (67)

To this end, we shall apply the martingale central limit
theorem. Note that |E(|Gi—1)] =  O(b;). Hence
IE@IGi—1) — E@IG-)] = O@®}). By Lemmas I
and 2, we have

L > di = N[0, Va(x) f (x)x].
i=1

Bi > (E@1G:-1) - E@D)
"i=1

= Bin;/VZ(D)Kz (-xb_il)) (fl(l)|gi,1)—f(l)))dv

— 0B, / K2 An(x, w)du = 0p(1)

since V»(-) is Lipschitz continuous. Note that K has bounded
support,

1 < 21, B L n ,
5 ;E(d,- Gi-1) =5 Zl EEP) +op(1)
1 < 5
— B—Z/Vz(x —biv)K*(v) f(x — bjv)bjdv + op(1)
ni=1

— V() f() / K2(0)do + 0p(1).

The proof is now complete since Z?=1 |B, I/ 2di||g <

2r B, P2 SE LGNS = O(B,lfp/z) — 0, Lindeberg’s con-
dition is satisfied. By Slutsky’s Lemma, we have (27). <&

Proof of Theorem 6. As in the proof of Theorem 5,
let G = (..,ei-1,e,F), &i = (Yi — gx))Kyp,(x, X;),
D? = ¢ — E(G1Gi—1) and My = 37", D?. We shall show
that

D Yy
lim ——— L =42
lin, o~ o e = V26 () ()

almost surely. To this end, we shall use the arguments in the
proof of Lemma 3. There exists a standard Brownian motion
B° and a sequence of nonnegative random variables 7, 75, .. .,
with 7)0 = Zk 2 such that {M2}i>1 =p {B(T)}k=1, and

i=1"%i

(68)

E(t(1Gk-1) = E(D})*|Ge-1) as.
E((t{)"*1Gk-1) < CpE((DY)"IGk-1) as.  (69)
where C, = 2(8/72)P~'T'(p + 1). Since g is Lipschitz
continuous and E(Y; — g(x)|F) = g(Xi) — gx), by (7),
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we have
EG1Gi-)| = IE(g(X;) — g(x)Kp, (x, Xi)|Fi—1)
< [166) - sk (x - ) F1 | Fir)du

e / 1g(x — biv) — g()K 0)do

< b,-c/ Clbiv|K (v)dv = O(b?) (70)

since K has bounded support. Similarly, E{[g(X;) — g(x)]?
K2 (x, X))} = O(b3) and since ¢2(-) is also Lipschitz
contmuous E{lo?(X;) — zrz()c)]K2 (x, X))} = O(bz) By the
condition sup, |f'(u)] < oo, we have IEK (x X)) =
bikf(x) + O(b?). Note that E((Y; — g(x))2|Fi) = 0 2(X;) +
(g(Xi) — g(x))*. Then

k k
ETY = EZrio = EZ(G — E(Ci|gi—1))2

i=1 i=1

(EZ? + O®}))

|
‘M*‘

1

-

B ({0 (X)) +15 (X)) —g ()P} K, (r, X))+ O(Bra)

Il
M*i

(@2 ()bixf (x) + OB})) + O(By.4)
1

o“(x)Birf (x) + O(By.2).

By (69) and the Burkholder inequality, note that ||[,-||1; =
O(bi),

i

(71)

k

o o p/2
I 1;1<ay)1( | Z[Ti — E(z] |gi71)]|||p/2
- i=1

< el D lef = EGP1Gi-011E)3

<
i=1
scpan — E(1Gi- 1)||p/2_cp2||r [}
i=1
< cpZ||D°||” pZnau”—O(Bn) (72)
i=1

Here the constant ¢, may change from place to place and it
only depends on p. As in the proof of Lemma 3, under either
(i) or (ii), we have (68) in view of

T°, — az(x)Ban(X)

= Oa.s. (B /2

Plogn) + 0.5.(B,'") + O(Bn2). (73)

By the representation (70) and the arguments in Lemmas 1
and 2, we have X7 (E(i1Gi—1) —Eg) = oa,s,(B ) So we
have a LIL for >, (¢ — E¢;) in the form of (68) with D?
therein replaced by ¢; — E¢;. With the latter, we have (28) by
Slutsky’s theorem. <&

Proof of Theorem 7. Let n = 2L(logn)/ (10g2)j Y/ =
Yll‘Y’-|§ll/P7 Qri(x) = Y,‘ Kp, (x, Xi), Yi// =Y - é//(x) =
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" 24 ” ”
Y;"Kp, (x, X;)and Ry = > i [|Y/'|+E(|Y/]|Gi-1)]. Elemen-
tary calculations show that there exists a constant C such that

ER; d—d
; il = czz IPEIIY111)y,200/0] < CELIV1|].

By the Borel-Cantelli lemma, Ry = 045.(2 /1’) as d — oo.
Since K is bounded, we have

sup Z[é‘”(X) E(&'(0)1Gi-1)]| < Ck Ra, =0a5.(n''7), (74)

i=1
where d, = [(logn)/(log2)]. We shall now deal with
W () = D [¢/(x) — B(& (0)IGi-1)]- (75)
i=1

Let N = n’ and luly =
continuous,

luN]/N. Since K is Lipschitz

sup

> (E) - é;(Lme)‘

i=1

v (K (s Xi) = Ko (L v, x,-)>]

n
- 11
<Y il'rc—— <cn''?B, _1/N.
= ;l b N = n n, 1/
Notice that the same bound holds for sup,|> /.
(B ()IGi-1) = B (LxJx)IGi-1)) |- Therefore

sup [W (x) — Wa(LxIn)| < 2Cn'/? B,
xeR

/N.  (76)

By (7), since V,(-) is bounded on [—a — v, a + y], there is
a constant Cp such that

E[&/ (x)?|Gi—1] < EI& (x)?Gi—1]

< EIVa(X) K} (x, X)) Fi—1] < biCo. (77)
By Freedman’s [10] inequality and (77), we have
P [lmlax [Wa(lx]n)l = ixn]
/12
< 4aN - , 78
= aa CXP[ ZAXnCKnl/p+2BnCOi| ( )

which is of order O(n~2) by choosing a sufficiently large 1.
Therefore, by (76) and since B,,,_lnl/p/N = 0(yn), we have
by the Borel-Cantelli lemma that

max | W, (x)| = Ou.5.(xn)-
|x|<a
Recall (65) for A; (x, v) and (66) for L, (x). Similarly as Lem-
mas 1 or 2, under (i) or (ii), we have | sup, |AJ(x, )II? =
O(By,2) or O(E,), respectively. Hence, by (79) and (74),
we have (30) and (31), respectively. &
Proof of Corollary 1. Under the differentiability condi-
tions on f, g, elementary calculations show that g,(x) :=
EJu(x)/E fa(x) = g(x) + O(By,3/By). Write

1 O[En(x) — gn(x)] = Hp(x) + On(x),

(79)

(80)
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where H,(x) = Ju(x) — EJo(x) — (fu(x) — Ef,(x))g(x)
and 0,(x) = (fu(x) — Efu(x))[g(x) — gn(x)], and apply
Theorem 7 to H,(x) and Q,(x), we have (32). <&

Proof of Proposition 3. We shall show that (34) holds with
Sup,¢o,1] therein replaced by maxy, . x, where x; = in™%,
i=1,..., N=[n*],0< y <p.Let Zbea N(0, 1) random
variable. For g € (0, 1), letay,, be such that P(|Z| > ay,,) =
o/N. Let

Ln(x) =

Zell\elklognKb (x, X). (81)

vf()

Define event A; = {|L,(x;))] = an,By /2}. Let
S, = (Ly (x) L.(x"))T, where |x — x’| > n~%. Note that
Ty = E(e Lie<iogn) = 14+ 0O@m™ A) for any A > 2. Under
(K), we obtain E(Lz(x)) T f (X)) (B, + O(B,,3)) and,
for some constant C > 0,

|E[L, (x) L, ()]

= m ZE(Kb, (x, Xi)Kp, (', X))

Z (biljx—<pp) =0 P7). (82)

P —
B \/f(X)f(x K5

Then we can apply Lemma 4 with ¢, = n#~1)/2logn and
R, = B,. Elementary calculations show that y, =< n(#=D/2
and ay,, = 2IogN + o(1) = o(min(y, 13 c;1)). Hence
by (87) of Lemma 4, we obtain P(A;) = (1 + o(1))p/N and
P(A;NAj) =1+ 0(1))?/N? uniformly in i and j. By the
inclusion-exclusion formula, we have

N
> D> P(A)— D P(AiNA))

i=1 I<i<j<N

P (Ui<i=nA;i)

2
-0 — —.
)
Note that, for any A > 2, P(le;| > logn) = O(n~4). Then we
have

(83)

|Zl_1 esz (x, X; i)l

limsup P{ sup aNQBl/2
n—00 x€[0,1] V(XK
02
>0 — —. 84
ze- (84)

As in the proof of Corollary 1, we shall now deal with
On(x) =21 (8(Xi) —g(x))Kp, (x, X;). By Freedman’s [10]

inequality, for some constants Cq, C; > O,

iy
P(10u(x) —EQ,(x)| = 6) < 2exp (m) . (85)

Let Y}, :=logn+ (B, 3log n)'/2. Using the argument in (78),
for any A > 2, there exists ¢ > 0 such that

P sup |Qn(x) —EQ,(x)| = 9T, | = O(m™™).

x€[0,1]

(86)

Then we have (34) in view of (86), (84) and the argument
in (80). <

1311

For completeness, we include the modified version of
Lemma 4.2 in Lin and Liu [26] here. For a vector z € RY,
define |z], = min{|z;| : 1 <i < d}.

LEMMA 4: Let &, 1, ... ,fn,k,, be independent mean zero
R4 random vectors, and S, Zl_l &n,i- Assume that
|Cnil < cnR,l,/z,l < i < k, for some ¢, — 0,R, —
oo and |R_1COV(S,,) — Iyl < Coc2 where I; is a d x d
identity matrix and Co is a positive constant. Suppose that
Yn = R_3 /2 Z E|§n,l| — 0. Then we have

PUSile 2 2) = PANL = 2R 50

o(P(IN|x = AR, '7)) (87)
uniformly over A € [/ R,, Jy min(c;l, yn_l/S)«/R,,] with any

. .1 -1 .
0, — 0 with J, min(c, 1 yn '7) — oo. Here N is a centered
normal random vector with covariance matrix I;.
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