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ABSTRACT. We show that some of the best-known matrix decompositions of some of the best-known
random matrix ensembles give us the unique G-invariant uniform distributions on some of the best-
known manifolds. The eigenvectors distributions of the Gaussian, Laguerre, and Jacobi ensembles
are all given by the uniform distribution on the complete flag manifold. The singular vectors distri-
butions of Ginibre ensembles are given by the uniform distribution on a product of the complete flag
manifold with a Stiefel manifold. Circular ensembles split into two types: The cosine-sine vectors
distributions of circular real, unitary, and quaternionic ensembles are given by the uniform distri-
butions on products of a (partial) flag manifold with copies of the orthogonal, unitary, or compact
symplectic groups. The Autonne—Takagi vectors distributions of circular orthogonal, Lagrangian,
and symplectic ensembles are given by the uniform distributions on Lagrangian Grassmannians.

1. INTRODUCTION

A flag manifold Flag(ki,...,k,, R"™) is the set of all (ki,...,kp)-flags, i.e., nested sequences of
subspaces of dimensions k1 < --- < k;,, in R". It has two noteworthy boundary cases: The p = 1 case
is the Grassmannian or Grassmann manifold, the set of all k-planes, i.e., k-dimensional subspaces,
in R™. The p = n — 1 case is the complete flag manifold where k1 =1, ke = 2,... k1 =n — 1.
These are given special notations:

Gr(k,R") := Flag(k,R"), Flag(R") := Flag(1,2,...,n — 1,R"™).

Closely related is the Stiefel manifold V(k,R™) of k-frames, i.e., ordered orthonormal basis of k-
planes, in R™, which will also play a role in this article.

The set-theoretic description above defines the flag manifold as an abstract manifold. However,
one may also characterize it as a homogeneous space:

Flag(ki, ..., kp,R") = O(n)/(O(kzl) X O(kgy — k1) x -+ x O(kp — kp—1) x O(n — kp)),
or as an embedded submanifold:
Flag(ky,. .., kp, R") = {QAQ" € S*(R™) : Q € O(n)}. (1)

Here A, = diag(aily, ko> @2lky—ky5- - > Opy1lk, 1 —k,) 18 a diagonal matrix with arbitrary, fixed,
and distinct a1, a2, ..., apy+1 € R appearing with multiplicities k1 — ko, k2 — k1, ..., kpy1 — kp where
we set ko := 0 and k,41 = n. We denote the space of n x n real symmetric matrices by S?(R™). The
homogeneous space structure endows Flag(k1, ..., kp, R™) with a unique O(n)-invariant probability
measure (see Section 2). The submanifold structure allows points on Flag(ky,...,k,, R™) to be
uniquely represented as actual matrices (as opposed to equivalence classes of matrices).

A world apart from the flag manifold is the Gaussian Orthogonal Ensemble (GOE), a well-known
probability distribution on S?(R") with density

fGOE(n) (X) = 27%7['7 n(n4+1) 67% tI‘(Xz) .

Write X = QAQT with @ € O(n) and A = diag(\1,...,\,) for an eigenvalue decomposition of

X € S?(R") with eigenvalues ordered A; > --- > ), (or any other fixed prescribed order). For

X ~ GOE(n), both A and @ are random matrices. The distribution of A has been thoroughly

studied. The distribution of ) has however received much less attention. A common belief is that
1
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there is not much to study — the latter is simply the uniform distribution on O(n), its normalized
Haar measure, see [9, p. 1623] and [13, p. 289] for example. This is not quite right. An indication
that it is inaccurate is that @ is evidently not unique, even when the eigenvalues are distinct
and ordered, and all eigenvectors normalized to have unit norm. One may enforce uniqueness on
the matrix of eigenvectors by further requiring that the first row of @) have all entries positive,
as was done in [24, p. 367]; but this is a coordinate-dependent remedy, and describes the GOE
eigenvectors distribution on a strictly smaller subset {Q) € O(n) : ¢1; > 0, j =1,...,n} that is not
even a subgroup.'

We will show in this article that the space underlying this distribution is in fact the complete
flag manifold Flag(R™), and the GOE eigenvectors distribution its unique O(n)-invariant uniform
probability distribution. The treatment in [26, p. 4] gets close to this picture but stops short of
mentioning the complete flag manifold. We highlight two departures from existing works:

(i) The issue above does not happen to the widely known QR decomposition of a random
matrix from the Ginibre Ensemble [25], i.e., an n X n matrix of i.i.d. standard normal
variates. In this case the distribution of the @)-factor is indeed the uniform distribution on
O(n). The reason is that the Q-factor in a QR decomposition A = QR of a generic matrix A
is unique as long as we restrict R to have all diagonal entries positive (or negative). On the
other hand, the Q-factor in an eigenvalue decomposition X = QAQT" of a generic symmetric
matrix X cannot be unique no matter what restriction we impose on A. The typical way
to ensure uniqueness is to impose restrictions on @ itself; but once we do this, as we saw,
we will no longer obtain a distribution defined on all of O(n).

(ii) Our plural nomenclature, i.e., eigenvectors distribution, is deliberate. Existing studies
about the eigenvector distribution of GOE, or, more generally, of Wigner matrices, are
limited to one eigenvector, i.e., a column of @ [19, 26], or even one entry of @ [26]. Here we
study the distribution of the eigenbasis, i.e., the complete set of eigenvectors assembled in a
matrix Q. It turns out that it is easier to study the whole ) than it is to study its column
vectors or its entries in isolation. By using the characterization of flag manifold as a set
of matrices in (1), the matrix of eigenvectors gives a well-defined map S?(R") — Flag(R")
that takes GOE(n) on the former to the uniform distribution on the latter. Indeed, we
will go further to show that one may obtain the unique O(n)-invariant uniform probability
distribution on any flag manifold Flag(ky, ..., kp, R™) in much the same way.

Unsurprisingly, we will see that (ii) applies nearly verbatim when R is replaced by C or H:
The eigenvectors distribution of the Gaussian Unitary Ensemble (GUE) yields the U(n)-invariant
uniform probability distribution on any complex flag manifold Flag(ki,...,kp, C"). Likewise the
eigenvectors distribution of the Gaussian Symplectic Ensemble (GSE) yields the Sp(n)-invariant
uniform probability distribution on any quaternionic flag manifold Flag(k, ..., k,, H"). These will
be discussed alongside (ii) in Section 3 and then extended to the Laguerre and Jacobi ensembles.

In Section 4, we will similarly study the singular vectors distributions of Ginibre ensembles over
R, C, and H, known in the literature by the names Ginibre Orthogonal Ensemble (GINOE), Ginibre
Unitary Ensemble (GINUE), and Ginibre Symplectic Ensemble (GINSE) respectively. These would
also yield the uniform distributions on the real, complex, and quaternionic Stiefel manifolds as a
side product.

We conclude with two sections looking into two kinds of ensembles of quite distinct nature but
both falling under the heading of “circular ensembles.” In Section 5, we discuss the cosine-sine
vectors distributions of the Circular Real Ensemble (CRE), Circular Unitary Ensemble (CUE),
and Circular Quaternion Ensemble (CQE). In Section 6, we discuss the Autonne-Takagi vectors
distributions of the Circular Orthogonal Ensemble (COE), Circular Lagrangian Ensemble (CLE),

IThis issue was also raised in https://mathoverflow.net/a/413187 but with no resolution. Our work here
provides an answer: The eigenvectors should be regarded as points on a flag manifold, not the unitary group.
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and Circular Symplectic Ensemble (CSE). What we call “Circular Lagrangian Ensemble” does not
currently have a name in the existing literature; we will see in Section 6 why this is a fitting name.

We summarize our findings in Table 1. For the uninitiated, all aforementioned terms will be
properly defined in Section 2, complete with pointers to the relevant references.

TABLE 1. Eigen, singular, and cosine-sine vectors distributions of random matrix ensembles

ENSEMBLE OBJECT DISTRIBUTION
GOE(n)/LOE(m,n)/JOE(l,m,n) | eigenvectors Unir (Flag(R™))
GUE(n)/LUE(m,n)/JUE(l,m,n) | eigenvectors UNIF (Flag(C™))
GSE(n)/LSE(m,n)/JSE(l,m,n) | eigenvectors UnIr (Flag(H™))

GINOE(m,n) singular vectors UNIF(V(n,R™) x Flag(R"))

GINUE(m, n) singular vectors UNIF(V(n,C™) x Flag(C"))

GINSE(m,n) singular vectors UNIF(V(n,H™) x Flag(H"))

CRE(n) cosine-sine vectors UNiF(O(k)? x O(n — k) x Flag(1,...,k,R"™%))
CUE(n) cosine-sine vectors UNiF(U(k)? x U(n — k) x Flag(1,...,k,C"%))
CQE(n) cosine-sine vectors UNIF (Sp(k)® x Sp(n — k) x Flag(1, ...,k H"*))
COE(n) Autonne-Takagi vectors | UNir(LGr(R*"))

CLE(n) Autonne-Takagi vectors | UNir(LGr(C*"))

CSE(n) Autonne-Takagi vectors | UNIF(LGr(H?"))

There is a very well-known differential geometric angle of random matrix theory, namely, the
(almost) one-to-one correspondence between symmetric spaces and classical random matrix ensem-
bles [7] dating back to Dyson [6]. We emphasize that this bears little relation to our work here.
Apart from the Lagrangian Grassmannians, none of the other manifolds in Table 1 are symmetric
spaces.

2. MATRICES, MANIFOLDS, AND ENSEMBLES

For easy reference, and to set notations and nomenclature, we will go over some essential back-
ground materials. While most of these are not new, they are not a mere replica of existing literature
and cannot be found in any single source. There is perhaps some value in tabulating them here.

2.1. Quaternions. We treat quaternions in the standard way as x = a+bi+cj+dk with a, b, c,d € R
and 1,j,k denoting the imaginary units. As a reminder, multiplication is given by (a1 + b1i+ c1j +
d1k)(ag + bai+ coj + dok) = (a1ag — biba — c1ca — dida) 4 (a1ba + brag + c1da — dyc2)i+ (a1c2 — bida +
crag + d1ba)j + (a1da + bica — c1be + dyaz2)k; the conjugation of = a + bi + ¢j + dk is defined as
T = a — bi — ¢j — dk; and modulus as |z| := /xZ. We also regard R C C C H in the usual way, i.e.,
as an inclusion of real x-subalgebras.

2.2. Matrices. We write R™*" C™*" H™*" for the set of m X n matrices over the respective
field /skew field. We denote transpose by X' and conjugate transpose by X". Since R ¢ C C H,
there is no ambiguity in writing X" regardless of whether X € C™*" or X € H™*". While
X" = XT for X € R™*" we need both notations as we will have to discuss complex symmetric
matrices as well.

We denote the real vector spaces of real symmetric matrices, complex Hermitian matrices, and
quaternionic self-dual matrices respectively as in the left column below:

SP’R™) = {X e R : X = X"}, O(n) ={Q e R™" . Q"Q = I},
H?(C") = {X e CV": X = X"}, U(n) = {Q € C™": Q"Q = I}, (2)
Q*(H") = {X e H"™": X = X"},  Sp(n)={Q e H"*": Q"Q =1},
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and the real algebraic groups of orthogonal, unitary, and quaternionic unitary matrices as in the
right column above. Note that here Sp(n) = U(2n) N Sp(2n, C) is the compact symplectic group as
opposed to the noncompact one Sp(2n, C).

We define two special matrices

0 I,

Jan = eR™™ and I, =" O
L, 0

0 _In:| e R(m+n)><(m+n). (3)

For X € C?"*?"_we define its symplectic adjoint and Lagrangian adjoint by
X% = —JX"Jo, and X' :=1,,X"I,, (4)

respectively. The vector spaces of complex symmetric matrices, Lagrangian symmetric matrices,
and symplectically symmetric matrices are defined by

SPCM) ={XeCV™: X =X"},
VZ((C2n) — {X c C2n><2n S X = XL}, (5)
Y3(C™) = {X e C*"*": X = X°}

respectively. Observe that S?(C") and Y2(C?") are complex vector spaces but V?(C?") is only a
real vector space.

A delightful fact about quaternionic matrix theory is that the eigenvalue, singular value, and
cosine-sine decompositions can be extended almost verbatim to matrices with quaternionic entries
[27, Theorems 1.4.10, 1.4.11, 1.4.12]. We present these alongside their well-known real and complex
counterparts in Table 2 for easy comparison.

TABLE 2. Matrix decompositions with orderings of eigenvalues Ay > ---

> An,
singular values o1 > --- > O min(m,n)> cosine-sine values ¢; > -+ > ¢p, 51 < -+ < s

-

EIGENVALUE DECOMPOSITION
X eS*R") X =QAQ" QeO0O(n), A=diag(\i,...,\,) € R™*"
X eHACY) X =QAQ" QeUn), A=diag(h,...,\,) € RW™"
X eQ*(H") X =QAQ" Q€ Sp(n),A=diag(A,...,\,) € R™*"
SINGULAR VALUE DECOMPOSITION
Y eR™™ Y =UAVT UecO(m), VeO(n), ¥=diag(oi,...,0min(m,n)) € RT*"
YeCmn Y =UAV" UeUm), VeUm), S=diag(0r,... omnmm) € R
Y eH™" Y =UAV* U €Sp(m),V € Sp(n), ¥ = diag(o1, .. ., Cmmingmm)) € RTX"
COSINE-SINE DECOMPOSITION
0 [VlT 0Ti| U1,V1.€ O(k); Ua, Vs € O(n'— k); C% + 5% = I, o
0 vy C = diag(cy, ..., cx), S =diag(si,...,sk) € [0,1]*

0 ] [le 0 } Uy, Vi € U(k); U, Vo € U(n — k); C% + 52 = I,
o 'l C=diag(c,...,cx), S=diag(sy,...,sk) € [0, 1]F*F

0 | [vp 0 ] Uy, Vi € Sp(k); Uz, Vo € Sp(n — k); C? + S? = I,
o vi'] O =diag(cy,...,cx), S =diag(sy,...,sx) € [0, 1]F*F

AUTONNE-TAKAGI DECOMPOSITION
Z € S%(C") Z=QXQ" QeU(n), ¥=diag(o,...,0,) € RT*"
ZeV2(C™) Z=0Q2Q" QeU(2n),% =diag(oy,...,0m) € RZ¥2"
ZeYACM) Z=QNQ° QeU@2n),S=diag(cr,...,00,) € R

Qeom Q=[5 ]

QeUm) Q=[5 g]

otla(') o(‘DQ OJOQ
oQn oQtn oQn»
=

Qesp(n) Q=[5 7]

I

3
|
)

>
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The Autonne-Takagi decomposition is usually stated for matrices in S?(C"). The existence
of such a decomposition for matrices in Y2(C?") and V2(C?") is, as far as we know, new. We
will establish these in Section 6. We emphasize that they are also distinct from the quaternionic
Autonne-Takagi decomposition in [17] and the QDQ decomposition in [7, p. 16].

The cosine-sine decomposition is likely less familiar to readers and we will add a few words:
Note that it depends on the choice of a k € {1,...,|n/2]}, usually chosen to be k = |[n/2] so
that the I,,_of term is either 1, when n is odd, or nonexistent, when n is even. It is customary to
implicitly regard @ as being partitioned into 2 x 2 blocks of sizes k x k, k x (n — k), (n — k) x k,

and (n — k) x (n — k):
0= [Qn le]
Q21 Q2|

We will call (¢;, s;) € [0,1]? a cosine-sine values pair of @; and a pair of column vectors (u;,v;) in
(U1, V1) or (Ua, Vo) left or right cosine-sine vectors pair of () respectively [12, Section 2.6].

In Table 2, eigenvectors, singular vectors, and cosine-sine vectors are column vectors of matrices
in O(n), U(n), or Sp(n); Autonne-Takagi vectors are column vectors of matrices in U(n) or U(2n).
Thus they automatically have unit 2-norms. This will be an implicit assumption throughout our
article. However, note that even with this unit norm assumption and the imposed ordering of
eigenvalues in Table 2, an eigenvector of a simple eigenvalue (i.e., of multiplicity one) is still not
unique, and is only determined up to scaling by an element of O(1), U(1), or Sp(1), depending
on the field. This scaling indeterminacy is also why one cannot simply regard the eigenvectors
distributions as distributions on O(n), U(n), or Sp(n). Singular vector pairs and cosine-sine vector
pairs suffer from similar scaling indeterminacies that we will discuss in Sections 4 and 5. In short,
the decompositions in Table 2 should be taken as existential results — these decompositions exist,
but they are never unique.

We will adopt standard orderings of the eigen, singular, and cosine-sine values. For later purposes,
in order to get well-defined maps, we will need to consider dense open subsets of matrices with
either distinct eigenvalues, singular values, and cosine-sine values within various sets of matrices.
These will be marked with a subscript x. So

S?(R™) = {X € S*(R") : X has all eigenvalues distinct},
R”*™ ={Y € R™*" : Y has all singular values distinct}, (6)
O,(n) ={Q € O(n) : @ has all cosine-sine values distinct},

and similarly for the other sets of matrices appearing in (2). For reasons that will become clear in
Section 6, Autonne—Takagi values are excluded from the discussion in this paragraph.

2.3. Manifolds. In this article we will identify a manifold with a chosen representation as a sub-
manifold of matrices. For example, the real flag manifold will be identified with its representation
as a submanifold in S2(R"), i.e., replacing “=” with “=" in (1). We emphasize that the “=” here is
not any diffeomorphism but an O(n)-equivariant diffeomorphism, i.e., the natural O(n)-action on
the homogeneous space is preserved. We will call such representations matriz submanifolds [20].

Not every homogeneous space G/H formed out of matrix groups G and H can be represented as a
matrix submanifold, i.e., via a G-equivariant embedding into a space of matrices. For example, the
oriented Grassmannian SO(n)/(SO(k) x SO(n — k)) has no such representation. Nevertheless, the
homogeneous spaces of interest to us do admit representations as matrix submanifolds. We present
a list in Table 3 and henceforth identify the manifold in the first column with its representation as
a matrix submanifold in the last column.

One major theme of Sections 3—6 is in showing that the parameter spaces of eigenvectors, singular
vectors, cosine-sine vectors, or Autonne-Takagi vectors are all matrix submanifolds, i.e., where
points are actual matrices, not equivalence classes of matrices. Another major theme is showing
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TABLE 3. Stiefel, Grassmann, flag, and Lagrangian Grassmann manifolds over R,
C, and H. Here A := diag(l, —I,—x) and A, = diag(a1lr, kg, -+ Opr1dr, 1 —k,)

where aq,...,ap41 are any distinct arbitrary real constants.
MANIFOLD ABSTRACT HOMOGENEOUS SUBMANIFOLD
V(k,R") k-frames in R" O(Mm)/o(n — k) (X eR* . XX =T}
Gr(k,R™) k-planes in R" O(n)/(0(k) x O(n — k)) {QAQT e R™*™: Q € O(n)}
Flag(ki,...,kp,R™) | (k1,...,kp)-flags in R™ O(m)/(O(k1) x - - x O(n — kp)) {QA.QT e R"™" : Q € O(n)}
V(k,C") k-frames in C" U /un - k) {(XeC . X"X =T}
Gr(k,C") k-planes in C™ U /(U(k) x U(n — k)) {QAQ" e C™*" : Q € U(n)}
Flag(ki,...,kp,C") | (k1,...,kp)-flags in C" U(M) /(U(k1) x -+ x U(n — kp)) {QAQ" e C™*™ : Q € U(n)}
V(k, H") k-frames in H" Sp(n)/Sp(n — k) {X e HVF: X"X =1}
Gr(k,H™) k-planes in H" Sp(n) /(Sp(k) x Sp(n — k)) {QAQ" e H"™" : Q € Sp(n)}
Flag(k1,...,kp, H") | (k1,...,kp)-flags in H" Sp(n) /(Sp(k1) x -+ x Sp(n — kp)) | {QALQ" € H"*™ : Q € Sp(n)}
LGr(R?*") Lagrangian subspaces in R*" | U(®)/o(n) {QQT e C™*™: Q € U(n)}
LGr(C*™) Lagrangian subspaces in C?" | Sp(n)/u(n) {QQ" € C***™ . Q € Sp(n)}
LGr(H?™) Lagrangian subspaces in H*" | U(2n)/sp(n) {QQ° € C*** . Q c U(2n)}

that the random matrix ensembles all map to the unique G-invariant distributions on these matrix
submanifolds, as we have alluded to in Table 1.

While the homogeneous space representations in the third column of Table 3 are well known
[14], the matrix submanifold representations in the fourth column are less so [20]; in fact over H
we are unable to find any reference and we will include their proofs in Sections 3. The same goes
for the complex Lagrangian Grassmannian — we will derive its matrix submanifold representation
in Section 6.

Note that in the p = 1 case, choosing A = I, = diag(ly, —I,—1) allows us to embed a
Grassmannian in a compact Lie group:

Gr(k,R") € O(n), Gr(k,C") CU(n), Gr(k,H") C Sp(n).
This consideration essentially makes A = Ij ,,_j a canonical choice. However, no such embedding

is possible when p > 1 and so in this case we allow aq,...,a,+1 € R to be any arbitrary distinct
constants and set

Aa = diag(allkl_ko, ceey aPHIka_kp)
throughout this article. When discussing a flag manifold Flag(ki, ..., kp, R™), we will write
ko == 0; kpt1 :=mn; nj=kj—kj_1,j=1,...p. (7)

As we will be discussing the probability distributions of the manifolds in Table 3, we will need
their volumes with respect to their Riemannian volume forms. In the following, I' denotes the
Gamma function. We will also define

0(r,s) =2"x/* A(,m,B) = []T(Bi/2)
i=l

where r,s € Z, I,m € N, and § € {1,2,4}. The first row of the following table may be found in
[4, Equations 6.5, 5.16, 6.17], from which we derived the subsequent rows using the homogeneous
space characterizations in Table 3.

2.4. Ensembles. In this article, the term “distributions” refers to probability distributions and
the term “ensembles” exclusively refers to distributions on the vector spaces or groups of matrices
appearing in Section 2.2. Specifically,
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TABLE 4. Volumes of manifolds over F = R, C, H.

MANIFOLD R VOLI;:ME H
O(n)/ U(n)/ Sp(n) el ey e
V(k, F) MRt oy k) e
Gr(k, F) 9(0,235:?1)71(711,)&1) me(_l’ﬁg}fiﬁlgf}cz) 9(0785:?1)1()2)&4)
Clth )| ST | it | o
Flag(F™) Lnlnt D) e B Texa
LCr(E?) /I00nan(ort (Lot IESEYESIEE IO 111

(a
(b
(c
(d
(e

) GO
) G
) G
) G
)

E(n), LOE(m,n), JOE(l,m,n) are distributions on S?(R");
UE(n), LUE(m,n), JUE(l,m,n) are distributions on H%(C");
SE(n), LSE(m,n), JSE(I,m,n) are distributions on Q?(H");
INOE(m, n), GINUE(m,n), GINSE(m,n) are distributions on R"*" C™*" H"™*";
CRE(n), CUE(n), CQE(n) are distributions on O(n), U(n), Sp(n);

(f) COE(n), CLE(n), CSE(n) are distributions on LGr(R?"), LGr(C?"), LGr(H?").

GOE/GUE/GSE are collectively called the Gaussian ensembles, or sometimes Hermite ensembles
[8, p. 1127]. LOE/LUE/LSE are collectively called the Laguerre ensembles, or sometimes Wishart
ensembles [22, Definition 3.1.3]. JOE/JUE/JSE are collectively called the Jacobi ensembles, or
sometimes multivariate beta ensembles [22, Definition 3.3.2]. The distributions in (d) are called
Ginibre ensembles [11, p. 752]. Those in (e) and (f) are called circular ensembles [3, p. 1057] in the
literature, except for CLE, which we are proposing as a hitherto missing candidate for the trio in
(f), as we will see in (10).

The ensembles on vector spaces of matrices in (a)—(d) have probability density functions as
shown in Table 5. For Gaussian and Ginibre ensembles, they are routine easy calculations. For
Laguerre and Jacobi ensembles, they may be found in [11, Proposition 3.2.7] and [22, Theorem 3.3.1]
respectively, where the S-multivariate Gamma function [22, Theorem 2.1.11] is given by

VAT 0(s G- 1)3/2)

Jj=1

2(s) =

for 8 € {1,2,4} and any positive half-integer s > (n — 1)/2.
TABLE 5. 8 =1,2,4 corresponds to R, C, H respectively. Note that Y" =Y over R.

ENSEMBLE PROBABILITY DENSITY

GOE/GUE/GSE(n) 9—n/2—Bn(n—1+2/8)/4,— tr(X?)/2

LOE/LUE/LSE(m,n) (Z/B)ﬂmn/grﬁwmm (det X)(m—n+1)/2-1 = tr(X)5/2

r2((l+m n men _
Fﬁ(lnﬁ(;gF )(Bn{;/2) (detX)(l +1)8/2— 1det(I —X)( +1)8/2—1

(ﬁ/2ﬂ.)mn5/2e— tr(YHY)8/2

JOE/JUE/JSE(I,m, n)

GINOE/GINUE/GINSE(m, n)
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Unlike the ensembles (a)—(d) for vector spaces of matrices, the circular ensembles in (e) and
(f) are distributions on groups and homogeneous spaces of matrices respectively. In general, any
locally compact group G has a left-invariant positive measure unique up to scaling by a positive
constant. Any homogeneous space G/H where H is a closed subgroup of G has a positive G-
invariant measure on G/H if and only if the modular function of G, when restricted to H, equals
the modular function of H [10, Theorem 2.51]. This measure is unique up to scaling by a positive
constant. For a compact GG, H is also compact, and thus both are unimodular. Hence we have a
unique probability measure on G/H that is G-invariant [10, Proposition 2.27]. We call this unique
probability measure the wuniform distribution and denote it by UNIF(G/H). We state this as a
proposition for easy reference later.

Proposition 2.1. Let H be a closed subgroup of a compact group G. Then UNIF(G/H) is the
unique distribution on the homogeneous space G/H that is G-invariant.

The circular ensembles are just alternative names for the following uniform distributions:
CRE(n) = UNIF(O(n)), CUE(n) = UNIF(U(n)), CQE(n) = UNIF(Sp(n)),
COE(n) = UNIF(U(n)/ O(n)), CLE(n) = UNIF(Sp(n)/U(n)), CSE(n) = UNIr(U(2n)/Sp(n)).

More generally, for any of the manifolds appearing in Table 3, its uniform distribution is given by
that of its homogeneous space representation (in the third column). The probability densities for
all these uniform distributions are given by the constant function with their respective volume in
Table 4 as normalization constant.

Although we will rely solely on the probability densities in Table 5 for our results in this article,
there is a more common entrywise description for all but three of these ensembles. We include it in
Appendix A for completeness. There are authors (e.g., [11, p. 111]) who use the term “ensembles”
to refer to the distributions of eigenvalues, singular values, or cosine-sine values. We will refrain
from such ambiguity. In fact, these distributions will not appear in our article as we are exclusively
interested in the distributions of eigenvectors, singular vectors, cosine-sine vectors, and Autonne—
Takagi vectors of random matrix ensembles.

(8)

3. EIGENVECTORS DISTRIBUTIONS OF (GAUSSIAN ENSEMBLES

The homogeneous space representations of the manifolds in the third column of Table 3 are all
standard and well-known. The matrix submanifold representations in the fourth column are either
well-known or have appeared in [15, 20] with the quaternionic cases as the only exception. We
will provide a proof for the Stiefel, Grassmann, and flag manifolds here, deferring the Lagrangian
Grassmannian to Section 6.

Proposition 3.1 (Quaternionic Stiefel, Grassmann, flag manifolds). We have Sp(n)-equivariant
diffeomorphisms:

V(k,H") = {X € H"™* : X"X = I} 2 Sp(n)/ Sp(n — k),
Gr(k, H") = {QAQ" € Q*(H") : Q € Sp(n)} = Sp(n)/(Sp(k) x Sp(n — k)),
Flag(ki, ..., ky, H") = {QAQ" € Q*(H") : Q € Sp(n)} = Sp(n)/(Sp(k1) x - -+ x Sp(n — kp)).
Note that we identify these manifold with their matrix representations.

Proof. The unitary symplectic group Sp(n) acts transitively on Flag(ky, ..., k,, H") by conjugation.
The stabilizer of A, is its centralizer

ZSp(n) (Aa) = Sp(kl) X oo X Sp(n — k‘p)

Hence Flag(ki, ..., kp, H") = Sp(n)/(Sp(k1) x --- x Sp(n — kp)). This is an Sp(n)-equivariant
diffeomorphism by construction. The Grassmannian is the p = 1 case. It is also true that Sp(n)
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acts on V(k,H") by left multiplication. Noticing that for any @ € Sp(n), Q[lg] = Qp, where Qg
denotes the first £ columns of @), this action is transitive, and the stabilizer of Hﬂ is

Zsp(n)([lg]) = {diag(Ix, W) : W € Sp(n — k)} = Sp(n — k).
Hence V(k,H") = Sp(n)/Sp(n — k), and this is an Sp(n)-equivalent diffeomorphism. O

From Table 5, the probability densities of the Gaussian ensembles are

D A C ORI )
n TL2
fin(X)=Q2 8 T2 jrg—o

2 5 (nma)e s (X if g — 4,
So GOE(n) is O(n)-invariant, GUE(n) is U(n)-invariant, and GSE(n) is Sp(n)-invariant. A key
to obtaining our result is that the following maps, while not invariant, are equivariant under the
adjoint action of O(n), U(n), and Sp(n).

Definition 3.2. Let 0 < k; < --- < k, < n be integers. We define
Phr,oky + SE(R™) = Flag(ky, ..., kp, R"), X = QAQT,
P,y - HE(C") = Flag(ky, ..., ky, C"), X — QAQ",
vy © Q(H™) = Flag(ky, ..., kp, H"), X = QA.Q",

where X = QAQ" is an eigenvalue decomposition with A; > --- > A, and @ € Sp(n).

While the matrix of eigenvectors () in Definition 3.2 is not uniquely defined, we will see in
Theorem 3.3 that ¢, .k, is nevertheless a well-defined function. Furthermore, ¢y, . x,(X) is also
well-defined as a random matrix as the eigenvalues of a random matrix X in any of these Gaussian
ensembles is simple [11, Proposition 1.3.4]. Formally, using GOE(n) for illustration, X is a matrix-
valued random variable, i.e., a measurable function X : Q — S?(R"), and Pky,...k, 15 defined on
a Zariski open subset of S?(R"). So the random matrix ©ki,...k, (X) is the measurable function
Oky,ky © X 2 0 — Flag(ky, ..., kp, R™). Nevertheless such pedantry appears to be uncommon and
so we will not repeat this below.

We have slightly abused notations and used ¢y, ..k, to denote three different functions in Defi-
nition 3.2. However, their definitions are consistent as S?(R") C H2(C") C Q?(H") and

Flag(ki, . .., kyp, R") C Flag(ky, . .., ky,C") C Flag(ky, . .., ky, H").

So in Definition 3.2 the first function is essentially a restriction of the second, which in turn is
essentially a restriction of the third. This observation will be used in our proofs too: We will
state a result over R, C, and H, but will only prove the quaternionic case, as the real and complex
cases may essentially be obtained by restriction. The observant reader will soon notice that the
noncommutativity of H does not require any special handling in our proofs. The reason is that we
are working with matrices, which are already noncommutative, and the algebra of matrices over H
essentially behaves no differently from that over R and C [27].

The considerations in the last two paragraphs will apply to the rest of our article in the context
of other ensembles and other decompositions. In any proofs that involve both random matrices and
constant matrices, we use A and B to denote the latter for easy distinction; this will also apply to
the rest of our article.

Theorem 3.3 (Gaussian ensembles and flag manifolds). Let 0 < ky < --- < k, < n be integers.
(i) If X ~ GOE(n), then oy, ..k, (X) ~ UNIF(Flag(k1, . .., ky, R™)).
(i) If X ~ GUE(n), then ¢y, .. i, (X) ~ UNIF(Flag(ki, .. ., ky, C")).
(iii) If X ~ GSE(n), then ¢, .k, (X) ~ UNIF(Flag(k1, ..., kp, H")).
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Proof. We identify Sp(1)™ with the subgroup of Sp(n) comprising diagonal matrices whose diagonal
entries are unit quaternions. Let X ~ GSE(n) and the subsequent notations be as in Definition 3.2.
The random matrix of eigenvectors ) takes value in Sp(n) and is uniquely defined up to right
multiplication by D € Sp(1)" almost surely. Since QDA (QD)" = QA.Q", vr, ...k, is well-defined.
For any A € Sp(n), since AQAQ"A" is an eigenvalue decomposition of AX A"

Phoy,. oy (AXAY) = AQAQ"A™ = Appy g, (X) A"

Since GSE(n) is Sp(n)-invariant, X and AXA" have the same distribution, so do @i, .k, (X)
and @, ..k, (AXA"). Hence wg,,  x,(X) and Ay, . x,(X)A" are identically distributed for all
A € Sp(n). By Proposition 2.1, the uniform distribution is the unique probability distribution on
Flag(k1, ..., kp, H") that is Sp(n)-invariant; we must have o, ., (X) ~ UNIF(Flag(kl, ook, H”))
The other two cases follow by restriction as discussed previously. ]

A word about the interpretation of Theorem 3.3 is in order. It says that any increasing sequence
of eigenspaces of X ~ GOE(n),

Span{Ql» s 7qk1} - Span{qla s 7qk2} c.--C Span{(h: .. '>Qk’p}

is uniformly distributed in the space of all (k1,. .., kp)-flags. Here ¢1, ..., ¢, are the column vectors
of ), i.e., the eigenvectors of X.

The most informative special case is when p = n — 1, which yields the distribution of a complete
set of eigenvectors of these random matrices. Note that in this case A, = diag(ay,...,ay) is a
diagonal matrix with n distinct diagonal entries ai,...,a, € R. While the following corollary
follows from Theorem 3.3, we include a proof to explain why eigenvalue-ordered eigenbases are
naturally parameterized by the complete flag manifold.

Corollary 3.4 (Eigenvectors distributions of Gaussian ensembles).

(i) If X ~ GOE(n), then @1, n1(X) ~ UNIF(Flag(R")).
(ii) If X ~ GUE(n), then ¢1,,.n-1(X) ~ UNIF(Flag(C")).
(iii) If X ~ GSE(n), then @12, . n-1(X) ~ UNIF(Flag(H")).

yLyeeey

Proof. As in the proof of Theorem 3.3, any two eigenvectors of X ~ GSE(n) for the same (simple)
eigenvalue differ by an element of Sp(1). It follows that the space of eigenbases is Sp(n)/ Sp(1)™. By
Proposition 3.1, Sp(n)/ Sp(1)™ = Flag(H") with the isomorphism given precisely by [Q] — QA,Q",
where [Q] denote equivalence class. O

The p = 1 special case of Theorem 3.3 deserves special highlight too. In this case, we view the
result as a method to generate uniformly distributed points on the Grassmannian, arguably the
most important flag manifold, using Gaussian ensembles.

Corollary 3.5 (Uniform sampling on Grassmannian). Let 0 < k < n be integers.

(i) If X ~ GOE(n), then ¢i(X) ~ UNIF(Gr(k,R™)).
(ii) If X ~ GUE(n), then ¢(X) ~ UNIF(Gr(k,C")).
(iii) If X ~ GSE(n), then ¢(X) ~ UNIF(Gr(k, H")).

Observant readers might also have noticed that our proof of Theorem 3.3(iii) primarily relies only
on the Sp(n)-invariance of the probability density function for GSE(n). Clearly, we could also have
used the O(n)-invariance of GOE(n) and the U(n)-invariance of GUE(n) to deduce Theorem 3.3(i)
and (ii). This observation shows that the conclusion of Theorem 3.3 would in fact apply to any
random matrix ensemble with G-invariant densities. From Table 5, the probability densities of the
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Laguerre ensembles are
2mn/21‘171l(m/2) (det X)(m—n+1)/2—1e— tr(X)/2  if B=1,
Fhman(X) = 4 1y (det X)™ e X0 if 8 =2,
(1/2)2m‘7111ﬂ%(2m) (det X)2m—2n+le—2tr(X) if /8 = 47
and those of the Jacobi ensembles are
L) ((14+m)/2) )(det X)(l—n+1)/2—1 det(In _ X)(m—n+1)/2—1 if =1,

L/, (m/2
: m -n m—n :
Fhima(X) = { ol (det X)I=" det (I, — X) if B =2,
5 m —2n m—2n :
s (det X) =20+ det(I,, — X )22+t if B = 4.

Clearly the § = 1,2, 4 cases are each invariant under conjugation by O(n), U(n), Sp(n) respectively.
Hence we deduce the following:

Corollary 3.6 (Eigenvectors distributions of Laguerre and Jacobi ensembles). Letl > n andm > n
be positive integers. Let oy, .k, be as in Definition 3.2. Then we have the following:
(i) If X ~ LOE(m,n) or JOE(l,m,n), then ¢y, . k,(X) ~ UNIF(Flag(ki, ..., kp, R™)).
(ii) If X ~ LUE(m,n) or JUE(l,m,n), then ¢y, .k, (X) ~ UNIF(Flag(ki, ..., kp, C")).
(iii) If X ~ LSE(m,n) or JSE(l,m,n), then ¢y, .k, (X) ~ UNIF(Flag(ki, ..., ky, H")).
This shows that the Gaussian, Laguerre, and Jacobi ensembles differ only in their eigenvalues
distributions, but have identical eigenvectors distributions.

4. SINGULAR VECTORS DISTRIBUTIONS OF (GINIBRE ENSEMBLES

As we saw in the last section, the key to the results therein is to guess the “correct” manifold
that parameterizes the eigenvectors. Once we have this, an appropriately chosen map would take
the Gaussian ensemble to the uniform distribution on this manifold. For eigenvectors, the complete
flag manifold is by and large the obvious candidate; furthermore, as we saw in (1) and the last
column of Table 3, it can be readily realized as a matrix submanifold. In this section, we will see
that the “correct” matrix submanifold that parameterizes left and right singular vector pairs would
not be that obvious.

From Table 5, the densities of Ginibre ensembles are given by

(1/27T)mn/267 tr(YTY)/2 if =1,
ima(Y) = § (1/m)mne ) if 8 =2,
(Q/F)anethr(YHY) if 5 — 4.

For our purpose, the only point to note is that GINOE(m, n) is O(m)xO(n)-invariant, GINUE(m, n)
is U(m) x U(n)-invariant, and GINSE(m,n) is Sp(m) x Sp(n)-invariant.

Without loss of generality, we will assume that m > n throughout this section; the m < n case
just follows from applying the results to YT or Y". So any Y ~ GINSE(m,n) has n district singular
values probability one and we arrange them in descending order as in Table 2.

Proposition 4.1 (Singular vectors distributions of Ginibre ensembles I). Let 0 < n < m be integers
and

PR — [V(n,R™) x O
P : CT" — [V(n,C™) x U
P HP — [V(n,H™) x

/o, Y = Vo,
/o Y = [(U, V)],
Sp(n)]/Sp(1)", Y = [(U,V)]sp,
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where the equivalence classes of left and right singular vectors are given by
[(U,V)]o =[(UD,VD)]o for any D € O(1)",
[({U,V)]u=[(UD,VD)]uy for any D € U(1)",
(U, V)]sp = [(UD,VD)]sp for any D € Sp(1)".
Then we have the following:
(i) If Y ~ GINOE(m,n), then (Y) ~ UNIF([V(n,R™) x O(n)]/ O(1)").
(ii) If Y ~ GINUE(m, n), then (Y) ~ UNIF([V(n,C™) x U(n)]/ U(1)").
(iii) If Y ~ GINSE(m,n), then ¢(Y) ~ UNIF([V(n, H™) x Sp(n)]/ Sp(1)™).
Proof. For any (A, B) € Sp(m)xSp(n), Y and AY B" are identically distributed. So the equivalence
classes [(U,V)]sp and [(AU, BV)]sp, are also identically distributed. Since
[V(n, H™) x Sp(n)]/Sp(1)" = [Sp(m) x Sp(n)]/[Sp(m —n) x Sp(1)"],
it follows from Proposition 2.1 that 1(Y) ~ UNIF([V(rn, H™) x Sp(n)]/ Sp(1)"). The R and C cases
are specializations of the result for H. O
There is in fact another isomorphism,
[V(n,H™) x Sp(n)]/Sp(1)" = V(n,H™) x Flag(H"), 9)
embedding the space of (equivalence classes of) left and right singular vectors as a matrix subman-

ifold in H"*(*+") and similarly over R and C. This characterization allows us to avoid quotient
spaces and equivalence classes altogether. We regard the following as our main result of this section.

Theorem 4.2 (Singular vectors distributions of Ginibre ensembles II). Let 0 < n < m be integers
and

E:RM = V(n,R™) x Flag(R"), Y — (UVT, VA, VT),
£:CT" = V(n,C™) x Flag(C"), Y — (UV", VA, VY,
E:H" — V(n,H™) x Flag(H"), Y — (UV", VA, V").
Then we have the following:
(i) If Y ~ GINOE(m,n), then £(Y) ~ UNIF(V(n, R™) x Flag(R")).
(ii) If Y ~ GINUE(m,n), then £(Y') ~ UNIF(V(n,C™) x Flag(C")).
(iii) IfY ~ GINSE(m,n), then £(Y ) UNIF(V(n,H™) x Flag(H")).
Proof. With probability one, the singular value decomposition is unique modulo the equivalence
relation in Proposition 4.1, i.e., [(U,V)]sp = [(UD, VD)]sp for any D € Sp(1)". Since UDD"V" =
UVH" and VA,V = VDA,D"V" we always have a well-defined £(Y). As in all earlier proofs,
it remains to observe that the Sp(m) x Sp(n)-invariance of Y ~ GINSE(m,n) passes on to £(Y),
forcing the distribution of £(Y’) to be the uniform distribution on V(n,H™) x Flag(H"), again a

consequence of the uniqueness in Proposition 2.1. The R and C cases are specializations of the
result for H. g

It follows immediately from Theorem 4.2 that we may obtain the uniform distribution on a Stiefel
manifold by projecting the image of &.

Corollary 4.3 (Uniform sampling on Stiefel manifold). Let 0 < k < n be integers and
p:RY* 5 V(k,RY), YUV,
p:CY* 5 V(k,C"), YUV,
p:HY*Y 5 V(k,HY), Y — UV

Then we have the following:
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(i) If Y ~ GINOE(n, k), then p(Y) ~ UNIF(V(k,R™)).
(ii) If Y ~ GINUE(n, k), then p(Y) ~ UNIF(V(k,C")).
(iii) If Y ~ GINSE(n, k), then p(Y') ~ UNIF(V(k,H")).

5. COSINE-SINE VECTORS DISTRIBUTIONS OF CIRCULAR ENSEMBLES

Evidently, the uniform distributions in (8) fall into two types most clearly seen from the two
hierarchies

O(n) C U(n) C Sp(n) and LGr(R?") C LGr(C?") C LGr(H?"). (10)

Here we will discuss the first trio of circular ensembles, with the second deferred to Section 6. Our
commentary in the beginning of Section 4 is particularly apt for these circular ensembles — figuring
out the “correct” matrix submanifold that parameterizes the left and right cosine-sine vectors pairs
is the trickiest part of this section.

Circular ensembles are uniform distributions and thus their probability densities are constant
functions entirely determined by their respective volume in Table 4. Explicitly, the densities for
CRE(n), CUE(n), CQE(n) are

1,n,1 . _
49(21(,“#1*)) it p=1,
— (].,71,2) 3 —
f5n(Q) = ﬁ@(??—l—l,?n(n—i—l)) if =2, (11)
y(Ln.4) if B =4,

0(2n,4n(n+1))
with respect to the Riemannian volume form of O(n), U(n), and Sp(n) respectively.

Proposition 5.1 (Cosine-sine vectors distributions of circular ensembles I). Let 0 < k < n be
integers and

n:0,(n) = (O(k)? x O(n — k)?)/(0O(1)F x O(n — 2k)), Q — [(U,Vi,Usz, Va)]o,
n:Ug(n) — (U(k) ) ( ko U(n — 2k)) Q — [(U1, V1, Uz, Vo)]u,
1:Sp, (n) = (Sp(k)* x Sp(n — k) )/(Sp( )¥ x Sp(n —2k)), Q> [(Ur, Vi, Uz, Va)]sp,

where the equivalence classes of left and right cosine-sine vectors are defined by
[(U, V1, Us, Va)]o = [(UD, Vi D, Uy diag(D, W), Vo diag(D, W))]o, D € O(1)*, W € O(n — 2k),
[(U1, Vi, Us, Va)]u = [(U1D, Vi D, Us diag(D, W), Va diag(D, W)y, D € U(1)*, W € U(n — 2k),
[(U1, V1,Us, V2)]sp = [(U1D, V1D, Uy diag(D, W), Vo diag(D, W))]sp, D € Sp(l)k, W € Sp(n — 2k).
Then we have the following:
(i) If @ ~ CRE(n), then n(Q) ~ UNIF([O(k)? x O(n — k)?]/[O(1)F x O(n — 2k)]).
(i) If @ ~ CUE(n), then n(Q) ~ UNIF([U(k)? x U(n — k)?]/[U(1)F x U(n — 2k))).
(iii) If @ ~ CQE(n), then n(Q) ~ UNIF ([Sp(k)* x Sp(n — k)?]/[Sp(1)* x Sp(n — 2k)]).
Proof. We remind the reader of the cosine-sine decomposition in Table 2: For any k& < n/2, a
matrix Q € Sp(n) may be decomposed as
Uy 0 ¢ s 0 viPoo
Q=19 © 50 0 VH|”
A0 0 Liw 2
where Uy, V; € Sp(k), U, Vo € Sp(n — k), and C = diag(ey,...,cx),S = diag(si,...,sk) with
ci,8: €01, 2 +st=1forali=1,... k.
For a random matrix @ ~ CQE(n), Uy, Vy,Us, Vo are all random matrices and, with probability

one, we may assume that ¢; < -+ < ¢, and s1 > -+ > s;. For any Ay, By € Sp(k), Az, Ba € Sp(n—
k), the random matrix diag(A;, A2)Q diag(BY, BY) is identically distributed as Q. It follows that
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cosine-sine vectors [(A1U1, B1Vi, AU, BaVa)llsp are identically distributed as [(Ur, Vi, Ua, V)] sp-
Since (A1, A2, B1, B2) € Sp(k) x Sp(k) x Sp(n — k) x Sp(n — k), this shows that the cosine-sine
vectors distribution on the space

[Sp(k) x Sp(k) x Sp(n — k) x Sp(n — k)]/[Sp(1)* x Sp(n — 2k)],
is invariant under the action of Sp(k) x Sp(k) x Sp(n — k) x Sp(n — k). By Proposition 2.1, there
is only one such distribution, implying that

1(Q) ~ UNIF([Sp(k) x Sp(k) x Sp(n — k) x Sp(n — k)]/[Sp(1)* x Sp(n — 2k)]).

The R and C cases are specializations of the result for H. O

As we did with (9) in the last section, here we would also like our parameter space for left and
right cosine-sine vector pairs to be a matrix submanifold, with points that are actual matrices
instead of equivalence classes. We accomplish this with the isomorphism

[Sp(k)? x Sp(n — k)?]/[Sp(1)* x Sp(n — 2k)] = Sp(k)* x Sp(n — k) x Flag(1,...,k,H" ),
and with it we arrive at our main result of this section.

Theorem 5.2 (Cosine-sine vectors distributions of circular ensembles II). Let 0 < k < n be integers
and

0. (n) = O(k)* x O(n — k) x Flag(1,...,k,R"™), Q= (U1 (Va)jy,, Vi (Vo) U2Va, VaAa V),
X(n) ( ) X U(n_k) X Flag(17...,k,(cn_k), Q = (Ul(VQ)Zkﬁvl(VQ)ZmU2V2H7V?AGVQH)7
(

c Sp, (n) = Sp(k)? x Sp(n — k) x Flag(1,..., k5, H" %), Q> (U1 (Va)iy, Vi (Va) iy, UV, VoA V),

where (Va)gk denotes the k x k leading principal submatriz of Va. Then we have the following:
(i) If @ ~ CRE(n), then ((Q) ~ UNIF(O(k)? x O(n — k) x Flag(1, ..., k,R"")).
(ii) If @ ~ CUE(n), then ((Q) ~ UNIF(U(k)? x U(n — k) x Flag(1,...,k,C"")).
(iii) If Q ~ CQE(n), then {(Q) ~ UNIF(Sp(k)? x Sp(n — k) x Flag(1,...,k,H"*)).

Proof. Let Q@ ~ CQE(n). With probability one, (Uy,Vi,Us, Va) is uniquely defined up to the

equivalence relation
[[(Ul, Vl, UQ, Vg)ﬂsp = [[(UlD, VlD, U2 diag(D, A), V2 diag(D, A))]]Sp

for any D € Sp(1)¥ and A € Sp(n — 2k). So ¢(Q) is well-defined as a random matrix. Similar to
the proof of Proposition 5.1, the Sp(n) x Sp(n)-invariance of @ leads us to the Sp(k)? x Sp(n — k)?2-
invariance of ¢(Q), forcing the distribution of the latter to be the uniform distribution on Sp(k)? x
Sp(n — k) x Flag(1,...,k,H**). The R and C cases are specializations of the result for H. O

When n is even and k is chosen to be n/2, the results above take a particularly neat form:

Corollary 5.3 (Cosine-sine vectors distributions of circular ensembles III). Let n = 2k be a positive
integer. Let n and ¢ be as in Proposition 5.1 and Theorem 5.2 respectively.

(i) If @ ~ CRE(n), then n(Q) ~ UNIF(O(k)*/ O(1)¥) and ¢(Q) ~ UNIF(O(k)? x Flag(R¥)).
(i) If @ ~ CUE(n), then n(Q) ~ UNIF(U(k)*/ U(1)¥) and ¢(Q) ~ UNIF(U(k)? x Flag(C*)).
(iii) If @ ~ CQE(n), then n(Q) ~ UNIF(Sp(k)*/Sp(1)¥) and ((Q) ~ UNIF(Sp(k)? x Flag(H")).

6. AUTONNE-TAKAGI VECTORS DISTRIBUTIONS OF CIRCULAR ENSEMBLES

The Autonne-Takagi decompositions and Lagrangian Grassmannians will be important in this
section. So before getting to the circular ensembles, we will need to fill in some gaps in the literature:
(i) The standard Autonne-Takagi decomposition [16, Corollaries 2.2.6(a) and 4.4.4(c)] applies to
complex symmetric matrix but we will need a version for Lagrangian and symplectically symmetric
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matrices. (i) While the matrix submanifold representation for real Lagrangian Grassmannian in
the fourth column of Table 3 is known [1, pp. 929-930], i.e.,

LGr(R*) = U(n)/ O(n) = {QQ" : Q € U(n)},
we will need to establish the complex analogue and (part of) the quaternionic one.

In the case of the complex Lagrangian Grassmannian, there are definitions that deviate from the
one we used [18, pp. 79-80]. A notable example is Arnold’s definition [2], where LGr(C?") is taken
to be the set of Lagrangian subspaces in C?" with respect to the real symplectic form in R*", as
opposed to the complex symplectic form in C?*. The result is that Arnold’s complex Lagrangian
Grassmannian is isomorphic to U(n) instead of Sp(n)/ U(n).

6.1. Complex Lagrangian Grassmannian. We begin with an Autonne-Takagi decomposition
decomposition for X € V(C?"). Recall from (3) that I,,,, = diag(I,, —1I,,).

Proposition 6.1 (Lagrangian Autonne-Takagi decomposition). Let X € C?*2" with X = X*.
Then there exist Q € U(2n) and ¥ = diag(o1, ..., 02,) € R**2" sych that

X = QRQ".

Proof. Let Z = I, , X. Then Z" = X"I,, ,. Since X = X", we have I,, , X = [, , X" = X", ,,
and thus Z = Z". So Z has an eigenvalue decomposition Z = UAU" with U € U(2n) and diagonal
A € R?2n Therefore,

X = InyZ = Ly yUAU" = (I oU) (M) (I n UY).

Now let Q = I,,,U and ¥ = AI, . Clearly, @ € U(2n) and X € R?"*?" is diagonal. Furthermore,
Qt =L, Uy pnInp = In,U" = Q, as required. O

The next result will also be useful for Theorem 6.8.

Lemma 6.2 (U(n) as a subgroup of Sp(n)). Let n be a positive integer. Then

U(n) 2{Q € Sp(n) : @ = I nQlnn} (12)
={Q €Sp(n): Q"Q=1}. (13)

Proof. For convenience, we define the involution
T(Q) = InnQlIny (14)

for any Q € C?*2". So Q' = 7(Q") and the condition in (12) is 7(Q) = Q. Recall that Sp(n) =
U(2n) N Sp(2n,C). Write @ = [ B] € Sp(n). Then 7(Q) = Q implies that Q = diag(A4, D). As
Q € Sp(2n,C), we have Q" J2,Q = J2, and thus

T - 0 A™D
Q J2nQ - |:_DTA 0
Hence ATD = I. As Q € U(2n), we have A"A = I and thus D = A. Hence
{QeSp(n): Q =7(Q)} C {diag(A4, 4) : A € U(n)} = U(n).
We verify that 7diag((A4, A)) = diag(A, A) and so “C” may be replaced by “=" to give (12). It
remains to show that for @) € Sp(n), the conditions Q = 7(Q) and Q"Q = I are equivalent. If
Q = 7(Q), then

QLQ = n,nQHIn,nQ = n,nQHIn,n(In,nQIn,n) = In,nQHQIn,n =1
If QQ = I, then
Q"'7(Q) = Q"LnnQlnpn = Ing(Inn@ Inn) QL = LnnQ QLo = It = 1.
Hence we have (13). O
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Theorem 6.3 (Complex Lagrangian Grassmannian as matrix submanifold). For any positive in-
teger n, we have

LGr(C*") 2 Sp(n)/ U(n) = {QQ" € C*"*?" . Q € Sp(n)} (15)

= Sp(n) NV3(C*") = {X € Sp(n) : X = X"}.

Proof. As an abstract manifold, LGr(C?") is the set of Lagrangian subspaces in C?" with respect
to its standard complex symplectic form. The first diffeomorphism may be found in [5, Proposi-
tion 2.11]. We will establish the remaining two characterizations. Note that 7 in (14) restricts to an

involutive automorphism on Sp(n). By (12), {Q € Sp(n) : @ = 7(Q)} = U(n). Since Sp(n)/ U(n)
and {Q € Sp(n) : 7(Q) = Q~!'} are connected, by [21, Proposition 12] we have

Sp(n)/ U(n) = {Q € Sp(n) : 7(Q) = Q™'} = {QT(Q)™" : Q € Sp(n)}
I I

{X €8Sp(n): X = X"} {QQ": Q € Sp(n)}

as required. O

6.2. Quaternionic Lagrangian Grassmannian. To get an Autonne-Takagi decomposition for
X € Y%(C?"), we will need the following decomposition of complex skew-symmetric matrices, re-

garded variously as a skew-symmetric analog of Autonne-Takagi decomposition [16, Corollary 2.2.6(b)]

or a special case of Youla decomposition [28, p. 694]. Recall from (3) that J, == [ 1(31 _é” ]

Lemma 6.4. Let X € C"*" with X" = —X. Then there exists U € U(n) such that
X = Udiag(ang, N 70'kJ2, 0, v ,O)UT,

where o1, ...,0;, € R, are the nonzero singular values of X and Jo = [? _01].

We emphasize that the following symplectic Autonne—Takagi decomposition differs from both
the quaternionic Autonne—Takagi decomposition in [17] and the QDQ decomposition in [7, p. 16].

Proposition 6.5 (Symplectic Autonne-Takagi decomposition). Let X € C?"*®" with X = X°.
Then there exist Q € U(2n) and ¥ = diag(o1,...,00,) € R**2" such that

X =QXqQ.
Proof. Let Z = Jo, X. Then
7" = X"J3, = (—Jondon) X (= Jap) = —Jon(—Jon X "Jop) = —Jon X° = —Jon X = —Z.
By Lemma 6.4, there exist U € U(2n) and o1, ...,0; > 0 so that
Z =Udiag(o1Ja,...,0%J2,0...,0)U".
Observe that
diag(o1J2, ..., 0%J2,0...,0) = diag(o1,01,...,0%, 0%, 0,...,0)diag(Ja, ..., J2),
and that there exists a permutation matrix P with diag(Js, ..., J2) = PJ, PT. Hence,
X = J5,7Z = J3,U diag(o1,01, . .., 0k, 0%,0,...,0)PJo, PTUT
= (J3,UP)(P" diag(o1,01,...,0k,0%,0,...,0)P) (Jon PTUT). (16)

Let Q = J;,UP. Then

QS = _JQnPTUTJQnJ2n = JQnPTUTv
and clearly @ € U(2n). Let X := P"diag(o1,01,...,0k,0k,0,...,0)P. Noting that conjugation by
a permutation matrix simply permutes the diagonal entries, we see that ¥ = diag(oq,...,09,) €
R?F"XZ" after relabeling of the diagonal entries. Hence the last term in (16) takes the form QX@Q°. O
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Using the symplectic Autonne—Takagi decomposition, we deduce the description of a quaternionic
Lagrangian Grassmannian in the last column of Table 3.

Corollary 6.6 (Quaternionic Lagrangian Grassmannian as matrix submanifold). For any positive
integer n, we have
LGr(H*") = U(2n)/Sp(n) = {QQ° € C***" . Q € U(2n)}
=U2n)NY3(C*) ={X €U(2n) : X = X°}. (17)

Proof. As an abstract manifold, LGr(IH?") is the set of Lagrangian subspaces in H?" with respect to
its standard quaternionic skew-Hermitian form. The first and second isomorphisms may be found
in [5, Proposition 2.32] and [23, Section 1]. It remains to show the alternate characterization in
(17). Let X € U(2n) with X = X°. By Proposition 6.5, we must have X = QXQ* for some
Q@ € U(2n) and ¥ = diag(o1,...,09,) € R?*2" But since X € U(2n), we must also have that
¥ € U(2n), which is only possible if ¥ = I. Hence X = Q@Q°. Conversely, for any @ € U(2n), we
clearly have that QQ° = (QQ°)%, and thus QQ° € U(2n) N Y?(C?"). d

The next result will be useful for Theorem 6.8.
Lemma 6.7 (Sp(n) as a subgroup of U(2n)). For any positive integer n, we have
Sp(n) ={Q € U(2n) : Q°Q = I}
Proof. As Sp(n) = U(2n) N Sp(2n,C), we need to show that the conditions Q"J2,Q = Ja, and
Q°Q = I are equivalent. Suppose Q"J>,Q = Jo,, then
Q°Q = —JonQ J2nQ = —J3, = I.
Conversely, suppose Q°Q = I, then —J5,Q".J2,Q = I. So Q" J2,Q = _Jz_nl = Joy. O
6.3. Distributions on Lagrangian Grassmannians. As in Section 5, the densities of COE(n),

CLE(n), CSE(n) are constant functions determined by their respective volume in Table 4. Explic-
itly,

(1,n,2) . B
\/ﬁo(l—n’,yn(n—l—l))'y(l,n,l) if g =1,

_ vny(1,n,4) . .
95n(Q) = e(n—1,2n(7n+1))7(1,n,2) if g =2,

~(1,2n,2) o
V2n6(1,472)~(1,n,4) if § =4,

with respect to the Riemannian volume form of U(n)/ O(n), Sp(n)/ U(n), and U(2n)/Sp(n) re-
spectively. To the best of our knowledge, the space Sp(n)/ U(n) made a passing appearance in [7,
p. 19] but is otherwise not studied in the random matrix literature. For easy reference, we call it
the circular Lagrangian ensemble in this article.

Theorem 6.8 (Autonne-Takagi vectors distributions of circular ensembles). Let n be a positive
integer and

w : LGr(R*") — U(n)/ O(n), X = [Q]o,
w: LGr(C*) = Sp(n)/U(n), X — [Q]u,
w: LGr(H?") — U(2n)/Sp(n), X — [Qlsp,
where the equivalence classes of Autonne—Takagi vectors are defined by
[Qlo = [@W]o, W €O(n),
[Qlu =[@W]u, W €U(n),
[Qlsp = [@W]sp, W € Sp(n).
Then we have the following:
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(i) If X ~ COE(n), then w(X) ~ UNIF(U(n)/ O(n)).
(ii) If X ~ CLE(n), then w(X) ~ UNIF(Sp(n)/ U(n)).
(iii) If X ~ CSE(n), then w(X) ~ UNIF(U(2n)/Sp(n)).

Proof. We begin with the CSE(n) case. Using the characterization in Corollary 6.6, we let QQ° =
ZZ7° be two Autonne-Takagi decompositions of X € LGr(H?"). Then as (Z"Q)(Z"Q)° = I, we
have that Z"@Q € Sp(n) by Lemma 6.7. Hence w(X) is well-defined. Now let X ~ CSE(n). The
density of CSE(n), being constant, is trivially invariant under any group action. So X and AX A®
are identically distributed for any A € U(2n). Hence so are w(X) and w(AX A%). Let X = QQ* be
an Autonne-Takagi decomposition, noting that ) is now a random matrix. Then

W(AXA®) = w(AQ(AQ)*) = [AQ]sp = A[Q]sp = Aw(X).

So w(X) and Aw(X) are identically distributed. Since this holds for all A € U(2n), it follows from
Proposition 2.1 that w(X) ~ UNIF(U(2n)/ Sp(n)).

The CLE(n) case is similar, with Corollary 6.3 taking the place of Corollary 6.6 and (13) taking
the place of Lemma 6.7, together with corresponding replacement of X*° by X' and U(2n)/Sp(n)
by Sp(n)/ U(n). The COE(n) case is also similar. O

We conclude with a brief mention of the relations between the circular ensembles in this section
with those in Section 5.

Proposition 6.9. Let n be a positive integer. Then we have the following:
(i) If @ ~ CUE(n), then QQT ~ COE(n).

(ii) If Q ~ CQE(n), then QQ"- ~ CLE(n).
(iii) If @ ~ CUE(2n), then QQ* ~ CSE(n).

Proof. We will just prove (ii) as the other two cases are well-known [23, Section 1]. The group
Sp(n) acts on the submanifold characterization of LGr(C?") in (15) via (4,QQ") — AQQ"A" for
any A € Sp(n) and QQ" € LGr(C?"). Let Q ~ CQE(n). Then AQ and @ are identically distributed
for any A € Sp(n). Thus AQQ'A" and QQ" are also identically distributed on LGr(C?"). Since
this holds for all A € Sp(n), we have QQ" ~ CLE(n) by Proposition 2.1. d

7. CONCLUSION

The map that takes a matrix to its matrix of eigen, singular, cosine-sine, or Autonne—Takagi
vectors is often a G-equivariant map between well-known spaces. By representing all spaces as
matrix submanifolds, we may view such a map as taking random matrices to random matrices,
mapping well-known random matrix ensembles to the G-invariant distributions on manifolds of
geometric importance.

Another observation is that the distributions in the last column of Table 1 are all uniform
distributions. This leads us to the interpretation that the matrix decompositions in Table 2 resolve
the randomness in these random matrix ensembles into two parts: a uniform part captured by the
eigen, singular, cosine-sine, or Autonne—Takagi vectors; and a non-uniform part captured by the
eigen, singular, cosine-sine, or Autonne—Takagi values.

The maps in this article are all univariate maps. For example, @1 ,—1 takes one random matrix
X ~ GOE(n) to another random matrix @12 . p—1(X) ~ UNIF (Flag(]R")). We might ask about the
multivariate analogue, in the spirit of free probability. We leave this to future work for interested
readers.

Acknowledgment. We would like to thank Thomas Rongbiao Wang for very helpful discussions
regarding the Lagrangian Grassmannians.
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APPENDIX A. ALTERNATIVE DEFINITIONS OF THE ENSEMBLES

Let Ng(0,02), Nc(0,02), and Ng(0,0?) denote the real, complex, and quaternionic normal dis-
tributions respectively, i.e., with densities

L_o—y*/20° ifg=1, y eR,

fa02(y) = e WP/ if =2 yecC,
e W/ if B =4, y e H,

respectively. One way to view Gaussian, Jacobi, Laguerre, and Gini ensembles is that they are
random matrices that can be generated from the univariate normal distribution:

(i) X ~ GOE(n) iff X is a real symmetric n x n random matrix with independent entries
zi ~Np(0,1), 1<i<n;  ay NNR<O,%), 1<i<j<n.
(ii) X ~ GUE(n) iff X is a complex Hermitian n x n random matrix with independent entries
xi ~ Nr(0,1), 1<i<m; zij; ~Nc(0,1), 1<i<j<n.
(iii) X ~ GSE(n) iff X is a quaternionic self-dual n x n random matrix with independent entries
xi ~ Nr(0,1), 1<i<mn; zi; ~ Np(0,2), 1<i<j<n.
(iv) Y ~ GINOE(m,n) iff Y is a real m x n random matrix with independent entries
yij ~Nr(0,1), 1<i<m,1<j<n.
(v) Y ~ GINUE(m,n) iff Y is a complex m x n random matrix with independent entries
yij ~Nc(0,1), 1<i<m,1<j<n
(vi) Y ~ GINSE(m,n) iff Y is a quaternionic m x n random matrix with independent entries
Yij ~ Nm(0,1), 1<i<m, 1<j<n.
The Laguerre ensembles may be defined in terms of Ginibre ensembles. Let m > n. Then
(vii) H ~ LOE(m,n) iff H is a real symmetric n X n random matrix given by
H=Y"Y
with Y ~ GINOE(m,n).
(viii) H ~ LUE(m,n) iff H is a complex Hermitian n x n random matrix given by
H=Y"Y
with Y ~ GINUE(m, n).
(ix) H ~ LSE(m,n) iff H is a quaternionic self-dual n x n random matrix given by
H=Y"Y
with Y ~ GINSE(m, n).
The Jacobi ensembles may be defined in terms of Ginibre ensembles. Let [ > n and m > n. Then
(x) H ~ JOE(l,m,n) iff H is a real symmetric n X n random matrix given by
H=Y"Y 422?227 2(Y"Y + Z"2)~\/?

with independent Y ~ GINOE(m,n) and Z ~ GINOE(l,n).
(xi) H ~ JUE(l,m,n) iff H is a complex Hermitian n x n random matrix given by

H= (Y'Y +242) 2z 2(Y"Y + 2" 2)~1/?
with independent Y ~ GINUE(m,n) and Z ~ GINUE(l, n).
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(xii) H ~ JSE(l,m,n) iff H is a quaternionic self-dual n x n random matrix given by
H= (Y'Y +2"2) 2z 2(y"Y + 2" 2)~1/?
with independent Y ~ GINSE(m,n) and Z ~ GINSE(l, n).
While the circular real, complex, and quaternionic ensembles do not have entrywise descriptions
in terms of the univariate normal distribution, it follows from Proposition 6.9 that the circular
orthogonal, Lagrangian, and symplectic ensembles may be defined in terms of the circular unitary
and quaternionic ensembles.

(xiii) Z ~ COE(n) iff Z is a complex symmetric unitary n x n random matrix given by

Z=QQ"
with Q ~ CUE(n).
(xiv) Z ~ CLE(n) iff Z is a complex Lagrangian symmetric compact symplectic 2n x 2n random
matrix given by
Z=QQ"
with @ ~ CQE(n).
(xv) Z ~ CSE(n) iff Z is a complex symplectically symmetric unitary 2n x 2n random matrix
given by
Z =Q’
with @ ~ CUE(2n).
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