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A COUNTEREXAMPLE TO GAUSSIAN APPROXIMATION FOR MAXIMA
OF SELF-NORMALIZED SUMS

By WEI Bi1ao Wu'+#

1Department of Statistics, University of Chicago, ®wbwu@uchicago.edu

Marginal moment bounds do not suffice for Gaussian approximation
of maxima of coordinatewise self-normalized sums under unrestricted co-
ordinate dependence. We give an elementary example with polynomial
dimension, unit variances and uniformly bounded marginal moments of
any prescribed order greater than two. Its self-normalized maximum con-
verges to max{G, 1}, while the Gaussian maximum with the same popu-
lation covariance converges to G ~ N (0,1). A second construction has uni-
formly bounded marginal moments of every fixed order, dimension satisfying
logp = O((log n)3), and Kolmogorov approximation error tending to one.
The latter failure can also be realized by coordinate projections of a single
fixed infinite-dimensional population. Both constructions apply to absolute
maxima and Studentized means. They disprove the unrestricted, dimension-
uniform extension proposed in Remark 2.4 of Qiu, Chen and Shao (2025),
while leaving its proved theorems intact.

1. Introduction. Let X,q,..., X, be iid p,-dimensional random vectors with mean
zero, unit coordinate variances and covariance matrix R,,. Write
n n
2 2
(1.1) S =Y Xnijs V=2 X2, Unj=Sn;i/Vaj,
i=1 i=1
and let Z,, ~ N (0, R,,). We study the approximation of
(1.2) M, =maxU,;, M =max|U,;|
J<pn J<pn

by H, = max; Z,; and H2*® = max;|Z,;|, respectively. For real random variables A, B,
set
di(A, B) = sup [P(A < z) —B(B < ).
zeR

The classical self-normalized moderate deviation theory permits polynomial moment as-
sumptions; see Shao (1999) and Jing, Shao and Wang (2003). In high dimension, Qiu, Chen
and Shao (2025) prove a relative Gaussian approximation under uncorrelatedness and extend
it to specified correlation classes. Their Remark 2.4, equations (2.16)—(2.17), proposes that
the marginal bound

supmaxE\ij\ﬂT < 00, 0<r<1,
n Jgpn
suffices for arbitrary correlation matrices:
P(M, > x) P(M2s > 1)
1.3 _ , _vn 7 7/ 1, 0< 1= ( T/(4+27’))
(1.3) P(H, > z) P(H> >a) =T=on ’
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uniformly in dimension. The counterexamples below address this proposed unrestricted ex-
tension.

The mechanism combines a common Gaussian variable with coordinate-specific rare ob-
servations. The rare component contributes negligibly to each coordinate’s variance, so the
matching Gaussian vector is almost constant across coordinates. Nevertheless, maximizing
over sufficiently many coordinates selects a column containing several rare observations. A
column with % such observations has self-normalized sum approximately v/k.

Section 2 gives the construction and two elementary lemmas. Section 3 provides a
polynomial-dimensional example and a stronger example with all marginal moments
bounded and approximation error tending to one. Section 4 realizes the latter failure within a
fixed population. All limits are taken as n — oo, unless stated otherwise, and all logarithms
are natural.

2. A common-factor construction. Letp=p, >2and ¢ =g, € (0,1). Let Y1,Y>,...
be iid standard normals, and let B,,;; be independent Bernoulli(g,,) variables, independent of
the Y;. Define

Y +n(Bnij — qn)
2.1 vp =n2qn(1 —qn), Xpii = — My

For each n, the rows are iid and

1,1, + v, 1,
2 P nip
(2.2) EXnij =0, EX.;=1, R, = 127%
In particular, R,, is positive definite. For every r > 1,
2.3) E|Xis|” <27 HEWI" +17 (g0 +a7)}

Both denominators in the self-normalized and Studentized statistics below are positive al-
most surely for n > 2: conditional on a column of B, its observations have a nondegenerate
Gaussian density on R™.

LEMMA 2.1 (Column occupancies). Let K,; = ZLI Byij and X\, = ng,. Suppose
An — 0, kyp, > 1 is integer, kz/n — 0, and

pn)\ylin 0,
2.4 = — 00, — 0.
24 0 kn! e kn,+1 0
Then
(2.5) P(min K,;=0, max K,; = kn> — 1.
J<Pn J<pn
PRrROOF. For k =k,
Ak AL s AR
P(K,; = k)= 20 (1—f>1—n"*’f:1 1))2n.
(=0 =3 [1 (1-7) =00 = 1+ o)

The product tends to one because k2 /n — 0 and ng, — 0. Independence among columns
and the first condition in (2.4) give

P(Kyj # ky for all j) < exp{—p,P(Ku1 =ky,)} — 0.
The factorial-moment bound and the second condition give

pn(nQn)k"Jrl o Hn)\n —0
(kp +1)! Ky +1 '

P(maXKnj > kn + 1) <
J
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Finally, if every column is nonempty, then > j Bnj = pp. Markov’s inequality gives

P(min K,,; > 1) <ngp = A, — 0.
J
O

LEMMA 2.2 (Self-normalized and Gaussian maxima). For (2.1), suppose n3/ 2gn — 0,
the positive integers k, satisfy k, = O(logn), and (2.5) holds. Set

(26) Dnizifi_nQna An:ZDnza Qn:zD%za Wn:An/ V Qn

Then Wy, = N(0,1) and

2.7) M, = max{W,, /kn} + op(1), M = max{|W,|, V/kn} + op(1).
If, in addition, v, logp, — 0, then
(2.8) H,=G, H™=|G|, G~N(0,1).

The relations in (2.7) also hold with U,,j replaced by the Student statistic t,; = vn an / Onjs
where

(2.9) Xnj=n""Spj,  Gpj=(n—1)""> (Xnij — Xnj)>.

PROOF. We have
(2.10) A, /v/n= N(0,1), Qn/n —p 1, m<ax|Dm\:Op(\/logn).

For the first assertion, use A,,//n = n=1/2 > Yi— n3/2q,; the other assertions follow from
the Gaussian law of large numbers and a union bound.

The factor (1 + vn)_1/2 cancels in U,;. If K,,; =0, then U,,; = W,,. If K = K,; > 1,
direct expansion gives

(2.11) Unj = An +nK — \/K+An/(n\/ﬁ)7
(Q” +2n3 5, =1 Dni+ n2K> V1t
where
[7nj| < 1 1= Qig + gmaX’Dm" :OJP’<\/@> .
n n i<n "

On {n, <1/2, max; K,; <k, }, the mean value theorem implies

2.12)
A, _ Vknl
.II?a>§1|Unj —VKnj| £C <| - | + \/k‘nﬁn> ZOIP(TL 1/2+nogn) =op(1).
JihniZ

The existence of both an empty column and a column with k,, observations now proves (2.7).
The assertion for absolute maxima follows also from ‘|Unj| — 4 /Knj‘ <|Unj — /Knjl.

For the Gaussian comparison, take independent standard normals Gy, G1,...,G), and
write
Go+ /vn G;
(2.13) Ty = M.
V14 v,

Since maxj<, |G| = Op(v/logp), the additional assumption gives max; |Z,; — Go| —p 0,
proving (2.8).
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Finally, the exact transformation between the two normalizations is

vn—1u
(2.14) tnj = fn(Unj), fn(u) = N ul < v/n.
The map is odd and strictly increasing. Thus the Studentized maximum is f,,(M,), and its
absolute maximum is f,,(M2P%). By (2.7), both arguments are Op(y/logn). The elementary
estimate

Jul + [uf®
)

| fu(u) —u| <C u® <n/2,

shows that both changes are op(1). O
3. Two counterexamples.
3.1. Polynomial dimension.

THEOREM 3.1. Fix a > 2. In (2.1), take p, = [n*| and g, = 1/py. Then

(3.1) sup max E| X,,;;|* < 297 H{E|G|* + 2} < o0,
n>2J<Pn

and R, is positive definite with unit diagonal. Moreover,
(32)  M,=max{G,1}, M =max{|G|,1}, H,=G, H™=|qG|

The Studentized maxima have the same limits as their self-normalized counterparts. In par-
ticular,

(3.3)  liminfdg(M,, H,) > ®(1),  liminfdg (M2, H2>) > 20(1) — 1.

PROOF. Since n(gy, + ¢%) <2, (3.1) follows from (2.3). In Lemma 2.1, choose k,, = 1.
Then

An =n/pp — 0, 0, =n — 0o, Qn)\n/2:n2/(2pn)—>0.

Furthermore, n%/2¢,, — 0 and v, logp, = O(n?* *logn) — 0. Lemma 2.2 proves (3.2) and
its Studentized version.
For every fixed 0 < x < 1, the limits are evaluated at continuity points and yield

P(M, > ) 1 P(M2bs > ) 1 —
— =, —_— P(z)=1—P(x).

P(H, > x) () P(Hzbs > 1) 20(x) (=) (=)

The corresponding absolute tail differences converge to ®(x) and 2®(z) — 1. Taking the

supremum over 0 < x < 1 proves (3.3); no convergence assertion at the atom x = 1 is needed.
O

(3.4)

Here logp, = O(logn) = o(n®) for every ¢ > 0. Thus the failure cannot be removed by
decreasing a positive exponent in a condition of the form log p,, = o(n°).



GAUSSIAN APPROXIMATION FOR SELF-NORMALIZED MAXIMA 5

3.2. All marginal moments and maximal approximation error. The next choice permits
the largest column occupancy to diverge while the Gaussian maximum remains tight.

THEOREM 3.2. Forn > 3, set
(35 an=exp{-—(0gn)?}, Av=ndn, ko= llogn], po=[knlA; G2
and use (2.1). Then

(3.6) supmax E| X,,;;|" < oo for every fixed r > 0, log p,, ~ (logn)?.
n>3J<Pn

In fact, E| X 11" — E|G|" for every fixed r > 0. Nevertheless,
(B0 My— ko0, M=k, —p0, Hy,=G, H¥=|G|

so that

(3.8) di (M, Hy,) — 1, dic (M2, 2>y — 1.

All assertions about the maxima and approximation errors remain valid for Studen-
tized means. At x, = \'ky/2, both tail ratios in (1.3) diverge to infinity, although x, =
o(n™/ 427 for every fixed T > 0.

PROOF. For every fixed r > 1,

n"(gn + q,,) < 2exp{rlogn — (logn)g} — 0.

Equation (2.3) proves uniform boundedness of all such moments. Also v, — 0, so (2.1)
gives X,,11 — Y7 — 0in L” for every fixed » > 1. Moment convergence and the assertions for
0 < r < 1 follow as well. The coordinates have identical marginal distributions.

Writing L,, = logn, we have

log(1/An) =L2 —Ln,  kn=L,+0(1), log(ks!)=O0(LylogLy).
The ceiling in (3.5) has negligible relative effect. Consequently,
log pn = (ky +1/2)(L2 — Ly,) +log(kn!) + o(1) ~ L3.
The same observation yields

0.\, A2

3. 0, ~ A\ 1/2 ~
(3.9 R i A S |

— 0.

Lemma 2.1 applies because A, — 0 and k2 /n — 0. Moreover,
n3/2q, =0, vy log pp = O(e_(log”)2+21°g”(log n)3) — 0.

Lemma 2.2, k,, — oo, and tightness of W, prove (3.7), including Studentization.

At z,, = 'k, /2, both self-normalized upper tails tend to one, whereas the two Gaussian
upper tails tend to zero. This proves (3.8), since a Kolmogorov distance is at most one, and
also proves divergence of the two tail ratios. The same argument applies to Studentized max-
ima. O

Theorem 3.2 satisfies the marginal moment condition in (1.3) for every 0 < 7 < 1. Its
divergent thresholds lie inside every associated moderate deviation range. Thus restricting
attention to thresholds tending to infinity does not rescue the unrestricted assertion.
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4. A single fixed population. The previous constructions specify a family of row distri-
butions. The following result shows that changing the underlying population with the sample
size is unnecessary. Only the number of retained coordinates changes.

THEOREM 4.1.  There exist iid random sequences Xy, Xs, ... € RN, with a law indepen-
dent of n, and integers Py, satisfying

“.1) EX;=0, EX}=1, sgll)E|Xij\r<oo (r>0), logP,=0((logn)?),
J=

such that every finite covariance matrix is positive definite and the following holds. Us-
ing n observations of the first P, coordinates, the Kolmogorov distance between the self-
normalized maximum and the Gaussian maximum with the same population covariance tends
to one. The same assertion holds for absolute maxima and for both Studentized versions.

PROOF. Index the coordinates in successive finite blocks ¢ = 3,4, . ... For block /¢, take
qe, Moy ke, De, vp from (3.5) and (2.1) with n = £. On a single probability space, take iid stan-
dard normals Y; and mutually independent Bernoulli(gy) variables B 4, independent of all
Y;. Define

Y; +4(Bigj — ar)
V1+vp

This specifies one population on the countable product space. The moment bound in Theo-
rem 3.2, applied block by block, proves the first three properties in (4.1). Also,

n
42)  Xy= , 023, 1<j<p, P.=) p
(=3

< = %).
log P, <logn + 321@3%}(” log pe = O((logn)?)

For any finite selection of coordinates, its covariance is the sum of a rank-one positive
semidefinite matrix and a diagonal matrix with entries vy /(1 +vy) > 0. It is therefore positive
definite.

To control all Gaussian comparisons simultaneously, take independent standard normals
Gy and Gy; and set

_ Go + /v Gy
\/1—|—vg '

Every finite subvector has exactly the corresponding population covariance in (4.2). The
Gaussian union bound gives

(4.4) P(\/ngriapx\(;gj\ > 1) < 2pgexp{—1/(2vy)}.

(4.3) Zy;

The right-hand side is summable in £: log p, = O((log £)3), whereas
1
— > exp{(logf)?® — 2log(}
Uy

eventually dominates every power of ¢. Borel-Cantelli and finiteness of every block imply

(4.5) supmax | Z¢;| < |G| + sup /vy max |Gy;| < oo almost surely.
>3 J<Pe >3 J<pe

Thus all Gaussian maxima over the first P, coordinates are uniformly tight.

For sample size n, the newest block ¢ = n has exactly the distribution used in Theorem 3.2.
Its self-normalized and Studentized maxima equal v/k,, + op(1). The maxima over all P, co-
ordinates are at least as large. At x,, = v/k,, /2 — 00, all four data-based upper tails therefore
tend to one. The Gaussian upper tails tend to zero by (4.5). Their absolute differences tend to
one, proving the theorem. O
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Every fixed finite-dimensional subvector of this population satisfies the ordinary multi-
variate central limit theorem, and coordinatewise Studentization is valid by the law of large
numbers. The obstruction appears only when the maximum is taken over a growing number
of coordinates.

5. Implications and scope. The examples distinguish marginal moment control from
control of the coordinate envelope. For the array in Theorem 3.2, p,q, — o0, so a given
row contains a rare observation with probability tending to one. On the additional event
|Y:| < n/4, whose probability also tends to one, (2.1) gives

max | Xp;j| >n/2
| <Pn

for all sufficiently large n. Conversely, that maximum is at most |Y;| + n. Consequently, for
each fixed r > 1,
(5.1 Emax | X" =<n", max E| X,,;;|" — E|G|".

J<pn J<pn
This explains why bounds involving joint tails or envelope moments, such as those in Chang
et al. (2025), do not yield a vanishing error for these examples.

In (2.2), every off-diagonal correlation is (1 +wv,)~! — 1. The constructions therefore fall
outside the correlation assumptions of the proved dependent-coordinate results of Qiu, Chen
and Shao (2025); in particular, they violate its condition (2.4), which bounds absolute pair-
wise correlations away from one. The counterexamples concern its unrestricted conjecture,
with the Gaussian target always defined by the population covariance.

The fixed-population result shows that neither strengthening a marginal polynomial mo-
ment assumption to moments of all orders nor requiring a common underlying population
resolves the problem. Valid extensions under coordinate dependence require assumptions
that exclude the concentration of rare observations across the coordinate maximum.
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