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Long-Term Prediction Intervals of Time Series

Zhou Zhou, Zhiwei Xu, and Wei Biao Wu

Abstract—We consider the problem of predicting aggregates or
sums of future values of a process based on its past values. In con-
trast with the conventional prediction problem in which one pre-
dicts a future value given past values of the process, in our set-
ting the number of aggregates can go to infinity with respect to the
number of available observations. Consistency and Bahadur rep-
resentations of the prediction estimators are established. A simu-
lation study is carried out to assess the performance of different
prediction estimators.

Index Terms—Empirical quantiles, heavy tails, long-memory,
long-run prediction, quenched central limit theory.

I. INTRODUCTION

REDICTION or forecasting of future values of a random
P process is one of the fundamental objectives in the study
of time series. Let (X;):cz be a stochastic process. Given the
observations X1, ..., X, one is interested in predicting future
values X, 47,7 > 1. If (X4 ):e7 is stationary with E(X7?) < oo,
then one can apply the celebrated Kolmogorov-Wiener theory
to estimate the conditional mean E(X,,4;|X1,...,X,,). Since
[11], there have been substantial progresses on the estimation
theory of the conditional mean E(X,,4;|X1,. .., X,), the con-
ditional distribution [ X, ;| X1, ..., X,,], or their variants; see,
for example, [2], [3], [34], [36], [18], [19], [29]-[33], [37], and
[48]. [30], [31] applied the tool of stopping times to estimate
conditional expectations. Other contributions can be found in
[6], [8], [17], [35] and [20] among others.

In this paper, we consider predicting X, +1 + -+ + Xpqm,
sum of future values, based on the past observations
X1,...,X,. In our setup we allow m = m, — oo as
n — oo. Our formulation is attractive in situations in which one
is interested in long-term prediction. For example, in telecom-
munication, engineers may have automatically collected by the
minute or second time series data which represents a number
of downloads by users every minute or second. However, at
the management level, people are more interested in predicting
numbers of downloads for a much longer time scale, say
weekly, monthly, or even yearly. Let X, Xo,...,X, be a
minute observations and m = 7 x 24 x 60 = 10080. Then
Xp41+ -+ X, 4m corresponds to the number of downloads
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in the upcoming week. Prediction of X,, 11 + --- + Xyqm
may help implementing price policy of telecommunication
services. Recently, the Time Warner Cable, Inc., is planning to
implement a price policy which is based on Internet usage and
download volumes rather than a flat monthly fee [1]. To design
a reasonable price policy, one needs to have a good prediction
of Xn+1 + -4+ Xn+m~

Our framework is different from the one in [32] in that the
latter paper deals with binary renewal processes and the number
of terms can be random, while in our setting the number of terms
is treated as nonrandom. On the other hand, we allow nonbinary
processes which can be long memory and heavy-tailed.

As a mathematical framework, we consider the construc-
tion of prediction intervals for X,,41 + -+ + X, 4m given
Xi,...,X,. Specifically, we need to find a random interval
[L,U], where L and U are functions of X7, ..., X,., such that

PIL< Xpqi1+ -+ Xogm <U|Xq,...,. X)) =1—a

ey

where 1 — « is a preassigned coverage level. In practice, one
typically uses o = 0.01 or 0.05. Clearly, the problem of finding
such L and U involves the estimation of conditional distribu-
tions of X, 11 + -+ + Xy given Xy, ..., X,,. With the es-
timated interval [L, U], one can assess uncertainty of future ag-
gregates and then adopt appropriate price policies.

Note that the problem of constructing prediction interval
[L, U] is different from the one of finding confidence intervals
for the conditional mean E(X,, 11+ -+ Xpym|X1, ..., X0).
The former one reveals more detailed distributional information
by estimating conditional distributions. See [21] and [44] for
discussions of various statistical intervals. [12] argued that
there is an urgent need to implement interval estimates instead
of point estimates for sales forecasts of business firms. See also
[9, Ch. 7].

In our setting, we let m — oo as n — oo. Our framework
is very different from the classical one in which one assumes
m = 1 as far as the methods of finding L and U are concerned.
If m = 1, then one needs to estimate the conditional distribu-
tion of X,,+1 given X1, ..., X,,. The latter problem is closely
related to the Value-at-Risk (VaR) estimation problem; see [28]
RiskMetrics Technical Report. In a typical conditional VaR esti-
mation problem, analogously to (1), one seeks to find a number
V which depends on X1, ..., X, such that

P(Xn+1 >V|X1,...,Xn):Oé. 2)

In other words, V' is the conditional (1 — «)th quantile of X, 14
given X1, ..., X,,. VaR is a very important measure for assets
risks and it basically deals with the question that investors will
be asking: “’given historical information, how much can I lose
with probability o over a preset horizon”. It is a fundamental
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quantity in financial risk managements. Estimation of VaR is a
very challenging problem and one may generally need to apply
nonlinear prediction theory; see [13, Ch. 10].

It turns out that, interestingly, estimation of L and U in the
framework of (1) with m — oo is relatively easier for cer-
tain class of processes. This is due to the so-called quenched
or conditional central limit theory; see [43] for some recent de-
velopments. As argued in Section II-A , if the process (X}) is
weakly dependent, then the impact of X5, ..., X,, on the sum
Xn+1 + -+ + X4 is asymptotically negligible and one has
the approximate relation

P(Xn-l-l + -4 Xn,+m, S :I?|X1, N ,Xn)

when m is large. Let [ < u be two real numbers such that
Pl<Xpt1+ —+Xpim<u)=1-—a. “

In many problems approximate solutions / and « can be obtained
asymptotically or empirically; see Section II. Based on (3), we
can choose L and U as [ and u, respectively, so that they provide
an approximate solution to (1).

‘We now impose structural assumptions on X; so that we can
interpret in what sense (3) holds and then utilize (3). In partic-
ular, we shall consider the long-term prediction for the linear
model

Xi=wl'pg+e; (5)

where 7' denotes the matrix transpose, (e;) is a mean zero sta-
tionary process, 3 is a p X 1 unknown regression coefficient
vector and w; are known p x 1 covariates, explanatory variables
or design vectors.

The rest of the paper is organized as follows. As a premier,
Section II concerns the special case of model (5) in which
szﬂ = 0, namely there are no covariates involved. Prediction
of the general linear model (5) is considered in Section III.
A simulation study is carried out and we compare the perfor-
mance of two different predicting estimators. In Section III-B
we apply our estimation procedure to a telecommunication
network traffic dataset. Proofs of results in Sections II and III
are given in Section IV.
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II. QUANTILES OF SUMS OF STATIONARY PROCESSES

To illustrate the idea behind (3), we let wiTﬂ = 0 and assume
that (e;) is a mean zero stationary process with finite second
moment E(e?) < oo. Let Sy, = €1 + +++ + e and F; =
(ei,€i—1,...). Under this setting, by stationarity, it suffices to
establish the following version of (3)

S N S
(o)~ () o

when m is large. Let ®(u) = [" _(27)~1/2¢=*"/2dx be the
standard normal distribution function. For a random variable X,
we write X € LP,p > 0, if || X]||, := [E(|X[?)]*/? < oo. For
two distributions F' and G on R, define the Levy metric as shown
in (7) at the bottom of the page.

A. Quenched Central Limit Theory

Reference [43] proved the following conditional or quenched
central limit theorem: Assume that E(|e;|?) < oo for some p >
2 and, for some ¢ > 5/2

IE(Sm|Fo)ll2 = O <1o?m> '

®)

Then we have the almost sure convergence

alvorr(ZEg)-0 o

as m — oo, where 02 = lim,,_, o ||Sn||3/m is the long-run
variance. Namely, for almost all realizations of Fy, if 0 > 0, we
have

lim sup

n—00 1R

p <m5§—mx|fo> —® (g)‘ =0.  (10)

Convergence in the stronger form of invariance principle is
also valid; see [43, Corollary 3]. As argued in the latter paper,
under (8), we also have the unconditional central limit theorem
Sm/v/m = N(0,0?), or

() -+

Clearly, (10) and (11) imply that not only (6) holds in the
sense of (12) shown at the bottom of the page but also both

(11

lim sup
n—oo R

A(F,G)=inf{6 >0: F(zx —6) — 6§ < G(z) < F(x + ) + § holds for all z € R}. 7

lim sup

P(ﬁ)‘

P ()

= 0 almost surely (12)
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P(Sm/v/m < z|Fy) and P(S,,/v/m < z) can be approxi-
mated by N (0, o2). The latter observation is in striking contrast
with the construction of prediction intervals when m = 1,
in which case the conditional and unconditional versions are
quite different (see in [9, Sec. 7.4]). Additionally, (10) and (11)
also suggest an approximate solution of L and U to (1) in the
following form:

LU = £624/5y/m (13)

where 2, /» is the («/2)-th quantile of the standard normal dis-
tribution and & is an estimate of o. A popular estimate of o2 is
the lag window estimate

ko
A2 N
g = E Vs

k=—k;,

(14)

where k,, is the bandwidth sequence satisfying k,, — oo and
kn/n — 0, and 4y, is an estimate of ~y:

n—|k|

~ = 23 o 1 -
Ve = — Z (ei —e)(eirk) —€), €= " ;ei' (15)

n -
1=1

For details see [4] or [8].

An interesting and useful feature of the prediction interval
(13) is that one does not need to fit the underlying probability
model for the process (¢;). On the other hand, however, the
above normal approximation may fail if the process is strongly
dependent or has heavy-tailed distributions. It is common that
telecommunication time series may exhibit long-range depen-
dence as well as heavy tails; see for example [27]. This is one
of the major reasons that Internet Service Providers such as
the Time Warner Cable, Inc., are interested in imposing more
charges on users who download files with very large sizes. To
construct prediction intervals for processes with heavy tails,
one way out is to resort to empirically based method which is
discussed in detail in the section below. Our simulation study
shows that the latter approach outperforms the one based on
(13).

B. Quantile Estimates

Condition (8) ensures the normal approximation (9). For
strongly dependent processes, however, (8) is violated [43]
and (12) may be invalid. In this case, we propose to esti-

mate quantiles of S, by sample quantiles of Z;:Fm 415>
1 =m,m+ 1,..., via amoving window scheme. Specifically,
let
> G
V=22 i mmd,. . (16)

H,

where H,, > 0 is an appropriate normalizing constant such
that Y; has a nondegenerate limiting distribution as m — oo.
Note that (Y;), i € Z, is a (triangular array) stationary time
series and we can calculate (f/z)"m In order to construct a
(1 — «) prediction interval for }N/n+m based on ()7,);‘7, we
shall estimate the (1 — «/2)th and («/2)th quantiles of this
quantity. More specifically, let Q,,(«/2) and Q,,(1 — «/2) be
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the (1 — «/2)th and («/2)th sample quantiles of (Y;)!, then
[Qn(c/2),Qn(1 —/2)] is anatural (1 — ) prediction interval
of Ypim. Therefore [H,,Qn(a/2), HmQn(l—/2)] is a
(1 — «) prediction interval for Z;‘Lﬁl e;. Asymptotic proper-
ties of Qn for short- and long-range dependent linear processes
are dealt with in Sections II-B1 and II-B2, respectively.

Short-Range Dependent (SRD) Processes: To obtain asymp-
totic properties of Q, (a/2) and Q,,(1 — /2), here we assume
that (e;) is a one-sided infinite order moving average MA (o)
process:

oo

e, = E ajE5—j,
J=0

where (¢;)>, is an independent and identically distributed
(i.i.d.) sequence having mean 0, and (a;)§° are real coefficients
such that e; exists almost surely. The existence of (17) can be
checked by the Kolmogorov three-series theorem [10]).

The innovations (¢;)>, can be either light or heavy-tailed.
More precisely, we say ¢; is light-tailed if E(e) < oo.
For heavy-tailed processes, we consider €; which belongs
to a-stable domain of attraction D(«) for some o € (1,2),
namely the normalized partial sum process of e; converges
to a stable distribution [10], [14]. For ¢; € D(«), it has the
following characterization:

7)

1—F.(t) =(c1 +0(1))t™*L(t) and F.(—t)

= (2 + (1))t L(1) (18)
as t — oo, where F_(-) is the cumulative distribution function
(cdf) of €5, c1, c2 > 0, ¢; + c2 > 0 and L is a slowly varying
function (s.v.f.), namely, lim, o L(txz)/L(z) = 1 for all t >
0; see [14]. Clearly, by (18)

1
gn = inf{:v (P(lei] > z) < —} =YLy (n)
n

where Ly is also as.v.f. Observe that E(|e;|*") < oo forall o/ €
(0, @), and « is called the heavy tail index, and E(£?) = cc.

We shall let the normalizing constant H,, = \/m if E(e3) <
oo and H,,, = gm ife; € D(a), 1 < a < 2. By the central
limit theorem of SRD linear processes (see, for example, [5]),
we have

Y, = Z as m — 00 (19)
where Z is Gaussian if [E(s?) < oo and Z is a-stable if €; €
D(a).

We shall impose the following conditions:

(SRD) Y2 lai] < oo
(DEN) sup,cr(fe(z) + | fL(z)]) < oo, where f.(-) is the
density of ¢;.

Condition (SRD) is a classic short-range dependence
or stability condition for linear processes (see Box, [6]).
Condition (DEN) appears quite mild. For example, by
the inversion theorem, it allows the symmetric-a-stable
distribution whose characteristic function is of the form
E exp(v/—1e;u) = exp(—|u/c|¥), u € R, where \/—1 is the
imaginary unit and o > 0 is the scale parameter.
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Let Qq, 0 < g < 1, be the gth quantile of Y; and fm(+) be the
density of Y;; let

n

N 1 -
F(z) = —— I{Y; < 20
(2) ”—m“;n{ <} (20)
be the empirical distribution function of (Y;)?,. We have the

following two theorems regarding the asymptotic behavior of
@, in the light- and heavy-tailed cases, respectively.

Theorem 1: Suppose conditions (SRD) and (DEN) hold. Fur-
ther assume E(e) < oo and m?/n — 0. Then we have for any

fixed g € (0. 1), () |Qn () — Qul = Oy(m/v/i): i)

— F.(Qy)
fm(Qq

A~ ~

Qn(Q) - Qq -

5/2

3/4
m +(@) 10g1/2n>. 1)
mn mn

Theorem 2: Suppose conditions (SRD) and (DEN) hold. Fur-
ther assume ¢; € D(«a) forsome 1 < o < 2 and m = O(n?)
for some v < (a — 1)/(a + 1). Then we have for any fixed

€ (0,1), () |Qn(g) — Qq] = Op(mn?) forallv > 1/a — 1;
(ii) forallv > 1/a — 1

Op

/\\/@1

s A a—Fu(Qy)
Qn((l) Qq (Q)

202 + \/Hpmno—log'/? n)

Theorems 1 and 2 establish convergence rates of the quantile
estimate Qn(q) under short memory. In particular, Theorems
1(i) and 2(i) assert consistency of Q,,(¢) under m = o(n'/3)
and m = O(n") with v < (a — 1)/(a + 1), respectively.
The Bahadur representations (21) and (22) reveal deep insights
into the asymptotic properties of Qn (¢) by approximating it by
additive forms.

Long-Range Dependent (LRD) Processes: It is common in
the literature to call process (17) long memory or long range
dependent if the coefficients (a;)3° are not absolutely summable
or in other words, if ;2 |a;| = oc. In this section, we shall
consider the following decay of the series (a;)5°:

(LRD) a; =+ (1) i =1,2,..., A < v < 1, where [()

isasvf and A = 1/2if E(¢?) < oo and A = 1/« if

g € D(a),l < a< 2.
That A < + is necessary for the almost sure convergence of (17)
and the other constraint v < 1 is to guarantee that (a;)3° are not
absolutely summable and hence long memory of the series (e;).
An important class of models which satisfy condition (LRD)
is the the fractionally integrated ARIMA (FARIMA) processes
[23D).

In the long memory case, define the normalizing constants
H,, = m®*7(m) if E(c?) < oo and H,,, = gpym!' =1 (m)
ife; € D(«) for some o € (1,2). Then central limit results of
(e;) holds under the above normalization in the sense of (19).
See [39] and [5]. Analogously to Theorems 1 and 2, we have
the following theorems in the LRD case. The latter theorems

=0,(H (22)
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are different from the ones in the SRD case in that 7, the pa-
rameter controlling the strength of dependence, is needed in the
condition of m.

Theorem 3: Assume conditions (LRD) and (DEN), E(¢%) <
oo and m®/2~7n!/2-71%(n) — 0. Then for any fixed ¢ € (0, 1),

we have 1) |Qn(q) — Q4| = Op(mn'/?=7|i(n)]); and 2)
A i~ Fn(QN )
Qnla) - Qg — Lo’
T (@)
m 2P m2|i(n)| log* n
= Op( n2v—1 nl/4+v/2 )'(23)

Theorem 4: Assume that conditions (LRD) and (DEN) hold;
that e; € D(«a) for some a € (1,2) and that m = O(n") for
some x < (ay—1)/(2a+1 — ay). Then we have for any fixed

€ (0,1),1) |Qn(q) — Qql = Op(mn?) forallv > 1/a — 7;
i) forallv > 1/a — v

(@)
fm(Qq)
= Op(HmenZ” +

H,mnv llogn). (24)

Remark 1: As discussed in the beginning of Section II-B,
H,nQ,(q) is an estimate of the gth quantile of S e
which equals to Hqu It is easy to check by i) of Theo-
rems 1—4 that H,,Q..(q) — H,,Q, = 0,(1). In other words,
Han( ) is a weakly consistent estimate of the corresponding
quantile of 3°77™  ¢;. On the other hand, if one constructs
prediction interval for ZL 11 G based on (13), then one uses
/M7, as an estimate of the gth quantile of Y 7™ 41 €i» Where
zq 1s the gth quantile of the standard normal distribution. In this
case it can be shown that \/mé&z, — H,,Q, = O,(1) based on
Edgeworth’s expansion. Therefore, when m is not growing too
fast, it is more desirable to use the quantile estimation method.

Simulation studies in Section III-A further confirm this claim.[]

III. PREDICTION OF LINEAR MODELS

Consider now model (5). We shall predict X471 + --- +
Xpn4m based on Xi, Xo,...,X,,. The latter observations can
be used to estimate the unknown parameter vector 3. Specifi-
cally, let W = (w1, ..., w,)T be the design matrix and X,, =
(X1,X2,...,X,)T. Then the least squares estimate (LSE) of
[ has the form

Bis = (WTW) 'WTX,. (25)

When the errors (e;) are heavy-tailed, it is more desirable to
use robust estimation procedure [24, (Huber, 1981)]. Therefore
in this situation we suggest using the least absolute deviation
(LAD) estimate of 3; namely let

Blaa = argmmz |X; —wlpB|

=1

(26)

The LAD estimation is equivalent to the median regression for
which fast and stable algorithms are available; see [26].
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In both the LSE and LAD cases, the estimated residuals can
be written as
=X, —wlB, i=1,2,...,n. (27)
It is hoped that the procedures proposed in Sections II-A and
II-B can be applied to the residuals and hence the prediction
interval for X, 11+ - -+ X,,4, can be obtained. More precisely,
we propose the following procedure:

i) Use the LAD procedure to obtain B and ¢;, 1 =
L2,...,n.

ii) Let ¥; = 30 ,,11€, @ = m,...,n. Obtain the
(a/2)th and (1 — «/2)th empirical quantiles of (Y;),
and denote them by Q,,(a/2) and Q,,(1 — «/2), respec-
tively.

iii) A (1— a) prediction interval for /""" | X can be con-
structed as Y00 w! B+ [Qu(a/2), Qu(l — a/2)].

Note that the LSE can be used in step i) when the errors are

light-tailed in the hope of gaining some improvements. Residual
quantile-quantile (QQ) plots can be used to check the tail be-
havior of the errors (e;). Since in the regression case we have to
estimate the errors (e;) by the residuals (é;), we need to investi-
gate whether the consistency property of the empirical quantiles
listed in Theorems 14 still hold in this case.

LetY, = Z;:i—m—l—l éj/Hp, i = m,...,n, where Hy,
is defined as in Section II-B; let Q),,(¢) be the gth empirical

quantile of (Y;)y,,. We have the following theorem regarding the
asymptotic behavior of Q,,(q).

Theorem 5: Let ¥,, = WTW. Assume that (a) there exists
constants 0 < C; < C; < oo, such that Cy < A1 < A, < ()
for all large n, where A\; < Ay < .-+ < )\, are the eigenvalues
of 3, /n; that (b) there exists a constant C* < oo, such that
maxi <<, |w;| < C* for all large n; that (c) f.(0) > 0, where
fe(+) is the density function of e;. Then conclusion (i) in Theo-
rems 1 to 4 holds with Q,,(¢) therein replaced by Q.. (q).

For the linear process (17), we define
if E(¢?) < o0

«_ )2
“ = {Oé, ife; € D(a), 1 < <2
_ { 1, if Condition (SRD) holds
s

and

if Condition (LRD) holds. (28)

From the proof of Theorem 5, we see that under the conditions
of the latter theorem g — 3 = Op(n?) forallv > 1/a* —~*.
Hence Y177 | wl' (B = B) = Op(mn”) = 0p(1) under con-
ditions of Theorems 1-4. On the other hand, by Theorem 5 and
the discussions in Remark 1, H,,Q,(¢) — HnQ, = o0,(1).
Therefore we conclude that the lower bound 27" w! 3 +
Q. (a/2) in i) is a weakly consistent estimator of the («/2)th
quantile of 2" X;. Analogous conclusion holds for the

1=n+1
upper bound.

Remark 2: Conditions (a) and (b) in Theorem 5 on covariates
are general enough for many applications. For example, they are
satisfied under the design w; = (1, (i/n)%, cos(i/b), sin(i /b))
fora > —1 and b > 0, which are the covariates chosen for the
Motorola telecommunication network traffic dataset discussed
in Section III-B. On the other hand, by changing condition (b) to
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maxi<;<n |wi| < C*logn for all large n, we can allow random
design (w;) with exponentially decaying tails. In this case con-
clusions of Theorem 5 continue to hold as long as we add an
extra factor of log 7 into the probability bounds of Q,,(¢) — Q,
there. O

A. A Simulation Study

In Sections II-A and II-B, methods based on quenched central
limit theory and quantile estimation are proposed to construct
prediction intervals for sums of future values. As discussed in
Remark 1, asymptotically, the quantile estimation method is
superior. In this section we shall conduct a simulation study
and compare the finite sample performance of the above two
methods.

Consider  linear  model  (5) with  predictors
w; = (1,4/i/n,cos(2mi/24),sin(27i/24))T, i = 1,2,...,n,
and regression coefficients 3 = (3400, 2800, 3500, —771)7.
The same design (w;) will also be considered for the Motorola
data example in the next section. Let 0 = 1000. We shall
investigate the following four scenarios of the error process
(€i):

1) e; = 0.6e;,_1 + o¢;, where €;, ¢ € Z, are i.i.d. mixture
normal N (0,1) + $N(0,1.25).
2) =0 Z;’;O(j +1) 98¢,_;, where g, i € Z, are i.i.d.
mixture normal 2N (0,1) + 3N (0,1.25).
3) e; = 0.6e;_1+0¢;, wheree;, i € Z, are i.i.d. symmetric
« stable with heavy tail index & = 1.5 and the scale pa-
rameter 1. So its characteristic function is exp(—|u|'-).
4) ei=03 5200+ 1)79%8¢,_;, where g, i € Z, are i.i.d.
symmetric « stable with heavy tail index a = 1.5 and
the scale parameter 1.
Scenarios (1)—(4) correspond to the cases of light-tailed and
SRD, light-tailed and LRD, heavy-tailed and SRD and heavy-
tailed and LRD error processes, respectively. In our simulations
we choose n = 6000 and we are interested in predicting the
sum of future m = 168 values. We choose the parameters (3,
o, m and n in order to mimic the situation in the Motorola
data example. For each of the four scenarios, we generate a data
set of size n + m from the model described above. It is worth
mentioning that, for (2) and (4), using the convolution struc-
ture of the linear process (¢;), we can apply the circular embed-
ding and the fast Fourier transform algorithm so that (e;) can
be generated very quickly; see [42]. We perform LAD regres-
sion on the first n data points, and then apply both the quenched
central limit theory and the quantile estimation methods to the
residuals to obtain prediction intervals for Z?:ﬂ”il X; at 90%,
95%, and 99% levels. Finally we check whether the true value of
Z?:ﬁ_l X is contained in those intervals. We repeat the above
procedure for N = 10000 times and record the empirical cov-
erage probabilities of the prediction intervals. The results are
summarized in Table I.

It is clear from the table that the quantile estimation method
is very robust to model assumptions and the coverage proba-
bilities are close to the nominal levels. When the error process
is light-tailed and SRD (Scenario (1)), the assumptions of
quenched CLT hold. Hence we can see that the latter method
works reasonably well in this case. It is surprising to notice that
the quenched CLT method gives reasonable results in Scenario
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Fig. 1. Time series plot of the hourly counts of the Motorola telecommunication network traffic data.

TABLE I
SIMULATED COVERAGE PROBABILITIES OF THE PREDICTION INTERVALS AT
90%, 95% AND 99% NOMINAL LEVELS

Quenched CLT | Quantile Estimation
90% 95% 99% | 90% 95%  99%
(1) .860 .922 981 | .867 .923 971
(2) 575 657 .786 | .852 911  .961
(3) 913 936 .963 | .878 934  .961
(4) 726 786 .863 | .860 .919  .958

Scenario

(3) even though its assumptions are violated. In fact, due to
the heavy tails of the error process, procedure (14) tend to
overestimate the “’true long-run variance”. On the other hand,
\/m in (13) is an underestimate of the true normalizing con-
stant 7'/ L1 (m). A possible explanation is that in this very
simulation design the over and under estimation effects cancel.
The quenched CLT method does not capture the asymptotic
distribution of -7 | e; in the heavy-tailed case. In fact we
conducted another simulation which constructed a 60% pre-
diction interval under Scenario (3). It turned out the quenched
CLT method gave a empirical coverage probability of 76%
while the quantile estimation method covered 58% of the time.
It should be emphasized that the quenched CLT method is not
stable when the error process is heavy-tailed and therefore it is
not recommended under such circumstances.

B. Prediction of Wireless Network Traffics

In this section we shall apply the quantile estimation proce-
dure to the Motorola telecommunication network traffic dataset
which was collected from a mobile infrastructure network de-
ployed in Asia and the United States. The network is designed
for mobile users to conduct voice communication and to down-
load digital items (ring tones, wall paper, music, video, games,
etc.) to their mobile devices. As multimedia cell phones and
pocket PCs become popular, there is an increasing demand for
digital items. However, mobile users cannot download digital

items directly from the third party content provider (TPCP) net-
work. They need to go through wireless access point provided
by their wireless service provider to access TPCP websites. The
wireless networks that handle both voice and digital items are
more complex, expensive and they require more bandwidth than
traditional networks that handle voice only. Knowing the traffic
trend is critical to the management and long-term prediction will
be useful for resource allocation, maintenance plan and price
policy.

We collected the traffic data of the eight months period from
11:00 AM July 8, 2005 to 10:59 AM March 8, 2006, and we
obtained 5832 hourly transaction counts (see Fig. 1 for a plot of
the hourly counts). Our purpose is to construct a 95% prediction
interval for the total usage of the week following this 8-month
period. This amounts to predicting the sum of m = 24 x 7 =
168 future values. Fig. 1 gives the time series plot of the hourly
counts.

Itis noticeable from Fig. 1 there is an abnormal period around
hour 1400 (around September 5th 2005) with consecutive low
counts. We checked the system log and found that it was due
to system outage. Other outliers can be caused by system main-
tenance, upgrade, etc. Our LAD regression procedure and the
quantile estimation method are resistent to the occurrence of
outliers [26].

The hourly data exhibits strong periodicity of 24 as the wire-
less usage peaks at about 8§ pm and minimizes at about 5 am
every day. There is also a noticeable increasing pattern of the
usage. We choose the following regression model:

7 271,
Xi =01+ P2y w3 T B3 cos (ﬁ)

279,
+84 sin <§

> +e, 1=1,2,...,5832. (29)
The LAD estimates are (3 = 3429, (3, = 2811.9, 5 = 3498.7
and B4, = —771.1. Fig. 2 below shows the residuals of model
(29).
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Fig. 2. Residual plot of model (29).

Following steps i)—iii) in Section III, we obtain the 95%
prediction interval for the usage of the following week as
[771714.7,1297852]. Note again that the latter interval is not
the 95% confidence interval for the mean of usage of the
following week.

IV. PROOFS

Without loss of generality, we fix ag = 1 in (17) for all the
proofs in this section. We first introduce some notation. For
a random variable X with finite pth moment, p > 0, write
X, = (E|X[?)'/? and || X|| = ||X||2. For k € Z define
the projection operator as shown in the equatlon at the bottom
of the page. Recall (16) for Y;. Let ZL 1 =Y, —e/Hp,
i = m,m + 1,...,n. Note that both Y; and Z; are F; mea-
surable and
b

Zi1 = Tm (30)
wheregj =ag+ar+--+a;ifl <5< m—landgj =
Aj—m+1+ Gj_mi2 + -+ a; if j > m.

Define
- 1 - .
Fo(x) = > F(Hm(z = Zioy))

n—m-++1 -
=m

where F_(-) is the distribution function of e. Let F(z) =
P(Y; < z). Write
— F(z):=

T T
3000 6000

4000 5000
Hour
where M, (z) = F,(z) — F(z) and N,,(z) = F}(z) - F(z)
Note that F'(z) = EF, ( ). Observe that

M, (z) = Z PI{Y; < z}

n—m—i—l

and hence it is a sum of triangular array martingale differences
with respect to F;. On the other hand, note that N,,(z) is dif-
ferentiable with respect to . The above properties of M, (x)
and N, (z) are useful in investigating their oscillation rates. (See
Lemmas 1 and 2). In the sequel the symbol C' will denote a pos-
itive finite constant which may vary from place to place.

For presentational simplicity, here we will only prove Theo-
rems 1 and 4 in Section II-B. Theorems 2 and 3 can be similarly
proved without essential extra difficulties.

Lemma 1: Under conditions of Theorems 1, 2, 3, and 4, we
have

sup |M,(z + u)
[u|<bn

— My(2)|

H
=0, (,/ ’:Lb”logl/zn+n—3) (31)

where (b,,) is a positive bounded sequence such that logn =
o(Hpmmnby,).

Proof: Let ¢o = sup, |f-(x)] < oo. Since P(Y; <
#|Fi_y) = Fo(Hp(z — Zi_1)), we have P(z < V; <
x + u|Fi—1) < Hpcou for all w > 0. Therefore for any
w € [—bn,bs], see (32) at the bottom of the next page.
Applying Freedman’s martingale inequality [15] and imple-
menting a chaining argument, we have (31). See, for instance,

PrV = E[V|Fi] — E[V|Fr-1],

Vecrt

where Fj. = (... ,ex—1,¢€k)-
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Lemma 5 in [40], Lemma 4 in [41] and Lemma 6 in [47] for
more details. Details are omitted.

Lemma 2: Under conditions of Theorem 1, we have

3/2
| sup |Nn(z + u) — No(z)]|| = O b7 (33
Jn

|“‘|Sbn
Proof: Since N,,(z) = F*(z) — F(:c), we have
Joeo Rz + t)dt
Ny,
(o4 u) = Nalo) = st

where we recall (30) for Zi_l, and (34) at the bottom
of the page. Hence [ supj,<p, [No(z + u) — Nu(z)]
< V/mbp supyy <y, [[Bn (@ + u)||/(n — m + 1). Therefore we
only need to prove

IR, (z +u)|| < Cmy/n forall u € [~by,b,].  (35)

Let( 1) be an i.i.d. copy of (g;)>,, anle 1k_ZZ L -
brei k//m+ be,_,//m. Note that for k > 1, see (36) at the
bottom of the page, where ¢; = sup,,cg | f2(v)||le0 — 5| < oo.
Further note that

(T + ) w+u—Zi—1))

ZZPZ kfo(V/m

k=1i=m

and, by the orthogonality of P;_, 7 = m,...,n,

1443

Therefore, for all u € [—b,,, b,], by the short-range dependence
condition as

1ot +a)ll < 3|32 Prcsfevim x+u—z_1>>H
k=1 |li=m
<cl\/_Z|bk|<clm\/_Z|aj|
7=0

This lemma then follows by letting C' in (35) be ¢1 32 |a;]-
O

Proof of Theorem 1: [22] central limit theorem, f/l =
N(0,02), where 0 = || 5%, Pocil| < 5%, | Pocil
Hence @, is well-defined and it converges to the pth quantile
of a N (0, 0?) distribution as m — oo. Furthermore, note that
e; 1s a weighted sum of i.i.d. random variables and the density
f=(+) is bounded. Hence a classic characteristic function argu-
ment making use of the inversion formula leads to the local limit
theorem for densities of the sequence Y;; namely

sup | fm () — —0 (37)

where f,,(-) is the density function of Y; and ¢(z) =
e—r/2 / /27 is the standard normal density. For more technical
details, one can refer to [16] and [25, Th. 4.3.1] regarding the
case of partial sums of i.i.d. random variables.

Let (c,) be an arbitrary sequence of positive numbers that
goes to infinity. Let ¢, = min(c,,n/*/m?3/4). Then ¢, — oo.

. 2 Lemmas 1 and 2 above imply that
ik fe(Vm(z +u — Z;_1)) B
|Fu(Qq + Bn) — F(Qq + By) — [Fa(Qq) — F(Qy)]|
—Z||7> S+ u— )P _o, (Bm +m/B log! )
Scl(n—m—l— 1)b3. =0,(By). (38)
Y EI{z <Yi <z +u}|Fiy) —E*(H{z <V; <z +ul|Fim1)] < co(n — m + 1) Hyby. (32)
Ro(z) =Y [fe(Hu(x = Zi_1)) = Efe(Ho(z — Zi1))] = €R (34)
1Pickfe(Vm(z +u = Zic))| < f-(Vm(z +u—Zi1)) = fo(Vmlz +u— ZE, )|
< sup | fL () IVm(Zicak = Zi_y )|
vER
< b (36)
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where B, = ¢p,m/+/n. Furthermore, similar arguments as
those in Lemmas 1 and 2 imply

0, (%) =0,(Bn). (39)

Using Taylor’s expansion of F'(-), we have
F(Qq + Bn) - F(Qq) = anm(@q) + O(Bv%)

By (37), fm(Qq) > O for sufficiently large n. Plugging (39)
and (40) into (38), we have P(F, (Qq + Bn) > q) — 1. Hence
P(Qu(q) > Qq+ Bn) —0 by the monotonicity of E,(-). Sim-
ilarly, we have P(Q,.(q) < Q, — B,) — 0. Using the fact that
¢, can approach oo arbitrarily slowly, Theorem 1 i) follows.
To prove ii), let A, = Qn( ) — Qq Then by (i), we have

A, = Op(m/y/n). Let B, = min(c,, /m)m/y/n. We have
by Lemmas 1 and 2 that
log )

Qn(9)) = F(Qu(q)) — [
o (e
O(1/(n—m+1)) and F(Qn(q))—

F(Qq) = (Qq) + O,(B2). Therefore, we have

(@)—dal =
|fm(Qq)An —lq— Fn(@q)”

B,m3/? /B 1
_ n 4 n 1 /2 ]
=0, (7\/5 +vm W og ' n 41)

Since f,,(Q,) > 0 for sufficiently large 7 and ¢, — oo can be
arbitrarily slowly, we have (ii). O

|Fn(Qq) - F(Qq” =

(40)

| Fu( (Qq)

Notethat|]§’ (Qn
Anfm

Lemma 3: Under conditions of Theorem 4, we have for any
0 € (1/~,a) that

|| sup |Nn(z+ u)
Jul <bn

= Nu(@)llle = O(Hunbumn/¢7|i(n))).

(42)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 3, MARCH 2010

Proof: Recall (34) for the definition of R,,(-). Similarly as
in the proof of Lemma 2, to prove this lemma it suffices to show
that, for some 0 < C < oo,

[ B+ u)l,

< CmnMPTi(n)| for all w € [—by, by, (43)
Since 1 < p < 2, by Burkholder’s inequality of martingales,
we have (44) shown at the bottom of the page, where C, =
[180%/2(p — 1)~1/2]e. Since E(|e;]?) < oo, similarly as (36)
we have for k < 7 — 1 that

1Prfe(Hin(x = Zim)lg < calbii] (45)
where ¢; = sup,eg | fL(v)||leo — €plle < oo. Hence, by (44),
(45) and Karamata’s Theorem [14], we have (46) at the top of
the next page. Similarly, since ¢ > 1 and py > 1, we have
by Holder’s inequality as shown in (47) at the top of the next
page. Similarly, we have II = O[m2n'+e(1=7)|i(n)|¢]. To-
gether with (46) and (47), we have (43). Hence the lemma fol-
lows. O

Proof of Theorem 4: 1t follows by Lemma 1 and Lemma 3,
and similar arguments as those in the proof of Theorem 1. Since
there are no essential extra technical difficulties, the details are
omitted. A detailed proof is available upon request.

Proof of Theorem 5: Recall (28) for a* and v*. Then for

all four cases of tail and memory, it can be shown that
|Braa — Bl = Oy(m(n)) (48)
where w(n) = n'/* =7 L3 (n)l*(n), Li(n) = 1ifE(e?) < oo,
Li(n) = |Li(n)| if &; € D(a), I*(n) = 1 in the SRD case
and I*(n) = |l(n)| in the LRD case. For a proof of (48) in the
light-tailed and SRD case, see Theorem 1 in [41] and the proof
of heavy-tailed and LRD case can be found in Theorem 1 of
[46]. The other two cases can be proved with similar arguments

R +u)l|g = Z Pkaa
k=—oc0

<. 5 | i

k=—oc0 1=m

k=—oc0 \i=m

<o, §° (inme(H
:ca( Sy +Z) (Z IPufe

k=1

k=—n+1
=C,(I + 11 + III),

k=—o0

(Hm (2~ Zi—1))

Zi_1))

4

4

- Zi—l))llg)
- Zi—l))llg>

i=m

(44)
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-1 n—
=1 i=0

n—1

> Olln=k)'"|i(n — k)|

k=1

(46)

I<cf _Zn
k=—oc0

noo 4 =9
> bl ) et )
i=m k=n

n 0
m Y |agyil
=1

1=

oo n
<t 353 sl

= O[m2n'Te=71(n)|].

k=n =1

(47)

and the details are omitted. Note that ¢;

A~

—ei:wiT(ﬂ—[)’).By

(48) and condition (b) of Theorem 5 we have

sup |é; — e;| = Op(w(n)).
1<i<n
Therefore
sup ér — Z ex| = Op(mm(n)). (49)
MSISN | p i gl k=i_m+1
Hence
~ A mm(n
%0 -Gw=0,("1). oo

Since the right-hand side of (50) is of smaller order than the

bounds in (i) of Theorems 1-4, Theorem 5 follows.

The

O
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