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Abstract

The tradeoff inherent in constant learning rate stochastic gradient descent (SGD)1

has been well-documented empirically: larger learning rates often yield faster2

convergence, but risk the possibility of exploding. However, the relevant question3

of an appropriate choice of learning rate has rarely received systematic treatment;4

one often chooses learning schedules based on domain knowledge and preliminary5

numerical experiments without theoretical guidance. This question is intimately6

related to the concept of “edge of stability”, which refers to a regime where the7

chain neither converges nor explodes. Despite rich literature on deterministic8

gradient descent, the rigorous characterization of “edge of stability”, for the more9

ubiquitous SGD chains, remains an open question. This area is even more barren10

when one conceptualizes this concept in the sense of moments, which is a natural11

ask for a probabilistic process. In this paper, we formalize the notion of the12

moment stability region, and develop theoretical guarantees for estimating the13

stability region for SGD for a wide class of strongly convex objectives. We14

introduce a stochastic version of the Lyapunov exponent for SGD, which yields15

a practical, data-driven threshold for admissible learning rates. Moreover, all of16

our theoretical results are backed by extensive experiments. Collectively, these17

findings demonstrate a practically implementable as well as theoretically valid way18

of choosing learning rate parameters in various problems, while also paving the19

way to potential generalization to more complicated nonconvex landscapes.20

1 Introduction21

The dynamics of stochastic gradient descent (SGD) and related optimization methods have been22

studied extensively from the perspective of stability, generalization, and convergence. Foundational23

analyses such as Hardt et al. [2016] established stability guarantees for SGD and connected them to24

generalization, while subsequent works have investigated SGD as an approximate Bayesian inference25

procedure [Mandt et al., 2017] and as a stochastic process with heavy-tailed gradient noise [Simsekli26

et al., 2019]. More recently, SGD has also been analyzed as a random dynamical system with almost27

sure convergence properties [Daneshmand et al., 2024] and from a nonlinear time series perspective28

[Li et al., 2025]. However, a consistent theme with the majority of these literature is the lack of29

principled guidelines on how to choose the (small enough) step-size that ensures the stability of the30

system. On the other hand, choosing a learning rate that is too small leads to excruciatingly slow31

convergence. Edge of stability analysis reflects the sweet spot between stability and convergence.32

However, until recently, the edge of stability literature has largely focused on deterministic gradient33

descent (GD). Conventional theoretical analyses typically focus on the inverted problem of the34

stability threshold—namely, convergence guarantees at the sharpness threshold (i.e., the maximum35

eigenvalue of the Hessian) that guarantees stability for a GD algorithm with a given step size. The36

practically relevant problem of determining a problem and data-dependent threshold of learning rate37
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that ensures stability, is much less explored. Moreover, often stochastic gradient descent is used over38

vanilla GD in an online setting, and much less is known about the edge of stability threshold for39

the SGD algorithms. In this article, we bridge this gap between theory and practice by proposing40

a theoretically valid, as well as practically implementable data-driven estimate of edge of moment41

stability for SGD algorithms in strongly convex setting. Our main contributions are as follows.42

1.1 Main Contributions43

Maximal expansion parameter. As a stepping stone to the notion of edge of moment stability, we44

analyze the geometric moment contraction of the SGD dynamics and define the maximal expansion45

parameter Lℓ(γ) as the maximal Lipschitz parameter for ℓ-step SGD dynamics given ℓ ∈ N+ and46

step size γ > 0. This parameter can be understood as the value of the weakest possible contraction of47

the SGD functional with step-size γ. Leveraging tools from time-series theory, we provide asymptotic48

theory for estimating Lℓ(γ) uniformly over γ;49

Theorem 1.1 (Theorem 3.5, informal). Under standard regularity conditions, it follows that50

supγ∈Γ |L̂ℓ(γ)− Lℓ(γ)| = OP(
logn√

n
), where Γ is a compact set.51

Towards the development of this result, we also borrow insights from high-dimensional statistics52

literature to provide a sharp uniform moment bound on the partial sums of i.i.d. random functions.53

We expect this result to be of independent interest.54

Central limit theorems for the estimators L̂n. Alongside our novel conception of the maximal55

expansion parameter, we also establish the asymptotic distributions of the estimators we define for56

the MEP. Along the way, we provide a general central limit theory for supremum of random functions57

– a result that might also be of independent interest. The twin estimation and inferential results lead58

naturally to a statistical understanding of edge of moment stability as in the following.59

Conceptual development and estimation of edge of moment stability for SGD. Developing on the60

concept of maximal expansion parameter, we rigorously characterize the edge of moment stability,61

denoted by γℓ, in terms of the smallest learning rate that pushes the l-step maximal expansion62

parameter beyond 1, thereby making the chain explode. Our definition leads to a natural estimation63

strategy for this edge of moment stability threshold, denoted by γ̂ℓ,n.64

Theory for the estimator γ̂n. To the best of our knowledge, this work is the first one to provide65

finite-sample error bounds on the convergence property of γℓ,n; in particular, we prove the following66

theorem.67

Theorem 1.2 (Theorem 4.4, informal). Under standard regularity conditions, it follows that |γ̂ℓ,n −68

γℓ| = OP(
logn√

n
).69

Here we present two examples on linear regression and expectile regression respectively. The detailed70

settings are deferred to Remark 2.6 and Section C. In particular, the exact forms of the learning-rate71

boundary can be provided in the linear regression model, which are γ = 2/3 and γ = 10/3 for72

the random samples generated from standard normal distribution and standard uniform distribution,73

respectively, with p = 2 and d = 1. As shown in Figure 1, by our proposed methodology, we can74

very accurately hit the boundary that we derived theoretically (denoted by vertical dashed lines in75

Figure 1(a)).76

Connections with Lyapunov theory. Our framework admits a natural interpretation in terms of77

Lyapunov theory once we adopt an asymptotic point of view on the edge of moment stability. Indeed,78

by letting ℓ → ∞ in the definition of the maximal expansion parameter, submultiplicativity and79

Fekete’s lemma ensure that the limit:80

λp(γ) := lim
ℓ→∞

1

ℓ
logLℓ

p(γ) (1)

exists. This quantity is precisely the maximal Lyapunov exponent associated with the stochastic81

dynamics of SGD at learning rate γ: it measures the exponential rate at which moment distances82

between trajectories grow (if positive) or decay (if negative). In particular,83

λp(γ) < 0 ⇒ exponential contraction of p-th moments, (2)
λp(γ) > 0 ⇒ exponential expansion of p-th moments. (3)
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(a) Linear regression. (b) Expectile regression.

Figure 1: Examples for edge of moment stability. Green: N (0, 1); Yellow: Unif[0, 1]. All the
experiments are repeated 30 times. The detailed setting is provided in Section C.

Accordingly, the oracle edge of moment stability can be equivalently characterized as the zero-84

crossing of this exponent:85

γ∞(p) := inf{γ ∈ Γ | λp(γ) ≥ 0}. (4)

This viewpoint places our notion of edge of moment stability squarely within the classical Lyapunov86

framework: SGD dynamics remain stable as long as the maximal Lyapunov exponent is negative,87

and instability begins exactly at the point where it reaches zero. The construction aligns with88

classical work on Lyapunov exponents for products of random matrices and random dynamical89

systems, beginning with Oseledets’ multiplicative ergodic theorem [Oseledets, 1968] and subsequent90

developments in the monographs of Bougerol and Lacroix Bougerol and Lacroix [1985] and Arnold91

Arnold [1998]. In those settings, the sign of the maximal Lyapunov exponent governs long-run92

stability of the system. Our moment-based definition λp(γ) can be interpreted as an analogue93

tailored to stochastic approximation schemes such as SGD, and places the edge of moment stability94

phenomenon within the same analytical framework.95

Notation. In this paper, we denote the set {1, . . . , n} by [n]. The d-dimensional Euclidean space96

is Rd. For a vector a ∈ Rd, |a| denotes its Euclidean norm. For a matrix M ∈ Rd×m, |A| denotes97

its Euclidean operator norm. For a random vector X ∈ Rd, we denote ∥X∥ :=
√
E[|X|2]. We98

also denote in-probability convergence, and stochastic boundedness by oP and OP respectively. We99

write an ≲ bn if an ≤ Cbn for some constant C > 0, and an ≍ bn if C1bn ≤ an ≤ C2bn for100

some constants C1, C2 > 0. Often we denote an ≲ bn by an = O(bn). Additionally, if an/bn → 0,101

we write an = o(bn). For a compact convex set Γ ⊂ Rd, we denote by int(Γ) := {x ∈ Γ : ∃ε >102

0 such that Bε(x) ⊂ Γ}, where Bε(x) := {y : |x − y| < ε} is the ε-ball around x ∈ Rd. In103

particular, we denote the closed unit ball in Rd by B := B1(0). Let L(Rd,Rm) denote the set of all104

smooth, measurable functions f : Rd → Rm.105

2 Edge of moment stability: preliminaries106

For a function G : Rd 7→ R, consider the following optimization problem:107

θ∗ = argminθ∈D G(θ), D ⊂ Rd is compact and convex, (5)

and let ξi
i.i.d.∼ P be the innovations. Subsequently, all the probability statements are carried out on the108

same measure space as P . Define F ∈ C1. With an online stream of ξ1, ξ2, . . . , the classical SGD109

algorithm estimates θ∗ via the recursion110

θi = F γ
ξi
(θi−1), with F γ

ξi
(θ) = θ − γ∇g(θ, ξi), i = 1, 2, . . . , (6)

where g is a measurable function, and g(·, x) ∈ C2 satisfies E[∇g(θ, ξ)] = ∇G(θ). Here γ > 0 is111

the constant learning rate. Before proceeding further, we introduce two key assumptions that are112

ubiquitous in SGD literature, as well as heavily used throughout our article.113

Assumption 2.1 (µ-strong convexity). There exists a µ > 0 such that g is µ-strongly convex; in other114

words, for all θ, θ′ ∈ Rd,115

⟨m (θ)−m (θ′) , θ − θ′⟩ ≥ µ|θ − θ′|2,
where m(θ) := E[∇g(θ, ξ)], ξ ∼ P .116
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Strong convexity is a textbook assumption in the stochastic approximation literature [Ruppert, 1988,117

Polyak and Juditsky, 1992, Bottou et al., 2018a]. It guarantees uniqueness of the minimizer and118

provides a quadratic lower bound that underlies contraction arguments. This assumption is standard119

in convex SGD theory, and is satisfied by canonical problems such as linear or regularized logistic120

regression. While it does not extend to general nonconvex objectives, it is well aligned with our focus121

on strongly convex settings.122

Assumption 2.2 (Stochastic Lipschitz continuity). Let p ≥ 1. There exists some constant Np > 0123

such that, for all θ, θ′ ∈ Rd,124

∥∇g (θ, ξ)−∇g (θ′, ξ)∥p ≤ Np|θ − θ′|. (7)

Strong convexity guarantees uniqueness of the minimizer and provides a quadratic lower bound on125

the objective. This ensures that the SGD iterates are attracted toward a single point rather than drifting126

among multiple optima, and it underlies the contraction arguments that follow. On the other hand,127

stochastic Lipschitz-ness controls the variability of the stochastic gradients across different parameter128

values. This assumption enables us to bound deviations of the stochastic gradients uniformly, which129

is essential when passing from local to global statements in a concentration analysis. We remark that130

Assumptions 2.1 and 2.2 are standard features of statistical analysis of convex stochastic optimization,131

and have appeared extensively in Ruppert [1988], Polyak and Juditsky [1992], Bottou et al. [2018b],132

Chen et al. [2020], Zhu et al. [2023], Wei et al. [2023], Li et al. [2024].133

2.1 Maximal expansion parameter: introduction134

As discussed in §1, the learning rate γ > 0 plays a fundamental role in the performance of SGD;135

a larger value of γ may lead to θi being divergent. However, one can preclude the possibility of136

explosion by theoretically analyzing the maximum possible contraction after a given number of137

iterates from the current instance. We formalize this insight by borrowing the notion of contractive138

maps in dynamic systems defined by Wu [2005];139

Definition 2.3 (MEP-ℓ). The p-th Maximal Expansion Parameter of lag 1 (MEP-1) is defined as140

Lp(γ) := sup
θ ̸=θ′

E
[∣∣∣F γ

ξi
(θ)− F γ

ξi
(θ′)
∣∣∣p]

|θ − θ′|p
. (8)

Generalizing (8), for ℓ ∈ N+, the ℓ-lag maximal expansion (MEP-ℓ) can be defined as:141

Lℓ
p(γ) := sup

θ ̸=θ′∈D

E
[
|F γ

ξi+ℓ−1:ξi
(θ)− F γ

ξi+ℓ−1:ξi
(θ′)|p

]
|θ − θ′|p

, (9)

where the composite map F γ
(a+b):a(·) := F γ

a+b ◦ . . . ◦ F
γ
a+1 ◦ F γ

a (·).142

The quantity Lp(γ) can be interpreted as the maximal possible value of the Lipschitz constant in143

equation (17) of Li et al. [2025]; as we will discuss in §4, this interpretation readily leads to a notion144

of edge of moment stability through the need to ensure geometric moment contraction. However,145

before proceeding further, we take a pause here to make a crucial observation regarding the tractability146

of the maximal expansion parameter.147

The maximal expansion parameter, as is defined, concerns computing a supremum over pairs of148

distinct points θ, θ′. This form may appear cumbersome for both analysis, as well as any direct149

approach to estimation. However, in Lemma 2.4, we transform the corresponding sample version150

into a tractable quantity through equivalent characterization through ∇θF
γ
ξi
(θ) for all ξi and θ.151

Lemma 2.4. Let D ⊂ Rd be a compact convex set and γ > 0 be given. Suppose F γ
ξi
(θ) be as in152

Equation (6). Then, under Assumption 2.2 it follows that:153

sup
θ ̸=θ′∈D

1

n

n∑
i=1

∣∣∣F γ
ξi
(θ)− F γ

ξi
(θ′)
∣∣∣p

|θ − θ′|p

= sup
θ∈D

sup
u:|u|=1

1

n

n∑
i=1

∣∣∇θF
γ
ξi
(θ)u

∣∣p. (10)
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Additionally, it follows that154

sup
θ ̸=θ′∈D

E
[∣∣∣F γ

ξi
(θ)− F γ

ξi
(θ′)
∣∣∣p]

|θ − θ′|p

= sup
θ∈D

sup
u∈Rd:|u|=1

E
[∣∣∣∇θF

γ
ξi
(θ)u

∣∣∣p] . (11)

Remark 2.5. Virtually the same arguments as Lemma 2.4 allow us to write155

sup
θ∈D

sup
u∈Rd:|u|=1

1

n

n∑
i=1

[∣∣∣∇θF
γ
ξi
(θ)u

∣∣∣p]
= sup

θ∈D
lim
δ→0

sup
v:|v|=1

1

n

n∑
i=1

|F γ
ξi
(θ)− F γ

ξi
(θ + δv)|p

|δ|p
. (12)

Equation (12) is especially useful in situations where the computation of ∇θF
γ
ξi
(θ) is intractable. It156

allows us perform numerical differentiation by considering a fine-grained mesh around θ in different157

directions.158

Remark 2.6 (Range of γ in linear regression). Consider the linear regression model159

Yi = XT
i θ + ϵi, (13)

where θ ∈ Rd is the population parameter vector of interest and ϵi ∈ R are i.i.d. random noise160

independent of {Xi}i≥1. In this setting, the Assumption 2.1 and Assumption 2.2 holds with161

µ = λmin{E(XiX
⊤
i )} and N2 = supδ∈Rd:|δ|=1 : ∥XiX

⊤
i δ∥22, where λmin{·} refers to the smallest162

eigenvalue. Consequently, Theorem 2.2 in Li et al. [2025] ensures L2(γ) < 1 as long as163

0 < γ <
2λmin{E(XiX

T
i )}

supδ∈Rd:|δ|=1 : ∥XiXT
i δ∥22

. (14)

It can be demonstrated that this range reaches the optimum in general. By this expression, for d = 1,164

the boundary of γ is 2/3 ≈ 0.67 when Xi follows the standard normal distribution N (0, 1) and is165

10/3 ≈ 3.3 when Xi follows the standard uniform distribution U [0, 1].166

Lemma 2.4 allows us to consider a supremum over a single parameter, boosting tractability by167

eliminating dependence on arbitrary pairs. In lieu of Lemma 2.4, one can approach estimating Lp(γ)168

(and in general Lℓ
p(γ)) by way of the corresponding empirical versions:169

L̂n
p (γ) := sup

θ∈D
sup

u:|u|=1

1

n

n∑
i=1

∣∣∣∇θF
γ
ξi
(θ)u

∣∣∣p , (15)

and in general for any ℓ ∈ N+, define L̂ℓ,n
p (γ) as:170

sup
θ ̸=θ′∈D

1
n

∑n
i=1 |F

γ
ξi+ℓ−1:ξi

(θ)− F γ
ξi+ℓ−1:ξi

(θ′)|p

|θ − θ′|p
. (16)

Following from Lemma 2.4, we would also like to introduce a similar notion for Lℓ
p(γ) and its sample171

version L̂ℓ,n
p (γ):172

Lℓ
p(γ) = sup

θ∈D
sup

u:|u|=1

E
[∣∣∇θ(F(i+ℓ−1):i(θ))u

∣∣p]
= sup

θ∈D
sup

u:|u|=1

E

[∣∣∣∣∣
(

ℓ∏
k=1

∇θF
γ
ξi+ℓ−k

(θl−k)

)
u

∣∣∣∣∣
p]

(17)

L̂ℓ,n
p (γ) = sup

θ∈D
sup

u:|u|=1

1

n

n∑
i=1

∣∣∇θ(F(i+ℓ−1):i(θ))u
∣∣p

= sup
θ∈D

sup
u:|u|=1

1

n

n∑
i=1

∣∣∣∣∣
(

ℓ∏
k=1

∇θF
γ
ξi+ℓ−k

(θl−k)

)
u

∣∣∣∣∣
p

(18)

5
Confidential reviewer copy. This manuscript is submitted to the 40th Conference on Neural Information Processing Systems (NeurIPS 2026). Unauthorized

sharing, redistribution, or disclosure is strictly prohibited.



where θ(0) = θ and for k > 0, θ(k) = F γ
ξi+k−1

(θ(k−1)).173

Subsequently, we primarily focus on Lp(γ) and its estimator L̂n
p (γ). A naive treatment of the general174

ℓ-case can be understood to be quite similar; however, we mention another interesting property of175

the function MEP-ℓ that renders the general case practically trivial after one has considered the ℓ = 1176

scenario. In particular, it follows that the sequence {Lℓ
p(γ)}ℓ∈N+

is submultiplicative.177

Proposition 2.7. Set p ≥ 1 and γ ∈ Γ, and let k, ℓ ∈ N. Then:178

Lℓ+k
p (γ) ≤ Lk

p(γ) · Lℓ
p(γ). (19)

Armed with these additional insights, in the next section we develop an asymptotic theory for L̂n
p (γ).179

3 Theoretical results on maximal expansion parameters180

Before stating our main results, we collect a set of regularity assumptions that ensure both well-181

posedness of the optimization problem and tractability of the analysis. Some of these are standard in182

the study of SGD, but we briefly comment on their roles.183

Assumption 3.1 (Compact and convex domains). The parameters θ and γ are confined to compact184

convex domains D ⊂ Rd and Γ = [a, b], for b > a > 0.185

Compactness of the parameter and learning-rate domains is not intrinsic to SGD, but serves as a186

standard technical device in empirical process theory. It guarantees well-posedness when taking187

suprema over continuous index sets and facilitates the use of covering arguments and δ-nets. Although188

unconstrained optimization problems such as linear regression are typically posed on Rd, in practice189

SGD iterates remain bounded due to regularization, explicit projection, or simply because divergence190

leads to algorithmic instability (see, e.g., projection-based variants of SGD in Nemirovski et al.191

[2009], Lan [2012]). Finally, the assumption that a ∧ b > 0 excludes the trivial case Lℓ,n
p (γ) = 1,192

where the SGD chain does not move at all.193

Assumption 3.2 (Lipschitz property, B.1, informal). There exists a constant Kp < ∞ such that the194

operator norm of ∇θF
γ
ξ (θ) fulfills a stochastic Lipschitz property with respect to θ and γ.195

In order to control the first derivative of the SGD process, we must bound second order derivative196

behavior of the function, giving rise Assumption 3.2. This condition is satisfied by many practical197

smooth models, and rules out only highly irregular loss landscapes.198

Assumption 3.3 (2p-moment bound). Fix p ≥ 1. Assume199

A := E

[
sup

θ∈D,γ∈Γ
sup

u:|u|=1

∣∣∣∇θF
γ
ξi
(θ)u

∣∣∣2p] < ∞. (20)

Finite 2p-th moments of the stochastic gradients strengthen Assumption 2.1 and are standard when200

deriving concentration inequalities for SGD. In our setting, this condition ensures that deviation201

inequalities for the empirical expansion parameter hold with high probability, which is essential202

for establishing nonasymptotic confidence statements about the edge of moment stability. This203

requirement is reasonable in practice for smooth models where gradients have sub-Gaussian or204

sub-exponential tails.205

Assumption 3.4 (Differentiability). Fix p ≥ 1. We assume that ∂
∂γL

ℓ
p(γ) is defined for all γ ∈ Γ,206

and that there exists some Kp > 0 such that supγ∈Γ

∣∣∣ ∂
∂γL

ℓ
p(γ)

∣∣∣ ≤ Kp.207

Differentiability of Lγ
ℓ (p) with respect to γ ensures that the stability threshold behaves regularly in a208

neighborhood of the edge. This smoothness enables a first-order expansion around γℓ(p), which is209

the key step in transferring concentration of L̂
γ

ℓ,n(p) into consistency of γ̂ℓ,n(p).210

3.1 Asymptotics of MEP-ℓ211

In this section, we control the estimation error of L̂n
p (γ) uniformly over γ ∈ Γ, setting the stage of212

eventual estimation of the edge of moment stability upon its definition. To that end, we recognize that213
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L̂n
p (γ) = supθ∈D

1
n

∑n
i=1

∣∣∣∇θF
γ
ξi
(θ)
∣∣∣p as the L∞ norm of mean of random functions. Subsequently,214

adapting the tools of Chernozhukov et al. [2018], we provide a general result controlling the partial215

sums of i.i.d. random functions.216

Theorem 3.5. Let Φ ⊂ Rd be a compact convex set and X1(φ), . . . , Xn(φ) be i. i.d. random217

functions with Xi : Rd 7→ Rm for some d,m ≥ 1. For p ≥ 1, denote218

KΦ := E

[
sup

φ̸=φ′∈Φ

|Xi(φ)−Xi(φ
′)|p

|φ− φ′|p

]
< ∞, and (21)

AΦ,p := E
[
sup
φ∈Φ

|Xi(φ)|2p
]
< ∞. (22)

Let the n-th partial sum be defined as Sn,p(φ) :=
∑n

i=1 |Xi(φ)|p. Then it holds that:219

E
[
sup
φ∈Φ

|Sn,p(φ)− E [Sn,p(φ)]|
]
= O

(√
nlog n

)
, (23)

where O(·) hides constants solely related to p, d,m,Φ and µ.220

Theorem 3.5, to the best of our knowledge, is the first such result controlling the moments of sums of221

random function. As such, it may be of independent interest. Importantly, due to the compactness222

of Φ, the mean discrepancy between the L∞ norm of empirical and oracle average, decays at the223

near-parametric rate O(
√

(logn)/n).224

This general result serves as the workhorse for bounding the estimation error of L̂n
p (γ). As an225

application of Theorem 3.5, we recover the following guarantee on L̂n
p (γ), and more generally226

L̂ℓ,n
p (γ).227

Theorem 3.6. Fix ℓ ∈ N+, and recall Lℓ
p(γ) and L̂ℓ,n

p (γ) from Definition 2.3 and (16) respectively.228

Then, under Assumptions 2.1-2.2 and 3.1-3.3, it holds that:229

E
[
sup
γ∈Γ

∣∣∣L̂ℓ,n
p (γ)− Lℓ

p(γ)
∣∣∣] = O

(
logn√

n

)
. (24)

Establishing such guarantees is essential: without quantitative control of the estimation error, any230

attempt to approximate the edge of moment stability would remain heuristic. Theorem 3.6 provides231

precisely this control, paving the way for our eventual goal: precisely estimating the edge of moment232

stability.233

3.2 Central limit theory of L̂ℓ,n
p (γ)234

In this section, we expand on Theorem 3.6 to facilitate statistical inference with L̂. Similar to Theorem235

3.5, we start off with a general result.236

Theorem 3.7. Consider a probability space (Ω,A,P), and for i ∈ [n], let Xi : Ω → L(Rd,Rm) be237

i.i.d. random elements on L(Rd,Rm) for some d,m ≥ 1. Denote:238

Sn(·) :=
n∑

i=1

(Xi(·)− E[Xi(·)]). (25)

On the same probability space, let Z1, . . . , Zn be an i.i.d. mean-zero Rm-valued Gaussian random239

field on Rd, such that for all x ∈ Rd, Zi(x) ∼ N(0,Cov(Xi(x))), and240

Cov(Zi(x), Zi(y)) = Cov(Xi(x), Xi(y)). (26)

Denote SZ
n (·) :=

∑n
i=1 Zi(·). Let Φ ⊂ Rd be a compact convex set. Then, under the conditions of241

Theorem 3.5, it holds that242

sup
z∈R

∣∣∣∣P(sup
x∈Φ

|Sn(x)| ≥ z)− P(sup
x∈Φ

∣∣SZ
n (x)

∣∣ ≥ z)

∣∣∣∣ ≲ n−C , (27)

where, ≲ and C hide constants depending solely on KΦ and AΦ,p.243
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As with Theorem 3.5, this statement is more general than the focus of this paper, but can be applied244

in order to derive central limit theorems for the estimators of Lℓ
p(γ) and γℓ(p).245

Theorem 3.8. Fix ℓ ∈ N+, and recall Lℓ
p(γ) and L̂ℓ,n

p (γ) from Definition 2.3 and (16) respectively.246

Additionally, set Sn(γ) = n(L̂ℓ,n
p (γ) − Lℓ

p(γ)) and SZ
n (γ) in accordance with its definition in the247

theorem statement of Theorem 3.7. Then, under Assumptions 2.1-2.2 and 3.1-3.3, it holds that:248

sup
z∈R

∣∣P( sup
γ∈Γ

∣∣∣L̂ℓ,n
p (γ)− Lℓ

p(γ)
∣∣∣ ≥ z

)
− P

(
sup
γ∈Γ

∣∣SZ
n (γ)

∣∣ ≥ nz
)∣∣ ≲ n−C , (28)

where ≲ and C hide constants depending solely on KΦ and AΦ,p.249

The proof of Theorem 3.8 follows directly from Theorem 3.7, and hereby omitted.250

In order to practically use the Theorem 3.8 for statistical inference without apriori knowledge of251

the corresponding asymptotic covariances, one can implement multiplier bootstrap Chernozhukov252

et al. [2013], whose theoretical validity can be established likewise as in the above results. We also253

empirically demonstrate the validity of the Gaussian approximation in the case of linear regression in254

Figure 2.255

4 Edge of moment stability: definition and estimation256

In this section, we endeavor to precisely characterize the edge of moment stability through the257

explosions of MEP-ℓ. Subsequently, we propose a corresponding version of data-driven edge of258

moment stability, and provide finite sample error bounds.259

Definition 4.1 (EOMS-ℓ). Fix ℓ ∈ N+. The oracle edge of moment stability of lag ℓ (EOMS-ℓ) is defined260

as261

γℓ (p) := inf
{
γ > 0 | Lℓ

p(γ) ≥ 1
}
.

Clearly, Lℓ
p(0) = 1. By recalling Assumption 3.1, γℓ(p) can be interpreted as smallest γ > 0 such262

that the geometric moment contraction no longer holds for the SGD dynamics. As with Lℓ
p(γ), we263

ignore the subscript ℓ whenever ℓ = 1.264

Remark 4.2. It is not yet evident why γℓ(p) even exists. To ensure its existence, we proceed via the265

following argument.266

1. Recall Theorem 2.2 in Li et al. [2025]; under Assumptions 2.1-2.2, there exists a function267

κ : R+ → R+, such that for 0 < γ < κ(p), we have Lp(γ) < 1. Here we remark that Li268

et al. [2025] dealt with the p > 1 case; which however can imply the case with p = 1 by269

Hölder’s inequality as shown in Wu and Shao [2004].270

2. Since g(·, ξ) ∈ C2, by the Lebesgue Dominate Convergence Theorem (DCT),271

limγ→∞ Lp(γ)/γ
p = supθ supu∈Rd:|u|=1 E[|∇2

θg(θ, ξ)u|p].272

Conditions 1 and 2 above ensure that γℓ(p) ∈ Γ exists.273

Definition of the empirical version of γℓ(p), denoted by γ̂ℓ,n(p), is not straight-forward, since the274

guarantees in Li et al. [2025] extend only to Lℓ
p(γ), and not to its empirical version. However,275

Theorem 3.6 ensures that for all γ ∈ Γ for any compact set Γ, Lℓ
p(γ) is closely approximated276

by its empirical version L̂ℓ,n
p (γ). Therefore, it is conceivable to leverage Theorem 3.6 to obtain277

a precisely-defined compact convex set Γ, such that, with high probability, L̂ℓ,n
p (γ) crosses 1 on278

int(Γ). More formally, by Theorem 2.2 in Li et al. [2025] and continuity of Lℓ
p(·) < 1, there279

exists some δ > 0 and γ0 > 0 such that Lℓ
p(γ) < 1 for all γ ∈ Bδ(γ0). On the other hand, let280

γ†
ℓ (p) := inf

{
γ > 0 | Lℓ

p(γ) > 2
}
. Similar to Remark 4.2, γ†

ℓ (p) is well-defined. Then we proceed281

to define the edge of moment stability at lag ℓ.282
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Definition 4.3. Denote Γ := [γ0, γ
†
ℓ (p)]. The oracle EOMS-ℓ is defined as283

γ̂ℓ,n(p) := min
{
γ ∈ Γ | L̂ℓ,n

p (γ) ≥ 1
}
. (29)

Note that, by definition of Γ, it also follows that γℓ(p) ∈ int(Γ). We establish the following284

conventions for the edge cases: if supγ∈Γ L̂
ℓ,n
p (γ) < 1, then γ̂ℓ,n(p) = 0; on the other hand, if285

infγ>0 L̂
ℓ,n
p (γ) = 1, then γ̂ℓ,n(p) = ∞. In fact, in the following we prove that these edge cases286

have vanishing probability, and consequently, we recover the asymptotic consistency of γℓ,n(p) as an287

estimator of γℓ(p).288

Theorem 4.4. Fix ℓ ∈ N+, and recall γℓ(p) and γ̂ℓ,n(p) from Definitions 4.1 and 4.3 respectively.
Then, under Assumptions 2.1-2.2 and 3.1-3.3,

P(γ̂ℓ,n(p) ∈ int(Γ)) → 1 as n → ∞.

Additionally, it holds that:289

|γ̂ℓ,n(p)− γℓ(p)| = OP

(
log n√

n

)
. (30)

To the best of our knowledge, Theorem 4.4 provides the only, provably consistent estimator of EOMS-ℓ290

in the context of SGD. Beyond theoretical interest, the practical relevance of estimator cannot be291

overstated; γ̂ℓ,n(p) indicates a data-driven threshold of the learning rate, beyond which the SGD292

dynamics explode with high probability. Moreover, employing multiplier bootstrap and the central293

limit theory (Theorem 3.8), it is possible to produce asymptotically valid confidence intervals for294

γ̂ℓ,n(p); We defer the technical details for future work.295

5 Conclusions and Discussion296

In this work, we provided a principled characterization of the stability region of SGD with constant297

learning rates. By introducing the notion of the maximal expansion parameter and connecting it298

to Lyapunov exponents, we established a rigorous definition of the edge of moment stability and299

developed a consistent, data-driven estimator for identifying admissible learning rates. Our theoretical300

results, complemented by extensive simulations on linear and expectile regression, confirm that the301

proposed framework accurately captures the transition from stable to unstable regimes. These findings302

supply both a theoretical foundation and a practical tool for selecting constant step sizes in online303

learning algorithms.304

Looking ahead, the observed dependence of stability thresholds on factors such as dimension, lag,305

and moment index underscores the importance of adaptive, data-driven tuning strategies, rather than306

relying on fixed heuristics. Moreover, by situating SGD stability with the Lyapunov exponent in307

dynamic systems, our work lays the groundwork for unifying deterministic and stochastic stability308

analyses, potentially leading to sharper guidelines for learning rate selection across a broad range of309

optimization problems.310
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This appendix is devoted to additional discussion, collection of mathematical arguments and additional452

simulation results. In particular, in §A we discuss some other approaches to edge of stability analysis,453

as well as the existing gaps in the literature. In §D-§F.1, we provide detailed proofs to our theoretical454

results.455

A Related Literature456

The edge of stability phenomenon was first systematically identified by Cohen et al. [2021] in the457

context of neural networks, showing empirically that GD trajectories typically operate at the stability458

threshold. Subsequent work such as Ahn et al. [2023] extended these insights to simple neuron459

models, establishing that edge of stability behavior arises even in minimal architectures. These460

contributions built on a long line of optimization analyses [Bottou et al., 2018a, Bach and Moulines,461

2013] that emphasized the importance of step-size selection and convergence guarantees.462

Several papers seek to isolate the mechanisms behind the edge of stability using simplified or tractable463

models. Arora et al. [2022] developed a theoretical framework for GD at the edge of stability, while464

Zhu et al. [2022] and Liu et al. [2025] employed minimalist examples to clarify the core dynamics.465

Variants such as diagonal linear networks [Even et al., 2023] and two-step updates [Chen and Bruna,466

2023] further illuminate how the phenomenon arises across different formulations. Parallel lines467

of work have also explored how normalization or regularization mechanisms affect optimization468

stability, e.g. Li et al. [2023] on batch normalization and Barrett and Dherin [2021] on implicit469

gradient regularization.470

Another strand of work interprets the edge of stability through the geometry of the loss landscape.471

Progressive sharpening along training trajectories was analyzed by Wang et al. [2022], while Song472

and Yun [2023] provided a bifurcation-theoretic view. More recent work has refined these ideas via473

high-dimensional analysis [Agarwala and Pennington, 2025], sharpness-aware methods [Long and474

Bartlett, 2024], and curvature-aware learning-rate tuning [Roulet et al., 2024]. These developments475

resonate with broader optimization perspectives on adaptive learning rates [Yang et al., 2023] and476

comparisons of adaptive methods with SGD [Zhang et al., 2020].477

Beyond stability, the edge of stability has been connected to implicit bias and generalization. For478

instance, Wu et al. [2023] and Damian et al. [2023] study logistic regression at the edge of stability,479

highlighting the implicit regularization induced by GD. Related work considers minimax optimal480

convergence [Zhang et al., 2025] and generalization in decentralized SGD settings [Zeng and Lei,481

2025]. This complements a broader literature on benign overfitting and generalization in over-482

parameterized models [Bartlett et al., 2020, Zhang et al., 2022, Zou et al., 2021, Liu et al., 2022],483

where stability considerations play a central role.484

While the majority of results concern deterministic GD, several papers have begun exploring exten-485

sions. Andreyev and Beneventano [2025] and Ma and Ying [2021] revisited the notion of stability486

under stochastic gradient descent, whereas Cohen et al. [2024] and Dereich et al. [2025] examined487

adaptive and Adam-type methods, respectively. Other directions extend edge of stability analysis488

to deep linear networks [Ghosh et al., 2025] and multi-fractal loss landscapes [Ly and Gong, 2025].489

These developments connect naturally to classical work on stochastic approximation [Wu et al., 2018,490

Jain et al., 2018] and continue the trend of relating stochastic dynamics to stability properties.491

Despite this growing body of work, the focus has remained predominantly on GD. By contrast,492

our work develops a systematic analysis of our newly conceptualized edge of moment stability in493

the context of stochastic gradient descent, providing a sharper understanding of how stochasticity494

modifies, stabilizes, or destabilizes the classical GD picture. In this way, we broaden the scope of the495

edge of stability framework to settings of practical relevance.496

B Detailed Assumptions497

We expand upon the definitions in the main text for which a concise form was given, giving their full498

details and the explanation for those forms and their inclusions.499
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Assumption B.1 (Lipschitz property). We assume that there exists a constant Kp < ∞ such that the500

operator norm of ∇θF
γ
ξ (θ) adheres to the following property with respect to θ and γ:501

E

[
sup

(θ,γ,u)̸=(θ′,γ′,u′)∈D×Γ×B

∣∣∣∣∣∣∇θF
γ
ξi
(θ)u

∣∣∣p − ∣∣∣∇θF
γ′

ξi
(θ′)u′

∣∣∣p∣∣∣
(|θ − θ′|+ |γ − γ′|+ |u− u′|)p

]
≤ Kp (31)

Assumption B.2 (2p-moment bound, 3.3 fully explained). Fix p ≥ 1. Assume502

A := E

[
sup

θ∈D,γ∈Γ
sup

u:|u|=1

∣∣∣∇θF
γ
ξi
(θ)u

∣∣∣2p] < ∞. (32)

Finite 2p-th moments of the stochastic gradients strengthen Assumption 2.1 and are standard when503

deriving concentration inequalities for SGD. Higher-moment assumptions of this type are routinely504

employed in empirical process theory (see, e.g., Chernozhukov et al. [2018]) to obtain exponential tail505

bounds, and they also appear in modern analyses of statistical inference for SGD [Chen et al., 2020].506

In our setting, this condition ensures that deviation inequalities for the empirical expansion parameter507

hold with high probability, which is essential for establishing nonasymptotic confidence statements508

about the edge of moment stability. While stronger than bounded variance, this requirement remains509

reasonable in practice for smooth models where gradients have sub-Gaussian or sub-exponential tails.510

Bounding higher-order derivatives of the stochastic update map is not a universal assumption, but is a511

reasonable strengthening of smoothness. In the SGD chain, its contraction dynamics are characterized512

by its the first derivative of the iterate function. In order to control this derivative, we must bound513

second order derivative behavior of the function, giving rise Assumption 3.2. Although quite strong,514

this condition is satisfied by many smooth models of practical interest (e.g. generalized linear models),515

and rules out only highly irregular loss landscapes.516

C Simulations517

In this section, we empirically characterize the moment stability region, and assess its statistical518

optimality. In particular, in §C.1, we estimate the contraction ratio Lp(γ)
1/p as a function of γ519

and identify the smallest γ at which contraction fails. The resulting empirical boundary closely520

matches our theoretical prediction, demonstrating that the proposed “edge of moment stability” is521

tight. Moving on, in C.2, we exhibit the asymptotic gaussianity of our estimator L̂ and γ̂. Additional522

numerical experiments are provided in Appendix §C.523

C.1 Tightness of “edge of moment stability”524

We consider the data generating mechanism Yi = X⊤
i θ∗ + ϵi, and let ξi = {Xi, yi}i∈N+ denote525

the observed sequential data and θ∗ is the unknown population parameter of interest. For the526

purpose of this study, we consider linear regression with squared loss. Let the true feature vector527

X ∈ Rd is drawn either from a Gaussian design N (0, Id), and the noise ξ is drawn from a standard528

Gaussian distribution, independent of {Xi}i∈N. We vary the ambient dimension d ∈ {1, 2, 3, 5, 10},529

the composition lag l ∈ {1, 5, 10}, and the moment index p ∈ {2, 4}. We sweep γ on a grid530

Γnorm = {0.01, 0.02, . . . , 1.00} under the Gaussian design, and for the Uniform design we use531

Γunif = {0.01, 0.02, . . . , 4.00} to account for the different curvature scales observed in practice.532

Across all configurations, the curve γ 7→ Lp(γ)
1/p exhibits a clear elbow: it decreases from 1,533

reaches a minimum, then increases, crossing 1 at the stability edge γ̂, after which it grows rapidly534

(diverging). Since this transition occurs well within the plotted range, γ̂ is visually sharp and can be535

localized to a narrow interval.536

In Figure 3, subplot (a) shows that increasing p ∈ {1, 2, 3, 5, 10} shifts the crossing leftward, i.e.,537

stronger tail sensitivity yields a smaller admissible step-size, consistent with Li et al. [2025]. Subplot538

(b) shows that increasing lag ℓ enlarges the stable region: by sub-multiplicativity,539

Lℓ
p(γ) ≤ Lp(γ)

ℓ,

larger ℓ pushes ratios further below 1 on the stable side and further above 1 on the unstable side,540

allowing larger γ while maintaining contraction. Subplot (c) shows that the stable region contracts541
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as the dimension d increases. Moreover, the empirical edge γ̂ℓ,n(p) (yellow curve in (a), red curve542

in (b)) closely matches the theoretical boundary in Remark 2.6 for d = 1 and ℓ = 1, namely543

γ̂ℓ,n(2) = 2/3 for Xi ∼ N (0, 1) and γ̂ℓ,n(2) = 10/3 for Xi ∼ Unif[0, 1]. Overall, Figure 3544

validates that {γ : Lp(γ) < 1} is a single interval starting at 0, whose boundary is captured by545

the unique intersection with level 1, and whose dependence on (p, ℓ, d) matches the theoretical546

predictions.547

C.2 Gaussianity of L̂548

We also provide plots demonstrating the validity of Theorem 3.8. As with §C.1, we consider the549

linear regression setting with the feature vector X ∈ Rd drawn from a Gaussian design N (0, Id), and550

the noise ξ drawn from a standard Gaussian distribution, independent of {Xi}i∈N. Setting n = 105,551

ℓ = 1 and p = 2, we use Q-Q plots with 1000 i.i.d. samples to demonstrate that for d ∈ {2, 6} and552

γ ∈ {0.5, 0.25}, L̂ℓ,n
p (γ) is asymptotically normal. We have already demonstrated in the simulations553

in Figure 3 and proved in Theorem 3.6 that L̂ℓ,n
p (γ) is consistent, meaning that L̂ℓ,n

p (γ)− Lℓ
p(γ) is554

asymptotically mean zero normal.555

(a) d = 2, γ = 0.5 (b) d = 2, γ = 0.25 (c) d = 6, γ = 0.5 (d) d = 6, γ = 0.25

Figure 2: Q-Q plots demonstrating asymptotic normality of the estimator for the MEP.

C.3 Edge of Moment Stability556

We now proceed to empirically characterize the moment stability region, and assess its optimality.557

Across a suite of synthetic settings (linear and expectile regression with varying dimension, lag,558

and data distributions), we estimate the contraction ratio Lp(γ)
1/p as a function of γ and identify559

the smallest γ at which contraction fails. The resulting empirical boundary closely matches our560

theoretical prediction, demonstrating that the proposed “edge of moment stability” is tight. Taken561

together, these results validate the theory and provide actionable guidance for selecting constant step562

sizes that guarantee convergence in practice.563

We first demonstrate our result focusing on the following data generating mechanism:564

Yi = X⊤
i θ∗ + ϵi, (33)

and let ξi = {Xi, yi}i∈N+
denote the observed sequential data and θ∗ is the unknown population565

parameter of interest. We study two convex models: (i) linear regression with squared loss566

G1(θ) = Eξi=(Xi,yi)∼Π2
(X⊤

i θ − yi)
2/2, (34)

where F γ
ξi
(θ) takes the following form:567

F γ
ξi
(θ) = θ − γXi(X

⊤
i θ − yi), (35)

and (ii) expectile regression with the asymmetric least-square loss568

G2(θ) = Eξi=(Xi,yi)∼Π2

∣∣w − 1{X⊤
i θ−yi>0}

∣∣(X⊤
i θ − yi)

2/2, (36)

with weight w ∈ (0, 1), and corresponding F γ
ξi
(θ) is given by569

F γ
ξi
(θ) = θ −

∣∣w − 1{X⊤
i θ−yi>0}

∣∣Xi(X
⊤
i θ − yi). (37)

The feature vector X ∈ Rd is drawn either from a Gaussian design N (0, Id) or a product Uni-570

form design Unif([0, 1]d) and the noise ξ is drawn from standard Gaussian distribution, inde-571

pendent of {Xi}i∈N. We vary the ambient dimension d ∈ {1, 2, 3, 5, 10}, the composition lag572
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l ∈ {1, 5, 10}, and the moment index p ∈ {2, 4}. For linear regression we sweep γ on a grid573

Γnorm = {0.01, 0.02, . . . , 1.00} under the Gaussian design, and for the Uniform design we use574

Γunif = {0.01, 0.02, . . . , 4.00} to account for the different curvature scales observed in practice.575

Across all configurations, the mapping γ 7→ Lp(γ)
1/p exhibits a pronounced elbow shape, where576

the estimated ratio initially declines from 1, reaches a minimum, and then reverses, crossing 1 at the577

stability edge; beyond the crossing it grows rapidly, ultimately diverging. The transition occurs well578

within the plotted range, so the edge γ̂ is visually stable and can be localized to a narrow interval.579

In Figure 3 and Figure 4, subplots (a) demonstrate, that increasing the moment index p ∈580

{1, 2, 3, 5, 10} shifts the crossing leftward while keeping the minimum shallow. This indicates581

that heavier emphasis on tail deviations tightens the admissible step-size, which aligns with the result582

proposed in Li et al. [2025]. Varying the lag ℓ in subplots (b) of Figure 3 and Figure 4 primarily583

enlarge the edge of moment stability as lag ℓ increases: for any fixed γ, sub-multiplicative gives584

Lℓ
p(γ) ≤ Lp(γ)

ℓ, so increasing ℓ pushes ratios further below on the stable side and further above 1 on585

the unstable side. Thus the increase of ℓ allows larger γ to ensure the contraction. The dimensional586

study in subplots (c) of Figure 3 and Figure 4 shows the early contraction of the stable region as d587

increases. In addition, the empirical edge γ̂ℓ,n(p) extracted at the yellow curve in subplots (a) and588

red curve in subplots (b) closely matches the theoretical boundary proposed in Remark 2.6 for d = 1589

and ℓ = 1 case, where γ̂ℓ,n(2) ≈ 2
3 for Xi ∼ N (0, 1) and γ̂ℓ,n(2) ≈ 10

3 for Xi ∼ Unif[0, 1]. As a590

conclusion, the results displayed in Figure 3 and Figure 4 validate that the stability set γ : Lp(γ) < 1591

is a single interval starting at 0, its boundary is accurately captured by the unique intersection with592

level 1, and its dependence on p, ℓ, and d follows the theoretical predictions.

(a) d = 1, ℓ = 1, p ∈
{1, 2, 3, 5, 10}

(b) d = 1, ℓ ∈ {1, 2, 3, 5, 10}, p =
2

(c) d = {1, 3, 5, 10}, ℓ = 10, p = 2

Figure 3: Linear regression with Xi ∼ N (0, Id). Each panel plots L̂ℓ
p(γ)

1/p versus the constant
step size γ for linear regression. Experimental factors and grids follow the setup marked in subplot
labels.

(a) d = 1, ℓ = 1, p ∈
{1, 2, 3, 5, 10}

(b) d = 1, ℓ ∈ {1, 2, 3, 5, 10}, p =
2

(c) d = {1, 3, 5, 10}, ℓ = 10, p = 2

Figure 4: Linear regression with Xi ∼ Unif{[0, 1]d}. Each panel plots L̂ℓ
p(γ)

1/p versus the
constant step size γ for linear regression. Experimental factors and grids follow the setup marked in
subplot labels.

593

Figure 5 shows that expectile regression mirrors the linear case: the edge of moment stability (the594

unique crossing of Lp(γ)
1/p with level 1) decreases as the moment index p increases and increases595
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as the lag ℓ grows. The first trend follows the p-sensitivity of the contraction metric via Hölder’s596

inequality. The second follows from the sub-multiplicativity of the maximal expansion parameter597

(MEP), Lp,ℓ+k(γ) ≤ Lp,ℓ(γ)Lp,k(γ), which strengthens contraction on the stable side and steepens598

growth on the unstable side with right shifting the crossing in γ. The same qualitative dependencies599

appear for expectile regression for dimension d: the edge moves left as d grows (a smaller stable γ).600

Taken together, these curves confirm that the qualitative and quantitative dependence of the stability601

edge on p, ℓ and d persists beyond squared loss.602

(a) d = 1, ℓ = 1, p ∈ {1, 2, 3, 5, 10} (b) d = 1, ℓ ∈ {1, 2, 3, 5, 10}, p =
2

(c) d = {1, 3, 5, 10}, ℓ = 1, p = 2

Figure 5: Expectile regression with Xi ∼ N{(0, 1)} and weight ω = 0.2. Each panel plots
L̂ℓ
p(γ)

1/p versus the constant step size γ for expectile regression and is averaged over 30 experiments.
Experimental factors and grids follow the setup marked in subplot labels.

In addition to the above,603

D Proofs of §2604

D.1 Proof of Lemma 2.4605

Proof. W.l.o.g., we consider the case ℓ = 1; the case for general ℓ ∈ N is similar. Note that since606

F γ
ξ (·) ∈ C1, it follows that607

sup
θ∈D

sup
u:|u|=1

1

n

n∑
i=1

∣∣∇θF
γ
ξi
(θ)u

∣∣p ≤ sup
θ∈D

1

n

n∑
i=1

lim sup
θ′→θ

∣∣F γ
ξi
(θ)− F γ

ξi

(
θ′
)∣∣p∣∣θ − θ′

∣∣p ⩽ sup
θ ̸=θ′∈D

1

n

n∑
i=1

∣∣F γ
ξi
(θ)− F γ

ξi

(
θ′
)∣∣p∣∣θ − θ′

∣∣p .

(38)

On the other hand, by Jensen’s inequality and the convexity of D,608

sup
θ ̸=θ′∈D

1

n

n∑
i=1

∣∣∣F γ
ξi
(θ)− F γ

ξi
(θ′)
∣∣∣p

|θ − θ′|p
= sup

θ ̸=θ′∈D

1

n

n∑
i=1

∣∣∣∫ 1

0
∂
∂tF

γ
ξi
(θ′ + t(θ − θ′))dt

∣∣∣p
|θ − θ′|p

⩽ sup
θ ̸=θ′∈D

1

n

n∑
i=1

∫ 1

0

∣∣∣ ∂∂tF γ
ξi
(θ′ + t(θ − θ′))

∣∣∣p dt
|θ − θ′|p

(39)

= sup
θ ̸=θ′∈D

1

n

n∑
i=1

∫ 1

0

∣∣∣∇θF
γ
ξi
(θ′ + t(θ − θ′)) (θ − θ′)

∣∣∣p dt
|θ − θ′|p

(40)

⩽ sup
θ ̸=θ′∈D,t∈[0,1]

sup
u:|u|=1

1

n

n∑
i=1

∣∣∣∇θF
γ
ξi
(θ′ + t(θ − θ′))u

∣∣∣p (41)

⩽ sup
θ∈D

sup
u:|u|=1

1

n

n∑
i=1

∣∣∣∇θF
γ
ξi
(θ)u

∣∣∣p . (42)
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Equations (38) and (42) jointly conclude the proof of (10). In lieu of609

supθ ̸=θ′∈D E
[ ∣∣Fγ

ξi
(θ)−Fγ

ξi

(
θ′
)∣∣p∣∣θ−θ′

∣∣p ]
< ∞ from Assumption 3.1, Dominated Convergence Theo-610

rem entails Lemma 2.4.611

612

D.2 Proof of Proposition 2.7613

Proof. We denote Hℓ(θ) := Fi+ℓ−1:i(θ) and Fℓ−1 := σ(ξi, . . . , ξi+ℓ−1). Then:614

Lℓ+k
p (γ) = sup

θ ̸=θ′∈D

E
[
|Fi+ℓ+k−1:i(θ)− Fi+ℓ+k−1:i(θ

′)|p
]

|θ − θ′|p
= sup

θ ̸=θ′∈D
E
[
|Fi+ℓ+k−1:i(θ)− Fi+ℓ+k−1:i(θ

′)|p

|θ − θ′|p
]

(43)

= sup
θ ̸=θ′∈D

E
[
|Fi+ℓ+k−1:i+ℓ(Hℓ(θ))− Fi+ℓ+k−1:i+ℓ(Hℓ(θ

′))|p

|Hℓ(θ)−Hℓ(θ′)|p
· |Hℓ(θ)−Hℓ(θ

′)|p

|θ − θ′|p
]
(44)

= sup
θ ̸=θ′∈D

E
[
E
[
|Fi+ℓ+k−1:i+ℓ(Hℓ(θ))− Fi+ℓ+k−1:i+ℓ(Hℓ(θ

′))|p

|Hℓ(θ)−Hℓ(θ′)|p
· |Hℓ(θ)−Hℓ(θ

′)|p

|θ − θ′|p
| Fℓ−1

]]
(45)

= sup
θ ̸=θ′∈D

E
[
E
[
|Fi+ℓ+k−1:i+ℓ(Hℓ(θ))− Fi+ℓ+k−1:i+ℓ(Hℓ(θ

′))|p

|Hℓ(θ)−Hℓ(θ′)|p
| Fℓ−1

]
· |Hℓ(θ)−Hℓ(θ

′)|p

|θ − θ′|p
]
.

(46)

Conditionally on Fℓ−1, Fi+ℓ+k−1:i+ℓ is driven by k new i. i.d. innovations which are independent615

of Fℓ−1. Therefore we deduce that:616

E
[
|Fi+ℓ+k−1:i+ℓ(Hℓ(θ))− Fi+ℓ+k−1:i+ℓ(Hℓ(θ

′))|p

|Hℓ(θ)−Hℓ(θ′)|p
| Fℓ−1

]
≤ Lk

p(γ). (47)

Therefore:617

Lℓ+k
p (γ) ≤ sup

θ ̸=θ′∈D
E
[
Lk
p(γ) ·

|Hℓ(θ)−Hℓ(θ
′)|p

|θ − θ′|p
]
= Lk

p(γ) · sup
θ ̸=θ′∈D

|Hℓ(θ)−Hℓ(θ
′)|p

|θ − θ′|p
= Lk

p(γ) · Lℓ
p(γ).

(48)

618

E Proofs of §3619

Before we proceed to the key arguments behind the theoretical results of §3, it is instrumental to620

introduce a key result that serves as the backbone of our arguments. This result originate from621

Chernozhukov et al. [2018], and serves as sharp probabilistic controls on the fluctuations of empirical622

sums indexed by high-dimensional parameter sets. We restate it here in a form adapted to our setting.623

Lemma E.1. Let X1, . . . , Xn ∈ Rp be independent random vectors with p ≥ 2. Define M :=624

max1≤i≤n,1≤j≤p |Xij | and σ2 := max1≤j≤p

∑n
i=1 E[X2

ij ]. Then:625

E

[
max
1≤j≤p

∣∣∣∣∣
n∑

i=1

(Xij − E[Xij ])

∣∣∣∣∣
]
≤ K(σ

√
log p+

√
E[M2] log p), (49)

where K > 0 is a universal constant.626
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This lemma complements the previous one by providing an expectation bound for the same maximal627

deviation and quantifies the typical size of the deviation, showing that it scales as O
(√

log p
)

up628

to constants depending on variance and maximal moments. In summary, it provides the empirical629

process tools that underpin our general moment bound in Theorem 3.5. We note that the for the630

sake of brevity, the results are proved for ℓ = 1; the general ℓ-cases follow by a simple conditional631

argument akin to Proposition 2.7.632

E.1 Proof of Theorem 3.5633

The key idea of Theorem 3.5 is to discretize the set Φ with suitably selected grid, before applying634

Lemma E.1 to control the deviations of functions evaluated on those grid-points. This grid is carefully635

chosen to have appropriate packing radius, that allows us to move seamlessly into the compact set636

Φ while maintaining the rate derived on the grid-points. We formalize this idea through a novel637

technique leveraging ε-nets.638

Proof. Let N := nc for some c > p/2. For a given φ ∈ Φ, we denote ⌊φ⌋N :=639
1
N

(
⌊Nφ1⌋, . . . , ⌊Nφd⌋

)
, with φk being the kth coordinate of φ. Then, by compactness and640

convexity of Φ, N := {⌊φ⌋N | φ ∈ Φ} is a δn-net for Φ, where δ := δn ≤ LΦn
−c for some641

constant LΦ > 0 that depends only on Φ. Enumerate its elements as {φ1, . . . , φJ} and observe642

J ≤ LΦ · Nd. Recall AΦ,p defined in Theorem 3.5, and set Xij := |Xi(φj)|p. Clearly, with643

σ2 := max1≤j≤J

∑n
i=1 E

[
X2

ij

]
, we obtain, via (22),644

σ2 ≤ nE
[
sup
φ∈Φ

|Xi(φ)|2p
]
= n ·AΦ,p. (50)

On the other hand, letting M2 := max1≤i≤n,1≤j≤J |Xij |2, it follows645

E
[
M2
]
= E

[
max
1≤i≤n

sup
φ∈Φ

|Xi(φ)|2
]
≤

n∑
i=1

E
[
sup
φ∈Φ

|Xi(φ)|2
]
= n ·AΦ,p. (51)

In view of (50) and (51), Lemma E.1 entails646

E

[
max
1≤j≤J

∣∣∣∣∣
n∑

i=1

(Xij − E [Xij ])

∣∣∣∣∣
]
≤K

(
σ
√
log J +

√
E [M2] log J

)
=K

(√
n ·AΦ,p

√
logLΦ + cd logn+

√
n ·AΦ,p(logLΦ + cd logn)

)
(52)

≤B ·
√
n logn, (53)

where K > 0 is a universal constant and B > 0 depends only on AΦ,p, c and d. With this necessary647

derivations taken care of, we proceed towards the main arguments. By definition, |φ− ⌊φ⌋N | < δ.648

Recall Sn,p(·) from the statement of Theorem 3.5. Note that649

E
[
sup
φ∈ϕ

∣∣Sn,p(φ)− E
[
Sn,p(φ

)
]
∣∣ ] (54)

≤ E
[
max
1≤j≤J

∣∣Sn,p(⌊φ⌋N )− E
[
Sn,p(⌊φ⌋N )

]∣∣ ]+ E
[
sup
φ∈Φ

|Sn,p(φ)− Sn,p(⌊φ⌋N )|
]
+ sup

ϕ∈Φ

∣∣E[Sn,p(φ
)
]− E

[
Sn,p(⌊φ⌋N )

]∣∣
:= T1 + T2 + T3. (55)
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We tackle (55) one-by-one. Equation (53) instructs that T1 = O (
√
n logn). Next, moving on to T2,650

we observe that651

E
[
sup
φ∈Φ

|Sn,p(φ)− Sn,p(⌊φ⌋N )|
]
≤ n · E

[
sup
φ∈Φ

|Xp
i (φ)−Xp

i (⌊φ⌋N )|
]

(56)

≤ np · E
[
2 sup
φ∈Φ

|Xi(φ)|p−1 · sup
φ∈Φ

|Xi(φ)−Xi(⌊φ⌋N )|
]

(57)

≤ 2np

(
E
[
sup
φ∈Φ

|Xi(φ)|p
]) p−1

p
(
E
[
sup
φ∈Φ

|Xi(φ)−Xi(⌊φ⌋N )|p
]) 1

p

(58)

≤ 2np
√
AΦ,p

p−1
p (KΦδ)

1
p = O(n · δ−c/p) = O(n1−c/p),

(59)

where, (57) follows due to the elementary inequality | |a|p − |b|p | ≤ p
(
|a|p−1

+ |b|p−1
)
· |a− b|,652

for p ≥ 1, a, b ∈ R; (58) involves an application of Hölder’s inequality, and finally, (59) invokes (21)653

and (22). Note that, trivially T3 ≤ T2. Therefore, (55), along with δ = O(n−c) with c > p/2, begets,654

E
[
sup
φ∈Φ

|Sn,p(φ)− E [Sn,p(φ)]|
]
≲ ·

√
n logn+ n1−c/p = O

(√
n logn

)
,

where ≲ hides constants pertaining p, d and φ. This completes the proof.655

E.2 Proof of Theorem 3.6656

The key idea behind Theorem 3.6 is to express the data-driven MEP’s as supremum of random657

functions, before invoking Theorem 3.5.658

Proof. For θ ∈ D, γ ∈ Γ and u ∈ B, denote659

Mn(θ, γ, u) :=
1

n

n∑
i=1

∣∣∣∇θF
γ
ξi
(θ)u

∣∣∣p , and, M(θ, γ, u) := E
[∣∣∣∇θF

γ
ξi
(θ)u

∣∣∣p] . (60)

We start off by establishing660

E

[
sup

θ∈D,γ∈Γ,u∈B
|Mn (θ, γ, u)−M (θ, γ, u)|

]
= O

(
log n√

n

)
. (61)

Observe that Φ := D× Γ×B is a compact set, and F γ
ξi
(θ) are i. i.d. random functions taking values661

in φ ∈ Φ. Moreover, Assumptions 3.2 and 3.3 correspond to (21) and (22) respectively. Therefore, a662

direct application of Theorem 3.5 entails (61). Finally, in lieu of Lemma 2.4, (61) yields663

E
[
sup
γ∈Γ

∣∣∣L̂ℓ,n
p (γ)− Lℓ

p(γ)
∣∣∣] = E

[
sup
γ∈Γ

∣∣∣∣∣supθ∈D
sup

u:|u|=1

1

n

n∑
i=1

∣∣∣∇θF
γ
ξi
(θ)u

∣∣∣p − sup
θ∈D

sup
u:|u|=1

E
[
∇θF

γ
ξi
(θ)u

]∣∣∣∣∣
]

(62)

≤ 1

n
E

[
sup

θ∈D,γ∈Γ,u∈B

∣∣∣∣∣
n∑

i=1

(∣∣∣∇θF
γ
ξi
(θ)u

∣∣∣p − E
[∣∣∣∇θF

γ
ξi
(θ)u

∣∣∣p])∣∣∣∣∣
]
(63)

=O

(
logn√

n

)
, (64)

which completes the proof.664
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E.3 Proof of Theorem 3.7665

Proof. It is necessary to establish a bound on P(supx∈Φ |Sn(x)| ≥ z). Let N := nc for some666

c > p/2. To this end, for a given y ∈ Φ, we denote ⌊y⌋N := 1
N

(
⌊Ny1⌋, . . . , ⌊Nyd⌋

)
, with yk being667

the kth coordinate of y. Then, by compactness and convexity of Φ, N := {⌊y⌋N | y ∈ Φ} is a δn-net668

for Φ, where δ := δn ≤ LΦn
−c for some constant LΦ > 0 that depends only on Φ. Enumerate its669

elements as {y1, . . . , yJ} and observe J ≤ LΦ ·Nd. This allows for the decomposition:670

T := sup
y∈Φ

|Sn(y)| ≤ sup
y∈Φ

|Sn(y)− Sn(⌊y⌋n)|+ sup
y∈Φ

|Sn(⌊y⌋n)| := T1 + T2. (65)

A similar decomposition holds for the Gaussian process:671

Z := sup
y∈Φ

∣∣SZ
n (y)

∣∣ ≤ sup
y∈Φ

∣∣SZ
n (y)− SZ

n (⌊y⌋n)
∣∣+ sup

y∈Φ

∣∣SZ
n (⌊y⌋n)

∣∣ := Z1 + Z2. (66)

It is also useful to observe that Z2 ≤ Z + Z1.672

These decompositions allow for the following, setting ε > 0:673

sup
z∈R

|P(T ≥ z)− P(Z ≥ z)|

≤ sup
z∈R

|P(T ≥ z)− P(T2 ≥ z + ε)|+ sup
z∈R

|P(T2 ≥ z + ε)− P(Z2 ≥ z + ε)|+ sup
z∈R

|P(Z ≥ z)− P(Z2 ≥ z + ε)|

≤ P(T1 ≥ ε) + sup
z∈R

|P(T2 ≥ z)− P(Z2 ≥ z)|+ sup
z∈R

|P(Z ≥ z)− P(Z2 ≥ z + ε)| . (67)

For the first summand in (67), bound as follows using Markov’s inequality:674

P(T1 > ε) = P(sup
y∈Φ

|Sn(y)− Sn(⌊y⌋n)| > ε) ≤ ε−1E[sup
y∈Φ

|Sn(y)− Sn(⌊y⌋n)|]

≤ nε−1E[sup
y∈Φ

|Xi(y)−Xi(⌊y⌋n)|] ≤ nε−1
√
KΦδn ≲ ε−1n1−c. (68)

For the second summand, it is prudent to fulfill condition (ii) for Corollary 2.1 in Chernozhukov675

et al. [2013]. Denote xij := Xi(y
j). Then for p ∈ {1, 2} in particular, recall Equation (22). Set676

C1 := AΦ,1. Nondegeneracy guarantees existence of some c1 > 0 such that:677

c1 ≤ 1

n

n∑
i=1

E[x2
ij ].

Observe via Jensen’s inequality that for all i ∈ [n]:678

sup
j∈[J]

E[|xij |3] ≤ sup
j∈[J]

(E[|xij |4])3/4,

so setting Bn := A
1
4

Φ,2 yields 1
n

∑n
i=1 E[|xij |4] ≤ 2B4

n,, guaranteeing condition (E.2). Additionally,679

observe:680

B4
n(log(Jn))

7

n
≍ (log(ncd+1))7

n
= (cd+ 1)

log7 n

n
,

so to fulfill B4
n(log(Jn))

7

n ≤ C2n
−c2 , it is sufficient to choose c2 > 1. Thus, there exist constants681

C3, c3 > 0 depending only on C1, c1, C2, c2 such that:682

sup
j∈[J]

∣∣P(Sn(yj) ≥ z)− P(SZ
n (yj) ≥ z)

∣∣ ≤ C3n
−c3 . (69)

The third summand is bounded by applying Nazarov’s inequality. Denote for a random vector683

V ∈ RJ :684

σ(V ) := min
j∈[J]

Var(V j). (70)
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Observe for all z ∈ R and η > 0: P(Z ≥ z) ≤ P(Z1 ≥ η) + P(Z2 ≥ z − η). It follows685

sup
z∈R

(P(Z ≥ z)− P(Z2 ≥ z + ε)) ≤ P(Z1 ≥ η) + sup
w∈R

P(w ≤ Z2 ≤ w + η + ε). (71)

For the first term in (71), we apply (21) to compute:686

E[Z1] ≤
√
E[Z2

1 ] = sup
y∈Φ

√
Var(SZ

n (y)− SZ
n (⌊y⌋n)) =

√
n sup

y∈Φ

√
Var(Zi(y)− Zy(⌊y⌋n))

≤
√
nE[sup

y∈Φ
|Zi(y)− Zi(⌊y⌋n)|] ≤

√
nE[sup

y∈Φ
|Xi(y)−Xi(⌊y⌋n)|] ≤ nKΦδn ≍ n

1
2−c.

(72)

Equation (72) yields that P(Z1 ≥ η) ≲ η−1n
1
2−c. For the second term in (71), apply Nazarov’s687

inequality Chernozhukov et al. [2017] to deduce:688

sup
w∈R

P(w ≤ Z2 ≤ w + η + ε) ≤ (
√
2 log J + 2)(η + ε) sup

y∈Φ
σ−1(SZ

n (⌊y⌋n)) ≲ (η + ε)

√
log n

n
.

(73)

Plugging (72) and (73) into (71) and setting η = ε delivers:689

sup
z∈R

(P(Z ≥ z)− P(Z2 ≥ z + ε)) ≲ ε−1n
1
2−c + εn− 1

2

√
log n.

An analogous derivation exists for P(Z2 ≥ z + ε)− P(Z ≥ z), so690

sup
z∈R

|P(Z ≥ z)− P(Z2 ≥ z + ε)| ≲ ε−1n
1
2−c + εn− 1

2

√
log n. (74)

Recalling (68), (69) and (74), conclude:691

sup
z∈R

|P(T ≥ z)− P(Z ≥ z)| ≲ ε−1n1−c + n−c3 + ε−1n
1
2−c + εn− 1

2

√
log n. (75)

Choosing ε = n
3
4−

c
2 log−

1
4 n, one concludes from (75) that692

sup
z∈R

|P(T ≥ z)− P(Z ≥ z)| ≲ n
1
4−

c
2 log

1
4 n+ n−c3 ,

which completes the proof.693

F Proofs of §4694

F.1 Proof of Theorem 4.4695

Proof. We provide the proof for ℓ = 1. By definition, γ̂n(p) ∈ Γ. Fix some M > 0 such that696

Lp(γ0) +M < 1. Therefore, invoking Theorem 3.6, it follows,697

P
(
L̂n
p (γ0) < 1

)
≥ P

(
|L̂n

p (γ0)− Lp(γ0)| < M
)
→ 1 as n → ∞. (76)

Additionally, suppose 0 < M ′ < 1. By the continuity of Lp(·), Lp(γ
+(p)) = 2, hence, yet another698

application of Theorem 3.6 entails that699

P
(
L̂n
p (γ

†(p)) > 1
)
≥ P

(
|L̂n

p (γ
†(p))− 2| < M ′

)
→ 1 as n → ∞. (77)

In view of continuity of L̂n
p (·), equations (76) and (77) combined, yield that700

P(γ̂n(p) ∈ int(Γ)) ≥ P
(
L̂n
p (γ0) < 1, L̂n

p (γ
†(p)) > 1

)
→ 1 as n → ∞. (78)

This completes the proof of our first assertion. We leverage (78) en route to our second assertion.701

To that end, observe that following from Assumption 3.4, Lp(·) is differentiable at γ(p) with its702
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derivative bounded by Kp. So there exists some K ≤ Kp, such that we can use it to write out first703

order Taylor expansion of L(·) about γ(p):704

L(γ)− L(γ(p)) = K(γ − γ(p)) + o(γ − γ(p)). (79)

From Theorem 3.6, it follows given ε > 0 that there exist some Gε > 0 and Nε > 0 such that for all705

n > Nε:706

P
(
sup
γ∈Γ

|Ln(γ)− L(γ)| > Gε
log n√

n

)
≤ ε. (80)

If γ̂ℓ,n ∈ Γ, then following from the continuity of Ln, we have Ln(γ̂ℓ,n) = 1 = L(γℓ). Therefore,707

P
(
sup
γ∈Γ

|Ln(γ)− L(γ)| > Gε
log n√

n

)
≥ P

(
γ̂ℓ,n ∈ Γ, |Ln(γ̂ℓ,n)− L(γ̂ℓ,n)| > Gε

log n√
n

)
≥ P

(
γ̂ℓ,n ∈ Γ, |γ̂ℓ,n − γℓ| > K1 ·

log n√
n

)
, (81)

where, K1 := 2Gε

K , and in (81), we invoke (79). Combined with (79), (81) yields708

P
(
γ̂ℓ,n ∈ Γ, |γ̂ℓ,n − γℓ| > K1 ·

log n√
n

)
≤ ε. (82)

Equations (78), (82) jointly conclude the proof.709
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NeurIPS Paper Checklist710

1. Claims711

Question: Do the main claims made in the abstract and introduction accurately reflect the712

paper’s contributions and scope?713

Answer: [Yes]714

Justification: Yes, the main claims of the paper are accurately reflected in both the abstract715

and introduction. The paper proposes a novel definition for the edge of moment stability716

for SGD processes, and demonstrates our capability to accurately estimate this quantity717

empirically.718

Guidelines:719

• The answer [N/A] means that the abstract and introduction do not include the claims720

made in the paper.721

• The abstract and/or introduction should clearly state the claims made, including the722

contributions made in the paper and important assumptions and limitations. A [No] or723

[N/A] answer to this question will not be perceived well by the reviewers.724

• The claims made should match theoretical and experimental results, and reflect how725

much the results can be expected to generalize to other settings.726

• It is fine to include aspirational goals as motivation as long as it is clear that these goals727

are not attained by the paper.728

2. Limitations729

Question: Does the paper discuss the limitations of the work performed by the authors?730

Answer: [Yes]731

Justification: All theoretical assumptions underlying the SGD setting are explicitly stated732

and discussed in detail in Section ??. These limitations are highlighted through dedicated733

remarks following the main theorems. Additional commentary on open questions and734

potential extensions is provided in the conclusion (Section 5).735

Guidelines:736

• The answer [N/A] means that the paper has no limitation while the answer [No] means737

that the paper has limitations, but those are not discussed in the paper.738

• The authors are encouraged to create a separate “Limitations” section in their paper.739

• The paper should point out any strong assumptions and how robust the results are to740

violations of these assumptions (e.g., independence assumptions, noiseless settings,741

model well-specification, asymptotic approximations only holding locally). The authors742

should reflect on how these assumptions might be violated in practice and what the743

implications would be.744

• The authors should reflect on the scope of the claims made, e.g., if the approach was745

only tested on a few datasets or with a few runs. In general, empirical results often746

depend on implicit assumptions, which should be articulated.747

• The authors should reflect on the factors that influence the performance of the approach.748

For example, a facial recognition algorithm may perform poorly when image resolution749

is low or images are taken in low lighting. Or a speech-to-text system might not be750

used reliably to provide closed captions for online lectures because it fails to handle751

technical jargon.752

• The authors should discuss the computational efficiency of the proposed algorithms753

and how they scale with dataset size.754

• If applicable, the authors should discuss possible limitations of their approach to755

address problems of privacy and fairness.756

• While the authors might fear that complete honesty about limitations might be used by757

reviewers as grounds for rejection, a worse outcome might be that reviewers discover758

limitations that aren’t acknowledged in the paper. The authors should use their best759

judgment and recognize that individual actions in favor of transparency play an impor-760

tant role in developing norms that preserve the integrity of the community. Reviewers761

will be specifically instructed to not penalize honesty concerning limitations.762
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3. Theory assumptions and proofs763

Question: For each theoretical result, does the paper provide the full set of assumptions and764

a complete (and correct) proof?765

Answer: [Yes]766

Justification: All the assumptions can be found in the theorem statements, and are discussed767

in main paper. All the proofs can be found in the appendix.768

Guidelines:769

• The answer [N/A] means that the paper does not include theoretical results.770

• All the theorems, formulas, and proofs in the paper should be numbered and cross-771

referenced.772

• All assumptions should be clearly stated or referenced in the statement of any theorems.773

• The proofs can either appear in the main paper or the supplemental material, but if774

they appear in the supplemental material, the authors are encouraged to provide a short775

proof sketch to provide intuition.776

• Inversely, any informal proof provided in the core of the paper should be complemented777

by formal proofs provided in appendix or supplemental material.778

• Theorems and Lemmas that the proof relies upon should be properly referenced.779

4. Experimental result reproducibility780

Question: Does the paper fully disclose all the information needed to reproduce the main ex-781

perimental results of the paper to the extent that it affects the main claims and/or conclusions782

of the paper (regardless of whether the code and data are provided or not)?783

Answer: [Yes]784

Justification: The complete model specifications along with parameters, are provided in785

Sections C.786

Guidelines:787

• The answer [N/A] means that the paper does not include experiments.788

• If the paper includes experiments, a [No] answer to this question will not be perceived789

well by the reviewers: Making the paper reproducible is important, regardless of790

whether the code and data are provided or not.791

• If the contribution is a dataset and/or model, the authors should describe the steps taken792

to make their results reproducible or verifiable.793

• Depending on the contribution, reproducibility can be accomplished in various ways.794

For example, if the contribution is a novel architecture, describing the architecture fully795

might suffice, or if the contribution is a specific model and empirical evaluation, it may796

be necessary to either make it possible for others to replicate the model with the same797

dataset, or provide access to the model. In general. releasing code and data is often798

one good way to accomplish this, but reproducibility can also be provided via detailed799

instructions for how to replicate the results, access to a hosted model (e.g., in the case800

of a large language model), releasing of a model checkpoint, or other means that are801

appropriate to the research performed.802

• While NeurIPS does not require releasing code, the conference does require all submis-803

sions to provide some reasonable avenue for reproducibility, which may depend on the804

nature of the contribution. For example805

(a) If the contribution is primarily a new algorithm, the paper should make it clear how806

to reproduce that algorithm.807

(b) If the contribution is primarily a new model architecture, the paper should describe808

the architecture clearly and fully.809

(c) If the contribution is a new model (e.g., a large language model), then there should810

either be a way to access this model for reproducing the results or a way to reproduce811

the model (e.g., with an open-source dataset or instructions for how to construct812

the dataset).813

(d) We recognize that reproducibility may be tricky in some cases, in which case814

authors are welcome to describe the particular way they provide for reproducibility.815
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In the case of closed-source models, it may be that access to the model is limited in816

some way (e.g., to registered users), but it should be possible for other researchers817

to have some path to reproducing or verifying the results.818

5. Open access to data and code819

Question: Does the paper provide open access to the data and code, with sufficient instruc-820

tions to faithfully reproduce the main experimental results, as described in supplemental821

material?822

Answer: [Yes]823

Justification: All the codes to reproduce the results can be found anonymously on github as824

well as in the supplemental material.825

Guidelines:826

• The answer [N/A] means that paper does not include experiments requiring code.827

• Please see the NeurIPS code and data submission guidelines (https://neurips.cc/828

public/guides/CodeSubmissionPolicy) for more details.829

• While we encourage the release of code and data, we understand that this might not830

be possible, so [No] is an acceptable answer. Papers cannot be rejected simply for not831

including code, unless this is central to the contribution (e.g., for a new open-source832

benchmark).833

• The instructions should contain the exact command and environment needed to run to834

reproduce the results. See the NeurIPS code and data submission guidelines (https:835

//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.836

• The authors should provide instructions on data access and preparation, including how837

to access the raw data, preprocessed data, intermediate data, and generated data, etc.838

• The authors should provide scripts to reproduce all experimental results for the new839

proposed method and baselines. If only a subset of experiments are reproducible, they840

should state which ones are omitted from the script and why.841

• At submission time, to preserve anonymity, the authors should release anonymized842

versions (if applicable).843

• Providing as much information as possible in supplemental material (appended to the844

paper) is recommended, but including URLs to data and code is permitted.845

6. Experimental setting/details846

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-847

rameters, how they were chosen, type of optimizer) necessary to understand the results?848

Answer: [Yes]849

Justification: All experimental details are provided in Section C.850

Guidelines:851

• The answer [N/A] means that the paper does not include experiments.852

• The experimental setting should be presented in the core of the paper to a level of detail853

that is necessary to appreciate the results and make sense of them.854

• The full details can be provided either with the code, in appendix, or as supplemental855

material.856

7. Experiment statistical significance857

Question: Does the paper report error bars suitably and correctly defined or other appropriate858

information about the statistical significance of the experiments?859

Answer: [Yes]860

Justification: To demonstrate our claims regarding the MEP, we go a step further and provide861

complete Q-Q plots.862

Guidelines:863

• The answer [N/A] means that the paper does not include experiments.864

• The authors should answer [Yes] if the results are accompanied by error bars, confidence865

intervals, or statistical significance tests, at least for the experiments that support the866

main claims of the paper.867
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• The factors of variability that the error bars are capturing should be clearly stated (for868

example, train/test split, initialization, random drawing of some parameter, or overall869

run with given experimental conditions).870

• The method for calculating the error bars should be explained (closed form formula,871

call to a library function, bootstrap, etc.)872

• The assumptions made should be given (e.g., Normally distributed errors).873

• It should be clear whether the error bar is the standard deviation or the standard error874

of the mean.875

• It is OK to report 1-sigma error bars, but one should state it. The authors should876

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis877

of Normality of errors is not verified.878

• For asymmetric distributions, the authors should be careful not to show in tables or879

figures symmetric error bars that would yield results that are out of range (e.g., negative880

error rates).881

• If error bars are reported in tables or plots, the authors should explain in the text how882

they were calculated and reference the corresponding figures or tables in the text.883

8. Experiments compute resources884

Question: For each experiment, does the paper provide sufficient information on the com-885

puter resources (type of compute workers, memory, time of execution) needed to reproduce886

the experiments?887

Answer: [N/A]888

Justification: The experiments are not particularly heavy, taking a few hours at most on a889

modern laptop.890

Guidelines:891

• The answer [N/A] means that the paper does not include experiments.892

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,893

or cloud provider, including relevant memory and storage.894

• The paper should provide the amount of compute required for each of the individual895

experimental runs as well as estimate the total compute.896

• The paper should disclose whether the full research project required more compute897

than the experiments reported in the paper (e.g., preliminary or failed experiments that898

didn’t make it into the paper).899

9. Code of ethics900

Question: Does the research conducted in the paper conform, in every respect, with the901

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?902

Answer: [Yes]903

Justification: The research follows all ethical guidelines. No human data or ethically904

sensitive content is involved.905

Guidelines:906

• The answer [N/A] means that the authors have not reviewed the NeurIPS Code of907

Ethics.908

• If the authors answer [No], they should explain the special circumstances that require a909

deviation from the Code of Ethics.910

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-911

eration due to laws or regulations in their jurisdiction).912

10. Broader impacts913

Question: Does the paper discuss both potential positive societal impacts and negative914

societal impacts of the work performed?915

Answer: [N/A]916

Justification: Since our work is theoretical in nature, we do not anticipate any negative917

impacts, and as such the paper does not include a dedicated speculative discussion of broader918

societal impacts in a separate section.919
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Guidelines:920

• The answer [N/A] means that there is no societal impact of the work performed.921

• If the authors answer [N/A] or [No], they should explain why their work has no societal922

impact or why the paper does not address societal impact.923

• Examples of negative societal impacts include potential malicious or unintended uses924

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations925

(e.g., deployment of technologies that could make decisions that unfairly impact specific926

groups), privacy considerations, and security considerations.927

• The conference expects that many papers will be foundational research and not tied928

to particular applications, let alone deployments. However, if there is a direct path to929

any negative applications, the authors should point it out. For example, it is legitimate930

to point out that an improvement in the quality of generative models could be used to931

generate Deepfakes for disinformation. On the other hand, it is not needed to point out932

that a generic algorithm for optimizing neural networks could enable people to train933

models that generate Deepfakes faster.934

• The authors should consider possible harms that could arise when the technology is935

being used as intended and functioning correctly, harms that could arise when the936

technology is being used as intended but gives incorrect results, and harms following937

from (intentional or unintentional) misuse of the technology.938

• If there are negative societal impacts, the authors could also discuss possible mitigation939

strategies (e.g., gated release of models, providing defenses in addition to attacks,940

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from941

feedback over time, improving the efficiency and accessibility of ML).942

11. Safeguards943

Question: Does the paper describe safeguards that have been put in place for responsible944

release of data or models that have a high risk for misuse (e.g., pre-trained language models,945

image generators, or scraped datasets)?946

Answer: [N/A]947

Justification: The paper does not release any models or datasets with high risk of misuse.948

All released components are synthetic and pose no privacy or safety risk.949

Guidelines:950

• The answer [N/A] means that the paper poses no such risks.951

• Released models that have a high risk for misuse or dual-use should be released with952

necessary safeguards to allow for controlled use of the model, for example by requiring953

that users adhere to usage guidelines or restrictions to access the model or implementing954

safety filters.955

• Datasets that have been scraped from the Internet could pose safety risks. The authors956

should describe how they avoided releasing unsafe images.957

• We recognize that providing effective safeguards is challenging, and many papers do958

not require this, but we encourage authors to take this into account and make a best959

faith effort.960

12. Licenses for existing assets961

Question: Are the creators or original owners of assets (e.g., code, data, models), used in962

the paper, properly credited and are the license and terms of use explicitly mentioned and963

properly respected?964

Answer: [Yes]965

Justification: All baseline methods are standard, and citations to prior work are provided966

with proper attribution and licensing notices.967

Guidelines:968

• The answer [N/A] means that the paper does not use existing assets.969

• The authors should cite the original paper that produced the code package or dataset.970

• The authors should state which version of the asset is used and, if possible, include a971

URL.972
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• The name of the license (e.g., CC-BY 4.0) should be included for each asset.973

• For scraped data from a particular source (e.g., website), the copyright and terms of974

service of that source should be provided.975

• If assets are released, the license, copyright information, and terms of use in the976

package should be provided. For popular datasets, paperswithcode.com/datasets977

has curated licenses for some datasets. Their licensing guide can help determine the978

license of a dataset.979

• For existing datasets that are re-packaged, both the original license and the license of980

the derived asset (if it has changed) should be provided.981

• If this information is not available online, the authors are encouraged to reach out to982

the asset’s creators.983

13. New assets984

Question: Are new assets introduced in the paper well documented and is the documentation985

provided alongside the assets?986

Answer: [Yes]987

Justification: The paper introduces novel concept of the EOMSand its estimation, which is988

theoretically supported with extensive proofs. All the accompanying empirical evidence is989

documented and released via a GitHub repository in anonymized form. Hyperparameters,990

dependencies, and usage instructions are all included.991

Guidelines:992

• The answer [N/A] means that the paper does not release new assets.993

• Researchers should communicate the details of the dataset/code/model as part of their994

submissions via structured templates. This includes details about training, license,995

limitations, etc.996

• The paper should discuss whether and how consent was obtained from people whose997

asset is used.998

• At submission time, remember to anonymize your assets (if applicable). You can either999

create an anonymized URL or include an anonymized zip file.1000

14. Crowdsourcing and research with human subjects1001

Question: For crowdsourcing experiments and research with human subjects, does the paper1002

include the full text of instructions given to participants and screenshots, if applicable, as1003

well as details about compensation (if any)?1004

Answer: [N/A]1005

Justification: The paper does not involve crowdsourcing or human subject research.1006

Guidelines:1007

• The answer [N/A] means that the paper does not involve crowdsourcing nor research1008

with human subjects.1009

• Including this information in the supplemental material is fine, but if the main contribu-1010

tion of the paper involves human subjects, then as much detail as possible should be1011

included in the main paper.1012

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1013

or other labor should be paid at least the minimum wage in the country of the data1014

collector.1015

15. Institutional review board (IRB) approvals or equivalent for research with human1016

subjects1017

Question: Does the paper describe potential risks incurred by study participants, whether1018

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1019

approvals (or an equivalent approval/review based on the requirements of your country or1020

institution) were obtained?1021

Answer: [N/A]1022

Justification: No human subjects are involved in this research.1023

Guidelines:1024
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• The answer [N/A] means that the paper does not involve crowdsourcing nor research1025

with human subjects.1026

• Depending on the country in which research is conducted, IRB approval (or equivalent)1027

may be required for any human subjects research. If you obtained IRB approval, you1028

should clearly state this in the paper.1029

• We recognize that the procedures for this may vary significantly between institutions1030

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1031

guidelines for their institution.1032

• For initial submissions, do not include any information that would break anonymity (if1033

applicable), such as the institution conducting the review.1034

16. Declaration of LLM usage1035

Question: Does the paper describe the usage of LLMs if it is an important, original, or1036

non-standard component of the core methods in this research? Note that if the LLM is used1037

only for writing, editing, or formatting purposes and does not impact the core methodology,1038

scientific rigor, or originality of the research, declaration is not required.1039

Answer: [N/A]1040

Justification: No large language models (LLMs) were used to produce, analyze, or verify1041

the scientific content of this paper. All methods and results are original and independently1042

verified using rigorous mathematical analysis and custom code.1043

Guidelines:1044

• The answer [N/A] means that the core method development in this research does not1045

involve LLMs as any important, original, or non-standard components.1046

• Please refer to our LLM policy in the NeurIPS handbook for what should or should not1047

be described.1048
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