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Motivation. Consider the following example. Alice is shown a finite number of
movies x1, . . . , xn, each drawn from some set X, and for each pair of movies (xi, xj)
(i < j), she is asked to provide a preference label rij ∈ R indicating her preference for
movie xi over xj (with rij > 0 indicating a preference for movie xi; rij < 0 indicating
a preference for movie xj ; and rij = 0 indicating an equal liking for the two movies).
Say we build a ranking or scoring function f : X → R to predict Alice’s preferences
on new movies in X: the higher the score assigned by f to a movie x, the greater we
predict that Alice will like that movie. Then given a new pair of movies (x, x′) ∈ X×X
for which Alice’s true preference would be r, the error or loss we incur in predicting
her preference for this pair of movies using f can be written as

`(f, (x, x′, r)) = 1(r(f(x)−f(x′))<0) +
1
2
1(f(x)=f(x′))1(r 6=0) , (1)

where 1(φ) is 1 if φ is true and 0 otherwise. In order to design a good ranking function f ,
we need to estimate the error incurred by f on new movies. Under suitable probabilistic
assumptions, we would like to find out whether we can use the observed or empirical
error of f on the movies for which Alice has already provided preferences, to estimate
the error of f in predicting her preferences on new movies.

Problem. More specifically, the problem we are interested in can be described as
follows. There is an instance space X from which instances are drawn, and a set R ⊆ R
from which pair-wise preference labels are drawn. Assume n instances x1, . . . , xn are
drawn randomly and independently according to some (unknown) distribution D on
X, and that for each pair (xi, xj) (i < j), a preference label rij is drawn according
to some (unknown) conditional distribution Q on R. The empirical error of a ranking
function f : X → R on these examples is given by

L̂n(f) =
1(
n
2

) n−1∑
i=1

n∑
j=i+1

`(f, (xi, xj , rij)) . (2)

The expected error of f on a new pair of examples drawn according to the same
distributions is given by

L(f) = E(x,x′)∼D×D
[
Er∼Q(·|(x,x′))

[
`(f, (x, x′, r))

]]
. (3)

Can we estimate the expected error L(f) based on the empirical error L̂n(f)? In
particular, can we derive a large deviation bound that provides an upper bound on
the following probability (for ε > 0):

P
(∣∣∣L̂n(f)− L(f)

∣∣∣ > ε
)
. (4)

1



Impact. Such a bound can be useful in establishing generalization results for ranking
algorithms in machine learning under more general probabilistic assumptions than
those used to derive previous results.

Special Cases. It could be of interest to start with R = {−1, 0, 1}.

Previous Results. Large deviation bounds of the above type are known under the
following probabilistic assumptions:

1. When the preference examples provided by Alice are of the same form as above,
namely movies x1, . . . , xn together with pair-wise preferences rij for each i < j,
but with rij given by

rij = yi − yj ,

where yi denotes a ‘relevance rating’ (e.g. 1 to 5 stars) for movie xi, and where
the movie-rating pairs (xi, yi) are drawn randomly and independently according
to a joint distribution D on X × Y , where Y ⊆ R is the set of possible relevance
ratings. See [1, 2].

2. When the preference examples provided by Alice are of the same form as above,
namely movies x1, . . . , xn together with pair-wise preferences rij for each i < j,
but with rij given by

rij = π(xi, xj) ,

where π : X ×X → R is a deterministic ‘truth’ function, and where the movies
xi are drawn randomly and independently according to a distribution D on X.
See [3].
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