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Preface to the 1996 Edition

The following are natural goals for an aspiring textbook writer of a book like
this one:

1. It should be attractive to first year graduate students from a variety of
engineering and scientific disciplines.

2. The text should be self-contained, assuming only a good undergraduate
background in linear algebra.

3. The students should learn the mathematical basis of the field, as well as
how to build or find good numerical software.

4. Students should acquire practical knowledge for solving real problems
efficiently. In particular, they should know what the state-of-the-art
techniques are in each area, or when to look for them and where to find
them.

5. It should all fit in one semester, since that is what most students have
available for this subject.

The fifth goal is perhaps the hardest to manage. The first edition of these
notes was 215 pages, which did fit into one ambitious semester. This edition
has more than doubled in length, which is certainly too much material for
even a heroic semester. The new material reflects the growth in research in
the field in the last few years, including my own. It also reflects requests from
colleagues for sections on certain topics that were treated lightly or not at all
in the first edition. Notable additions include

e a class homepage with Matlab source code for examples and homework
problems in the text, and pointers to other on-line software and text-
books;

e more pointers in the text to software for all problems, including a sum-
mary of available software for solving sparse linear systems using direct
methods;

e a new chapter on Krylov subspace methods for eigenvalue problems;

e asection on domain decomposition, including both overlapping and nonover-
lapping methods;

X1



xii Preface
e sections on “relative perturbation theory” and corresponding high-accuracy
algorithms for eigenproblems, like Jacobi and qd;

e more detailed performance comparisons of competing least squares and
symmetric eigenvalue algorithms; and

e new homework problems, including many contributed by Zhaojun Bai.

A reasonable one-semester curriculum could consist of the following chap-
ters and sections:

e all of Chapter 1;

Chapter 2, excluding sections 2.2.1, 2.4.3, 2.5, 2.6.3, and 2.6.4;

Chapter 3, excluding section 3.5;

Chapter 4, up to and including section 4.4.5;

Chapter 5, excluding sections 5.2.1, 5.3.5, 5.4 and 5.5; and

Chapter 6, excluding sections 6.3.3, 6.5.5, 6.5.6, 6.6.6, 6.7.2, 6.7.3, 6.7.4,
6.8, 6.9.2, and 6.10.

Homework problems are marked Easy, Medium or Hard, according to their
difficulty. Problems involving significant amounts of programming are marked
“programming” .

Many people have helped contribute to this text, notably Zhaojun Bai,
Alan Edelman, Velvel Kahan, Richard Lehoucq, Beresford Parlett, and many
anonymous referees, all of whom made detailed comments on various parts of
the text. Table 2.2 is taken from the PhD thesis of my student Xiaoye Li. Alan
Edelman at MIT and Martin Gutknecht at ETH Zurich provided hospitable
surroundings at their institutions while this final edition was being prepared.
Many students at Courant, Berkeley, Kentucky and MIT have listened to and
helped debug this material over the years, and deserve thanks. Finally, Kathy
Yelick has contributed scientific comments, latex consulting, and moral support
over more years than either of us expected this project to take.

James Demmel
MIT
September, 1996



Introduction

1.1. Basic Notation

In this course we will refer frequently to matrices, vectors, and scalars. A
matrix will be denoted by an upper case letter such as A, and its (7,7)th
element will be denoted by a;;. If the matrix is given by an expression such
as A+ B, we will write (A + B);j. In detailed algorithmic descriptions we
will sometimes write A(i, j) or use the Matlab [182] notation A(i : j,k : 1) to
denote the submatrix of A lying in rows ¢ through j and columns k through
[. A lower-case letter like x will denote a vector, and its ith element will
be written x;. Vectors will almost always be column vectors, which are the
same as matrices with one column. Lower-case Greek letters (and occasionally
lower-case letters) will denote scalars. R will denote the set of real numbers;
R™, the set of n-dimensional real vectors; and R™*", the set of m-by-n real
matrices. C, C", and C™*"™ denote complex numbers, vectors, and matrices,
respectively. Occasionally we will use the shorthand A™*™ to indicate that A is
an m-by-n matrix. AT will denote the transpose of the matrix A: (AT);; = aj;.
For complex matrices we will also use the conjugate transpose A*: (A*);; = aj;.
Rz and Sz will denote the real and imaginary parts of the complex number
z, respectively. If A is m-by-n, then |A| is the m-by-n matrix of absolute
values of entries of A: (|A|);; = |aij|. Inequalities like |A| < |B| are meant
componentwise: |a;;| < |bs;| for all ¢ and j. We will also use this absolute value
notation for vectors: (|z|); = |z;|. Ends of proofs will be marked by O, and
ends of examples by ¢. Other notation will be introduced as needed.

1.2. Standard Problems of Numerical Linear Algebra

We will consider the following standard problems:

o Linear systems of equations: Solve Ar = b. Here A is a given n-by-n
nonsingular real or complex matrix, b is a given column vector with n
entries, and z is a column vector with n entries that we wish to compute.
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o Least squares problems: Compute the x that minimizes ||Az — b||2. Here
A is m-by-n, b is m-by-1, z is n-by-1, and ||yl = /D |vi|? is called
the two-norm of the vector y. If m > n so that we have more equations
than unknowns, the system is called overdetermined. In this case we
cannot generally solve Ax = b exactly. If m < n, the system is called
underdetermined, and we will have infinitely many solutions.

e Figenvalue problems: Given an n-by-n matrix A, find an n-by-1 nonzero
vector x and a scalar A so that Az = A\x.

e Singular value problems: Given an m-by-n matrix A, find an n-by-1
nonzero vector  and scalar A so that AT Az = A\z. We will see that this
special kind of eigenvalue problem is important enough to merit separate
consideration and algorithms.

We choose to emphasize these standard problems because they arise so
often in engineering and scientific practice. We will illustrate them throughout
the book with simple examples drawn from engineering, statistics, and other
fields. There are also many variations of these standard problems that we will
consider, such as generalized eigenvalue problems Az = ABz (section 4.5) and
“rank-deficient” least squares problems min, ||Az — b||2, whose solutions are
nonunique because the columns of A are linearly dependent (section 3.5).

We will learn the importance of exploiting any special structure our problem
may have. For example, solving an n-by-n linear system costs 2/3n3 floating
point operations if we use the most general form of Gaussian elimination. If we
add the information that the system is symmetric and positive definite, we can
save half the work by using another algorithm called Cholesky. If we further
know the matrix is banded with semibandwidth \/n (i.e., a;; = 0if |i—j| > \/n),
then we can reduce the cost further to O(n?) by using band Cholesky. If we
say quite explicitly that we are trying to solve Poisson’s equation on a square
using a 5-point difference approximation, which determines the matrix nearly
uniquely, then by using the multigrid algorithm we can reduce the cost to O(n),
which is nearly as fast as possible, in the sense that we use just a constant
amount of work per solution component (section 6.4).

1.3. General Techniques

There are several general concepts and techniques that we will use repeatedly:
1. matrix factorizations;
2. perturbation theory and condition numbers;

3. effects of roundoff error on algorithms, including properties of floating
point arithmetic;
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4. analysis of the speed of an algorithm;

5. engineering numerical software.

We discuss each of these briefly below.

1.3.1. Matrix Factorizations

A factorization of the matrix A is a representation of A as a product of several
“simpler” matrices, which make the problem at hand easier to solve. We give
two examples.

EXAMPLE 1.1. Suppose that we want to solve Ax = b. If A is a lower trian-
gular matrix,

an x1 b1
a1  a ) bo
anl an2 .. Gnn Tn, b,

is easy to solve using forward substitution:

fori=1ton

r; = (b — 22;11 aikTy)/ Qg
end for

An analogous idea, back substitution, works if A is upper triangular. To
use this to solve a general system Ax = b we need the following matrix factor-
ization, which is just a restatement of Gaussian elimination.

THEOREM 1.1. If the n-by-n matriz A is nonsingular, there exists a permu-
tation matriz P (the identity matriz with its rows permuted), a nonsingular
lower triangular matriz L, and a nonsingular upper triangular matriz U such
that A= P-L-U. To solve Ax = b, we solve the equivalent system PLUx =b
as follows:

LUz = P~'b = PTb  (permute entries of b),

Uz = L~Y(PTb) (forward substitution),

r=U"YL1PTh) (back substitution).

We will prove this theorem in section 2.3. ¢

EXAMPLE 1.2. The Jordan canonical factorization A = VJV ! exhibits the
eigenvalues and eigenvectors of A. Here V is a nonsingular matrix, whose
columns include the eigenvectors, and J is the Jordan canonical form of A,
a special triangular matrix with the eigenvalues of A on its diagonal. We
will learn that it is numerically superior to compute the Schur factorization
A =UTU*, where U is a unitary matrix (i.e., U’s columns are orthonormal),
and T is upper triangular with A’s eigenvalues on its diagonal. The Schur form
T can be computed faster and more accurately than the Jordan form J. We
discuss the Jordan and Schur factorizations in section 4.2. <
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1.3.2. Perturbation Theory and Condition Numbers

The answers produced by numerical algorithms are seldom exactly correct.
There are two sources of error. First, there may be errors in the input data
to the algorithm, caused by prior calculations or perhaps measurement errors.
Second, there are errors caused by the algorithm itself, due to approximations
made within the algorithm. In order to estimate the errors in the computed
answers from both these sources, we need to understand how much the solution
of a problem is changed (or perturbed) if the input data is slightly perturbed.

EXAMPLE 1.3. Let f(z) be a real-valued continuous function of a real variable
x. We want to compute f(z), but we do not know z exactly. Suppose instead
that we are given 2+ dx and a bound on dx. The best that we can do (without
more information) is to compute f(z + dx) and to try to bound the absolute
error | f(x+dz)— f(x)|. We may use a simple linear approximation to f to get
the error bound f(x + dx) ~ f(x) + dzf'(x), and so the error is |f(z + dz) —
f(@)| =~ [ox| - |f'(x)]. We call |f'(x)| the absolute condition number of f at z.
If |f'(z)| is large enough, then the error may be large even if dz is small; in
this case we call f ill-conditioned at x. <

We say absolute condition number because it provides a bound on the
absolute error |f(xz+ dx) — f(x)| given a bound on the absolute change |dx| in
the input. We will also often use the following essentially equivalent expression
to bound the error:

|[f (& +0z) — f(@)] _ [0x] | f'(z)] - ||
| ()] f @]

This expression bounds the relative error |f(z + dz) — f(z)|/|f(x)| as a multi-
ple of the relative change |dx|/|z| in the input. The multiplier, | f'(z)| - |z|/|f(z)],
is called the relative condition number, or often just condition number for short.

The condition number is all that we need to understand how error in the
input data affects the computed answer: we simply multiply the condition
number by a bound on the input error to bound the error in the computed
solution.

For each problem we consider, we will derive its corresponding condition
number.

1.3.3. Effects of Roundoff Error on Algorithms

To continue our analysis of the error caused by the algorithm itself, we need
to study the effect of roundoff error in the arithmetic, or simply roundoft for
short. We will do so by using a property possessed by most good algorithms:
backward stability. We define it as follows.

If alg(x) is our algorithm for f(x), including the effects of roundoft,
we call alg(z) a backward stable algorithm for f(x) if for all x there
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is a “small” 0z such that alg(z) = f(x + 0z). dz is called the
backward error. Informally, we say that we get the exact answer
(f(x 4 éx)) for a slightly wrong problem (x 4 dx).

This implies that we may bound the error as

error = |alg(z) — f(z)| = | f(z + dz) — f(z)| = |f'(z)] - |6],

the product of the absolute condition number |f/(z)| and the magnitude of
the backward error |dz|. Thus, if alg(-) is backward stable, |dz| is always
small, so the error will be small unless the absolute condition number is large.
Thus, backward stability is a desirable property for an algorithm, and most
of the algorithms that we present will be backward stable. Combined with
the corresponding condition numbers, we will have error bounds for all our
computed solutions.

Proving that an algorithm is backward stable requires knowledge of the
roundoff error of the basic floating point operations of the machine and how
these errors propagate through an algorithm. This is discussed in section 1.5.

1.3.4. Analyzing the Speed of Algorithms

In choosing an algorithm to solve a problem, one must of course consider
its speed (which is also called performance) as well as its backward stability.
There are several ways to estimate speed. Given a particular problem instance,
a particular implementation of an algorithm, and a particular computer, one
can of course simply run the algorithm and see how long it takes. This may
be difficult or time consuming, so we often want simpler estimates. Indeed, we
typically want to estimate how long a particular algorithm would take before
implementing it.

The traditional way to estimate the time an algorithm takes is to count
the flops, or floating point operations, that it performs. We will do this for
all the algorithms we present. However, this is often a misleading time es-
timate on modern computer architectures, because it can take significantly
more time to move the data inside the computer to the place where it is to
be multiplied, say, than it does to actually perform the multiplication. This
is especially true on parallel computers but also is true on conventional ma-
chines such as workstations and PCs. For example, matrix multiplication on
the IBM RS6000/590 workstation can be sped up from 65 Mflops (millions of
floating point operations per second) to 240 Mflops, nearly four times faster,
by judiciously reordering the operations of the standard algorithm (and using
the correct compiler optimizations). We discuss this further in section 2.6.

If an algorithm is iterative, i.e., produces a series of approximations con-
verging to the answer rather than stopping after a fixed number of steps, then
we must ask how many steps are needed to decrease the error to a toler-
able level. To do this, we need to decide if the convergence is linear (i.e.,
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the error decreases by a constant factor 0 < ¢ < 1 at each step so that
lerror;| < c-|error;_1]) or faster, such as quadratic (Jerror;| < c- |error;_1|?). If
two algorithms are both linear, we can ask which has the smaller constant c.
Iterative linear equation solvers and their convergence analysis are the subject
of Chapter 6.

1.3.5. Engineering Numerical Software

Three main issues in designing or choosing a piece of numerical software are
ease of use, reliability, and speed. Most of the algorithms covered in this course
have already been carefully programmed with these three issues in mind. If
some of this existing software can solve your problem, its ease of use may well
outweigh any other considerations such as speed. Indeed, if you need only to
solve your problem once or a few times, it is often easier to use general purpose
software written by experts than to write your own more specialized program.

There are three programming paradigms for exploiting other experts’ soft-
ware. The first paradigm is the traditional software library, consisting of a
collection of subroutines for solving a fixed set of problems, such as solving
linear systems, finding eigenvalues, and so on. In particular, we will discuss
the LAPACK library [10], a state-of-the-art collection of routines available in
Fortran and C. This library, and many others like it, are freely available in
the public domain; see NETLIB on the World Wide Web.! LAPACK provides
reliability and high speed (for example, making careful use of matrix multipli-
cation, as described above) but requires careful attention to data structures
and calling sequences on the part of the user. We will provide pointers to such
software throughout the text.

The second programming paradigm provides a much easier-to-use environ-
ment than libraries like LAPACK, but at the cost of some performance. This
paradigm is provided by the commercial system Matlab [182], among others.
Matlab provides a simple interactive programming environment where all vari-
ables represent matrices (scalars are just 1-by-1 matrices), and most linear al-
gebra operations are available as built-in functions. For example, “C = Ax B”
stores the product of matrices A and B in C, and “A = inv(B)” stores the
inverse of matrix B in A. It is easy to quickly prototype algorithms in Matlab
and to see how they work. But since Matlab makes a number of algorith-
mic decisions automatically for the user, it may perform more slowly than a
carefully chosen library routine.

The third programming paradigm is that of templates, or recipes for as-
sembling complicated algorithms out of simpler building blocks. Templates are
useful when there are a large number of ways to construct an algorithm but no
simple rule for choosing the best construction for a particular input problem;
therefore, much of the construction must be left to the user. An example of
this may be found in Templates for the Solution of Linear Systems: Building

'Recall that we abbreviate the URL prefix http://www.netlib.org to NETLIB in the text.
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Blocks for Iterative Methods [24]; a similar set of templates for eigenproblems
is currently under construction.

1.4. Example: Polynomial Evaluation

We illustrate the ideas of perturbation theory, condition numbers, backward
stability, and roundoff error analysis with the example of polynomial evaluation:

Horner’s rule for polynomial evaluation is

b =aq

for i =d—1 down to 0
p=x*xp+a;

end for

Let us apply this to p(z) = (z—2)° = 2% — 1828 + 14427 — 67225 +20162° —
403224 4 537623 — 460822 + 23042 — 512. In the bottom of Figure 1.1, we see
that near the zero x = 2 the value of p(z) computed by Horner’s rule is quite
unpredictable and may justifiably be called “noise.” The top of Figure 1.1
shows an accurate plot.

To understand the implications of this figure, let us see what would happen
if we tried to find a zero of p(x) using a simple zero finder based on Bisection,
shown below in Algorithm 1.1.

Bisection starts with an interval [2;,, Zpign] in which p(x) changes sign
(P(%10w) - P(Thign) < 0) so that p(x) must have a zero in the interval. Then the
algorithm computes p(xp;q) at the interval midpoint ia = (Tiow + Thigh)/2
and asks whether p(z) changes sign in the bottom half interval |2y, Zmid]
or top half interval [Zmid, Zhign]. Either way, we find an interval of half the
original length containing a zero of p(z). We can continue bisecting until the
interval is as short as desired.

So the decision between choosing the top half interval or bottom half inter-
val depends on the sign of p(2,,;4). Examining the graph of p(x) in the bottom
half of Figure 1.1, we see that this sign varies rapidly from plus to minus as
x varies. So changing Zj,, or xpign just slightly could completely change the
sequence of sign decisions and also the final interval. Indeed, depending on the
initial choices of xjo,, and xp,gp, the algorithm could converge anywhere inside
the “noisy region” from 1.95 to 2.05 (see Question 1.21).

To explain this fully, we return to properties of floating point arithmetic.

ALGORITHM 1.1. Finding zeros of p(x) using Bisection.
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x10-10
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Fig. 1.1. Plot of y = (x — 2)? = 2° — 182% + 1442" — 67225 + 20162° — 4032z* +
537623 — 460822 + 23042 — 512 evaluated at 8000 equispaced points, using y = (x —2)°
(top) and using Horner’s rule (bottom).
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proc bisect (p, Tiow, Thigh, tol)
/* find a root of p(x) = 0 in (0w, Thigh]
assuming p(iow) - p(high) < 0 * /
/* stop if zero found to within ttol x /
Plow = p(xlow)
Phigh = P(Thigh)
while Thigh — Tiow > 2 - tol
Tmid = (Tlow + Thigh)/2
Pmid = p(xmid)
if Piow * Pmia < 0 then /* there is a root in [Tipw, Tmid] */
Thigh = Tmid
Phigh = Pmid
else if Pmid - Phigh < 0 then /* there is a oot in [Tpmid, Thigh] */
Zlow = Tmid
Plow = Pmid
else /* xpiq is a root */
Llow = Tmid
Lhigh = Tmid
end if
end while
root = (xlow + xhigh)/2

1.5. Floating Point Arithmetic

The number —3.1416 may be expressed in scientific notation as follows:

1
- .31416 x 10\

o]

sign fraction base exponent

Computers use a similar representation called floating point, but gener-
ally the base is 2 (with exceptions, such as 16 for IBM 370 and 10 for some
spreadsheets and most calculators). For example, .101019 X 23 = 5.2510.

A floating point number is called normalized if the leading digit of the
fraction is nonzero. For example, .101015 %23 is normalized, but .0101015 x 24 is
not. Floating point numbers are usually normalized, which has two advantages:
each nonzero floating point value has a unique representation as a bit string,
and in binary the leading 1 in the fraction need not be stored explicitly (because
it is always 1), leaving one extra bit for a longer, more accurate fraction.

The most important parameters describing floating point numbers are the
base; the number of digits (bits) in the fraction, which determines the precision;
and the number of digits (bits) in the exponent, which determines the expo-
nent range and thus the largest and smallest representable numbers. Different
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floating point arithmetics also differ in how they round computed results, what
they do about numbers that are too near zero (underflow) or too big (over-
flow), whether +oc0 is allowed, and whether useful nonnumbers are provided
(sometimes called NaNs, indefinites, or reserved operands) are provided. We
discuss each of these below.

First we consider the precision with which numbers can be represented.
For example, .31416 x 10! has five decimal digits, so any information less than
.5 x 107* may have been lost. This means that if = is a real number whose
best five-digit approximation is .31416 x 10!, then the relative representation
error in .31416 x 10 is

|z — 31416 x 10! o _Bx 104

~ .16 x 1074
31416 x 101~ 31416 x 10" %

The maximum relative representation error in a normalized number occurs for
.10000 x 10*, which is the most accurate five-digit approximation of all numbers
in the interval from .999995 to 1.00005. Its relative error is therefore bounded
by .5- 1074, More generally, the mazimum relative representation error in a
floating point arithmetic with p digits and base 3 is .5 x f'~P. This is also half
the distance between 1 and the next larger floating point number, 1 + 3177,

Computers have historically used many different choices of base, number
of digits, and range, but fortunately the IEEE standard for binary arithmetic
is now most common. It is used on SUN, DEC, HP, and IBM workstations
and all PCs. IEEE arithmetic includes two kinds of floating point numbers:
single precision (32 bits long) and double precision (64 bits long).

fraction

| EEE single precision 1 8 * 23
sign exponent

binary point

If s, e, and f < 1 are the 1-bit sign, 8-bit exponent, and 23-bit fraction in

the IEEE single precision format, respectively, then the number represented is

(—1)-2¢7127. (1 + f). The maximum relative representation error is 2724 ~

6 - 1078, and the range of positive normalized numbers is from 27!26 (the

underflow threshold) to 2127 . (2 — 2723) ~ 2128 (the overflow threshold), or

about 10738 to 1038, The positions of these floating point numbers on the real

number line are shown in Figure 1.2 (where we use a 3-bit fraction for ease of
presentation).

| EEE double precision 1 11 * 52

sign exponent fraction

binary point
If s, e, and f < 1 are the 1-bit sign, 11-bit exponent, and 52-bit fraction
in IEEE double precision format, respectively, then the number represented is
(—1)®.2¢71023. (1 4 f). The maximum relative representation error is 27%3 ~
10716, and the exponent range is 271922 (the underflow threshold) to 20?3 .
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2—126 _ 2127* (2_2—23) _
under flow over flow
271 ihreshold threshold
- - -0and +0 - -
2 128 2 124 2 125 ‘ i 2 125 124 2128
v | | | ¢
: [ |HHH | HH\HlHH\Hl\ | | [
B L |HHH | \\HH\'\\\HHL_'/_'\/\/
normalized subnormal normalized
negative numbers positive
numbers numbers

Fig. 1.2. Real number line with floating point numbers indicated by solid tick marks.
The range shown is correct for IEEE single precision, but a 3-bit fraction is assumed
for ease of presentation so that there are only 2> — 1 = T floating point numbers
between consecutive powers of 2, not 223 — 1. The distance between consecutive tick
marks is constant between powers of 2 and doubles/halves across powers of 2 (among
the normalized floating point numbers). +2'2% and —2'28, which are one unit in the
last place larger in magnitude than the overflow threshold (the largest finite floating
point number, 2'127.(2—2723)) are shown as dotted tick marks. The figure is symmetric
about 0; +0 and —0 are distinct floating point bit strings but compare as numerically
equal. Division by zero is the only binary operation that gives different results, +oo
and —oo, for different signed zero arguments.

(2 — 2792) x 21924 (the overflow threshold), or about 107308 to 10398,

When the true value of a computation a ® b (where ® is one of the four
binary operations +, —, %, and /) cannot be represented exactly as a floating
point number, it must be approximated by a nearby floating point number
before it can be stored in memory or a register. We denote this approximation
by fl(a®b). The difference (a®b)—fl(a®b) is called the roundoff error. If fl(a®b)
is a nearest floating point number to a ® b, we say that the arithmetic rounds
correctly (or just rounds). IEEE arithmetic has this attractive property. (IEEE
arithmetic breaks ties, when a ® b is exactly halfway between two adjacent
floating point numbers, by choosing fl(a ® b) to have its least significant bit
zero; this is called rounding to nearest even.) When rounding correctly, if a ©b
is within the exponent range (otherwise we get overflow or underflow), then
we can write

flla®b) = (a®b)(1+9), (1.1)

where |d] is bounded by e, which is called variously machine epsilon, machine
precision, or macheps. Since we are rounding as accurately as possible, ¢ is
equal to the maximum relative representation error .5- 317P. IEEE arithmetic
also guarantees that fi(v/a) = /a(l + 6), with |§] < e. This is the most
common model for roundoff error analysis and the one we will use in this
book. A nearly identical formula applies to complex floating point arithmetic;
see Question 1.12. However, formula (1.1) does ignore some interesting details.

IEEE arithmetic also includes subnormal numbers, i.e., unnormalized float-
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ing point numbers with the minimum possible exponent. These represent tiny
numbers between zero and the smallest normalized floating point number; see
Figure 1.2. Their presence means that a difference fl(x — y) can never be zero
because of underflow, yielding the attractive property that the predicate z =y
is true if and only if fl(x — y) = 0. To incorporate errors caused by underflow
into formula (1.1) one would change it to

flla®b) =(a®b)(1+6)+n,

where |0| < € as before, and || is bounded by a tiny number equal to the
largest error caused by underflow (279 ~ 104 in IEEE single precision and
271075 ~ 107324 in IEEE double precision).

IEEE arithmetic includes the symbols oo and NaN (Not a Number).£00 is
returned when an operation overflows, and behaves according to the following
arithmetic rules: z/+o00 = 0 for any finite floating point number z, /0 = +00
for any nonzero floating point number x, +00 + 0o = +00, etc. An NaN is
returned by any operation with no well-defined finite or infinite result, such as
00 — 00, =, 8, v/—1, NaN ® z, etc.

Whenever an arithmetic operation is invalid and so produces an NaN, or
overflows or divides by zero to produce +oo, or underflows, an exception flag is
set and can later be tested by the user’s program. These features permit one
to write both more reliable programs (because the program can detect and
correct its own exceptions, instead of simply aborting execution) and faster
programs (by avoiding “paranoid” programming with many tests and branches
to avoid possible but unlikely exceptions). For examples, see Question 1.19,
the comments following Lemma 5.3, and [80].

The most expensive error known to have been caused by an improperly
handled floating point exception is the crash of the Ariane 5 rocket of the
European Space Agency on June 4, 1996. See HOME/ariane5rep.html for
details.

Not all machines use IEEE arithmetic or round carefully, although nearly
all do. The most important modern exceptions are those machines produced
by Cray Research,? although future generations of Cray machines may use
IEEE arithmetic.? Since the difference between fl(a ® b) computed on a Cray
and fl(a ® b) computed on an IEEE machine usually lies in the 14th decimal
place or beyond, the reader may wonder whether the difference is important.
Indeed, most algorithms in numerical linear algebra are insensitive to details
in the way roundoff is handled. But it turns out that some algorithms are
easier to design, or more reliable, when rounding is done properly. Here are
two examples.

2We include machines such as the NEC SX-4, which has a “Cray mode” in which it
performs arithmetic the same way. We exclude the Cray T3D and T3E, which are par-
allel computers built from DEC Alpha processors, which use IEEE arithmetic very nearly
(underflows are flushed to zero for speed’s sake).

3Cray Research was purchased by Silicon Graphics in 1996.
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When the Cray C90 subtracts 1 from the next smaller floating point num-
ber, it gets —2747, which is twice the correct answer, —27%8. Getting even
tiny differences to high relative accuracy is essential for the correctness of the
divide-and-conquer algorithm for finding eigenvalues and eigenvectors of sym-
metric matrices, currently the fastest algorithm available for the problem. This
algorithm requires a rather nonintuitive modification to guarantee correctness
on Cray machines (see section 5.3.3).

The Cray may also yield an error when computing arccos(z/+/x? 4 y2)
because excessive roundoff causes the argument of arccos to be larger than 1.
This cannot happen in IEEE arithmetic (see Question 1.17).

To accommodate error analysis on a Cray C90 or other Cray machines we
may instead use the model fl(a+b) = a(1401)+b(1+0d2), fl(axb) = (axb)(1+d3),
and fl(a/b) = (a/b)(1 + 03), with |§;| < e, where ¢ is a small multiple of the
maximum relative representation error.

Briefly, we can say that correct rounding and other features of IEEE arith-
metic are designed to preserve as many mathematical relationships used to
derive formulas as possible. It is easier to design algorithms knowing that
(barring over/underflow) fl(a — b) is computed with a small relative error (oth-
erwise divide-and-conquer can fail), and that —1 < ¢ = fl(z/\/22 +y?) < 1
(otherwise arccos(c) can fail). There are many other such mathematical rela-
tionships that one relies on (often unwittingly) to design algorithms. For more
details about IEEE arithmetic and its relationship to numerical analysis, see
[157, 156, 80].

Given the variability in floating point across machines, how does one write
portable software that depends on the arithmetic? For example, iterative al-
gorithms that we will study in later chapters frequently have loops such as

repeat

update e
until “e is negligible compared to f,”

where e > 0 is some error measure, and f > 0 is some comparison value (see
section 4.4.5 for an example). By negligible we mean “is e < ¢-e- f?,” where
¢ > 1 is some modest constant, chosen to trade off accuracy and speed of con-
vergence. Since this test requires the machine-dependent constant &, this test
has in the past often been replaced by the apparently machine-independent
test “is e+ f = f?7” The idea here is that adding e to f and rounding will
yield f again if e < e¢f or perhaps a little smaller. But this test can fail
(by requiring e to be much smaller than necessary, or than attainable), de-
pending on the machine and compiler used (see the next paragraph). So the
best test indeed uses € explicitly. It turns out that with sufficient care one
can compute £ in a machine-independent way, and software for this is avail-
able in the LAPACK subroutines slamch (for single precision) and dlamch
(for double precision). These routines also compute or estimate the overflow
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threshold (without overflowing!), the underflow threshold, and other parame-
ters. Another portable program that uses these explicit machine parameters
is discussed in Question 1.19.

Sometimes one needs higher precision than is available from IEEE single
or double precision. For example, higher precision is of use in algorithms such
as iterative refinement for improving the accuracy of a computed solution of
Az = b (see section 2.5.1). So IEEE defines another, higher precision called
double extended. For example, all arithmetic operations on an Intel Pentium
(or its predecessors going back to the Intel 8086/8087) are performed in 80-bit
double extended registers, providing 64-bit fractions and 15-bit exponents. Un-
fortunately, not all languages and compilers permit one to declare and compute
with double-extended precision variables.

Few machines offer anything beyond double-extended arithmetic in hard-
ware, but there are several ways in which more accurate arithmetic may be
simulated in software. Some compilers on DEC Vax and DEC Alpha, SUN
Sparc, and IBM RS6000 machines permit the user to declare quadruple preci-
ston (or real*16 or double double precision) variables and to perform computa-
tions with them. Since this arithmetic is simulated using shorter precision, it
may run several times slower than double. Cray’s single precision is similar in
precision to IEEE double, and so Cray double precision is about twice IEEE
double; it too is simulated in software and runs relatively slowly. There are also
algorithms and packages available for simulating much higher precision float-
ing point arithmetic, using either integer arithmetic [20, 21] or the underlying
floating point (see Question 1.18) [202, 216].

Finally, we mention interval arithmetic, a style of computation that au-
tomatically provides guaranteed error bounds. Each variable in an interval
computation is represented by a pair of floating point numbers, one a lower
bound and one an upper bound. Computation proceeds by rounding in such a
way that lower bounds and upper bounds are propagated in a guaranteed fash-
ion. For example, to add the intervals a = [a;, a,] and b = [b;, b,], one rounds
a; + by down to the nearest floating point number, ¢;, and rounds a, + by,
up to the nearest floating point number, ¢,. This guarantees that the inter-
val ¢ = [¢, ¢, contains the sum of any pair of variables from a and from b.
Unfortunately, if one naively takes a program and converts all floating point
variables and operations to interval variables and operations, it is most likely
that the intervals computed by the program will quickly grow so wide (such as
[—00,400]) that they provide no useful information at all. (A simple example
is to repeatedly compute z = z — x when « is an interval; instead of getting
x = 0, the width z, — z; of  doubles at each subtraction.) It is possible to
modify old algorithms or design new ones that do provide useful guaranteed
error bounds [4, 138, 160, 188], but these are often several times as expensive
as the algorithms discussed in this book. The error bounds that we present
in this book are not guaranteed in the same mathematical sense that interval
bounds are, but they are reliable enough in almost all situations. (We discuss
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this in more detail later.) We will not discuss interval arithmetic further in
this book.

1.6. Polynomial Evaluation Revisited

Let us now apply roundoff model (1.1) to evaluating a polynomial with Horner’s
rule. We take the original program,

b =aq

fori=d—1down to 0
p=x-pta;

end for

Then we add subscripts to the intermediate results so that we have a unique
symbol for each one (pg is the final result):

Pad = aq
fori=d—1 down to 0

Pi =T pit1ta
end for

Then we insert a roundoff term (14 4;) at each floating point operation to get

Pba = aq
for i =d —1 down to 0

pi = ((SU ~pi+1)(1 + (51) + CLi)(l + 5;), where ‘5z|7 |(5£| S 15
end for

Expanding, we get the following expression for the final computed value of the
polynomial:

d—1 i—1 d—1

po=> |+ [ +6)A+0)| aa’+ | J]O+8)A+ )| aga?.
i=0 j=0 j=0

This is messy, a typical result when we try to keep track of every rounding error
in an algorithm. We simplify it using the following upper and lower bounds:

. 1
(1+6)-(146) < (1+e)< 1_j€:1+j€+0(52),

(1461)---(1+6) > (1—¢e)f >1— je.

These bounds are correct, provided that je < 1. Typically, we make the
reasonable assumption that je < 1 (j < 107 in IEEE single precision) and
make the approximations

1—je<(+6)---(1+65) <1+ je.
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This lets us write

d
Po = Z(l +6;)a;z", where |5;] < 2de
=0

d
= E a;
1=0

So the computed value py of p(z) is the exact value of a slightly different
polynomial with coefficients @;. This means that evaluating p(x) is “backward
stable,” and the “backward error” is 2de measured as the maximum relation
change of any coefficient of p(z).

Using this backward error bound, we bound the error in the computed
polynomial:

d d
Z(l -+ E)aixi — Zaixi
i=0 i=0

d d
E 0a;xt| < g e2d|a; - '
=0 =0

d
< 2dgz\ai - at.
=0

lpo — p(x)] =

Note that >_. |a;2?| bounds the largest value that we could compute if there
were no cancellation from adding positive and negative numbers, and the error
bound is 2de times smaller. This is also the case for computing dot products
and many other polynomial-like expressions.

By choosing 0; = ¢ - sign(a;z?), we see that the error bound is attainable to
within the modest factor 2d. This means that we may use

d i
> i—o |aiz’]
d .
| 2 im0 @iz’|
as the relative condition number for polynomial evaluation.

We can easily compute this error bound, at the cost of doubling the number
of operations:

p = aq, bp = |ag|
fori=d—1down to 0

p=r-p+a
bp = |z[ - bp + |al
end for

error bound = bp =2d - € - bp

so the true value of the polynomial is in the interval [p — bp,p + bp]|, and the

number of guaranteed correct decimal digits is — log10(|%p\). These bounds are
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plotted in the top of Figure 1.3 for the polynomial discussed earlier, (z — 2)Y.
(The reader may wonder whether roundoff errors could make this computed
error bound inaccurate. This turns out not to be a problem and is left to the
reader as an exercise.)

The graph of —log;, \%p| in the bottom of Figure 1.3, a lower bound on
the number of correct decimal digits, indicates that we expect difficulty com-
puting p(x) to high relative accuracy when p(x) is near 0. What is special
about p(r) = 0?7 An arbitrarily small error € in computing p(z) = 0 causes

an infinite relative error ﬁ = §. In other words, our relative error bound

2de Yo laia’|/| Yo aia’| is infinite.

DEFINITION 1.1. A problem whose condition number is infinite is called ill-
posed. Otherwise it is called well-posed.*

There is a simple geometric interpretation of the condition number: it tells
us how far p(z) is from a polynomial which is ill-posed.

DEFINITION 1.2. Let p(z) = Zfzo a;zt and q(z) = Zfzo bizt. Define the rel-
ative distance d(p,q) from p to q as the smallest value satisfying |a; — b;| <
d(p,q) - la;| for 0 < i < d. (If all a; = 0, then we can more simply write
d(p, q) = maxo<i<q | %)

a;

Note that if a; = 0, then b; must also be zero for d(p, q) to be finite.

THEOREM 1.2. Suppose that p(z) = Z?:o a;z" is not identically zero.

d i
min{d(p, q) such that q(x) = 0} = |2 img @it’|

- L
> im0 laiz]

In other words, the distance from p to the nearest polynomial ¢ whose condition
number at x is infinite is the reciprocal of the condition number of p(x).

Proof. Write q(z) = Y. b;z" = >_(1 + &;)a;2* so that d(p,q) = max; |¢;]. Then

. . d . d .
q(z) = 0 1mplle§ Ip(x)] = la(z) — p(a)| = | Xig x| < 3 ig leiain’] <
max; |g;| Y, |a;x"|, which in turn implies d(p, ¢) = max |;| > |p(x)|/ D, |aix].
To see that there is a ¢ this close to p, choose

—p(z)
> lagz]

“This definition is slightly nonstandard, because ill-posed problems include those whose
solutions are continuous as long as they are nondifferentiable. Examples include multiple
roots of polynomials and multiple eigenvalues of matrices (section 4.3). Another way to
describe an ill-posed problem is one in which the number of correct digits in the solution is
not always within a constant of the number of digits used in the arithmetic in the solution.
For example, multiple roots of polynomials tend to lose half or more of the precision of the
arithmetic.

g = -sign(a;z’). O




18 Applied Numerical Linear Algebra

x10-8

0.8f , JE——

0.6+

ol e (x-2)"9
/ lower bound

1.85 19 1.95 2 2.05 2.1 2.15

.', correct digits
12+
101
8 -
6 -
41
lower bound on number of
correct digits
O | | |
-2 -1 0 1 2 3 4 5 6

Fig. 1.3. Plot of error bounds on the value of y = (x — 2)° evaluated using Horner’s
rule.
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This simple reciprocal relationship between condition number and distance
to the nearest ill-posed problem is very common in numerical analysis, and we
shall encounter it again later.

At the beginning of the introduction we said that we would use canonical
forms of matrices to help solve linear algebra problems. For example, knowing
the exact Jordan canonical form makes computing exact eigenvalues trivial.
There is an analogous canonical form for polynomials, which makes accurate
polynomial evaluation easy: p(x) = aq Hle(:c — ;). In other words, we rep-
resent the polynomial by its leading coefficient a4 and its roots ri,... r,. To
evaluate p(z) we use the obvious algorithm

b =aq
fori=1tod

p=p-(r—r)
end for

It is easy to show the computed p = p(z) - (1 + 4), where |§] < 2dg; i.e., we
always get p(z) with high relative accuracy. But we need the roots of the
polynomial to do this!

1.7. Vector and Matrix Norms

Norms are used to measure errors in matrix computations, so we need to
understand how to compute and manipulate them.
Missing proofs are left as problems at the end of the chapter.

DEFINITION 1.3. Let B be a real (complex) linear space R™ (or C"). It is

normed if there is a function || - || : B — R, which we call a norm, satisfying
all of the following :

1) [|z]| > 0, and ||z|| = 0 if and only if x = 0 (positive definiteness),
2) ||ax| = || - ||x|| for any real (or complex) scalar o (homogene-
ity),

3) llz+yll < |lz|| + |ly|l (the triangle inequality).

EXAMPLE 1.4. The most common norms are ||z|, = (3, [=;[?)'/? for 1 < p <
oo, which we call p-norms, as well as ||z| = max;|z;|, which we call the
oo-norm or infinity-norm. Also, if ||z|| is any norm and C' is any nonsingular
matrix, then ||Cz| is also a norm. ¢

We see that there are many norms that we could use to measure errors; it
is important to choose an appropriate one. For example, let x; = [1,2, 3]T in
meters and o = [1.01,2.01,2.99]7 in meters. Then x5 is a good approximation
to x1 because the relative error % ~.0033, and x3 = [10,2.01,2.99]7 is

a bad approximation because W = 3. But suppose the first component
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is measured in kilometers instead of meters. Then in this norm Z; and Z3 look
close:

.001 .01 |2 23
d1=| 2 |, @3=1201],and 1 1% & 0033
3 2.99 12110
To compare Z; and 3, we should use
1000
2]l = 1 I
1
o

to make the units the same or so that equally important errors make the norm
equally large.

Now we define inner products, which are a generalization of the standard
dot product ), x;y;, and arise frequently in linear algebra.

DEFINITION 1.4. Let B be a real (complex) linear space. (-,-) : B x B — R(C)
is an inner product if all of the following apply :

1) (z,y) = (y,x) (or (y,x)),

2) (z,y +2) = (x,y) + (2, 2),

3) (ax,y) = alz,y) for any real (or complex) scalar «,
4) (z,x) >0, and (z,z) =0 if and only if x = 0.

EXAMPLE 1.5. Over R, (z,y) = y'2 = 3. 2,45, and over C, (z,y) = y*z =
>, x;y; are inner products. (Recall that y* = g7 is the conjugate transpose of
y) ©

DEFINITION 1.5. x and y are orthogonal if (x,y) = 0.

The most important property of an inner product is that it satisfies the
Cauchy—Schwartz inequality. This can be used in turn to show that \/(x, z) is
a norm, one that we will frequently use.

LEMMA 1.1. Cauchy-Schwartz inequality. |[(z,y)| < \/(z,z) - (y,9).
LEMMA 1.2. /(z,x) is a norm.

There is a one-to-one correspondence between inner-products and symmet-
ric (Hermitian) positive definite matrices, as defined below. These matrices
arise frequently in applications.

DEFINITION 1.6. A real symmetric (complex Hermitian) matriz A is positive
definite if 7 Az > 0 (x*Axz > 0) for all x = 0. We abbreviate symmetric
positive definite to s.p.d., and Hermitian positive to h.p.d..
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LEMMA 1.3. Let B = R" (or C") and (-,-) be an inner product. Then there
is an n-by-n s.p.d. (h.p.d.) matriz A such that (z,y) = y* Az (y*Az). Con-
versely, if A is s.p.d (h.p.d.), then yT Az (y*Ax) is an inner product.

The following two lemmas are useful in converting error bounds in terms
of one norm to error bounds in terms of another.

LEMMA 1.4. Let || - ||la and || - ||g be two norms on R™ (or C"). There are
constants ci,co > 0 such that, for all x, ci||z]|o < ||z||g < col|z|la. We also
say that norms || - ||o and || - || are equivalent with respect to constants ¢1 and
Co.
LEMMA 1.5.

|]]2 ]1 villz|2,

< <
lzlloo < Mzl < Vallzlo,
l2lleo <zl < nflzfloo-

In addition to vector norms, we will also need matrix norms to measure
errors in matrices.

DEFINITION 1.7. || - || s a matrix norm on m-by-n matrices if it is a vector
norm on m - n dimensional space:

1) ||Al| > 0 and ||A|| =0 if and only if A =0,
2) [laAll = [af - [ All,
3) 1A+ B[ < (Al +B].

EXAMPLE 1.6. max;; |a;;| is called the maz norm, and (3" |a;;|>)"/? = || A|r
is called the Frobenius norm. <

The following definition is useful for bounding the norm of a product of
matrices, something we often need to do when deriving error bounds.

DEFINITION 1.8. Let || - ||mxn be a matriz norm on m-by-n matrices, | - ||nxp
be a matriz norm on n-by-p matrices, and || - ||mxp be a matriz norm on m-
by-p matrices. These norms are called mutually consistent if ||A - Bl/mxp <
| Allmxn - || Bllnxp, where A is m-by-n and B is n-by-p.

DEFINITION 1.9. Let A be m-by-n, || -
be a vector norm on R™. Then

w be a vector norm on R™, and || -

n
| Az

P
xERM

1A

mn

s called an operator norm or induced norm or subordinate matrix norm.
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The next lemma provides a large source of matrix norms, ones that we will
use for bounding errors.

LEMMA 1.6. An operator norm is a matriz norm.

Orthogonal and unitary matrices, defined next, are essential ingredients of
nearly all our algorithms for least squares problems and eigenvalue problems.

DEFINITION 1.10. A real square matriz Q is orthogonal if Q=1 = Q7. A
complex square matriz is unitary if Q! = Q*.

All rows (or columns) of orthogonal (or unitary) matrices have unit 2-norms
and are orthogonal to one another, since QQT = QTQ =TI (QQ* = Q*Q = I).

The next lemma summarizes the essential properties of the norms and
matrices we have introduced so far. We will use these properties later in the
book.

Lemma 1.7. 1. ||Az| < ||A]l - ||z]| for a vector norm and its corresponding
operator norm, or the vector two-norm and matriz Frobenius norm.

2. [|[AB|| < ||A]| - ||B|| for any operator norm or for the Frobenius norm.
In other words, any operator norm (or the Frobenius norm) is mutually
consistent with itself.

3. The max norm and Frobenius norm are not operator norms.

4. |QAZ|| = ||A|| if Q and Z are orthogonal or unitary for the Frobenius
norm and for the operator norm induced by || - ||2. This is really just the
Pythagorean theorem.

5. ||Aljoc = max,— Hﬁj'[zo =max; ), |a;;| = mazimum absolute row sum.
6. [[A|l1 = max,— |||1|ia‘c‘|11 = ||AT||oc = max; ", |a;j| = mazimum absolute

column sum.

7. ||All2 = max,—¢ Azl _ V Amax(A*A), where A\pax denotes the largest

) llzll2
etgenvalue.

8. [|All2 = A" ]2.

9. ||All2 = max; |A\;(A)| if A is normal, i.e., AA* = A*A.
10. If A is n-by-n, then n=V/2||Al|y < ||Al|1 < n'/2||A|s.
11. If A is n-by-n, then n='/2||Allz < || Alleo < n/?||A|2.
12. If A is n-by-n, then n || Al|oo < || All1 < n||Al|oo-

13. If A is n-by-n, then ||A]j; < ||Allr < n'/2||A]2.
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Proof. We prove part 7 only and leave the rest to the reader.

Since A*A is Hermitian, there exists an eigendecomposition A*A = QAQ*,
with @ a unitary matrix (the columns are eigenvectors), and A = diag(\q, ...,
An), a diagonal matrix containing the eigenvalues, which must all be real.
Note that all A\; > 0 since if one, say A, were negative, we would take ¢ as
its eigenvector and get the contradiction 0 < [|Agql|]3 = qTATAq = ¢"\q =
Alql3 < 0. Therefore

Al = a2 @A (@ QAQ )
#=0 |l ==0 ]2 ©=0 B

B (2 X N 010, Y) L O SE YT
el Tl VS o

2
< max 4/ Amax“ %zg =V Amax

y=0

which is attainable by choosing y to be the appropriate column of the identity
matrix. O

1.8. References and Other Topics for Chapter 1

At the end of each chapter we will list the references most relevant to that
chapter. They are also listed alphabetically in the bibliography at the end. In
addition we will give pointers to related topics not discussed in the main text.

The most modern comprehensive work in this area is by G. Golub and C.
Van Loan [119], which also has an extensive bibliography. A recent undergrad-
uate level or beginning graduate text in this material is by D. Watkins [250].
Another good graduate text is by L. Trefethen and D. Bau [241]. A classic
work that is somewhat dated but still an excellent reference is by J. Wilkinson
[260]. An older but still excellent book at the same level as Watkins is by G.
Stewart [233].

More detailed information on error analysis can be found in the recent book
by N. Higham [147]. Older but still good general references are by J. Wilkinson
[259] and W. Kahan [155].

“What every computer scientist should know about floating point arith-
metic” by D. Goldberg is a good recent survey [117]. IEEE arithmetic is de-
scribed formally in [11, 12, 157] as well as in the reference manuals published
by computer manufacturers. Discussion of error analysis with IEEE arithmetic
may be found in [53, 69, 157, 156] and the references cited therein.

A more general discussion of condition numbers and the distance to the
nearest ill-posed problem is given by the author in [70] as well as in a series
of papers by S. Smale and M. Shub [217, 218, 219, 220]. Vector and matrix
norms are discussed at length in [119, sects. 2.2, 2.3].



24 Applied Numerical Linear Algebra

1.9. Questions for Chapter 1

QUESTION 1.1. (Easy; Z. Bai) Let A be an orthogonal matrix. Show that
det(A) = £1. Show that if B also is orthogonal and det(A) = —det(B), then
A+ B is singular.

QUESTION 1.2. (Easy; Z. Bai) The rank of a matrix is the dimension of the
space spanned by its columns. Show that A has rank one if and only if A = ab”
for some column vectors a and b.

QUESTION 1.3. (FEasy; Z. Bai) Show that if a matrix is orthogonal and trian-
gular, then it is diagonal. What are its diagonal elements?

QUESTION 1.4. (Easy; Z. Bai) A matrix is strictly upper triangular if it is
upper triangular with zero diagonal elements. Show that if A is strictly upper
triangular and n-by-n, then A™ = 0.

QUESTION 1.5. (Easy; Z. Bai) Let || - || be a vector norm on R™ and assume
that C € R™*™. Show that if rank(A) = n, then ||z|c = ||Cz]| is a vector
norm.

QUESTION 1.6. (Easy; Z. Bai) Show that if 0 = s € R™ and E € R"*", then

T 2

SS
E(l—-—
(%)

F

1Es(3

= || E|% —
|EI% - 5,

QUESTION 1.7. (Easy; Z. Bai) Verify that |zy? ||r = |zyf |2 = ||z||2|jy]|2 for
any z,y € C".

QUESTION 1.8. (Medium) One can identify the degree d polynomials p(x) =
Z?:o a;x" with R via the vector of coefficients. Let z be fixed. Let S, be
the set of polynomials with an infinite relative condition number with respect
to evaluating them at x (i.e., they are zero at z). In a few words, describe S,
geometrically as a subset of R4, Let S, (k) be the set of polynomials whose
relative condition number is k or greater. Describe S, (k) geometrically in a
few words. Describe how S, (k) changes geometrically as Kk — oo.

QUESTION 1.9. (Medium; from the 1995 final exam) Consider the figure be-
low. It plots the function y = log(1 + z)/x computed in two different ways.
Mathematically, y is a smooth function of x near z = 0, equaling 1 at 0. But
if we compute y using this formula, we get the plots on the left (shown in the
ranges = € [—1,1] on the top left and z € [-1071%,10715] on the bottom left).
This formula is clearly unstable near = 0. On the other hand, if we use the
algorithm
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d=1+=x
if d =1 then
y=1

y = log(d)/(d — 1)
end if

else

we get the two plots on the right, which are correct near x = 0. Explain this
phenomenon, proving that the second algorithm must compute an accurate
answer in floating point arithmetic. Assume that the log function returns an
accurate answer for any argument. (This is true of any reasonable implemen-
tation of logarithm.) Assume IEEE floating point arithmetic if that makes
your argument easier. (Both algorithms can malfunction on a Cray machine.)

y = log(1+x)/x y = log(1+x)/[(1+x)-1]
3 3
2 2
1 1
0 0
-1 -1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
y = log(1+x)/x y = log(1+x)/[(1+x)-1]
3 3
2 2
1 1
0 0
_1 _
-0.80.60.40.2 0 0.20.40.60.8 -0.80.60.40.2 0 0.20.40.60.8
-15 -15
x 10 x 10

QUESTION 1.10. (Medium) Show that, barring overflow or underflow,
ﬂ(zgzl TiYi) = Zgzl x;yi(1 4+ 6;), where |§;| < de. Use this to prove the
following fact. Let A™*™ and B™*P be matrices, and compute their product
in the usual way. Barring overflow or underflow show that [fl(A-B) — A-B| <
n-e-|A|-|B|. Here the absolute value of a matrix |A| means the matrix with
entries (|A|)i;; = |as;|, and the inequality is meant componentwise.

The result of this question will be used in section 2.4.2, where we analyze
the roundoft errors in Gaussian elimination.
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QUESTION 1.11. (Medium) Let L be a lower triangular matrix and solve Lx =
b by forward substitution. Show that barring overflow or underflow, the com-
puted solution # satisfies (L + dL)& = b, where |8l;;| < nell;;|, where € is the
machine precision. This means that forward substitution is backward stable.
Argue that backward substitution for solving upper triangular systems satisfies
the same bound.

The result of this question will be used in section 2.4.2, where we analyze
the roundoff errors in Gaussian elimination.

QUESTION 1.12. (Medium) In order to analyze the effects of rounding errors,
we have used the following model (see equation (1.1)):

flla®b) = (a®b)(1+56),

where © is one of the four basic operations +, —, *, and /, and |6| < e. To show
that our analyses also work for complex data, we need to prove an analogous
formula for the four basic complex operations. Now § will be a tiny complex
number bounded in absolute value by a small multiple of €. Prove that this
is true for complex addition, subtraction, multiplication, and division. Your
algorithm for complex division should successfully compute a/a ~ 1, where
la| is either very large (larger than the square root of the overflow threshold)
or very small (smaller than the square root of the underflow threshold). Is it
true that both the real and imaginary parts of the complex product are always
computed to high relative accuracy?

QUESTION 1.13. (Medium) Prove Lemma 1.3.
QUESTION 1.14. (Medium) Prove Lemma 1.5.
QUESTION 1.15. (Medium) Prove Lemma 1.6.

QUESTION 1.16. (Medium) Prove all parts except 7 of Lemma 1.7. Hint for
part 8: Use the fact that if X and Y are both n-by-n, then XY and Y X have
the same eigenvalues. Hint for part 9: Use the fact that a matrix is normal if
and only if it has a complete set of orthonormal eigenvectors.

QUESTION 1.17. (Hard; W. Kahan) We mentioned that on a Cray machine
the expression arccos(z/+/x? + y?) caused an error, because roundoff caused
(x/y/x? + y?) to exceed 1. Show that this is impossible using IEEE arithmetic,
barring overflow or underflow. Hint: You will need to use more than the simple
model fl(a ® b) = (a ® b)(1 + ) with |§| small. Think about evaluating v/z2,
and show that, barring overflow or underflow, ﬂ(\/ﬁ ) = z exactly; in numerical
experiments done by A. Liu, this failed about 5% of the time on a Cray YMP.
You might try some numerical experiments and explain them. Extra credit:
Prove the same result using correctly rounded decimal arithmetic. (The proof
is different.) This question is due to W. Kahan, who was inspired by a bug in
a Cray program of J. Sethian.
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QUESTION 1.18. (Hard) Suppose a and b are normalized IEEE double pre-
cision floating point numbers, and consider the following algorithm, running
with IEEE arithmetic:

if (|a| < |b]), swap a and b
s1=a-+b
so=(a—s1)+b

Prove the following facts:

1. Barring overflow or underflow, the only roundoff error committed in run-
ning the algorithm is computing s;1 = fl(a + b). In other words, both
subtractions s; — a and (s; — a) — b are computed ezactly.

2. 81+ 892 = a+b, exactly. This means that ss is actually the roundoff error
committed when rounding the exact value of a + b to get s;.

Thus, this program in effect simulates quadruple precision arithmetic, repre-
senting the true sum a + b as the higher-order bits (s;) and the lower-order
bits (s2).

Using this and similar tricks in a systematic way, it is possible to effi-
ciently simulate all four basic floating point operations in arbitrary precision
arithmetic, using only the underlying floating point instructions and no “bit-
fiddling” [202]. 128-bit arithmetic is implemented this way on the IBM RS6000
and Cray (but much less efficiently on the Cray, which does not have IEEE
arithmetic).

QUESTION 1.19. (Hard; Programming) This question illustrates the challenges
in engineering highly reliable numerical software. Your job is to write a pro-
gram to compute the two-norm s = ||z[s = (31, #2)1/2 given x1,ldots, z,,.

The most obvious (and inadequate) algorithm is

s=0

fori=1ton
s=s+ a:f

endfor

s = sqrt(s)

This algorithm is inadequate because it does not have the following desirable
properties:

1. It must compute the answer accurately (i.e., nearly all the computed
digits must be correct) unless ||x||2 is (nearly) outside the range of nor-
malized floating point numbers.

2. It must be nearly as fast as the obvious program above in most cases.
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3. It must work on any “reasonable” machine, possibly including ones not
running IEEE arithmetic. This means it may not cause an error condi-
tion, unless ||x||2 is (nearly) larger than the largest floating point number.

To illustrate the difficulties, note that the obvious algorithm fails when n =1
and x; is larger than the square root of the largest floating point number (in
which case x% overflows, and the program returns +oo in IEEE arithmetic and
halts in most non-IEEE arithmetics) or when n = 1 and z; is smaller than the
square root of the smallest normalized floating point number (in which case
22 underflows, possibly to zero, and the algorithm may return zero). Scaling
the z; by dividing them all by max; |z;| does not have property 2), because
division is usually many times more expensive than either multiplication or
addition. Multiplying by ¢ = 1/max; |z;| risks overflow in computing ¢, even
when max; |z;| > 0.

This routine is important enough that it has been standardized as a Basic
Linear Algebra Subroutine, or BLAS, which should be available on all machines
[167]. We discuss the BLAS at length in section 2.6.1, and documentation
and sample implementations may be found at NETLIB/blas. In particular,
see NETLIB/cgi-bin/netlibget.pl/blas/snrm2.f for a sample implementation
that has properties 1) and 3) but not 2). These sample implementations are
intended to be starting points for implementations specialized to particular
architectures (an easier problem than producing a completely portable one, as
requested in this problem). Thus, when writing your own numerical software,
you should think of computing ||z||2 as a building block that should be available
in a numerical library on each machine.

For another careful implementation of ||z|2, see [34].

You can extract test code from NETLIB/blas/sblatl to see if your imple-
mentation is correct; all implementations turned in must be thoroughly tested
as well as timed, with times compared to the obvious algorithm above on those
cases where both run. See how close to satisfying the three conditions you can
come; the frequent use of the word “nearly” in conditions (1), (2) and (3)
shows where you may compromise in attaining one condition in order to more
nearly attain another. In particular, you might want to see how much easier
the problem is if you limit yourself to machines running IEEE arithmetic.

Hint: Assume that the values of the overflow and underflow thresholds are
available for your algorithm. Portable software for computing these values is
available (see NETLIB/cgi-bin/netlibget.pl/lapack/util/slamch.f).

QUESTION 1.20. (Easy; Medium) We will use a Matlab program to illustrate
how sensitive the roots of polynomial can be to small perturbations in the
coefficients. The program is available® at HOMEPAGE/Matlab/polyplot.m.

5Recall that we abbreviate the URL prefix of the class homepage to HOMEPAGE in the
text.
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Polyplot takes an input polynomial specified by its roots r and then adds
random perturbations to the polynomial coefficients, computes the perturbed

roots, and plots them. The inputs are
r = vector of roots of the polynomial,

e = maximum relative perturbation to make to each coefficient of
the polynomial,

m = number of random polynomials to generate, whose roots are
plotted.

1. (Easy) The first part of your assignment is to run this program for the
following inputs. In all cases choose m high enough that you get a fairly
dense plot but don’t have to wait too long. m = a few hundred or perhaps
1000 is enough. You may want to change the axes of the plot if the graph
is too small or too large.

e r=(1:10); e = le-3, le-4, le-5, le-6, le-7, 1e-8,
e r=(1:20); e = 1le-9, le-11, 1le-13, le-15,

e r1=[24816,..., 1024]; e=le-1, le-2, 1le-3, le-4 (in this case, use
axis([.1,1e4,-4,4]) and semilogx(real(rl),imag(rl),".”) )
Also try your own example with complex conjugate roots. Which roots
are most sensitive?

2. (Medium) The second part of your assignment is to modify the program
to compute the condition number c(i) for each root. In other words, a
relative perturbation of e in each coefficient should change root r(i) by
at most about e*c(i). Modify the program to plot circles centered at r(i)
with radii e*c(i), and confirm that these circles enclose the perturbed
roots (at least when e is small enough that the linearization used to
derive the condition number is accurate). You should turn in a few plots
with circles and perturbed eigenvalues, and some explanation of what
you observe.

3. (Medium) In the last part, notice that your formula for c(i) “blows up” if
p'(r(i)) = 0. This condition means that r(i) is a multiple root of p(z) = 0.
We can still expect some accuracy in the computed value of a multiple
root, however, and in this part of the question, we will ask how sensitive
a multiple root can be: First, write p(z) = ¢(z) - (z — r(i))™, where
q(r(i)) = 0 and m is the multiplicity of the root r(i). Then compute the
m roots nearest r(i) of the slightly perturbed polynomial p(z) — g(x)e,
and show that they differ from r(i) by |e[*/™. So that if m = 2, for
instance, the root r(i) is perturbed by ¢!/2, which is much larger than
e if |¢|] < 1. Higher values of m yield even larger perturbations. If € is
around machine epsilon and represents rounding errors in computing the
root, this means an m-tuple root can lose all but 1/m-th of its significant
digits.
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QUESTION 1.21. (Medium) Apply Algorithm 1.1, Bisection, to find the roots
of p(z) = (z — 2)? = 0, where p(x) is evaluated using Horner’s rule. Use the
Matlab implementation in HOMEPAGE/Matlab/bisect.m, or else write your
own. Confirm that changing the input interval slightly changes the computed
root drastically. Modify the algorithm to use the error bound discussed in the
text to stop bisecting when the roundoff error in the computed value of p(x)
gets so large that its sign cannot be determined.



Linear Equation Solving

2.1. Introduction

This chapter discusses perturbation theory, algorithms, and error analysis for
solving the linear equation Ax = b. The algorithms are all variations on
Gaussian elimination. They are called direct methods, because in the absence
of roundoff error they would give the exact solution of Ax = b after a finite
number of steps. In contrast, Chapter 6 discusses iterative methods, which
compute a sequence xg, r1, T2, ... of ever better approximate solutions of Ax =
b; one stops iterating (computing the next ;1) when x; is accurate enough.
Depending on the matrix A and the speed with which z; converges to x = A~'b,
a direct method or an iterative method may be faster or more accurate. We
will discuss the relative merits of direct and iterative methods at length in
Chapter 6. For now, we will just say that direct methods are the methods of
choice when the user has no special knowledge about the source® of matrix A
or when a solution is required with guaranteed stability and in a guaranteed
amount of time.

The rest of this chapter is organized as follows. Section 2.2 discusses per-
turbation theory for Az = b; it forms the basis for the practical error bounds
in section 2.4. Section 2.3 derives the Gaussian elimination algorithm for dense
matrices. Section 2.4 analyzes the errors in Gaussian elimination and presents
practical error bounds. Section 2.5 shows how to improve the accuracy of a
solution computed by Gaussian elimination, using a simple and inexpensive
iterative method. To get high speed from Gaussian elimination and other
linear algebra algorithms on contemporary computers, care must be taken to
organize the computation to respect the computer memory organization; this
is discussed in section 2.6. Finally, section 2.7 discusses faster variations of
Gaussian elimination for matrices with special properties commonly arising in
practice, such as symmetry (4 = AT) or sparsity (when many entries of A are
Z€ro).

5For example, in Chapter 6 we consider the case when A arises from approximating the
solution to a particular differential equation, Poisson’s equation.

31
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Sections 2.2.1 and 2.5.1 discuss recent innovations upon which the software
in the LAPACK library depends.

There are a variety of open problems, which we shall mention as we go
along.

2.2. Perturbation Theory

Suppose Az = b and (A + 0A)Z = b+ 6b; our goal is to bound the norm of
dx = & — x. We simply subtract these two equalities and solve for §z: one way
to do this is to take

(A4+5A)(x+dx) = b+b
— [Ar = D]
dAz + (A+06A)x = &b
and rearrange to get
ox = A~Y(—0A% + 6b). (2.1)

Taking norms and using part 1 of Lemma 1.7 as well as the triangle inequality
for vector norms, we get

15[l < [IATHICISA] - [12(] + [|abl])- (2:2)

(We have assumed that the vector norm and matrix norm are consistent, as
defined in section 1.7. For example, any vector norm and its induced matrix
norm will do.) We can further rearrange this inequality to get

loall s (HMH 1ab] )
— < ||A Al - + - . 2.3
e < 1414 Ui+ e 23)

The quantity x(A4) = |[|[A7Y|| - ||A]| is the condition number” of the matrix
l[6z]]
2]

A, because it measures the relative change in the answer as a multiple

of the relative change ””(STf‘”H in the data. (To be rigorous, we need to show

that inequality (2.2) is an equality for some nonzero choice of §A and 6b;
otherwise k(A) would only be an upper bound on the condition number. See
Question 2.3.) The quantity multiplying x(A) will be small if §A and b are
small, yielding a small upper bound on the relative error HII%\\"

The upper bound depends on dz (via &), which makes it seem hard to
interpret, but it is actually quite useful in practice, since we know the computed
solution & and so can straightforwardly evaluate the bound. We can also derive

a theoretically more attractive bound that does not depend on dx as follows:

"More pedantically, it is the condition number with respect to the problem of matrix
inversion. The problem of finding the eigenvalues of A, for example, has a different condition
number.
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LEMMA 2.1. Let || - || satisfy ||AB]|| < ||Al| - ||B]|. Then || X <1 z'mplies that
I — X is invertible, (I — X)~' =32 X' and ||(I — X)) < = IIXH
Proof.  The sum ), X i is said to converge if and only if it converges in
each component. We use the fact (from applying Lemma 1.4 to Example 1.6)
that for any norm, there is a constant ¢ such that |z;;| < ¢- || X]|. We then
get [(X") k| < ¢ [| XY < c- || X% so each component of > X* is dominated by
21” H )H(”*C and must converge. Therefore S,
> o X' converges to some S as n — oo, and (I — X)S, = (I — X)(I +
X+ X2+ 4+ X") =T X" - Tasn — oo, since | X < || X]|? — 0.
Therefore (I — X)S =Tand S = (I - X)L The final bound is ||(I — X)7!|| =
| Zz oXlH <Zz o”XlH <Zz OHXHl: = \XH O
Solving our first equation d Az + (A + JA)dx = &b for dx yields
dx = (A4 6A)"Y(—0Ax + 6b)
= [A(I+ A715A)] Y (—0Ax + 6b)
= (I+A A TA N (—=6Ax + ob).

a convergent geometric series

Taking norms, dividing both sides by ||z||, using part 1 of Lemma 1.7 and the
triangle inequality, and assuming that JA is small enough so that ||[A715A|| <
| A7 - [|6A]l < 1, we get the desired bound:

ox B _ _ ob
Huxn” < T+ ASA) YA (HMIH ’|‘| |’|‘>
jA1) ( b ||>
< 0A| + by Lemma 2.1
T A -rean \PAI
AT (HMH+ a5 )
L= [lA=) - A Bgh \ A Al fll
w(A) (HMH ||6b||>
< i 2.4
T n() T \TAT o 24
since 5] = | Azl| < [|A] - ]l

This bound expresses the relative error % in the solution as a multiple

of the relative errors % and HII(SbeIH in the input. The multiplier, x(A)/(1 —

R(A)%), is close to the condition number x(A) if |0 A|| is small enough.
The next theorem explains more about the assumption that [|A71||-||§A| =

k(A) - ”‘m‘” < 1: it guarantees that A + 0A is nonsingular, which we need for

dx to exist. It also establishes a geometric characterization of the condition

number.
THEOREM 2.1. Let A be nonsingular. Then

1 !
1A= 2 - (Al w(A)

0A
min{ 194l A+ A singular} =
1A]l2
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Therefore, the distance to the nearest singular matriz (ill-posed problem) =
1

condition number *

Proof. 1t is enough to show min {||0Al|2 : A+ dA singular} = ﬁ.
ﬁ, note that if ||0A]l2 < ﬁ,
then 1> ||§A||2 - [[A7Y|2 > [|A710A]|2, so Lemma 2.1 implies that I + A~15A
is invertible, and so A 4+ d A is invertible.

To show the minimum equals ﬁ, we construct a dA of norm ﬁ

To show this minimum is at least

such that A + §A is singular. Note that since ||A7!||s = max,—g ”A”;IH;CHQ,
there exists an = such that ||z = 1 and ||[A7!|]2 = ||[A7'z|2 > 0. Now let
- A1 o A1 o - T
Y= TATal; = AT 5° llyll2 =1. Let A = 7”;5?{“2.
Then
lzy™ 2|2 ly"2l 2 1
|0A]|2 = max —————"— = max — =
=0 [|A7 |2 [lzlla - ==0 [lzll2 1A= 2 AT 2

where the maximum is attained when z is any nonzero multiple of y, and A+JA
is singular because

T
xy'y z z
(A+d5A)y = Ay — — = — — — =
A= 2 [[A7 2 [[A7 2

0. O

We have now seen that the distance to the nearest ill-posed problem equals
the reciprocal of the condition number for two problems: polynomial evaluation
and linear equation solving. This reciprocal relationship is quite common in
numerical analysis [70].

Here is a slightly different way to do perturbation theory for Az = b; we
will need it to derive practical error bounds later in section 2.4.4. If z is any
vector, we can bound the difference éx = & —z = & — A~'b as follows. We let
r = AT — b be the residual of Z; the residual r is zero if & = x. This lets us
write 0z = A~ 'r, yielding the bound

6] = LA™ |l < LA - el (2.5)

This simple bound is attractive to use in practice, since r is easy to compute,
given an approximate solution z. Furthermore, there is no apparent need to
estimate dA and 0b. In fact our two approaches are very closely related, as
shown by the next theorem.

THEOREM 2.2. Let r = A% —b. Then there exists a A such that ||§A| = HQELH

and (A+ 6A)z = b. No A of smaller norm and satisfying (A + 0A)Z = b
exists. Thus, §A is the smallest possible backward error (measured in norm).
This is true for any vector norm and its induced norm (or || - ||2 for vectors
and || - ||F for matrices).
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Proof. (A+0A)z =bifand only if dA-2 =b— Az = —r,so ||r]| = ||0A-Z| <
l0A-||Z||, implying ||§A|| > ”%H We complete the proof only for the two-norm

and its induced matrix norm. Choose 64 =

0A-&=—rand [|A], = {42, O
Thus, the smallest ||0A|| that could yield an Z satisfying (A+dA)% = b and
r = Az — b is given by Theorem 2.2. Applying error bound (2.2) (with db = 0)

yields

_”;ﬁCQT . We can easily verify that
2

ol < 4= (5 ) = B i,
1]
the same bound as (2.5).
All our bounds depend on the ability to estimate the condition number
|Al|l - [JA7Y|]. We return to this problem in section 2.4.3. Condition number
estimates are computed by LAPACK routines such as sgesvx.

2.2.1. Relative Perturbation Theory

In the last section we showed how to bound the norm of the error dx =& — x
in the approximate solution & of Az = b. Our bound on ||0z|| was proportional
to the condition number x(A) = ||A| - ||A~Y|| times the norms ||§A| and ||5b|],
where & satisfies (A + JA)Z = b+ 0b.

In many cases this bound is quite satisfactory, but not always. Our goal in
this section is to show when it is too pessimistic and to derive an alternative
perturbation theory that provides tighter bounds. We will use this perturba-
tion theory later in section 2.5.1 to justify the error bounds computed by the
LAPACK subroutines like sgesvx.

This section may be skipped on a first reading.

Here is an example where the error bound of the last section is much too
pessimistic.

EXAMPLE 2.1. Let A = diag(v,1) (a diagonal matrix with entries a;; = =
and az = 1) and b = [y,1]7, where v > 1. Then x = A~'b = [1,1]7. Any
reasonable direct method will solve Az = b very accurately (using two divisions
bi/ai;) to get &, yet the condition number x(A) = v may be arbitrarily large.
Therefore our error bound (2.3) may be arbitrarily large.

The reason that the condition number x(A) leads us to overestimate the
error is that bound (2.2), from which it comes, assumes that dA is bounded
in norm, but is otherwise arbitrary; this is needed to prove that bound (2.2)
is attainable in Question 2.3. In contrast, the § A corresponding to the actual
rounding errors is not arbitrary but has a special structure not captured by
its norm alone. We can determine the smallest dA corresponding to & for
our problem as follows: A simple rounding error analysis shows that Z; =
(bi/ai;)/(1+6;), where |§;] < e. Thus (ay; + d;ai;)T; = b;. We may rewrite this
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as (A4 dA)x = b, where 0A = diag(dia11,02a22). Then ||6A]| can be as large
max; |ea;;| = ey. Applying error bound (2.3) with 6b = 0 yields

In contrast, the actual error satisfies

16zllc = 1% =2l

I ‘;;éz;; ara e )|

-l

(52/ + 02) o
<
- 1—5
. 52|
| oo 9
<e/(1l—¢)7,
EA

which is about v times smaller. ¢

For this example, we can describe the structure of the actual 6 A as follows:
|0aij| < €|ai;|, where € is a tiny number. We write this more succinctly as

0] < €| A] (2.6)

(see section 1.1 for notation). We also say that §A is a small componentwise
relative perturbation in A. Since 0 A can often be made to satisfy bound (2.6) in
practice, along with |0b] < €|b| (see section 2.5.1), we will derive perturbation
theory using these bounds on §A and db.

We begin with equation (2.1):

ox = A7 (=6A% + 6b).

Now take absolute values, and repeatedly use the triangle inequality to get

6z = |A"1(—6A% + b))
< |ATY(ISA] - |2] + [5b])
< ATl Al - 2] + elb])

e(|ATH(A] - |2] + [b1).

Now using any vector norm (like the infinity-, one-, or Frobenius norms), where
Il1z] || = ||z]|, we get the bound

l62]] < elllATI(1A] - [2] + [B])]]- (2.7)
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Assuming for the moment that b = 0, we can weaken this bound to
6| < elll A7 - [All]- [12]]

or

16| -
< e[]ATH - Al (2.8)
[l
This leads us to define kor(A) = || |A7Y| - |A]|| as the componentwise relative

condition number of A, or just relative condition number for short. It is some-
times also called the Bauer condition number [26] or Skeel condition number
[223, 224, 225]. For a proof that bounds (2.7) and (2.8) are attainable, see
Question 2.4.

Recall that Theorem 2.1 related the condition number x(A) to the distance
from A to the nearest singular matrix. For a similar interpretation of kog(A),
see [71, 206].

EXAMPLE 2.2. Consider our earlier example with A = diag(v,1) and b =
[v,1]7. Tt is easy to confirm that kcr(A) = 1, since |[A!| - |A| = I. Indeed,
kcr(A) = 1 for any diagonal matrix A, capturing our intuition that a diagonal
system of equations should be solvable quite accurately. ¢

More generally, suppose D is any nonsingular diagonal matrix and B is an
arbitrary nonsingular matrix. Then

ker(DB) = || |(DB)™'|-[(DB)| ||
= [[[B7'D7!|-[DB]||
= [1B~-1B]
= kor(B).

This means that if DB is badly scaled, i.e., B is well-conditioned but DB
is badly conditioned (because D has widely varying diagonal entries), then
we should hope to get an accurate solution of (DB)x = b despite DB’s ill-
conditioning. This is discussed further in sections 2.4.4, 2.5.1, and 2.5.2.

Finally, as in the last section we provide an error bound using only the
residual r = AZ — b:

6zl = AT (| < || AT - 1r] ], (2.9)

where we have used the triangle inequality. In section 2.4.4 we will see that
this bound can sometimes be much smaller than the similar bound (2.5), in
particular when A is badly scaled. There is also an analogue to Theorem 2.2
[191].

THEOREM 2.3. The smallest € > 0 such that there exist [0 A| < €|A| and |6b] <
€|b| satisfying (A+95A)T = b+0b is called the componentwise relative backward
error. It may be expressed in terms of the residual r = Az — b as follows:

_ |7;]
€ = max

o (1AL 2]+ [ol)s
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For a proof, see Question 2.5.
LAPACK routines like sgesvx compute the componentwise backward rel-
ative error € (the LAPACK variable name for € is BERR).

2.3. Gaussian Elimination

The basic algorithm for solving Ax = b is Gaussian elimination. To state it,
we first need to define a permutation matriz.

DEFINITION 2.1. A permutation matrix P is an identity matriz with permuted
rows.

The most important properties of a permutation matrix are given by the
following lemma.

LEMMA 2.2. Let P, P, and P> be n-by-n permutation matrices and X be an
n-by-n matriz. Then

1. PX is the same as X with its rows permuted. X P is the same as X with
its columns permuted.

2. p~t=pT.
3. det(P) = £1.
4. Py - Py is also a permutation matrix.

For a proof, see Question 2.6.
Now we can state our overall algorithm for solving Az = b.

ALGORITHM 2.1. Solving Ax = b using Gaussian elimination:

1. Factorize A into A = PLU, where

P = permutation matriz,
L = unit lower triangular matrixz (i.e., with ones on the diagonal),
U = nonsingular upper triangular matriz.

2. Solve PLUx = b for LUx by permuting the entries of b: LUx = P~1b =
PTb.

3. Solve LUx = P~'b for Ux by forward substitution: Uz = L~ (P~1b).

4. Solve Ux = L=Y(P~1b) for x by back substitution: x = U~ *(L~1P~1b).

We will derive the algorithm for factorizing A = PLU in several ways. We
begin by showing why the permutation matrix P is necessary.
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DEFINITION 2.2. The leading j-by-j principal submatrix of A is A(1: 7,1 : j).

THEOREM 2.4. The following two statements are equivalent:

1. There exists a unique unit lower triangular L and monsingular upper
triangular U such that A = LU.

2. All leading principal submatrices of A are nonsingular.

Proof. We first show (1) implies (2). A = LU may also be written

[Ln 0 }[Un UlQ]
Loy Lo 0 Uso

_ [LllUll L11Unz }

[ Air Agp }
Ag1 Ao

Lo1Ui1 LoyUig + LagUso

where Ay is a j-by-j leading principal submatrix, as are L1y and Uy;. There-
fore det A11 == det(LHUn) = det L11 det UH =1 Hi:l(Uﬂ)kk = 0, since L is
unit triangular and U is triangular.

We prove that (2) implies (1) by induction on n. It is easy for 1-by-1
matrices: a = 1-a. To prove it for n-by-n matrices A, we need to find unique
(n — 1)-by-(n — 1) triangular matrices L and U, unique (n — 1)-by-1 vectors I
and u, and a unique nonzero scalar n such that

i [ADI_[LO][U w]_[LU ILu
I L N R A | 0 n| |ITU 1Tu+n

By induction, unique L and U exist such that A = LU. Now let v = L™'b,
1T =c"U~, and n = § — [T, all of which are unique. The diagonal entries of
U are nonzero by induction, and 1 = 0 since 0 = det(A) = det(U) - . O

Thus LU factorization without pivoting can fail on (well-conditioned) non-

singular matrices such as the permutation matrix

pP=

= o O

1
0
0

S = O

the 1-by-1 and 2-by-2 leading principal minors of P are singular. So we need
to introduce permutations into Gaussian elimination.

THEOREM 2.5. If A is nonsingular, then there exist permutations P; and Ps,

a unit lower triangular matrix L, and a nonsingular upper triangular matriz
U such that PLAP>, = LU. Only one of P and Ps is necessary.

Note: P A reorders the rows of A, AP reorders the columns, and PiAP;
reorders both.
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Proof. As with many matrix factorizations, it suffices to understand block
2-by-2 matrices. More formally, we use induction on the dimension n. It is
easy for 1-by-1 matrices: P = P, = L =1 and U = A. Assume that it is
true for dimension n — 1. If A is nonsingular, then it has a nonzero entry;
choose permutations P] and P} so that the (1,1) entry of P;AP) is nonzero.
(We need only one of P; and Py since nonsingularity implies that each row and
each column of A has a nonzero entry.)

Now we write the desired factorization and solve for the unknown compo-

nents:
A 1 0 U U
PIAP, — ain A | _ | unn Une
12 [ Aoy A Loy 1 0 A
U1 Uiz
_ | 2.10
[ Lojuir  LogUia + Ago } (2.10)

where Agy and Asy are (n — 1)-by-(n — 1).

Solving for the components of this 2-by-2 block factorization we get w11 =
a11 = 0, Uyo = Aqo, and Lojui; = Asy. Since u1; = a1 = 0, we can solve for
L21 == %. Finally, L21U12 + AQQ == A22 implies AQQ == A22 - L21U12.

We want to apply induction to Ass, but to do so we need to check that
det Ags = 0: Since det P/AP} = +det A =0 and also

I Al 10 uir Uip | =
det Py AP, = det [ Lot I ] det [ 0 A ] =1 (u11 - det Aga),

then det /122 must be nonzero.

Therefore, by induction there exist permutations 151 and If’g so that 151 12122152
= LU, with L unit lower triangular and U upper triangular and nonsingular.
Substituting this in the above 2-by-2 block factorization yields

1 0 U1l Ui
P/ AP, = _ 12
1552 | Lo IH 0 PlTLUPQT}

[ v o]t 0 J[un Ui

" | La I]|0 PIL 0 UPE
(1 0 J[un U ][1 0

| Loy PIL 0 U 0 Pf

_[1 0 1 0][un U ][1 0
Lo A [ PALa L 0 U 0 Py

so we get the desired factorization of A:

pan = ([0 2 ]m)a(m]} 2 ])

_ 1 0 uyy UaPy
o P Lyy L 0 U '
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The next two corollaries state simple ways to choose P, and P» to guarantee
that Gaussian elimination will succeed on a nonsingular matrix.

COROLLARY 2.1. We can choose Py = I and P| so that a1y is the largest entry
in absolute value in its column, which implies Loy = % has entries bounded by
1 in absolute value. More generally, at step i of Gaussian elimination, where
we are computing the ith column of L, we reorder the rows so that the largest
entry in the column is on the diagonal. This is called “Gaussian elimination
with partial pivoting,” or GEPP for short. GEPP guarantees that all entries
of L are bounded by one in absolute value.

GEPP is the most common way to implement Gaussian elimination in
practice. We discuss its numerical stability in the next section. Another more
expensive way to choose P; and P» is given by the next corollary. It is almost
never used in practice, although there are rare examples where GEPP fails but
the next method succeeds in computing an accurate answer (see Question 2.14).
We discuss briefly it in the next section as well.

COROLLARY 2.2. We can choose P| and Pj so that ai; is the largest entry
in absolute value in the whole matriz. More generally, at step i of Gaussian
elimination, where we are computing the ith column of L, we reorder the rows
and columns so that the largest entry in the matriz s on the diagonal. This is
called “Gaussian elimination with complete pivoting,” or GECP for short.

The following algorithm embodies Theorem 2.5, performing permutations,
computing the first column of L and the first row of U, and updating Ass to get
/122 = A9y — Lo1Uyo. We write the algorithm first in conventional programming
language notation and then using Matlab notation.

ALGORITHM 2.2. LU factorization with pivoting

fori=1ton—1
apply permutations so a; = 0 (permute L and U too)
/* for example, for GEPP, swap rows j and i of A and of L
where |aj;| is the largest entry in |A(i : n,1)|;
for GECP, swap rows j and i of A and of L,
and columns k and i of A and of U,
where |aji| is the largest entry in |A(i:n,i:n)| */
/* compute column i of L (Loy in (2.10)) */
forg=i+1ton
lj; = ajifag
end for
/* compute row i of U (Ura in (2.10)) */
forj=iton
uij = aij
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end for
/* update A22 (tO get AQQ == A22 - L21U12 m (210)) ak/
forj=i+1ton

fork=i+1ton

@i = Qg — Lji * wp

end for

end for
end for

Note that once column ¢ of A is used to compute column i of L, it is never
used again. Similarly, row ¢ of A is never used again after computing row 4 of
U. This lets us overwrite L and U on top of A as they are computed, so we
need no extra space to store them; L occupies the (strict) lower triangle of A
(the ones on the diagonal of L are not stored explicitly), and U occupies the
upper triangle of A. This simplifies the algorithm to

ALGORITHM 2.3. LU factorization with pivoting, overwriting L and U on A:

fori=1ton—1

apply permutations (see Algorithm 2.2 for details)
forj=i4+1ton

aj; = aji/aii
end for
forj=i+1ton

fork=i+1ton

Ajk = Qjk — Qg; * Ak

end for

end for

end for

Using Matlab notation this further reduces to the following algorithm.
ALGORITHM 2.4. LU factorization with pivoting, overwriting L and U on A:

fori=1ton—1
apply permutations (see Algorithm 2.2 for details)
A(i+1:n,i) = A+ 1:n,i) /A1)
A(t+1:n,i+1:n)=
A(G+1:ni+1:n)—A@G+1:n,i) « A(i,i+1:n)
end for

In the last line of the algorithm, A(i+1:n,i)* A(i,i+1 : n) is the product
of an (n —¢)-by-1 matrix (Lg1) by a 1-by-(n — i) matrix (Uj2), which yields an
(n — i)-by-(n — ¢) matrix.
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We now rederive this algorithm from scratch starting from perhaps the most
familiar description of Gaussian elimination: “Take each row and subtract
multiples of it from later rows to zero out the entries below the diagonal.”
Translating this directly into an algorithm yields

fori=1ton—1 /* for each row i */
forj=i+1ton /* subtract a multiple of
row i from row j ... */
for k=1iton /* ... in columns ¢ through n ... */

aji .
Ajk = Qjk — Gk /* ... to zero out column ¢

below the diagonal */
end for
end for
end for

We will now make some improvements to this algorithm, modifying it until
it becomes identical to Algorithm 2.3 (except for pivoting, which we omit).
First, we recognize that we need not compute the zero entries below the diag-
onal, because we know they are zero. This shortens the k£ loop to yield

fori=1ton—1
forj=i+1ton
fork=i+1ton
ajr = ajk — Zrag
end for
end for

end for

. . Qaqq . .
The next performance improvement is to compute _* outside the inner
7
loop, since it is constant within the inner loop.

fori=1ton—1
forj=i+1ton

lj; = %

7=

end for

forj=i+1ton
fork=i+1ton

ajp = ajp — lLjza

end for

end for

end for

Finally, we store the multipliers /;; in the subdiagonal entries a;; that we
originally zeroed out; they are not needed for anything else. This yields Algo-
rithm 2.3 (except for pivoting).
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The operation count of LU is done by replacing loops by summations over
the same range, and inner loops by their operation counts:

n—1 n n n

) DR DD

i=1 \j=i+1 Jj=t+1 k=i+1
n—1

=Y ((n—1i)+2(n—i)?) = %n?’ +0(n?).
i=1

The forward and back substitutions with L and U to complete the solution
of Az = b cost O(n?), so overall solving Ar = b with Gaussian elimination
costs 2n® +0(n?) operations. Here we have used the fact that Y 1", % =
m*+1/(k + 1) + O(m*). This formula is enough to get the high order term in
the operation count.

There is more to implementing Gaussian elimination than writing the
nested loops of Algorithm 2.2. Indeed, depending on the computer, program-
ming language, and matrix size, merely interchanging the last two loops on j
and k can change the execution time by orders of magnitude. We discuss this
at length in section 2.6.

2.4. Error Analysis

Recall our two-step paradigm for obtaining error bounds for the solution of
Az =b:

1. Analyze roundoff errors to show that the result of solving Ax = b is the
exact solution & of the perturbed linear system (A+0A)% = b+ db, where
0A and 6b are small. This is an example of backward error analysis, and
0A and 6b are called the backward errors.

2. Apply the perturbation theory of section 2.2 to bound the error, for
example by using bound (2.3) or (2.5).

We have two goals in this section. The first is to show how to implement
Gaussian elimination in order to keep the backward errors A and db small.
In particular, we would like to keep % and Wf—;‘” as small as O(e). This is as
small as we can expect to make them, since mere{y rounding the largest entries
of A (or b) to fit into the floating point format can make ”‘Lfl"i”a (or ”‘Z‘)ﬁﬂ'g). It
turns out that unless we are careful about pivoting, A and db need not be
small. We discuss this in the next section.

The second goal is to derive practical error bounds which are simultaneously
cheap to compute and “tight,” i.e., close to the true errors. It turns out that
the best bounds for ||§A|| that we can formally prove are generally much larger
than the errors encountered in practice. Therefore, our practical error bounds

(in section 2.4.4) will rely on the computed residual r = Az —b and bound (2.5),
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instead of bound (2.3). We also need to be able to estimate x(A) inexpensively;
this is discussed in section 2.4.3.

Unfortunately, we do not have error bounds that always satisfy our twin
goals of cheapness and tightness, i.e., that simultaneously

1. cost a negligible amount compared to solving Az = b in the first place
(for example, that cost O(n?) flops versus Gaussian elimination’s O(n?)
flops), and

2. provide an error bound that is always at least as large as the true error
and never more than a constant factor larger (100 times larger, say).

The practical bounds in section 2.4.4 will cost O(n?) but will on very rare
occasions provide error bounds that are much too small or much too large.
The probability of getting a bad error bound is so small that these bounds are
widely used in practice. The only truly guaranteed bounds use either interval
arithmetic, very high precision arithmetic, or both and are several times more
expensive than just solving Ax = b (see section 1.5).

It has in fact been conjectured that no bound satisfying our twin goals of
cheapness and tightness exist, but this remains an open problem.

2.4.1. The Need for Pivoting

.0001 1
1 1

decimal-digit floating point arithmetic and see why we get the wrong answer.
Note that x(A4) = ||A]loo  |A™ oo & 4, so A is well conditioned and thus we
should expect to be able to solve Ax = b accurately.

Let us apply LU factorization without pivoting to A = | | in three

L = ﬂ(1/10_4) (1] } , 1(1/10*) rounds to 10%,

U = 107 a1 _104 " } , (1 —10%-1) rounds to — 10%,
o LU= :12)4 (1)][104 —1104]:[1014 (1)]
but A = _ 101_4 i}

Note that the original ass has been entirely “lost” from the computation by
subtracting 10* from it. We would have gotten the same LU factors whether
asz had been 1, 0, —2, or any number such that fl(ags — 10%) = —10*. Since
the algorithm proceeds to work only with L and U, it will get the same answer
for all these different a9s, which correspond to completely different A and
so completely different = A~'b; there is no way to guarantee an accurate
answer. This is called numerical instability, since L and U are not the exact



46 Applied Numerical Linear Algebra

factors of a matrix close to A. (Another way to say this is that |[A — LU]|| is
about as large as || A||, rather than || AJ|.)

Let us see what happens when we go on to solve Az = [1,2] for x using
this LU factorization. The correct answer is 2 ~ [1,1]7. Instead we get the
following. Solving Ly = [1,2]7 yields y; = fl(1/1) = 1 and y2 = fl(2—10*-1) =
—10%; note that the value 2 has been “lost” by subtracting 10* from it. Solving
Uz = y yields &3 = f((—=10%)/(=10%)) = 1 and #; = (1 — 1)/107%) = 0, a
completely erroneous solution.

Another warning of the loss of accuracy comes from comparing the con-
dition number of A to the condition numbers of L and U. Recall that we
transform the problem of solving Ax = b into solving two other systems with
L and U, so we do not want the condition numbers of L or U to be much larger
than that of A. But here, the condition number of A is about 4, whereas the
condition numbers of L and U are about 10%.

In the next section we will show that doing GEPP nearly always eliminates
the instability just illustrated. In the above example, GEPP would have re-
versed the order of the two equations before proceeding. The reader is invited
to confirm that in this case we would get

L= [ ﬂ(.00101/1) (1) } - [ .0301 (1) }

and

UZ[(l) ﬂ(l—.éOOl-l)}:[(l) ”

so that LU approximates A quite accurately. Both L and U are quite well-
conditioned, as is A. The computed solution vector is also quite accurate.

2.4.2. Formal Error Analysis of Gaussian Elimination

Here is the intuition behind our error analysis of LU decomposition. If in-
termediate quantities arising in the product L - U are very large compared to
|A]|, the information in entries of A will get “lost” when these large values
are subtracted from them. This is what happened to ase in the example in
section 2.4.1. If the intermediate quantities in the product L - U were instead
comparable to those of A, we would expect a tiny backward error A— LU in the
factorization. Therefore, we want to bound the largest intermediate quantities
in the product L - U. We will do this by bounding the entries of the matrix
|L| - |U| (see section 1.1 for notation).

Our analysis is analogous to the one we used for polynomial evaluation
in section 1.6. There we considered p = Y, a;x* and showed that if |p| were
comparable to the sum of absolute values Y, |a;z"|, then p would be computed
accurately.

After presenting a general analysis of Gaussian elimination, we will use
it to show that GEPP (or, more expensively, GECP) will keep the entries of
|L| - |U| comparable to ||A]| in almost all practical circumstances.
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Unfortunately, the best bounds on ||0A|| that we can prove in general are
still much larger than the errors encountered in practice. Therefore, the error
bounds that we use in practice will be based on the computed residual r and
bound (2.5) (or bound (2.9)) instead of the rigorous but pessimistic bound in
this section.

Now suppose that matrix A has already been pivoted, so the notation is
simpler. We simplify Algorithm 2.2 to two equations, one for aj, with j < k
and one for j > k. Let us first trace what Algorithm 2.2 does to aj; when
J < k: this element is repeatedly updated by subtracting lju;, for i = 1 to
J — 1 and is finally assigned to u;; so that

j—1

Ujp = Qjg — § ljig.
i—1

When j > k, aj; again has [j;u;, subtracted for ¢ = 1 to k — 1, and then the
resulting sum is divided by wuy, and assigned to [j:
k—1
ajk = D Ljitiik
Ukk

Lk =

To do the roundoff error analysis of these two formulas, we use the result
from Question 1.10 that a dot product computed in floating point arithmetic
satisfies

d d
fl (Z $zyz> = Zﬂfzyz(l +0;) with |[0;] < de.
i=1 i—1

We apply this to the formula for u;, yielding®

j—1
U = <ajk — Z ljiuik(l + (51)> (1 + 5/)

=1
with [6;] < (j — 1)e and |¢'| < e. Solving for aj; we get
ajp = ﬁd,u]‘k . ljj + Zz;ll ljiuik(l + (51) since ljj =1

Yo L+ D01 Liud;
with [0;] < (j —1)e and 1+6; = ﬁ

= Yl liuwi + Ej,
where we can bound Ej; by

J

> i w5

=1

J
|Eji| = < il - [wi| - ne = ne(|L] - |U]) jx.

i=1

8Strictly speaking, the next formula assumes we compute the sum first and then subtract
from a;r. But the final bound does not depend on the order of summation.
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Doing the same analysis for the formula for /;;, yields

(1+6")(an — Zi:ll liuin (1 + 6;))
Ukl

Lk = (1+0") (

with [6;] < (k— 1), [0'| <€, and [6”| < e. We solve for aj; to get

k—1
1
ot (1+5’)(1+5/’)u'““'“+i211u’“( o
k k 1
;juk+;juk wi + O (L5 (140"

k
> i + Ej
=1

with |0;| < ne, and so |Ej,| < ne(|L| - |U|) ;i as before.

Altogether, we can summarize this error analysis with the simple formula
A = LU + E where |E| < ne|L| - |U|. Taking norms we get || E| < nel| |L]| || -
| [U|]|. If the norm does not depend on the signs of the matrix entries (true for
the Frobenius, infinity-, and one-norms but not the two-norm), we can simplify
this to || B < ne|[Z|| - U]

Now we consider solving the rest of the problem: LUx = b via Ly = b
and Uz = y. The result of Question 1.11 shows that solving Ly = b by
forward substitution yields a computed solution ¢ satisfying (L+0L)§ = b with
|0L| < ne|L|. Similarly when solving Uz = § we get Z satisfying (U +0U)& = g
with |0U| < ne|U|.

Combining these yields

b = (L+0L)j

(L + 6L)(U + 6U) &

= (LU + LoU + LU + 6L6U)&
(A— E+ LU + 6LU + 6L6U )&
(

A+ 0A)t where 0A=—FE+ L6U + 0LU + dLoU.

Now we combine our bounds on E, L, and 6U and use the triangle inequality
to bound dA:

|0A]

| = E+ LoU + 0LU + 6 LU |

|E| 4+ |LéU| + [0LU| + |6 LU |

[E| + L] 16U] + 51 - |U| + 6] - 5T

nelLl - [U] + ne|L] - [U] + ne|L] - [U] +n2<2| 2] - |01
3ne|L| - |U|.

IAIAIA

&
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Taking norms and assuming || | X| || = || X|| (true as before for the Frobe-
nius, infinity-, and one-norms but not the two-norm) we get ||0A|| < 3ne||L]| -
101l

Thus, to see when Gaussian elimination is backward stable, we must ask
when 3ne||L| - |[U]| = O(g)||Al|; then the % in the perturbation theory
bounds will be O(g) as we desire (note that 0b = 0).

The main empirical observation, justified by decades of experience, is that
GEPP almost always keeps || L||-|U|| = ||A]|. GEPP guarantees that each entry
of L is bounded by 1 in absolute value, so we need consider only ||U||. We define
the pivot growth factor for GEPPY as gpp = ||U ||lmax/||Allmax, where ||A|max =
max;; |a;j|, so stability is equivalent to gep being small or growing slowly as a
function of n. In practice, gpp is almost always n or less. The average behavior
seems to be n%? or perhaps even just n'/? [240]. (See Figure 2.1.) This makes
GEPP the algorithm of choice for many problems. Unfortunately, there are
rare examples in which gpp can be as large as 27~ 1.

PROPOSITION 2.1. GEPP guarantees that gep < 2n=1 " This bound is attain-
able.

Proof.  The first step of GEPP updates a;, = a;i — lj; - wj, where |lj;| <1
and |ui,| = |ai| < max,s|ars|, so |ajr| < 2-max,s|ars|. So each of the n —1
major steps of GEPP can double the size of the remaining matrix entries, and
we get 2”71 as the overall bound. See the example in Question 2.14 to see that
this is attainable. O

Putting all these bounds together, we get

16A]loo < 3gren’e|| Ao, (2.11)

since ||L|loo < n and ||U|lc < ngpp||Allco. The factor 3gppn® in the bound
causes it to almost always greatly overestimate the true || A||, even if gpp = 1.
For example, if ¢ = 1077 and n = 150, a very modest sized matrix, then
3n3e > 1, meaning that all precision is potentially lost. Example 2.3 graphs
3gppnie along with the true backward error to show how it can be pessimistic;
|0A]l is usually O(e)||Al|, so we can say that GEPP is backward stable in
practice, even though we can construct examples where it fails. Section 2.4.4
presents practical error bounds for the computed solution of Ax = b that are
much smaller than what we get from using |0 Ao < 3gppne||Al|oo-

It can be shown that GECP is even more stable than GEPP, with its pivot
growth gep satisfying the worst-case bound [260, p. 213]

Jop = max;; ‘Uzj‘ < \/n .9 31/2 .41/3. __nl/(nfl) s n1/2 +10ge TL/4.
maxij\aij\

9This definition is slightly different from the usual one in the literature but essentially
equivalent [119, p. 115].
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This upper bound is also much too large in practice. The average behavior of
gop is n'/2. Tt was an old open conjecture that gep < n, but this was recently
disproved [97, 120]. It remains an open problem to find a good upper bound
for gep (which is still widely suspected to be O(n).)

The extra O(n?) comparisons that GECP uses to find the pivots (O(n?)
comparisons per step, versus O(n) for GEPP) makes GECP significantly slower
than GEPP, especially on high-performance machines that perform floating
point operations about as fast as comparisons. Therefore, using GECP is
seldom warranted (but see sections 2.4.4, 2.5.1, and 5.4.3).

ExaMpLE 2.3. Figures 2.1 and 2.2 illustrate these backward error bounds. For
both figures, five random matrices A of each dimension were generated, with
independent normally distributed entries, of mean 0 and standard deviation
1. (Testing such random matrices can sometimes be misleading about the
behavior on some real problems, but it is still informative.) For each matrix,
a similarly random vector b was generated. Both GEPP and GECP were used
to solve Ax = b. Figure 2.1 plots the pivot growth factors gpp and gep. In both
cases they grow slowly with dimension, as expected. Figure 2.2 shows our two
upper bounds for the backward error, 3n3egpp (or 3n3egcp) and %.
It also shows the true backward error, computed as described in Theorem 2.2.
Machine epsilon is indicated by a solid horizontal line at ¢ = 27°3 ~ 1.1-1071'6,
Both bounds are indeed bounds on the true backward error but are too large
by several order of magnitude. For the Matlab program that produced these
plots, see HOMEPAGE/Matlab/pivot.m. o

2.4.3. Estimating Condition Numbers

To compute a practical error bound based on a bound like (2.5), we need
to estimate ||A~!||. This is also enough to estimate the condition number
k(A) = ||[A7Y|-||All, since ||A]| is easy to compute. One approach is to compute
A~1 explicitly and compute its norm. However, this would cost 2n3, more than
the original %n3 for Gaussian elimination. (Note that this implies that it is not
cheaper to solve Az = b by computing A~! and then multiplying it by b. This
is true even if one has many different b vectors. See Question 2.2.) It is a fact
that most users will not bother to compute error bounds if they are expensive.

So instead of computing A~! we will devise a much cheaper algorithm to
estimate ||A~Y||. Such an algorithm is called a condition estimator and should
have the following properties:

1. Given the L and U factors of A, it should cost O(n?), which for large
enough n is negligible compared to the %n?’ cost of GEPP.

2. It should provide an estimate which is almost always within a factor of 10
of ||[A71||. This is all one needs for an error bound which tells you about
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how many decimal digits of accuracy that you have. (A factor-of-10 error
is one decimal digit.!?)

There are a variety of such estimators available (see [144] for a survey).
We choose to present one that is widely applicable to problems besides solving
Ax = b, at the cost of being slightly slower than algorithms specialized for
Az = b (but it is still reasonably fast). Our estimator, like most others, is
guaranteed to produce only a lower bound on ||A~!||, not an upper bound.
Empirically, it is almost always within a factor of 10, and usually 2 to 3, of
|A~1||. For the matrices in Figures 2.1 and 2.2, where the condition numbers
varied from 10 to 10°, the estimator equaled the condition number to several
decimal places 83% of the time and was .43 times too small at worst. This is
more than accurate enough to estimate the number of correct decimal digits
in the final answer.

The algorithm estimates the one-norm || Bl|; of a matrix B, provided that
we can compute Bx and BTy for arbitrary = and . We will apply the algorithm
to B = A"!, so we need to compute A~z and A=y, i.e., solve linear systems.
This costs just O(n?) given the LU factorization of A. The algorithm was
developed in [136, 144, 146], with the latest version in [145]. Recall that || B||;
is defined by

B n
HBleman:maxzwij\.
a=0 ||z} i =

It is easy to show that the maximum over x = 0 is attained at z = e, =
[0,...,0,1,0,...,0]" (the single nonzero entry is component jy, where max; y . bl
occurs at j = jo).

Searching over all ej,j = 1,...,n means computing all columns of B =
A~ this is too expensive. Instead, since ||Blj; = max| g, <1 || Bx|1, we can
use hill climbing or gradient ascent on f(x) = ||Bx||; inside the set ||z|; < 1.
|z]|1 < 1is clearly a convex set of vectors, and f(z) is a convex function, since
0 <a <1implies f(ax + (1 — a)y) = ||aBz + (1 — a)By|1 < a||Bz|j1 + (1 —
Byl = af(2) + (1 - a)f(y).

Doing gradient ascent to maximize f(x) means moving x in the direction
of the gradient s7f(x) (if it exists) as long as f(x) increases. The convexity
of f(x) means f(y) > f(z) + vf(z)- - (y —x) (if 7 f(z) exists). To compute
V[ we assume all 37, bjjz; = 01in f(z) =32, | >, bijx;| (this is almost always
true). Let ¢; = sign(_; bijz;), so ¢ = £1 and f(z) = 32, > ; Gibijz;. Then
Sl =37, Gibiy and 7 f = ¢TB = (BT()T.

In summary, to compute 3/ f(z) takes three steps: w = Bz, ( = sign(w),
and v/ f = (T'B.

10 A5 stated earlier, no one has ever found an estimator that approximates || A~"|| with some
guaranteed accuracy and is simultaneously significantly cheaper than explicitly computing
A7l It has been been conjectured that no such estimator exists, but this has not been
proven.



Linear Equation Solving 53

ALGORITHM 2.5. Hager’s condition estimator returns a lower bound ||w||1 on
1Bl

choose any x such that ||z||; =1 /¥ eqg. ;= % */
repeat
w = B, ( =sign(w), z = B'( /At =vf

if |2]lo0 < 272 then
return ||wl|q

else
x = e; where |zj| = |||/«
endif
end repeat
THEOREM 2.6. 1. When ||w||; is returned, ||w|j1 = ||Bz||1 is a local mazi-

mum of || Bx||;.

2. Otherwise, ||Bej|| (at end of loop) > ||Bx| (at start), so the algorithm
has made progress in mazximizing f(x).

Proof.
1. In this case, ||z]| < 2T2. Near z, f(z) = ||Bz|i = Y, > Gibijz; is

linear in = so f(y) = f(z) +vf(z)  (y —z) = f(z) + 27 (y — x), where
2T = 7 f(z). To show z is a local maximum we want 27 (y —2z) < 0 when
llylli = 1. We compute

dy—2) = dy-2Ta= Zzi'yi—ZTﬂf < Z|Zz| il = 2T

(3 (2

zllo - iyl — 2"

IN

=200 — 272 <0 as desired.

2. In this case ||z]|c > 2T2. Choose ¥ = e; - sign(z;), where j is chosen so
that |2;| = ||2]/cc. Then

@ 2 fla)+vf-(@—2)=fx)+"(F—2)
= fl@)+2"7 2w = f(x) + 3] - 2Tz > f(a),

where the last inequality is true by construction. O

Higham [145, 146] tested a slightly improved version of this algorithm
by trying many random matrices of sizes 10,25,50 and condition numbers
k = 10,103,105,107; in the worst case the computed x underestimated the
true k by a factor .44. The algorithm is available in LAPACK as subroutine
slacon. LAPACK routines like sgesvx call slacon internally and return the
estimated condition number. (They actually return the reciprocal of the esti-
mated condition number, to avoid overflow on exactly singular matrices.) A
different condition estimator is available in Matlab as rcond. The Matlab rou-
tine cond computes the exact condition number ||A~!||2||A|2, using algorithms
discussed in section 5.4; it is much more expensive than rcond.
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Estimating the Relative Condition Number

We can also use the algorithm from the last section to estimate the relative
condition number kcg(A) = || |[A7Y - |A| || from bound (2.8) or to evaluate
the bound || [A™Y-|7| ||eo from (2.9). We can reduce both to the same problem,
that of estimating || |A~!|- ¢ |lso, Where g is a vector of nonnegative entries. To
see why, let e be the vector of all ones. From part 5 of Lemma 1.7, we see that
| X |loc = || X€]|oo if the matrix X has nonnegative entries. Then

AT A oo = AT - [Alelloo = [ [A™" - g lloc,  where g =|Ale.

Here is how we estimate |||A7!| - g|loo. Let G = diag(gi,...,gn); then

g = Ge. Thus
AT glle = AT Gelloo = 1A} Glloc = || [A7 G|
g [0.9] € o oo oo
= [|A7'G) - (2.12)
The last equality is true because ||Y|looc = || |Y] |loo for any matrix Y. Thus, it

suffices to estimate the infinity norm of the matrix A~'G. We can do this by
applying Hager’s algorithm, Algorithm 2.5, to the matrix (A~!G)T = GA~T,
to estimate ||(A7*G)T||; = ||A71G||o (see part 6 of Lemma 1.7). This requires
us to multiply by the matrix GA™T and its transpose A~'G. Multiplying by
G is easy since it is diagonal, and we multiply by A~' and A=7 using the LU
factorization of A, as we did in the last section.

2.4.4. Practical Error Bounds

We present two practical error bounds for our approximate solution Z of Az =
b. For the first bound we use inequality (2.5) to get

[I7]] oo
1] o0

error — ”xfix"oo <A™ oo -
14 {loo

(2.13)

where r = A% — b is the residual. We estimate ||A~!|| by applying Algo-
rithm 2.5 to B = A~7T, estimating | B|1 = [|[A™7|1 = ||[A™!|oo (see parts 5
and 6 of Lemma 1.7).

Our second error bound comes from the tighter inequality (2.9):

s A_l .
error = H$ xHOO S H‘ J |7" ”OO (2.14)
E Ee

We estimate || |[A7!| - |r| s using the algorithm based on equation (2.12).
Error bound (2.14) (modified as described below in the subsection “What can
go wrong”) is computed by LAPACK routines like sgesvx. The LAPACK
variable name for the error bound is FERR, for Forward ERRor.
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True Error vs. Error Bound, o = GEPP, + = GECP
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Fig. 2.3. Error bound (2.13) plotted versus true error, o = GEPP, + = GECP.

EXAMPLE 2.4. We have computed the first error bound (2.13) and the true
error for the same set of examples as in Figures 2.1 and 2.2, plotting the result
in Figure 2.3. For each problem Az = b solved with GEPP we plot a o at
the point (true error, error bound), and for each problem Az = b solved with
GECP we plot a + at the point (true error, error bound). If the error bound
were equal to the true error, the o or + would lie on the solid diagonal line.
Since the error bound always exceeds the true error, the os and +s lie above this
diagonal. When the error bound is less than 10 times larger than the true error,
the o or 4+ appears between the solid diagonal line and the first superdiagonal
dashed line. When the error bound is between 10 and 100 times larger than
the true error, the o or + appears between the first two superdiagonal dashed
lines. Most error bounds are in this range, with a few error bounds as large
as 1000 times the true error. Thus, our computed error bound underestimates
the number of correct decimal digits in the answer by one or two and in rare
cases by as much as three. The Matlab code for producing these graphs is the
same as before, HOMEPAGE/Matlab/pivot.m. <

ExXAMPLE 2.5. We present an example chosen to illustrate the difference be-
tween the two error bounds (2.13) and (2.14). This example will also show
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that GECP can sometimes be more accurate than GEPP. We choose a set of
badly scaled examples constructed as follows. Each test matrix is of the form
A = DB, with the dimension running from 5 to 100. B is equal to an iden-
tity matrix plus very small random offdiagonal entries, around 1077, so it is
very well-conditioned. D is a diagonal matrix with entries scaled geometrically
from 1 up to 10'*. (In other words, dit1,i+1/d;; is the same for all i.) The
A matrices have condition numbers k(A) = ||A7Y| s - [|Alloo nearly equal to
10", which is very ill-conditioned, although their relative condition numbers
ker(A) = || |A7Y - Al |loo = || |B7Y - |B| ||so are all nearly 1. As before, ma-
chine precision is € = 2753 ~ 10716, The examples were computed using the
same Matlab code HOMEPAGE/Matlab/pivot.m.

The pivot growth factors gep and gcp were never larger than about 1.33 for
any example, and the backward error from Theorem 2.2 never exceeded 1071
in any case. Hager’s estimator was very accurate in all cases, returning the
true condition number 104 to many decimal places.

Figure 2.4 plots the error bounds (2.13) and (2.14) for these examples, along
with the componentwise relative backward error, as given by the formula in
Theorem 2.3. The cluster of plus signs in the upper left corner of the top
left graph shows that while GECP computes the answer with a tiny error
near 1071°) the error bound (2.13) is usually closer to 1072, which is very
pessimistic. This is because the condition number is 10, and so unless the
backward error is much smaller than ¢ ~ 107'6, which is unlikely, the error
bound will be close to 1071610 = 1072, The cluster of circles in the middle
top of the same graph shows that GEPP gets a larger error of about 1075,
while the error bound (2.13) is again usually near 10~2.

In contrast, the error bound (2.14) is nearly perfectly accurate, as illus-
trated by the pluses and circles on the diagonal in the top right graph of
Figure 2.4. This graph again illustrates that GECP is nearly perfectly accu-
rate, whereas GEPP loses about half the accuracy. This difference in accuracy
is explained by the bottom graph, which shows the componentwise relative
backward error for GEPP and GECP. This graph makes it clear that GECP
has nearly perfect backward error in the componentwise relative sense, so since
the corresponding componentwise relative condition number is 1, the accuracy
is perfect. GEPP on the other hand is not completely stable in this sense,
losing from 5 to 10 decimal digits.

In section 2.5 we show how to iteratively improve the computed solution Z.
One step of this method will make the solution computed by GEPP as accurate
as the solution from GECP. Since GECP is significantly more expensive than
GEPP in practice, it is very rarely used. ¢

What Can Go Wrong

Unfortunately, as mentioned in the beginning of section 2.4, error bounds (2.13)
and (2.14) are not guaranteed to provide tight bounds in all cases when imple-
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True Error vs. Error Bound (2.13), o = GEPP, + = GECP
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Fig. 2.4. (a) plots the error bound (2.13) versus
bound (2.14) versus the true error.

the true error. (b) plots the error
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) Componentwise relative backward error, 0 = GEPP, + = GECP
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Fig. 2.4. Continued. (c) plots the componentwise relative backward error from The-
orem 2.3.

mented in practice. In this section we describe the (rare!) ways they can fail,
and the partial remedies used in practice.

First, as described in section 2.4.3, the estimate of [|[A~!|| from Algo-
rithm 2.5 (or similar algorithms) provides only a lower bound, although the
probability is very low that it is more than 10 times too small.

Second, there is a small but nonnegligible probability that roundoff in the
evaluation of r = AZ — b might make ||r| artificially small, in fact zero, and
so also make our computed error bound too small. To take this possibility
into account, one can add a small quantity to |r| to account for it: From
Question 1.10 we know that the roundoff in evaluating r is bounded by

[(Az —b) — l(Az —b)| < (n+1)e(|A| - || + |b]), (2.15)

so we can replace |r| with || + (n + 1)e(|A] - |Z] + |b|) in bound (2.14) (this is
done in the LAPACK code sgesvx) or ||| with ||7||+ (n+ 1)e(||A]l - [|Z|| + ||b]])
in bound (2.13). The factor n+ 1 is usually much too large and can be omitted
if desired.

Third, roundoff in performing Gaussian elimination on very ill-conditioned
matrices can yield such inaccurate L and U that bound (2.14) is much too low.

EXAMPLE 2.6. We present an example, discovered by W. Kahan, that illus-
trates the difficulties in getting truly guaranteed error bounds. In this example
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the matrix A will be ezactly singular. Therefore the computed error bound on
”gﬁ;ﬁ” should be one or larger to indicate that no digits in the computed solu-
tion are correct, since the true solution does not exist.

Roundoff error during Gaussian elimination will yield nonsingular but very
ill-conditioned factors L and U. With this example, computing using Matlab
with IEEE double precision arithmetic, the computed residual r turns out to
be ezactly zero because of roundoff, so both error bounds (2.13) and (2.14)
return zero. If we repair bound (2.13) by adding 4e(||A]| - ||Z]| + ||b]]), it will be
larger than 1 as desired.

Unfortunately our second, “tighter” error bound (2.14) is about 1077, er-
roneously indicating that seven digits of the computed solution are correct.

Here is how the example is constructed. Let xy = 3/229, ¢ = 214,

X ¢ —C ¢
A= ¢t o¢ct o
¢ o —xct
[ 9.1553-107° —1.6384-10*  1.6384 -10%
~ 6.1035-107°  6.1035-107° 0 ,
| 6.1035-107° —3.4106 1073 6.1035-107°

and b = A-[1,1+¢,1]7. A can be computed without any roundoff error,
but b has a bit of roundoff, which means that it is not exactly in the space
spanned by the columns of A, so Ax = b has no solution. Performing Gaussian
elimination, we get
1 0 0
L~ | .66666 1 0
.66666 1.0000 1

and
9.1553 - 107° —1.6384-10* 1.6384 - 10*
U~r 0 1.0923 -10*  —1.0923 - 10* |,
0 0 1.8190 - 10~ 12

yielding a computed value of

2.0480 - 103  5.4976 - 10" —5.4976 - 101!
Al ~ | —2.0480-10° —5.4976 - 101 5.4976 - 10!
—2.0480 -10% —5.4976 - 1011 5.4976 - 1011

This means the computed value of |A~!| - |4] has all entries approximately
equal to 6.7109 107, so kor(A) is computed to be O(107). In other words, the
error bound indicates that about 16 — 7 = 9 digits of the computed solution
are accurate, whereas none are.

Barring large pivot growth, one can prove that bound (2.13) (with ||7]]
appropriately increased) cannot be made artificially small by the phenomenon
illustrated here.

Similarly, Kahan has found a family of n-by-n singular matrices, where
changing one tiny entry (about 27") to zero lowers kcr(4) to O(n?). ©
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2.5. Improving the Accuracy of a Solution

We have just seen that the error in solving Az = b may be as large as x(A)e.
If this error is too large, what can we do? One possibility is to rerun the entire
computation in higher precision, but this may be quite expensive in time and
space. Fortunately, as long as k(A) is not too large, there are much cheaper
methods available for getting a more accurate solution.

To solve any equation f(z) = 0, we can try to use Newton’s method to

improve an approximate solution x; to get x;41 = x; — J{C,((”;i_)). Applying this to

f(xz) = Az — b yields one step of iterative refinement:

r=Ax; —b
solve Ad = r for d
Tig1 =T, —d

If we could compute r = Axz; — b exactly and solve Ad = r exactly, we
would be done in one step, which is what we expect from Newton applied to
a linear problem. Roundoff error prevents this immediate convergence. The
algorithm is interesting and of use precisely when A is so ill-conditioned that
solving Ad = r (and Azy = b) is rather inaccurate.

THEOREM 2.7. Suppose that v is computed in double precision and k(A)-e <
c= ﬁ < 1, where n is the dimension of A and g is the pivot growth factor.
Then repeated iterative refinement converges with

i — A™"bl|o

= 0fe).
A t. 2

Note that the condition number does not appear in the final error bound.
This means that we compute the answer accurately independent of the condi-
tion number, provided that k(A)e is sufficiently less than 1. (In practice, c is
too conservative an upper bound, and the algorithm often succeeds even when
k(A)e is greater than c.)

Sketch of Proof. In order to keep the proof transparent, we will take only
the most important rounding errors into account. For brevity, we abbreviate
Il - [loo by || - || Our goal is to show that

k(A)e

loirs — ol < 25 2y — al| = ¢y — 2.
By assumption, ¢ < 1, so this inequality implies that the error ||z;11 — z||
decreases monotonically to zero. (In practice it will not decrease all the way
to zero because of rounding error in the assignment x;;; = z; — d, which we
are ignoring.)

We begin by estimating the error in the computed residual r. We get
r = fl(Az; — b) = Ax; — b+ f, where by the result of Question 1.10 |f| <



Linear Equation Solving 61

ne?(|A| - |z;| + |b|) + €|Ax; — b| ~ e|Ax; — b]. The €2 term comes from the
double precision computation of r, and the € term comes from rounding the
double precision result back to single precision. Since €2 < ¢, we will neglect
the €2 term in the bound on |f|.

Next we get (A+0A)d = r, where from bound (2.11) we know that || A| <
v - e ||A|, where v = 3n3g, although this is usually much too large. As
mentioned earlier we simplify matters by assuming x;11 = x; — d exactly.

Continuing to ignore all £? terms, we get

d = A+6A) lr=T+A154) 14
= (I+A'%A A Az, — b+ f)
(I+A15A) oy —x+ A7TLf)
(I—A15A) (z; —x+ A7)

;i —x— ATL6A(z —x) + AL

Therefore ;41 —r =2; —d —x = A"'6A(z; — ) — A~ f and so

|AT 6 A(z; — )| + |AT /|

JATY - NSA| - [l — 2| + [|A7] - e - || Az; — b
JA™Y - ISA - [l — 2| + [[A7Y] - e - [|A(2; — )]
AT - ye - [|A[] - [l — =]

HIATH - A e -l — |

JATY - Al - (v 4+ 1) - [l — =),

|Ziv1 — 2]

ININ NN

so if
C= AT A - e(y + 1) = K(A)e/e < 1,

then we have convergence. O
Iterative refinement (or other variations of Newton’s method) can be used
to improve accuracy for many other problems of linear algebra as well.

2.5.1. Single Precision lterative Refinement

This section may be skipped on a first reading.

Sometimes double precision is not available to run iterative refinement.
For example, if the input data is already in double precision, we would need to
compute the residual r in quadruple precision, which may not be available. On
some machines, like the Intel Pentium, double-extended precision is available,
which provides 11 more bits of fraction than double precision (see section 1.5).
This is not as accurate as quadruple precision (which would need at least
2-53 = 106 fraction bits) but still improves the accuracy noticeably.

But if none of these options are available, one could still run iterative
refinement while computing the residual r in single precision (i.e., the same
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precision as the input data). In this case, the Theorem 2.7 does not hold
any more. On the other hand, the following theorem shows that under certain
technical assumptions, one step of iterative refinement in single precision is still
worth doing because it reduces the componentwise relative backward error as
defined in Theorem 2.3 to O(g). If the corresponding relative condition number
ker(A) = || |A7Y - |Al||oo from section 2.2.1 is significantly smaller than the
usual condition number x(A) = [|[A™!||o - || A|lc0, then the answer will also be
more accurate.

THEOREM 2.8. Suppose that r is computed in single precision and

max;(|4] - [a]);
min (| A] - Ja]);

Then one step of iterative refinement yields x1 such that (A+3dA)x; = b+0b
with |da;;| = O(e)|aij| and [0b;| = O(e)|b;|. In other words, the componentwise
relative backward error is as small as possible. For example, this means that
if A and b are sparse, then dA and 6b have the same sparsity structures as A
and b, respectively.

1A oo - 1Alloo - e <L

For a proof, see [147] as well as [14, 223, 224, 225] for more details.
Single precision iterative refinement and the error bound (2.14) are imple-
mented in LAPACK routines like sgesvx.

ExAMPLE 2.7. We consider the same matrices as in Example 2.5 and per-
form one step of iterative refinement in the same precision as the rest of the
computation (¢ ~ 10716). For these examples, the usual condition number is
k(A) =~ 10, whereas kcor(A) ~ 1, so we expect a large accuracy improvement.
Indeed, the componentwise relative error for GEPP is driven below 10~1°, and
the corresponding error from (2.14) is driven below 10715 as well. The Matlab
code for this example is HOMEPAGE /Matlab/pivot.m. ¢

2.5.2. Equilibration

There is one more common technique for improving the error in solving a linear
system: equilibration. This refers to choosing an appropriate diagonal matrix
D and solving DAx = Db instead of Az = b. D is chosen to try to make the
condition number of DA smaller than that of A. In Example 2.7 for instance,
choosing d;; to be the reciprocal of the two-norm of row i of A would make DA
nearly equal to the identity matrix, reducing its condition number from 104
to 1. It is possible to show that choosing D this way reduces the condition
number of DA to within a factor of /n of its smallest possible value for any
diagonal D [242]. In practice we may also choose two diagonal matrices Dy,
and Dy and solve (DyowADeo)T = Dyowb, © = Do) T.

The techniques of iterative refinement and equilibration are implemented
in the LAPACK subroutines like sgerfs and sgeequ, respectively. These are
in turn used by driver routines like sgesvx.
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2.6. Blocking Algorithms for Higher Performance

At the end of section 2.3, we said that changing the order of the three nested
loops in the implementation of Gaussian elimination in Algorithm 2.2 could
change the execution speed by orders of magnitude, depending on the computer
and the problem being solved. In this section we will explore why this is the
case and describe some carefully written linear algebra software which takes
these matters into account. These implementations use so-called block algo-
rithms, because they operate on square or rectangular subblocks of matrices in
their innermost loops rather than on entire rows or columns. These codes are
available in public-domain software libraries such as LAPACK (in Fortran, at
NETLIB/lapack)!! and ScaLAPACK (at NETLIB/scalapack). LAPACK (and
its versions in other languages) are suitable for PCs, workstations, vector com-
puters, and shared-memory parallel computers. These include the SUN SPAR-
Ccenter 2000 [236], SGI Power Challenge [221], DEC AlphaServer 8400 [101],
and Cray C90/J90 [251, 252]. ScaLAPACK is suitable for distributed-memory
parallel computers, such as the IBM SP-2 [254], Intel Paragon [255], Cray T3
series [253], and networks of workstations [9]. These libraries are available on
NETLIB, including a comprehensive manual [10].

A more comprehensive discussion of algorithms for high performance (es-
pecially parallel) machines may be found on the World Wide Web at PARAL-
LEL_HOMEPAGE.

LAPACK was originally motivated by the poor performance of its prede-
cessors LINPACK and EISPACK (also available on NETLIB) on some high-
performance machines. For example, consider the table below, which presents
the speed in Mflops of LINPACK’s Cholesky routine spofa on a Cray YMP, a
supercomputer of the late 1980s. Cholesky is a variant of Gaussian elimination
suitable for symmetric positive definite matrices. It is discussed in depth in
section 2.7; here it suffices to know that it is very similar to Algorithm 2.2. The
table also includes the speed of several other linear algebra operations. The
Cray YMP is a parallel computer with up to 8 processors that can be used
simultaneously, so we include one column of data for 1 processor and another
column where all 8 processors are used.

A C translation of LAPACK, called CLAPACK (at NETLIB/clapack), is also available.
LAPACK++ (at NETLIB/c++/lapack++)) and LAPACK90 (at NETLIB/lapack90)) are
C++ and Fortran 90 interfaces to LAPACK, respectively.
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1 Proc. 8 Procs.

Maximum speed 330 2640
Matrix-matrix multiply (n = 500) 312 2425
Matrix-vector multiply (n = 500) 311 2285
Solve TX = B (n = 500) 309 2398
Solve T'x = b (n = 500) 272 584
LINPACK (Cholesky, n = 500) 72 72
LAPACK (Cholesky, n = 500) 290 1414
LAPACK (Cholesky, n = 1000) 301 2115

The top line, the maximum speed of the machine, is an upper bound on
the numbers that follow. The basic linear algebra operations on the next four
lines have been measured using subroutines especially designed for high speed
on the Cray YMP. They all get reasonably close to the maximum possible
speed, except for solving T'x = b, a single triangular system of linear equations,
which does not use 8 processors effectively. Solving T'X = B refers to solving
triangular systems with many right-hand sides (B is a square matrix). These
numbers are for large matrices and vectors (n = 500).

The Cholesky routine from LINPACK in the sixth line of the table executes
significantly more slowly than these other operations, even though it is working
on as large a matrix as the previous operations and doing mathematically sim-
ilar operations. This poor performance leads us to try to reorganize Cholesky
and other linear algebra routines to go as fast as their simpler counterparts
like matrix-matrix multiplication. The speeds of these reorganized codes from
LAPACK are given in the last two lines of the table. It is apparent that the
LAPACK routines come much closer to the maximum speed of the machine.
We emphasize that the LAPACK and LINPACK Cholesky routines perform
the same floating operations, but in a different order.

To understand how these speedups were attained, we must understand how
the time is spent by the computer while executing. This in turn requires us to
understand how computer memories operate. It turns out that all computer
memories, from the cheapest personal computer to the biggest supercomputer,
are built as hierarchies, with a series of different kinds of memories ranging from
very fast, expensive, and therefore small memory at the top of the hierarchy
down to slow, cheap, and very large memory at the bottom.

Fast, small, expensive Registers

Cache

Memory

Disk
Slow, large, cheap Tape
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For example, registers form the fastest memory, then cache, main memory,
disks, and finally tape as the slowest, largest, and cheapest. Useful arithmetic
and logical operations can be done only on data at the top of the hierarchy, in
the registers. Data at one level of the memory hierarchy can move to adjacent
levels—for example, moving between main memory and disk. The speed at
which data moves is high near the top of the hierarchy (between registers and
cache) and slow near the bottom (between and disk and main memory). In
particular, the speed at which arithmetic is done is much faster than the speed
at which data is transferred between lower levels in the memory hierarchy, by
factors of 10s or even 10000s, depending on the level. This means that an ill-
designed algorithm may spend most of its time moving data from the bottom
of the memory hierarchy to the registers in order to perform useful work rather
than actually doing the work.

Here is an example of a simple algorithm which unfortunately cannot avoid
spending most of its time moving data rather than doing useful arithmetic.
Suppose that we want to add two large n-by-n matrices, large enough so that
they fit only in a large, slow level of the memory hierarchy. To add them, they
must be be transferred a piece at a time up to the registers to do the additions,
and the sums are transferred back down. Thus, there are exactly 3 memory
transfers between fast and slow memory (reading 2 summands into fast memory
and writing 1 sum back to slow memory) for every addition performed. If the
time to do a floating point operation is ¢, seconds and the time to move a
word of data between memory levels is tyem seconds, where tnem > tarith, then
the execution time of this algorithm is 12 (%aitn + 3tmem ), which is much larger
than than the time n’t,yp, required for the arithmetic alone. This means that
matrix addition is doomed to run at the speed of the slowest level of memory
in which the matrices reside, rather than the much higher speed of addition.
In contrast, we will see later that other operations, such as matrix-matrix
multiplication, can be made to run at the speed of the fastest level of the
memory, even if the data are originally stored in the slowest.

LINPACK’s Cholesky routine runs so slowly because it was not designed
to minimize memory movement on machines such as the Cray YMP.'? In con-
trast, matrix-matrix multiplication and the three other basic linear algebra
algorithms measured in the table were specialized to minimize data movement
on a Cray YMP.

2.6.1. Basic Linear Algebra Subroutines (BLAS)

Since it is not cost-effective to write a special version of every routine like
Cholesky for every new computer, we need a more systematic approach. Since
operations like matrix-matrix multiplication are so common, computer manu-
facturers have standardized them as the Basic Linear Algebra Subroutines, or

121t was designed to reduce another kind of memory movement, page faults between main
memory and disk.



66 Applied Numerical Linear Algebra

BLAS [167, 87, 85], and optimized them for their machines. In other words,
a library of subroutines for matrix-matrix multiplication, matrix-vector multi-
plication, and other similar operations is available with a standard Fortran or
C interface on high performance machines (and many others), but underneath
they have been optimized for each machine. Our goal is to take advantage of
these optimized BLAS by reorganizing algorithms like Cholesky so that they
call the BLAS to perform most of their work.

In this section we will discuss the BLAS in general. In section 2.6.2, we
will describe how to optimize matrix multiplication in particular. Finally, in
section 2.6.3, we show how to reorganize Gaussian elimination so that most of
its work is performed using matrix multiplication.

Let us examine the BLAS more carefully. Table 2.1 counts the number of
memory references and floating points operations performed by three related
BLAS. For example, the number of memory references needed to implement
the saxpy operation in line 1 of the table is 3n 4 1, because we need to read
n values of x;, n values of y;, and 1 value of o from slow memory to registers,
and then write n values of y; back to slow memory. The last column gives the
ratio ¢ of flops to memory references (its highest-order term in n only).

The significance of ¢ is that it tells us roughly how many flops that we can
perform per memory reference or how much useful work we can do compared to
the time moving data. This tells us how fast the algorithm can potentially run.
For example, suppose that an algorithm performs f floating points operations,
each of which takes t..n seconds, and m memory references, each of which
takes tmem Seconds. Then the total running time is as large as

f “tarith + 1 tmem = f * Larith <1 + mtmem) = f * tarith - (1 + 1tmem> )

J tarith q tarith
assuming that the arithmetic and memory references are not performed in
parallel. Therefore, the larger the value of ¢, the closer the running time is to
the best possible running time f - t,i¢h, which is how long the algorithm would
take if all data were in registers. This means that algorithms with the larger
q values are better building blocks for other algorithms.

Table 2.1 reflects a hierarchy of operations: Operations such as saxpy
perform O(n') flops on vectors and offer the worst ¢ values; these are called
Level 1 BLAS, or BLAS1 [167], and include inner products, multiplying a
scalar times a vector and other simple operations. Operations such as matrix-
vector multiplication perform O(n?) flops on matrices and vectors and offer
slightly better ¢ values; these are called Level 2 BLAS, or BLAS2 [87, 86,
and include solving triangular systems of equations and rank-1 updates of
matrices (A + xy’, x and y column vectors). Operations such as matrix-
matrix multiplication perform O(n3) flops on pairs of matrices, and offer the
best g values; these are called Level 3 BLAS, or BLAS3 [85, 84], and include
solving triangular systems of equations with many right-hand sides.

The directory NETLIB/blas includes documentation and (unoptimized)
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Operation Definition f m qg=f/m
saxpy y=a-xr+yor 2n | 3n+1 2/3
(BLASI) Yi = ax; + i
1=1,...,n
Matrix-vector mult | y = A -z +y or 2n? | n? +3n 2
(BLAS2) Yi = D51 Qi+ Yi
1=1,...,n
Matrix-matrix mult | C = A- B+ C or 2n3 4n? n/2
(BLAS?)) Cij = 2221 aikbjk + Cij
ij=1,....n

Table 2.1. Counting floating point operations and memory references for the BLAS. f
is the number of floating point operations, and m is the number of memory references.

implementations of all the BLAS. For a quick summary of all the BLAS, see
NETLIB/blas/blasqr.ps. This summary also appears in [10, App. C] (or
NETLIB/lapack/lug/lapack _lug.html).

Since the Level 3 BLAS have the highest ¢ values, we endeavor to reorganize
our algorithms in terms of operations such as matrix-matrix multiplication
rather than saxpy or matrix-vector multiplication. (LINPACK’s Cholesky is
constructed in terms of calls to saxpy.) We emphasize that such reorganized
algorithms will only be faster when using BLAS that have been optimized.

2.6.2. How to Optimize Matrix Multiplication

Let us examine in detail how to implement matrix multiplication C' = A- B4+ C'
to minimize the number of memory moves and so optimize its performance.
We will see that the performance is sensitive to the implementation details. To
simplify our discussion, we will use the following machine model. We assume
that matrices are stored columnwise, as in Fortran. (It is easy to modify the
examples below if matrices are stored rowwise as in C.) We assume that there
are two levels of memory hierarchy, fast and slow, where the slow memory
is large enough to contain the three n x m matrices A, B, and C, but the
fast memory contains only M words where 2n < M < n?; this means that
the fast memory is large enough to hold two matrix columns or rows but
not a whole matrix. We further assume that the data movement is under
programmer control. (In practice, data movement may be done automatically
by hardware, such as the cache controller. Nonetheless, the basic optimization
scheme remains the same.)

The simplest matrix-multiplication algorithm that one might try consists of
three nested loops, which we have annotated to indicate the data movements.

ALGORITHM 2.6. Unblocked matriz multiplication (annotated to indicate mem-
ory activity):
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fori=1ton
{ Read row i of A into fast memory }
forj=1ton
{ Read Cjj into fast memory }
{ Read column j of B into fast memory }
fork=1ton
Cij = Cij + Ak - By
end for
{ Write Cyj back to slow memory }
end for
end for

The innermost loop is doing a dot product of row ¢ of A and column j of B to
compute Cj;, as shown in the following figure:

C(i.j) C(i,j) Al |, BC.)

One can also describe the two innermost loops (on j and k) as doing a
vector-matrix multiplication of the ith row of A times the matrix B to get the
ith row of C. This is a hint that we will not perform any better than these
BLAS1 and BLAS2 operations, since they are within the innermost loops.

Here is the detailed count of memory references: n® for reading B n times
(once for each value of i); n? for reading A one row at a time and keeping it in
fast memory until it is no longer needed; and 2n? for reading one entry of C
at a time, keeping it in fast memory until it is completely computed, and then
moving it back to slow memory. This comes to n? 4+ 3n? memory moves, or
q = 2n®/(n?+3n?) ~ 2, which is no better than the Level 2 BLAS and far from
the maximum possible n/2 (see Table 2.1). If M < n, so that we cannot keep
a full row of A in fast memory, ¢ further decreases to 1, since the algorithm
reduces to a sequence of inner products, which are Level 1 BLAS. For every
permutation of the three loops on ¢, j, and k, one gets another algorithm with
q about the same.

Our preferred algorithm uses blocking, where C' is broken into an N X
N block matrix with n/N x n/N blocks C%  and A and B are similarly
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partitioned, as shown below for N = 4. The algorithm becomes

kj

= = N - -
=[] 2 Ak e
k=1

ALGORITHM 2.7. Blocked matriz multiplication (annotated to indicate mem-
ory activity):

fori=1to N
forj=1to N
{ Read C¥ into fast memory }
fork=1to N
{ Read A™ into fast memory }
{ Read B¥ into fast memory }
Cij — Cij 4 Aik . Bkj
end for
{ Write CY back to slow memory }
end for
end for

Our memory reference count is as follows: 2n? for reading and writing
each block of C once, Nn? for reading A N times (reading each n/N-by-n/N
submatrix A* N3 times), and Nn? for reading B N times (reading each n/N-
by-n/N submatrix B¥ N3 times), for a total of (2N 4 2)n? ~ 2Nn? memory
references. So we want to choose IV as small as possible to minimize the num-
ber of memory references. But N is subject to the constraint M > 3(n/N)?,
which means that one block each from A, B, and C' must fit in fast memory
simultaneously. This yields N ~ n+/3/M, and so q ~ (2n3)/(2Nn?) ~ /M /3,
which is much better than the previous algorithm. In particular ¢ grows in-
dependently of n as M grows, which means that we expect the algorithm to
be fast for any matrix size n and to go faster if the fast memory size M is
increased. These are both attractive properties.

In fact, it can be shown that Algorithm 2.7 is asymptotically optimal [149].
In other words, no reorganization of matrix-matrix multiplication (that per-
forms the same 2n> arithmetic operations) can have a ¢ larger than O(v/M).

On the other hand, this brief analysis ignores a number of practical issues:

1. A real code will have to deal with nonsquare matrices, for which the
optimal block sizes may not be square.



70 Applied Numerical Linear Algebra

RS2: Level 1, 2 and 3 BLAS
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Fig. 2.5. BLAS speed on the IBM RS 6000/590.

2. The cache and register structure of a machine will strongly affect the
best shapes of submatrices.

3. There may be special hardware instructions that perform both a multiply
and an addition in one cycle. It may also be possible to execute several
multiply-add operations simultaneously if they do not interfere.

For a detailed discussion of these issues for one high performance workstation,
the IBM RS6000/590, see [1], PARALLEL_HOMEPAGE, or http://www.austin.ibm.com /tech/
Figure 2.6.2 shows the speeds of the three basic BLAS for this machine. The
horizontal axis is matrix size, and the vertical axis is speed in Mflops. The peak
machine speed is 266 Mflops. The top curve (peaking near 250 Mflops) is square
matrix-matrix multiplication. The middle curve (peaking near 100 Mflops) is
square matrix-vector multiplication, and the bottom curve (peaking near 75
Mflops) is saxpy. Note that the speed increases for larger matrices. This is a
common phenomenon and means that we will try to develop algorithms whose
internal matrix-multiplications use as large matrices as reasonable.

Both the above matrix-matrix multiplication algorithms perform 2n3 arith-
metic operations. It turns out that there are other implementations of matrix-
matrix multiplication that use far fewer operations. Strassen’s method [3] was
the first of these algorithms to be discovered and is the simplest to explain.
This algorithm multiplies matrices recursively by dividing them into 2 x 2 block
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matrices and multiplying the subblocks using seven matrix multiplications (re-
cursively) and 18 matrix additions of half the size; this leads to an asymptotic
complexity of n'°827 ~ n28! instead of n®.

ALGORITHM 2.8. Strassen’s matrix multiplication algorithm

C = Strassen(A,B,n)
/* Return C = A x B, where A and B are n-by-n;
Assume n is a power of 2 */
ifn=1
return C = Ax B /* scalar multiplication */

else
. A A Bi1 B
Partition A = [ Ayy Aoy ] and B = [ Boy  Bay ]
where the subblocks A;j and Byj are n/2-by-n/2
P, = Strassen( Aja — Az, Baj + Bag, n/2 )
P, = Strassen( Aj1 + Ase, Bi1 + B, n/2 )
P = Strassen( A11 — A21, Bi1 + Bi2, n/2 )
Py = Strassen( Ay + Ai2, B, n/2 )
Ps = Strassen( A1y, Bia — B2, n/2 )
Ps = Strassen( Aga, Bay — Bi1, n/2 )
P; = Strassen( A9y + Ase, B11, n/2 )
Cu=P+P—-P+F
012 == P4 + P5
Coo=Po—P3+P;— Py
Cn Cri2
return C = [ Oy Coy }
end if

It is tedious but straightforward to confirm by induction that this algorithm
multiplies matrices correctly (see Question 2.21). To show that its complexity
is O(n'°827), we let T'(n) be the number of additions, subtractions, and multi-
plies performed by the algorithm. Since the algorithm performs seven recursive
calls on matrices of size n/2, and 18 additions of n/2-by-n/2 matrices, we can
write down the recurrence T'(n) = 77(n/2) + 18(n/2)2. Changing variables
from n to m = logy n, we get a new recurrence 1T'(m) = 7T(m—1) +18(2m1)2
where T'(m) = T(2™). We can confirm that this linear recurrence for T has a
solution T'(m) = O(7™) = O(n'°&27).

The value of Strassen’s algorithm is not just this asymptotic complexity
but its reduction of the problem to smaller subproblems which eventually fit
in fast memory; once the subproblems fit in fast memory, standard matrix
multiplication may be used. This approach has led to speedups on relatively
large matrices on some machines [22]. A drawback is the need for significant
workspace and somewhat lower numerical stability, although it is adequate for
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many purposes [76]. There are a number of other even faster matrix multipli-
cation algorithms; the current record is about O(n2376), due to Winograd and
Coppersmith [261]. But these algorithms only perform fewer operations than
Strassen for impractically large values of n. For a survey see [193].

2.6.3. Reorganizing Gaussian Elimination to use Level 3 BLAS

We will reorganize Gaussian elimination to use, first, the Level 2 BLAS and,
then, the Level 3 BLAS. For simplicity, we assume that no pivoting is necessary.
Indeed, Algorithm 2.4 is already a Level 2 BLAS algorithm, because most
of the work is done in the second line, A(i +1 : n,i+1:n) = Al +1:
n,i+1:n)—A@l+1:n,i) « A, + 1 : n), which is a rank-1 update of
the submatrix A(i + 1 : n,i+ 1 : n). The other arithmetic in the algorithm,
A(t+1:n,i) = A+ 1 : n,i)/A(i,7), is actually done by multiplying the
vector A(i+1:n,) by the scalar 1/A(i,14), since multiplication is much faster
than division; this is also a Level 1 BLAS operation. We need to modify
Algorithm 2.4 slightly because we will use it within the Level 3 version:

ALGORITHM 2.9. Level 2 BLAS implementation of LU factorization without
pivoting for an m-by-n matriz A, where m > n: Qverwrite A by the m-by-n
matriz L and m-by-m matriz U. We have numbered the important lines for
later reference.

for i =1 to min(m — 1,n)
(1) A(G+1:m,i) =A@+ 1:m,i)/A(7,1)
ifi<n
(2) A(i+1:myi+1:n)=A@G+1:m,i+1:n)—
A(G+1:m,i) - A(i,i +1:n)
end for

The left side of Figure 2.6 illustrates Algorithm 2.9 applied to a square
matrix. At step ¢ of the algorithm, columns 1 to ¢ — 1 of L and rows 1 to i — 1
of U are already done, column ¢ of L and row i of U are to be computed, and
the trailing submatrix of A is to be updated by a rank-1 update. On the left
side of Figure 2.6, the submatrices are labeled by the lines of the algorithm
((1) or (2)) that update them. The rank-1 update in line (2) is to subtract the
product of the shaded column and the shaded row from the submatrix labeled
(2).

The Level 3 BLAS algorithm will reorganize this computation by delaying
the update of submatrix (2) for b steps, where b is a small integer called the
block size, and later applying b rank-1 updates all at once in a single matrix-
matrix multiplication. To see how to do this, suppose that we have already
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Fig. 2.6. Level 2 and Level 3 BLAS implementations of LU factorization.

computed the first ¢ — 1 columns of L and rows of U, yielding

t—1 b n—-b—i+1

i—1 A Ap A3
A = b Ax Ao Ao
n—b—i+1\ A31 Az Ass
Lz 0 0 U U Usp
= Loy T 0O |- 0 Axp Ag |,
Ly 0 I 0 Asgy Ass

where all the matrices are partitioned the same way. This is shown on the
right side of Figure 2.6. Now apply Algorithm 2.9 to the submatrix | 322 ] to
23

get

[/:122 ] _ [ Lo } Uy = [ LaoUso ]
Los LasUsz |

This lets us write

[ 14:122 14:123 ] _ [ LooUso 14:123 }
Az Ass | L32Uas  Ass
_ [ Lyy 0 } . [ Uz Loy Aas } ]
L L32 I 0 A33 — L32 : (L2_21A23)
_ [ La O } . [ U U ]
- L L32 I 0 A33 - L32 ’ U23
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- Ly I
Altogether, we get an updated factorization with b more columns of L and
rows of U completed:

Uz2 Uss
0 Asg

AH Alg A13 LH 0 0 Ull U21 U31
A21 AQQ A23 = L21 L22 0 . 0 U22 g23 .
Az Asz Ass L3y Loz 1 0 0 As J

This defines an algorithm with the following three steps, which are illus-
trated on the right of Figure 2.6:

. . Ay 1 L2
(1) Use Algorithm 2.9 to factorize [ Ao 1= Lo

(2) Form Uys = L521A23. This means solving a triangular linear
system with many right-hand sides (Ass), a single Level 3 BLAS
operation.

|- Usa.

(3) Form Ag3 = A3 — Lay - Uss, a matrix-matrix multiplication.

More formally, we have the following algorithms.

ALGORITHM 2.10. Level 3 BLAS implementation of LU factorization without
pivoting for an n-by-n matriz A. Owverwrite L and U on A. The lines of
the algorithm are numbered as above and to correspond to the right part of
Figure 2.6.

fori=1ton—1 step b
(1) Use Algorithm 2.9 to factorize A(i :m,i:i+b—1)=]
(2) A(i:i+b—1i+b:n)=Lo -A(i:i+b—1,i+b:n)
/* form Uss */
(3) A(i+b:n,i+b:n)=A(+b:n,i+b:n)
—A(t+b:nyi:i+b—1)-AG:i+b—1,i+b:n)

/* form Ass */

L22

s | U2

end for

We still need to choose the block size b in order to maximize the speed of
the algorithm. On the one hand, we would like to make b large because we
have seen that speed increases when multiplying larger matrices. On the other
hand, we can verify that the number of floating point operations performed
by the slower Level 2 and Level 1 BLAS in line (1) of the algorithm is about
n2b/2 for small b, which grows as b grows, so we do not want to pick b too
large. The optimal value of b is machine dependent and can be tuned for each
machine. Values of b = 32 or b = 64 are commonly used.
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To see detailed implementations of Algorithms 2.9 and 2.10, see subrou-
tines sgetf2 and sgetrf, respectively, in LAPACK (NETLIB/lapack). For
more information on block algorithms, including detailed performance num-
ber on a variety of machines, see also [10] or the course notes at PARAL-
LEL_ HOMEPAGE.

2.6.4. More About Parallelism and Other Performance Issues

In this section we briefly survey other issues involved in implementing Gaussian
elimination (and other linear algebra routines) as efficiently as possible.

A parallel computer contains p > 1 processors capable of simultaneously
working on the same problem. One may hope to solve any given problem
p times faster on such a machine than on a conventional uniprocessor. But
such “perfect efficiency” is rarely achieved, even if there are always at least
p independent tasks available to do, because of the overhead of coordinating
p processors and the cost of sending data from the processor that may store
it to the processor that needs it. This last problem is another example of
a memory hierarchy: from the point of view of processor i, its own memory
is fast, but getting data from the memory owned by processor j is slower,
sometimes thousands of times slower.

Gaussian elimination offers many opportunities for parallelism, since each
entry of the trailing submatrix may be updated independently and in parallel
at each step. But some care is needed to be as efficient as possible. Two stan-
dard pieces of software are available. The LAPACK routine sgetrf described
in the last section [10] runs on shared-memory parallel machines, provided
that one has available implementations of the BLAS that run in parallel. A
related library called ScalLAPACK, for Scalable LAPACK [52], is designed for
distributed-memory parallel machines, i.e., those that require special operations
to move data between different processors. All software is available on NETLIB
in the LAPACK and ScaLAPACK subdirectories. ScaLAPACK is described in
more detail in the notes at PARALLEL_HOMEPAGE. Extensive performance
data for linear equation solvers are available as the LINPACK Benchmark [83],
with an up-to-date version available at NETLIB/benchmark/performance.ps,
or in the Performance Database Server.!3 As of August 1996, the fastest that
any linear system had been solved using Gaussian elimination was one with
n = 128600 on an Intel Paragon XP/S MP with p = 6768 processors; the
problem ran at just over 281 Gflops (gigaflops), of a maximum 338 Gflops.

There are some matrices too large to fit in the main memory of any avail-
able machine. These matrices are stored on disk and must be read into main
memory piece by piece in order to perform Gaussian elimination. The orga-
nization of such routines is largely similar to the technique currently used in
ScaLAPACK, and they will soon be included in ScaLAPACK.

Bhttp://performance.netlib.org/performance/html/PDStop.html
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Finally, one might hope that compilers would become sufficiently clever to
take the simplest implementation of Gaussian elimination using three nested
loops and automatically “optimize” the code to look like the blocked algorithm
discussed in the last subsection. While there is much current research on this
topic (see the bibliography in the recent compiler textbook [262]), there is
still no reliably fast alternative to optimized libraries such as LAPACK and
ScaLAPACK.

2.7. Special Linear Systems

As mentioned in section 1.2, it is important to exploit any special structure
of the matrix to increase speed of solution and decrease storage. In practice,
of course, the cost of the extra programming effort required to exploit this
structure must be taken into account. For example, if our only goal is to
minimize the time to get the desired solution, and it takes an extra week of
programming effort to decrease the solution time from 10 seconds to 1 second,
it is worth doing only if we are going to use the routine more than (1 week *
7 days/week * 24 hours/day * 3600 seconds/hour) / (10 seconds — 1 second)
= 67200 times. Fortunately, there are some special structures that turn up
frequently enough that standard solutions exist, and we should certainly use
them. The ones we consider here are

1. symmetric positive definite matrices,

2. symmetric indefinite matrices,

3. band matrices,

4. general sparse matrices,

5. dense matrices depending on fewer than n? independent parameters.

We will consider only real matrices; extensions to complex matrices are straight-
forward.

2.7.1. Real Symmetric Positive Definite Matrices

Recall that a real matrix A is s.p.d. if and only if A = AT and 27 Az > 0 for
all z = 0. In this section we will show how to solve Az = b in half the time
and half the space of Gaussian elimination when A is s.p.d.

ProrosiTION 2.2. 1. If X is nonsingular, then A is s.p.d. if and only if
XTAX is s.p.d.

2. If Ais s.p.d. and H is any principal submatriz of A (H = A(j : k,j : k)
for some j < k), then H is s.p.d.
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3. A is s.p.d. if and only if A= AT and all its eigenvalues are positive.
4. If A is s.p.d., then all a; > 0, and max;; |a;;| = max; a; > 0.

5. A is s.p.d. if and only if there is a unique lower triangular nonsingular
matriz L, with positive diagonal entries, such that A= LLT. A= LLT
is called the Cholesky factorization of A, and L is called the Cholesky
factor of A.

Proof.

1. X nonsingular implies Xz = 0 for all = 0, so 27 XTAXz > 0 for all
z=0. So As.p.d. implies XTAX is s.p.d. Use X! to deduce the other
implication.

2. Suppose first that H = A(1: m,1: m). Then given any m-vector y, the
n-vector x = [y7,0]" satisfies y" Hy = 27 Az. So if 27 Az > 0 for all
nonzero z, then y” Hy > 0 for all nonzero y, and so H is s.p.d. If H does
not lie in the upper left corner of A, let P be a permutation so that H
does lie in the upper left corner of PT AP and apply Part 1.

3. Let X be the real, orthogonal eigenvector matrix of A so that XTAX = A
is the diagonal matrix of real eigenvalues \;. Since zTAz = Y, \iz?, A
is s.p.d if and only if each \; > 0. Now apply Part 1.

4. Let e; be the ith column of the identity matrix. Then eiTAei =a; >0
for all i. If |ag| = max;j|a;;| but k = [, choose z = e}, — sign(a)e;.
Then 27 Az = agp, + ay — 2|ag| < 0, contradicting positive-definiteness.

5. Suppose A = LLT with L nonsingular. Then 27 Az = (z7L)(LTx) =
|LTz||2 > 0 for all z = 0, so A is s.p.d. If A is s.p.d., we show that L
exists by induction on the dimension n. If we choose each l; > 0, our
construction will determine L uniquely. If n = 1, choose l1; = /a11,
which exists since a1; > 0. As with Gaussian elimination, it suffices to
understand the block 2-by-2 case. Write

a A
L [r A;z]
_\/Tl% I 0 Ay 0 I
B [ an A1z
B _Ang /122-1—% ’

~ T
so the (n — 1)-by-(n — 1) matrix Ags = Ao — % is symmetric.
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By Part 1 above, | ! ] is s.p.d, so by Part 2 Ay is s.p.d.

0 As
Thus by induction there exists an L such that 12122 = LLT and
A—[VCTL“H 0][1 0}[«/@1 %]

A FFT
\/a% I 0 LL 0 I

A
I R B Y C R el (A
NG 0 LT

We may rewrite this induction as the following algorithm.
ALGORITHM 2.11. Cholesky algorithm:

forj=1ton ‘
i = (aj; = 4oy )
fori=j+1 ton‘
end for

end for

If A is not positive definite, then (in exact arithmetic) this algorithm will
fail by attempting to compute the square root of a negative number or by
dividing by zero; this is the cheapest way to test if a symmetric matrix is
positive definite.

As with Gaussian elimination, L can overwrite the lower half of A. Only
the lower half of A is referred to by the algorithm, so in fact only n(n +1)/2
storage is needed instead of n?. The number of flops is

n n 1
D2+ Y 2j) =30+ 00,
J=1 i=j+1

or just half the flops of Gaussian elimination. Just as with Gaussian elim-
ination, Cholesky may be reorganized to perform most of its floating point
operations using Level 3 BLAS; see LAPACK routine spotrf.

Pivoting is not necessary for Cholesky to be numerically stable (equiva-
lently, we could also say any pivot order is numerically stable). We show this
as follows. The same analysis as for Gaussian elimination in section 2.4.2 shows
that the computed solution # satisfies (A +6A4)% = b with [§A| < 3ne|L|-|LT].
But by the Cauchy—Schwartz inequality and Part 4 of Proposition 2.2

(L1 LTy = ) Wkl - 1wl
p

< VGG

= Vi \/ajj

< max|ajl, (2.16)
ij
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30 || IL] - L] Jloo < n|Allo and [|6A]lsc < 3n%¢]| Al|oc.

2.7.2. Symmetric Indefinite Matrices

The question of whether we can still save half the time and half the space
when solving a symmetric but indefinite (neither positive definite nor negative
definite) linear system naturally arises. It turns out to be possible, but a more
complicated pivoting scheme and factorization is required. If A is nonsingular,
one can show that there exists a permutation P, a unit lower triangular matrix
L, and a block diagonal matrix D with 1-by-1 and 2-by-2 blocks such that

PAPT = LDLT. To see why 2-by-2 blocks are needed in D, consider the
0 1

1o
the work and space compared to standard Gaussian elimination. The name of
the LAPACK subroutine which does this operation is ssysv. The algorithm

is described in [43].

matrix [ . This factorization can be computed stably, saving about half

2.7.3. Band Matrices

A matrix A is called a band matrix with lower bandwidth by, and upper band-
width by if a;; = 0 whenever ¢ > j + by, or i < j — by:

ai S Al b+l 0
a2 by +2
A frd a’bL+111
b +2,2 An—by,n
L 0 nn—b;, " ann |

Band matrices arise often in practice (we give an example later) and are
useful to recognize because their L and U factors are also “essentially banded,”
making them cheaper to compute and store. We explain what we mean by
“essentially banded” below. But first, we consider LU factorization without
pivoting and show that L and U are banded in the usual sense, with the same
bandwidths as A.

PROPOSITION 2.3. Let A be banded with lower bandwidth by, and upper band-
width by. Let A = LU be computed without pivoting. Then L has lower
bandwidth by, and U has upper bandwidth by. L and U can be computed in
about 2n - by - by, arithmetic operations when by and by, are small compared to
n. The space needed is N(br + by + 1). The full cost of solving Ax = b is
2nby - by, 4+ 2nby + 2nby,.

Sketch of Proof. It suffices to look at one step; see Figure 2.7. At step j of
Gaussian elimination, the shaded region is modified by subtracting the product
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Fig. 2.7. Band LU factorization without pivoting.

of the first column and first row of the shaded region; note that this does not
enlarge the bandwidth. O

PROPOSITION 2.4. Let A be banded with lower bandwidth by, and upper band-
width by. Then after Gaussian elimination with partial pivoting, U is banded
with upper bandwidth at most by, +by, and L is “essentially banded” with lower
bandwidth by,. This means that L has at most by, + 1 nonzeros in each column
and so can be stored in the same space as a bandmatrix with lower bandwidth

br..

Sketch of Proof. Again a picture of the region changed by one step of the
algorithm illustrates the proof. As illustrated in Figure 2.8, pivoting can in-
crease the upper bandwidth by at most by. Later permutations can reorder
the entries of earlier columns so that entries of L may lie below subdiagonal by,
but no new nonzeros can be introduced, so the storage needed for L remains
by, per column. O

Gaussian elimination and Cholesky for band matrices are available in LA-
PACK routines like ssbsv and sspsv.

Band matrices often arise from discretizing physical problems with nearest
neighbor interactions on a mesh (provided the unknowns are ordered rowwise
or columnwise; see also Example 2.9 and section 6.3).

EXAMPLE 2.8. Consider the ordinary differential equation (ODE) y”(x) —
p(z)y'(z) — q(x)y(x) = r(x) on the interval [a,b] with boundary conditions
y(a) = a, y(b) = B. We also assume q(x) > g > 0. This equation may be used
to model the heat flow in a long, thin rod, for example. To solve the differential
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Fig. 2.8. Band LU factorization with partial pivoting.

equation numerically, we discretize it by seeking its solution only at the evenly
spaced mesh points z; = a+ih,i=0,...,N +1, where h = (b—a)/(N+1) is
the mesh spacing. Define p; = p(x;), r; = r(z;), and ¢; = q(z;). We need to de-
rive equations to solve for our desired approximations y; ~ y(z;), where yo = «
and yy41 = B. To derive these equations, we approximate the derivative 3/ (x;)
by the following finite difference approximation:

/ o Yi+1 —Yi—1

y (i) = — on

(Note that as h gets smaller, the right-hand side approximates y'(x;) more and
more accurately.) We can similarly approximate the second derivative by

Yir1 — 2Yi +Yi-1
y" (i) = = hQZ :
(See section 6.3.1 in Chapter 6 for a more detailed derivation.)
Inserting these approximations into the differential equation yields
Yir1 —20i +Yi-1 Yit1 — Yie
h? P an
Rewriting this as a linear system we get Ay = b, where

1—(1iyi=n’, 1<t <N.

[ y1 ] (] [ B+2p)a ]
—h2 0
y= 7b:T + :
0
| YN v ] LG ew)B
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and
aq —C1 2
b e ai = 1+414q
—_— 2 . .
A=l b = 3+l
" - CN-— o1 h, .
by CLNl ¢ = 5[1 - fpz]

Note that a; > 0, and also b; > 0 and ¢; > 0 if A is small enough.

This is a nonsymmetric tridiagonal system to solve for y. We will show
how to change it to a symmetric positive definite tridiagonal system, so that
we may use band Cholesky to solve it.

Choose D = diag(1 ,/i; \/ - .,\/ 62213 chV L). Then we may change
Ay =b to (DAD~')(Dy) = Db or Aj = b, where
[ —v/c1by i
—Veiby  ap —V/eab3
—/c2b3 '

o
Il

r —y/cn—1bn
i —ven-1by an ]

It is easy to see that A is symmetric, and it has the same eigenvalues as
A because A and A = DAD™! are similar. (See section 4.2 in Chapter 4 for
details.) We will use the next theorem to show it is also positive definite.

THEOREM 2.9. Gershgorin. Let B be an arbitrary matriz. Then the eigenval-
ues A of B are located in the union of the n disks

X = brl < bl
j=k

Proof. Given X and = = 0 such that Bz = Az, let 1 = ||z|c = z by
scaling x if necessary. Then Zé\le brjzj = AT = A, S0 X — by, = 2]}]21 br; T,
j=k

implying
A= bl <Dl <D fbayl O
j=k =k

Now if h is so small that for all 4, |2p;| < 1, then

1 h 1 h h? h?
|bi| + |eil = 5 <1+2Pz>+2<1—§m>:1<1+7q§1+7%=ai-

Therefore all eigenvalues of A lie inside the disks centered at 1+ h?gq;/2 >
1+ hzg/ 2 with radius 1; in particular, they must all have positive real parts.

Since A is symmetric, its eigenvalues are real and hence positive, so A is positive
definite. Its smallest eigenvalue is bounded below by gh2 /2. Thus, it can be
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solved by Cholesky. The LAPACK subroutine for solving a symmetric positive
definite tridiagonal system is sptsv.

In section 4.3 we will again use Gershgorin’s theorem to compute pertur-
bation bounds for eigenvalues of matrices. ¢

2.7.4. General Sparse Matrices

A sparse matrix is defined to be a matrix with a large number of zero entries.
In practice, this means a matrix with enough zero entries that it is worth using
an algorithm that avoids storing or operating on the zero entries. Chapter 6
is devoted to methods for solving sparse linear systems other than Gaussian
elimination and its variants. There are a large number of sparse methods, and
choosing the best one often requires substantial knowledge about the matrix
[24]. In this section we will only sketch the basic issues in sparse Gaussian
elimination and give pointers to the literature and available software.

To give a very simple example, consider the following matrix, which is
ordered so that GEPP does not permute any rows:

A is called an arrow matriz because of the pattern of its nonzero entries. Note
that none of the zero entries of A were filled in by GEPP so that L and U
together can be stored in the same space as the nonzero entries of A. Also, if
we count the number of essential arithmetic operations, i.e., not multiplication
by zero or adding zero, there are only 12 of them (4 divisions to compute the
last row of L and 8 multiplications and additions to update the (5,5) entry),
instead of %n?’ ~ 83. More generally, if A were an n-by-n arrow matrix, it
would take only 3n — 2 locations to store it instead of n?, and 3n — 3 floating
point operations to perform Gaussian elimination instead of %n?’. When n is
large, both the space and operation count become tiny compared to a dense
matrix.

Suppose that instead of A we were given A’, which is A with the order
of its rows and columns reversed. This amounts to reversing the order of the
equations and of the unknowns in the linear system Ax = b. GEPP applied to



84 Applied Numerical Linear Algebra

A’ again permutes no rows, and to two decimal places we get

1 1 .1 .1 1
1 1
A=1|1 1 =L'U
1 1
1 1
1 1 .1 1 1 1
1 1 99 —01 —.01 —.01
=|.1 -0 1 . 99 —.01 —-.01
1 —01 —.01 1 99 —.01
1 —01 —.01 —.01 1 .99

Now we see that L’ and U’ have filled in completely and require n? storage.
Indeed, after the first step of the algorithm all the nonzeros of A’ have filled
in, so we must do the same work as dense Gaussian elimination, %nS.

This illustrates that the order of the rows and columns is extremely im-
portant for saving storage and work. Even if we do not have to worry about
pivoting for numerical stability (such as in Cholesky), choosing the optimal per-
mutations of rows and columns to minimize storage or work is an extremely
hard problem. In fact, it is NP-complete [109], which means that all known
algorithms for finding the optimal permutation run in time which grows ezpo-
nentially with n, and so are vastly more expensive than even dense Gaussian
elimination for large n. Thus we must settle for using heuristics, of which there
are several successful candidates. We illustrate some of these below.

In addition to the complication of choosing a good row and column per-
mutation, there are other reasons sparse Gaussian elimination or Cholesky are
much more complicated than their dense counterparts. First, we need to design
a data structure that holds only the nonzero entries of A; there are several in
common use [91]. Next, we need a data structure to accommodate new entries
of L and U that fill in during elimination. This means that either the data
structure must grow dynamically during the algorithm or we must cheaply
precompute it without actually performing the elimination. Finally, we must
use the data structure to perform only the minimum number of floating point
operations and at most proportionately many integer and logical operations.
In other words, we cannot afford to do O(n?) integer and logical operations to
discover the few floating point operations that we want to do. A more complete
discussion of these algorithms is beyond the scope of this book [112, 91], but
we will indicate available software.

ExXaMPLE 2.9. We illustrate sparse Cholesky on a more realistic example that
arises from modeling the displacement of a mechanical structure subject to
external forces. Figure 2.9 shows a simple mesh of a two-dimensional slice of
a mechanical structure with two internal cavities. The mathematical problem
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Mechanical Structure with Mesh
2 T T T T T

15F b

Fig. 2.9. Mesh for a mechanical structure.

is to compute the displacements of all the grid points of the mesh (which
are internal to the structure) subject to some forces applied to the boundary
of the structure. The mesh points are numbered from 1 to n = 483; more
realistic problems would have much larger values of n. The equations relating
displacements to forces leads to a system of linear equations Ax = b, with
one row and column for each of the 483 mesh points and with a;; = 0 if and
only if mesh point 7 is connected by a line segment to mesh point j. This
means that A is a symmetric matrix; it also turns out to be positive definite,
so that we can use Cholesky to solve Az = b. Note that A has only nz = 3971
nonzeros of a possible 4832 = 233289, so A is just 3519/233289 = 1.7% filled.
(See Examples 4.1 and 5.1 for similar mechanical modeling problems, where
the matrix A is derived in detail.)

Figure 2.10 shows the same mesh (above) along with the nonzero pattern
of the matrix A (below), where the 483 nodes are ordered in the “natural”
way, with the logically rectangular substructures numbered rowwise, one sub-
structure after the other. The edges in each such substructure have a common
color, and these colors match the colors of the nonzeros in the matrix. Each
substructure has a label “(i : j)” to indicate that it corresponds to rows and
columns ¢ through j of A. The corresponding submatrix A(i : j,i : j) is a
narrow band matrix. (Example 2.8 and section 6.3 describe other situations
in which a mesh leads to a band matrix.) The edges connecting different sub-
structures are red and correspond to the red entries of A, which are farthest
from the diagonal of A.
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Mesh numbered in natural order
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Fig. 2.10. The edges in the mesh at the top are colored and numbered to match the
sparse matriz A at the bottom. For example the first 49 nodes of the mesh (the leftmost
green nodes) correspond to rows and columns 1 through 49 of A.



Linear Equation Solving 87

The top pair of plots in Figure 2.11 again shows the sparsity structure of
A in the natural order, along with the sparsity structure of its Cholesky factor
L. Nonzero entries of L corresponding to nonzero entries of A are black; new
nonzeros of L, called fill-in, are red. L has 11533 nonzero entries, over five
times as many as the lower triangle of A. Computing L by Cholesky costs just
296923 flops, just .8% of the %ng = 3.76 - 107 flops that dense Cholesky would
have required.

The number of nonzeros in L and the number of flops required to compute
L can be changed significantly by reordering the rows and columns of A. The
middle pair of plots in Figure 2.11 show the results of one such popular re-
ordering, called reverse Cuthill-McKee [112, 91|, which is designed to make A
a narrow band matrix. As can be seen, it is quite successful at this, reducing
the fill-in of L 21% (from 11533 to 9073) and reducing the flop count almost
39% (from 296923 to 181525).

Another popular ordering algorithm is called minimum degree ordering
[112, 91] which is designed to create as little fill-in at each step of Cholesky as
possible. The results are shown in the bottom pair of plots in Figure 2.11: the
fill-in of L is reduced a further 7% (from 9073 to 8440) but the flop count is
increased 9% (from 181525 to 198236). ©

Many sparse matrix examples are available as built-in demos in Matlab,
which also has many sparse matrix operations built into it (type “help sparfun”
in Matlab for a list). To see the examples, type demo in Matlab, then click
on “continue,” then on “Matlab/Visit,” and then on either “Matrices/Select
a demo/Sparse” or “Matrices/Select a demo/Cmd line demos.” For example,
Figure 2.12 shows a Matlab example of a mesh around a wing, where the goal is
to compute the airflow around the wing at the mesh points. The corresponding
partial differential equations of airflow lead to a nonsymmetric linear system
whose sparsity pattern is also shown.

Sparse Matrix Software

Besides Matlab, there is a variety of public domain and commercial sparse
matrix software available in Fortran or C. Since this is still an active research
area (especially with regard to high-performance machines), it is impossible
to recommend a single best algorithm. Table 2.2 [175] gives a list of available
software, categorized in several ways. We restrict ourselves to supported codes
(either public or commercial) or else research codes when no other software is
available for that type of problem or machine. We refer to [175, 92] for more
complete lists and explanations of the algorithms below.

Table 2.2 is organized as follows. The top group of routines, labeled se-
rial algorithms, are designed for single-processor workstations and PCs. The
shared-memory algorithms are for symmetric multiprocessors, such as the SUN
SPARCcenter 2000 [236], SGI Power Challenge [221], DEC AlphaServer 8400 [101],
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Fig. 2.11. Sparsity and flop counts for A with various orderings.
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and Cray C90/J90 [251, 252]. The distributed-memory algorithms are for ma-
chines such as the IBM SP-2 [254], Intel Paragon [255], Cray T3 series [253],
and networks of workstations [9]. As you can see, most software has been
written for serial machines, some for shared-memory machines, and very little
(besides research software) for distributed memory.

The first column gives the matriz type. The possibilities include nonsym-
metric, symmetric pattern (i.e. either a;; = aj = 0, or both can be nonzero
and unequal), symmetric (and possibly indefinite), and symmetric positive
definite (s.p.d.). The second column gives the name of the routine or of the
authors.

The third column gives some detail on the algorithm, indeed more than
we have explained in detail in the text: LL (left looking), RL (right look-
ing), frontal, MF (multifrontal), and LDL" refer to different ways to organize
the three nested loops defining Gaussian elimination. Partial, Markowitz, and
threshold refer to different pivoting strategies. 2D-blocking refers to which
parallel processors are responsible for which parts of the matrix. CAPSS as-
sumes that the linear system is defined by a grid and requires the z,y, andz
coordinates of the grid points in order to distribute the matrix among the
processors.

The third column also describes the organization of the innermost loop,
which could be BLAS1, BLAS2, BLAS3, or scalar. SD refers to the algorithm
switching to dense Gaussian elimination after step k& when the trailing (n — k-
by-(n — k) submatrix is dense enough.

The fifth column describes the status and availability of the software, in-
cluding whether it is public or commercial and how to get it.

2.7.5. Dense Matrices Depending on Fewer Than O(n?) Parame-
ters

This is a catch-all heading, which includes a large variety of matrices that arise
in practice. We mention just a few cases.
Vandermonde matrices are of the form

) X1 Ip
2 2 2
V= Lo Ty Tn
—1 n—1 n—1
L Zo Ly T, |

Note that the matrix-vector multiplication

T
T T ‘ j
Vi ag,. .. an)" = [E AiTh, ey g aixﬁl}

is equivalent to polynomial evaluation; therefore, solving V7a = y is polyno-

mial interpolation. Using Newton interpolation we can solve V'a =y in gnQ
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Matrix Status/

type Name Algorithm source

Serial algorithms

nonsym. | SuperLU LL, partial, BLAS-2.5 Pub/UCB

nonsym. | UMFPACK [61, 62] MF, Markowitz, BLAS-3 Pub/NETLIB
MA38 (same as UMFPACK) Com/HSL

nonsym. | MA48 [94] Anal: RL, Markowitz Com/HSL

Fact: LL, partial, BLAS-1, SD

nonsym. | SPARSE [165] RL, Markowitz, scalar Pub/NETLIB

sym- MUPS [5] MF, threshold, BLAS-3 Com/HSL

pattern} { MA42 [96] Frontal, BLAS-3 Com/HSL

sym. MA27 [95]/MA47 [93] MF, LDLT, BLAS-1 Com/HSL

s.p.d. Ng & Peyton [189] LL, BLAS-3 Pub/Author

Shared-memory algorithms

nonsym. | SuperLU LL, partial, BLAS-2.5 Pub/UCB

nonsym. | PARASPAR [268, 269] RL, Markowitz, BLAS-1, SD Res/Author

Sym- MUPS 6] MF, threshold, BLAS-3 Res/Author

pattern

nonsym. | George & Ng [113] RL, partial, BLAS-1 Res/Author

s.p.d. Gupta et al., [131] LL, BLAS-3 Com/SGI

Pub/Author

s.p.d. SPLASH [153] RL, 2-D block, BLAS-3 Pub/Stanford

Distributed-memory algorithms

sym. van der Stappen [243] RL, Markowitz, scalar Res/Author

Sym- Lucas et al. [178] MF, no pivoting, BLAS-1 Res/Author

pattern

s.p.d. Rothberg & Schreiber [205] | RL, 2-D block, BLAS-3 Res/Author

s.p.d. Gupta & Kumar [130] MF, 2-D block, BLAS-3 Res/Author

s.p.d. CAPSS [141] MF, full parallel, BLAS-1 Pub/NETLIB

(require coordinates)

Table 2.2. Software to solve sparse linear systems using direct methods.

Abbreviations used in the table:
nonsym. = nonsymmetric.

sym-pattern = symmetric nonzero structure, nonsymmetric values.

sym. = symmetric and may be indefinite.

s.p.d = symmetric and positive definite.

MF, LL, and RL = multifrontal, left-looking, and right-looking.
SD = switches to a dense code on a sufficiently dense trailing submatrix.
Pub = publicly available; authors may help use the code.
Res = published in literature but may not be available from the authors.
Com = commercial.
HSL = Harwell Subroutine Library:
http://www.rl.ac.uk/departments/ccd /numerical /hsl/hsl.html.
UCB = http://www.cs.berkeley.edu/~xiaoye/superlu.html.
Stanford = http://www-flash.stanford.edu/apps/SPLASH/.
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instead of %n?’ flops. There is a similar trick to solve Va =y in %nz flops too.
See [119, p. 178.].
Cauchy matrices C have entries

o= il
1] —
& —

where o = [avg, ..., a], B=1[01,---,0n)s E=1[&1,---, &), and n = [m1,..., 1]
are given vectors. The best-known example is the notoriously ill-conditioned
Hilbert matriz H, with h;; = 1/(i+j—1). These matrices arise in interpolating
data by rational functions: Suppose that we want to find the coefficients x; of
the rational function with fixed poles n;

OED e

j=1 7

such that f(&;) = y; for i = 1 to n. Taken together these n equations f(&;) = y;
form an n-by-n linear system with a coefficient matrix that is Cauchy. The
inverse of a Cauchy matrix turns out to be a Cauchy matrix, and there is a
closed form expression for C~!, based on its connection with interpolation:

(C™V)ij = B a1 (& — mi) Py () Qi(—&;),

where P;(-) and Q;(-) are the Lagrange interpolation polynomials

§h — 2 —Tk — 2
Pi(z) = and Q;(z) = _
i(2) kl_Ifk—f‘ i(2) P/l
=) =17
Toeplitz matrices look like
[ ap a1 az o ap |
a—1
a_y . . T ay |
ai
i Q_p -+ A—_9 a-1 Qg i

i.e., they are constant along diagonals. They arise in problems of signal pro-
cessing. There are algorithms for solving such systems that take only O(n?)
operations.

All these methods generalize to many other similar matrices depending on
only O(n) parameters. See [119, p. 183] or [158] for a recent survey.

2.8. References and Other Topics for Chapter 2

Further details about linear equation solving in general may be found in chap-
ters 3 and 4 of [119]. The reciprocal relationship between condition numbers
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and distance to the nearest ill-posed problem is further explored in [70]. An
average case analysis of pivot growth is described in [240], and an example of
bad pivot growth with complete pivoting is given in [120]. Condition estima-
tors are described in [136, 144, 146]. Single precision iterative refinement is
analyzed in [14, 223, 224]. A comprehensive discussion of error analysis for
linear equation solvers, which covers most of these topics, can be found in
[147].

For symmetric indefinite factorization, see [43]. Sparse matrix algorithms
are described in [112, 91| as well as the numerous references in Table 2.2.
Implementations of many of the algorithms for dense and band matrices de-
scribed in this chapter are available in LAPACK and CLAPACK [10], which
includes a discussion of block algorithms suitable for high-performance com-
puters. The BLAS are described in [85, 87, 167]. These and other routines are
available electronically in NETLIB. An analysis of blocking strategies for ma-
trix multiplication is given in [149]. Strassen’s matrix multiplication algorithm
is presented in [3], its performance in practice is described in [22], and its nu-
merical stability is described in [76, 147]. A survey of parallel and other block
algorithms is given in [75]. For a recent survey of algorithms for structured
dense matrices depending only on O(n) parameters, see [158].

2.9. Questions for Chapter 2

QUESTION 2.1. (Easy) Using your favorite World Wide Web browser, go to
NETLIB (http://www.netlib.org), and answer the following questions.

1. You need a Fortran subroutine to compute the eigenvalues and eigenvec-
tors of real symmetric matrices in double precision. Find one using the
Attribute /Value database search on the NETLIB repository. Report the
name and URL of the subroutine as well as how you found it.

2. Using the Performance Database Server, find out the current world speed
record for solving 100-by-100 dense linear systems using Gaussian elimi-
nation. What is the speed in Mflops, and which machine attained it? Do
the same for 1000-by-1000 dense linear systems and “big as you want”
dense linear systems. Using the same database, find out how fast your
workstation can solve 100-by-100 dense linear systems. Hint: Look at
the LINPACK benchmark.

QUESTION 2.2. (Easy) Consider solving AX = B for X, where A is n-by-
n, and X and B are n-by-m. There are two obvious algorithms. The first
algorithm factorizes A = PLU using Gaussian elimination and then solves for
each column of X by forward and back substitution. The second algorithm
computes A~! using Gaussian elimination and then multiplies X = A~!'B.
Count the number of flops required by each algorithm, and show that the first
one requires fewer flops.
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QUESTION 2.3. (Medium) Let || - || be the two-norm. Given a nonsingular
matrix A and a vector b, show that for sufficiently small ||§A||, there are nonzero
0A and 6b such that inequality (2.2) is an equality. This justifies calling x(A) =
|A=]| - ||A]| the condition number of A. Hint: Use the ideas in the proof of
Theorem 2.1.

QUESTION 2.4. (Hard) Show that bounds (2.7) and (2.8) are attainable.

QUESTION 2.5. (Medium) Prove Theorem 2.3. Given the residual r = AZ —b,
use Theorem 2.3 to show that bound (2.9) is no larger than bound (2.7). This
explains why LAPACK computes a bound based on (2.9), as described in
section 2.4.4.

QUESTION 2.6. (FEasy) Prove Lemma 2.2.

QUESTION 2.7. (Easy; Z. Bai) If A is a nonsingular symmetric matrix and
has the factorization A = LDM?, where L and M are unit lower triangular
matrices and D is a diagonal matrix, show that L = M.

QUESTION 2.8. (Hard) Consider the following two ways of solving a 2-by-2
linear system of equations:

Ax—[au GIQ].[Z'I]_[()I}_U
as a2 T2 ba
Algorithm 1. Gaussian elimination with partial pivoting (GEPP).

Algorithm 2. Cramer’s rule:

det = aq1 * a9 — ajo * as,
r1 = (ax *by —aj x by)/det,
Ty = (—CL21 * b1 + a1 * bg)/det.

Show by means of a numerical example that Cramer’s rule is not backward
stable. Hint: Choose the matrix nearly singular and [b; bo]? = [a12 ago]”.
What does backward stability imply about the size of the residual? Your
numerical example can be done by hand on paper (for example, with four-
decimal-digit floating point), on a computer, or a hand calculator.

QUESTION 2.9. (Medium) Let B be an n-by-n upper bidiagonal matrix, i.e.,
nonzero only on the main diagonal and first superdiagonal. Derive an algorithm
for computing koo (B) = || Bllool| B~ ||eo eractly (ignoring roundoff). In other
words, you should not use an iterative algorithm such as Hager’s estimator.
Your algorithm should be as cheap as possible; it should be possible to do using
no more than 2n — 2 additions, n multiplications, n divisions, 4n — 2 absolute
values, and 2n — 2 comparisons. (Anything close to this is acceptable.)
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QUESTION 2.10. (Easy; Z. Bai) Let A be n-by-m with n > m. Show that
| AT Allz = [[AI} and ro(ATA) = ra(A)2.

Let M be n-by-n and positive definite and L be its Cholesky factor so that
M = LL*. Show that ||[M|s = || L||3 and k2(M) = ka(L)?.

QUESTION 2.11. (Easy; Z. Bai) Let A be symmetric and positive definite.
Show that \aij\ < (aiiajj)l/z.

QUESTION 2.12. (Easy; Z. Bai) Show that if

I 7z
(0 7))

where I is an n-by-n identity matrix, then kp(Y) = |Y|r||Y " Yr = 2n +
1Z1%-

QUESTION 2.13. (Medium; From the 1995 Final Ezamination) In this ques-
tion we will ask how to solve By = ¢ given a fast way to solve Az = b, where
A — B is “small” in some sense.

1. Prove the Sherman—Morrison formula: Let A be nonsingular, u and v
be column vectors, and A + uv” be nonsingular. Then (A + uv”)™! =
A7 — (AT ATY /(1 + 0T A ).

More generally, prove the Sherman—Morrison—Woodbury formula: Let
U and V be n-by-k rectangular matrices, where k& < n and A is n-by-
n. Then T = I + VT A7U is nonsingular if and only if A + UV7 is
nonsingular, in which case (A + UVT)™t = A= — A-lUyT-tvT AL,

2. If you have a fast algorithm to solve Ax = b, show how to build a fast
solver for By = ¢, where B = A + uv™.

3. Suppose that ||A—B|| is “small” and you have a fast algorithm for solving
Az = b. Describe an iterative scheme for solving By = ¢. How fast do
you expect your algorithm to converge? Hint: Use iterative refinement.

QUESTION 2.14. (Medium; Programming) Use Netlib to obtain a subroutine
to solve Az = b using Gaussian elimination with partial pivoting. You should
get it from either LAPACK (in Fortran, NETLIB/lapack) or CLAPACK (in
C, NETLIB/clapack); sgesvx is the main routine in both cases. (There is also
a simpler routine sgesv that you might want to look at.) Modify sgesvx (and
possibly other subroutines that it calls) to perform complete pivoting instead
of partial pivoting; call this new routine gecp. It is probably simplest to
modify sgetf2 and use it in place of sgetrf. Test sgesvx and gecp on a
number of randomly generated matrices of various sizes up to 30 or so. By
choosing x and forming b = Ax, you can use examples for which you know the
right answer. Check the accuracy of the computed answer Z as follows. First,
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examine the error bounds FERR (“Forward ERRor”) and BERR (“Backward
ERRor”) returned by the software; in your own words, say what these bounds
mean. Using your knowledge of the exact answer, verify that FERR is correct.
Second, compute the exact condition number by inverting the matrix explicitly,
and compare this to the estimate RCOND returned by the software. (Actually,
RCOND is an estimate of the reciprocal of the condition number.) Third, confirm

that Haﬂ;ﬁﬁ“ is bounded by a modest multiple of macheps/RCOND. Fourth, you
should verify that the (scaled) backward error R = ||AZ — b||/((||A]| - || +
||b]|) - macheps) is of order unity in each case.

More specifically, your solution should consist of a well-documented pro-
gram listing of gecp, an explanation of which random matrices you generated
(see below), and a table with the following columns (or preferably graphs of

each column of data, plotted against the first column):

e test matrix number (to identify it in your explanation of how it
was generated);
e its dimension;
e from sgesvx:
—the pivot growth factor returned by the code
(this should ideally not be much larger than 1),
—its estimated condition number (1/RCOND),
—the ratio of 1/RCOND to your explicitly computed condition
number (this should ideally be close to 1),
—the error bound FERR,
—the ratio of FERR to the true error
(this should ideally be at least 1 but not much larger
unless you are “lucky” and the true error is zero),
—the ratio of the true error to ¢/RCOND
(this should ideally be at most 1 or a little less,
unless you are “lucky” and the true error is zero),
—the scaled backward error R/e
(this should ideally be O(1) or perhaps O(n)),
—the backward error BERR/e
(this should ideally be O(1) or perhaps O(n)),
—the run time in seconds,
e the same data for gecp as for sgesvx.

You need to print the data to only one decimal place, since we care only about
approximate magnitudes. Do the error bounds really bound the errors? How
do the speeds of sgesvx and gecp compare?

It is difficult to obtain accurate timings on many systems, since many timers
have low resolution, so you should compute the run time as follows:

t; = time-so-far
fori=1tom
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set up problem

solve the problem
endfor
to = time-so-far
fori=1tom

set up problem
endfor
t3 = time-so-far
t=((tz —t1) — (I3 — 12))/m

m should be chosen large enough so that t5 —t; is at least a few seconds. Then
t should be a reliable estimate of the time to solve the problem.

You should test some well-conditioned problems as well as some that are
ill-conditioned. To generate a well-conditioned matrix, let P be a permuta-
tion matrix, and add a small random number to each entry. To generate an
ill-conditioned matrix, let L be a random lower triangular matrix with tiny
diagonal entries and moderate subdiagonal entries. Let U be a similar upper
triangular matrix, and let A = LU. (There is also an LAPACK subroutine
slatms for generating random matrices with a given condition number, which
you may use if you like.)

Also try both solvers on the following class of n-by-n matrices for n = 1
up to 30. (If you run in double precision, you may need to run up to n = 60.)
Shown here is just the case n = 5; the others are similar:

1 0 0 01
-1 1 0 01
-1 -1 1 01
-1 -1 -1 11
-1 -1 -1 -1 1

Explain the accuracy of the results in terms of the error analysis in section 2.4.

Your solution should not contain any tables of matrix entries or solution
components.

In addition to teaching about error bounds, one purpose of this question is
to show you what well-engineered numerical software looks like. In practice,
one will often use or modify existing software instead of writing one’s own from
scratch.

QUESTION 2.15. (Medium; Programming) This problem depends on Ques-
tion 2.14. Write another version of sgesvx called sgesvddouble that com-
putes the residual in double precision during iterative refinement. Modify the
error bound FERR in sgesvx to reflect this improved accuracy. Explain your
modification. (This may require you to explain how sgesvx computes its error
bound in the first place.) On the same set of examples as in the last question,
produce a similar table of data. When is sgesvxdouble more accurate than
sgesvx?
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QUESTION 2.16. (Hard) Show how to reorganize the Cholesky algorithm (Al-
gorithm 2.11) to do most of its operations using Level 3 BLAS. Mimic Algo-
rithm 2.10.

QUESTION 2.17. (Easy) Suppose that, in Matlab, you have an n-by-n matrix
A and an n-by-1 matrix b. What do A\b, &’/A, and A/b mean in Matlab? How
does A\b differ from inv(A) * b?

QUESTION 2.18. (Medium) Let

A A }
A= )
{ Ay A

where A11 is k-by-k and nonsingular. Then S = Ags — AglAﬁlAlg is called the
Schur complement of A1 in A, or just Schur complement for short.

1. Show that after k steps of Gaussian elimination without pivoting, Ao
has been overwritten by S.

2. Suppose A = AT, Ay is positive definite and Asy is negative definite
(—Asgg is positive definite). Show that A is nonsingular, that Gaussian
elimination without pivoting will work in exact arithmetic, but (by means
of a 2-by-2 example) that Gaussian elimination without pivoting may be
numerically unstable.

QUESTION 2.19. (Medium) Matrix A is called strictly column diagonally dom-
inant, or diagonally dominant for short, if

n

|ai| > Z |ail.

j=1, j=i
e Show that A is nonsingular. Hint: Use Gershgorin’s theorem.

e Show that Gaussian elimination with partial pivoting does not actually
permute any rows, i.e., that it is identical to Gaussian elimination without
pivoting. Hint: Show that after one step of Gaussian elimination, the
trailing (n — 1)-by-(n — 1) submatrix, the Schur complement of a1; in A,
is still diagonally dominant. (See Question 2.18 for more discussion of
the Schur complement.)

QUESTION 2.20. (Easy; Z. Bai) Given an n-by-n nonsingular matrix A, how
do you efficiently solve the following problems, using Gaussian elimination with
partial pivoting?

(a) Solve the linear system A*2z = b, where k is a positive integer.

(b) Compute o = T A~ 1b.
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(c) Solve the matrix equation AX = B, where B is n-by-m.

You should (1) describe your algorithms, (2) present them in pseudocode (using
a Matlab-like language; you should not write down the algorithm for GEPP),
and (3) give the required flops.

QUESTION 2.21. (Medium) Prove that Strassen’s algorithm (Algorithm 2.8)
correctly multiplies n-by-n matrices, where n is a power of 2.



Linear Least Squares Problems

3.1. Introduction

Given an m-by-n matrix A and an m-by-1 vector b, the linear least squares
problem is to find an n-by-1 vector z minimizing [|Az — b||2. If m = n and
A is nonsingular, the answer is simply © = A~'b. But if m > n so that we
have more equations than unknowns, the problem is called overdetermined,
and generally no z satisfies Ax = b exactly. One occasionally encounters the
underdetermined problem, where m < n, but we will concentrate on the more
common overdetermined case.

This chapter is organized as follows. The rest of this introduction describes
three applications of least squares problems, to curve fitting, to statistical mod-
eling of noisy data, and to geodetic modeling. Section 3.2 discusses three stan-
dard ways to solve the least squares problem: the normal equations, the QR
decomposition, and the singular value decomposition (SVD). We will frequently
use the use SVD as a tool in later chapters, so we derive several of its properties
(although algorithms for the SVD are left to Chapter 5). Section 3.3 discusses
perturbation theory for least squares problems, and section 3.4 discusses the
implementation details and roundoff error analysis of our main method, QR
decomposition. The roundoff analysis applies to many algorithms using or-
thogonal matrices, including many algorithms for eigenvalues and the SVD in
Chapters 4 and 5. Section 3.5 discusses the particularly ill-conditioned situa-
tion of rank-deficient least squares problem and how to solve them accurately.
Section 3.7 and the questions at the end of the chapter give pointers to other
kinds of least squares problems and to software for sparse problems.

ExXAMPLE 3.1. A typical application of least squares is curve fitting. Suppose
that we have m pairs of numbers (y1,b1), ..., (Ym, bm) and that we want to find
the “best” cubic polynomial fit to b; as a function of y;. This means finding
polynomial coefficients x1, ..., x4 so that the polynomial p(y) = Z?Zl zjyi 7t
minimizes the residual r; = p(y;) — b; for i = 1 to m. We can also write this as

101
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minimizing
[ 71 p(y1) b1
T2 p(y2) bo
ro= .| = : -1 .
| Tm P(Ym) bm
(1 oy oy oy - by
e B o8 5 by
I IR 3 :
1 ym y72n y?n T4 bm,
= A-z-0,

where r and b are m-by-1, A is m-by-4, and x is 4-by-1. To minimize 7,
we could choose any norm, such as ||7||, ||7]|1, or ||7]|2. The last one, which
corresponds to minimizing the sum of the squared residuals ) ;" | r?, is a linear
least squares problem.

Figure 3.1 shows an example, where we fit polynomials of increasing degree
to the smooth function b = sin(7y/5) +y/5 at the 23 points y = —5, —4.5, —4,
..., 9.5, 6. The left side of Figure 3.1 plots the data points as circles, and four
different approximating polynomials of degrees 1, 3, 6, and 19. The right side
of Figure 3.1 plots the residual norm |[r||2 versus degree for degrees from 1 to
20. Note that as the degree increases from 1 to 17, the residual norm decreases.
We expect this behavior, since increasing the polynomial degree should let us
fit the data better.

But when we reach degree 18, the residual norm suddenly increases dra-
matically. We can see how erratic the plot of the degree 19 polynomial is on
the left (the blue line). This is due to ill-conditioning, as we will later see.
Typically, one does polynomial fitting only with relatively low degree poly-
nomials, avoiding ill-conditioning [60]. Polynomial fitting is available as the
function polyfit in Matlab.

Here is an alternative to polynomial fitting. More generally, one has a set
of independent functions fi(y),..., fo(y) from R* to R and a set of points
(y1,b1), .., (Ym, bm) With y; € RF and b; € R, and one wishes to find a best
fit to these points of the form b = > % z;f;(y). In other words one wants
to choose x = [x1,...,7,] to minimize the residuals r; = > =12 fi(yi) — bi
for 1 <4 < m. Letting a;; = f;(y;), we can write this as 7 = Az — b, where
A is m-by-n, = is n-by-1, and b and r are m-by-1. A good choice of basis
functions f;(y) can lead to better fits and less ill-conditioned systems than
using polynomials [33, 82, 166]. ¢

ExaMPLE 3.2. In statistical modeling, one often wishes to estimate certain
parameters z; based on some observations, where the observations are con-
taminated by noise. For example, suppose that one wishes to predict the
college grade point average (GPA) (b) of freshman applicants based on their
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Fig. 3.1. Polynomial fit to curve b = sin(wy/5) + y/5, and residual norms.

high school GPA (a;) and two Scholastic Aptitude Test scores, verbal (a2) and
quantitative (a3), as part of the college admissions process. Based on past
data from admitted freshmen one can construct a linear model of the form
b= Z?:1 a;z;. The observations are a;1, a;2, a;3, and b;, one set for each of
the m students in the database. Thus, one wants to minimize

r1 ail a2 ai3 by
T2 a1 a2 a3 1 bo
r= = To | — . =A-x—0b,
I3 :
'm aml Am2 (am3 bm

which we can do as a least squares problem.

Here is a statistical justification for least squares, which is called linear
regression by statisticians: assume that the a; are known exactly so that only
b has noise in it, and that the noise in each b; is independent and normally
distributed with 0 mean and the same standard deviation o. Let z be the so-
lution of the least squares problem and zp be the true value of the parameters.
Then zx is called a maximum-likelihood estimate of x7, and the error x — x7 is
normally distributed, with zero mean in each component and covariance ma-
triz 0?(AT A)~!. We will see the matrix (AT A)~! again below when we solve
the least squares problem using the normal equations. For more details on the
connection to statistics,'* see, for example, [33, 257]. o

14The standard notation in statistics differs from linear algebra: statisticians write X3 =y
instead of Ax =b.
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ExaMPLE 3.3. The least squares problem was first posed and formulated by
Gauss to solve a practical problem for the German government. There are
important economic and legal reasons to know exactly where the boundaries
lie between plots of land owned by different people. Surveyors would go out and
try to establish these boundaries, measuring certain angles and distances and
then triangulating from known landmarks. As population density increased,
it became necessary to improve the accuracy to which the locations of the
landmarks were known. So the surveyors of the day went out and remeasured
many angles and distances between landmarks, and it fell to Gauss to figure
out how to take these more accurate measurements and update the government
database of locations. For this he invented least squares, as we will explain
shortly [33].

The problem that Gauss solved did not go away and must be periodically
revisited. In 1974 the US National Geodetic Survey undertook to update the
US geodetic database, which consisted of about 700,000 points. The motiva-
tions had grown to include supplying accurate enough data for civil engineers
and regional planners to plan construction projects and for geophysicists to
study the motion of tectonic plates in the earth’s crust (which can move up to
5 cm per year). The corresponding least squares problem was the largest ever
solved at the time: about 2.5 million equations in 400,000 unknowns. It was
also very sparse, which made it tractable on the computers available in 1978,
when the computation was done [162].

Now we briefly discuss the formulation of this problem. It is actually non-
linear and solved by approximating it by a sequence of linear ones, each of
which is a linear least squares problem. The data base consists of a list of
points (landmarks), each labeled by location: latitude, longitude, and possibly
elevation. For simplicity of exposition, we assume that the earth is flat and
suppose that each point 7 is labeled by linear coordinates z; = (z;,v;)’. For
each point we wish to compute a correction dz; = (dz;,0y;)7 so that the cor-
rected location 2/ = (z/,y/)T = 2; + §z; more nearly matches the new, more
accurate measurements. These measurements include both distances between
selected pairs of points and angles between the line segment from point ¢ to
j and i to k (see Figure 3.1). To see how to turn these new measurements
into constraints, consider the triangle in Figure 3.1. The corners are labeled
by their (corrected) locations, and the angles # and edge lengths L are also
shown. From this data, it is easy to write down constraints based on simple
trigonometric identities. For example, an accurate measurement of 6; leads to
the constraint

(2] — )" (2

/
'L
(2 — 2T (2 — 2)) - (zk z

cos? 6; =

)]
DTz, —2)
where we have expressed cos6; in terms of dot products of certain sides of

the triangle. If we assume that dz; is small compared to z;, then we can
linearize this constraint as follows: multiply through by the denominator of
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2j=(xj )

Z=(Xk »Yk)

Zi=(Xj.Y{)

Fig. 3.2. Constraints in updating a geodetic database.

the fraction, multiply out all the terms to get a quartic polynomial in all the
“y-variables” (like dz;), and throw away all terms containing more than one
0-variable as a factor. This yields an equation in which all d-variables appear
linearly. If we collect all these linear constraints from all the new angle and
distance measurements together, we get an overdetermined linear system of
equations for all the d-variables. We wish to find the smallest corrections, i.e.,
the smallest values of §x;, etc., that most nearly satisfy these constraints. This
is a least squares problem. ¢

Later, after we introduce more machinery, we will also show how image
compression can be interpreted as a least squares problem (see Example 3.4).

3.2. Matrix Factorizations That Solve the Linear Least
Squares Problem

The linear least squares problem has several explicit solutions that we now
discuss:

1. normal equations,

2. QR decomposition,

3. SVD,

4. transformation to a linear system, (see Question 3.3).

The first method is the fastest but least accurate; it is adequate when the
condition number is small. The second method is the standard one and costs
up to twice as much as the first method. The third method is of most use on an
ill-conditioned problem, i.e., when A is not of full rank; it is several times more
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expensive again. The last method lets us do iterative refinement and improve
the solution when the problem is ill-conditioned. All methods but the third
can be adapted to deal efficiently with sparse matrices [33]. We will discuss
each solution in turn. We assume initially for methods 1 and 2 that A has full
column rank n.

3.2.1. Normal Equations

To derive the normal equations, we look for the x where the gradient of || Az —
b||3 = (Az — b)T(Ax — b) vanishes. So we want

(A(z+e) —b)T(A(z +e) —b) — (Az — b)T (Az — 1)

0 = lim
e—0 lell2
. 2eT(AT Az — ATh) + eT AT Ae
= lim
e—0 lell2

TATA A 2 2
The second term & Tells °f < I ““j““;‘b

0, so the factor AT Az— AT'b in the first term must also be zero, or AT Az = ATb.
This is a system of n linear equations in n unknowns, the normal equations.

Why is = (AT A)~LATbH the minimizer of ||Az — b||3? We can note that
the Hessian AT A is positive definite, which means that the function is strictly
convex and any critical point is a global minimum. Or we can complete the
square by writing ’ = y 4+ x and simplifying

= ||A||3|le||2 approaches 0 as e goes to

(Az' —b)'(Az' —b) = (Ay+ Az —b)"(Ay + Az —b)
= (Ay)T(Ay) + (Az — b)T (Az — b)
+2(Ay)T(A93 —b)
= | Ay[l3 + || Az — b3 + 25" (AT Aw — ATb)
= [ Ayl3 + | Az — b]3.

This is clearly minimized by y = 0. This is just the Pythagorean theorem, since
the residual » = Ax — b is orthogonal to the space spanned by the columns of
A, ie., 0= ATr = AT Az — ATb as illustrated below (the plane shown is the
span of the column vectors of A so that Az, Ay, and Az’ = A(x + y) all lie in
the plane):
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r=Ax-b

AX’-b = A(x+y)-b

* AX' = A(X+Y)

Since AT A is symmetric and positive definite, we can use the Cholesky
decomposition to solve the normal equations. The total cost of computing
AT A, ATb, and the Cholesky decomposition is n?m + %n3 +O(n?) flops. Since
m > n, the n®m cost of forming AT A dominates the cost.

3.2.2. QR Decomposition

THEOREM 3.1. QR decomposition. Let A be m-by-n with m > n. Suppose
that A has full column rank. Then there exists a unique m-by-n orthogonal
matriz Q (QTQ = I,) and a unique n-by-n upper triangular matriz R with
positive diagonals r;; > 0 such that A = QR.

Proof. We give two proofs of this theorem. First, this theorem is a restatement
of the Gram-Schmidt orthogonalization process [137]. If we apply Gram-—
Schmidt to the columns a; of A = [a1,a2,...,a,] from left to right, we get
a sequence of orthonormal vectors g; through ¢, spanning the same space:
these orthogonal vectors are the columns of (). Gram—Schmidt also computes
coefficients rj; = qual- expressing each column a; as a linear combination of ¢

through ¢;: a; = 2;:1 rjiqj- The rj; are just the entries of R.

ALGORITHM 3.1. The classical Gram—Schmidt (CGS) and modified Gram-—
Schmidt (MGS) Algorithms for factoring A = QR:

fori=1ton /* compute ith columns of Q and R */
q; = a;
for j=1toi—1 /* subtract components in q; direction from a; */
{ Tji = quai CGS

rji = qj qi MGS
qi = 4i — Tjiq;
end for
i = ||gill2
if ris =0 /* a; is linearly dependent on aq,...,a;—1 */
quit
end if

qi = qz‘/m
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end for

We leave it as an exercise to show that the two formulas for r;; in the algo-
rithm are mathematically equivalent (see Question 3.1). If A has full column
rank, r; will not be zero. The following figure illustrates Gram—Schmidt when
A is 2-by-2:

The second proof of this theorem will use Algorithm 3.2, which we present
in section 3.4.1. O

Unfortunately, CGS is numerically unstable in floating point arithmetic
when the columns of A are nearly linearly dependent. MGS is more stable and
will be used in algorithms later in this book but may still result in ) being far
from orthogonal (||QQ” — I|| being far larger than €) when A is ill-conditioned
[31, 32, 33, 147]. Algorithm 3.2 in section 3.4.1 is a stable alternative algorithm
for factoring A = QR. See Question 3.2.

We will derive the formula for the = that minimizes ||Ax — b2 using the
decomposition A = QR in three slightly different ways. First, we can always
choose m —n more orthonormal vectors Q so that @Q, Q] is a square orthogonal
matrix (for example, we can choose any m — n more independent vectors X
that we want and then apply Algorithm 3.1 to the n-by-n nonsingular matrix
[Q, X]). Then

Az — b2 = [[Q, Q)T (Az —b)||3 by part 4 of Lemma 1.7
= || % | @rz-b)
L QT 2
r Jnxn QTb 2
- I O(m—n)xn } R — [ QTb } ,
[ Bz= Q"0 1"
= o 2

| Rz — Q0|3 + Q" 0l3
1R BII3-

AV
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We can solve Rz — QTb = 0 for z, since A and R have the same rank,
n, and so R is nonsingular. Then z = R7'Q7bh, and the minimum value of
| Az — blz is Q8.

Here is a second, slightly different derivation that does not use the matrix
Q. Rewrite Az — b as

Az —b = QRz—b=QRzx— (QQT +1—-QQ")b
= Q(Rz—Q"b)+ (I - QQ")b.

Note that the vectors Q(Rz — QTb) and (I — QQT)b are orthogonal, be-
cause (Q(Rz —Q"0))" (I = QQT)b) = (Rz — QTb)T[QT(I - QQM)]b = (Rx —
QTb)T[0]b = 0. Therefore, by the Pythagorean theorem,

[Az = |3 = [Q(Rz—Q"b)|5+ (I —QQ™)b|3
= ||Rz— Q"b|3+ I(1 — QQ)bl3,

where we have used part 4 of Lemma 1.7 in the form ||Qy||3 = ||y||3. This sum
of squares is minimized when the first term is zero, i.e., z = R~1Q7b.

Finally, here is a third derivation that starts from the normal equations
solution:

x = (ATA)"1ATp
— (RTQTQR)flRTQTb _ (RTR)flRTQTb
R'RTRTQTy = R'Q"b.

Later we will show that the cost of this decomposition and subsequent least
squares solution is 2n?m — %n3, about twice the cost of the normal equations
if m > n and about the same if m = n.

3.2.3. Singular Value Decomposition

The SVD is a very important decomposition which is used for many purposes
other than solving least squares problems.

THEOREM 3.2. SVD. Let A be an arbitrary m-by-n matrix with m > n. Then
we can write A = USVT, where U is m-by-n and satisfies UTU = I, V is n-by-
n and satisfies VIV =1, and ¥ = diag(oy,...,0n), where o1 > --- > o, > 0.
The columns uq,...,un of U are called left singular vectors. The columns
Vi,...,0, of V are called right singular vectors. The o; are called singular
values. (If m < n, the SVD is defined by considering AT.)

A geometric restatement of this theorem is as follows. Given any m-by-n
matrix A, think of it as mapping a vector x € R" to a vector y = Ax € R™.
Then we can choose one orthogonal coordinate system for R (where the unit
axes are the columns of V') and another orthogonal coordinate system for R™
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(where the units axes are the columns of U) such that A is diagonal (), i.e.,
maps a vector x = » ' fv; to y = Ax = Y 0ifu;. In other words,
any matrix is diagonal, provided we pick appropriate orthogonal coordinate
systems for its domain and range.

Proof of Theorem 3.2. We use induction on m and n: we assume that the
SVD exists for (m—1)-by-(n—1) matrices and prove it for m-by-n. We assume
A = 0; otherwise we can take ¥ = 0 and let U and V be arbitrary orthogonal
matrices.

The basic step occurs when n = 1 (since m > n). We write A = USV7T
with U = A/||A|l2, £ = ||A||2, and V = 1.

For the induction step, choose v so ||v||2 = 1 and ||Al|2 = ||Av||2 > 0. Such
a v exists by the definition of ||All2 = max,|,—1 [|[Av[]2. Let u = HX‘%, which

is a unit vector. Choose U and V to that U = [u, U] is an m-by-n orthogonal
matrix, and V' = [v, V] is an n-by-n orthogonal matrix. Now write

T T T AT
T [ e -1 yAv yA‘{
UAV—[UT} A-lv V]= 0T ae OTAT |-
Then
T 2
UTA’U _ (A/U) (A’U) — HAUHQ — ||AU||2 — ||14||2 =g

[ Av]|2 | Av]|2

and UT Av = UTuAv|js = 0. We claim uT AV = 0 too because otherwise
o= ||All2 = |[UTAV |2 > ||[1,0,...,00UT AV |3 = |[[c|uf AV]||2 > &, a contra-
diction. (We have used part 7 of Lemma 1.7.)

0 0
So UTAV = [ grap 1 =10 1

hypothesis to A to get A = U;$1V/T, where Uy is (m — 1)-by-(n — 1), ¥ is
(n —1)-by-(n — 1), and Vj is (n — 1)-by-(n — 1). So
s 0 1 0][s 011 0]
T AV — —
= [ s = Lo ] 15 5] Lo ]

NG

which is our desired decomposition. O
The SVD has a large number of important algebraic and geometric prop-
erties, the most important of which we state here.

We may now apply the induction

or

THEOREM 3.3. Let A = UXVT be the SVD of the m-by-n matriz A, where
m > n. (There are analogous results for m < mn.)

1. Suppose that A is symmetric, with eigenvalues A\; and orthonormal eigen-
vectors u;. In other words A = UANUT is an eigendecomposition of A,
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with A = diag(M\1,..., ), U = [u1,...,u,], and UUT = I. Then an
SVD of A is A = USVT, where o; = |\;| and v; = sign(\;)u;, where
sign(0) = 1.

The eigenvalues of the symmetric matriz AT A are a?.
vectors v; are corresponding orthonormal eigenvectors.

The right singular

The eigenvalues of the symmetric matriz AAT are 0? and m — n zeroes.
The left singular vectors u; are corresponding orthonormal eigenvectors
for the eigenvalues 01-2. One can take any m —n other orthogonal vectors
as eigenvectors for the eigenvalue 0.

T
Let H = | 21 1% | where A is square and A = USVT is the SVD of A.

Let ¥ = diag(o1,...,0n), U = [u1,...,up] and V = [v1,...,vy]. Then
the 2n eigenvalues of H are +o;, with corresponding unit eigenvectors

1 Vi
ﬁ[ +u; ]

. If A has full rank, the solution of min, ||Ax — b||y is z = VX 1UTb.

Al = o1. If A is also square and nonsingular, then |A~Y|31 = o, and

[All2 - A 2 = 2.

Suppose g1 > -+ > 0p > 0py1 = +-- = 0p = 0. Then the rank of A isr.
The null space of A, i.e., the subspace of vectors v such that Av =0, is
the space spanned by columns r + 1 through n of V: span(vy41,...,0n).
The range space of A, the subspace of vectors of the form Aw for all w,
is the space spanned by columns 1 through r of U: span(uy,...,u,).

. Let S"71 be the unit sphere in R": S"1 = {x € R* : |zl = 1}.

Let A - S""1 be the image of S~ ' under A: A-S" 1 = {Az : x €
R™ and ||z||2 = 1}. Then A-S™ ! is an ellipsoid centered at the origin
of R™  with principal axes o;u;.

Write V. = [v1,v2,...,v,] and U = [u1,us,...,uy], so A = UXVT =

S ouvl (a sum of rank-1 matrices). Then a matriz of rank k < n

closest to A (measured with ||-||2) is Ax = Zle ouvl, and ||A— Ayl

70

ok+1. We may also write A, = ULV, where ¥, = diag(o1,...,0%,0,. ..

Proof.

1.

2.

This is true by the definition of the SVD.

ATA =vxUTUSVT = v¥2VT. This is an eigendecomposition of AT A,
with the columns of V the eigenvectors and the diagonal entries of %2
the eigenvalues.
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Choose an m-by-(m—n) matrix U so that [U, U] is square and orthogonal.
Then write

AAT — UsvTysuT = us2uT = [U U} [202 8} [U,U}T.

This is an eigendecomposition of AAT.
See Question 3.14.

|Az —b]j3 = |USVT2 — b”%; Since A has full rank, so does X, and thus
¥ is invertible. Now let [U, U] be square and orthogonal as above so

2
|USVTz — b3 = H[ } (UxVTz —b)

2

T =vTe—UT |
~UTb ,

= [|2VTz —UTo|3 + IU70]3.

This is minimized by making the first term zero, i.e., z = VX~1UTb.

It is clear from its definition that the two-norm of a diagonal matrix is
the largest absolute entry on its diagonal. Thus, by part 3 of Lemma 1.7,
[All2 = [[UTAV ||z = |[E]l2 = o1 and A7 |2 = [VTATIU|]2 = [~ ]|2 =
(o L
Again choose an m-by- (m — n) matrix U so that the m-by-m matrix
U = [U, U] is orthogonal. Since U and V are nonsingular, A and UT AV =
Qm—myxn = 3 have the same rank—namely, r—by our assumption
about . Also, v is in the null space of A if and only if Vv is in the null
space of UT AV = 3, since Av = 0 if and only if UT AV (VTv) = 0. But
the null space of S is clearly spanned by columns 7 4 1 through n of the
n-by-n identity matrix I,,, so the null space of A is spanned by V times
these columns, i.e., vy41 through v,. A similar argument shows that the
range space of A is the same as U times the range space of UTAV =3,
i.e., U times the first r columns of I,,, or u; through u,..

We “build” the set A - S"~! by multiplying by one factor of A = UXVT
at a time. The figure below illustrates what happens when

3 1
v ]
9-1/2  _9-1/2 4 0 9—1/2 _2—1/2
[ 9-1/2  9-1/2 } ’ [ 0 2 ] ’ [ 9-1/2  9-1/2

= uUxv?T,
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Assume for simplicity that A is square and nonsingular. Since V is
orthogonal and so maps unit vectors to other unit vectors, V7 . §n~1 =
Sl Next, since v € S"~1 if and only if |[v]s = 1, w € £S5~ if and
only if |[S 7 wl|ja = 1 or -1, (w;/0:)> = 1. This defines an ellipsoid with
principal axes og;e;, where e; is the ith column of the identity matrix.
Finally, multiplying each w = v by U just rotates the ellipse so that
each e; becomes u;, the ith column of U.

S(=S") V'*S
4 4
2 2
-2 -2
-4 -4
-4 -2 0 2 4 -4 -2 0 2 4
Sigma*V'*S U*Sigma*V'*S
4 4
2 2
0 0
-2 -2
-4 -4
-4 -2 0 2 4 -4 -2 0 2 4

9. Aj has rank k by construction and

0

Ok+1
=||U . VT = Ok+1-

n
E aiuiv?

i=k+1

A = Agll2 =

On 9

It remains to show that there is no closer rank k matrix to A. Let B
be any rank k£ matrix, so its null space has dimension n — k. The space
spanned by {vi,...,vg+1} has dimension k£ + 1. Since the sum of their
dimensions is (n — k) + (k + 1) > n, these two spaces must overlap. Let
h be a unit vector in their intersection. Then

IA=Bl3 > [I(A= Bl = [ Ar]3 = lUSVTR]3
=[SV
o llVI I3

2
Ojot1-0

A\
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ExaMPLE 3.4. We illustrate the last part of Theorem 3.3 by using it for image
compression. In particular, we will illustrate it with low-rank approximations
of a clown. An m-by-n image is just an m-by-n matrix, where entry (i, 7) is
interpreted as the brightness of pixel (4, 7). In other words, matrix entries rang-
ing from 0 to 1 (say) are interpreted as pixels ranging from black (=0) through
various shades of gray to white (=1). (Colors also are possible.) Rather than
storing or transmitting all m -n matrix entries to represent the image, we often
prefer to compress the image by storing many fewer numbers, from which we
can still approximately reconstruct the original image. We may use Part 9 of
Theorem 3.3 to do this, as we now illustrate.

Consider the image at the top left of Figure 3.3. This 320-by-200 pixel
image corresponds to a 320-by-200 matrix A. Let A = UXV7T be the SVD of
A. Part 9 of Theorem 3.3 tells us that A, = Zle aiuwiT is the best rank-k
approximation of A, in the sense of minimizing ||A — Ag|l2 = ox+1. Note that
it only takes m -k +mn-k = (m+n) - k words to store u; through u; and
o1v1 through opvg, from which we can reconstruct Ag. In contrast, it takes
m - n words to store A (or Ay explicitly), which is much larger when k£ is
small. So we will use A as our compressed image, stored using (m + n) - k
words. The other images in Figure 3.3 show these approximations for various
values of k, along with the relative errors ox41/01 and compression ratios
(m+mn)-k/(m-n)=>520-k/64000 ~ k/123.

|k | Relative error = 0y,11/0 | Compression ratio = 520k/64000 |
3 155 .024
10 077 .081
20 .040 163

These images were produced by the following commands (the clown and
other images are available in Matlab among the visualization demonstration
files; check your local installation for location):

load clown.mat; [U,S,V]=svd(X); colormap(’gray’);
image (U(:,1:k)*S(1:k,1:k)*V(:,1:k)’)

There are also many other, cheaper image-compression techniques available
than the SVD [187, 150]. ¢

Later we will see that the cost of solving a least squares problem with the
SVD is about the same as with QR when m >> n, and about 4n?m — %nS +
O(n?) for smaller m. A precise comparison of the costs of QR and the SVD
also depends on the machine being used. See section 3.6 for details.

DEFINITION 3.1. Suppose that A is m-by-n with m > n and has full rank, with
A=QR=UXVT being A’s QR decomposition and SVD, respectively. Then

AT = (ATA)AT = RTIQT = v~ Ut
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Original image

Fig. 3.3. Image compression using the SVD. (a) Original image. (b) Rank k = 3
approximation.
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k =10, relative error =0.07662, compression =0.08141

50 100 150 200 250 300

(¢)

k =20, relative error =0.04031, compression =0.1628

)7

50 100 150 200 250 300

Fig. 3.3. Continued. (c) Rank k = 10 approzimation. (d) Rank k = 20 approzima-
tion.
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is called the (Moore-Penrose) pseudoinverse of A. If m < n, then AT =
AT(AATHYL,

The pseudoinverse lets us write the solution of the full-rank, overdeter-
mined least squares problem as simply z = A*b. If A is square and full rank,
this formula reduces to x = A~'b as expected. The pseudoinverse of A is
computed as pinv(A) in Matlab. When A is not full rank, the Moore—Penrose
pseudoinverse is given by Definition 3.2 in section 3.5.

3.3. Perturbation Theory for the Least Squares Problem

When A is not square, we define its condition number with respect to the
2-norm to be k2(A) = omax(A)/omin(A). This reduces to the usual condition
number when A is square. The next theorem justifies this definition.

THEOREM 3.4. Suppose that A is m-by-n with m > n and has full rank. Sup-
pose that x minimizes | Az —bl||2. Let r = b— Az be the residual. Let T minimize

~ §A &b Omin (4
ng;;l + 0A)Z — (b+ 6b)||2. Assume € = Inaux(H”A”H;7 H||bH”22) < Hz%A) = omax((A))'
en

|2 —alls _ . {Q.HQ(A)
B os 6

+ tané - m%(A)} +O0(?) =€e-krs + O(e?),

[[7l|2
[1o1l2*
Az and measures whether the residual norm ||r||2 is large (near ||b||) or small

(near 0). krg is the condition number for the least squares problem.

where sinf = In other words, 6 is the angle between the vectors b and

Sketch of Proof. Expand & = ((A+ §A)T(A+ 5A))71 (A+686A)T(b+6b) in
powers of § A and 6b, and throw away all but the linear terms in §A and 6b. O

We have assumed that e-k2(A) < 1 for the same reason as in the derivation
of bound (2.4) for the perturbed solution of the square linear system Az = b:
it guarantees that A + JA has full rank so that Z is uniquely determined.

We may interpret this bound as follows. If 6 is 0 or very small, then the
residual is small and the effective condition number is about 2x2(A), much like
ordinary linear equation solving. If 6 is not small but not close to 7/2, the
residual is moderately large, and then the effective condition number can be
much larger: x2(A). If 6§ is close to 7/2, so the true solution is nearly zero,
then the effective condition number becomes unbounded even if ko(A) is small.
These three cases are illustrated below. The rightmost picture makes it easy
to see why the condition number is infinite when # = 7/2: in this case the
solution & = 0, and almost any arbitrarily small change in A or b will yield a
nonzero solution x, an “infinitely” large relative change.
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A A A

b b
Aw r=Axb aw Aw
6=0 b=Ax o Ax 0=1v2
= = Ax=0 =
k_LS=2k(A) K_LS=0(k(A)?) k_LS=infinity

An alternative form for the bound in Theorem 3.4 that eliminates the O(e?)
term is as follows [256, 147] (here 7 is the perturbed residual 7 = (b + db) —
(A+d5A)z):

1@ — all ers(A) ( Il )
W72 o 2 (9 4 (ke(A) +1)—1 12 )
B e \2 T 2T DL,

17—l

< (14 2eky(A)).
7]l

We will see that, properly implemented, both the QR decomposition and
SVD are numerically stable; i.e., they yield a solution Z minimizing ||(A +

§A)F — (b+ db)||> with
[0A] H<5bH>
x (2221 1901 — o,
<HAH 0]

We may combine this with the above perturbation bounds to get error bounds
for the solution of the least squares problem, much as we did for linear equation
solving.

The normal equations are not as accurate. Since they involve solving
(AT A)z = ATb, the accuracy depends on the condition number rp(ATA) =
k3(A). Thus the error is always bounded by on k3(A)e, never just rg(A)e.
Therefore we expect that the normal equations can lose twice as many digits
of accuracy as methods based on the QR decomposition and SVD.

Furthermore, solving the normal equations is not necessarily stable; i.e.,
the computed solution Z does not generally minimize ||(A 4+ 0A)Z — (b+ db)||2
for small §A and db. Still, when the condition number is small, we expect
the normal equations to be about as accurate as the QR decomposition or
SVD. Since the normal equations are the fastest way to solve the least squares
problem, they are the method of choice when the matrix is well-conditioned.

We return to the problem of solving very ill-conditioned least squares prob-
lems in section 3.5.

3.4. Orthogonal Matrices

As we said in section 3.2.2, Gram-Schmidt orthogonalization (Algorithm 3.1)
may not compute an orthogonal matrix ) when the vectors being orthogonal-
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ized are nearly linearly dependent, so we cannot use it to compute the QR
decomposition stably.

Instead, we base our algorithms on certain easily computable orthogonal
matrices called Householder reflections and Givens rotations, which we can
choose to introduce zeros into vectors that they multiply. Later we will show
that any algorithm that uses these orthogonal matrices to introduce zeros
is automatically stable. This error analysis will apply to our algorithms for
the QR decomposition as well as many SVD and eigenvalue algorithms in
Chapters 4 and 5.

Despite the possibility of nonorthogonal @, the MGS algorithm has im-
portant uses in numerical linear algebra. (There is little use for its less stable
version, CGS.) These uses include finding eigenvectors of symmetric tridiagonal
matrices using bisection and inverse iteration (section 5.3.4) and the Arnoldi
and Lanczos algorithms for reducing a matrix to certain “condensed” forms
(sections 6.6.1, 6.6.6, and 7.4). Arnoldi and Lanczos are used as the basis of
algorithms for solving sparse linear systems and finding eigenvalues of sparse
matrices. MGS can also be modified to solve the least squares problem stably,
but @ may still be far from orthogonal [33].

3.4.1. Householder Transformations

A Householder transformation (or reflection) is a matrix of the form P =
I — 2uu™ where |lullz = 1. It is easy to see that P = PT and PPT = (I —
2uu”) (I —2uu”) = I — 4uu” + 4unuTuu” = I, so P is a symmetric, orthogonal
matrix. It is called a reflection because Px is reflection of x in the plane
through 0 perpendicular to w.

Given a vector z, it is easy to find a Householder reflection P = I — 2uu”
to zero out all but the first entry of z: Pz = [c,0,...,0]T = c-e;. We do
this as follows. Write Pz = 2 — 2u(u’z) = ¢ e1 so that u = m(x —cep);
i.e., u is a linear combination of z and e;. Since |z||2 = ||Pz||2 = |c|, v must
be parallel to the vector & = z + ||z||2e1, and so u = @/||@l|2. One can verify
that either choice of sign yields a u satisfying Px = ce;, as long as & = 0. We
will use @ = = + sign(xy)ey, since this means that there is no cancellation in
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computing the first component of %. In summary, we get

x1 + sign(zy) - |||
T2

<3

with u =

=g
I

=
I

In

We write this as v = House(z). (In practice, we can store @ instead of u to save
the work of computing u, and use the formula P = I — (2/||@||3)@a” instead
of P=1—2uu’.)

ExaMPLE 3.5. We show how to compute the QR decomposition of a a 5-by-
4 matrix A using Householder transformations. This example will make the
pattern for general m-by-n matrices evident. In the matrices below, P; is a
5-by-5 orthogonal matrix, x denotes a generic nonzero entry, and o denotes a
zero entry.

1. Choose P; so A= PA=

S O © O 8
8 8 8 8 8
8 8 8 8 8
8 8 8 8 8

1
2. Choose P, = [T‘%} SO Ay = PA =
2

S O O O 8
S © O &8 &
8 8 8 8 8
8 8 8 8 8

3. Choose P3 = 1 SO Az = P3As =

S O © O 8
S © O &8 &
O O 8 &8 8
8 8 8 8 8

4. Choose Py = so Ay = PyAz =

—
)

S © O &

O O &8 &8

S 8 &8 R

O 8 8 8 8

0 Pi O O O

Here, we have chosen a Householder matrix P to zero out the subdiago-
nal entries in column %; this does not disturb the zeros already introduced in
previous columns.

Let us call the final 5-by-4 upper triangular matrix R=A,. Then A=
PI PPl PT R = QR, where Q is the first four columns of PIPIPIPl =
Py P, P3Py (since all P; are symmetric) and R is the first four rows of R. o
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Here is the general algorithm for QR decomposition using Householder
transformations.

ALGORITHM 3.2. QR factorization using Householder reflections:

fori=1ton
u; = House(A(i : m, 1))

P =1 - 2uul
A :myi:n) = PA({:m,i:n)
end for

Here are some more implementation details. We never need to form P,
explicitly but just multiply

(I — 2uul AGi : myi:n) = A(i:m,i:n) — 2u;(ul A(i:m,i:n)),

which costs less. To store P;, we need only wu;, or @; and ||@;||. These can
be stored in column ¢ of A; in fact it need not be changed! Thus QR can be
“overwritten” on A, where () is stored in factored form P;--- P,_1, and P; is
stored as @; below the diagonal in column ¢ of A. (We need an extra array of
length n for the top entry of @;, since the diagonal entry is occupied by Rj;.)

Recall that to solve the least squares problem min || Az —b||, using A = QR,
we need to compute Q7b. This is done as follows: QTb = P,P,_1--- Pib, so
we need only keep multiplying b by P1, Ps, ..., Py,:

fori=1ton

y=-2-ulb
b=0b+ Yu;
end for

The cost is n dot products v = —2 - uin and n “saxpys” b+ vyu;. The cost
of computing A = QR this way is 2n?m — %n?’, and the subsequent cost of
solving the least squares problem given QR is just an additional O(mn).

The LAPACK routine for solving the least squares problem using QR is
sgels. Just as Gaussian elimination can be reorganized to use matrix-matrix
multiplication and other Level 3 BLAS (see section 2.6), the same can be done
for the QR decomposition; see Question 3.17. In Matlab, if the m-by-n matrix
A has more rows than columns and b is m by 1, A\b solves the least squares

problem. The QR decomposition itself is also available via [Q,R]=qr(A).

3.4.2. Givens Rotations

[ cosf —sinf
sinf  cosf

A Givens rotation R(#)
clockwise by 6:

] rotates any vector z € R? counter-
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R(6) x

X

We also need to define the Givens rotation by 6 in coordinates ¢ and j:

U J
- -
1
i cos —sin6
R(i,j,0) =
J sin 0 cos 0
1
L 1 -

Given z, i, and j, we can zero out x; by choosing cos # and sin 6 so that

cosf) —sinf x| x?—f—x?
sinf cosf zj | 0

. .
—=— and sinf = .
I?Jrl“j \ /z?+z]2-
The QR algorithm using Givens rotations is analogous to using Householder
reflections, but when zeroing out column 4, we zero it out one entry at a time

(bottom to top, say).

or cos =

ExaMPLE 3.6. We illustrate two intermediate steps in computing the QR de-
composition of a 5-by-4 matrix using Givens rotations. To progress from

T r T T r T T
0O T x T 0o T T x
o o x xx [to] o o x x
0 0 x T 0o 0 o0 x
0o 0 T X o 0 o0 x
we multiply
1 T r T T T r T
1 o r x X O T T T
1 o o x x|=|0 0o x x
c —s 0 0 x T 0o 0 T X
s c 0 0 T T 0o 0 o0 «x
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and
1 r r T x r r T x
1 o r x T o r T X
g o oz z|=|0 o0z =z o
rod 0 0o x 0o 0 0 T
1 0o 0 o0 x 0O 0 0 «x

The cost of the QR decomposition using Givens rotations is twice the cost
of using Householder reflections. We will need Givens rotations for other ap-
plications later.

Here are some implementation details. Just as we overwrote A with @
and R when using Householder reflections, we can do the same with Givens
rotations. We use the same trick, storing the information describing the trans-
formation in the entries zeroed out. Since a Givens rotation zeros out just one
entry, we must store the information about the rotation there. We do this as
follows. Let s = sinf and ¢ = cosf. If |s| < ||, store s - sign(c) and other-

wise store w. To recover s and ¢ from the stored value (call it p) we do

the following: if |p| < 1, then s = p and ¢ = V1 — s?; otherwise ¢ = % and
s = v/1 — 2. The reason we do not just store s and compute ¢ = /1 — s2 is
that when s is close to 1, ¢ would be inaccurately reconstructed. Note also
that we may recover either s and ¢ or —s and —c; this is adequate in practice.

There is also a way to apply a sequence of Givens rotations while perform-
ing fewer floating point operations than described above. These are called Fast
Givens rotations [7, 8, 33|. Since they are still slower than Householder reflec-
tions for the purposes of computing the QR factorization, we will not consider
them further.

3.4.3. Roundoff Error Analysis for Orthogonal Matrices

This analysis proves backward stability for the QR decomposition and for many
of the algorithms for eigenvalues and singular values that we will discuss.

LEMMA 3.1. Let P be an exact Householder (or Givens) transformation, and
P be its floating point approximation. Then

fi(PA) = P(A+E) |E]2=0() A2

and
fl(AP) = (A+ F)P [[F|2=O(e) - | All2

Sketch of Proof.  Apply the usual formula fl(a © b) = (a © b)(1 +¢) to the
formulas for computing and applying P. See Question 3.16. O

In words, this says that applying a single orthogonal matrix is backward
stable.
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THEOREM 3.5. Consider applying a sequence of orthogonal transformations
to Ay. Then the computed product is an exact orthogonal transformation of
Ao+ 0A, where ||§A||2 = O(g)||All2. In other words, the entire computation is
backward stable:

(P Pjy -+ PLAcQiQs -+~ Q) = Py -+~ Pi(Ao + E)Qi -+ Q;
with ||E|ls = j - O(e) - ||Al|2. Here, as in Lemma 3.1, P; and Q; are floating

point orthogonal matrices and P; and Q; are exact orthogonal matrices.

Proof.  Let 15]; = Pj--- P and _Qj = Q1---Qj. We wish to show that
Aj = ﬂ(PjAjlej) = PJ(A + Ej)Qj for some HEJHQ = jO(&)HAHQ We use
Lemma 3.1 recursively. The result is vacuously true for j = 0. Now assume
that the result is true for j — 1. Then we compute

B = f(PA;1)
= P-(Aj 1+ E’) by Lemma 3.1

= P(P- I(A + E;—1)Qj—1 + E’) by induction
= Pi(A+ 1+JJIEQQQQF1
= ](A+E”)Qj 1
where
IE"l2 = [1Bj—1 + P/ E'Q]_ll2 < [|Bj—1ll2 + | P E'Q) 1 l2
= |1Ej-llz + [ E']2
= JO(e)[|All2

since [|Ej_1]l2 = (j — 1)O(¢)||All2 and [|E’||l2 = O(¢)||Al|2. Postmultiplication
by Q; is handled in the same way. O

3.4.4. Why Orthogonal Matrices?

Let us consider how the error would grow if we were to multiply by a sequence of
nonorthogonal matrices in Theorem 3.5 instead of orthogonal matrices. Let X
be the exact nonorthogonal transformation and X be its floating point approx-
imation. Then the usual floating point error analysis of matrix multiplication
tells us that

A(XA)=XA+E=X(A+X'E)=X(A+F),

where [ £}z < O(¢)[|X||2 - |All2 and so [|[Fll2 < [ X2+ [ Ell2 < O(e) - k2(X) -
1A][2-

So the error ||E||2 is magnified by the condition number k2(X) > 1. In a
larger product X}, - - - X1 AY; - - - Y}, the error would be magnified by I, ka(X5)-
k2(Y;). This factor is minimized if and only if all X; and Y; are orthogonal (or
scalar multiples of orthogonal matrices), in which case the factor is one.
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3.5. Rank-Deficient Least Squares Problems

So far we have assumed that A has full rank when minimizing ||Az — b|2.
What happens when A is rank deficient or “close” to rank deficient? Such
problems arise in practice in many ways, such as extracting signals from noisy
data, solution of some integral equations, digital image restoration, comput-
ing inverse Laplace transforms, and so on [139, 140]. These problems are
very ill-conditioned, so we will need to impose extra conditions on their so-
lutions to make them well-conditioned. Making an ill-conditioned problem
well-conditioned by imposing extra conditions on the solution is called regular-
ization and is also done in other fields of numerical analysis when ill-conditioned
problems arise.

For example, the next proposition shows that if A is exactly rank deficient,
then the least squares solution is not even unique.

ProroSITION 3.1. Let A be m-by-n with m > n and rank A =r <n. Then
there is an n — r dimensional set of vectors x that minimize || Az — bl|2.

Proof. Let Az =0. Then if  minimizes || Az — b||2, so does x + z. O
Because of roundoff in the entries of A, or roundoff during the computation,
it is most often the case that A will have one or more very small computed
singular values, rather than some exactly zero singular values. The next propo-
sition shows that in this case, the unique solution is likely to be very large and is
certainly very sensitive to error in the right-hand side b (see also Theorem 3.4).

PROPOSITION 3.2. Let omin = omin(A), the smallest singular value of A. As-
sume omin > 0. Then

1. if x minimizes ||Ax — b||o, then |||l > |ulb|/omin, where u, is the last
column of U in A =UXVT.

2. changing b to b+ 6b can change x to x + dx, where ||0x||2 is as large as
100]|2/ O min-

In other words, if A is nearly rank deficient (owin is small), then the solu-
tion x is ill-conditioned and possibly very large.

Proof. For part 1, = = A*b = VI 'UTh, so |z|2 = [|[Z71UTb|2 >
|(271UTb),| = |ulb|/omin. For part 2, choose &b parallel to u,. O

We begin our discussion of regularization by showing how to regularize
an ezactly rank-deficient least squares problem: Suppose A is m-by-n with
rank r < n. Within the (n — r)-dimensional solution space, we will look for
the unique solution of smallest norm. This solution is characterized by the
following proposition.
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PROPOSITION 3.3. When A is exactly singular, the x that minimize || Ax —b||2
can be characterized as follows. Let A = USVT have rank r < n, and write
the SVD of A as

1 0

A = [U1,Us] [ 0 0

] Vi, Vo' = Uy VT, (3.1)

where 31 is r X r and nonsingular and Uy and Vi have r columns. Let 0 =
Omin(21), the smallest nonzero singular value of A. Then

1. All solutions x can be written © = VlEflUlTb-i-ng, z an arbitrary vector.

2. The solution = has minimal norm ||z||2 precisely when z = 0, in which
case © = ViXT'UTb and ||z]|2 < ||b]l2/0.

3. Changing b to b+ b can change the minimal norm solution x by at most

16bll2/0-

In other words, the norm and condition number of the unique minimal norm
solution x depend on the smallest nonzero singular value of A.

Proof. Choose U so [U, U] = [Uy,Us, U] is an m x m orthogonal matrix. Then

1Az = blI3 = |[[U, U]" (A — b)13

- T 2
1
= T (2 Ve —b)

UT

[ S Vile —ULb
- Ulb

i UTy 9
= = Vi'z — UL B|3 + U7 b)13 + |UTb|I3.

2
2

1. ||Az — b||2 is minimized when X,V 'z = U{'b, or © = VX UTD + Vaz
since VI Va2 = 0 for all 2.

2. Since the columns of V] and Vs are mutually orthogonal, the Pythagorean
theorem implies that ||z||3 = [|[VAX7 UTLb]|3 + [|Vaz||3, and this is mini-
mized by z = 0.

3. Changing b by §b changes z by at most || V41X U 8b||2 < |27 1]2/|6b]l2 =
|6b]|2/0. O

Proposition 3.3 tells us that the minimum norm solution z is unique and
may be well-conditioned if the smallest nonzero singular value is not too small.
This is key to a practical algorithm, discussed in the next section.
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EXAMPLE 3.7. Suppose that we are doing medical research on the effect of a
certain drug on blood sugar level. We collect data from each patient (num-
bered from ¢ = 1 to m) by recording his or her initial blood sugar level (a; 1)
and final blood sugar level (b;), the amount of drug administered (a;2), and
other medical quantities, including body weights on each day of a week-long
treatment (a; 3 through a;g). In total, there are n < m medical quantities
measured for each patient. Our goal is to predict b; given a;; through a; .,
and we formulate this as the least squares problem min, ||Az —b|2. We plan to
use z to predict the final blood sugar level b; of future patient j by computing
the dot product >}, a;rpxy.

Since people’s weight generally does not change significantly from day to
day, it is likely that columns 3 through 9 of matrix A, which contain the
weights, are very similar. For the sake of argument, suppose that columns
3 and 4 are identical (which may be the case if the weights are rounded to
the nearest pound). This means that matrix A is rank deficient and that
ro = [0,0,1,—1,0,...,0]7 is a right null vector of A. So if  is a (minimum
norm) solution of the least squares problem min, ||Az — b||2, then = + Sx¢ is
also a (nonminimum norm) solution for any scalar 3, including, say, 8 = 0 and
(= 105. Is there any reason to prefer one value of 3 over another? The value
108 is clearly not a good one, since future patient j, who gains one pound
between days 1 and 2, will have that difference of one pound multiplied by
108 in the predictor > r_q ajrry of final blood sugar level. It is much more
reasonable to choose 8 = 0, corresponding to the minimum norm solution .
o

For further justification of using the minimum norm solution for rank-
deficient problems, see [139, 140].

When A is square and nonsingular, the unique solution of Az = b is of
course b = A~ 'z. If A has more rows than columns and is possibly rank-
deficient, the unique minimum-norm least squares solution may be similarly
written b = ATbh, where the Moore—Penrose pseudoinverse AT is defined as
follows:

DEFINITION 3.2. (Moore—Penrose pseudoinverse A" for possibly rank-deficient
A)
Let A = UXVT = Uy VT as in equation (3.1). Then AT = VX[ 'UL.

o . L Tvd +_ 151 0.4 _ =0
This is also written AT = VIYXTU, where ¥ = | 0 O] = 0 0]

So the solution of the least squares problem is always x = ATb, and when
A is rank deficient, x has minimum norm.

3.5.1. Solving Rank-Deficient Least Squares Problems Using the
SVD

Our goal is to compute the minimum norm solution z, despite roundoff. In
the last section, we saw that the minimal norm solution was unique and had a
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condition number depending on the smallest nonzero singular value. Therefore,
computing the minimum norm solution requires knowing the smallest nonzero
singular value and hence also the rank of A. The main difficulty is that the
rank of a matrix changes discontinuously as a function of the matrix.

For example, the 2-by-2 matrix A = diag(1,0) is exactly singular, and its
smallest nonzero singular value is ¢ = 1. As described in Proposition 3.3, the
minimum norm least squares solution to min ||Az — b|ls with b = [1,1]7 is
x = [1,0]7, with condition number 1/o = 1. But if we make an arbitrarily
tiny perturbation to get A = diag(1,€), then o drops to € and x = [1,1/¢]”
becomes enormous, as does its condition number 1/e. In general, roundoff will
make such tiny perturbations, of magnitude O(g)||Al|2. As we just saw, this
can increase the condition number from 1/c to 1/e.

We deal with this discontinuity algorithmically as follows. In general each
computed singular value &; satisfies |6, —0;| < O(¢)||A||2. This is a consequence
of backward stability: the computed SVD will be the exact SVD of a slightly
different matrix: A = USVT = A + §A, with ||6A]| = O(e) - ||A||. (This is
discussed in detail in Chapter 5.) This means that any 6; < O(e)||A]|2 can
be treated as zero, because roundoff makes it indistinguishable from 0. In the
above 2-by-2 example, this means we would set the € in A to zero before solving
the least squares problem. This would raise the smallest nonzero singular value
from € to 1 and correspondingly decrease the condition number from 1/€ to
1/o=1.

More generally, let tol be a user-supplied measure of uncertainty in the data
A. Roundoff implies that tol > ¢ ||A||, but it may be larger, depending on the
source of the data in A. Now set 6; = §; if 6; > tol, and &; = 0 otherwise. Let
Y = diag(G;). We call USVT the truncated SVD of A, because we have set
singular values smaller than tol to zero. Now we solve the least squares problem
using the truncated SVD instead of the original SVD. This is justified since
|USVT —USVT||y = U — £)VT |2 < tol, i.e., the change in A caused by
changing each &; to g; is less than the user’s inherent uncertainty in the data.
The motivation for using ¥ instead of ¥ is that of all matrices within distance
tol of f], ¥ maximizes the smallest nonzero singular value o. In other words, it
minimizes both the norm of the minimum norm least squares solution z and its
condition number. The picture below illustrates the geometric relationships
among the input matrix A, A=U flVT, and A =U SVT, where we we think
of each matrix as a point in Euclidean space R"*". In this space, the rank-
deficient matrices form a surface, as shown below:
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\

Rank-deficient matrices

ExaMpPLE 3.8. We illustrate the above procedure on two 20-by-10 rank-deficient
matrices Ay (of rank 1 = 5) and As (of rank ro = 7). We write the SVDs of
either Ay or Ay as A; = UiEiViT, where the common dimension of U;, ¥;, and
V; is the rank r; of A;; this is the same notation as in Proposition 3.3. The r;
nonzero singular values of A; (singular values of ¥;) are shown as red pluses
in Figure 3.4 (for A;) and Figure 3.5 (for Ay). Note that A; in Figure 3.4 has
five large nonzero singular values (all slightly exceeding 1 and so plotted on
top of one another, on the right edge the graph), whereas the seven nonzero
singular values of Ay in Figure 3.5 range down to 1.2 - 107 ~ tol.

We then choose an r;-dimensional vector z, and let z; = V;z} and b; =
Ajz; = U;S;z}, so x; is the exact minimum norm solution minimizing ||A;z; —
bi||2. Then we consider a sequence of perturbed problems A; + § A, where the
perturbation d A is chosen randomly to have a range of norms, and solve the
least squares problems ||(A; + 6A)y; — bi||2 using the truncated least squares
procedure with tol = 107, The blue lines in Figures 3.4 and 3.5 plot the
computed rank of A; + A (number of computed singular values exceeding
tol = 107%) versus ||[6A||2 (in the top graphs), and the error ||y; — x;||2/]|z:]l2
(in the bottom graphs). The Matlab code for producing these figures is in
HOMEPAGE /Matlab/RankDeficient.m.

The simplest case is in Figure 3.4, so we consider it first. A; + §A will
have five singular values near or slightly exceeding 1 and the other five equal
to ||0Al|2 or less. For ||JA|]2 < tol, the computed rank of A; 4+ JA stays the
same as that of Aj;, namely, 5. The error also increases slowly from near
machine epsilon (= 10716) to about 1071¥ near ||§A||2 = tol, and then both
the rank and the error jump, to 10 and 1, respectively, for larger ||0Al|2. This
is consistent with our analysis in Proposition 3.3, which says that the condition
number is the reciprocal of the smallest nonzero singular value, i.e., the smallest
singular value exceeding tol. For ||[§A||2 < tol, this smallest nonzero singular
value is near to, or slightly exceeds, 1. Therefore Proposition 3.3 predicts an
error of [|[0A]2/O(1) = ||[6A]|2. This well-conditioned situation is confirmed
by the small error plotted to the left of ||0A||2 = tol in the bottom graph of
Figure 3.4. On the other hand, when [|[§A|2 > tol, then the smallest nonzero
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Rank of perturbed A, original s-values are plusses, tol=1e-09
10 T T / T
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Fig. 3.4. Graph of truncated least squares solution of min,, ||(A1+0A)y1 —b1|2, using
tol = 1072, The singular values of Ay are shown as red pluses. The norm ||§A||z is
the horizontal axis. The top graph plots the rank of Ay + §A, i.e., the numbers of
singular values exceeding tol. The bottom graph plots ||y1 — x1||1/||z1|l2, where 1 is
the solution with 6A = 0.

singular value is O(||0A||2), which is quite small, causing the error to jump to
|0A]]2/O(]|0A]|2) = O(1), as shown to the right of ||0Al|2 = tol in the bottom
graph of Figure 3.4.

In Figure 3.5, the nonzero singular values of As are also shown as red pluses;
the smallest one, 1.2-1077, is just larger than tol. So the predicted error when
|6A]l2 < tol is [|[6A]|2/107?, which grows to O(1) when ||§A||2 = tol. This is
confirmed by the bottom graph in Figure 3.5. ¢

3.5.2. Solving Rank-Deficient Least Squares Problems Using QR
with Pivoting

A cheaper but sometimes less accurate alternative to the SVD is QR with
pivoting. In exact arithmetic, if A had rank r < n and its first  columns were
independent, then its QR decomposition would look like

Ri1 Ria
A=QR=0Q| 0o o |,
0 0

where Rj; is m-by-r and nonsingular and Rjs is r-by-(n — r). With roundoff,
we might hope to compute

Ri1 Ria
R = 0 Rogo
0 0
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Rank of perturbed A, original s-values are plusses, tol=1e-09
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Fig. 3.5. Graph of truncated least squares solution of min,, ||(As+0A)ys —ba||2, using
tol = 107%. The singular values of Ay are shown as red pluses. The norm ||§A||z is
the horizontal axis. The top graph plots the rank of Ay + §A, i.e., the numbers of
singular values exceeding tol. The bottom graph plots ||y2 — x2||2/||z2||2, where zo is
the solution with 6A = 0.

with [|Raz||2 very small, on the order of e[| Al|2. In this case we could just set
Rgy = 0 and minimize ||Az—b||2 as follows: let [@Q, Q] be square and orthogonal
so that

T 2 T 2
Az — b} = H[ 2 } s - H[ 5 } 2
= [|Rz — QTbl3 + |Q"bll3.
Write Q@ = [Q1,Q2] and = = [ ¥ ] conformally with R = | Fu Rz | so
’ & 0 0

that
Az —b||3 = || Rzt + Risza — Q1|3 + [|Q3 03 + Q7|3

[ R (QTb — Rizxs) ]

T2

is minimized by choosing = = for any z3. Note that the

choice xg = 0 does not necessarily minimize ||z||2, but it is a reasonable choice,
especially if R1; is well-conditioned and Rl_llng is small.

Unfortunately, this method is not reliable since R may be nearly rank
deficient even if no Rgs is small. For example, the n-by-n bidiagonal matrix

1
5 1

= =
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has omin(A) = 27", but A = Q- R with Q = I and R = A, and no Rag is small.

To deal with this failure to recognize rank deficiency, we may do QR with
column pivoting. This means that we factorize AP = QR, P being a permuta-
tion matrix. This idea is that at step ¢ (which ranges from 1 to n, the number
of columns) we select from the unfinished part of A (columns 7 to n and rows
i to m) the column of largest norm and exchange it with the ith column. We
then proceed to compute the usual Householder transformation to zero out
column ¢ in entries ¢ + 1 to m. This pivoting strategy attempts to keep Ri; as
well-conditioned as possible and Rs2 as small as possible.

ExaMpPLE 3.9. If we compute the QR decomposition with column pivoting
to the last example (.5 on the diagonal and 1 on the superdiagonal) with
n =11, we get Ry1 11 = 4.23 - 10~%, a reasonable approximation to oy, (A) =
3.66-10~%. Note that Ry, > omin(A) since omin(A) is the norm of the smallest
perturbation that can lower the rank, and setting R, to 0 lowers rank. ¢

One only can show — ,f:fl D S 2" but usually R,, is a reasonable approx-
imation to opin(A). The worst case, however, is as bad as worst-case pivot
growth in GEPP.

More sophisticated pivoting schemes than QR with column pivoting, called
rank-revealing QR algorithms, have been a subject of much recent study. Rank-
revealing QR algorithms that detect rank more reliably and sometimes also
faster than QR with column pivoting have been developed [28, 30, 47, 49, 107,
124, 126, 148, 194, 234]. We discuss them further in the next section.

QRD with column pivoting is available as subroutine sgeqpf in LAPACK.
LAPACK also has several similar factorizations available: RQ (sgerqf), LQ
(sgelqf), and QL (sgeqlf). Future LAPACK releases will contain improved
versions of QR.

3.6. Performance Comparison of Methods for Solving
Least Squares Problems

What is the fastest algorithm for solving dense least squares problems? As
discussed in section 3.2, solving the normal equations is fastest, followed by
QR and the SVD. If A is quite well-conditioned, then the normal equations are
about as accurate as the other methods, even though they are not numerically
stable, and may be used as well. When A is not well-conditioned but far from
rank deficient, we should use QR.

Since the design of fast algorithms for rank-deficient least squares problems
is a current research area, it is difficult to recommend a single algorithm to use.
We summarize a recent study [204] that compared the performance of several
algorithms, comparing them to the fastest stable algorithm for the non—rank-
deficient case: QR without pivoting, implemented using Householder trans-
formations as described in section 3.4.1, with memory hierarchy optimizations
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described in Question 3.17. These comparisons were made in double preci-
sion arithmetic on an IBM RS6000/590. Included in the comparison were the
rank-revealing QR algorithms mentioned in section 3.5.2 and various imple-
mentations of the SVD (see section 5.4). Matrices of various sizes and with
various singular value distributions were tested. We present results for two
singular value distributions:

Type 1: random matrices, where each entry is uniformly distributed from —1
to 1;

Type 2: matrices with singular values distributed geometrically from 1 to e
(in other words, the ith singular value is v¢, where 7 is chosen so that
Y =e).

Type 1 matrices are generally well-conditioned, and Type 2 matrices are
rank-deficient. We tested small square matrices (n = m = 20) and large
square matrices (m = n = 1600). We tested square matrices because if m
is sufficiently greater than n in the m-by-n matrix A, it is cheaper to do a
QR decomposition as a “preprocessing step” and then perform rank-revealing
QR or the SVD on R. (This is done in LAPACK.) If m > n then the initial
QR decomposition dominates the the cost of the subsequent operations on the
n-by-n matrix R, and all the algorithms cost about the same.

The fastest version of rank-revealing QR was that of [30, 194]. On Type
1 matrices, this algorithm ranged from 3.2 times slower than QR without
pivoting for n = m = 20 to just 1.1 times slower for n = m = 1600. On Type 2
matrices, it ranged from 2.3 times slower (for n = m = 20) to 1.2 times slower
(for n = m = 1600). In contrast, the current LAPACK algorithm, dgeqpf,
was 2 times to 2.5 times slower for both matrix types.

The fastest version of the SVD was the one in [57], although one based on
divide-and-conquer (see section 5.3.3) was about equally fast for n = m = 1600.
(The one based on divide-and-conquer also used much less memory.) For Type
1 matrices, the SVD algorithm was 7.8 times slower (for n = m = 20) to 3.3
times slower (for n = m = 1600). For Type 2 matrices, the SVD algorithm was
3.5 times slower (for n = m = 20) to 3.0 times slower (for n = m = 1600). In
contrast, the current LAPACK algorithm, dgelss, ranged from 4 times slower
(for Type 2 matrices with n = m = 20) to 97 times slower (for Type 1 matrices
with n = m = 1600). This enormous slowdown is apparently due to memory
hierarchy effects.

Thus, we see that there is a tradeoff between reliability and speed in solv-
ing rank-deficient least squares problems: QR without pivoting is fastest but
least reliable, the SVD is slowest but most reliable, and rank-revealing QR
is in-between. If m > n, all algorithms cost about the same. The choice of
algorithm depends on the relative importance of speed and reliability to the
user.

Future LAPACK releases will contain improved versions of both rank-
revealing QR and SVD algorithms for the least squares problem.
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3.7. References and Other Topics for Chapter 3

The best recent reference on least squares problems is [33], which also discusses
variations on the basic problem discussed here (such as constrained, weighted,
and updating least squares), different ways to regularize rank-deficient prob-
lems, and software for sparse least squares problems. See also chapter 5 of
[119] and [166]. Perturbation theory and error bounds for the least squares
solution are discussed in detail in [147]. Rank-revealing QR decompositions
are discussed in [28, 30, 47, 49, 124, 148, 194, 204, 234]. In particular, these
papers examine the tradeoff between cost and accuracy in rank determination,
and in [204] there is a comprehensive performance comparison of the available
methods for rank-deficient least squares problems.

3.8. Questions for Chapter 3

QUESTION 3.1. (Easy) Show that the two variations of Algorithm 3.1, CGS
and MGS, are mathematically equivalent by showing that the two formulas for
rj; yield the same results in exact arithmetic.

QUESTION 3.2. (Easy) This question will illustrate the difference in nu-
merical stability among three algorithms for computing the QR factoriza-
tion of a matrix: Householder QR (Algorithm 3.2), CGS (Algorithm 3.1),
and MGS (Algorithm 3.1). Obtain the Matlab program QRStability.m from
HOMEPAGE/Matlab/QRStability.m. This program generates random matri-
ces with user-specified dimensions m and n and condition number cnd, computes
their QR decomposition using the three algorithms, and measures the accuracy
of the results. It does this with the residual ||[A— Q@ - R||/||A]|, which should be
around machine epsilon € for a stable algorithm, and the orthogonality of @
QT - @ — I||, which should also be around e. Run this program for small ma-
trix dimensions (such as m= 6 and n= 4), modest numbers of random matrices
(samples= 20), and condition numbers ranging from cnd= 1 up to cnd= 10%°.
Describe what you see. Which algorithms are more stable than others? See
if you can describe how large ||Q - Q — I|| can be as a function of choice of
algorithm, cnd and e.

QUESTION 3.3. (Medium; Hard) Let A be m-by-n, m > n, and have full rank.

1. (Medium) Show that [ AIT gl 1+ ; ] =1 8 | has a solution where x

minimizes ||Az — b|l2. One reason for this formulation is that we can
apply iterative refinement to this linear system if we want a more accurate
answer (see section 2.5).

2. (Medium) What is the condition number of the coefficient matrix, in
terms of the singular values of A7 Hint: Use the SVD of A.
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3. (Medium) Give an explicit expression for the inverse of the coefficient
matrix, as a block 2-by-2 matrix. Hint: Use 2-by-2 block Gaussian elim-
ination. Where have we previously seen the (2,1) block entry?

4. (Hard) Show how to use the QR decomposition of A to implement an
iterative refinement algorithm to improve the accuracy of x.

QUESTION 3.4. (Medium) Weighted least squares: If some components of Ax—
b are more important than others, we can weight them with a scale factor d;
and solve the weighted least squares problem min || D(Az —b)||2 instead, where
D has diagonal entries d;. More generally, recall that if C' is symmetric positive
definite, then ||z||c = (27Cx)Y? is a norm, and we can consider minimizing
|Ax — bl|c. Derive the normal equations for this problem, as well as the
formulation corresponding to the previous question.

QUESTION 3.5. (Medium; Z. Bai) Let A € R™™ ™ be positive definite. Two
vectors u; and wuo are called A-orthogonal if ulTAuQ =0. If U € R"™" and
UT AU = I, then the columns of U are said to be A-orthonormal. Show that
every subspace has an A-orthonormal basis.

QUESTION 3.6. (Easy; Z. Bai) Let A have the form

R
a=[5]
where R is n-by-n and upper triangular, and .S is m-by-n and dense. Describe
an algorithm using Householder transformations for reducing A to upper trian-

gular form. Your algorithm should not “fill in” the zeros in R and thus require
fewer operations than would Algorithm 3.2 applied to A.

QUESTION 3.7. (Medium; Z. Bai) If A= R+ uv”, where R is an upper trian-
gular matrix, and u and v are column vectors, describe an efficient algorithm
to compute the QR decomposition of A. Hint: Using Givens rotations, your
algorithm should take O(n?) operations. In contrast, Algorithm 3.2 would take
O(n?) operations.

QUESTION 3.8. (Medium; Z. Bai) Let x € R™ and let P be a Householder
matrix such that Pz = =%|z[2e;. Let Gig,...,Gn—1, be Givens rotations,
and let Q = G122+ Gp_1,. Suppose Qx = %||z|[2e;. Must P equal Q7 (You
need to give a proof or a counterexample.)

QUESTION 3.9. (Easy; Z. Bai) Let A be m-by-n, with SVD A = UXVT.
Compute the SVDs of the following matrices in terms of U, X, and V:

1. (AT A,
2. (ATA)~1AT,
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3. A(ATA)1,
4. A(ATA)~LAT.

QUESTION 3.10. (Medium; R. Schreiber) Let Ay be a best rank-k approxima-
tion of the matrix A, as defined in Part 9 of Theorem 3.3. Let o; be the ith
singular value of A. Show that Ay is unique if o > op41.

QUESTION 3.11. (Easy; Z. Bai) Let A be m-by-n. Show that X = A" (the
Moore-Penrose pseudoinverse) minimizes || AX — I|| g over all n-by-m matrices
X. What is the value of this minimum?

QUESTION 3.12. (Medium; Z. Bai) Let A, B, and C be matrices with di-
mensions such that the product ATCBT is well defined. Let X be the set of
matrices X minimizing ||AX B — C||r, and let X be the unique member of X
minimizing || X||p. Show that Xo = ATCB™. Hint: Use the SVDs of A and
B.

QUESTION 3.13. (Medium; Z. Bai) Show that the Moore-Penrose pseudoin-
verse of A satisfies the following identities:

AATA = A,

ATAAT = AF,
ATA = (ATA)T,
AAT = (AAT)T.

QUESTION 3.14. (Medium) Prove part 4 of Theorem 3.3: Let

T
H =15 ‘], where A is square and A = USV7 is its SVD. Let £ =

diag(o1,...,00), U = [u1,...,uy], and V = [v1,...,v,]. Prove that the 2n

eigenvalues of H are +o;, with corresponding unit eigenvectors %[ iU; ]. Ex-

tend to the case of rectangular A.

QUESTION 3.15. (Medium) Let A be m-by-n, m < n, and of full rank. Then
min || Az — b||2 is called an underdetermined least squares problem. Show that
the solution is an (n — m)-dimensional set. Show how to compute the unique
minimum norm solution using appropriately modified normal equations, QR
decomposition, and SVD.

QUESTION 3.16. (Medium) Prove Lemma 3.1.
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QUESTION 3.17. (Hard) In section 2.6.3, we showed how to reorganize Gaus-
sian elimination to perform Level 2 BLAS and Level 3 BLAS as each step in
order to exploit the higher speed of these operations. In this problem, we will
show how to apply a sequence of Householder transformations using Level 2
and Level 3 BLAS.

1. Let uy,...,up be a sequence of vectors of dimension n, where |lu;|l2 =1
and the first ¢ — 1 components of u; are zero. Let P = P, - P,_1--- Py,
where P, = I — 2uiuiT is a Householder transformation. Show that there
is a b-by-b lower triangular matrix 7" such that P = I — UTU”, where
U = [uq,...,up]. In particular, provide an algorithm for computing the
entries of T'. This identity shows that we can replace multiplication by b
Householder transformations P; through P, by three matrix multiplica-
tions by U, T, and U (plus the cost of computing 7).

2. Let House(x) be a function of the vector x which returns a unit vector u
such that (I — 2uu®)z = ||z||2e1; we showed how to implement House(z)
in section 3.4. Then Algorithm 3.2 for computing the QR decomposition
of the m-by-n matrix A may be written as

fori=1:m
u; = House(A(i : m, 1))

P =1 —2uul
A(i:myi:n) = PA(i:m,i:n)
endfor

Show how to implement this in terms of the Level 2 BLAS in an efficient
way (in particular, matrix-vector multiplications and rank-1 updates).
What is the floating point operation count? (Just the high-order terms
in n and m are enough.) It is sufficient to write a short program in the
same notation as above (although trying it in Matlab and comparing
with Matlab’s own QR factorization are a good way to make sure that
you are right!).

3. Using the results of step (1), show how to implement QR decomposition
in terms of Level 3 BLAS. What is the operation count? This technique is
used to accelerate the QR decomposition, just as we accelerated Gaussian
elimination in section 2.6. It is used in the LAPACK routine sgeqrf.

QUESTION 3.18. (Medium) It is often of interest to solve constrained least
squares problems, where the solution x must satisfy a linear or nonlinear con-
straint in addition to minimizing ||Az — b||2. We consider one such problem
here. Suppose that we want to choose x to minimize ||Az — bl|2 subject to
the linear constraint Cx = d. Suppose also that A is m-by-n, C is p-by-n,
and C has full rank. We also assume that p < n (so Cz = d is guaranteed to
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be consistent) and n < m + p (so the system is not underdetermined). Show
that there is a unique solution under the assumption that | g | has full column

rank. Show how to compute x using two QR decompositions and some matrix-
vector multiplications and solving some triangular systems of equations. Hint:
Look at LAPACK routine sgglse and its description in the LAPACK manual
[10] (NETLIB/lapack/lug/lapack_lug.html).

QUESTION 3.19. (Hard; Programming) Write a program (in Matlab or any
other language) to update a geodetic database using least squares, as described
in Example 3.3. Take as input a set of “landmarks,” their approximate coordi-
nates (x;,¥;), and a set of new angle measurements ¢; and distance measure-
ments L;j. The output should be corrections (dx;,0y;) for each landmark, an
error bound for the corrections, and a picture (triangulation) of the old and
new landmarks.

QUESTION 3.20. (Hard) Prove Theorem 3.4.

QUESTION 3.21. (Medium) Redo Example 3.1, using a rank-deficient least
squares technique from section 3.5.1. Does this improve the accuracy of the
high-degree approximating polynomials?
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Nonsymmetric Eigenvalue Problems

4.1. Introduction

We discuss canonical forms (in section 4.2), perturbation theory (in section 4.3),
and algorithms for the eigenvalue problem for a single nonsymmetric matrix
A (in section 4.4). Chapter 5 is devoted to the special case of real symmet-
ric matrices A = AT (and the SVD). Section 4.5 discusses generalizations
to eigenvalue problems involving more than one matrix, including motivating
applications from the analysis of vibrating systems, the solution of linear differ-
ential equations, and computational geometry. Finally, section 4.6 summarizes
all the canonical forms, algorithms, costs, applications, and available software
in a list.

One can roughly divide the algorithms for the eigenproblem into two groups:
direct methods and iterative methods. This chapter considers only direct meth-
ods, which are intended to compute all of the eigenvalues, and (optionally)
eigenvectors. Direct methods are typically used on dense matrices and cost
O(n?) operations to compute all eigenvalues and eigenvectors; this cost is rel-
atively insensitive to the actual matrix entries.

The main direct method used in practice is QR iteration with implicit shifts
(see section 4.4.8). It is interesting that after more than 30 years of depend-
able service, convergence failures of this algorithm have quite recently been
observed, analyzed, and patched [25, 64]. But there is still no global conver-
gence proof, even though the current algorithm is considered quite reliable. So
the problem of devising an algorithm that is numerically stable and globally
(and quickly!) convergent remains open.

Tterative methods, which are discussed in Chapter 7, are usually applied
to sparse matrices or matrices for which matrix-vector multiplication is the
only convenient operation to perform. Iterative methods typically provide
approximations only to a subset of the eigenvalues and eigenvectors and are
usually run only long enough to get a few adequately accurate eigenvalues
rather than a large number. Their convergence properties depend strongly on
the matrix entries.

139
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4.2. Canonical Forms

DEFINITION 4.1. The polynomial p(A) = det(A — AI) is called the character-
istic polynomial of A. The roots of p(\) = 0 are the eigenvalues of A.

Since the degree of the characteristic polynomial p(\) equals n, the dimen-
sion of A, it has n roots, so A has n eigenvalues.

DEFINITION 4.2. A nonzero vector x satisfying Ax = Az is a (right) eigen-
vector for the eigenvalue A\. A nonzero vector y such that y*A = \y* is a left
eigenvector. (Recall that y* = (§)7 is the conjugate transpose of y.)

Most of our algorithms will involve transforming the matrix A into sim-
pler, or canonical forms, from which it is easy to compute its eigenvalues and
eigenvectors. These transformations are called similarity transformations (see
below). The two most common canonical forms are called the Jordan form
and Schur form. The Jordan form is useful theoretically but is very hard to
compute in a numerically stable fashion, which is why our algorithms will aim
to compute the Schur form instead.

To motivate Jordan and Schur forms, let us ask which matrices have the
property that their eigenvalues are easy to compute. The easiest case would be
a diagonal matriz, whose eigenvalues are simply its diagonal entries. Equally
easy would be a triangular matriz, whose eigenvalues are also its diagonal
entries. Below we will see that a matrix in Jordan or Schur form is triangular.
But recall that a real matrix can have complex eigenvalues, since the roots
of its characteristic polynomial may be real or complex. Therefore, there is
not always a real triangular matrix with the same eigenvalues as a real general
matrix, since a real triangular matrix can only have real eigenvalues. Therefore,
we must either use complex numbers or look beyond real triangular matrices
for our canonical forms for real matrices. It will turn out to be sufficient to
consider block triangular matrices, i.e. matrices of the form

A A - Ag
Aoy - A
A 22 ' '2b | (4.1)
App

where each Aj;; is square and all entries below the A;; blocks are zero. One can
easily show that the characteristic polynomial det(A — AI) of A is the product
H?Zl det(A;; — M) of the characteristic polynomials of the A;; and therefore
that the set A\(A) of eigenvalues of A is the union U?_;A(4;;) of the sets of
eigenvalues of the diagonal blocks A;; (see Question 4.1). The canonical forms
that we compute will be block triangular and will proceed computationally by
breaking up large diagonal blocks into smaller ones. If we start with a complex

matrix A, the final diagonal blocks will be 1-by-1, so the ultimate canonical
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form will be triangular. If we start with a real matrix A, the ultimate canonical
form will have 1-by-1 diagonal blocks (corresponding to real eigenvalues) and 2-
by-2 diagonal blocks (corresponding to complex conjugate pairs of eigenvalues);
such a block triangular matrix is called quasti-triangular.

It is also easy to find the eigenvectors of a (block) triangular matrix; see
section 4.2.1.

DEFINITION 4.3. Let S be any nonsingular matriz. Then A and B = S~1AS
are called similar matrices, and S is a similarity transformation.

PROPOSITION 4.1. Let B = S"YAS, so A and B are similar. Then A and B
have the same eigenvalues, and x (ory) is a right (or left) eigenvector of A if
and only if S~'x (or S*y) is a right (or left) eigenvector of B.

Proof.  Using the fact that det(X-Y') = det(X)-det(Y’) for any square matrices
X and Y, we can write det(A — \I) = det(S™1(A — A\I)S) = det(B — \I), so
A and B have the same characteristic polynomials. Az = Ax holds if and only
if ST1ASSTle = AS71z or B(S712) = A(S~!z). Similarly, y*A = \y* if and
only if y*SS~1AS = \y*S or (S*y)*B = \(S*y)*. O

THEOREM 4.1. Jordan canonical form. Given A, there exists a nonsingular S
such that STYAS = J, where J is in Jordan canonical form. This means that
J is block diagonal, with J = diag(Jpn, (A1), Jny(A2), - -, Jn, (Ak)) and

In; (Ai) =
o1
0 A

J is unique, up to permutations of its diagonal blocks.

For a proof of this theorem, see a book on linear algebra such as [108] or
[137].

Each Jp,(A) is called a Jordan block with eigenvalue X of algebraic multi-
plicity m. If some n; = 1, and A; is an eigenvalue of only that one Jordan
block, then ); is called a simple eigenvalue. If all n; = 1, so that J is diagonal,
A is called diagonalizable; otherwise it is called defective. An n-by-n defective
matrix does not have n eigenvectors, as described in more detail in the next
proposition. Although defective matrices are “rare” in a certain well-defined
sense, the fact that some matrices do not have n eigenvectors is a fundamen-
tal fact confronting anyone designing algorithms to compute eigenvectors and
eigenvalues. In section 4.3, we will see some of the difficulties that such matri-
ces cause. Symmetric matrices, discussed in Chapter 5, are never defective.
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X1 }—>xi }—>xn

k1 k2 ki Ki+1 Kn

b bj b

iy

Xj =position of i-th mass (0 = equilibrium)
mj =massof i-th mass

kj =springconstant of i-th spring

b; =damping constant of i-th damper

Fig. 4.1. Damped, vibrating mass-spring system.

PROPOSITION 4.2. A Jordan block has one right eigenvector, e; = [1,0,...,0]T,
and one left eigenvector, e, = [0,...,0,1]7. Therefore, a matriz has n eigen-
vectors matching its n eigenvalues if and only if it is diagonalizable. In this
case, STYAS = diag()\;). This is equivalent to AS = S diag();), so the ith
column of S is a right eigenvector for N\;. It is also equivalent to S™'A =
diag(\;)S™1, so the conjugate transpose of the ith row of S™' is a left eigen-
vector for ;. If all n eigenvalues of a matriz A are distinct, then A is diago-
nalizable.

Proof. Let J = Jp(\) for ease of notation. It is easy to see Je; = Ae; and
el J = Xel so e; and e, are right and left eigenvectors of .J, respectively. To
see that J has only one right eigenvector (up to scalar multiples), note that
any eigenvector x must satisfy (J — AI)x = 0 so z is in the null space of

1
0

But the null space of J— I is clearly span(eq ), so there is just one eigenvector.
If all eigenvalues of A are distinct, then all its Jordan blocks must be 1-by-1,
so J = diag(A1,...,\,) is diagonal. O

ExXAaMPLE 4.1. We illustrate the concepts of eigenvalue and eigenvector with a
problem of mechanical vibrations. We will see a defective matrix arise in a nat-
ural physical context. Consider the damped mass spring system in Figure 4.1,
which we will use to illustrate a variety of eigenvalue problems.

Newton’s law F' = ma applied to this system yields

miZi(t) = ki(zi-1(t) — zi(t))
force on mass i from spring 4
Fhiv1(@it1(t) — zi(t)) (4.2)
force on mass ¢ from spring ¢ 4 1
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—bid;(t)

force on mass ¢ from damper i

or

Mi(t) = —Bi(t) — Kx(t), (4.3)
where M = diag(my,...,m,), B = diag(by,...,b,), and

[k +ky ko
—ko ko + ks —k3

_kn—l kn—l+kn _kn
_kn kn

We assume that all the masses m; are positive. M is called the mass matrix,
B is the damping matriz, and K is the stiffness matriz.

Electrical engineers analyzing linear circuits arrive at an analogous equation
by applying Kirchoff’s and related laws instead of Newton’s law. In this case x
represents branch currents, M represent inductances, B represents resistances,
and K represents admittances (reciprocal capacitances).

We will use a standard trick to change this second-order differential equa-
tion to a first-order differential equation, changing variables to

This yields

. i ] [ -M'Bi(t) - M~ 1Kx(t)
o0 = |50 =] (1) |
_ [ -M"'B -MT'K i(t)
- [P 5]
roas—1 -1
- MI B MO K ] y(t) = Ay(t). (4.4)

To solve y(t) = Ay(t), we assume that y(0) is given (i.e., the initial positions
x(0) and velocities #(0) are given).

One way to write down the solution of this differential equation is y(t) =
eAty(0), where e4? is the matrix exponential. We will give another more el-
ementary solution in the special case where A is diagonalizable; this will be
true for almost all choices of m;, k;, and b;. We will return to consider other
situations later. (The general problem of computing matrix functions such as
e is discussed further in section 4.5.1 and Question 4.4.)

When A is diagonalizable, we can write A = SAS™!, where A = diag(A1, ..., \n).
Then ¢(t) = Ay(t) is equivalent to 9(t) = SAS~y(t) or S~1y(t) = AS~ y(t)
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Fig. 4.2. Positions and velocities of a mass-spring system with four masses m; =
mg = 2 and mo = mg = 1. The spring constants are all k; = 1. The damping
constants are all b; = 4. The initial displacements are x1(0) = —.25, 22(0) = 23(0) =
0, and x4(0) = .25. The initial velocities are v1(0) = —1, v2(0) = v3(0) = 0, and
v4(0) = 1. The equilibrium positions are 1, 2, 3, and 4. The software for solving and
plotting an arbitrary mass-spring system is HOMEPAGE/Matlab/massspring.m.

or #(t) = Az(t), where z(t) = S 'y(t). This diagonal system of differ-
ential equations Z;(t) = M;z;(t) has solutions z;(t) = e*tz(0), so y(t) =
Sdiag(eM?t, ... M) S71y(0) = SertS~1y(0). A sample numerical solution for
four masses and springs is shown in Figure 4.2.

To see the physical significance of the nondiagonalizability of A for a
mass-spring system, consider the case of a single mass, spring, and damper,

whose differential equation we can simplify to ma(t) = —bz(t) — kx(t), and so

A= 7b1/m 7k0/m ]. The two eigenvalues of A are Ay = %(—11(1—45—2’”)1/2).

When M;—Zm < 1, the system is overdamped, and there are two negative real

eigenvalues, whose mean value is —%. In this case the solution eventually
4km

decays monotonically to zero. When =3* > 1, the system is underdamped,
and there are two complex conjugate eigenvalues with real part —s%. In this

2m
case the solution oscillates while decaying to zero. In both cases the system is
diagonalizable since the eigenvalues are distinct. When 4’;—27” = 1, the system
is critically damped, there are two real eigenvalues equal to —%, and A has

a single 2-by-2 Jordan block with this eigenvalue. In other words, the non-
diagonalizable matrices form the “boundary” between two physical behaviors:
oscillation and monotonic decay.

When A is diagonalizable but S is an ill-conditioned matrix, so that S~ is
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difficult to evaluate accurately, the explicit solution y(t) = Se*S~1y(0) will be
quite inaccurate and useless numerically. We will use this mechanical system
as a running example because it illustrates so many eigenproblems. ¢

To continue our discussion of canonical forms, it is convenient to define the
following generalization of an eigenvector.

DEFINITION 4.4. An invariant subspace of A is a subspace X of R™, with the
property that x € X implies that Ax € X. We also write this as AX C X.

The simplest, one-dimensional invariant subspace is the set span(z) of all
scalar multiples of an eigenvector x. Here is the analogous way to build an
invariant subspace of larger dimension. Let X = [z1,...,zy], where z1, ..., 2,
are any set of independent eigenvectors with eigenvalues Aq,..., An. Then
X = span(X) is an invariant subspace since € X implies = " | az; for
some scalars «;, so Az = Y " oAz, =Y 0 oz € X AX will equal X
unless some eigenvalue \; equals zero. The next proposition generalizes this.

PROPOSITION 4.3. Let A be n-by-n, let X = [x1,...,xm] be any n-by-m matriz
with independent columns, and let X = span(X), the m-dimensional space
spanned by the columns of X. Then X is an invariant subspace if and only
if there is an m by m matriz B such that AX = XB. In this case the m
eigenvalues of B are also eigenvalues of A. (When m = 1, X = [z1] is an
eigenvector and B is an eigenvalue.)

Proof. Assume first that X is invariant. Then each Ax; is also in X, so each
Az; must be a linear combination of a basis of X, say, Az; = 2;”:1 xjbj;. This
last equation is equivalent to AX = X B. Conversely, AX = X B means that
each Ax; is a linear combination of columns of X, so X is invariant.

Now assume AX = BX. Choose any n-by-(n — m) matrix X such that
X = [X,X] is nonsingular. Then A and X 'AX are similar and so have

the same eigenvalues. Write X1 = | y}g—m)xﬂ, ], so X'X = I implies
_ v - 14%v 1Y = YAX YAX ;
YX =7and YX =0. Then X AX_[Y]'[AX’AX]_[Y/AX Y/Af(]_

YXB YAX B YAX . .
[ YXB VAR =1 0 TAR |. Thus by Question 4.1 the eigenvalues of A are
the union of the eigenvalues of B and the eigenvalues of Y AX. O
For example, write the Jordan canonical form S~'AS = J =

diag(Jn,(Ni)) as AS = SJ, where S = [S1, S2,...,Sk] and S; has n; columns
(the same as Jp,(\;)). Then AS = SJ implies AS; = S;Jy, (i), i.e., span(S;)
is an invariant subspace.

The Jordan form tells everything that we might want to know about a
matrix and its eigenvalues, eigenvectors, and invariant subspaces. There are
also explicit formulas based on the Jordan form to compute e? or any other
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function of a matrix (see section 4.5.1). But it is bad to compute the Jordan
form for two numerical reasons:

First Reason: It is a discontinuous function of A, so any rounding error
can change it completely.

EXAMPLE 4.2. Let

1
0

which is in Jordan form. For arbitrarily small €, adding i - € to the (i,4) entry
changes the eigenvalues to the n distinct values i - €, and so the Jordan form
changes from J,,(0) to diag(e, 2¢,...,ne). ©

Second Reason: It cannot be computed stably in general. In other words,
when we have finished computing S and .J, we cannot guarantee that S~1(A+
JA)S = J for some small §A.

EXAMPLE 4.3. Suppose S™'AS = J exactly, where S is very ill-conditioned.
(k(S) = ||S|| - ||S~!| is very large.) Suppose that we are extremely lucky and
manage to compute S ezactly and J with just a tiny error 6J with [|dJ] =
O(e)||A|l. How big is the backward error? In other words, how big must JA
be so that S~H(A + 0A4)S = J + §J?7 We get §A = S6JS~L, and all that we
can conclude is that ||§A] < ||S| - |6J]| - |S7Y|| = O(e)(S)||Al|. Thus [|6A]|
may be much larger than e[| A||, which prevents backward stability. o

So instead of computing S™'AS = J, where S can be an arbitrarily ill-
conditioned matrix, we will restrict S to be orthogonal (so k2(S) = 1) to
guarantee stability. We cannot get a canonical form as simple as the Jordan
form any more, but we do get something almost as good.

THEOREM 4.2. Schur canonical form. Given A, there exists a unitary matriz
Q and an upper triangular matrixz T such that Q*AQ = T. The eigenvalues of
A are the diagonal entries of T'.

Proof. We use induction on n. It is obviously true if A is 1 by 1. Now let A
be any eigenvalue and u a corresponding eigenvector normalized so [luflz = 1.
Choose U so U = [u,U] is a square unitary matrix. (Note A and u may be
complex even if A is real.) Then
u* wAu  u*AU ]

vtAU= [ i } A U= [ 0 Au 0" AT
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Now as in the proof of Proposition 4.3, we can write u*Au = Au*u = A,

and U*Au = A\U*u = 0 so U*AU = | 6\ 21222 ]. By induction, there is a unitary

P, so P*AyP =T is upper triangular. Then
* o A a2 . 1 0 A a,12P 1 0
UAU_[O PTP*}_[O P][O T}[O P*]

b 2wl 8117

SO
0 P 0 P 0o T

(1) p | s unitary as desired. O
Notice that the Schur form is not unique, because the eigenvalues may
appear on the diagonal of T" in any order.

is upper triangular and Q = U|

This introduces complex numbers even when A is real. When A is real, we
prefer a canonical form that uses only real numbers, because it will be cheaper
to compute. As mentioned at the beginning of this section, this means that we
will have to sacrifice a triangular canonical form and settle for a block-triangular
canonical form.

THEOREM 4.3. Real Schur canonical form. If A is real, there exists a real
orthogonal matriz V such that VT AV = T is quasi-upper triangular. This
means that T 1is block upper triangular with 1-by-1 and 2-by-2 blocks on the
diagonal. Its eigenvalues are the eigenvalues of its diagonal blocks. The 1-
by-1 blocks correspond to real eigenvalues, and the 2-by-2 blocks to complex
conjugate pairs of eigenvalues.

Proof. We use induction as before. Let A be an eigenvalue. If X is real, it has
a real eigenvector u and we proceed as in the last theorem. If A is complex, let
u be a (necessarily) complex eigenvector, so Tu = \u. Since Tu = T% = \u, A
and T are also an eigenvalue/eigenvector pair. Let up = %u—i—%ﬂ be the real part
of uand uy = %u—%ﬂ be the imaginary part. Then span{ug,us} = span{u,u}
is a two-dimensional invariant subspace. Let U = [ug,us] and U = QR be its
QRD.Thus span{Q} = span{ug, us} is invariant. Choose Q so that U = @Q, Q]

is real and orthogonal, and compute

T _[er 5 [ QTAQ QTAQ

Since @) spans an invariant subspace, there is a 2-by-2 matrix B such that

AQ = QB. Now as in the proof of Proposition 4.3, we can write QT AQ =
- - T A

QTQB = B and QTAQ = QTQB =0, so UTAU = [ 9,49 | Now apply

0 QTAQ
induction to QTAQ. O
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4.2.1. Computing Eigenvectors from the Schur Form

Let Q*AQ =T be the Schur form. Then if Tx = Az, we have AQx = QTx =
AQx, so Qx is an eigenvector of A. So to find eigenvectors of A, it suffices to
find eigenvectors of T'.

Suppose that A = ¢;; has multiplicity 1 (i.e., it is simple). Write (T'— )z =
0 as

[ Ti — M Tho T3 x1
0 = 0 0 Ths To
L 0 0 T33 — A I3
[ (T — M)x1 + Thowe + Thsws
= To3x3 ;
L (T33 — )\1)1'3

where 171 is (i — 1)-by-(i — 1), Thy = A is 1-by-1, T35 is (n —i)-by-(n — i), and
x is partitioned conformably. Since A is simple, both T7; — AI and T35 — Al
are nonsingular, so (733 — A\l )zs = 0 implies x3 = 0. Therefore (T7; — Az =

—Tyawy. Choosing (arbitrarily) zo = 1 means 21 = —(T41 — M)~ T12, so
()\I — TH)_ITlg
T = 1
0

In other words, we just need to solve a triangular system for x1. To find a
real eigenvector from real Schur form, we get a quasi-triangular system to solve.
Computing complex eigenvectors from real Schur form using only real arith-
metic also just involves equation solving but is a little trickier. See subroutine
strevc in LAPACK for details.

4.3. Perturbation Theory

In this section we will concentrate on understanding when eigenvalues are ill-
conditioned and thus hard to compute accurately. In addition to providing
error bounds for computed eigenvalues, we will also relate eigenvalue condition
numbers to related quantities, including the distance to the nearest matrix
with an infinitely ill-conditioned eigenvalue, and the condition number of the
matrix of eigenvectors.

We begin our study by asking when eigenvalues have infinite condition
numbers. This is the case for multiple eigenvalues, as the following example
illustrates.

EXAMPLE 4.4. Let
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be an n-by-n matrix. Then A has characteristic polynomial A" — (—1)"¢ =0
so A = {/%e (n possible values). The nth root of e grows much faster than
any multiple of € for small e. For example, take n = 16 and € = 107'6. Then

for each eigenvalue |A\| = .1. More formally, the condition number is infinite
1
because%:%:ooate:()fornzz o

So we expect a large condition number if an eigenvalue is “close to multi-
ple”, i.e., there is a small § A such that A+JA has exactly a multiple eigenvalue.
Having an infinite condition number does not mean that they cannot be com-
puted with any correct digits, however.

PROPOSITION 4.4. Eigenvalues of A are continuous functions of A, even if
they are not differentiable.

Proof. It suffices to prove the continuity of roots of polynomials, since the
coefficients of the characteristic polynomial are continuous (in fact polynomial)
functions of the matrix entries. We use the argument principle from complex
analysis [2]: the number of roots of a polynomial p inside a simple closed curve

v is ﬁ 7f%dz. If p is changed just a little, % is changed just a little,
S0 5 ﬁy 7;) ((j)) dz is changed just a little. But since it is an integer, it must be

constant, so the number of roots inside the curve v is constant. This means
that the roots cannot pass outside the curve v (no matter how small ~ is,
provided that we perturb p by little enough), so the roots must be continuous.
O

In what follows, we will concentrate on computing the condition number
of a simple eigenvalue. If X is a simple eigenvalue of A and A is small, then
we can identify an eigenvalue A\ + 6\ of A + JA “corresponding to” A: it is
the closest one to A. We can easily compute the condition number of a simple
eigenvalue.

THEOREM 4.4. Let )\ be a simple eigenvalue of A with right eigenvector x and
left eigenvector y, normalized so that ||z|2 = ||ylla = 1. Let A + 0\ be the
corresponding eigenvalue of A+ §A. Then

oA = LZZ 4 O(||5A|?) or
67 < AL L 018 A]12) = sec O(y, 2)||5A[| + O(|6A]1%),

= y*a]

where O(y, x) is the acute angle between y and z. In other words, sec ©(y, z) =
1/|y*z| is the condition number of the eigenvalue A.

Proof. Subtract Az = Az from (A + §A)(z + 0z) = (A + 0\)(z + dz) to get
Adx + § Az + §Adx = Aoz + 6z + d)A\dx.

Ignore the second-order terms (those with two “d terms” as factors: J Adx and
dAdz) and multiply by y* to get y*Adx + y*0Ax = y*Nox + y*oAx.
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Now y*Adz cancels y*Adx, so we can solve for A = (y*0Ax)/(y*x) as
desired. O

Note that a Jordan block has right and left eigenvectors e; and e,, respec-
tively, so the condition number of its eigenvalue is 1/|e}e1| = 1/0 = oo, which
agrees with our earlier analysis.

At the other extreme, in the important special case of symmetric matrices,
the condition number is 1, so the eigenvalues are always accurately determined
by the data.

COROLLARY 4.1. Let A be symmetric (or normal: AA* = A*A). Then |d\] <
15A]l + O(|[5A|1?).

Proof. If A is symmetric or normal, then its eigenvectors are all orthogonal,
ie., Q*AQ = A with QQ* = I. So the right eigenvectors z (columns of Q) and
left eigenvectors y (conjugate transposes of the rows of Q*) are identical, and
1/|y*z| =1. O

To see a variety of numerical examples, run the Matlab code referred to in
Question 4.14.

Later, in Theorem 5.1, we will prove that in fact |§A| < ||§A||z if 64 = §AT,
no matter how large ||§A||2 is.

Theorem 4.4 is only useful for sufficiently small ||§A||. We can remove the
O(||6A||?) term and so get a simple theorem true for any size perturbation
|0 A]|, at the cost of increasing the condition number by a factor of n.

THEOREM 4.5. Bauer—Fike. Let A have all simple eigenvalues (i.e., be diago-
nalizable). Call them \;, with right and left eigenvectors x; and y;, normalized
so ||lzill2 = ||lyill2 = 1. Then the eigenvalues of A+ 6A lie in disks B;, where
B; has center \; and radius n%

Our proof will use Gershgorin’s theorem (Theorem 2.9), which we repeat
here.

GERSHGORIN’S THEOREM. Let B be an arbitrary matriz. Then the eigen-
values X\ of B are located in the union of the n disks defined by |\ — b;;| <

> j—i lbig| for i =1 ton.

We will also need two simple lemmas.

LEMMA 4.1. Let S = [z1,...,%y], the matriz of right eigenvectors. Then
yi/yiz
g1 _ Y5 /Y52

Yn/YnTn



Nonsymmetric Eigenvalue Problems 151

Proof of Lemma. We know that AS = SA, where A = diag(\1,...,\,), since
the columns x; of S are eigenvectors. This is equivalent to S™1A4 = AS™!, so
the rows of S~! are conjugate transposes of the left eigenvectors y;. So

(]
S = :

*
Yn " Cn

for some constants ¢;. But I = S715,s01 = (S719); = yix;-ci, and ¢; = y*%

as desired. O

LEMMA 4.2. If each column of S has two-norm equal to 1, ||S||2 < v/n. Simi-
larly, if each row of a matrix has two-norm equal to 1, its two-norm is at most

NG

Proof of Lemma. |S|2 = ||ST|2 = Max|g|j,—1 |STz|]2. Each component
of STz is bounded by 1 by the Cauchy-Schwartz inequality, so [|STz|y; <

|1L,.... 9%, = vn. O

Proof of the Bauer—Fike theorem. We will apply Gershgorin’s theorem to
S~ A+ §A)S = A+ F, where A = S71AS = diag(\,...,\n) and F =
S716AS. The idea is to show that the eigenvalues of A 4+ A lie in balls cen-
tered at the \; with the given radii. To do this, we take the disks containing
the eigenvalues of A 4+ F' that are defined by Gershgorin’s theorem

A= N+ fi)l <1l

j=i
and enlarge them slightly to get the disks
A=< Dl
J
1/2
< nl/2. Z |fij|)1/2 by Cauchy — —Schwartz
J
= 02 |F(@i,:)]. (4.5)

Now we need to bound the two-norm of the ith row F(i,:) of F = S~1AS:

1 Gl = [I(STH0AS) (i, 1)z
< ISTHG )2 - 19412 - [[S]l2 - by Lemma 1.7
nl/2
< el |0A|l2 by Lemmas 4.1 and 4.2.

Combined with equation (4.5), this proves the theorem. O
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We do not want to leave the impression that multiple eigenvalues cannot
be computed with any accuracy at all just because they have infinite condition
numbers. Indeed, we expect to get a fraction of the digits correct rather than
lose a fixed number of digits. To illustrate, consider the 2-by-2 matrix with a

é i |. If we perturb the (2,1) entry (the most

sensitive) from 0 to machine epsilon ¢, the eigenvalues change from 1 to 1+4/e.
In other words the computed eigenvalues agree with the true eigenvalue to half
precision. More generally, with a triple root, we expect to get about one third
of the digits correct, and so on for higher multiplicities. See also Question 1.20.

We now turn to a geometric property of the condition number shared by
other problems. Recall the property of the condition number [[A| - [|A7!]|
for matrix inversion: its reciprocal measured the distance to nearest singular
matrix, i.e., matrix with an infinite condition number (see Theorem 2.1). An
analogous fact is true about eigenvalues. Since multiple eigenvalues have infi-
nite condition numbers, the set of matrices with multiple eigenvalues plays the
same role for computing eigenvalues as the singular matrices did for matrix
inversion, where being “close to singular” implied ill-conditioning.

double eigenvalue at 1: A = |

THEOREM 4.6. Let A be a simple eigenvalue of A, with unit right and left
eigenvectors x and y and condition number ¢ = 1/|y*xz|. Then there is a 6A
such that A+ §A has a multiple eigenvalue at X\, and

l6Af2 . 1

[Allz — Ve -1
When ¢ > 1, i.e., the eigenvalue is ill-conditioned, then the upper bound on
the distance is 1/v/¢? — 1 = 1/¢, the reciprocal of the condition number.

Proof. First we show that we can assume without loss of generality that A is
upper triangular (in Schur form), with a;; = A. This is because putting A in
Schur form is equivalent to replacing A by T' = Q*AQ, where @ is unitary. If
x and y are eigenvectors of A, then Q*x and Q*y are eigenvectors of T". Since
(Q*y)*(Q*zr) = y*QQ*z = y*x, changing to Schur form does not change the
condition number of A\. (Another way to say this is that the condition number
is the secant of the angle ©(z,y) between x and y, and changing = to Q*x
and y to Q*y just rotates x and y the same way without changing the angle

between them.)
A Aig
z = ey and y is parallel to § = [1, A1a(A — Ag)~']*, or y = §/||gll2- Thus

So without loss of generality we can assume that A = | Then

1 HQHQ ~ —1112\1/2
= Tal il 9]l2 = (1 + || Az2( 22)" " [12)
or
=1 = [|A;p(M — Ax) 2 < [|As2]lz - (A — Az2) 7'l
| All2

Umin()\I - A22) .
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By definition of the smallest singular value, there is a 0 Age where ||0Aaz|2 =
Omin (A — Asg) such that Ass + 0 Az — A is singular; i.e., A is an eigenvalue

of Ags + §Azs. Thus | E)\ Az;ilz Ao | has a double eigenvalue at A, where
A
10 A22]|2 < omin(A — Agp) < H2H21
2 _

as desired. O

Finally, we relate the condition numbers of the eigenvalues to the smallest
possible condition number ||S||-]S~!|| of any similarity S such that diagonalizes
A: S7'AS = A = diag(\1,..., ). The theorem says that if any eigenvalue
has a large condition number, then S has to have an approximately equally
large condition number. In other words, the condition numbers for finding the
(worst) eigenvalue and for reducing the matrix to diagonal form are nearly the
same.

THEOREM 4.7. Let A be diagonalizable with eigenvalues \; and right and left

eigenvectors x; and y;, respectively, normalized so ||zill2 = ||yill2 = 1. Sup-
pose that S satisfies STLAS = A = diag(\1,...,\n). Then ||S|l2 - |72 >
max; 1/|yfxi|. If we choose S = [x1, ..., 2y], then ||S|2:|S7|2 < n-max; 1/|y}x;|;

i.e., the condition number of S is within a factor of n of its smallest value.

For a proof, see [68].

For an overview of condition numbers for the eigenproblem, including eigen-
vectors, invariant subspaces, and the eigenvalues corresponding to an invariant
subspace, see chapter 4 of the LAPACK manual [10], as well as [159, 235]. Al-
gorithms for computing these condition numbers are available in subroutines
strsna and strsen of LAPACK or by calling the driver routines sgeevx and
sgeesx.

4.4. Algorithms for the Nonsymmetric Eigenproblem

We will build up to our ultimate algorithm, the shifted Hessenberg QR algo-
rithm, by starting with simpler ones. For simplicity of exposition, we assume
A is real.

Our first and simplest algorithm is the power method (section 4.4.1), which
can find only the largest eigenvalue of A in absolute value and the correspond-
ing eigenvector. To find the other eigenvalues and eigenvectors, we apply the
power method to (A—oI)~! for some shift o, an algorithm called inverse itera-
tion (section 4.4.2); note that the largest eigenvalue of (A—ol)~!is 1/(\;—0o),
where ); is the closest eigenvalue to o, so we can choose which eigenvalues to
find by choosing . Our next improvement to the power method lets us com-
pute an entire invariant subspace at a time rather than just a single eigenvector;
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we call this orthogonal iteration (section 4.4.3). Finally, we reorganize orthog-
onal iteration to make it convenient to apply to (4 — oI)~! instead of A; this
is called QR Iteration (section 4.4.4).

Mathematically speaking, QR iteration (with a shift o) is our ultimate
algorithm. But several problems remain to be solved to make it sufficiently
fast and reliable for practical use (section 4.4.5). Section 4.4.6 discusses the
first transformation designed to make QR iteration fast: reducing A from dense
to upper Hessenberg form (nonzero only on and above the first subdiagonal).
Subsequent sections describe how to implement QR iteration efficiently on
upper Hessenberg matrices. (Section 4.4.7 shows how upper Hessenberg form
simplifies in the cases of the symmetric eigenvalue problem and SVD.)

4.4.1. Power Method

ALGORITHM 4.1. Power method: Given xq, we iterate

i=0

repeat
Yit1 = Ax;
Tit1 = Yit1/[|Yitall2 (approzimate eigenvector)
Aiy1 = al Azip (approximate eigenvalue)
i=i+1

until convergence

Let us first apply this algorithm in the very simple case when A = diag(\,

<y An), with [A1] > [A2] > .-+ > |A\,|. In this case the eigenvectors are

just the columns e; of the identity matrix. Note that x; can also be written

x; = Alxg/||Alzgl|2, since the factors 1/||lyii1]|2 only scale x;11 to be a unit
vector and do not change its direction. Then we get

) i 1 7]
« gAY i
1 1 11 as (A2 A
i i [6%) 052)\2 i (051 Al
Alzg= A : = : = a1} ] ,
Qi anAy, on ()
L a1 \ M1 i

where we have assumed «; = 0. Since all the fractions A;/\; are less than 1
in absolute value, A'zy becomes more and more nearly parallel to e;, so x; =
Alxg/||Alzg|l2 becomes closer and closer to +ej, the eigenvector corresponding
to the largest eigenvalue A;. The rate of convergence depends on how much
smaller than 1 the ratios |A2/A1| > -+ > |\, /A1] are, the smaller the faster.
Since x; converges to teq, ):l = xiTAxi converges to A1, the largest eigenvalue.

In showing that the power method converges, we have made several as-
sumptions, most notably that A is diagonal. To analyze a more general case,
we now assume that A = SAS™! is diagonalizable, with A = diag(\1,...,A\n)
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and the eigenvalues sorted so that |[Ai| > |Ao| > -+ > |A,|. Write S =

[S1,...,Sn], where the columns s; are the corresponding eigenvectors and also
satisfy [|si]l2 = 1; in the last paragraph we had S = I. This lets us write
ro = S(S7 xg) = S([a1, ..., an)T). Also, since A = SAS™!, we can write

Al = (SAS™1) .. (SAS™1) = SATST!

i times

since all the S~ - S pairs cancel. This finally lets us write

- 1 -

|_ aq -| 041/\21 -| e {2\
Alwy = (SA'S™)S OfQ =3 OQ;AQ =\ a1 (_Ai>
o an i | o <%>Z _

As before, the vector in brackets converges to eq, so A’zg gets closer and closer
to a multiple of Se; = s1, the eigenvector corresponding to A;. Therefore,
N\ = xiTAazi converges to slTAsl = slT)\lsl = )\

A minor drawback of this method is the assumption that c; = 0; this is true
with very high probability if z( is chosen at random. A major drawback is that
it converges to the eigenvalue/eigenvector pair only for the eigenvalue of largest
absolute magnitude, and its convergence rate depends on |[Aa/A1|, a quantity
which may be close to 1 and thus cause very slow convergence. Indeed, if A
is real and the largest eigenvalue is complex, there are two complex conjugate
eigenvalues of largest absolute value |A\1| = |A2|, and so the above analysis
does not work at all. In the extreme case of an orthogonal matrix, all the
eigenvalues have the same absolute value, namely, 1.

4.4.2. Inverse lteration

We will overcome the drawbacks of the power method just described by ap-
plying the power method to (A —oI)~! instead of A, where o is called a shift.
This will let us converge to the eigenvalue closest to o, rather than just A;.
This method is called inverse iteration or the inverse power method.

ALGORITHM 4.2. Inverse iteration: Given xq, we iterate

1=0

repeat
Yir1 = (A—ol) 'y
i1 = Yit1/||Yi+1ll2 (approzimate eigenvector)
Aig1 = :UiTHA:UiH (approximate eigenvalue)
t=1+1

until convergence
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To analyze the convergence, note that A = SAS~! implies A —oI = S(A —
ol)S™ and so (A—ol)~t = S(A—0oI)~1S~!. Thus (A —ol)~! has the same
eigenvectors s; as A with corresponding eigenvalues (A—cI)™1);; = (A\;j—o) L.
The same analysis as before tells us to expect x; to converge to the eigenvector
corresponding to the largest eigenvalue in absolute value. More specifically,
assume that |\z — o| is smaller than all the other |\; — o| so that (A — o)~*
is the largest eigenvalue in absolute value. Also, write 29 = S[ay, ..., a,]" as
before, and assume ayp = 0. Then

041(/\1 — U)fz
. . a9
(A—ol) 'y = (S(A—UI)ﬂS*l)S . =5
@, an(Ap — o)~
[ a AL—0O i
& (1)
= ay(M—0)7'S 1 ;

L ax \An—c )
where the 1 is in entry k. Since all the fractions (A —o0)/(\; — o) are less than
one in absolute value, the vector in brackets approaches ey, so (A — o) iz
gets closer and closer to a multiple of Sey = sy, the eigenvector corresponding
to A\r. As before, \; = xiTAxi also converges to \p.

The advantage of inverse iteration over the power method is the ability to
converge to any desired eigenvalue (the one nearest the shift o). By choosing o
very close to a desired eigenvalue, we can converge very quickly and not be as
limited by the proximity of nearby eigenvalues as is the original power method.
The method is particularly effective when we have a good approximation to
an eigenvalue and want only its corresponding eigenvector (for example, see
section 5.3.4). Later we will explain how to choose such a ¢ without knowing
the eigenvalues, which is what we are trying to compute in the first place!

4.4.3. Orthogonal lteration

Our next improvement will permit us to converge to a (p > 1)-dimensional
invariant subspace, rather than one eigenvector at a time. It is called orthogonal
iteration (and sometimes subspace iteration or Simultaneous Iteration).

ALGORITHM 4.3. Orthogonal iteration: Let Zy be an n X p orthogonal matriz.
Then we iterate

1=0

repeat
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Yinn=AZ;
Factor Vi1 = Zi11Riy1 using Algorithm 3.2 (QR decomposition)
(Zi+1 spans an approrimate
invariant subspace)
1=14+1
until convergence

Here is an informal analysis of this method. Assume |[A,| > [Ap41]. If p =1,
this method and its analysis are identical to the power method. When p > 1, we
write span{Z;11} = span{Yj;1} = span{AZ;}, so span{Z;} = span{A'Zy} =
span{SA*S~1Zy}. Note that

SA'S™1Zy = S diag(\i,..., )87 7,

[ (M/Ap)
= S 1 S~ %.
i (An/Ap)" |
Since |f\‘—;| >1if i <p, and \%| < 1ifi>p, we get
(>‘1/>\P)Z Xpo
S Zy = Coyxp |
Y(n p)Xp

(An/Ap)’

where Y; approaches zero like (A,+1/A,)%, and X; does not approach zero.
Indeed, if Xy has full rank (a generalization of the assumption in section 4.4.1
that c; = 0), then X; will have full rank too. Write the matrix of eigenvectors

S =[s1,...,80] = [SP7P, 0" P)) e Sy = [s1,...,5p). Then SAIS~17, =

ALS| )é: ] = AP(S,X; + S,Y;). Thus span(Z;) converges to
span(Z;) = span(SA'S™1Zy) = span(S,X; + S,Y;) = span(S,X;)

= Span(sp)7

the invariant subspace spanned by the first p eigenvectors, as desired.

The wuse of the QR decomposition keeps the vectors spanning
span{A’Zy} of full rank despite roundoff.

Note that if we follow only the first p < p columns of Z; through the it-
erations of the algorithm, they are identical to the columns that we would
compute if we had started with only the first p columns of Zj instead of p
columns. In other words, orthogonal iteration is effectively running the algo-
rithm for p = 1,2,...,p all at the same time. So if all the eigenvalues have
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distinct absolute values, the same convergence analysis as before implies that
the first p < p columns of Z; converge to span{si,...,s;} for any p < p.

Thus, we can let p = n and Zy = I in the orthogonal iteration algorithm.
The next theorem shows that under certain assumption, we can use orthogonal
iteration to compute the Schur form of A.

THEOREM 4.8. Consider running orthogonal iteration on matriz A with p =n
and Zy = 1. If all the eigenvalues of A have distinct absolute values and if
all the principal submatrices S(1 : j,1 : j) have full rank, then A; = ZiTAZi
converges to the Schur form of A, i.e., an upper triangular matrixz with the
etgenvalues on the diagonal. The eigenvalues will appear in decreasing order
of absolute value.

Sketch of Proof. The assumption about nonsingularity of S(1 : j,1 : j) for
all 7 implies that X is nonsingular, as required by the earlier analysis. First
note that Z; is a square orthogonal matrix, so A and A; = Zl-T AZ; are similar.
Write Z; = [Z1i, Zai], where Z1; has p columns, so

ZLEAZy ZEAZ,

A, =72V AZ, = )
g e ZEAZy ZLAZy,;

Since span{Zy;} converges to an invariant subspace of A, span{AZ;;} converges
to the same subspace, so ZQI;AZM converges to Zg;Zli = 0. Since this is true
for all p < n, every subdiagonal entry of A; converges to zero, so A; converges
to upper triangular form, i.e., Schur form. O

In fact, this proof shows that the submatrix Z1,AZ;; = A;(p+1:n,1:p)
should converge to zero like |A\,11/Ap|". Thus, A, should appear as the (p,p)
entry of A; and converge like max(|Ap+1/Ap|%; [Ap/Ap—1])-

ExaMPLE 4.5. The convergence behavior of orthogonal iteration is illustrated
by the following numerical experiment, where we took A = diag(1, 2,6, 30) and
a random S (with condition number about 20), formed A = S - A - S~! and
ran orthogonal iteration on A with p = 4 for 19 iterations. Figures 4.3 and
4.4 show the convergence of the algorithm. Figure 4.3 plots the actual errors
|Ai(p, p) —Ap| in the computed eigenvalues as solid lines and the approximations
max(|Ap+1/Ap|% [Ap/Ap—1]") as dotted lines. Since the graphs are (essentially)
straight lines with the same slope on a semilog scale, this means that they are
both graphs of functions of the form y = ¢ - 7%, where ¢ and r are constants
and 7 (the slope) is the same for both, as we predicted above.

Similarly, Figure 4.4 plots the actual values ||4;(p+1:n,1: p)|l2 as solid
lines and the approximations |A,+1/Ap|* as dotted lines; they also match well.
Here are Ap and Ajg9 for comparison:

3.5488 15.593 8.5775 —4.0123
A — 2.3595 24.526 14.596 —5.8157
0 = 8.9953-1072 27.599 21.483 —5.8415 |’

1.9227 55.667 39.717 —10.558
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Convergence of lambda(1)= 30 ) Convergence of lambda(2)= 6

Fig. 4.3. Convergence of diagonal entries during orthogonal iteration.

30.000 —32.557 —70.844 14.984
A — 6.7607 - 10~ 13 6.0000 1.8143 —.55754
9= 1.5452-10723 1.1086 - 102  2.0000 — 25894

7.3360 - 10729 3.3769 - 1071° 4.9533 - 1075 1.0000

EXAMPLE 4.6. To see why the assumption in Theorem 4.8 about nonsingular-
ity of S(1: 7,1 : j) is necessary, suppose that A is diagonal with the eigenvalues
not in decreasing order. Then orthogonal iteration yields Z; = diag(+1) (a di-
agonal matrix with diagonal entries +1) and A; = A for all 4, so the eigenvalues
do not move into decreasing order. To see why the assumption that the eigen-
values have distinct absolute values is necessary, suppose that A is orthogonal,
so all its eigenvalues have absolute value 1. Again, the algorithm leaves A;
essentially unchanged. (The rows and columns may be multiplied by —1.)

4.4.4. QR lteration

Our next goal is to reorganize orthogonal iteration to incorporate shifting and
inverting, as in section 4.4.2. This will make it more efficient and eliminate
the assumption that eigenvalues differ in magnitude, which was needed in
Theorem 4.8 to prove convergence.
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Convergence of Schur form(2:4 , 1:1) Convergence of Schur form(3:4 , 1:2)

10° 10°
0
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107 10™
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10
1070 .
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10" 107"
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) Convergence of Schur form(4:4 , 1:3)
10

Fig. 4.4. Convergence to Schur form during orthogonal iteration.

ALGORITHM 4.4. QR iteration: Given Ag, we iterate

1=20

repeat
Factor A; = Q; R; (the QR decomposition)
A1 = RiQ;
1=1+1

until convergence

Since A;+1 = RiQ; = QZT(QZRZ)QZ = QZTAZQZ, A;+1 and A; are orthogo-
nally similar.

We claim that the A; computed by QR iteration is identical to the matrix
ZiT AZ; implicitly computed by orthogonal iteration.

LEMMA 4.3. A; = ZZ.TAZi, where Z; is the matriz computed from orthogonal
iteration (Algorithm 4.3). Thus A; converges to Schur form if all the eigenval-
ues have different absolute values.

Proof. We use induction. Assume A; = ZiT AZ;. From Algorithm 4.3,
we can write AZ; = Z;11R;11, where Z;11 is orthogonal and R;y1 is upper
triangular. Then ZI' AZ; = ZI(Z;+1Ri11) is the product of an orthogonal
matrix ) = ZiTZiH and an upper triangular matrix R = R;41 = ZiTHAZi;
this must be the QR decomposition A; = QR, since the QR decomposition
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is unique (except for possibly multiplying each column of @ and row of R by
—1). Then

ZIAZiyy = (21 AZ) (28 Ziv1) = Riva (Z] Zita) = RQ.

This is precisely how the QR iteration maps A4; to A;11, so ZiT_HAZiH = A1
as desired. O

To see a variety of numerical examples illustrating the convergence of QR
iteration, run the Matlab code referred to in Question 4.15.

From earlier analysis, we know that the convergence rate depends on the
ratios of eigenvalues. To speed convergence, we use shifting and inverting.

ALGORITHM 4.5. QR iteration with a shift: Given Agy, we iterate:

i=20

repeat
Choose a shift o; near an eigenvalue of A
Factor A; — ;1 = Q;R; (QR decomposition)
A1 = RiQ; + oyl
i=i+1

until convergence

LEMMA 4.4. A; and A1 are orthogonally similar.

Proof. Ait1 = RiQ; + il = QT QiR:Qi + 0:QT Qi = QY (QiR; + o:1)Q; =
QT A;,Q;. O

If R; is nonsingular, we may also write

Aiy1 = RiQ;+0l = RiQ;RiR;" + o;RiR; ' = R{(Q:R; + o;I)R; !
= RlAlR;l

If 0; is an ezact eigenvalue of A;, then we claim that QR iteration converges
in one step: since o; is an eigenvalue, A; —o;1 is singular, so R; is singular, and
so some diagonal entry of R; must be zero. Suppose R;,, = 0. This implies
that the last row of R;Q; is 0, so the last row of A;11; = R;Q;+0;1 equals Uieg,
where e,, is the nth column of the n-by-n identity matrix. In other words, the
last row of A;1; is zero except for the eigenvalue o; appearing in the (n,n)
entry. This means that the algorithm has converged, because A;y1 is block
upper triangular, with a trailing 1-by-1 block o;; the leading (n — 1)-by-(n —1)
block A’ is a new, smaller eigenproblem to which QR iteration can be solved

A a
0 g; ]

When o; is not an exact eigenvalue, then we will accept A;1(n,n) as having
converged when the lower left block A;41(n,1:n — 1) is small enough. Recall
from our earlier analysis that we expect A;11(n,1:n—1) to shrink by a factor
| Ak — 03]/ minj—y |\; — 04|, where |\, — 03| = min; |A; — o4]. So if o; is a very
good approximation to eigenvalue A\, we expect fast convergence.

without ever modifying o; again: A;11 = |
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Here is another way to see why convergence should be fast, by recognizing
that QR iteration is implicitly doing inverse iteration. When o; is an exact
eigenvalue, the last column q, of Q; will be a left eigenvector of A; for eigenvalue
0;, since Q;T‘Ai = gz‘(QiRi +o;0) =elR; + Uig: = Uig:. When o; is close to an
eigenvalue, we expect q, to be close to an eigenvector for the following reason:
g, is parallel to ((4; — o3l )*)"te, (we explain why below). In other words g,
is the same as would be obtained from Inverse Iteration on (A; — o;1)* (and
so we expect it to be close to a left eigenvector).

Here is the proof that g, is parallel to (A; — o)) ey Ai— ol = QiR;
implies (A; — o;1)R; L' = @;. Inverting and taking the conjugate transpose of
both sides leave the right-hand side (); unchanged and change the left-hand side
to ((A; — o;1)*) LR}, whose last column is ((4; — o;1)*)71-[0,...,0, Ri,nn]T,
which is proportional to the last column of ((A; — o;1)*) 1.

How do we choose o; to be an accurate approximate eigenvalue, when we
are trying to compute eigenvalues in the first place? We will say more about
this later, but for now note that near convergence to a real eigenvalue A;
is close to that eigenvalue, so o; = A;ny, is a good choice of shift. In fact,
it yields local quadratic convergence, which means that the number of correct
digits doubles at every step. We explain why quadratic convergence occurs as
follows: Suppose at step ¢ that ||4;(n,1:n —1)||/||A]] = n < 1. If we were
to set A;j(n,1:n — 1) to exactly 0, we would make A; block upper triangular
and so perturb a true eigenvalue \; to make it equal to A;(n,n). If this
eigenvalue is far from the other eigenvalues, it will not be ill-conditioned, so
this perturbation will be O(n). In other words, |\ — A;(n,n)| = O(n||4]]). On
the next iteration, if we choose o; = A;(n,n), we expect A;11(n,1:n—1) to
shrink by a factor |\, —o;|/ minj—j |A\; —o;| = O(n), implying that ||A;q1(n, 1 :
n — 1) = OM?||4]), or [[Ais1(n,1 : n—1)||/||A]] = O(n?). Decreasing the
error this way from 7 to O(n?) is quadratic convergence.

EXAMPLE 4.7. Here are some shifted QR iterations starting with the same
4-by-4 matrix Ap as in Example 4.5, with shift o; = A;(4,4). The convergence
is a bit erratic at first but eventually becomes quadratic near the end, with
|Ai(4,1 : 3)|| =~ |Ai(4,3)| approximately squaring at each of the last three
steps. Also, the number of correct digits in A;(4,4) doubles at the fourth
through second-to-last steps.

, +1.9 +56. +40. —11.558
, —.85 —4.9 +22-1072  —6.6068
, +.35 +.86 +.30 0.74894
, —-1.2-1072 -7 —.70 1.4672
—-15-107* —-18.-1072 —.38 1.4045
—-30-100¢ —22.107®* —.50 1.1403

-14-107% —-6.3-107° —7.8-107%2  1.0272

—14-107%  —36-1077 —2.3-107%  0.99941

+2.8-107'% 4+42.107*"  +1.4-107°%  0.9999996468853453
—3.4-107% _—3.0-107* —4.8-107*  0.9999999999998767
+1.5-107% 474-107%2  +6.0-1072°  1.000000000000001

o U U SO NG e NUe SO SO SO NS
= © 00 N O o A~ W N = O
O N~~~ o~~~
el S SN ,J>JJ>“,J>~ [T ST SN

N
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By the time we reach Aig, the rest of the matrix has made a lot of progress toward
convergence as well, so later eigenvalues will be computed very quickly, in one or two steps
each:

30.000 —32.557 —70.844 14.985
Ao | 61548 10°%  6.0000 1.8143 — 55754
1071 25531-107"® 2.0120-10"%  2.0000 —.25894

1.4692 - 1073  7.4289-10732 6.0040 - 10726 1.0000

4.4.5. Making QR Iteration Practical

Here are some remaining problems we have to solve to make the algorithm
more practical:

1. The iteration is too expensive. The QR decomposition costs O(n?) flops,
so if we were lucky enough to do only one iteration per eigenvalue, the
cost would be O(n*). But we seek an algorithm with a total cost of only

O(n?).

2. How shall we choose o; to accelerate convergence to a complex eigen-
value? Choosing o; complex means all arithmetic has to be complex,
increasing the cost by a factor of about 4 when A is real. We seek an
algorithm that uses all real arithmetic if A is real and converges to real
Schur form.

3. How do we recognize convergence?

The solutions to these problems, which we will describe in more detail later,
are as follows:

1. We will initially reduce the matrix to upper Hessenberg form; this means
that A is zero below the first subdiagonal (i.e., a;; = 0if i > j + 1) (see
section 4.4.6). Then we will apply a step of QR iteration implicitly, i.e.,
without computing @ or multiplying by it explicitly (see section 4.4.8).
This will reduce the cost of one QR iteration from O(n?) to O(n?) and
the overall cost from O(n*) to O(n?®) as desired

When A is symmetric we will reduce it to tridiagonal form instead, re-
ducing the cost of a single QR iteration further to O(n). This is discussed
in section 4.4.7 and Chapter 5.

2. Since complex eigenvalues of real matrices occur in complex conjugate
pairs, we can shift by o; and &; simultaneously; it turns out that this
will permit us to maintain real arithmetic (see section 4.4.8). If A is
symmetric, all eigenvalues are real, and this is not an issue.

3. Convergence occurs when subdiagonal entries of A; are “small enough.”
To help choose a practical threshold, we use the notion of backward sta-
bility: Since A; is related to A by a similarity transformation by an or-
thogonal matrix, we expect A; to have roundoff errors of size O(¢)||A|| in
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it anyway. Therefore, any subdiagonal entry of A; smaller than O(e)||A||
in magnitude may as well be zero, so we set it to zero.!>. When A is

upper Hessenberg, setting a,1, to zero will make A into a block upper

A A .
011 AZ |, where Aj; is p-by-p and A;; and

Ago are both Hessenberg. Then the eigenvalues of A7 and A9 may be
found independently to get the eigenvalues of A. When all these diagonal
blocks are 1-by-1 or 2-by-2, the algorithm has finished.

triangular matrix A = |

4.4.6. Hessenberg Reduction

Given a real matrix A, we seek an orthogonal @ so that QAQT is upper
Hessenberg. The algorithm is a simple variation on the idea used for the QR
decomposition.

ExaMPLE 4.8. We illustrate the general pattern of Hessenberg reduction with
a b-by-5 example. Each @Q); below is a 5-by-5 Householder reflection, chosen to
zero out entries ¢ + 2 through n in column ¢ and leaving entries 1 through ¢
unchanged.

1. Choose )1 so

r r r x x r r r x x
r r xr x r r xr x
QA= 0o =z =z x = and A1 = QlAQlT =|o z z z =x
0 xT T T T 0 x T T T
0o x T T T 0o x T T T

Q1 leaves the first row of Q14 unchanged, and Q7 leaves the first column
of Q1AQT unchanged, including the zeros.

2. Choose )2 so

T T T X T T T T X T
r rT T x T T T T X X
QA= 0 2 v = x and Ay = QQAlQQT =|o z z z =z
0 0o T T T 0 0 T T T
0 0 T T T 0 0T T T

Q2 changes only the last three rows of A;, and QI leaves the first two
columns of Q2A41Q% unchanged, including the zeros.

5n practice, we use a slightly more stringent condition, replacing ||A|| with the norm of
a submatrix of A, to take into account matrices which may be “graded” with large entries
in one place and small entries elsewhere. We can also set a subdiagonal entry to zero when
the product ap+1,pap+2,p+1 of two adjacent subdiagonal entries is small enough. See the
LAPACK routine dahgr for details.
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3. Choose @3 so

xT r x T T xT T x T X
xr r x x T xT r xr x T
Q3As=| 0o =z =z = x and Az = QgAgQST =|lo x x x
0o 0o T x 0 0o T x x
0o 0o 0 x 0 0o 0o T =x

which is upper Hessenberg. Altogether Az = (Q3Q2Q1) - A(Q3Q2Q1)T =
QAQT. o

The general algorithm for Hessenberg reduction is as follows.

ALGORITHM 4.6. Reduction to upper Hessenberg form:

if Q is desired, set QQ = 1

fori=1:n—-2
u; = House(A(i + 1 : n, 7))
P, =1—2uul /*Q; = diag(I™*, P;) */
AGG+1:n,i:n)=PF;-A(i+1:n,i:n)
A(l:n,i+1:n)=A1:n,i+1:n) P
if Q s desired

Qli+1:ni:n)=P-Q(i+1:n,i:n) /¥Q=0Q;-Q*/

end if

end for

As with the QR decomposition, one does not form P; explicitly but instead
multiplies by I — 2uiuiT via matrix-vector operations. The w; vectors can also
be stored below the subdiagonal, similar to the QR decomposition. They can
be applied using Level 3 BLAS, as described in Question 3.17. This algorithm
is available as the Matlab command hess or the LAPACK routine sgehrd.

The number of floating point operations is easily counted to be 1—30713 +
O(n?), or 13—4713 + O(n?) if the product Q = Q,—1 -+ - Q1 is computed as well.

The advantage of Hessenberg form under QR iteration is that it costs only
612 + O(n) flops instead of O(n3), and its form is preserved so that the matrix
remains upper Hessenberg.

PROPOSITION 4.5. Hessenberg form is preserved by QR iteration.

Proof. 1t is easy to confirm that the QR decomposition of an upper Hessenberg
matrix like A; — o1 yields an upper Hessenberg @ (since the jth column of @
is a linear combination of the leading j columns of A; — o). Then it is easy
to confirm that RQ remains upper Hessenberg and adding oI does not change
this. O
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DEFINITION 4.5. A Hessenberg matrixz H is unreduced if all subdiagonals are
NONZero.

It is easy to see that if H is reduced because h;;1,; = 0, then its eigenvalues
are those of its leading i-by-i Hessenberg submatrix and its trailing (n —)-by-
(n — i) Hessenberg submatrix, so we need consider only unreduced matrices.

4.4.7. Tridiagonal and Bidiagonal Reduction

If A is symmetric, the Hessenberg reduction process leaves A symmetric at
each step, so zeros are created in symmetric positions. This means we need
work on only half the matrix, reducing the operation count to 3n3 4+ O(n?) or
gng + O(n?) to form @Q,_1...Q1 as well. We call this algorithm tridiagonal
reduction. We will use this algorithm in Chapter 5. This routine is available
as LAPACK routine ssytrd.

Looking ahead a bit to our discussion of computing the SVD in section 5.4,
we recall from section 3.2.3 that the eigenvalues of the symmetric matrix A7 A
are the squares of the singular values of A. Our eventual SVD algorithm will
use this fact, so we would like to find a form for A which implies that AT A is
tridiagonal. We will choose A to be upper bidiagonal, or nonzero only on the
diagonal and first superdiagonal. Thus, we want to compute orthogonal ma-
trices @ and V such that QAV is bidiagonal. The algorithm, called bidiagonal
reduction, is very similar to Hessenberg and tridiagonal reduction.

ExXAMPLE 4.9. Here is a 4-by-4 example of bidiagonal reduction, which illus-
trates the general pattern:

1. Choose 1 so

r r T x r T o0 o

o T T T o T T T
Q1A = and Vj so that A1 = Q1AV; =

o T T T o T T T

o T T T o T T T

Q1 is a Householder reflection, and V; is a Householder reflection that
leaves the first column of Q1A unchanged.

2. Choose )2 so

Q241 = and V3 so that As = Q241V2 =

S © O &
SO O 8 8
S © O &
SO O 8 8

8 8 8 ©
8 8 8 ©
8 8 8 ©
8 8 © O
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Q2 is a Householder reflection that leaves the first row of A; unchanged.
V5 is a Householder reflection that leaves the first two columns of (Q2A;
unchanged.

3. Choose @3 so

Q3As = and V3 = I so that A3 = Q3As.

O O © 8
S O &8 8
O 8 &8 O
8 8 © ©

Q3 is a Householder reflection that leaves the first two rows of A, un-
changed. ©

In general, if A is n-by-n then we get orthogonal matrices Q = Qn—1--- Q1
and V = Vi ---V,_5 such that QAV = A’ is upper bidiagonal.

Note that ATA" = VTATQTQAV = VTATAV, so AT A’ has the same
eigenvalues as AT A; i.e., A’ has the same singular values as A.

The cost of this bidiagonal reduction is §n3 + O(n?) flops, plus another
4n3 4+ O(n?) flops to compute @ and V. This routine is available as LAPACK
routine sgebrd.

4.4.8. QR lteration with Implicit Shifts

In this section we show how to implement QR iteration cheaply on an upper
Hessenberg matrix. The implementation will be implicit in the sense that we do
not explicitly compute the QR factorization of a matrix H but rather construct
@ implicitly as a product of Givens rotations and other simple orthogonal
matrices. The implicit Q theorem described below shows that this implicitly
constructed @ is the () we want. Then we show how to incorporate a single shift
o, which is necessary to accelerate convergence. To retain real arithmetic in
the presence of complex eigenvalues, we then show how to do a double shift, i.e.,
combine two consecutive QR iterations with complex conjugate shifts o and &;
the result after this double shift is again real. Finally, we discuss strategies for
choosing shifts ¢ and & to provide reliable quadratic convergence. However,
there have been recent discoveries of rare situation where convergence does not
occur [25, 64], so finding a completely reliable and fast implementation of QR
iteration remains an open problem.

Implicit Q Theorem

Our eventual implementation of QR iteration will depend on the following
theorem.

THEOREM 4.9. Implicit ) theorem. Suppose that QT AQ = H is unreduced
upper Hessenberg. Then columns 2 through n of Q are determined uniquely
(up to signs) by the first column of Q.
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This theorem implies that to compute A;11 = QlTAZQi from A; in the QR
algorithm, we will need only to

1. compute the first column of @; (which is parallel to the first column of
A; — 0;1 and so can be gotten just by normalizing this column vector).

2. choose other columns of @; so Q; is orthogonal and A;;; is unreduced
Hessenberg.

Then by the implicit @ theorem, we know that we will have computed
A1 correctly because @; is unique up to signs, which do not matter. (Signs
do not matter because changing the signs of the columns of @); is the same
as changing A; — 0,1 = Q;R; to (QiS;)(SiR;), where S; = diag(£1,...,+£1).
Then A;11 = (SiRi)(Q:S:i) + oil = S;(R;Q; + 0;1)S;, which is an orthogonal
similarity that just changes the signs of the columns and rows of A;;1.)
Proof of the implicit Q theorem. Suppose that QT AQ = H and VT AV = G are
unreduced upper Hessenberg, () and V are orthogonal, and the first columns
of @ and V are equal. Let (X); denote the ith column of X. We wish to show
(Q); = £(V); for alli > 1, or equivalently, that W = VI'Q = diag(+£1,...,41).

Since W = VTQ, we get GW = GVTQ = VTAQ = VIQH = WH.
Now GW = WH implies G(W); = (GW); = (WH); = Y01 hys(W);, so
hi+17i(W)i+1 = G(W)l - 2;:1 hji(W)j- Since (W)l = [1, O, ceey O]T and G is
upper Hessenberg, we can use induction on i to show that (1¥); is nonzero in
entries 1 to ¢ only; i.e., W is upper triangular. Since W is also orthogonal, W
is diagonal = diag(+1,...,£1). O

Implicit Single Shift QR Algorithm

To see how to use the implicit () theorem to compute A; from Ay = A, we use
a 5-by-5 example.

ExaMPLE 4.10. 1. Choose

C1 S1
—S1 C1
Qf = 1 so A1 = Qf AQ, =

,_.
O O + 8 8
S O 8 &8 8

O 8 8 8 8
8 8 8 8 8
8 8 8 8 8

We discuss how to choose ¢; and s; below; for now they may be any
Givens rotation. The ‘+’ in position (3,1) is called a bulge and needs to
be gotten rid of to restore Hessenberg form.
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2. Choose

1
8 8 8 8 8
88 8 8 8
8 8 8 8 ©
8 8 8 © O
8 8 © © O
|
—
<t
ST
.
o
n
—
—
N @
wn Q
o &
o
—
e — |
|
S\
€

and

r Tr T T T
r Tr T T T

r Tr T x
o + =z x x

o

Q3 AIQ2 =

AQE

Thus the bulge has been “chased” from (3,1) to (4,2).

3. Choose

1

r r Tr T X
r r Tr T X
o r r T X
o 0 T T X
o o0 0 T X

s0 Q% As

83
C3

C3
—53

and

} _

8 8 8 8 8
8 8 8 8 8
8 8 8 8 +
8 8 8 O O
8 8 © © ©

Il

o

<

[\

<t

Mo

<

Il

™

<

The bulge has been chased from (4,2) to (5,3).

4. Choose

—
8 8 8 8 8
8 8 8 8 8
8 8 8 8 ©
8 8 8 © ©
8 8 © © ©
Il
™
<
SN
&
@)
n
<+ <
n O
< @
o
—
—

—
@
Il
SR
S

and

r r Tr T X
r r Tr T X

o r r T

Ag = QT A5Q4

o 0O T T X

o o0 o0 T T
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so we are back to upper Hessenberg form.
Altogether Q7 AQ is upper Hessenberg, where

o T x T X
s] T T X X

Q=Q1Q2Q3Q4 = s v oz x|,
S3 X X
Sq4 X

so the first column of @ is [c1, 51,0, ...,0]7, which by the implicit @ theorem
has uniquely determined the other columns of @ (up to signs). We now choose
the first column of @ to be proportional to the first column of A — o1, [a11 —
0,a21,0,...,0]7. This means @ is the same as in the QR decomposition of
A —ol, as desired. ¢

The cost for an n-by-n matrix is 6n2 + O(n).

Implicit Double Shift QR Algorithm

This section describes how to maintain real arithmetic by shifting by ¢ and &
at the same time. This is essential for an efficient practical implementation but
not for a mathematical understanding of the algorithm and may be skipped
on a first reading.

The results of shifting by ¢ and & in succession are

Ag—ol = Q1R
Al = RiQi+0l sodr = QTAQ,
A1 =70l = Q2Ry,
Ay = RoQ2+7I soA; = QFAQ:=QIQTA4,Q:1Q-.

LEMMA 4.5. We can choose Q1 and Q2 so

(1) @1Q2 is real,
(2) Ay is therefore real,
(3) the first column of Q1Q2 is easy to compute.

Proof. Since QaRe = Ay — 7l = R1Q1 + (0 — 7)1, we get

Q1Q2R2R1 = Q1(R1Q1+ (0 — o))’y
= QiRQ1R1 + (0 —7)Q1
= (Ag—ocl)(Ap—0cl)+ (o0 —7)(Ap — ol)
= A2 -2(Ro)A¢ + |0’ T = M.
Thus (Q1Q2)(R2Ry) is the QRD of the real matrix M and so Q1Q2, as well
as RoR1, can be chosen real. This means that Ay = (Q1Q2)T A(Q1Q2) also is

real.
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The first column of Q1 Q3 is proportional to the first column of A3—2%Ro Ag+
|o2|, which is

i a%l + ajqoa91 — 2(%0)&11 + |0‘2 T
asi(air + az — 2(Ro))

21032 0
0 .

0

The rest of the columns of Q1Q2 are computed implicitly using the implicit
() theorem. The process is still called “bulge chasing,” but now the bulge is
2-by-2 instead of 1-by-1.

ExaMPLE 4.11. Here is a 6-by-6 example of bulge chasing.

T
0 ..
1. Choose QT = Q01 7 ], where the first column of QT is given as above,
SO

[ 2 2z x z x [z x =z x z =x

r x r x T X r x T x T X

T + x x r T x _ AT + x r T x x

Qfa = and Ay = QT AQ, =

o 0 rT T T T + + r r x x

0 0o 0o T x 0o 0o o T x

| 0 0 0 0o x x| | 0o 0o 0o o z «x

We see that there is a 2-by-2 bulge, indicted by plus signs.

2. Choose a Householder reflection Qg, which affects only rows 2, 3, and 4
of QT Ay, zeroing out entries (3,1) and (4,1) of A; (this means that QF
is the identity matrix outside rows and columns 2 through 4):

QgAl - and A2 = QgAlQQ =

SO © © O 8 &
O O &8 8 8 8
O 8 &8 8 8 &
8 8 8 8 8 8
8 8 8 8 8 &8

O O 4+ 8 8 8
Q © © °O &8 &
O 4+ + 8 8 8
O 4+ 8 8 8 8
O 8 &8 8 8 &
8 8 8 8 8 8

and the 2-by-2 bulge has been “chased” one column.

3. Choose a Householder reflection Q?;, which affects only rows 3, 4, and 5
of Q1 Ay, zeroing out entries (4,2) and (5,2) of Ay (this means that QI

8 8 8 8 8 &8
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is the identity outside rows and columns 3 through 5):

QT Ay = and Az = QL A,Q3 =

SO O © °O &8 &
O O O 8 &8 &
O 8 8 8 &8 8

8 8 8 8 8 8
8 8 8 8 8 8
QO O © © &8 &R
O O O 8 &8 8

O + 8 8 8 8
+ + 8 8 8 8
+ 8 8 8 8 8
8 8 8 8 8 8
8 8 8 8 8 8

4. Choose a Householder reflection QI which affects only rows 4, 5, and 6
of QT A3, zeroing out entries (5,3) and (6,3) of A3 (this means that QT
is the identity matrix outside rows and columns 4 through 6):

r r r x T T
r r r T T T
T O r xT T T I
Ay =Q A3Qy =
0O 0 x T T X
o 0 0 T T X
Lo o o + x x |
5. Choose
[ 1 T [z 2 =z  z x ]
1 r r r xr T x
T 1 ) T o rT T T T X
Q5 = so As = Q5 A4Qs5 = .o
1 o 0 rT T T X
c s 0O 0 0 xr X X
i —-s c | | 0o 0 0 0 = T |

Choosing a Shift for the QR Algorithm

To completely specify one iteration of either single shift or double shift Hes-
senberg QR iteration, we need to choose the shift o (and 7). Recall from the
end of section 4.4.4 that a reasonable choice of single shift, one that resulted
in asymptotic quadratic convergence to a real eigenvalue, was o = a5, the
bottom right entry of A;. The generalization for double shifting is to use the

Francis shift, which that means ¢ and & are the eigenvalues of the bottom 2-by-

an—1,n—1 an—1,n ]

2 corner of A;: [ This will let us converge to either two real

An,n—1 an,n
eigenvalues in the bottom 2-by-2 corner or a single 2-by-2 block with complex
conjugate eigenvalues. When we are close to convergence, we expect a,—1,,—2
(and possibly ay n—1) to be small so that the eigenvalues of this 2-by-2 matrix
are good approximations for eigenvalues of A. Indeed, one can show that this
choice leads to quadratic convergence asymptotically. This means that once
ap—1n—2 (and possibly ap ,—1) is small enough, its magnitude will square at
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each step and quickly approach zero. In practice, this works so well that on
average only two QR iterations per eigenvalue are needed for convergence for
almost all matrices.

In practice, the QR iteration with the Francis shift can fail to converge
(indeed, it leaves

0 01
1 00
010

unchanged). So the practical algorithm in use for decades had an “exceptional
shift” every 10 shifts if convergence had not occurred.  Still, tiny sets of
matrices where that algorithm did not converge were discovered only recently
[25, 64]; matrices in a small neighborhood of

0 1 00
1 0 A O
0 —-h 0 1|’
0 0 1 0

where h is a few thousand times machine epsilon, form such a set. So another
“exceptional shift” was recently added to the algorithm to patch this case.
But it is still an open problem to find a shift strategy that guarantees fast
convergence for all matrices.

4.5. Other Nonsymmetric Eigenvalue Problems

4.5.1. Regular Matrix Pencils and Weierstrass Canonical Form

The standard eigenvalue problem asks for which scalars z the matrix A — zI
is singular; these scalars are the eigenvalues. This notion generalizes in several
important ways.

DEFINITION 4.6. A — AB, where A and B are m-by-n matrices, is called a
matrix pencil, or just a pencil. Here X\ is an indeterminate, not a particular,
numerical value.

DEFINITION 4.7. If A and B are square and det(A — AB) is not identically
zero, the pencil A— AB is called regular. Otherwise it is called singular. When
A — AB is regular, p(\) = det(A — AB) is called the characteristic polynomial
of A — AB and the eigenvalues of A — AB are defined to be

(1) the roots of p(\) =0,
(2) oo (with multiplicity n — deg(p)) if deg(p) < n.
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EXAMPLE 4.12. Let

A—-AB = 1 - A 0
0 1

Then p(A) = det(A —AB) = (1 —2X\) - (1 —=0X) - (0 — ) = (2XA — 1)), so the
eigenvalues are \ = %, 0 and c0. ©

Matrix pencils arise naturally in many mathematical models of physical
systems; we give examples below. The next proposition relates the eigenvalues
of a regular pencil A — AB to the eigenvalues of a singular matrix.

PROPOSITION 4.6. Let A— AB be reqular. If B is nonsingular, all eigenvalues
of A— AB are finite and the same as the eigenvalues of AB™' or B™'A. If B
is singular, A — AB has eigenvalue oo with multiplicity n — rank(B). If A is
nonsingular, the eigenvalues of A — \B are the same as the reciprocals of the
eigenvalues of A~'B or BA™Y, where a zero eigenvalue of A~'B corresponds
to an infinite eigenvalue of A — \B.

Proof. If B is nonsingular and )\’ is an eigenvalue, then 0 = det(A — N'B) =
det(AB™t — NI) = det(B~'A — MN'I), so )\ is also an eigenvalue of AB~! and
B~YA. If B is singular, then take p(\) = det(A — AB), write the SVD of B as
B =UXVT, and substitute to get

p(\) = det(A - AUSVT) = det(U(UTAV — AX)VT) = £det(UT AV — AX).

Since rank(B) = rank(X), only rank(B) \’s appear in UT AV — \X, so the
degree of the polynomial det(UT AV — A\X) is rank(B).

If A is nonsingular, det(A — AB) = 0 if and only if det(I — AA™!B) =0 or
det(I — ABA~') = 0. This can happen only if A = 0 and 1/) is an eigenvalue
of A='B or BA™'. O

DEFINITION 4.8. Let X be a finite eigenvalue of the reqular pencil A — \B.
Then x = 0 is aright eigenvector if (A—X B)x = 0, or equivalently Ax = N Bzx.
If N = oo is an eigenvalue and Bx = 0, then x is a right eigenvector. A left
eigenvector of A — AB is a right eigenvector of (A — AB)*.

EXAMPLE 4.13. Consider the pencil A — AB in Example 4.12. Since A and B
are diagonal, the right and left eigenvectors are just the columns of the identity
matrix. ©

ExaMPLE 4.14. Consider the damped mass-spring system from Example 4.1.
There are two matrix pencils that arise naturally from this problem. First, we
can write the eigenvalue problem

~M™'B -M7'K

Ax = 7 0 T =\T
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as

e[V

This may be a superior formulation if M is very ill-conditioned, so that M ~'B
and M 'K are hard to compute accurately.

Second, it is common to consider the case B = 0 (no damping), so the
original differential equation is M&(t) + Kxz(t) = 0. Seeking solutions of the
form x;(t) = e*'2;(0), we get A\2e*tMua;(0) + e*'Kz;(0) = 0, or A2 Mx;(0) +
Kz;(0) = 0. In other words, —\? is an eigenvalue and z;(0) is a right eigen-
vector of the pencil K — AM. Since we are assuming that M is nonsingular,
these are also the eigenvalue and right eigenvector of M~'K. o

Infinite eigenvalues also arise naturally in practice. For example, later
in this section we will show how infinite eigenvalues correspond to impulse
response in a system described by ordinary differential equations with linear
constraints, or differential-algebraic equations [40].  See also Question 4.16,
for an application of matrix pencils to computational geometry and computer
graphics.

Recall that all of our theory and algorithms for the eigenvalue problem of a
single matrix A depended on finding a similarity transformation S~'AS of A
that is in “simpler” form than A. The next definition shows how to generalize
the notion of similarity to matrix pencils. Then we show how the Jordan form
and Schur form generalize to pencils.

DEFINITION 4.9. Let P;, and Pr be nonsingular matrices. Then pencils A—\B
and PpAPr — APy BPgr are called equivalent.

PROPOSITION 4.7. The equivalent reqular pencils A—AB and P, APr—APr.BPR
have the same eigenvalues. The vector x is a right eigenvector of A — AB if
and only if P]glzc s a right eigenvector of PLAPr — APLBPgr. The vector y

is a left eigenvector of A — AB if and only if (PL*)_ly s a left eigenvector of
Py APr — AP;,BPg.

Proof.

det(A — AB) = 0 if and only if det(Pr(A — AB)Pgr) = 0.

(A= AB)z = 0 if and only if P;,(A — AB)PrPy 'z = 0.

(A—AB)*y =0 if and only if P5(A — AB)*P;(P;) 'y =0. O

The following theorem generalizes the Jordan canonical form to regular
matrix pencils.

THEOREM 4.10. Weierstrass canonical form. Let A — AB be reqular. Then
there are nonsingular Pr, and Pr such that

Pp(A = AB)Pg = diag(Jp, (M) — My -5 Jny (Any) = Moy Nonys - - - N, ),
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where Jp; (i) is an ni-by-n; Jordan block with eigenvalue \;,

1
Ai

and Np,; is a “Jordan block for X = co with multiplicity m;,”

1 A

Ny, = h = I, — A, (0).

For a proof, see [108].

Application of Jordan and Weierstrass Forms to Differential Equa-
tions

Consider the linear differential equation @(t) = Az(t) + f(t), x(0) = zo. An
explicit solution is given by x(t) = eAtxy + f(f eA=7) f(r)dr. If we know
the Jordan form A = SJS~!, we may change variables in the differential
equation to y(t) = S~ (t) to get y(t) = Jy(t) + S~Lf(t), with solution y(t) =
ety + f(f e/t=7)S§=1f(1)dr. There is an explicit formula to compute e’* or
any other function f(J) of a matrix in Jordan form J. (We should not use this
formula numerically! For the basis of a better algorithm, see Question 4.4.)
Suppose that f is given by its Taylor series f(z) = > ;2 W and J is a
single Jordan block J = Al + N, where N has ones on the first superdiagonal
and zeros elsewhere. Then

0 (i) i
) = SOOI N)
1=0

7!

o0 o(3) i : S
_ Z f(0) Z ( L ) AN'7IN? by the binomial theorem

i=0 =0 J

e [0 i S
= Z Z S7(0) ( ; ) ATINY reversing the order of summation

B n— N,if(z‘;(o) ( ; >A”’,

<

j=0  i=j

where in the last equality we reversed the order of summation and used that
fact that N7 =0 for 5 > n — 1. Note that N’ has ones on the jth superdiago-

nal and zeros elsewhere. Finally, note that » 72 w( JZ YA*=J is the Taylor
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expansion for f)(X)/4!. Thus

nxn

_ 0

so that f(J) is upper triangular with f()(0)/4! on the jth superdiagonal.

To solve the more general problem Bi = Ax+ f(t), A— AB regular, we use
the Weierstrass form: let Pp(A — AB)Pg be in Weierstrass form, and rewrite
the equation as P BPrPp'd = PLAPRPyr'z + PLf(t). Let Pp'z = y and
Prf(t) = g(t). Now the problem has been decomposed into subproblems:

()

I, yrg

I,

r

Each subproblem 4 = J,,, (\;)§ + §(t) = Jj+ §(t) is a standard linear ODE
as above with solution

The solution of .J,,(0)g = § + §(t) is gotten by back substitution starting
from the last equation: write J,,(0)y = ¢ + g(t) as
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1 : : :
0 Ym Ym 9m
The mth (last) equation says 0 = ym, + gm OF Ym = —gm. The ith equation
says Ui+1 = Yi + gi, SO y; = yi+1 — ¢; and thus

m dk—i
Vi =2~ ik (t).
k=i

Therefore the solution depends on derivatives of g, not an integral of g as in
the usual ODE. Thus a continuous g which is not differentiable can cause a
discontinuity in the solution; this is sometimes called an impulse response, and
occurs only if there are infinite eigenvalues. Furthermore, to have a continuous
solution y must satisfy certain consistency conditions at ¢t = 0:

i dk—i
yi(0) =) — =9k (0).
k=m
Numerical methods, based on time-stepping, for solving such differential
algebraic equations, or ODEs with algebraic constraints, are described in [40].

Generalized Schur Form for Regular Pencils

Just as we cannot compute the Jordanform stably, we cannot compute its
generalization by Weierstrass stably. Instead, we compute the generalized
Schur form.

THEOREM 4.11. Generalized Schur form. Let A — AB be regular. Then there
exist unitary Qr and Qg so that QL AQr = T4 and QL BQr = T are both
upper triangular. The eigenvalues of A — AB are then Ta,, /Tp,,, the ratios of
the diagonal entries of T4 and Tp.

Proof. The proof is very much like that for the usual Schur form. Let X be
an eigenvalue and x a unit right eigenvector: ||z||2 = 1. Since Az — X' Bz = 0,
both Az and Bz are multiples of the same unit vector y (even if one of Az
or Bz is zero). Now let X = [z, X] and Y = [y, Y] be unitary matrices with

first columns = and y, respectively. Then Y*AX = | aél 21222 | and Y*BX =

[ Bll élQ

0 B | by construction. Apply this process inductively to /122 — /\Bzg. O
22



Nonsymmetric Eigenvalue Problems 179

If A and B are real, there is a generalized real Schur form too: real or-
thogonal Q1 and Qg, where Qp AQR is quasi—upper triangular and QrBQRg is
upper triangular.

The QR algorithm and all its refinements generalize to compute the gener-
alized (real) Schur form; it is called the QZ algorithm and available in LAPACK
subroutine sgges. In Matlab one uses the command eig(A,B).

Definite Pencils

A simpler special case that often arises in practice is the pencil A — AB, where
A= AT, B = BT, and B is positive definite. Such pencils are called definite
pencils.

THEOREM 4.12. Let A = AT, and let B = BT be positive definite. Then
there is a real nonsingular matriz X so that XTAX = diag(aq,..., o) and
XTBX = diag(p,...,0s). In particular, all the eigenvalues o;/f3; are real
and finite.

Proof.  The proof that we give is actually the algorithm used to solve the
problem:

(1) Let LL" = B be the Cholesky decomposition.
(2) Let H = L~YAL™T; note that H is symmetric.
(3) Let H = QTAQ, with @Q orthogonal, A real and diagonal.

Then X = L7TQ satisfies XTAX = QTL'AL™TQ = A and X"BX =
QTL'BL™TQ=1. 0O

Note that the theorem is also true if aA 4+ 3B is positive definite for some
scalars a and .

Software for this problem is available as LAPACK routine ssygv.

ExXAMPLE 4.15. Consider the pencil K — AM from Example 4.14. This is a
definite pencil since the stiffness matrix K is symmetric and the mass matrix
M is symmetric and positive definite. In fact, K is tridiagonal and M is
diagonal in this very simple example, so M’s Cholesky factor L is also diagonal,
and H = L7'K L7 is also symmetric and tridiagonal. In Chapter 5 we will
consider a variety of algorithms for the symmetric tridiagonal eigenproblem.
o

4.5.2. Singular Matrix Pencils and the Kronecker
Canonical Form

Now we consider singular pencils A — AB. Recall that A — AB is singular if
either A and B are nonsquare or they are square and det(4A — AB) = 0 for
all values of A\. The next example shows that care is needed in extending the
definition of eigenvalues to this case.
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1 0
0 0

1 0

EXAMPLE 4.16. Let A = | 0 o)

] and B = | Then by making arbi-

trarily small changes to get A’ = | 612 601 ] and B’ = | 61 65’
become €1 /€3 and €z/€eq, which can be arbitrary complex numbers. So the

eigenvalues are infinitely sensitive. ©

|, the eigenvalues

Despite this extreme sensitivity, singular pencils are used in modeling cer-
tain physical systems, as we describe below.

We continue by showing how to generalize the Jordan and Weierstrass forms
to singular pencils. In addition to Jordan and “infinite Jordan” blocks, we get
two new “singular blocks” in the canonical form.

THEOREM 4.13. Kronecker canonical form. Let A and B be arbitrary rectan-

gular m-by-n matrices. Then there are square nonsingular matrices Py, and
Pr so that P, APr — AP, BPg is block diagonal with four kinds of blocks:

N—=X 1
In(N) =X = R , m-by-m Jordan block;
. )
i N =X
1 A |
N, — m-by-m Jordan block
e \ ’ for \ = oo;
L 1 -
F 1 -
I m-by-(m + 1) right
"o Uy ’ singular block;
[ 1
T — AT (m + 1)-by-m left
mo 11 singular block.
i A

We call L,, aright singular block because it has a right null vector [A\™, —A™~1. .. +1]
for all \. LT has an analogous left null vector.
For a proof, see [108].
Just as Schur form generalized to regular matrix pencils in the last section,
it can be generalized to arbitrary singular pencils as well. For the canonical
form, perturbation theory and software, see [27, 78, 244].
Singular pencils are used to model systems arising in systems and control.
We give two examples.
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Application of Kronecker Form to Differential Equations

Suppose that we want to solve Bt = Az + f(t), where A — AB is a singular
pencil. Write PLBPRPIglj: = PLAPRPglx + Ppf(t) to decompose the prob-
lem into independent blocks. There are four kinds, one for each kind in the
Kronecker form. We have already dealt with J,,,(\") — AI and N, blocks when
we considered regular pencils and Weierstrass form, so we have to consider
only Ly, and LT blocks. From the L,, blocks we get

0 1 U1 1 0 Y1 g1
- : _ S . L
0 1 merl 1 0 Ym+1 9m
or
b= g o () = p(0)+ () + e (r)dr,
g3 = yat+g or  ys(t) = y3(0)+ [y (y2(7) + g2(7))dr,
Jmil = Ym+gm O Ymi1(t) = Yms1(0) + [3(ym(T) + gim(7))dr.

This means that we can choose y; as an arbitrary integrable function and use
the above recurrence relations to get a solution. This is because we have one
more unknown than equation, so the the ODE is underdetermined. From the
LT blocks we get

0 ) 1
. Y1 0 Y1 g1
' L= s
(1) Um N (1) Ym Im+1
or
0 = Y1 + g1,
o= Y2+ 92,
YUm—1 = Ym + Im,
Ym = Gm+l.
Starting with the first equation, we solve to get
Y1 —91,
Y2 = —g2— 41,
dm—l
Ym = —gm—gm—l—"'—ng
and the consistency condition gmi+1 = —Gm — — C‘ljt—rfngl. So unless the g;

satisfy this equation, there is no solution. Here we have one more equation
then variable, and the subproblem is overdetermined.
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Application of Kronecker Form to Systems and Control Theory

The controllable subspace of &(t) = Ax(t) + Bu(t) is the space in which the
system state x(t) can be “controlled” by choosing the control input u(t) starting
at x(0) = 0. This equation is used to model (feedback) control systems, where
the wu(t) is chosen by the control system engineer to make x(t) have certain
desirable properties, such as boundedness. From

(1) :/ A=) By (r dT_/ t_T =) i Bu(r)ar

= ZA’B/O (t_i!Tyu(T)dT
i=0

one can prove the controllable space is span{[B, AB, A?B, ..., A" 1B]}; any
components of x(t) outside this space cannot by controlled by varying u(t).
To compute this space in practice, in order to determine whether the physical
system being modeled can in fact be controlled by input u(t), one applies a QR-
like algorithm to the singular pencil [B, A — A\I]. For details, see [77, 244, 245].

4.5.3. Nonlinear Eigenvalue Problems
Finally, we consider the nonlinear eigenvalue problem or matriz polynomial

d
D ONA = MAGH AT Agy 4+ AL+ Ao, (4.7)
=0

Suppose for simplicity that the A; are n-by-n matrices and A4 is nonsingular.

DEFINITION 4.10. The characteristic polynomial of the matrixz polynomial (4.7)
is p(\) = det(Zgzo N A;). The roots of p(A) = 0 are defined to be the eigenval-
ues. One can confirm that p(\) has degree d-n, so there are d-n eigenvalues.
Suppose that v is an eigenvalue. A nonzero vector x satisfying Z?:o YAz =0
is a right eigenvector for v. A left eigenvector y is defined analogously by

S vyt A = 0.

ExaMPLE 4.17. Consider Example 4.1 once again. The ODE arising there
in equation (4.3) is Mi(t) + Bi(t) + Kx(t) = 0. If we seek solutions of the
form z(t) = eMtz;(0), we get e A\2Mux;(0) + \;Bx;(0) + Kz;(0) = 0, or
AN Mx;(0) + X\;Bx;(0) + Kx;(0) = 0. Thus J; is an eigenvalue and z;(0) is an
eigenvector of the matrix polynomial NX>’M + AB + K. o

Since we are assuming that Ay is nonsingular, we can multiply through
by A;l to get the equivalent problem A4 + A;lAd_lAd_l 4+ -4 A;lAO.
Therefore, to keep the notation simple, we will assume A; = I (see section 4.6
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for the general case). In the very simplest case where each 4; is 1-by-1, i.e., a
scalar, the original matrix polynomial is equal to the characteristic polynomial.

We can turn the problem of finding the eigenvalues of a matrix polynomial
into a standard eigenvalue problem by using a trick analogous to the one used
to change a high-order ODE into a first-order ODE. Consider first the simplest
case n = 1, where each A; is a scalar. Suppose that + is a root. Then the

vector o’ = [y 4472 . 4, 1]T satisfies
[ —Agqy —Ag_g oo e oo —Ap ] _*Z?;ol’yiAi_
1 0 0 ,Ydfl
Cy = 0 1 o --- --.. 0 Tz = :
. . . . . .2
| 0 0 1 0 ] i ¥ i
F ]
,yd—l
~2
L 7

Thus 2’ is an eigenvector and ~ is an eigenvalue of the matrix C, which is
called the companion matriz of the polynomial (4.7).

(The Matlab routine roots for finding roots of a polynomial applies the
Hessenberg QR iteration of section 4.4.8 to the companion matrix C', since this
is currently one of the most reliable, if expensive, methods known [98, 115, 239].
Cheaper alternatives are under development.)

The same idea works when the A; are matrices. C' becomes an (n - d)-by-
(n-d) block companion matriz, where the 1’s and 0’s below the top row become
n-by-n identity and zero matrices, respectively. Also, ' becomes
F el T

Y
A2y

YT

x

where z is a right eigenvector of the matrix polynomial. It again turns out
that Cz' = va'.

EXAMPLE 4.18. Returning once again to A>M + AB + K, we first convert it
to A2+ AM~'B + M~'K and then to the companion matrix

-M~'B —M K

. I 0

This is the same as the matrix A in equation 4.4 of Example 4.1. ¢
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Finally, Question 4.16 shows how to use matrix polynomials to solve a
problem in computational geometry.

4.6. Summary

The following list summarizes all the canonical forms, algorithms, their costs,
and applications to ODEs described in this chapter. It also includes pointers
to algorithms exploiting symmetry, although these are discussed in more detail
in the next chapter. Algorithms for sparse matrices are discussed in Chapter 7.

o A\

— Jordan form: For some nonsingular S,

NG XNy

N—A 1
AN = S-diag | ..., R s
A= A

— Schur form: For some unitary Q, A — A\ = Q(T — \I)Q*, where T
is triangular.

— Real Schur form of real A: For some real orthogonal Q, A — A\l =
Q(T — AI)QT, where T is real quasi-triangular.

— Application to ODEs: Provides solution of #(t) = Az(t) + f(t).

— Algorithm: Do Hessenberg reduction (Algorithm 4.6), followed by
QR iteration to get Schur form (Algorithm 4.5, implemented as
described in section 4.4.8). Eigenvectors can be computed from the
Schur form (as described in section 4.2.1).

— Cost: This costs 10n3 flops if eigenvalues only are desired, 25n3 if
T and Q are also desired, and a little over 27n3 if eigenvectors are
also desired. Since not all parts of the algorithm can take advantage
of the Level 3 BLAS, the cost is actually higher than a comparison
with the 2n3 cost of matrix multiply would indicate: instead of tak-
ing (10n3)/(2n3) = 5 times longer to compute eigenvalues than to
multiply matrices, it takes 23 times longer for n = 100 and 19 times
longer for n = 1000 on an IBM RS6000/590 [10, page 62]. Instead
of taking (27n%)/(2n3) = 13.5 times longer to compute eigenvalues
and eigenvectors, it takes 41 times longer for n = 100 and 60 times
longer for n = 1000 on the same machine. Thus computing eigen-
values of nonsymmetric matrices is expensive. (The symmetric case
is much cheaper; see Chapter 5.)
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— LAPACK: sgees for Schur form or sgeev for eigenvalues and eigen-
vectors; sgeesx or sgeevx for error bounds too.

— Matlab: schur for Schur form or eig for eigenvalues and eigenvec-
tors.

— Exploiting symmetry: When A = A* better algorithms are dis-
cussed in Chapter 5, especially section 5.3.

e Regular A — AB (det(A — AB) #£0)
— Weierstrass form: For some nonsingular Pr, and Pg,
1 A Mg XNy

A~ \B = Py, - diag | Jordan, R Pt

— Generalized Schur form: For some unitary @ and Qr, A — AB =
Qr(Ta — XT)Q%, where T4 and Ty are triangular.

— Generalized real Schur form of real A and B: For some real orthog-
onal Qr and Qr, A — AB = Qr(T4 — )\TB)QE, where T4 is real
quasi-triangular and 7 is real triangular.

— Application to ODEs: Provides solution of Bi(t) = Ax(t) + f(¢),
where the solution is uniquely determined but may depend nons-
moothly on the data (impulse response).

— Algorithm: Hessenberg/triangular reduction followed by QZ itera-
tion (QR applied implicitly to AB~1).

— Cost: Computing T4 and T costs 30n®. Computing Qr, and Qg in
addition costs 66n3. Computing eigenvectors as well costs a little
less than 69n3 in total. As before, Level 3 BLAS cannot be used in
all parts of the algorithm.

— LAPACK: sgges for Schur form or sggev for eigenvalues; sggesx
or sggevx for error bounds too.

— Matlab: eig for eigenvalues and eigenvectors.

— Exploiting symmetry: When A = A*, B = B*, and B is positive
definite, one can convert the problem to finding the eigenvalues
of a single symmetric matrix using Theorem 4.12. This is done in
LAPACK routines ssygv, sspgv (for symmetric matrices in “packed
storage”) , and ssbgv (for symmetric band matrices).

e Singular A — A\B



186

A

- diag | Weierstrass, ’
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Kronecker form: For some nonsingular P, and Pg,

—AB =Py

M XMy
MNi XNy

A

Generalized upper triangular form: For some unitary @ and Qg,
A—AB = Qr(Ta — \Tp)Q%, where T4 and T are in generalized
upper triangular form, with diagonal blocks corresponding to dif-
ferent parts of the Kronecker form. See [78, 244] for details of the
form and algorithms.

Cost: The most general and reliable version of the algorithm can
cost as much as O(n*), depending on the details of the Kronecker
Structure; this is much more than for regular A — AB. There is also
a slightly less reliable O(n?) algorithm [27].

Application to ODEs: Provides solution of Bi(t) = Ax(t) + f(t),
where the solution may be overdetermined or underdetermined.

Software: NETLIB/linalg/guptri.

e Matrix polynomials Z?:o XA, [116]

If Ay =1 (or Ay is square and well-conditioned enough to replace
each A; by A;lAi), then linearize to get the standard problem

[ —Ag1 —Ago —Aop

I 0 - 0

0 1 0 0 — M.
0 0o I 0 |

If Ay is ill-conditioned or singular, linearize to get the pencil

[ —Ag1 —Aq —Ag Aqg
I 0 o 0 I
0 I o 0 | I
0 o 1 o | | I

Pyt
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4.7. References and Other Topics for Chapter 4

For a general discussion of properties of eigenvalues and eigenvectors, see [137].
For more details about perturbation theory of eigenvalues and eigenvectors, see
[159, 235, 51], and chapter 4 of [10]. For a proof of Theorem 4.7, see [68]. For
a discussion of Weierstrass and Kronecker canonical forms, see [108, 116].
For their application to systems and control theory, see [244, 245, 77|. For
applications to computational geometry, graphics, and mechanical CAD, see
[179, 180, 163]. For a discussion of parallel algorithms for the nonsymmetric
eigenproblem, see [75].

4.8. Questions for Chapter 4

QUESTION 4.1. (Easy) Let A be defined as in equation (4.1). Show that
det(A) = []°_, det(A;) and then that det(A — M) = []o_, det(A; — AI).
Conclude that the set of eigenvalues of A is the union of the sets of eigenvalues
of AH through Abb-

QUESTION 4.2. (Medium; Z. Bai) Suppose that A is normal; i.e., AA* = A*A.
Show that if A is also triangular, it must be diagonal. Use this to show that
an n-by-n matrix is normal if and only if it has n orthonormal eigenvectors.
Hint: Show that A is normal if and only if its Schur form is normal.

QUESTION 4.3. (Easy; Z. Bai) Let A and p be distinct eigenvalues of A, let x
be a right eigenvector for A, and let y be a left eigenvecctor for . Show that
x and y are orthogonal.

QUESTION 4.4. (Medium) Suppose A has distinct eigenvalues. Let f(z) =
;Of -, @iz' be a function which is defined at the eigenvalues of A. Let Q*AQ =

T be the Schur form of A (so @ is unitary and T" upper triangular).

1. Show that f(A) = Qf(T)Q*. Thus to compute f(A) it suffices to be
able to compute f(7'). In the rest of the problem you will derive a
simple recurrence formula for f(7T).

2. Show that (f(T"))i = f(T3) so that the diagonal of f(7) can be computed
from the diagonal of T'.

3. Show that T f(T) = f(T)T.

4. From the last result, show that the ith superdiagonal of f(7') can be
computed from the (i — 1)st and earlier subdiagonals. Thus, starting
at the diagonal of f(T'), we can compute the first superdiagonal, second
superdiagonal, and so on.
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QUESTION 4.5. (Easy) Let A be a square matrix. Apply either Question 4.4
to the Schur form of A or equation (4.6) to the Jordan form of A to conclude
that the eigenvalues of f(A) are f(\;), where the \; are the eigenvalues of A.
This result is called the spectral mapping theorem.

This question is used in the proof of Theorem 6.5 and section 6.5.6.

QUESTION 4.6. (Medium) In this problem we will show how to solve the
Sylvester or Lyapunov equation AX — X B = C, where X and C' are m-by-n,
A is m-by-m, and B is n-by-n. This is a system of mn linear equations for the
entries of X.

1. Given the Schur decompositions of A and B, show how AX — XB =C
can be transformed into a similar system A'Y —Y B’ = C’, where A’ and
B’ are upper triangular.

2. Show how to solve for the entries of Y one at a time by a process analo-
gous to back substitution. What condition on the eigenvalues of A and
B guarantees that the system of equations is nonsingular?

3. Show how to transform Y to get the solution X.

QUESTION 4.7. (Medium) Suppose that T = | é g ] is in Schur form. We
want to find a matrix S so that S™I1T'S = | ‘g g ]. It turns out we can choose

S of the form [

o 1 )- Show how to solve for R.

QUESTION 4.8. (Medium; Z. Bai) Let A be m-by-n and B be n-by-m. Show

that the matrices
AB 0 q 0 O
B o) ™ B BA

are similar. Conclude that the nonzero eigenvalues of AB are the same as
those of BA.

QUESTION 4.9. (Medium; Z. Bai) Let A be n-by-n with eigenvalues Ai, ..., Ay,.
Show that

n

AP = min [|STTAS|F,
;;\I | I%

QUESTION 4.10. (Medium; Z. Bai) Let A be an n-by-n matrix with eigenval-
ues A, ..., A

1. Show that A can be written A = H + S, where H = H* is Hermitian
and S = —S5* is skew-Hermitian. Give explicit formulas for H and S in
terms of A.

2. Show that > I, R\ > < || H|%.
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3. Show that 37, |SAi[? < 1512

4. Show that A is normal (AA* = A*A) if and only if Y1 | || = [|A]|%.

QUESTION 4.11. (Easy) Let A be a simple eigenvalue, and let  and y be right
and left eigenvectors. We define the spectral projection P corresponding to A
as P = zy*/(y*z). Prove that P has the following properties.

1. P is uniquely defined, even though we could use any nonzero scalar mul-
tiples of x and y in its definition.

2. P? = P. (Any matrix satisfying P? = P is called a projection matriz.)

3. AP = PA = AP. (These properties motivate the name spectral projec-
tion, since P “contains” the left and right invariant subspaces of \.)

4. ||P||2 is the condition number of A.

QUESTION 4.12. (Easy; Z. Bai) Let A = | 8 IC) |. Show that the condition

numbers of the eigenvalues of A are both equal to (1 + (3%)?)'/2. Thus, the
condition number is large if the difference a —b between the eigenvalues is small

compared to ¢, the offdiagonal part of the matrix.

QUESTION 4.13. (Medium, Z. Bai) Let A be a matrix, x be a unit vector
(Jlzll2 = 1), u be a scalar, and r = Az — px. Show that there is a matrix F
with ||E||p = ||r||2 such that A + E has eigenvalue p and eigenvector x.

QUESTION 4.14. (Medium; Programming) In  this  question  we
will use a Matlab program to plot eigenvalues of a perturbed matrix and their
condition numbers. .(It is available at HOMEPAGE/Matlab/eigscat.m.) The
input is

a = input matrix,

err = size of perturbation,

m = number of perturbed matrices to compute.

The output consists of three plots in which each symbol is the location of an
eigenvalue of a perturbed matrix:

‘o’ marks the location of each unperturbed eigenvalue.

‘x” marks the location of each perturbed eigenvalue, where a real
perturbation matrix of norm err is added to a.

. marks the location of each perturbed eigenvalue, where a com-
plex perturbation matrix of norm err is added to a.

A table of the eigenvalues of A and their condition numbers is also printed.
Here are some interesting examples to try (for as large an m as you want
to wait; the larger the m the better, and m equal to a few hundred is good).
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(1) a = randn(5) (if a does not have complex eigenvalues,
try again)
err=1e-5, le-4, 1le-3, 1le-2, .1, .2
(2) a = diag(ones(4,1),1); err=le-12, 1le-10, 1le-8
(3) a=[[1 1e6 O 0];

[0 2 le-3 0];
[00 3 10]1;
(00 -1 4]]
err=1e-8, le-7, le-6, le-5, le-4, 1e-3

(4) [q,rl=qr(randn(4,4));a=qxdiag(ones(3,1),1)*q’
err=1e-16, le-14, 1le-12, 1le-10, 1le-8

(6) a = [[1 1e3 1e6];[0 1 1e3]1;[0 0 111,
err=1e-7, le-6, 5e-6, 8e-6, le-5, 1.5e-5, 2e-5
(6) a=[[1 0 0 0 0 0];
[0 2 1 0 0 0];
[0 0 2 0 0 0];
(o 0 0 3 le2 1led];
[0 0 O 0 3 1e2];

[0 0 0 0 0 311
err= 1e-10, 1e-8, le-6, le-4, 1le-3

Your assignment is to try these examples and compare the regions occupied
by the eigenvalues (the so-called pseudospectrum) with the bounds described
in section 4.3. What is the difference between real perturbations and complex
perturbations? What happens to the regions occupied by the eigenvalues as
the perturbation err goes to zero? What is limiting size of the regions as err
goes to zero (i.e., how many digits of the computed eigenvalues are correct)?

QUESTION 4.15. (Medium; Programming) In this question we use a Matlab
program to plot the diagonal entries of a matrix undergoing unshifted QR
iteration. The values of each diagonal are plotted after each QR iteration, each
diagonal corresponding to one of the plotted curves. (The program is available
at HOMEPAGE/Matlab/qrplt.m and also shown below.) The inputs are

a = input matrix,

m = number of QR iterations,
and the output is a plot of the diagonals.

Examples to try this code on are as follows (choose m large enough so that

the curves either converge or go into cycles):

a = randn(6);
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b = randn(6); a = bxdiag([1,2,3,4,5,6])*inv(b);
a = [[1 10];[-1 1]1]; m = 300
a = diag((1.5%ones(1,5)).\verb+"+(0:4)) +

.01*(diag(ones(4,1),1)+diag(ones(4,1),-1)); m=30

What happens if there are complex eigenvalues?

In what order do the eigenvalues appear in the matrix after many itera-
tions?

Perform the following experiment: Suppose that a is n-by-n and symmetric.
In Matlab, let perm=(n:-1:1). This produces a list of the integers from n down
to 1. Run the iteration for m iterations. Let a=a(perm,perm); we call this
“flipping” a, because it reverses the order of the rows and columns of a. Run
the iteration again for m iterations, and again form a=a(perm,perm). How
does this value of a compare with the original value of a? You should not let
m be too large (try m = 5) or else roundoff will obscure the relationship you
should see. (See also Corollary 5.4 and Question 5.25.)

Change the code to compute the error in each diagonal from its final value
(do this just for matrices with all real eigenvalues). Plot the log of this error
versus the iteration number. What do you get asymptotically?

hold off

e=diag(a);

for i=1:m,
[q,r]l=qr(a);dd=diag(sign(diag(r))) ;r=dd*r;q=q*dd;a=r*q;
e=[e,diag(a)];

end

clg

plot(e’,’w’),grid

QUESTION 4.16. (Hard; Programming) This problem describes an application
of the nonlinear eigenproblem to computer graphics, computational geometry,
and mechanical CAD; see also [179, 180, 163].

Let F' = [fij(x1,22,23)] be a matrix whose entries are polynomials in the
three variables x;. Then det(F") = 0 will (generally) define a two-dimensional
surface S in 3-space. Let 1 = g1(t), z2 = g2(t), and x3 = g3(t) define a (one-
dimensional) curve C' parameterized by ¢, where the g; are also polynomials.
We want to find the intersection S N C'. Show how to express this as an
eigenvalue problem (which can then be solved numerically). More generally,
explain how to find the intersection of a surface det(F(z1,...,2,)) = 0 and
curve {z; = g;(t), 1<i<n}. At most how many discrete solutions can there
be, as a function of n, the dimension d of F', and the maximum of the degrees
of the polynomials f;; and g;?

Write a Matlab program to solve this problem, for n = 3 variables, by
converting it to an eigenvalue problem. It should take as input a compact
description of the entries of each f;;(z;) and g;(t) and produce a list of the
intersection points. For instance, it could take the following inputs:
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e Array NumTerms(1:d,1:d), where NumTerms(7,5) is the number of terms
in the polynomial f;;(z1,z2,x3).

o Array Sterms(1:4, 1:TotalTerms), where TotalTerms is the sum of all the
entries in NumTerms(.,.). Each column of Sterms represents one term in
one polynomial: The first NumTerms(1,1) columns of Sterms represent
the terms in f11, the second Numterm(2,1) columns of Sterms represent

the terms in f21, and so on. The term represented by Sterms(1:4,k) is
Sterm(4, k) ) x?term(l,k) . xgterm(Q,k) . xgterm(&k).

e Array tC(1:3) contains the degrees of polynomials g1, g2, and g3 in that
order.

e Array Curve(l: tC(1)+tC(2)+tC(3)+3) contains the coefficients of the
polynomials g1, g2, and g3, one polynomial after the other, from the
constant term to the highest order coefficient of each.

Your program should also compute error bounds for the computed answers.
This will be possible only when the eigenproblem can be reduced to one for
which the error bounds in Theorems 4.4 or 4.5 apply. You do not have to
provide error bounds when the eigenproblem is a more general one. (For a
description of error bounds for more general eigenproblems, see [10, 235].

Write a second Matlab program that plots S and C for the case n = 3 and
marks the intersection points.

Are there any limitations on the input data for your codes to work? What
happens if S and C do not intersect? What happens if S lies in C?

Run your codes on at least the following examples. You should be able to
solve the first five by hand to check your code.

|
|

B B B N 2 W 2 B i ) 0
1. gl—t,gz—1+ta93—2+t’F_[ 0 3$1+5$2_7$3+10]
o B 5 B 3 | 1+ T2+ 23 0
2. gl—t,gg—1+t793—2+t7F_|: 0 3x1 + bxo — Tz3 + 10
0
| . — i P 1+ T2+ 23
3 g1 t » g2 +t » 43 +t7 0 3931+5152_7J53+10
4. ngtQ 92:1+t2 93:2+t2 F = 1 0 .
) ) ’ 0 3z1+5x2— 72349
e B ) B 9 | 1+ T2t 23 0
5. gl—t,gg—1+t793—2+t7F_|: 0 3$1+5x2—7$3+8:|‘

1+ T2 + T3 T

2 102 o2
6. 91—75792—1+75793—2+t7F_[ x3 3x1 + 5xy — Twg + 10

|



Nonsymmetric Eigenvalue Problems 193

129 +x§ 3 —x% 9+ x1 +x2+ a3+ X172 + T123 + T2T3
F = To — 793§ 1— 33% + 1311132113% 3+ x1+ 3x3 — 9013
2 3x1 + D520 — Txg+ 8 xi’—x%+4x§

You should turn in

e mathematical formulation of the solution in terms of an eigenproblem.

e the algorithm in at most two pages, including a road map to your code
(subroutine names for each high level operation). It should be easy to see how
the mathematical formulation leads to the algorithm and how the algorithm
matches the code.

— At most how many discrete solutions can there be?

— Do all compute eigenvalues represent actual intersections? Which ones
do?

— What limits does your code place on the input for it to work correctly?

— What happens if S and C' do not intersect?

— What happens if S contains C'?

e mathematical formulation of the error bounds.

e the algorithm for computing the error bounds in at most two pages,
including a road map to your code (subroutine names for each high-level op-
eration). It should be easy to see how the mathematical formulation leads to
the algorithm and how the algorithm matches the code.

e program listing.

For each of the seven examples, you should turn in

e the original statement of the problem.

e the resulting eigenproblem.

e the numerical solutions.

e plots of S and C'; do your numerical solutions match the plots?

e the result of substituting the computed answers in the equations defining
S and C: are they satisfied (to within roundoff)?
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The Symmetric Eigenproblem and
Singular Value Decomposition

5.1. Introduction

We discuss perturbation theory (in section 5.2), algorithms (in sections 5.3
and 5.4), and applications (in section 5.5 and elsewhere) of the symmetric
eigenvalue problem. We also discuss its close relative, the SVD. Since the

T
% ] and the SVD of A

are very simply related (see Theorem 3.3), most of the perturbation theorems
and algorithms for the symmetric eigenproblem extend to the SVD.

As discussed at the beginning of Chapter 4, one can roughly divide the
algorithms for the symmetric eigenproblem (and SVD) into two groups: direct
methods and iterative methods. This chapter considers only direct methods,
which are intended to compute all (or a selected subset) of the eigenvalues
and (optionally) eigenvectors, costing O(n?) operations for dense matrices.
Iterative methods are discussed in Chapter 7.

eigendecomposition of the symmetric matrix H = |

Since there has been a great deal of recent progress in algorithms and
applications of symmetric eigenproblems, we will highlight three examples:

e A high-speed algorithm for the symmetric eigenproblem based on divide-
and-conquer is discussed in section 5.3.3. This is the fastest available
algorithm for finding all eigenvalues and all eigenvectors of a large dense
or banded symmetric matrix (or the SVD of a general matrix). It is sig-

nificantly faster than the previous “workhorse” algorithm, QR iteration.
16

e High-accuracy algorithms based on the dqds and Jacobi algorithms are
discussed in sections 5.2.1, 5.4.2, and 5.4.3. These algorithms can find

%There is yet more recent work [199, 201] on an algorithm based on inverse iteration
(Algorithm 4.2), which may provide a still faster and more accurate algorithm. But as of
September 1996 the theory and software were still under development.

195
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tiny eigenvalues (or singular values) more accurately than alternative
algorithms like divide-and-conquer, although sometimes more slowly.

e Section 5.5 discusses a “nonlinear” vibrating system, described by a dif-
ferential equation called the Toda flow. Its continuous solution is closely
related to the intermediate steps of the QR algorithm for the symmetric
eigenproblem.

Following Chapter 4, we will continue to use a vibrating mass-spring system
as a running example to illustrate features of the symmetric eigenproblem.

EXAMPLE 5.1. Symmetric eigenvalue problems often arise in analyzing me-
chanical vibrations. Example 4.1 presented one such example in detail; we will
use notation from that example, so the reader is advised to review it now. To
make the problem in Example 4.1 symmetric, we need to assume that there is
no damping, so the differential equations of motion of the mass-spring system
become M (t) = —Kx(t), where M = diag(mq,...,m,) and

[ k1 +ky ko
—ky kot ks —ks
—kn—l knfl + kn _kn
- _kn kn -
Since M is nonsingular, we can rewrite this as i(t) = —M 1 Kx(t). If we seek

solutions of the form z(t) = €x(0), then we get €''y2x(0) = —M 1 Ke2(0),
or M~1Kx(0) = —~%x(0). In other words, —7? is an eigenvalue and x(0) is
an eigenvector of M~'K. Now M 'K is not generally symmetric, but we

can make it symmetric as follows. Define M1/2 = diag(m}/Q, e ,m}L/Q), and
multiply M~1Kz(0) = —y2z(0) by M'/? on both sides to get

M™Y2K(0) = M~YV2K(MY2MY?)2(0) = —y2MY22(0)

or Ki = —~2%, where & = MY22(0) and K = M~Y2KM~/2_ It is easy to
see that

k1+ko —ko T
mi /mimso
—ko ko+ks —ks3
Vmima mo v/mams3
K= . .
*kn—l kn—1+kn 7]6”
\/mn—an—l Mp—1 \/mn—lmn
—ky, kn

L VMn—1Mn mn a

is symmetric. Thus each eigenvalue —+? of K is real, and each eigenvector
& = M'/22(0) of K is orthogonal to the others.
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In fact, K is a tridiagonal matrix, a special form to which any symmetric
matrix can be reduced, using Algorithm 4.6, specialized to symmetric matrices
as described in section 4.4.7. Most of the algorithms in section 5.3 for finding
the eigenvalues and eigenvectors of a symmetric matrix assume that the matrix
has initially been reduced to tridiagonal form.

There is another way to express the solution to this mechanical vibra-
tion problem, using the SVD. Define Kp = diag(ky,...,k,) and K1D/2 =

diag(k:i/Q,. . k}/Q). Then K can be factored as K = BKpB”, where

-1
1

as can be confirmed by a small calculation. Thus

K = M Y2KkMm1?

— M Y?BKp,BTM/?

_ (M*1/2BK£/2) ) (KE/QBTMA/Q)

_ (Mfl/zBKgQ) . (M—l/QBKlD/Z)T

= GGT. (5.1)

Therefore the singular values of G = M~/ 2BK%)/ % are the square roots of the
eigenvalues of K, and the left singular vectors of G are the eigenvectors of K,
as shown in Theorem 3.3. Note that G is nonzero only on the main diagonal
and on the first superdiagonal. Such matrices are called bidiagonal, and most
algorithms for the SVD begin by reducing the matrix to bidiagonal form, using
the algorithm in section 4.4.7.

Note that the factorization K = GGT implies that K is positive definite,
since G is nonsingular. Therefore the eigenvalues —y? of K are all positive.
Thus +y is pure imaginary, and the solutions of the original differential equation
z(t) = ’x(0) are oscillatory with frequency ||

For a Matlab solution of a vibrating mass-spring system, see
HOMEPAGE/Matlab/massspring.m. For a Matlab animation of the vibra-
tions of a similar physical system, see demo/continue/fun-extras/miscellaneous/
bending. ¢

5.2. Perturbation Theory

Suppose that A is symmetric, with eigenvalues a3 > --- > a,, and corre-
sponding unit eigenvectors qi,...,q,. Suppose E is also symmetric, and let
A= A+ E have perturbed eigenvalues &; > --- > &, and corresponding per-
turbed eigenvectors §i, ..., {J,. The major goal of this section is to bound the
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differences between the eigenvalues «; and &;, and between the eigenvectors g;
and ¢; in terms of the “size” of E. Most of our bounds will use || E||2 as the size
of E, except for section 5.2.1, which discusses “relative” perturbation theory.

We already derived our first perturbation bound for eigenvalues in Chap-
ter 4, where we proved Corollary 4.1: Let A be symmetric with eigenvalues
Q1 > - > ap. Let A+ E be symmetric with eigenvalues &y > -+ > Gn. If o
is simple, then |o; — &;| < ||E|l2 + O(||E|3).

This result is weak because it assumes «; has multiplicity one, and it is
useful only for sufficiently small ||F||2. The next theorem eliminates both
weaknesses.

THEOREM 5.1. Weyl. Let A and E be n-by-n symmetric matrices. Let oy >

- > ap be the eigenvalues of A and &y > -+ > Gy be the eigenvalues of

COROLLARY 5.1. Let G and F' be arbitrary matrices (of the same size) where
o1 > -+ > 0, are the singular values of G and 0'1 > ... > o) are the singular

values of G+ F. Then |o; — of| < ||F||2-

We can use Weyl’s theorem to get error bounds for the eigenvalues com-
puted by any backward stable algorithm, such as QR iteration: Such an algo-
rithm computes eigenvalues &; that are the exact eigenvalues of A=A+ E
where || E||2 = O(¢)||A||2. Therefore, their errors can be bounded by |a; —é&;| <
| Ell2 = O(¢)||Al|2 = O(e) max; |oj|. This is a very satisfactory error bound, es-
pecially for large eigenvalues (those a; near || Al|2 in magnitude), since they will
be computed with most of their digits correct. Small eigenvalues (|a;| < || A]|2)
may have fewer correct digits (but see section 5.2.1).

We will prove Weyl’s theorem using another useful classical result: the
Courant—Fischer minimax theorem. To state this theorem we need to intro-
duce the Rayleigh quotient, which will also play an important role in several
algorithms, such as Algorithm 5.1.

DEFINITION 5.1. The Rayleigh quotient of a symmetric matriz A and nonzero
vector u is p(u, A) = (u” Au)/(u"u).

Here are some simple but important properties of p(u, A). First, p(yu, A) =
p(u, A) for any nonzero scalar . Second, if Ag; = «;q;, then p(g;, A) = .
More generally, suppose QT AQ = A = diag(«;) is the eigendecomposition of
A, with @ = [q1,...,¢s]). Expand u in the basis of eigenvectors ¢; as follows:
u=Q(QTu) = Q¢ =Y, ¢;&. Then we can write

_ETQTAQE €A Y, i

£rQTQ¢ £r¢ > &
In other words, p(u, A) is a weighted average of the eigenvalues of A. Its largest
value, max,—g p(u, A), occurs for u = q; (£ = e1) and equals p(q1,A) = .

p(u, A)



The Symmetric Eigenproblem and SVD 199

Its smallest value, min,—g p(u, A), occurs for u = ¢, (§ = e,) and equals
p(qn, A) = . Together, these facts imply

max [p(u, A)| = max(|ai], |an]) = [|A]2- (5.2)
THEOREM 5.2. Courant—Fischer minimax theorem. Let oy > --- > a, be
eigenvalues of the symmetric matrix A and q1, . . ., q, be the corresponding unit
etgenvectors.
i A)=a; = mi A).
e MO L P SR

The mazimum in the first expression for a; is over all j dimensional sub-
spaces R7 of R™, and the subsequent minimum is over all nonzero vectors r in
the subspace. The maximum is attained for R/ = span(qi, qo, . - . ,q5), and a
mANImizing r is r = q;.

The minimum in the second expression for oj is over all (n — j + 1)-
dimensional subspaces S*I11 of R™, and the subsequent mazimum is over all
nonzero vectors s in the subspace. The minimum is attained for S"—I+1 =
span(qj, ¢j+1,---,qn), and a maximizing s is s = q;.

EXAMPLE 5.2. Let j = 1, so a; is the largest eigenvalue. Given R, p(r, A)
is the same for all nonzero r € R!, since all such r are scalar multiples of one
another. Thus the first expression for «; simplifies to a1 = max,—g p(r, A).
Similarly, since n — j + 1 = n, the only subspace S* 7! is R”, the whole
space. Then the second expression for a; also simplies to a1 = maxs—g p(s, A).

One can similarly show that the theorem simplifies to the following expres-
sion for the smallest eigenvalue: «;,, = min,—g p(r, 4). ©

Proof of the Courant-Fischer minimax theorem. Choose any subspaces R7
and S"J*! of the indicated dimensions. Since the sum of their dimensions

j+(n—j4+1) = n+1 exceeds n, there must be a nonzero vector rrs €
R7 N S"I*. Thus

min p(r,A) < p(rrs, 4) < max s, A).
Join p(r,A) < plers, A) < | max  p(s, 4)

Now choose R? to maximize the expression on the left, and choose Sn—itl to
minimize the expression on the right. Then

max min p(r,A) = min p(r, A) (5.3)
R/ 0=reRJ 0=reRJ
p(rgg, A)

max  p(s, A)
0=se§n—i+1

VARVA

min max  p(s, A).
Sn—i+1 0=scSn—i+1
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To see that all these inequalities are actually equalities, we exhibit partic-
ular R/ and S"~7+! that make the lower bound equal the upper bound. First
choose R’ = span(qu,...,q;), so that

max min r,A) > min r, A
RJ 0=rcRJ p( ’ ) T 0=reR/ p( ’ )
= min p(r, A
OZT:ZZSJ' §iqi ( ’ )
= min —Zigj Sai =q;
some &;=0 Zigj 512 J

Next choose S" /! = span(qg;, ..., q,) so that

min max s, A) < max s, A
S g, P A) S e pe A

= max p(s, A
0:5:212]' §igi ( )

Zigj fizai

= max ———55 — (4.
some &;=0 Zizj 512 J

Thus, the lower and upper bounds are sandwiched between «; below and
a; above, so they must all equal o as desired. O

ExaMPLE 5.3. Figure 5.1 illustrates this theorem graphically for 3-by-3 ma-
trices. Since p(u/||lu||2, A) = p(u, A), we can think of p(u, A) as a function on
the unit sphere ||ulj2 = 1. Figure 5.1 shows a contour plot of this function on
the unit sphere for A = diag(1,.25,0). For this simple matrix ¢; = e;, the ith
column of the identity matrix. The figure is symmetric about the origin since
p(u, A) = p(—u, A). The small red circles near +¢; surround the global maxi-
mum p(+q;, A) = 1, and the small green circles near +¢3 surround the global
minimum p(+q3, A) = 0. The two great circles are contours for p(u, A) = .25,
the second eigenvalue. Within the two narrow (green) “apple slices” defined
by the great circles, p(u, A) < .25, and within the wide (red) apple slices,
p(u, A) > .25.

Let us interpret the minimax theorem in terms of this figure. Choosing
a space R? is equivalent to choosing a great circle C; every point on C' lies
within R?, and R? consists of all scalar multiplicatons of the vectors in C.
Thus ming_,cr2 p(r, A) = min,cc p(r, A). There are four cases to consider to
compute min,ec p(r, A):

1. C does not go through the intersection points +¢2 of the two great circles
in Figure 5.1. Then C clearly must intersect both a narrow green apple
slice (as well as a wide red apple slice), so min,c¢ p(r, 4) < .25.

2. C does go through the two intersection points ¢ and otherwise lies in
the narrow green apple slices. Then min,cc p(r, A) < .25.
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Transparent Opaque

Fig. 5.1. Contour plot of the Rayleigh quotient on the unit sphere.

3. C does go through the two intersection points +¢2 and otherwise lies
in the wide red apple slices. Then min,cc p(r, A) = .25, attained for
r= :l:q2.

4. C coincides with one of the two great circles. Then p(r, A) = .25 for all
recC.

The minimax theorem says that ap = .25 is the maximum of min,cc p(r, A)
over all choices of great circle C'. This maximum is attained in cases 3 and
4 above. In particular, for C' bisecting the wide red apple slices (case 3),
R? = span(q1, q2).

Software to draw contour plots like those in Figure 5.1 for an
arbitrary 3-by-3 symmetric matrix may be found at
HOMEPAGE/Matlab/RayleighContour.m. <

Finally, we can present the proof of Weyl’s theorem.

. . u(A+ E)u .
&; = min max — by the minimax theorem
sr-itto=uesr—it1  ulu
. wl'Au  uTEu
= min max = =
sn—it1 g=uesn—it+1 \ ulu ulu
T
. ut Au .
<  min max 7 + [ E]l2 by equation (5.2)
Sn—i+l =yeSn—i+1 u-u
= a;+ ||E|2 by the minimax theorem again.

Reversing the roles of A and A + E, we also get o < &; + || E||2. Together,
these two inequalities complete the proof of Weyl’s theorem. O

A theorem closely related to the Courant—Fischer minimax theorem, one
that we will need later to justify the Bisection algorithm in section 5.3.4, is
Sylvester’s theorem of inertia.
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DEFINITION 5.2. The inertia of a symmetric matriz A is the triple of integers
Inertia(A) = (v, ¢, ), where v is the number of negative eigenvalues of A, ¢ is
the number of zero eigenvalues of A, and  is the number of positive eigenvalues

of A.

If X is orthogonal, then X7 AX and A are similar and so have the same
eigenvalues. When X is only nonsingular, we say X7 AX and A are congruent.
In this case X7 AX will generally not have the same eigenvalues as A, but the
next theorem tells us that the two sets of eigenvalues will at least have the
same signs.

THEOREM 5.3. (Sylvester’s Inertia Theorem.) Let A be symmetric and
X be nonsingular. Then A and XTAX have the same inertia.

Proof. Let n be the dimension of A. Now suppose that A has v negative
eigenvalues but that X7 AX has v/ < v negative eigenvalues; we will find a
contradiction to prove that this cannot happen. Let N be the corresponding
v dimensional negative eigenspace of A; i.e., N is spanned by the eigenvectors
of the v negative eigenvalues of A. This means that for any nonzero x € N,
2TAr < 0. Let P be the (n — v/)-dimensional nonnegative eigenspace of
XTAX; this means that for any nonzero 2 € P, x"XTAXz > 0. Since X
is nonsingular, the space XP is also n — ¢/ dimensional. Since dim(N) +
dim(XP) = v+ n — v/ > n, the spaces N and XP must contain a nonzero
vector z in their intersection. But then 0 > 27 Az since z € N and 0 < 2T Az
since € XP, which is a contradiction. Therefore, v = 1/; i.e., A and XTAX
have the same number of negative eigenvalues. An analogous argument shows
they have the same number of positive eigenvalues. Thus, they must also have
the same number of zero eigenvalues. O

Now we consider how eigenvectors can change under perturbations of A+ FE
of A. To state our bound we need to define the gap in the spectrum.

DEFINITION 5.3. Let A have eigenvalues oy > -+ > «y,. Then the gap between
an eigenvalue «; and the rest of the spectrum is defined to be gap(i, A) =
min;—; |a; — oy|. We will also write gap(i) if A is understood from the context.

The basic result is that the sensitivity of an eigenvector depends on the gap
of its corresponding eigenvalue: a small gap implies a sensitive eigenvector.

€

EXAMPM354.Lau4:[1+y l]amiA+45:[1tg 1

Thus gap(i, A) = g ~ gap(i, A+ E) for i = 1,2. The eigenvectors of A are
just g1 = e; and ¢o = e3. A small computation reveals that the eigenvectors
of A+ FE are

], where 0 < e < g.

2
2
1y /1+ ()
2

g

Q=08

Q

Qm =
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2

£
Go = (3 - 2 ~ 9 |,
20 1+ 1+(%) {1}

where 5 ~ 1/2 is a normalization factor. We see that the angle between the
perturbed vectors ¢; and unperturbed vectors ¢; equals €/g to first order in .
So the angle is proportional to the reciprocal of the gap g. ¢

The general case is essentially the same as the 2-by-2 case just analyzed.

THEOREM 5.4. Let A = QAQT = Qdiag(a;)QT be an eigendecomposition of
A Lt A+ E = A = QAQT be the perturbed eigendecomposition. Write
Q=|q,...,q,] and Q= [G1,-.-,qn], where q; and §; are the unperturbed and
perturbed unit eigenvectors, respectively. Let 0 denote the acute angle between
q; and §;. Then

1 E
3 sin 20 < ga|1|)(i’,‘2A)7 provided that gap(i, A) > 0.
Similarly
1 E
3 sin 20 < gap(!,/’l‘z—i—E)’ provided that gap(i, A+ E) > 0.

Note that when 0 < 1, then 1/2sin260 ~sinf ~ 6.

The attraction of stating the bound in terms of gap(i, A + E), as well as
gap(i, A), is that frequently we know only the eigenvalues of A+ E, since they
are typically the output of the eigenvalue algorithm that we have used. In
this case it is straightforward to evaluate gap(i, A + F), whereas we can only
estimate gap(i, A).

When the first upper bound exceeds 1/2, i.e., ||El|l2 > gap(i, A)/2, the
bound reduces to sin26 < 1, which provides no information about 6. Here
is why we cannot bound 6 in this situation: If F is this large, then A + E’s
eigenvalue &; could be sufficiently far from «; for A + E to have a multiple
eigenvalue at «;. For example, consider A = diag(2,0) and A+ E = I. But
such an A + E does not have a unique eigenvector ¢;; indeed, A + E = I has
any vector as an eigenvector. Thus, it makes no sense to try to bound 6. The
same considerations apply when the second upper bound exceeds 1/2.

Proof. 1t suffices to prove the first upper bound, because the second one
follows by considering A+ E' as the unperturbed matrix and A = (A+ E)— FE
as the perturbed matrix.

Let g; + d be an eigenvector of A + E. To make d unique, we impose the
restriction that it be orthogonal to ¢; (written d L ¢;) as shown below. Note
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that this means that g; +d is not a unit vector, so ¢; = (¢; +d)/|/¢; +d||2. Then
tan @ = ||d||2 and sec = ||¢; + d||2.

qj +d
d
0
-
di
Now write the ith column of (A + E)Q = QA as
(A+ E)(q; +d) = qi(g; + d), (5.4)

where we have also multiplied each side by |lg; + d||2. Define n = &; — «;.
Subtract Ag; = a;q; from both sides of (5.4) and rearrange to get

(4 — asT)d = (n] — E)(gs + d). (5.5)
Since ¢! (A — oy I) = 0, both sides of (5.5) are orthogonal to g;. This lets us

write z = (n] — E)(gi+d) = 3_;_; (j¢; and d =}, _, 0;q;. Since (A—a;l)g; =
(0 — 04)qj, we can write

(A—ail)d= Z(Oéj —a;)djq; = Z Gg; = (0l — E)(qi + d)

or
_ _ G
SPILLED Dyl
j=t j=t
Thus
tanf = ||d||2
_ S
= 1Y
j=t
J\ /2
= Z (C—]> since the g; are orthonormal
— \ aj —
Jj=i
1/2
< 1. 242 since gap(i, A) is the
gap(i, A) \ &=~/ smallest denominator
Jj=i
1212
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If we were to use Weyl’s theorem and the triangle inequality to bound | z||2
(I1E]l2 + Inl) - |lg: + d|l2 < 2||E||2secf, then we could conclude that sin @
2||E||2/gap(i, A).

But we can do a little better than this by bounding ||z||2 = ||(n] — E)(q; +
d)|l2 more carefully: Multiply (5.4) by g/ on both sides, cancel terms, and
rearrange to get n = ¢ E(g; + d). Thus

<
<

2 = (a+dn—E(g+d) = (g +d)q E(g+d) — E(q + d)
= (¢ +d)g] —I)E(g; + d),

and so ||z]l2 < [|(gi+d)g] —I|[-||E]l2-|gi+d||. We claim that [|(g;+d)gf — 1|2 =
@i + d||2 (see Question 5.7). Thus ||z]|2 < ||gi + d||3 - || E||2, so

tang < Wlz_ _ llas+dI3IElz _ sec?d- | Ello

gap(i, A) = gap(i, A) gap(i, A)

or
|Bll, . tand

gap(i, A) ~ sec?6

1
=sgsinfcosf = §sin29

as desired. O

An analogous theorem can be proven for singular vectors (see Question 5.8).

The Rayleigh quotient has other nice properties. The next theorem tells us
that the Rayleigh quotient is a “best approximation” to an eigenvalue in a nat-
ural sense. This is the basis of the Rayleigh quotient iteration in section 5.3.2
and the iterative algorithms in Chapter 7. It may also be used to evaluate the
accuracy of an approximate eigenpair obtained in any way at all, not just by
the algorithms discussed here.

THEOREM 5.5. Let A be symmetric, x be a unit vector, and 8 be a scalar.
Then A has an eigenpair Aq; = «;q; satisfying |a; — G| < ||Azx — Bz|l2. Given
x, the choice B = p(x, A) minimizes ||Ax — [z||2.

With a little more information about the spectrum of A, we can get tighter
bounds. Letr = Ax—p(x, A)x. Let o be the eigenvalue of A closest to p(x, A).
Let gap’ = min;—; |oj — p(x, A)|; this is a variation on the gap defined earlier.
Let 0 be the acute angle between x and q;. Then

sinf < m
gap’

. (5.6)

and )
i3

|C¥i - p(xﬁA)‘ < gap/'

(5.7)
See Theorem 7.1 for a generalization of this result to a set of eigenvalues.
Notice that in equation (5.7) the difference between the Rayleigh quotient

p(x, A) and an eigenvalue «; is proportional to the square of the residual norm
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||7]l2. This high accuracy is the basis of the cubic convergence of the Rayleigh
quotient iteration algorithm of section 5.3.2.
Proof. We prove only the first result and leave the others for questions 5.9
and 5.10 at the end of the chapter.

If G is an eigenvalue of A, the result is immediate. So assume instead that
A — BI is nonsingular. Then z = (A — 8I)~Y(A — BI)z and

1= Jzfz < I(A = BD 7 2 - (A = BI)z]2.

Writing A’s eigendecomposition as A = QAQT = Qdiag(ay,...,a,)QT, we
get

I(A=BD) 2 = IR = B)T'Q" [l = [I(A = BI) 7|2 = 1/ min |a; — 3],

so min; |a; — B < ||(A — BI)x||2 as desired.

To show that 8 = p(z, A) minimizes ||Ax — fz||2 we will show that z is
orthogonal to Az — p(x, A)z so that applying the Pythagorean theorem to the
sum of orthogonal vectors

Ax — B = [Az — pla, A)a] + [(p(a, A) — B)a]
yields

lAz - Bz(3 = | Az — p(z, A)zll3 + || (p(z, 4) - B)z|13
> || Az — p(z, A)z|3

with equality only when 8 = p(z, A).
To confirm orthogonality of x and Az — p(z, A)xz we need to verify that

T
' w

z) =zl Az — :L'TAxT =0
Tz

(xT Ax)

T

T(Az — p(z, A)z) = 27 (Az —
o (Az = p(z, A)z) = 2" (Az — —7—

as desired. O

EXAMPLE 5.5. We illustrate Theorem 5.5 using a matrix from Example 5.4.

Let A= 11_9 i ], where 0 < € < g. Let x = [1,0]” and 8 = p(z, A) = 1 +g.

Then 7 = Az — Bx = [0,¢]T and ||r|2 = e. The eigenvalues of A are a1 =
L+44+(14( %)2)1/ 2 and the eigenvectors are given in Example 5.4 (where
the matrix is called A + E instead of A).

Theorem 5.5 predicts that ||Az—z||2 = ||r||2 = € is a bound on the distance
from 6 = 1+ g to the nearest eigenvalue o, of A; this is also predicted by
Weyl’s theorem (Theorem ‘5.1). We will see below that this bound is much
looser than bound (5.7).

When e is much smaller than g, there will be one eigenvalue near 1 4 g
with its eigenvector near x and another eigenvalue near 1 with its eigenvector
near [0,1]7. This means gap’ = |a_ — p(z, A)| = $(1 + (1 + (%)2)1/2), and
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so bound (5.6) implies that the angle § between x and the true eigenvector is
bounded by

ing ol 2/

gap’ 1+ (14 (2)2)1/2

Comparing with the explicit eigenvectors in Example 5.4, we see that the upper
bound is actually equal to tan #, which is nearly the same as sin @ for tiny 6.
So bound (5.6) is quite accurate.

Now consider bound (5.7) on the difference |3 — ay|. It turns out that for
this 2-by-2 example both |3 — a4 | and its bound are ezactly equal to

I3 _ 2¢/g

;€ 2e\2\1/2
gap L+ (1+ (F)HY

Let us evaluate these bounds in the special case where g = 1072 and
e = 107°. Then the eigenvalues of A are approximately oy = 1.01000001 =
1.01 +107% and a_ = .99999999 = 1 — 108, The first bound is |8 — a4 | <
|7|l2 = 1072, which is 103 times larger than the actual error 10=%. In contrast,
bound (5.7) is |3 — ay| < ||r]|3/gap’ = (107)2/(1.01 — a_) ~ 1078, which is
tight. The actual angle 8 between x and the true eigenvector for o is about
1073, as is the bound ||r|j2/gap’ = 107°/(1.01 —a_) = 1073. o

Finally, we discuss what happens when one has a group of k tightly clus-
tered eigenvalues, and wants to compute their eigenvectors. By “tightly clus-
tered” we mean that the gap between any eigenvalue in the cluster and some
other eigenvalue in the cluster is small but that eigenvalues not in the clus-
ter are well separated. For example, one could have k = 20 eigenvalues in
the interval [.9999,1.0001], but all other eigenvalues might be greater than 2.
Then Theorems 5.4 and 5.5 indicate that we cannot hope to get the individual
eigenvectors accurately. However, it is possible to compute the k-dimensional
invariant subspace spanned by these vectors quite accurately. See [195] for
details.

5.2.1. Relative Perturbation Theory

This section describes tighter bounds on eigenvalues and eigenvectors than in
the last section. These bounds are needed to justify the high-accuracy algo-
rithms for computing singular values and eigenvalues described in sections 5.4.2
and 5.4.3.

To contrast the bounds that we will present here to those in the previous
section, let us consider the 1-by-1 case. Given a scalar «, a perturbed scalar
& = a+ e and a bound |e| < €, we can obviously bound the absolute error in
& by |& — a| < e. This was the approach taken in the last section. Consider
instead the perturbed scalar & = 2% and a bound |z? — 1| < e. This lets us
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bound the relative error in & by

&= al =z -1 <e

|al

We generalize this simple idea to matrices as follows. In the last section we

bounded the absolute difference in the eigenvalues «; of A and &; of A= A+E

by |&; — a;| < ||E||2. Here we will bound the relative difference between the
eigenvalues a; of A and G; of A = XTAX in terms of e = | XTX — I|s.

THEOREM 5.6. “Relative” Weyl. Let A have eigenvalues «; and A=XTAX
have eigenvalues &;. Let € = || XTX — I||a. Then |&; — a;| < |ayle. If a; = 0,
then we can also write .

|G — o

<e. (5.8)

(<71 —
Proof.  Since the ith eigenvalue of A — a;I is zero, Sylvester’s theorem of
inertia tells us that the same is true of

XTA-aDX = (XTAX —a;]) + a;(I - XTX)=H + F.

Weyl’s theorem says that [\;(H)—0| < ||F||2, or |&; —ay| < |ou]- | XTX 1]z =
lale. O

Note that when X is orthogonal, ¢ = | X7X — I|j; = 0, so the theorem
confirms that X7 AX and A have the same eigenvalues. If X is “nearly”
orthogonal, i.e., € is small, the theorem says the eigenvalue are nearly the
same, in the sense of relative error.

COROLLARY 5.2. Let G be an arbitrary matriz with singular values o;, and let
G =YTGX have singular values &;. Let € = max(||XTX — I||2, [|[YTY —I|2).
Then |6; — oi| < eo;. If 05 =0, then we can write
|6i — ail <e (5.9)
ogi
We can similarly extend Theorem 5.4 to bound the difference between
eigenvectors ¢; of A and eigenvectors §; of A = X7 AX. To do so, we need to
define the relative gap in the spectrum.

DEFINITION 5.4. The relative gap between an eigenvalue o; of A and the rest
loj —au|

of the spectrum is defined to be rel_gap(i, A) = min;_; A

THEOREM 5.7. Suppose that A has eigenvalues o; and corresponding unit eigen-
vectors q;. Suppose A = XTAX has etgenvalues &; and corresponding unit
eigenvectors G;. Let 0 be the acute angle between q; and §;. Let e; = ||I —
X"TX |y and ey = | X —I||2. Then provided that ¢; < 1 and rel gap(i, XTAX) >
0’

€1 1
1—¢ relgap(i, XTAX

1
§sin29§ ) + €2.
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Proof. Letn=d&; —a;, H=A— &I, and F = &;(I — X~TX~1). Note that
H+F=A-6XTXx1=XT(XTAX — ;)X L.

Thus Hg; = —ng; and (H + F)(X§;) = 0 so that X¢§; is an eigenvector of
H + F with eigenvalue 0. Let 8; be the acute angle between ¢; and X¢;. By
Theorem 5.4, we can bound

£l

L H T (5.10)

1

—sin 291 <

2
We have ||F||2 = |&ile1. Now gap(i, H + F)) is the magnitude of the small-
est nonzero eigenvalue of H + F. Since X7 (H + F)X = XTAX — &1 has
eigenvalues &; — &;, Theorem 5.6 tells us that the eigenvalues of H + F' lie in
intervals from (1 — €1)(&; — &;) to (1 + €1)(&; — &;). Thus gap(i, H + F) >
(1 —e1)gap(i, XTAX), and so substituting into (5.10) yields

€14 €1

1
—sin260; < = . 5.11
g AL = (1 —e1)gap(i, XTAX) (1 —ep)rel.gap(i, XTAX) (5:11)

Now let 03 be the acute angle between X¢§; and ¢ so that 0 < 61 + 0-.
Using trigonometry we can bound sinfy < [[(X —I)gi||2 < || X — I]|2 = €2, and
so by the triangle inequality (see Question 5.11)

1 1 1
3 sin20 < 5 sin 2601 + 3 sin 26,
1
< 3 sin 2607 + sin 0
< -

- +
(1 — e1)rel gap(i, XTAX) &
as desired. O
An analogous theorem can be proven for singular vectors [99].

EXAMPLE 5.6. We again consider the mass-spring system of Example 5.1 and
use it to show that bounds on eigenvalues provided by Weyl’s theorem (The-
orem 5.1) can be much worse (looser) than the “relative” version of Weyl’s
theorem (Theorem 5.6). We will also see that the eigenvector bound of Theo-
rem 5.7 can be much better (tighter) than the bound of Theorem 5.4.
Suppose that M = diag(1, 100, 10000) and Kp = diag(10000, 100, 1). Fol-
lowing Example 5.1, we define K = BKpB”T and K= M2 M~1/2 where
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and so
10100 —10
K=MYKMY2=] —-10 1.01 -.001
—.001 .0001

To five decimal places, the eigenvalues of K are 10100, 1.0001 and .00099.
Suppose we now perturb the masses (m;;) and spring constants (kp ;) by at
most 1% each. How much can the eigenvalues change? The largest matrix
entry is Kll, and changing mi; to .99 and kp 11 to 10100 will change Ku
to about 10305, a change of 205 in norm. Thus, Weyl’s theorem tells us
each eigenvalue could change by as much as £205, which would change the
smaller two eigenvalues utterly. The eigenvector bound from Theorem 5.4 also
indicates that the corresponding eigenvectors could change completely.

Now let us apply Theorem 5.6 to K, or actually Corollary 5.2 to G =
M’l/zBKlD/Q, where K = GGT as defined in Example 5.1. Changing each
mass by at most 1% is equivalent to perturbing G to XG, where X is diagonal
with diagonal entries between 1/\/@ ~ 1.005 and 1/4/1.01 =~ .995. Then
Corollary 5.2 tells us that the singular values of G can change only by factors
within the interval [.995, 1.005], so the eigenvalues of M can change only by
1% too. In other words, the smallest eigenvalue can change only in its second
decimal place, just like the largest eigenvalue. Similarly, changing the spring
constants by at most 1% is equivalent to changing G to GX, and again the
eigenvalues cannot change by more than 1%. If we perturb both M and Kp at
the same time, the eigenvalues will move by about 2%. Since the eigenvalues
differ so much in magnitude, their relative gaps are all quite large, and so their
eigenvectors can rotate only by about 3% in angle too.

For a different approach to relative error analysis, more suitable for matrices
arising from differential (“unbounded”) operators, see [159].

5.3. Algorithms for the Symmetric Eigenproblem

We discuss a variety of algorithms for the symmetric eigenproblem. As men-
tioned in the introduction, we will discuss only direct methods, leaving iterative
methods for Chapter 7.

In Chapter 4 on the nonsymmetric eigenproblem, the only algorithm that
we discussed was QR iteration, which could find all the eigenvalues and op-
tionally all the eigenvectors. We have many more algorithms available for the
symmetric eigenproblem, which offer us more flexibility and efficiency. For
example, the Bisection algorithm described below can be used to find only the
eigenvalues in a user-specified interval [a, b] and can do so much faster than it
could find all the eigenvalues.

All the algorithms below, except Rayleigh quotient iteration and Jacobi’s
method, assume that the matrix has first been reduced to tridiagonal form,
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using the variation of Algorithm 4.6 in section 4.4.7. This is an initial cost of
§n3 flops, or %ng flops if eigenvectors are also desired.

1. Tridiagonal QR iteration. This algorithm finds all the eigenvalues,
and optionally all the eigenvectors, of a symmetric tridiagonal matrix.
Implemented efficiently, it is currently the fastest practical method to
find all the eigenvalues of a symmetric tridiagonal matrix, taking O(n?)
flops. Since reducing a dense matrix to tridiagonal form costs §n3 flops,
O(n?) is negligible for large enough n. But for finding all the eigenvectors
as well, QR iteration takes a little over 6n3 flops on average and is only
the fastest algorithm for small matrices, up to about n = 25. This is
the algorithm underlying the Matlab command eig!'” and the LAPACK
routines ssyev (for dense matrices) and sstev (for tridiagonal matrices).

2. Rayleigh quotient iteration. This algorithm underlies QR iteration, but
we present it separately in order to more easily analyze its extremely
rapid convergence and because it may be used as an algorithm by itself.
In fact, it generally converges cubically (as does QR iteration), which
means that the number of correct digits asymptotically triples at each
step.

3. Divide-and-conquer. This is currently the fastest method to find all the
eigenvalues and eigenvectors of symmetric tridiagonal matrices larger
than n = 25. (The implementation in LAPACK, sstevd, defaults to
QR iteration for smaller matrices.)

In the worst case, divide-and-conquer requires O(n?3) flops, but in practice
the constant is quite small. Over a large set of random test cases, it
appears to take only O(n*?) flops on average, and as low as O(n?) for
some eigenvalue distributions.

In theory, divide-and-conquer could be implemented to run in O(n-log? n)
flops, where p is a small integer [129]. This super-fast implementation
uses the fast multipole method (FMM) [122], originally invented for the
completely different problem of computing the mutual forces on n elec-
trically charged particles. But the complexity of this super-fast imple-
mentation means that QR iteration is currently the algorithm of choice
for finding all eigenvalues, and divide-and-conquer without the FMM is
the method of choice for finding all eigenvalues and all eigenvectors.

4. Bisection and inverse iteration. Bisection may be used to find just a
subset of the eigenvalues of a symmetric tridiagonal matrix, say, those in
an interval [a,b] or [a;, o;—j;]. It needs only O(nk) flops, where k is the

"Matlab checks to see whether the argument of €ig is symmetric or not and uses the
symmetric algorithm when appropriate.
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number of eigenvalues desired. Thus Bisection can be much faster than
QR iteration when k < n, since QR iteration requires O(n?) flops. In-
verse iteration (Algorithm 4.2) can then be used to find the corresponding
eigenvectors. In the best case, when the eigenvalues are “well separated”
(we explain this more fully later), inverse iteration also costs only O(nk)
flops. This is much less than either QR or divide-and-conquer (with-
out the FMM), even when all eigenvalues and eigenvectors are desired
(k = n). But in the worst case, when many eigenvalues are clustered
close together, inverse iteration takes O(nk?) flops and does not even
guarantee the accuracy of the computed eigenvectors (although in prac-
tice it is almost always accurate). So divide-and-conquer and QR are
currently the algorithms of choice for finding all (or most) eigenvalues
and eigenvectors, especially when eigenvalues may be clustered. Bisec-
tion and inverse iteration are available as options in the LAPACK routine
Ssyevx.

There is current research on inverse iteration addressing the problem of
close eigenvalues, which may make it the fastest method to find all the
eigenvectors eigenvectors (besides, theoretically, divide-and-conquer with
the FMM) [103, 201, 199, 174, 171, 173, 267]. However, software imple-

menting this improved version of inverse iteration is not yet available.

Jacobi’s method. This method is historically the oldest method for the
eigenproblem, dating to 1846. It is usually much slower than any of
the above methods, taking O(n?) flops with a large constant. But the
method remains interesting, because it is sometimes much more accurate
than the above methods. This is because Jacobi’s method is sometimes
capable of attaining the relative accuracy described in section 5.2.1 and
so can sometimes compute tiny eigenvalues much more accurately than
the previous methods [81]. We discuss the high-accuracy property of
Jacobi’s method in section 5.4.3, where we show how to compute the
SVD.

Subsequent sections describe these algorithms in more detail. Section 5.3.6

presents comparative performance results.

5.3.1. Tridiagonal QR Iteration

Recall that the QR algorithm for the nonsymmetric eigenproblem had two
phases:

1. Given A, use Algorithm 4.6 to find an orthogonal @ so that QAQT = H

is upper Hessenberg.



The Symmetric Eigenproblem and SVD 213

2. Apply QR iteration to H (as described in section 4.4.8) to get a sequence
H = Hy,H, Hs,... of upper Hessenberg matrices converging to real
Schur form.

Our first algorithm for the symmetric eigenproblem is completely analogous
to this:

1. Given A = AT use the variation of Algorithm 4.6 in section 4.4.7 to find
an orthogonal Q so that QAQT = T is tridiagonal.

2. Apply QR iteration to T to get a sequence T = Ty, 11,75, ... of tridiag-
onal matrices converging to diagonal form.

We can see that QR iteration keeps all the T; tridiagonal by noting that
since QAQT is symmetric and upper Hessenberg, it must also be lower Hes-
senberg, i.e., tridiagonal. This keeps each QR iteration very inexpensive. An
operation count reveals the following:

1. Reducing A to symmetric tridiagonal form T costs %n?’ +O(n?) flops, or
8n3 + O(n?) flops if eigenvectors are also desired.

2. One tridiagonal QR iteration with a single shift (“bulge chasing”) costs
6n flops.

3. Finding all eigenvalues of T takes only 2 QR steps per eigenvalue on
average, for a total of 6n? flops.

4. Finding all eigenvalues and eigenvectors of T costs 6n® + O(n?) flops.
5. The total cost to find just the eigenvalues of A is %n3 + O(n?) flops.

6. The total cost to find all the eigenvalues and eigenvectors of A is 8%713 +
O(n?) flops.

We must still describe how the shifts are chosen to implement each QR
iteration. Denote the ith iterate by

ar by

bn—l
bn—1 an,

The simplest choice of shift would be o; = a,; this is the single shift QR
iteration discussed in section 4.4.8. It turns out to be cubically convergent for
almost all matrices, as shown in the next section. Unfortunately, examples
exist where it does not converge [195, p. 76|, so to get global convergence a
slightly more complicated shift strategy is needed: We let the shift o; be the

an—1 bn—l ]

b that is closest to a,. This is called Wilkinson’s

eigenvalue of |

shift.
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THEOREM 5.8. Wilkinson. QR iteration with Wilkinson’s shift is globally, and
at least linearly, convergent. It is asymptotically cubically convergent for almost
all matrices.

A proof of this theorem can be found in [195]. In LAPACK this routine
is available as ssyev. The inner loop of the algorithm can be organized more
efficiently when eigenvalues only are desired (ssterf; see also [102, 198]) than
when eigenvectors are also computed (ssteqr).

EXAMPLE 5.7. Here is an illustration of the convergence of tridiagonal QR
iteration, starting with the following tridiagonal matrix (diagonals only are
shown, in columns):

24929
1.263 1.263
196880
Ty = tridiag | —.82812 — 82812
48539
—3.1883 —3.1883
i — 91563 |

The following table shows the last offdiagonal entry of each Tj, the last diagonal
entry of each T;, and the difference between the last diagonal entry and its
ultimate value (the eigenvalue a@ ~ —3.54627). The cubic convergence of the
error to zero in the last column is evident.

‘ i 7-'1(473) Tl(474) 7-'1(4,4) — G
0 —3.1883 —.91563 2.6306
1 —5.7-1072 —3.5457 5.4-107*
2 —25-1007 —3.5463 1.2-10714
3 —6.1-107%% —3.5463 0
At this point
i 1.9871 T
77513 77513
1.7049
T3 = tridiag —1.7207 —1.7207 ,
64214
—6.1-10723 —6.1-10723
i —3.5463 ]

and we set the very tiny (4,3) and (3,4) entries to 0. This is called deflation
and is stable, perturbing 73 by only 6.1 - 10723 in norm. We now apply QR
iteration again to the leading 3-by-3 submatrix of T3, repeating the process to
get the other eigenvalues.
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5.3.2. Rayleigh Quotient Iteration

Recall from our analysis of QR iteration in section 4.4 that we are implicitly
doing inverse iteration at every step. We explore this more carefully when the
shift we choose to use in the inverse iteration is the Rayleigh quotient.

ALGORITHM 5.1. Rayleigh quotient iteration: Given xo with ||zo|l2 = 1, and
a user-supplied stopping tolerance tol, we iterate

2T Az

PO = p(xo,A) = ;CJOT—:EOO
1=0
repeat

yi = (A—pima D) toiq

zi = yi/ ||yill2

pPi = p(xivA)

t=1+1

until convergence (||Ax; — pizil|2 < tol)

When the stopping criterion is satisfied, Theorem 5.5 tells us that p; is
within tol of an eigenvalue of A.

If one uses the shift o; = a,,, in QR iteration and starts Rayleigh quotient
iteration with xg = [0,...,0,1]7, then the connection between QR and inverse
iteration discussed in section 4.4 can be used to show that the sequence of o;
and p; from the two algorithms are identical (see Question 5.13). In this case
we will prove that convergence is almost always cubic.

THEOREM 5.9. Rayleigh quotient iteration is locally cubically convergent; i.e.,
the number of correct digits triples at each step once the error is small enough
and the eigenvalue is simple.

Proof. We claim that it is enough to analyze the case when A is diagonal. To
see why, write QT AQ = A, where Q is the orthogonal matrix whose columns are
eigenvectors, and A = diag(aq,...,ay,) is the diagonal matrix of eigenvalues.
Now change variables in Rayleigh quotient iteration to &; = QT z; and ; =
QTy;. Then

= p(ii’ A)

T Ag. +TOT AO# T A7
pi = plai, A) = L2 = T 0 A0n _ T;l
(2

ale; — 27QTQ3;  2ld
and QJ; = (A — pil) ™' Q4 s0
Ji = QT(A—pi) 7' Qi; = (QTAQ — pil) i = (A — pil) .

Therefore, running Rayleigh quotient iteration with A and zq is equivalent
to running Rayleigh quotient iteration with A and Zy. Thus we will assume
without loss of generality that A = A is already diagonal, so the eigenvectors
of A are e;, the columns of the identity matrix.



216 Applied Numerical Linear Algebra

Suppose without loss of generality that z; is converging to e, so we can
write x; = e1 + d;, where ||d;||2 = € < 1. To prove cubic convergence, we need
to show that x;11 = ey + d;y1 with ||d;i1]|2 = O(€3).

We first note that

1= JUZT:EZ =(e1 + di)T(el +d;) =ele; +2eTd; + dZTdi =1+42d;; +¢€
so that d;; = —e?/2. Therefore
pi =zl Az; = (e1 + di)TAey +di) = el Aey + 2eT Ad; + dF Ad; = oy — 1,
where n = —2€?Adi — leAdi =€ — leAdi. We see that
7l < el + A2 sl2 < 20 A€, (5.12)

so pi = a1 — 1 = a1 + O(€?) is a very good approximation to the eigenvalue
aq.
Now we can write

yir1 = (A—pd) "'
_ Zi1 T2 zi 17
B 041—Pi7042—Pi7m704n—PJ
because (A — p;I)~" —diag( ! >
Qj — Pi
B (14 d; dio din r
B _041_Pi7a2_Pi7“.’an_Pi:|
because x; = e + d;
o (1—¢)2 dio din T
N n ’a2—a1+77""’04n—041+77}
because p; = a1 —n and dj; = —62/2
1—¢€%/2 dian
a n -2 (az—artm)
dinn g
(1—62/2)(06n—041+77)}

1—¢€%/2 s
= T/ . (61 +di+1)-

To bound ||di41]]2, we note that we can bound each denominator using
laj — a1 +n| > gap(1,A) — |n], so using (5.12) as well we get

|di||2|m|
1 —€2/2)(gap(1,A) — |n])

or [|dis1ll2 = O(€%). Finally, since z;11 = ey +dip1 = (e1 +dir1)/|ler + disa |2,
we see ||dir1l2 = O(e?) as well. O

2[[Af2€®
(1 —€?/2)(gap(1,A) — 2||Alle?)

Hdi—i—lHQ < ( <
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5.3.3. Divide-and-Conquer

This method is the fastest now available if you want all eigenvalues and eigen-
vectors of a tridiagonal matrix whose dimension is larger than about 25. (The
exact threshold depends on the computer.) It is quite subtle to implement in a
numerically stable way. Indeed, although this method was first introduced in
1981 [58], the “right” implementation was not discovered until 1992 [125, 129]).
This routine is available as LAPACK routines ssyevd for dense matrices and
sstevd for tridiagonal matrices. This routine uses divide-and-conquer for ma-
trices of dimension larger than 25 and automatically switches to QR iteration
for smaller matrices (or if eigenvalues only are desired).

We first discuss the overall structure of the algorithm, and leave numerical
details for later. Let

al b1
b1
am—1 bm—1
bin—1 Om b
T =
bin Am41  bmg1
bm+1
: bn—l
i bn-1  an i
- o b -
b1
m—1 bin—1
o bm—l am_bm
N am—i—l_bm bm+1
bm+1
. bn—l
L b1 an i
b | b,
+
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0
0
Z[r{f %]Mm- 1 [0,...,0,1,1,0,...,0];[7(;1%%bmw@
0
o |

Suppose that we have the eigendecompositions of 17 and Th: T; = QiAinT.
These will be computed recursively by this same algorithm. We relate the
eigenvalues of T to those of T} and 15 as follows.

_ [0 T
T = 0T } + b vv
[ Q1MQT 0 ] T
0 QM o
_ | @ 0 A [ @ O
= 0 Q _ As + buu 0 %w ,
where i
S Tef o [ last column of QT
1 0 QT | " | first column of QF
since v = [0,...,0,1,1,0,...,0]7. Therefore, the eigenvalues of T" are the same

/})1 /?2 | is diagonal,

p = by, is a scalar, and u is a vector. Henceforth we will assume without loss
of generality that the diagonal dy,...,d, of D is sorted: d, < --- <dj.

To find the eigenvalues of D+ puu’, assume first that D — I is nonsingular,
and compute the characteristic polynomial as follows:

as those of the similar matrix D + puu? where D = |

det(D + puu® — XI) = det((D — XI)(I + p(D — \) " tuul)). (5.13)

Since D — Al is nonsingular, det(I + p(D — A\)~!uu’) = 0 whenever X is an
eigenvalue. Note that I+ p(D — A\)"tuu® is the identity plus a rank-1 matrix;
the determinant of such a matrix is easy to compute:

LEMMA 5.1. If z and y are vectors, det(I + zy’) =1+ y' .

The proof is left to Question 5.14.
Therefore

u2

di — A

det(I+p(D—N)"tuu®) = 14 pu (D—N)"tu = 1+pzn: = f(N), (5.14)
i=1
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and the eigenvalues of T" are the roots of the so-called secular equation f(X) = 0.
If all d; are distinct and all u; = 0 (the generic case), the function f(A) has
the graph shown in Figure 5.2 (for n = 4 and p > 0).

As we can see, the line y = 1 is a horizontal asymptote, and the lines
A = d; are vertical asymptotes. Since f'(X\) =p> ", ﬁ > 0, the function
is strictly increasing except at A\ = d;. Thus the roots of f(\) are interlaced
by the d;, and there is one more root to the right of d; (d; = 4 in Figure 5.2).
(If p < 0, then f(\) is decreasing and there is one more root to the left of d,,.)
Since f(A) is monotonic and smooth on the intervals (d;,d;11), it is possible
to find a version of Newton’s method that converges fast and monotonically
to each root, given a starting point in (d;,d;1+1). We discuss details later in
this section. All we need to know here is that in practice Newton converges
in a bounded number of steps per eigenvalue. Since evaluating f(\) and f/(\)
costs O(n) flops, finding one eigenvalue costs O(n) flops, and so finding all n
eigenvalues of D + puul costs O(n?) flops.

It is also easy to derive an expression for the eigenvectors of D + uu’.

LEMMA 5.2. If a is an eigenvalue of D+ puu®, then (D — o)~ 'u is its eigen-
vector. Since D — ol is diagonal, this costs O(n) flops to compute.

Proof.

(D + pun)[(D —al)" 2] = (D —al+al + puu?)(D — al) lu
= u+ (D —ol) tu+ulpu’ (D — o)t
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= utaD—aol) u—u
since pu” (D —al)tu+1= fla) =1
= a[(D—al) 'u] as desired. O

Evaluating this formula for all n eigenvectors costs O(n?) flops. Unfor-
tunately, this simple formula for the eigenvectors is not numerically stable,
because two very close values of «; can result in nonorthogonal computed
eigenvectors u;. Finding a stable alternative took over a decade from the orig-
inal formulation of this algorithm. We discuss details later in this section.

The overall algorithm is recursive.

ALGORITHM 5.2. Finding eigenvalues and eigenvectors of a symmetric tridi-
agonal matriz using divide-and-conquer:

proc dc_eig (T, Q,A) ..... from input T compute
outputs Q and A where T = QAQT

if T is 1-by-1
return Q =1,A =T
else
_ 0 T
form T = [ 0 T ] + bpvv

call de_eig (Th, Q1, A1)

call de_eig (To, Q2, A2)

form D + puu” from A1, Ay, Q1, Q2

find eigenvalues A and eigenvectors Q' of D + puu®

form Q = [ @ 0 } - Q' = eigenvectors of T
0 @
return Q and A
endif

We analyze the complexity of Algorithm 5.2 as follows. Let t(n) be the
number of flops to run dc_eig on an n-by-n matrix. Then

t(n) = 2t(n/2) for the 2 recursive calls to dc_eig(T;, Qq, A;)
+0(n?) to find the eigenvalues of D + puu’
+0(n?) to find the eigenvectors of D + puu’
+c-nd to multiply Q = [ @ 0 } Q.

0 Q2

If we treat QQ1, Q2, and Q' as dense matrices and use the standard matrix
multiplication algorithm, the constant in the last line is ¢ = 1. Thus we see
that the major cost in the algorithm is the matrix multiplication in the last
line. Ignoring the O(n?) terms, we get t(n) = 2t(n/2) + cn3. This geometric

sum can be evaluated, yielding t(n) ~ c%n?’ (see Question 5.15). In practice, ¢
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is usually much less than 1, because a phenomenon called deflation makes Q'
quite sparse.

After discussing deflation in the next section, we discuss details of solv-
ing the secular equation, and computing the eigenvectors stably. Finally, we
discuss how to accelerate the method by exploiting FMM techniques used in
electrostatic particle simulation [122]. These sections may be skipped on a first
reading.

Deflation

So far in our presentation we have assumed that the d; are distinct, and the
u; nonzero. When this is not the case, the secular equation f(A) = 0 will
have k < n vertical asymptotes, and so k < n roots. But it turns out that
the remaining n — k eigenvalues are available very cheaply: If d; = d;;1, or
if u; = 0, one can easily show that d; is also an eigenvalue of D + puu’ (see
Question 5.16). This process is called deflation. In practice we use a threshold
and deflate d; either if it is close enough to d;4; or if w; is small enough.

In practice, deflation happens quite frequently: In experiments with ran-
dom dense matrices with uniformly distributed eigenvalues, over 15% of the
eigenvalues of the largest D + puu’ deflated, and in experiments with random
dense matrices with eigenvalues approaching 0 geometrically, over 85% de-
flated! It is essential to take advantage of this behavior to make the algorithm
fast [58, 208].

The payoff in deflation is not in making the solution of the secular equation
faster; this costs only O(n?) anyway. The payoff is in making the matrix
multiplication in the last step of the algorithm fast. For if u; = 0, then the
corresponding eigenvector is e;, the ith column of the identity matrix (see
Question 5.16). This means that the ith column of Q" is e;, so no work is
needed to compute the ith column of ) in the two multiplications by (1 and
2. There is a similar simplification when d; = d;+;. When many eigenvalues
deflate, much of the work in the matrix multiplication can be eliminated. This
is borne out in the numerical experiments presented in section 5.3.6.

Solving the Secular Equation

When some u; is small but too large to deflate, a problem arises when trying to
use Newton’s method to solve the secular equation. Recall that the principle
of Newton’s method for updating an approximate solution A; of f(\) =0 is

1. to approximate the function f(\) near A = A; with a linear function I()\),
whose graph is a straight line tangent to the graph of f(\) at A = A;,

2. to let Aj41 be the zero of this linear approximation: I(A;j41) = 0.

The graph in Figure 5.2 offers no apparent difficulties to Newton’s method,
because the function f(\) appears to be reasonably well approximated by
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straight lines near each zero. But now consider the graph in Figure 5.3, which
differs from Figure 5.2 only by changing u? from .5 to .001, which is not
nearly small enough to deflate. The graph of f(\) in the left-hand figure is
visually indistinguishable from its vertical and horizontal asymptotes, so in the
right-hand figure we blow it up around one of the vertical asymptotes, A = 2.
We see that the graph of f(\) “turns the corner” very rapidly and is nearly
horizontal for most values of A. Thus, if we started Newton’s method from
almost any Ag, the linear approximation [(A) would also be nearly horizontal
with a slightly positive slope, so A1 would be an enormous negative number, a
useless approximation to the true zero.

Newton’s method can be modified to deal with this situation as follows.
Since f(A) is not well approximated by a straight line /(x), we approximate it
by another simple function h(x). There is nothing special about straight lines;
any approximation h(\) that is both easy to compute and has zeros that are
easy to compute can be used in place of I(x) in Newton’s method. Since f(A)
has poles at d; and d;+1 and these poles dominate the behavior of f(\) near
them, it is natural when seeking the root in (d;,d;y1) to choose h(\) to have
these poles as well, i.e.,

C1 C2
h(\) = .
N=g 3t o'

There are several ways to choose the constants ci, c2, and c3 so that h(\)
approximates f(\); we present a slightly simplified version of the one used
in the LAPACK routine slaed4 [170, 44]. Assuming for a moment that we
have chosen ¢y, c2, and ¢3, we can easily solve h(A) = 0 for A by solving the
equivalent quadratic equation

Cc1 (di—H — /\) + Cg(di — )\) + Cg(di — A)(di—I—l — /\) =0.
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Given the approximate zero \;, here is how we compute c1, c2, and c3 so that
for A near \;

n 2
4] C9 U

= h(\) ~ f(\) =1 .
S s Wl B UG A +p;;@—x

Write

IR Uk _
=1 N g 3 G = L)+ )

For A € (dj,dit1), ¥1()\) is a sum of negative terms and 12(\) is a sum of pos-
itive terms. Thus both 11 (A) and 12(\) can be computed accurately, whereas
adding them together would likely result in cancellation and loss of relative
accuracy in the sum. We now choose ¢; and ¢; so that

C1 )
satisfies

hl()\) = él—f—d
hi(Aj) =¥1(X;) and  hi(A;) =91 (). (5.15)

This means that the graph of h1(A) (a hyperbola) is tangent to the graph of
Y1(A) at A = A;j. The two conditions in equation (5.15) are the usual conditions
in Newton’s method, except instead of using a straight line approximation, we
use a hyperbola. It is easy to verify that ¢; = ¢|(\;)(d; — A\;)? and ¢ =
P1(Aj) — Y1 (Nj)(di — Aj). (See Question 5.17.)

Similarly, we choose ¢y and ¢y so that

ho(A) = é2+di:72—)\ satisfies

ha(Aj) = b2(X;) and  hy(Aj) = P5(Ns)- (5.16)

Finally, we set

h(X) = 1+ hi(X)+ ha(N)

A ~ C1 C2
=
( +61+C2)+di—>\+di+1—/\
I I
T BTG N T di =N

ExaMPLE 5.8. For example, in the example in Figure 5.3, if we start with
)\0 = 257 then

1.1111-1073  1.1111-1073
N =— 35—+ 3

+1,

and its graph is visually indistinguishable from the graph of f(\) in the right-
hand figure. Solving h(A\1) = 0, we get A; = 2.0011, which is accurate to 4
decimal digits. Continuing, Ao is accurate to 11 digits, and A3 is accurate to
all 16 digits. o
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The algorithm used in LAPACK routine slaed4 is a slight variation on
the one described here (the one here is called the Middle Way in [170]). The
LAPACK routine averages two to three iterations per eigenvalue to converge
to full machine precision, and never took more than seven steps in extensive
numerical tests.

Computing the Eigenvectors Stably

Once we have solved the secular equation to get the eigenvalues a; of D+ puu?,
Lemma 5.2 provides a simple formula for the eigenvectors: (D — a;I) 'u.
Unfortunately, the formula can be unstable [58, 88, 232], in particular when two
eigenvalues a; and ;41 are very close together. Intuitively, the problem is that
(D — oy I)"'uand (D — o 11)"'n are “very close” formulas yet are supposed
to yield orthogonal eigenvectors. More precisely, when a; and «;4;1 are very
close, they must also be close to the d; between them. Therefore, there is a
great deal of cancellation, either when evaluating d; — a; and d; — ;41 or when
evaluating the secular equation during Newton iteration. Either way, d; — a;
and d; — a; 41 may contain large relative errors, so the computed eigenvectors
(D — ;) 'u and (D — ay41) ' are quite inaccurate and far from orthogonal.

Early attempts to address this problem [88, 232] used double precision
arithmetic (when the input data was single precision) to solve the secular
equation to high accuracy so that d; — a; and d; — a1 could be computed to
high accuracy. But when the input data is already in double precision, this
means quadruple precision would be needed, and this is not available in many
machines and languages, or at least not cheaply. As described in section 1.5,
it is possible to simulate quadruple precision using double precision [232, 202].
This can be done portably and relatively efficiently, as long as the underlying
floating point arithmetic rounds sufficiently accurately. In particular, these
simulations require that fl(a £ ) = (a £ b)(1 4+ ) with |§| = O(¢e), barring
overflow or underflow (see section 1.5 and Question 1.18). Unfortunately, the
Cray 2, YMP, and C90 do not round accurately enough to use these efficient
algorithms.

Finally, an alternative formula was found that makes simulating high pre-
cision arithmetic unnecessary. It is based on the following theorem of Lowner
[127, 177].

THEOREM 5.10. Lowner. Let D = diag(dy,...,d,) be diagonal with d,, <
- <dy. Let oy < -+ <y be given, satisfying the interlacing property

dn<04n<-"<di+1<Cm+1<di<ai<'--<d1<041.

Then there is a vector 4 such that the o are the exact eigenvalues of D=
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D +aa™. The entries of @ are given by

4] = [[j=i (s —di) 1/2
Z [T, j=i(dj — di) :

Proof. The characteristic polynomial of D can be written both as det(f) —
M) =[[/_;(aj — A) and (using equations (5.13) and (5.14)) as

j=1
i n i n A2
. 7 o . ;
det(D — AI) = H(d] M-+ Z i )
_]:1 j=1
= - di — A\ 1 Y ﬂ?
| J=1 i j=1
j=1

Setting A = d; and equating both expressions for det(f) — M) yield
(aj—di) =a;- [ (4 —dy)

7=1

or
~9 H?:l (aj —d;)
’ H;L:L j:i(dj —d;)
Using the interlacing property, we can show that the fraction on the right is
positive, so we can take its square root to get the desired expression for u;. O

Here is the stable algorithm for computing the eigenvalues and eigenvectors
(where we assume for simplicity of presentation that p = 1).

ALGORITHM 5.3. Compute the eigenvalues and eigenvectors of D + uu”.

Solve the secular equation 1+ >, % =0 to get the eigenvalues
a; of D+ uu”.

Use Lowner’s theorem to compute U so that the «o; are “exact”
eigenvalues of D + ta” .

Use Lemma 5.2 to compute the eigenvectors of D + wa” .
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Here is a sketch of why this algorithm is numerically stable. By analyz-
ing the stopping criterion in the secular equation solver,'® one can show that
|uu® — a0y < O(e)(|| D2 + ||uuT||2); this means that D +uu® and D +aa?
are so close together that the eigenvalues and eigenvectors of D + aal are
stable approximations of the eigenvalues and eigenvectors of D + uu’. Next
note that the formula for %; in Léwner’s theorem requires only differences of
floating point numbers d; — d; and «; — d;, products and quotients of these
differences, and a square root. Provided that the floating point arithmetic is
accurate enough that fl(a © b) = (a ©® b)(1 + 0) for all ® € {+,—, x,/} and
sqrt(a) = v/a - (14 6) with |6| = O(e), this formula can be evaluated to high
relative accuracy. In particular, we can easily show that

w12
q [ ITj—i(a; —di) )] = (1 + (4n —2)6) - [

[Ts(o; —di) 1"
H;‘L:L j:i(dj —d; i)

H;‘L:L j:i(dj —d;

with |§] = O(e), barring overflow or underflow. Similarly, the formula in
Lemma 5.2 can also be evaluated to high relative accuracy, so we can compute
the eigenvectors of D + 44" to high relative accuracy. In particular, they are
very accurately orthogonal.

In summary, provided the floating point arithmetic is accurate enough,
Algorithm 5.3 computes very accurate eigenvalues and eigenvectors of a matrix
D+a4” that differs only slightly from the original matrix D4wuu”. This means
that it is numerically stable.

The reader should note that our need for sufficiently accurate floating point
arithmetic is precisely what prevented the simulation of quadruple precision
proposed in [232, 202] from working on some Crays. So we have not yet
succeeded in providing an algorithm that works reliably on these machines.
One more trick is necessary: The only operations that fail to be accurate
enough on some Crays are addition and subtraction, because of the lack of a so-
called guard digit in the floating point hardware. This means that the bottom-
most bit of an operand may be treated as 0 during addition or subtraction, even
if it is 1. If most higher-order bits cancel, this “lost bit” becomes significant.
For example, subtracting 1 from the next smaller floating point number, in
which case all leading bits cancel, results in a number twice too large on the
Cray C90 and in 0 on the Cray 2. But if the bottom bit is already 0, no
harm is done. So the trick is to deliberately set all the bottom bits of the d;
to 0 before applying Lowner’s theorem or Lemma 5.2 in Algorithm 5.3. This
modification causes only a small relative change in the d; and «;, and so the
algorithm is still stable.!?

¥1n more detail, the secular equation solver must solve for o; — d; or di+1 — a; (whichever
is smaller), not «;, to attain this accuracy.

976 set the bottom bit of a floating point number 3 to 0 on a Cray, one can show that it
is necessary only to set 8 := (84 ) — 8. This inexpensive computation does not change 3 at
all on a machine with accurate binary arithmetic (barring overflow, which is easily avoided).
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This algorithm is described in more detail in [127, 129] and implemented
in LAPACK routine slaed3.

Accelerating Divide-and-Conquer using the FMM

The FMM [122] was originally invented for the completely different problem of
computing the mutual forces on n electrically charged particles or the mutual
gravitational forces on n masses. We only sketch how these problems are
related to finding eigenvalues and eigenvectors, leaving details to [129].

Let dy through d,, be the three-dimensional position vectors of n particles
with charges z; - u;. Let a through «,, be the position vectors of n other par-
ticles with unit positive charges. Then the inverse-square law tells us that the
force on the particle at «; due to the particles at d; through d,, is proportional
to

£ = i ziti(di — o))

— i —ayll3
If we are modeling electrostatics in two dimensions instead of three, the force
law changes to the inverse-first-power law?’

n

fj _ Z zzuz(dl - Oéj)

2 d— a3

Since d; and «; are vectors in R?, we can also consider them to be complex
variables. In this case

where d; and a; are the complex conjugates of d; and «;, respectively. If d;
and o; happen to be real numbers, this simplifies further to

n
f ZiUg
i= d—
o
i=1 J

Now consider performing a matrix-vector multiplication f7 = 27Q’, where
Q' is the eigenvector matrix of D+wuu’. From Lemma 5.2, Qi = wisj/(di—aj),

But on a Cray it sets the bottom bit to 0. The reader familiar with Cray arithmetic is
invited to prove this. The only remaining difficulty is preventing an optimizing compiler
from removing this line of code entirely, which some overzealous optimizers might do; this is
accomplished (for the current generation of compilers) by computing (8 + 3) with a function
call to a function stored in a separate file from the main routine. We hope that by the time
compilers become clever enough to optimize even this situation, Cray arithmetic will have
died out.

20Technically, this means the potential function satisfies Poisson’s equation in two space
coordinates rather than three.
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where s; is a scale factor chosen so that column j is a unit vector. Then the
jth entry of fT = 2TQ" is

n n s
. . 1Ug
fi= E ziQij = 8; E d- X
o - (A a]

i=1 =1

which is the same sum as for the electrostatic force, except for the scale fac-
tor s;. Thus, the most expensive part of the divide-and-conquer algorithm,
the matrix multiplication in the last line of Algorithm 5.2, is equivalent to
evaluating electrostatic forces.

Evaluating this sum for j = 1,...,n appears to require O(n?) flops. The
FMM and others like it [122, 23] can be used to approximately (but very
accurately) evaluate this sum in O(n-logn) time (or even O(n)) time instead.
(See the lectures on “Fast Hierarchical Methods for the N-body Problem” at
PARALLEL_HOMEPAGE for details.)

But this idea alone is not enough to reduce the cost of divide-and-conquer
to O(n - logPn). After all, the output eigenvector matrix @ has n? entries,
which appears to mean that the complexity should be at least n2. So we
must represent  using fewer than n? independent numbers. This is possible,
because an n-by-n tridiagonal matrix has only 2n — 1 “degrees of freedom”
(the diagonal and superdiagonal entries), of which n can be represented by the
eigenvalues, leaving n—1 for the orthogonal matrix (). In other words, not every
orthogonal matrix can be the eigenvector matrix of a symmetric tridiagonal T7;
only an (n — 1)-dimensional subset of the entire (n(n — 1)/2)-dimensional set
of orthogonal matrices can be such eigenvector matrices.

We will represent () using the divide-and-conquer tree computed by Algo-

! Q(;Z |- @', we will store all the

@' matrices, one at each node in the tree. And we will not store Q' explicitly
but rather just store D, p, u, and the eigenvalues o; of D + puu’. We can do
this since this is all we need to use the FMM to multiply by @’. This reduces
the storage needed for @ from n? to O(n - logn). Thus, the output of the
algorithm is a “factored” form of ) consising of all the Q" factors at the nodes
of the tree. This is an adequate representation of (), because we can use the
FMM to multiply any vector by @ in O(n -log? n) time.

rithm 5.2. Rather than accumulating @ = [ 7

5.3.4. Bisection and Inverse lteration

The bisection algorithm exploits Sylvester’s inertia theorem (Theorem 5.3)
to find only those k eigenvalues that one wants, at cost O(nk). Recall that
Inertia(A) = (v,(,m), where v, ¢, and 7 are the number of negative, zero,
and positive eigenvalues of A, respectively. Suppose that X is nonsingular;
Sylvester’s inertia theorem asserts that Inertia(A) = Inertia( X7 AX).

Now suppose that one uses Gaussian elimination to factorize A — zI =
LDL”, where L is nonsingular and D diagonal. Then Inertia(A — zI) =



The Symmetric Eigenproblem and SVD 229

Inertia(D). Since D is diagonal, its inertia is trivial to compute. (In what
follows, we use notation such as “# d;; < 0” to mean “the number of values of
d;; that are less than zero.”)
Inertia(A — ZI) = (# di; <0, # djy; =0, # di; > 0)
= (# negative eigenvalues of A — 21,
# zero eigenvalues of A — z1,
# positive eigenvalues of A — zT)
= (# eigenvalues of A < z,
# eigenvalues of A = z,
# eigenvalues of A > z).

Suppose 21 < zz and we compute Inertia (A — z1I) and Inertia (A — 221).
Then the number of eigenvalues in the interval [z1, z2) equals (# eigenvalues
of A < z) — (# eigenvalues of A < z7).

To make this observation into an algorithm, define

Negcount(A4, z) = # eigenvalues of A < z.

ALGORITHM 5.4. Bisection: Find all eigenvalues of A inside [a,b) to a given
error tolerance tol:

ng = Negcount(A, a)
ny = Negcount(A, b)
if ng = np, quit ... because there are no eigenvalues in [a,b)
put [a,ng, b, np| onto Worklist
/* Worklist contains a list of intervals [a,b) containing
etgenvalues n — ng + 1 through n — ny, which the algorithm
will repeatedly bisect until they are narrower than tol. */
while Worklist is not empty do
remove [low, Niow, up, nyp| from Worklist
if (up—low < tol) then
print “there are nup — Nieyw eigenvalues in [low,up)”
else
mid = (low + up)/2
Nmiqa = Negcount (A, mid)
if Nmid > Niow then ... there are eigenvalues in [low, mid)
put [low, Nyow, mid, nyig] onto Worklist
end if
if Nup > Nimiq then ... there are eigenvalues in [mid, up)
put [mid, nmid, up, nup| onto Worklist
end if
end if

end while

If oy > -+ > «,, are eigenvalues, the same idea can be used to compute o;
for j = jo,jo +1,...,j1. This is because we know ay,—y,,+1 through apn_p,
lie in the interval [low,up).
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If A were dense, we could implement Negcount(A, z) by doing symmetric
Gaussian elimination with pivoting as described in section 2.7.2. But this
would cost O(n?) flops per evaluation and so not be cost effective. On the other
hand, Negcount(A, z) is quite simple to compute for tridiagonal A, provided
that we do not pivot:

1 d1 1 ll

K : ln—l
oot 1 dn 1
SO a; — 2 = Cll,dlll = b1 and thereafter l?fldifl + dZ = a; — Zz, Clllz = bz
Substituting l; = b;/d; into l?_ldi_l + d; = a; — z yields the simple recurrence

by
di—1
Notice that we are not pivoting, so you might think that this is dangerously

unstable, especially when d;_; is small. In fact, since it is tridiagonal, it can
be shown to be very stable [72, 73, 154].

di = (CLZ‘ - Z) - (517)

LEMMA 5.3. Thed; computed in floating point arithmetic, using equation (5.17),
have the same signs (and so compute the same Inertia) as the d; computed ex-
actly from A, where A is very close to A:

(/1)“ =a4; =a; and (/1)”“ =b; = bi(1+¢€;), where || < 2.5e 4+ 0(52).

Proof. Let d; denote the quantities computed using equation (5.17) including
rounding errors:

~ b2_ 1 + €x i
di = (ai — Z)(l =+ 6_7111‘) — %
i—1

(e res)  (518)
where all the €’s are bounded by machine roundoff € in magnitude, and their
subscripts indicate which floating point operation they come from (for example,
€_2; is from the second subtraction when computing d;). Define the new
variables

. d;
(I+e 1)1 +e_24)
. (1+ei)(L+€4)
bi-1 = bi—1 ’
(1 + 677171')(1 + 677171',1)(1 + 6,7271',1)

(5.19)

1/2
= bi_l(l + Ei).
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Note that d; and d; have the same signs, and |¢;| < 2.5¢ + O(e?). Substituting
(5.19) into (5.18) yields

. b2
di =a;—z— =1,
di—1

completing the proof. O

A complete analysis must take the possibility of overflow or underflow into
account. Indeed, using the exception handling facilities of IEEE arithmetic,
one can safely compute even when some d; 7 is exactly zero! For in this case
d; = —00, di+1 = a;+1 — 2, and the computation continues unexceptionally
[72, 80].

The cost of a single call to Negcount on a tridiagonal matrix is 4n flops.
Therefore the overall cost to find k eigenvalues is O(kn). This is implemented
in LAPACK routine sstebz.

Note that Bisection converges linearly, with one more bit of accuracy for
each bisection of an interval. There are many ways to accelerate convergence,
using algorithms like Newton’s method and its relatives, to find zeros of the
characteristic polynomial (which may be computed by multiplying all the d;’s
together) [171, 172, 173, 174, 176, 267].

To compute eigenvectors once we have computed (selected) eigenvalues, we
can use inverse iteration (Algorithm 4.2); this is available in LAPACK routine
sstein. Since we can use accurate eigenvalues as shifts, convergence usually
takes one or two iterations. In this case the cost is O(n) flops per eigenvector,
since one step of inverse iteration requires us only to solve a tridiagonal system
of equations (see section 2.7.3). When several computed eigenvalues d;, . .., &;
are close together, their corresponding computed eigenvectors ¢;,...,¢; may
not be orthogonal. In this case the algorithm reorthogonalizes the computed
eigenvectors, computing the QR decomposition [g;, . . ., ¢;] = QR and replacing
each g with the kth column of @; this guarantees that the §; are orthonormal.
This QR decomposition is usually computed using the MGS orthogonalization
process (Algorithm 3.1); i.e., each computed eigenvector has any components
in the directions of previously computed eigenvectors explicitly subtracted out.
When the cluster size k = j — i + 1 is small, the cost O(k?n) of this reorthog-
onalization is small, so in principle all the eigenvalues and all the eigenvectors
could be computed by Bisection followed by inverse iteration in just O(n?) flops
total. This is much faster than the O(n?) cost of QR iteration or divide-and-
conquer (in the worst case). The obstacle to obtaining this speedup reliably
is that if the cluster size kK = j — ¢ + 1 is large, i.e., a sizable fraction of n,
then the total cost rises to O(n?) again. Worse, there is no guarantee that the
computed eigenvectors are accurate or orthogonal. (The trouble is that after
reorthogonalizing a set of nearly dependent i, cancellation may mean some
computed eigenvectors consist of little more than roundoff errors.)

There has been recent progress on this problem, however [103, 199, 201],
and it now appears possible that inverse iteration may be “repaired” to provide
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accurate, orthogonal eigenvectors without spending more than O(n) flops per
eigenvector to reorthogonalize. This would make Bisection and “repaired”
inverse iteration the algorithm of choice in all cases, no matter how many
eigenvalues and eigenvectors are desired. We look forward to describing this
algorithm in a future edition.

Note that Bisection and inverse iteration are “embarrassingly parallel,”
since each eigenvalue and later eigenvector may be found independently of
the others. (This presumes that inverse iteration has been repaired so that
reorthogonalization with many other eigenvectors is no longer necessary.) This
makes these algorithms very attractive for parallel computers [75].

5.3.5. Jacobi’'s Method

Jacobi’s method does not start by reducing A to tridiagonal from as do the
previous methods but instead works on the original dense matrix. Jacobi’s
method is usually much slower than the previous methods and remains of
interest only because it can sometimes compute tiny eigenvalues and their
eigenvectors with much higher accuracy than the previous methods and can be
easily parallelized. Here we describe only the basic implementation of Jacobi’s
method, and defer the discussion of high accuracy to section 5.4.3.

Given a symmetric matrix A = Ag, Jacobi’s method produces a sequence
Ay, As, ... of orthogonally similar matrices, which eventually converge to a
diagonal matrix with the eigenvalues on the diagonal. A;.; is obtained from
A; by the formula A;4; = Jl-T A;J;, where J; is an orthogonal matrix called a
Jacobi rotation. Thus

Apm = Jh 1 Am1dm
J7271J£72Am72Jm,2Jm71 — ...
JT T Agdy - T

= JTAJ.

If we choose each J; appropriately, A,, approaches a diagonal matrix A for
large m. Thus we can write A ~ JTAJ or JAJT ~ A. Therefore, the columns
of J are approximate eigenvectors.

We will make J” AJ nearly diagonal by iteratively choosing J; to make one
pair of offdiagonal entries of A; 11 = JiT A;J; zero at a time. We will do this by
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choosing J; to be a Givens rotation,

J k
) -
1
j cos 0 —sind
Ji=R(j,k,0) =
k sin 0 cos b
1
- 1 -

where 6 is chosen to zero out the j, k and k, j entries of A;11. To determine 6
(or actually cos @ and sin ), write

ag-?rl) a%jl) B cosf —sinf |7 a;? Cbgik) cos) —sinf
CLl(;';rl) a;(;:l) - sinf cosf al(;]? ag}z sinf cos®
B A0
- 0 X |’

where A1 and A9 are the eigenvalues of

@@ ()
KX
gy O

It is easy to compute cos @ and sin §: Multiplying out the last expression, using
symmetry, abbreviating ¢ = cos and s = sin#, and dropping the superscript
(7) for simplicity yield

M0 ][ ajc+apes® + 2scay, sc(apy — aj5) + ajk(c2 — 5%)
0 Ao | | sclaxk — ajj) + ajk;(c2 — 5?) ajj82 + appc® — 2scajy,

Setting the offdiagonals to 0 and solving for 6 we get 0 = sc(arr — aj;) +

aji(c? — s?), or

2 2
ai; —a c“— s cos 20

JJ L = — =cot20 =r.
2ap, 2sc sin 26

We now let ¢ = £ = tanf and note that ¢* + 27t — 1 = 0 to get (via the

. _ sign(7) o 1
quadratic formula) ¢ = EEYE=t ¢=

derivation in the following algorithm.

and s = ¢ - ¢. We summarize this

ALGORITHM 5.5. Compute and apply a Jacobi rotation to A in coordinates
Jok:
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proc Jacobi-Rotation (A, j, k)

if |ajk| is not too small
T = (aj; — arr) /(2 - a;k)
t = sign(r)/(|7] + V14 72)
c=1/V1+1¢?
s=c-t
A=RT(j,k 0)-A R(j,k,0) ... where ¢ = cosf and s = sin@
if eigenvectors are desired

J=J-R(j,k,0)

end if

end if

The cost of applying R(j,k,0) to A (or J) is only O(n) flops, because only
rows and columns j and k of A (and columns j and k of J) are modified. The
overall Jacobi algorithm is then as follows.

ALGORITHM 5.6. Jacobi’s method to find the eigenvalues of a symmetric ma-
trix:

repeat

choose a j, k pair

call Jacobi-Rotation(A, j, k)
until A is sufficiently diagonal

We still need to decide how to pick j, k pairs. There are several possibilities.
To measure progress to convergence and describe these possibilities, we define

off(A) = Z a?k.

1<j<k<n

Thus off (4) is the root-sum-of-squares of the (upper) offdiagonal entries of
A, so A is diagonal if and only if off(A) = 0. Our goal is to make off (A) ap-
proach 0 quickly. The next lemma tells us that off (A) decreases monotonically
with every Jacobi rotation.

LEMMA 5.4. Let A’ be the matriz after calling Jacobi-Rotation(A, j, k) for any
j = k. Then off>(A’) = off*(A) — a3

Proof. Note that A’ = A except in rows and columns j and k. Write
OHQ(A) = Z a?/k/ —+ a?k = SQ -+ a?k

1<j <k <n
j =jork =
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and similarly off?(A’) = S + a'?k = 52 since aly, = 0 after calling Jacobi-
Rotation (A4, j, k). Since || X||r = [|QX||F and | X|r = || XQ||F for any X and
any orthogonal @, we can show S? = S’2. Thus off?(4’) = off?(A) — a?k as
desired. O

The next algorithm was the original version of the algorithm (from Jacobi
in 1846), and it has an attractive analysis although it is too slow to use.

ALGORITHM 5.7. Classical Jacobi’s algorithm:

while off (A) > tol (where tol is the stopping criterion set by user)
choose j and k so aji, is the largest offdiagonal entry in magnitude
call Jacobi-Rotation (A, j, k)

end while

THEOREM 5.11. After one Jacobi rotation in the classical Jacobi’s algorithm,
we have off(A') < /1 — % off(A) where N = @ = the number of su-
perdiagonal entries of A. After k Jacobi-Rotations off(-) is no more than
k/2

(1— 1) off(A).
Proof. By Lemma 5.4, after one step, off>(A’) = oﬁQ(A)—a?k, where a;, is the
largest offdiagonal entry. Thus off?(A) < %a?k, or a?k > WOHQ(A),
so oft?(A) — a?k < (1= %) off?>(A) as desired. O

So the classical Jacobi’s algorithm converges at least linearly with the error
(measured by off(4)) decreasing by a factor of at least /1 — & at a time. In

fact, it eventually converges quadratically.

THEOREM 5.12. Jacobi’s method is locally quadratically convergent after N
steps (i.e., enough steps to choose each aj, once). This means that for i large
enough

off (Ajn) = O(off(Ay)).

In practice, we do not use the classical Jacobi’s algorithm because searching
for the largest entry is too slow: We would need to search n’=n entries for every
Jacobi rotation, which costs only O(n) flops to perform, and so for large n the
search time would dominate. Instead, we use the following simple method to
choose j and k.

ALGORITHM 5.8. Cyclic-by-row-Jacobi: Sweep through the offdiagonals of A
rowuwise.

repeat
forj=1ton—-1
fork=j+1ton
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call Jacobi-Rotation(A, j, k)
end for
end for
until A is sufficiently diagonal

A no longer changes when Jacobi-Rotation(A, j, k) chooses only ¢ = 1 and
s = 0 for an entire pass through the inner loop. The cyclic Jacobi’s algo-
rithm is also asymptotically quadratically convergent like the classical Jacobi’s
algorithm [260, p. 270].

The cost of one Jacobi “sweep” (where each j, k pair is selected once) is
approximately half the cost of reduction to tridiagonal form and the compu-
tation of eigenvalues and eigenvectors using QR iteration, and more than the
cost using divide-and-conquer. Since Jacobi’s method often takes 5-10 sweeps
to converge, it is much slower than the competition.

5.3.6. Performance Comparison

In this section we analyze the performance of the three fastest algorithms
for the symmetric eigenproblem: QR iteration, Bisection with inverse itera-
tion, and divide-and-conquer. More details may be found in [10, chap. 3] or
NETLIB /lapack/lug/lapack_lug.html.

We begin by discussing the fastest algorithm and later compare the others.
We used the LAPACK routine ssyevd. The algorithm to find only eigenval-
ues is reduction to tridiagonal form followed by QR iteration, for an operation
count of §n3 +O(n?) flops. The algorithm to find eigenvalues and eigenvectors
is tridiagonal reduction followed by divide-and-conquer. We timed ssyevd on
an IBM RS6000/590, a workstation with a peak speed of 266 Mflops, although
optimized matrix-multiplication runs at only 233 Mflops for 100-by-100 matri-
ces and 256 Mflops for 1000-by-1000 matrices. The actual performance is given
in the table below. The “Mflop rate” is the actual speed of the code in Mflops,
and “Time / Time(Matmul)” is the time to solve the eigenproblem divided by
the time to multiply two square matrices of the same size. We see that for large
enough matrices, matrix-multiplication and finding only the eigenvalues of a
symmetric matrix are about equally expensive. (In contrast, the nonsymmet-
ric eigenproblem is least 16 times more costly [10].) Finding the eigenvectors
as well is a little under three times as expensive as matrix-multiplication.

Dimension Eigenvalues only Eigenvalues
and eigenvectors
Mflop rate Time / Mflop rate Time /
Time(Matmul) Time(Matmul)
100 72 3.1 72 9.3
1000 160 1.1 174 2.8

Now we compare the relative performance of QR iteration, Bisection with
inverse iteration, and divide-and-conquer. In Figures 5.4 and 5.5 these are la-
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beled QR, BZ (for the LAPACK routine sstebz, which implements Bisection),
and DC, respectively. The horizontal axis in these plots is matrix dimension,
and the vertical axis is time divided by the time for DC. Therefore, the DC
curve is a horizontal line at 1, and the other curves measure how many times
slower BZ and QR are than DC. Figure 5.4 shows only the time for the tridi-
agonal eigenproblem, whereas Figure 5.5 shows the entire time, starting from
a dense matrix.

In the top graph in Figure 5.5 the matrices tested were random symmetric
matrices; in Figure 5.4, the tridiagonal matrices were obtained by reducing
these dense matrices to tridiagonal form. Such random matrices have well-
separated eigenvalues on average, so inverse iteration requires little or no ex-
pensive reorthogonalization. Therefore BZ was comparable in performance
to DC, although QR was significantly slower, up to 15 times slower in the
tridiagonal phase on large matrices.

In the bottom two graphs, the dense symmetric matrices had eigenvalues
1, .5, .25, ..., .5" 1. In other words, there were many eigenvalues clustered
near zero, so inverse iteration had a lot of reorthogonalization to do. Thus
the tridiagonal part of BZ was over 70 times slower than DC. QR was up to
54 times slower than DC, too, because DC actually speeds up when there is a
large cluster of eigenvalues; this is because of deflation.

The distinction in speeds among QR, BZ, and DC is less noticeable in
Figure 5.5 than in Figure 5.4, because Figure 5.5 includes the common O(n?)
overhead of reduction to tridiagonal form and transforming the eigenvalues of
the tridiagonal matrix to eigenvalues of the original dense matrix; this common
overhead is labeled TRD. Since DC is so close to TRD in Figure 5.5, this means
that any further acceleration of DC will make little difference in the overall
speed of the dense algorithm.

5.4. Algorithms for the Singular Value Decomposition

In Theorem 3.3, we showed that the SVD of the general matrix G is closely
relatetho the eigendecompositions of the symmetric matrices GT G, GGT and
e 5]
transformed into algorithms for the SVD. The transformations are not straight-
forward, however, because the added structure of the SVD can often be ex-
ploited to make the algorithms more efficient or more accurate [118, 79, 66].
All the algorithms for the eigendecomposition of a symmetric matrix A,
except Jacobi’s method, have the following structure:

Using these facts, the algorithms in the previous section can be

1. Reduce A to tridiagonal form T with an orthogonal matrix Q1: A =
QTQT.

2. Find the eigendecomposition of T: T = Q2AQT, where A is the diagonal
matrix of eigenvalues and ()2 is the orthogonal matrix whose columns
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are eigenvectors.

3. Combine these decompositions to get A = (Q1Q2)A(Q1Q2)”. The columns
of Q = Q1) are the eigenvectors of A.

All the algorithms for the SVD of a general matrix G, except Jacobi’s method,
have an analogous structure:

1. Reduce G to bidiagonal form B with orthogonal matrices U; and Vi:
G = U BV{l'. This means B is nonzero only on the main diagonal and
first superdiagonal.

2. Find the SVD of B: B = UsXV,, where ¥ is the diagonal matrix of
singular values, and Us and V5 are orthogonal matrices whose columns
are the left and right singular vectors, respectively.

3. Combine these decompositions to get G = (U1U2)%(V1V2)?. The columns
of U = UUs and V = V1 Vs are the left and right singular vectors of G,
respectively.

Reduction to bidiagonal form is accomplished by the algorithm in section 4.4.7.
Recall from the discussion there that it costs %n?’ +O(n?) flops to compute B;
this is all that is needed if only the singular values ¥ are to be computed. It
costs another 4n3 + O(n?) flops to compute U; and Vi, which are needed to
compute the singular vectors as well.

The following simple lemma shows how to convert the problem of finding
the SVD of the bidiagonal matrix B into the eigendecomposition of a symmetric
tridiagonal matrix 7.

LEMMA 5.5. Let B be an n-by-n bidiagonal matriz, with diagonal aq,...,an
and superdiagonal by, ...,b,_1. There are three ways to convert the problem of
finding the SVD of B to finding the eigenvalues and eigenvectors of a symmetric
tridiagonal matrizx.

T
1. Let A =| g BO |. Let P be the permutation matric P = [e1, ent1, €2,
€n+2,- -+, €En,Con], where e; is the ith column of the 2n-by-2n identity

matriz. Then T,s = PTAP is symmetric tridiagonal. The subscript
“ps” stands for perfect shuffle, because multiplying P times a vector x
“shuffles” the entries of x like a deck of cards. One can show that T,
has all zeros on its main diagonal, and its superdiagonal and subdiagonal
is at,b1,a2,b2,...,bn_1,0an. If Tpsx; = o;x; is an eigenpair for Tps, with
x; a unit vector, then oa; = +o;, where o; is a singular value of B, and

Px; = %[ iU;Z |, where u; and v; are left and right singular vectors of

B, respectively.
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2. Let Tggr = BBT. Then Tgpr is symmetric tridiagonal with diagonal
a? +b3,a3+03,...,a2_ +b2_,,a2, and superdiagonal and subdiagonal
asbi,asbsy, ... ,anb,_1. The singular values of B are the square roots
of the eigenvalues of Trpr, and the left singular vectors of B are the
eigenvectors of Tgpr. Tgpr contains no information about the right

singular vectors of B.

3. Let Tgrg = BTB. Then Tgrg is symmetric tridiagonal with diago-

nal a3,a3 + b3,a3 + b3,...,a2 + b2_,, and superdigonal and subdiagonal
aiby, agba, ... an,bp—1. The singular values of B are the square roots of

the eigenvalues of Tgr g, and the right singular vectors of B are the eigen-
vectors of Tgrg. Tgrp contains no information about the left singular
vectors of B.

For a proof, see Question 5.19.

Thus, we could in principle apply any of QR iteration, divide-and-conquer,
or Bisection with inverse iteration to one of the tridiagonal matrices from
Lemma 5.5 and then extract the singular and (perhaps only left or right)
singular vectors from the resulting eigendecomposition. However, this sim-
ple approach would sacrifice both speed and accuracy by ignoring the special
properties of the underlying SVD problem. We give two illustrations of this.

First, it would be inefficient to run symmetric tridiagonal QR iteration or
divide-and-conquer on Tj,. This is because these algorithms both compute all
the eigenvalues (and perhaps eigenvectors) of T}, whereas Lemma 5.5 tells us
we only need the nonnegative eigenvalues (and perhaps eigenvectors). There
are some accuracy difficulties with singular vectors for tiny singular values too.

Second, explicitly forming either Tggr or Tgrp is numerically unstable.
In fact one can lose half the accuracy in the small singular values of B. For
example, let n = /2, so 1 + n rounds to 1 in floating point arithmetic. Let

B =] (1) \/177 ], which has singular values near v/2 and /7/2. Then BTB =
[ 1 1i?7 | rounds to Tyrg = | 1 1 |, an exactly singular matrix. Thus,

rounding 1+ 7 to 1 changes the smaller computed singular value from its true
value near \/m = v/£/2 to 0. In contrast, a backward stable algorithm should
change the singular values by no more than O(¢g)||Bl|2 = O(¢). In IEEE double
precision floating point arithmetic, ¢ ~ 107!6 and \/z/2 ~ 1078, so the error
introduced by forming BT B is 10® times larger than roundoff, a much larger
change. The same loss of accuracy can occur by explicitly forming Tzpzr.

Because of the instability caused by computing Tzgr or Tgr g, good SVD
algorithms work directly on B or possibly T)s.

In summary, we describe the practical algorithms used for computing the
SVD.

1. QR iteration and its variations. Properly implemented [102], this is the
fastest algorithm for finding all the singular values of a bidiagonal matrix.
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Furthermore, it finds all the singular values to high relative accuracy,
as discussed in section 5.2.1, This means that all the digits of all the
singular values are correct, even the tiniest ones. In contrast, symmetric
tridiagonal QR iteration may compute tiny eigenvalues with no relative
accuracy at all. A different variation of QR iteration [79] is used to
compute the singular vectors as well: by using QR iteration with a zero
shift to compute the smallest singular vectors, this variation computes
the singular values nearly as accurately, as well as getting singular vectors
as accurately as described in section 5.2.1. But this is only the fastest
algorithm for small matrices, up to about dimension n = 25. This routine
is available in LAPACK subroutine sbdsqr.

2. Divide-and-conquer. This is currently the fastest method to find all sin-
gular values and singular vectors for matrices larger than n = 25. (The
implementation in LAPACK, sbdsdc, defaults to sbdsqr for small ma-
trices.) However, divide-and-conquer does not guarantee that the tiny
singular values are computed to high relative accuracy. Instead, it guar-
antees only the same error bound as in the symmetric eigenproblem: the
error in singular value o; is at most O(e)oy rather than O(e)oj. This
sufficiently accurate for most applications.

3. Bisection and inverse iteration. One can apply Bisection and inverse
iteration to T),s of part 1 of Lemma 5.5, to find only the singular values in
a desired interval. This algorithm is guaranteed to find the singular values
to high relative accuracy, although the singular vectors may occasionally
suffer loss of orthogonality as described in section 5.3.4.

4. Jacobi’s method. We may compute the SVD of a dense matrix G by
applying Jacobi’s method of section 5.3.5 implicitly to GGT or GTG,
i.e., without explicitly forming either one and so possibly losing stability.
For some classes of G, i.e., those to which we can profitably apply the
relative perturbation theory of section 5.2.1, we can show that Jacobi’s
method computes the singular values and singular vectors to high relative
accuracy, as described in section 5.2.1.

The following sections describe some of the above algorithms in more de-
tail, notably QR iteration and its variation dqds in section 5.4.1; the proof
of high accuracy of dqds and Bisection in section 5.4.2; and Jacobi’s method
in section 5.4.3. We omit divide-and-conquer because of its overall similarity
to the algorithm discussed in section 5.3.3, and refer the reader to [128] for
details.

5.4.1. QR Iteration and lts Variations for the Bidiagonal SVD

There is a long history of variations on QR iteration for the SVD, designed
to be as efficient and accurate as possible; see [198] for a good survey. The
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algorithm in the LAPACK routine sbdsqr was originally based on [79] and
later updated to use the algorithm in [102] in the case when singular values
only are desired. This latter algorithm, called dqds for historical reasons,?' is
elegant, fast, and accurate, so we will present it.

To derive dqds, we begin with an algorithm that predates QR iteration,

called LR iteration, specialized to symmetric positive definite matrices.

ALGORITHM 5.9. LR Iteration; Let Ty be any symmetric positive definite ma-
triz. The following algorithm produces a sequence of similar symmetric positive
definite matrices T;:

1=0
repeat
Choose a shift T2 smaller than the smallest eigenvalue of T.
Compute the Cholesky factorization T; — Tf[ = BiTBi
(B; is an upper triangular matriz with positive diagonal.)
Tit1 = BBl + 721
t=1+1
until convergence

LR iteration is very similar in structure to QR iteration: We compute a
factorization, and multiply the factors in reverse order to get the next iterate
Ti;y1. It is easy to see that 7341 and T; are similar: T;11 = BiBZ.T + TZ?I =
B "BI'B,BI' + r?B; "Bl = B, 'T,B] .

In fact, when the shift 72 = 0, we can show that two steps of LR iteration
produce the same T as one step of QR iteration.

LEMMA 5.6. Let Ts be the matriz produced by two steps of Algorithm 5.9 using
Tiz =0, and let T be the matrixz produced by one step of QR iteration (QR = Ty,
T'=RQ). Then To =T".

Proof. Since Ty is symmetric, we can factorize Tg in two ways: First, Tg =
Ty = (QR)TQR = RTR. We assume without loss of generality that R;; > 0.
This is a factorization of T§ into a lower triangular matrix RT times its trans-
pose; since the Cholesky factorization is unique, this must in fact be the
Cholesky factorization. The second factorization is T = B ByB{ By. Now
by Algorithm 5.9, 71 = BoBg = B?Bl, So we can rewrite TO2 = BngBOTBo =
BY(BTYB1)By = (B1By)T'B1By. This is also a factorization of T into a
lower triangular matrix (B;Bp)? times its transpose, so this must again be
the Cholesky factorization. By uniqueness of the Cholesky factorization, we
conclude R = Bj By, thus relating two steps of LR iteration to one step of QR
iteration. We exploit this relationship as follows: Ty = QR implies

T = RQ=RQ(RR')=RQRR'=RIHR" because Tp = QR

?!dqds is short for “differential quotient-difference algorithm with shifts” [207].
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= (B1By)(BYBy)(B1By)™! because R = BBy and Ty = BI By
= B1BoBl ByB,'B; ' = Bi1(BoB{)B;!

= Bi(B]B1)B;' because BoBl =T, = B B;

= BBf

= T5 as desired. O

Neither Algorithm 5.9 nor Lemma 5.6 depends on Ty being tridiagonal,
just symmetric positive definite. Using the relationship between LR iteration
and QR iteration in Lemma 5.6, one can show that much of the convergence
analysis of QR iteration goes over to LR iteration; we will not explore this
here.

Our ultimate algorithm, dqds, is mathematically equivalent to LR iteration.
But it is nmot implemented as described in Algorithm 5.9, because this would
involve explicitly forming T;11 = BiBiT + Ti2I , which in section 5.4 we showed
could be numerically unstable. Instead, we will form B;1 directly from B;,
without ever forming the intermediate matrix Tj4 .

To simplify notation, let B; have diagonal aq,...,a, and superdlagonal
bi,...,bp—1, and B; 1 have dlagonal ap, .. , 4y, and superdlagonal bl, .. bn 1.
We use the convention by = bo =b, = bn = 0. We relate B; to B,y by

Bl \Biy1 + 1241 = Tiy1 = BBl + 771 (5.20)

Equating the j, j entries of the left and right sides of equation (5.20) for j <n
yields
a2 +b A =d b +T or al=al+b—b -0, (5.21)

where § = 772 i1 7' . Since 7'2 must be chosen to approach the smallest eigen-

value of T from below (to keep T; positive definite and the algorithm well
defined), § > 0. Equating the squares of the j, j+ 1 entries of the left and right
sides of equation (5.20) yields

a3b? = aj b7 or b3 =al, b}/a]. (5.22)
Combining equations (5.21) and (5.22) yields the not-yet-final algorithm

forj=1ton—1
2 9, 32 G2
I o
bj = b5 - (afy,1/5)

end for

a2 —a2— 2, — 4

This version of the algorithm has only five floating point operations in the
inner loop, which is quite inexpensive. It maps directly from the squares of the
entries of B; to the squares of the entries of B;y1. There is no reason to take
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square roots until the very end of the algorithm. Indeed, square roots, along
with divisions, can take 10 to 30 times longer than additions, subtractions, or
multiplications on modern computers, so we should avoid as many of them as
possible. To emphasize that we are computing squares of entries, we change
variables to q; = a? and e; = b?, yielding the penultimate algorithm qds (again,
the name is for historical reasons that do not concern us [207]).

ALGORITHM 5.10. One step of the qds algorithm:

forj=1ton—1
Qj:(Jj‘l-@j—éj,l—(s
éj = ¢j - (g+1/4))

end for

Gn = qn —€én—1—0

The final algorithm, dqds, will do about the same amount of work as qds
but will be significantly more accurate, as will be shown in section 5.4.2. We
take the subexpression ¢; — é;_1 — d from the first line of Algorithm 5.10 and
rewrite it as follows:

dj = qj—éj_l—é
= - L5915 fom (5.22)
qj—1
Ji_1 — €
_ qj.[w}_ 5
qj—-1
I P
— qj.[qf L ]—5 from (5.21)
qj5—-1
_ %o g
qj—1

This lets us rewrite the inner loop of Algorithm 5.10 as

4 =dj+ej

éj = €j - (¢j+1/4;)

djt1=dj - (gj+1/4;) — 6

Finally, we note that dj;1 can overwrite d; and that t = g;41/4; need be

computed only once to get the final dqds algorithm.

ALGORITHM 5.11. One step of the dqds algorithm:

d:q1—5
forj=1ton—1
cjj:d—i—ej

t = (gj+1/4j)
éj = ej -t
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d=d-t—9
end for
Qn:d

The dqds algorithm has the same number of floating point operations in its
inner loop as qds but trades a subtraction for a multiplication. This modifica-
tion pays off handsomely in guaranteed high relative accuracy, as described in
the next section.

There are two important issues we have not discussed: choosing a shift
§ = 77, — 7} and detecting convergence. These are discussed in detail in [102].

5.4.2. Computing the Bidiagonal SVD to High Relative Accuracy

This section, which depends on section 5.2.1, may be skipped on a first reading.

Our ability to compute the SVD of a bidiagonal matrix B to high relative
accuracy (as defined in section 5.2.1) depends on Theorem 5.13 below, which
says that small relative changes in the entries of B cause only small relative
changes in the singular values.

LEMMA 5.7. Let B be a bidiagonal matriz, with diagonal entries ai,...,an,
and superdiagonal entries by,...,b,_1. Let B be another bidiagonal matriz
with diagonal entries a; = a;x; and superdiagonal entries I;Z = 0;(;. Then
B = D1BDs, where

D, = diag <X1 X2X1 X3X2X1 XX >
TG GG T )
Dy = diag <17Q, GG e Cno1:2C1 ) )
X1 X2X1 Xn—1"""X1

The proof of this lemma is a simple computation (see Question 5.20). We
can now apply Corollary 5.2 to conclude the following.

THEOREM 5.13. Let B and B be defined as in Lemma 5.7. Suppose that there
is a T > 1 such that 771 < xi < 7 and 1< G < 1. In other words
e =7 —1 is a bound on the relative difference between each entry of B and the
corresponding entry of B. Let o, < -+ < o1 be the singular values of B and
Gp < -+ < 61 be the singular values of B. Then |6; — o;| < (742 —1). If
oi=0and T —1=¢€<k1, then we can write
16i = ail <772 1 = (4n — 2)e + O(€2).
0

Thus, the relative change in the singular values |6; — 0;|/0; is bounded by

4n—2 times the relative change € in the matrix entries. With a little more work,
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the factor 4n — 2 can be improved to 2n — 1 (see Question 5.21). The singular
vectors can also be shown to be determined quite accurately, proportional to
the reciprocal of the relative gap, as defined in section 5.2.1.

We will show that both Bisection (Algorithm 5.4 applied to Tps from
Lemma 5.5) and dqds (Algorithm 5.11) can be used to find the singular values
of a bidiagonal matrix to high relative accuracy. First we consider Bisection.
Recall that the eigenvalues of the symmetric tridiagonal matrix T, are the
singular values of B and their negatives. Lemma 5.3 implies that the inertia of
Tps — M computed using equation (5.17) is the exact inertia of some B, where
the relative difference of corresponding entries of B and B is at most about
2.5e.  Therefore, by Theorem 5.13, the relative difference between the com-
puted singular values (the singular values of B) and the true singular values is
at most about (10n — 5)e.

Now we consider Algorithm 5.11. We will use Theorem 5.13 to prove that
the singular values of B (the input to Algorithm 5.11) and the singular values
of B (the output from Algorithm 5.11) agree to high relative accuracy. This
fact implies that after many steps of dqds, when Bis nearly diagonal with its
singular values on the diagonal, these singular values match the singular values
of the original input matrix to high relative accuracy.

The simplest situation to understand is when the shift § = 0. In this case,
the only operations in dqds are additions of positive numbers, multiplications,
and divisions; no cancellation occurs. Roughly speaking, any sequence of ex-
pressions built of these basic operations is guaranteed to compute each output
to high relative accuracy. Therefore, Bis computed to high relative accuracy,
and so by Theorem 5.13, the singular values of B and B agree to high relative
accuracy. The general case, where § > 0, is trickier [102].

THEOREM 5.14. One step of Algorithm 5.11 in floating point arithmetic, ap-
plied to B and yielding B, is equivalent to the following sequence of operations:

1. Make a small relative change (by at most 1.5¢ ) in each entry of B, getting
B.

2. Apply one step of Algorithm 5.11 in exact arithmetic to B, getting B.

3. Make a small relative change (by at most €) in each entry of B, getting
B.

Steps 1 and 3 above make only small relative changes in the singular values
of the bidiagonal matriz, so by Theorem 5.13 the singular values of B and B
agree to high relative accuracy.

Proof. Let us write the inner loop of Algorithm 5.11 as follows, introducing
subscripts on the d and ¢ variables to let us keep track of them in different
iterations and including subscripted 1 + € terms for the roundoff errors:
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g = (dj +¢e;)(1+€54)

ti = (gj+1/4;)(1 +¢j )

éj =ej - ti(1+¢€j1)

djt1 = (dj - t;(1 4+ €j42) — 6)(1 +¢€j,—)

Substituting the first line into the second line yields

fo_ Gt L+ej

Todite; 14y

Substituting this expression for ¢; into the last line of the algorithm and di-
viding through by 1+ ¢; _ yield

div1 _ digger (14€)(1+ €jx2)

= — 4. 5.23
l+e— dite 144 >:23)
This tells us how to define B: Let
. diiq
dipg = —L—
j+1 1+ € )
8 ej
& = — 9 5.24
J I ( )
. 60 )
i+1 = Qj+1 )
’ ’ 1+ e+
so (5.23) becomes 3
B A
djgy = LWL 5,
Clj + €5

Note from (5.24) that B differs from B by a relative change of at most 1.5¢ in
each entry (from the three 1 + € factors in ¢ 41 = b]2-+1,j+1).
Now we can define ¢; and é; in B by

G =d; + ¢,
tj = (Gj+1/d)),
& = ¢ 1j,

dj+1 = dj -fj — 0.
This is one step of the dqds algorithm applied exactly to B, getting B. To
finally show that B differs from B by a relative change of at most € in each
entry, note that

g = dj+e
d; e;
J + J

1+ €5—1,— 1+ €5—1,—

1
(14 &)1+ €1,

= (dj+ej)(1+e€4)-

1
(14 ¢j4) (1 +€j-1,-)

~
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and
& = €& EJ
_ e . git
L+ei1- G
€j
= — - ti1 ; 1 1
1 + € j, %2
= ejt](l + €j7*1)T€]-*1
J7
— & 14 €552 O
N J 1+ €551

5.4.3. Jacobi’'s Method for the SVD

In section 5.3.5 we discussed Jacobi’s method for finding the eigenvalues and
eigenvectors of a dense symmetric matrix A, and said it was the slowest avail-
able method for this problem. In this section we will show how to apply
Jacobi’s method to find the SVD of a dense matrix G by implicitly applying
Algorithm 5.8 of section 5.3.5 to the symmetric matrix A = GTG. This implies
that the convergence properties of this method are nearly the same as those
of Algorithm 5.8, and in particular Jacobi’s method is also the slowest method
available for the SVD.

Jacobi’s method is still interesting, however, because for some kinds of
matrices GG, it can compute the singular values and singular vectors much
more accurately than the other algorithms we have discussed. For these G,
Jacobi’s method computes the singular values and singular vectors to high
relative accuracy, as described in section 5.2.1.

After describing the implicit Jacobi method for the SVD of G, we will
show that it computes the SVD to high relative accuracy when G can be
written in the form G = DX, where D is diagonal and X is well conditioned.
(This means that G is ill conditioned if and only if D has both large and small
diagonal entries.) More generally, we benefit as long as X is significantly better
conditioned than G. We will illustrate this with a matrix where any algorithm
involving reduction to bidiagonal form necessarily loses all significant digits in
all but the largest singular value, whereas Jacobi computes all singular values
to full machine precision. Then we survey other classes of matrices G for
which Jacobi’s method is also significantly more accurate than methods using
bidiagonalization.

Note that if G is bidiagonal, then we showed in section 5.4.2 that we could
use either Bisection or the dqds algorithm (section 5.4.1) to compute its SVD
to high relative accuracy. The trouble is that reducing a matrix from dense
to bidiagonal form can introduce errors that are large enough to destroy high
relative accuracy, as our example will show. Since Jacobi’s method operates on
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the original matrix without first reducing it to bidiagonal form, it can achieve
high relative accuracy in many more situations.

The implicit Jacobi method is mathematically equivalent to applying Al-
gorithm 5.8 to A = GTG. In other words, at each step we compute a Jacobi
rotation J and implicitly update GTG to JTGTG.J, where J is chosen so that
two offdiagonal entries of GTG are set to zero in J'GTGJ. But instead of
computing GTG or JTGTGJ explicitly, we instead only compute G.J. For this
reason, we call our algorithm one-sided Jacobi rotation.

ALGORITHM 5.12. Compute and apply a one-sided Jacobi rotation to G in
coordinates j, k:

proc One-Sided-Jacobi-Rotation (G, j, k)
Compute a;; = (GTG);;, aji = (GTG)jk, and apr, = (GT Q)
if |ajk| is not too small
7= (aj; — arx)/(2 - ajr)
t =sign(7)/(|7| + V1+ 72)
c=1/V1+t?

s=c-t
G=G-R(jk,0) ... where ¢ =cosf and s = sin@
if Tight singular vectors are desired
J=J-R(j,k,0)
end if
end if

Note that the jj, jk, and kk entries of A = GTG are computed by proce-
dure One-Sided-Jacobi-Rotation, after which it computes the Jacobi rotation
R(j, k,0) in the same way as procedure Jacobi-Rotation (Algorithm 5.5).

ALGORITHM 5.13. One-sided Jacobi: Assume that G is n-by-n. The outputs
are the singular values o;, the left singular vector matrix U, and the right
singular vector matriz V so that G = UXVT, where ¥ = diag(o;).

repeat
forj=1ton—-1
fork=j3+1ton
call One-Sided-Jacobi-Rotation(G, j, k)
end for
end for
until GT G is diagonal enough
Let 0; = ||G(:,9)||2 (the 2-norm of column i of G)
Let U = [uy, ..., uy), where u; = G(:,1)/0;
let V = J, the accumulated product of Jacobi rotations
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Question 5.22 asks for a proof that the matrices 3, U, and V computed by
one-sided Jacobi do indeed form the SVD of G.

The following theorem shows that one-sided Jacobi can compute the SVD to
high relative accuracy, despite roundoff, provided that we can write G = DX,
where D is diagonal and X is well conditioned.

THEOREM 5.15. Let G = DX be an n-by-n matriz, where D is diagonal and
nonsingular, and X is nonsingular. Let G be the matriz after calling One-
Sided-Jacobi-Rotation(G, j, k) m times in floating point arithmetic. Let oq >
<o > o, be the singular values of G, and let 61 > --- > &, be the singular
values of G. Then

19 =%l _ o(meyn(x), (5.25)
o

where k(X) = || X|| - || X Y| is the condition number of X. In other words, the

relative error in the singular values is small if the condition number of X is

small.

Proof. We first consider m = 1; i.e., we apply only a single Jacobi rotation
and later generalize to larger m.

Examining One-Sided-Jacobi-Rotation(G, j, k), we see that G = fi(G - R),
where R is a floating point Givens rotation. By construction, R differs from
some exact Givens rotation R by O(e) in norm. (It is not important or nec-
essarily true that R differs by O(e) from the “true” Jacobi rotation, the one
that One-Sided-Jacobi-Rotation(G, j, k) would have computed in exact arith-
metic. It is necessary only that that it differs from some rotation by O(e).
This requires only that ¢? + s* = 1 4+ O(g), which is easy to verify.)

Our goal is to show that G = GR(I + E) for some E that is small in
norm: ||E|z = O(e)s(X). If E were zero, then G and GR would have the
same singular values, since R is exactly orthogonal. When E is less than one
in norm, we can use Corollary 5.2 to bound the relative difference in singular

values by
o — &
| = L BT+ BT Il = B+ BT+ EET|, < 3B
(A
= O(e)r(X) (5.26)
as desired.

Now we construct F. Since R multiplies G on the right, each row of G
dAepends only on the;orrespondingA row of G; write this in Matlab notation as
G(i,:) = l(G(i,:) - R). Let FF = G — GR. Then by Lemma 3.1 and the fact
that G = DX,

IE ()2 = G i,:) = Gi. ) Rll2 = OE)IG(, ) |l2 = O) i X (0,:) 12
and so ||d;;' F(i,:)||2 = O(€)||X(i,:)||2, or [[D71F|ls = O(g)|| X ||2. Therefore,
since R°! = RT and G™' = (DX)"! = X~!D™ !,

G=GR+F=GRI+RT'G'F)=GR(I+R'X'D'F)=GR(I +E)
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where
IEll2 < [RT 2| X 2 D7 Fll2 = O@) [ X [l2l| X 2 = O(e)r(X)

as desired.

To extend this result to m > 1 rotations, note that in exact arithmetic
we would have G = GR = DXR = DX, with x(X) = x(X), so that the
bound (5.26) would apply at each of the m steps, yielding bound (5.25). Be-
cause of roundoff, £(X) could grow by as much as x(I+E) < (14+0(e)x(X)) at
each step, a factor very close to 1, which we absorb into the O(me)
term. O

To complete the algorithm, we need to be careful about the stopping cri-
terion, i.e. how to implement the statement “if |aji| is not too small” in
Algorithm 5.12, One-Sided-Jacobi-Rotation. The appropriate criterion

|ajk| = e/ajjark

is discussed further in Question 5.24.

EXAMPLE 5.9. We consider an extreme example G = DX where Jacobi’s
method computes all singular values to full machine precision; any method
relying on bidiagonalization computes only the largest one, v/3, to full machine
precision; and all the others with no accuracy at all (although it still computes
them with errors +0(¢) - v/3, as expected from a backward stable algorithm).
In this example ¢ = 2753 a~ 1071¢ (IEEE double precision) and n = 1072 (any
value of n < € will do). We define

n 1 1 1 1 n 1 1 1
_|mmn 00| _1| 7 1100 _4
G_nOUO_ n 101O*DX'
n 0 0 n n!| (1 001

To at least 16 digits, the singular values of G are v/3, v/3 -7, n, and n. To
see how accuracy is lost by reducing G to bidiagonal form, we consider just
the first step of the algorithm section 4.4.7: After step 1, premultiplication by
a Householder transformation to zero out G(2 : 4,1), G in exact arithmetic
would be

o —. _5%7 - —g —.5—%
0 —.5+§ 5§ _'5_§ |
0 -5-1 —5+2 —5-1
0 -5-2 -5-2 542

but since 7 is so small, this rounds to

—2p -5 -5 —.5
0 -5 -5 —5
0 -5 —5 —5
0 -5 -5 —5

Gy =
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Note that all information about n has been “lost” from the last three columns
of G1. Since the last three columns of G are identical, GG; is exactly singular
and indeed of rank 2. Thus the two smallest singular values have been changed
from 7 to 0, a complete loss of relative accuracy. If we made no further rounding
errors, we would reduce G to the bidiagonal form

with singular values v/3, v/3n, 0, and 0, the larger two of which are accurate
singular values of G. But as the algorithm proceeds to reduce GG; to bidiagonal
form, roundoff introduces nonzero quantities of O(e) into the zero entries of B,
making all three small singular values inaccurate. The two smallest nonzero
computed singular values are accidents of roundoff and proportional to €.

One-sided Jacobi’s method has no difficult with this matrix, converging in
three sweeps to G = ULV, where to machine precision

[

L/ R/

om0 PR

A L n =2 - = = =
U= Ay d L v=l, 3T

V3. V2 3 6 V2 V3 VE

o o 2 0 = L 2

V3 v2 3 V6 V2 V3 Ve

and ¥ = diag(v/3n,1,v/3,7). (Jacobi does not automatically sort the singular
values; this can be done as a postprocessing step.) ¢

Here are some other examples where versions of Jacobi’s method can be
shown to guarantee high relative accuracy in the SVD (or symmetric eigen-
decomposition), whereas methods relying on bidiagonalization (or tridiago-
nalization) may lose all significant digits in the smallest singular value (or
eigenvalues). Many other examples appear in [74].

1. If A= LL" is the Cholesky decomposition of a symmetric positive def-
inite matrix, then the SVD of L = USVT provides the eigendecompo-
sition of A = UX2UT. If L = DX, where X is well-conditioned and D
is diagonal, then Theorem 5.15 tells us that we can use Jacobi’s method
to compute the singular values o; of L to high relative accuracy, with
relative errors bounded by O(g)k(X). But we also have to account for
the roundoff errors in computing the Cholesky factor L: using Cholesky’s
backward error bound (2.16) (along with Theorem 5.6) one can bound
the relative error in the singular values introduced by roundoff during
Cholesky by O(g)x%(X). So if X is well-conditioned, all the eigenvalues
of A will be computed to high relative accuracy (see Question 5.23 and
[81, 90, 181]).
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ExXAMPLE 5.10. As in Example 5.9, we choose an extreme case where
any algorithm relying on initially reducing A to tridiagonal form is guar-
anteed to lose all relative accuracy in the smallest eigenvalue, whereas
Cholesky followed by one-sided Jacobi’s method on the Cholesky factor
computes all eigenvalues to nearly full machine precision. As in that
example, let n = 10720 (any n < £/120 will do), and let

(NG NG} 1 1071 1071
A=|m 1 10p |=|1071° 1 107"
Vi 10n 100n 10719 1071 10720

If we reduce A to tridiagonal form T exactly, then

1 V2
T=1+2n 5+60n .5-50n |,
b —580n .5+40n

but since 7 is so small, this rounds to

1 /2
T=1|+v2n b5 5],
B T

which is not even positive definite, since the bottom right 2-by-2 sub-
matrix is exactly singular. Thus, the smallest eigenvalues of T is non-
positive, and so tridiagonal reduction has lost all relative accuracy in
the smallest eigenvalue. In contrast, one-sided Jacobi’s method has no
trouble computing the correct square roots of eigenvalues of A, namely,
1+n=1410""%1-/n=1-10"19 and .99y = .99-10~%, to nearly
full machine precision. <

. For extensions of the preceding result to indefinite symmetric eigenprob-

lems, see [226, 248].

For extensions to the generalized symmetric eigenproblem A — AB and
the generalized SVD, see [65, 90].

Differential Equations and Eigenvalue Problems

We seek our motivation for this section from conservation laws in physics. We
consider once again the mass-spring system introduced in Example 4.1 and
reexamined in Example 5.1. We start with the simplest case of one spring and
one mass, without friction:
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m

—
We let « denote horizontal displacement from equilibrium. Then Newton’s
law F = ma becomes mi(t) + kx(t) = 0. Let E(t) = $mi?(t) + ska’(t) =
“kinetic energy” 4 “potential energy.” Conservation of energy tells us that
%E(t) should be zero. We can confirm this is true by computing %E(t) =
mz(t)Z(t) + kx(t)@(t) = @(t)(mz(t) + kx(t)) = 0 as desired.
More generally we have M i(t)+Kx(t) = 0, where M is the mass matriz and
K is the stiffness matriz. The energy is defined to be E(t) = $a7(t)Mi(t) +
2T (t)Kx(t). That this is the correct definition is confirmed by verifying that
it is conserved:

d d
ZE(t) = £<

%x‘T(t)M:'c(t) + %ﬂ@)m@))

= %(iT(t)Mjs(t) + 2T ()M (t) + &7 () K (t) + 27 () Ki(t))
= Tt Mi(t) + 27 (t)Kx(t)
= T () (Mi(t) + Kz(t)) =0,

where we have used the symmetry of M and K.

The differential equations M (t) + Kx(t) = 0 are linear. It is a remarkable
fact that some nonlinear differential equations also conserve quantities such as
“energy.”

5.5.1. The Toda Lattice

For ease of notation, we will write & instead of #(¢) when the argument is clear
from context.

The Toda lattice is also a mass-spring system, but the force from the spring
is an exponentially decaying function of its stretch, instead of a linear function:
B = e~ (@i—zio1) _ o—(Tiy1—2i)

We use the boundary conditions e~(*17%0) = 0 (i.e., 29 = —o0) and e~ (@n+1-7n)
=0 (i.e., Tp4+1 = +00). More simply, these boundary conditions mean there
are no walls at the left or right (see Figure 4.1).

Now we change variables to by = %e(l”f—mkﬂ)ﬂ and aj, = —%j:k. This yields
the differential equations

. 1 C 1, . .

b, = §e($k k+1)/2 5(5% — Tgy1) = bp(agsr — ag),

' L N (5.27)
ap = —59319 = 2(b; — bj—1)
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with bg = 0 and b, = 0. Now define the two tridiagonal matrices

a1 b 0 by
= |" and B=| :
bn—l R . bn—l
bn—1 Qnp, —bn—1 0
where B = —BT. Then one can easily confirm that equation (5.27) is the same

as % = BT — TB. This is called the Toda flow.

THEOREM 5.16. T'(t) has the same eigenvalues as T(0) for all t. In other
words, the eigenvalues, such as “energy,” are conserved by the differential equa-
tion.

Proof. Define %U = BU, U(0) = I. We claim that U(t) is orthogonal for all
t. To prove this, it suffices to show %UTU = 0 since UTU(0) = I:
d

%UTU =UTU +UTU =UTBTU +UTBU = ~-UTBU + UTBU =0

since B is skew symmetric.

Now we claim that T'(t) = U(t)T(0)UT (t) satisfies the Toda flow % =
BT — T'B, implying each T'(t) is orthogonally similar to 7'(0) and so has the
same eigenvalues:

%T(t) = UWTOUT() + UETO)UT (1)

as desired. O
Note that the only property of B used was skew symmetry, so if %T =
BT — TB and BT = —B, then T(t) has the same eigenvalues for all ¢.

THEOREM 5.17. Ast — 400 ort — —oo, T(t) converges to a diagonal matriz
with the eigenvalues on the diagonal.

Proof. We want to show b;(t) — 0 as t — foo. We begin by showing
[ b2 (t)dt < oo, We use induction to show Joo 3 () +02%_5(1))dt < o0
and then add these inequalities for all j. When j = 0, we get ffooo (b3(t) +
b2(t))dt, which is 0 by assumption.

Now let p(t) = a;(t) — an_j11(t). @(t) is bounded by 2||T(t)||2 = 2/|T(0)]]2
for all ¢. Then

pt) = a
= 2(05(t) = bj_1 () — 200541 (1) — bp (1)
= 2(05(t) + by (1) — 2(b5_1(t) — b4 (1)
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and so

o(r) — p(-7) = / B(t)dt

= 2/T (b?(t)+bi_j(t))dt—2/ (651 (t) + b2, (2))dt.

—T —T

The last integral is bounded for all 7 by the induction hypothesis, and ¢(7) —
¢(—7) is also bounded for all 7, so [7° (b? (t)+ bfl_j (t))dt must be bounded as
desired.

Let p(t) = 2?2_11 b?(t). We now know that [ p(t)dt < oo, and since
p(t) > 0 we want to conclude that lim; 4. p(t) = 0. But we need to exclude
the possibility that p(t) has narrow spikes as t — £oo, in which case | fooo p(t)dt
could be finite without p(t) approaching 0. We show p(¢) has no spikes by
showing its derivative is bounded:

n—1 n—1
B =D 2bi(0)bi(t)| = | 267 (D) (@i1 () — i) | < 4(n = D|T[5. O
i=1 =1

Thus, in principle, one could use an ODE solver on the Toda flow to solve
the eigenvalue problem, but this is no faster than other existing methods. The
interest in the Toda flow lies in its close relationship with with QR algorithm.

DEFINITION 5.5. Let X _ denote the strictly lower triangle of X, and mo(X) =
X —-xT

Note that mp(X) is skew symmetric and that if X is already skew symmet-
ric, then mo(X) = X. Thus m projects onto skew symmetric matrices.
Consider the differential equation

d

—T=BT-TB 5.28

? , (5.28)
where B = —mo(F(T)) and F is any smooth function from the real numbers

to the real numbers. Since B = — BT, Theorem 5.16 shows that T(¢) has the
same eigenvalues for all ¢. Choosing F(x) = x corresponds to the Toda flow
that we just studied, since in this case

—bp—1 0

The next theorem relates the QR decomposition to the solution of differential
equation (5.28).



258 Applied Numerical Linear Algebra

THEOREM 5.18. Let F(T(0)) = Fy. Let etfo = Q(t)R(t) be the QR decompo-
sition. Then T(t) = QT (t)T(0)Q(t) solves equation (5.28).

We delay the proof of the theorem until later. If we choose the function F' cor-
rectly, it turns out that the iterates computed by QR iteration (Algorithm 4.4)
are identical to the solutions of the differential equation.

DEFINITION 5.6. Choosing F(z) = log x in equation (5.28) yields a differential
equation called the QR flow.

COROLLARY 5.3. Let F(z) = logx. Suppose that T(0) is positive definite, so
logT(0) is real. Let Ty = T(0) = QR, Th = RQ, etc. be the sequence of
matrices produced by the unshifted QR iteration. Then T(i) = T;. Thus the
QR algorithm gives solutions to the QR flow at integer times t.%?

Proof of Corollary. At t = 1, we get e!!870 = T, = Q(1)R(1), the QR
decomposition of Ty, and T(1) = QT(1)TpQ(1) = R(1)Q(1) = Ty as desired.
Since the solution of the ODE is unique, this extends to show T'(i) = T; for
larger 7. O

The following figure illustrates this corollary graphically. The curve repre-
sents the solution of the differential equation. The dots represent the solutions
T(i) at the integer times ¢t = 0,1,2,..., and indicates that they are equal to
the QR iterates T;.

TH=T T(2) = Ty

Proof of Theorem 5.18. Differentiate e'** = QR to get

FoetFO = QR + QR
or Q = Fet™R™' — QRR™!
or QTQ = QTFe!™R™' — RR™!
= QTFy(QR)R™'—RR™' because e = QR
= QTF(T(O))Q — RR™! because Fy=F(T(0))
= F(Q"T(0)Q) — RR™*
= F(T)- RR™.

22Note that since the QR decomposition is not completely unique (Q can be replaced by
QS and R can be replaced by SR, where S is a diagonal matrix with diagonal entries +1), T;
and T'(7) could actually differ by a similarity 7; = ST(i)S~'. For simplicity we will assume
here, and in Corollary 5.4, that S has been chosen so that T; = T'(7).
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Now I = Q"Q implies that 0 = £Q7Q = Q"Q+Q"Q = (Q"Q)" +(Q"Q).
This means QT Q is skew symmetric, and so mo(QTQ) = QTQ = m(F(T) —
RRfl). Since RR™! is upper triangular, it doesn’t affect mg and so finally
QTQ = no(F(T)). Now

4T(t) = £QT(MT(0)Q(t)

QTT( )Q + QTT(0)Q '
QT(QQTT(0)Q + QTT(0)(QRT)Q
= QTQT)+T(H)QTQ

—QTQT(t) + T(HQ"Q

= —mo(F(T(t)T(t) + T(t)mo(F(T(t)))

as desired. O

The next corollary explains the phenomenon observed in Question 4.15,
where QR could be made to “run backward” and return to its starting matrix.
See also Question 5.25.

COROLLARY 5.4. Suppose that we obtain Ty from the positive definite matriz
Ty by the following steps:

1. Do m steps of the unshifted QR algorithm on Ty to get 1.

2. Let Ty = “flipped T1” = J1T1J, where J equals the identity matrix with
its colummns in reverse order.

3. Do m steps of unshifted QR on Ty to get Tj.
4. Let Ty = JT3J.
Then T4 = T().

Proof. If X = X1 it is easy to verify that mo(JXJ) = —Jm(X)J so
T;(t) = JT(t)J satisfies

4Tit) = JLT(t)J

= [ o(f(T)T + Tmo(F(T))]J

= —Jno(F(T))J(JTJ) + (JTJ)Jmo(F(T))J since J2 =1

= mo(JF(T)J)Ty — Tymo(JF(T)J)

= mo(F(JTJ)Ty — Tymo(F(JTJ))
(F(Ty))T; — Tymo(F(Ty)).

= ’]TO
This is nearly the same equation as T'(t). In fact, it satisfies ezactly the same
equation as T'(—t):

Dty = L1, = ro(FO))T + Tro(F(TY)],.

So with the same initial conditions T, T(t) and T'(—t) must be equal. Inte-
grating for time m, T'(—t) takes To = JT1J back to JTyJ, the initial state, so
T35 = JIyJ and Ty = JI3J =T} as desired. O
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5.5.2. The Connection to Partial Differential Equations

This section may be skipped on a first reading.
2 3
Let T(t) = — 25 + q(z,t) and B(t) = 425 + 3(q(z,t) & + Zq(a,t)).
Both T'(t) and B(t) are linear operators on functions, i.e., generalizations of
matrices.

Substituting into 4 = BT — T'B yields

qt = GQQm — Qrax, (529)

provided that we choose the correct boundary conditions for ¢. (B must be
skew symmetric and 7' symmetric.) Equation (5.29) is called the Korteweg—
de Vries equation and describes water flow in a shallow channel. One can
rigorously show that (5.29) preserves the eigenvalues of T'(¢) for all ¢ in the
sense that the ODE

<_83; + q(x,t)> h(z) = Ah(z)

has some infinite set of eigenvalues A\, Ao, ... for all ¢. In other words, there
is an infinite sequence of energylike quantities conserved by the Korteweg—de
Vries equation. This is important for both theoretical and numerical reasons.

For more details on the Toda flow, see [142, 168, 66, 67, 237] and papers
by Kruskal [164], Flaschka [104], and Moser [185] in [186].

5.6. References and Other Topics for Chapter 5

An excellent general reference for the symmetric eigenproblem is [195]. The
material on relative perturbation theory can be found in [74, 81, 99]; sec-
tion 5.2.1 was based on the latter of these references. Related work is found
in [65, 90, 226, 248] A classical text on perturbation theory for general linear
operators is [159]. For a survey of parallel algorithms for the symmetric eigen-
problem, see [75]. The QR algorithm for finding the SVD of bidiagonal matrices
is discussed in [79, 66, 118], and the dqds algorithm is in [102, 198, 207]. For
an error analysis of the Bisection algorithm, see [72, 73, 154], and for recent
attempts to accelerate Bisection see [103, 201, 199, 174, 171, 173, 267]. Current
work in improving inverse iteration appears in [103, 199, 201]. The divide-and-
conquer eigenroutine was introduced in [58] and further developed in [13, 88,
125, 129, 151, 170, 208, 232]. The possibility of high-accuracy eigenvalues ob-
tained from Jacobi is discussed in [65, 74, 81, 90, 181, 226]. The Toda flow and
related phenomena are discussed in [66, 67, 104, 142, 164, 168, 185, 186, 237].
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5.7. Questions for Chapter 5

QUESTION 5.1. (Easy; Z. Bai) Show that A = B+iC' is Hermitian if and only
if
M= [ B -C }

¢ B

is symmetric. Express the eigenvalues and eigenvectors of M in terms of those
of A.

QUESTION 5.2. (Medium) Prove Corollary 5.1, using Weyl’s theorem (Theo-
rem 5.1) and part 4 of Theorem 3.3.

QUESTION 5.3. (Medium) Consider Figure 5.1. Consider the corresponding
contour plot for an arbitrary 3-by-3 matrix A with eigenvalues a3 < as < a;.
Let Cy and Cy be the two great circles along which p(u, A) = aa. At what
angle do they intersect?

QUESTION 5.4. (Hard) Use the Courant-Fischer minimax theorem (Theorem
5.2) to prove the Cauchy interlace theorem:

H
bT
(n — 1)-by-(n — 1). Let a,, < --- < a1 be the eigenvalues of A and
Op—1 < -+ < 61 be the eigenvalues of H. Show that these two sets of
eigenvalues interlace:

e Suppose that A = | Z | is an m-by-n symmetric matrix and H is

ap <Op 1< <6< <01 <1< <0 <a.

oLetA:[]_fT

-+ < #y. Show that the eigenvalues of A and H interlace in the sense
that a1 (,—m) < 0; <  (or equivalently a; < 6, (n_m) < O (n_m))-

5 | be n-by-n and H be m-by-m, with eigenvalues 6, <

QUESTION 5.5. (Medium) Let A = AT with eigenvalues oy > -+ > ay,. Let
H = HT with eigenvalues 6y > --- > 6,. Let A+ H have eigenvalues \; >
.-+ > Ap. Use the Courant-Fischer minimax theorem (Theorem 5.2) to show
that o + 0, < \j < o +01. If H is positive definite, conclude that \; > «;.
In other words, adding a symmetric positive definite matrix H to another
symmetric matrix A can only increase its eigenvalues.

This result will be used in the proof of Theorem 7.1.

QUESTION 5.6. (Medium) Let A = [A1, A2] be n-by-n, where Ay is n-by-m
and Ap is n-by-(n — m). Let o1 > --- > o, be the singular values of A
Ty > -++ > T, be the singular values of A;. Use the Cauchy interlace theorem
from Question 5.4 and part 4 of Theorem 3.3 to prove that o; > 7; > 0j1n_m.



262 Applied Numerical Linear Algebra

QUESTION 5.7. (Medium) Let ¢ be a unit vector and d be any vector orthog-
onal to q. Show that ||(¢ + d)q” — I|l2 = ||g + d||2. (This result is used in the
proof of Theorem 5.4.)

QUESTION 5.8. (Hard) Formulate and prove a theorem for singular vectors
analogous to Theorem 5.4.

QUESTION 5.9. (Hard) Prove bound (5.6) from Theorem 5.5.
QUESTION 5.10. (Harder) Prove bound (5.7) from Theorem 5.5.

QUESTION 5.11. (Easy) Suppose § = 6403, where all three angles lie between
0 and 7/2. Prove that %sin 20 < %Sin 201 + %sin 205. This result is used in
the proof of Theorem 5.7.

QUESTION 5.12. (Hard) Prove Corollary 5.2. Hint: Use part 4 of Theorem 3.3.

QUESTION 5.13. (Medium) Let A be a symmetric matrix. Consider running
shifted QR iteration (Algorithm 4.5) with a Rayleigh quotient shift (o; = any)

at every iteration, yielding a sequence 01,09, ... of shifts. Also run Rayleigh
quotient iteration (Algorithm 5.1), starting with xq = [0,...,0,1]7, yielding
a sequence of Rayleigh quotients p1, p2,.... Show that these sequences are

identical: o; = p; for all 4. This justifies the claim in section 5.3.2 that shifted
QR iteration enjoys local cubic convergence.

QUESTION 5.14. (Easy) Prove Lemma 5.1.

QUESTION 5.15. (Easy) Prove that if t(n) = 2t(n/2) + en® + O(n?), then
t(n) ~ c%ng’. This justifies the complexity analysis of the divide-and-conquer
algorithm (Algorithm 5.2).

QUESTION 5.16. (Easy) Let A = D 4+ puu”, where D = diag(dy, ...,d,) and
u = [ug,...,uy|’. Show that if d; = d;y1 or u; = 0, then d; is an eigenvalue
of A. If w; = 0, show that the eigenvector corresponding to d; is e;, the
ith column of the identity matrix. Derive a similarly simple expression when
d; = dijy1. This shows how to handle deflation in the divide-and-conquer
algorithm, Algorithm 5.2.

QUESTION 5.17. (Easy) Let 1) and ¢’ be given scalars. Show how to compute
scalars ¢ and ¢ in the function definition h(A) = ¢ + 7% so that at A = ¢,
h(§) =, and B'(€) = ¢)'. This result is needed to derive the secular equation
solver in section 5.3.3.

QUESTION 5.18. (Easy; Z. Bai) Use the SVD to show that if A is an m-
by-n real matrix with m > n, then there exists an m-by-n matrix ¢ with
orthonormal columns (Q7Q = I) and an n-by-n positive semidefinite matrix P
such that A = QP. This decomposition is called the polar decomposition of A,
because it is analogous to the polar form of a complex number z = ¢*'2(2) .| z|.)
Show that if A is nonsingular, then the polar decomposition is unique.
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QUESTION 5.19. (Easy) Prove Lemma 5.5.
QUESTION 5.20. (Easy) Prove Lemma 5.7.

QUESTION 5.21. (Hard) Prove Theorem 5.13. Also, reduce the exponent 4n —
2 in Theorem 5.13 to 2n — 1. Hint: In Lemma 5.7, multiply D; and divide Do
by an appropriately chosen constant.

QUESTION 5.22. (Medium) Prove that Algorithm 5.13 computes the SVD of
G, assuming that GT'G converges to a diagonal matrix.

QUESTION 5.23. (Harder) Let A be an n-by-n symmetric positive definite
matrix with Cholesky decomposition A = LL”, and let L be the Cholesky fac-
tor computed in floating point arithmetic. In this question we will bound
the relative error in the (squared) singular values of L as approximations
of the eigenvalues of A. Show that A can be written A = DAD, where
D = diag(a%{{ . a%) and a; = 1 for all . Write L = DX. Show that
K2(X) = KZ(A). Usmg bound (2.16) for the backward error §A of Cholesky
A+6A = LLT, show that one can write LTL = YTLTLY , where ||[YTY — If2 <

O(e)k(A). Use Theorem 5.6 to conclude that the eigenvalues of LTL and
of LTL differ relatively by at most O(g)x(A). Then show that this is also
true of the eigenvalues of LLT and LLT. This means that the squares of

the singular values of L differ relatively from the eigenvalues of A by at most
O(e)k(A) = O(e)r%(L).

QUESTION 5.24. (Harder) This question justifies the stopping criterion for
one-sided Jacobi’s method for the SVD (Algorithm 5.13). Let A = GTG,
where G' and A are n-by-n. Suppose that |a;| < €,/ajag for all j = k. Let
op < -+ < o1 be the singular values of G, and 047% <. < 04% be the sorted
diagonal entries of A. Prove that |o; — a;| < nelay| so that the «; equal the
singular values to high relative accuracy. Hint: Use Corollary 5.2.

QUESTION 5.25. (Harder) In Question 4.15, you “noticed” that running QR
for m steps on a symmetric matrix, “flipping” the rows and columns, running
for another m steps, and flipping again got you back to the original matrix.
(Flipping X means replacing X by JXJ, where J is the identity matrix with
its row in reverse order.) In this exercise we will prove this for symmetric
positive definite matrices 1" using an approach different from Corollary 5.4.

Consider LR iteration (Algorithm 5.9) with a zero shift, applied to the
symmetric positive definite matrix 7' (which is not necessarily tridiagonal):
Let T =Ty = BTBO be the Cholesky decomp051t10n T, = ByBl = B By,
and more generally T; = B;_1 Bl | = BI'B;. Let T; denote the matrix obtamed
from T} after i steps of unshifted QR iteration; i.e., if T} = Q;R; is the QR
decomposition, then Ti+1 = R;Q;. In Lemma 5.6 we showed that Tl = Ty
i.e., one step of QR is the same as two steps of LR.
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1. Show that T; = (Bilei,Q s BO)iTTO(Bileifz < Bo)T.
2. Show that T; = (Bl',lBi,Q s BO)TO(Bileifz oo Bo)_l.

3. Show that Tg = (BiBi_1-+-Bo)T(B;B;_1 --- By) is the Cholesky decom-
position of Té.

4. Show that Té =(Qo - Qi—2Qi—1) - (Ri_lRi_Q -+ Ry) is the QR decom-
position of T§.

5. Show that TO% = (RQi_lRQi_Q ce RO)T(RQi_lRQi_Q ce Ro) is the
Cholesky decomposition of T¢.

6. Show the result after m steps of QR, flipping m steps of QR, and flipping,
is the same as the original matrix. Hint: Use the fact that the Cholesky
factorization is unique.

QUESTION 5.26. (Hard; Z. Bai) Suppose that z is an n-vector. Define the
matrix C by ¢;; = |x;|+|z;| —|x; —x;|. Show that C(z) is positive semidefinite.

QUESTION 5.27. (Easy; Z. Bai) Let

I B
(o 7)

with ||Blj2 < 1. Show that

L+ ||Bll2

All2|A7Yp = =12
L e P

QUESTION 5.28. (Medium; Z. Bai) A square matrix A is said to be skew
Hermitian if A* = —A. Prove that
1. the eigenvalues of a skew Hermitian are purely imaginary.

2. I — A is nonsingular.

3. C=(I—A)"YI+A)is unitary. C is called the Cayley transform of A.
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Iterative Methods for Linear Systems

6.1. Introduction

Tterative algorithms for solving Az = b are used when methods such as Gaus-
sian elimination require too much time or too much space. Methods such
Gaussian elimination, which compute the exact answers after a finite number
of steps (in the absence of roundoft!), are called direct methods. In contrast to
direct methods, iterative methods generally do not produce the exact answer
after a finite number of steps but decrease the error by some fraction after
each step. Iteration ceases when the error is less than a user-supplied thresh-
old. The final error depends on how many iterations one does as well as on
properties of the method and the linear system. Our overall goal is to develop
methods which decrease the error by a large amount at each iteration and do
as little work per iteration as possible.

Much of the activity in this field involves exploiting the underlying math-
ematical or physical problem that gives rise to the linear system in order to
design better iterative methods. The underlying problems are often finite
difference or finite element models of physical systems, usually involving a
differential equation. There are many kinds of physical systems, differential
equations, and finite difference and finite element models, and so many meth-
ods. We cannot hope to cover all or even most interesting situations, so we
will limit ourselves to a model problem, the standard finite difference approx-
imation to Poisson’s equation on a square. Poisson’s equation and its close
relation, Laplace’s equation, arise in many applications, including electromag-
netics, fluid mechanics, heat flow, diffusion, and quantum mechanics, to name
a few. In addition to describing how each method works on Poisson’s equation,
we will indicate how generally applicable it is, and describe common variations.

The rest of this chapter is organized as follows. Section 6.2 describes on-line
help and software for iterative methods discussed in this chapter. Section 6.3
describes the formulation of the model problem in detail. Section 6.4 summa-
rizes and compares the performance of (nearly) all the iterative methods in
this chapter for solving the model problem.

265
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The next five sections describe methods in roughly increasing order of their
effectiveness on the model problem. Section 6.5 describes the most basic it-
erative methods: Jacobi, Gauss—Seidel, successive overrelaxation, and their
variations. Section 6.6 describes Krylov subspace methods, concentrating on
the conjugate gradient method. Section 6.7 describes the fast Fourier trans-
form and how to use it to solve the model problem. Section 6.8 describes block
cyclic reduction. Finally, section 6.9 discusses multigrid, our fastest algorithm
for the model problem. Multigrid requires only O(1) work per unknown, which
is optimal.

Section 6.10 describes domain decomposition, a family of techniques for
combining the simpler methods described in earlier sections to solve more com-
plicated problems than the model problem.

6.2. On-line Help for lterative Methods

For Poisson’s equation, there will be a short list of numerical methods that
are clearly superior to all the others we discuss. But for other linear systems
it is not always clear which method is best (which is why we talk about so
many!). To help users select the best method for solving their linear systems
among the many available, on-line help is available at NETLIB/templates.
This directory contains a short book [24] and software for most of the it-
erative methods discussed in this chapter. The book is available in both
PostScript (NETLIB/templates/templates.ps) and Hypertext Markup Lan-
guage (NETLIB/templates/template.html). The software is available in Mat-
lab, Fortran, and C++.

The word template is used to describe this book and the software, because
the implementations separate the details of matrix representations from the
algorithm itself. In particular, the Krylov subspace methods (see section 6.6)
require only the ability to multiply the matrix A by an arbitrary vector z. The
best way to do this depends on how A is represented but does not otherwise
affect the organization of the algorithm. In other words, matrix-vector multi-
plication is a “black-box” called by the template. It is the user’s responsibility
to supply an implementation of this black-box.

An analogous templates project for eigenvalue problems is underway. Other
recent textbooks on iterative methods are [15, 134, 212].

For the most challenging practical problems arising from differential equa-
tions more challenging than our model problem, the linear system Ax = b must
be “preconditioned,” or replaced with the equivalent systems M ' Az = M ~'b,
which is somehow easier to solve. This is discussed at length in sections 6.6.5
and 6.10. Implementations, including parallel ones, of many of these techniques
are available on-line in the package PETSc, or Portable Extensible Toolkit for
Scientific computing, at http://www.mcs.anl.gov/petsc/petsc.html [230].
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6.3. Poisson’s Equation

6.3.1. Poisson’s Equation in One Dimension

We begin with a one-dimensional version of Poisson’s equation,

d*v(z)
dx?

where f(z) is a given function and v(x) is the unknown function that we want
to compute. v(x) must also satisfy the boundary conditions?® v(0) = v(1) = 0.
We discretize the problem by trying to compute an approximate solution at
N + 2 evenly spaced points x; between 0 and 1: z; = th, where h = ﬁ
and 0 < i < N 4+ 1. We abbreviate v; = v(z;) and f; = f(z;). To convert

= f(z), 0<uz<l, (6.1)

differential equation (6.1) into a linear equation for the unknowns v1,..., vy,
we use finite differences to approximate
dv(x) Vi — Vi—1
dx a=(i—.5)h - ho
dv(z) o Vil Ui
dzx x=(i+.5)h h

Subtracting these approximations and dividing by h yield the centered differ-
ence approrimation
d*v(x)
dz?

20; — Vi—1 — Vit1
=2 th CLIR (6.2)

r=x;

where 7;, the so-called truncation error, can be shown to be O(h? - ||(‘%f;||oo).
We may now rewrite equation (6.1) at z = x; as

—vi-1 + 203 — vip1 = W2 fi + BP,

where 0 < 7 < N+1. Since the boundary conditions imply that vg = vy11 =0,

we have N equations in N unknowns vy, ..., vnN:
(%1 2 -1 0 V1
Ty - = -1
-1 :

UN 0 —1 2 UN

S I
= n2| | +R?| (6.3)

I TN

23These are called Dirichlet boundary conditions. Other kinds of boundary conditions are
also possible.
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3.5

2.5

0.5F

Fig. 6.1. Eigenvalues of To;.

or

Tyv = h*f + h*7. (6.4)

To solve this equation, we will ignore 7, since it is small compared to f, to
get
Tno = h2f. (6.5)

(We bound the error v — v later.)

The coefficient matrix T plays a central role in all that follows, so we will
examine it in some detail. First, we will compute its eigenvalues and eigen-
vectors. One can easily use trigonometric identities to confirm the following
lemma (see Question 6.1).

LEMMA 6.1. The eigenvalues of T are A\j = 2(1 —cos Nﬂ—il) The eigenvectors

are z;, where zj(k) = ,/Niﬂsin(jkﬂ/(]\f +1)). z; has unit two-norm. Let

Z = |z1,...,2n] be the orthogonal matriz whose columns are the eigenvectors,
and A = diag(\1,...,\n), so we can write Ty = ZAZT.

Figure 6.1 is a plot of the eigenvalues of Ty for N = 21.
The largest eigenvalue is A\y = 2(1 — cos WNLH) ~ 4. The smallest
eigenvalue®* is A1, where for small 4

X 272 LT 2
c=2(1- ~2(1-(1-— ) = :
A ( COSN+1> ( < 2(N+1)2>) <N+1>

24Note that Ay is the largest eigenvalue and A; is the smallest eigenvalue, the opposite of
the convention of Chapter 5.
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Eigenvector 1 Eigenvector 5
l M l
0 S 0
-1 -1
0 5 10 15 20 0 5 10 15 20
Eigenvector 2 Eigenvector 11
1 1
0 0
-1 -1
0 5 10 15 20 0 5 10 15 20
Eigenvector 3 Eigenvector 21
1 1
0 0
-1 -1
0 5 10 15 20 0 5 10 15 20

Fig. 6.2. FEigenvectors of Ta;.

Thus Ty is positive definite with condition number Ay /A1 ~ 4(N 4+ 1)? /72 for
large N. The eigenvectors are sinusoids with lowest frequency at j7 = 1 and
highest at j = N, shown in Figure 6.2 for N = 21.

Now we know enough to bound the error, i.e., the difference between the
solution of Tw® = h?f and the true solution v of the differential equation:
Subtract equation (6.5) from equation (6.4) to get v — & = h?Tx'7. Taking
norms yields

)

so the error v — ¥ goes 4to zero proportionally to h?, provided that the solution
is smooth enough. (||%’;||Oo is bounded.)

d*v

dx?t

o (N +1)2

lo = dlla < RAITY l2lI7ll2 & h*=—5=]7[l> = O(l|l|2) = O <h2

From now on we will not distinguish between v and its approximation o,
and so will simplify notation by letting Tyv = h?f.

In addition to the solution of the linear system h~2Tyv = f approximating
the solution of the differential equation (6.1), it turns out that the eigenvalues
and eigenvectors of h 2Ty also approximate the eigenvalues and eigenfunctions
of the differential equation: We say that J); is an eigenvalue and Zi(x) is an
eigenfunction of the differential equation if

B d221(x>

= Nizi(z) with 2(0) = 2(1) =0.
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Let us solve for \; and 2;(z): It is easy to see that 2;(z) must equal a sin(v/ \iz)+
Bcos(v/Aiz) for some constants a and 3. The boundary condition ;(0) = 0

implies § = 0, and the boundary condition Z;(1) = 0 implies that +/ A is

an integer multiple of 7, which we can take to be im. Thus N = 272 and

Zi(xz) = asin(irz) for any nonzero constant o (which we can set to 1). Thus
the eigenvector z; is precisely equal to the eigenfunction Z;(x) evaluated at the

sample points x; = jh (when scaled by ). And when i is small, N\ = i2n?

N
is well approximated by h=2-)\; = (N+1)2-2(1—cos NZL) = i?m2+O((N+1)72).
Thus we see there is a close correspondence between Ty (or h2T v) and the
second derivative operator —%. This correspondence will be the motivation
for the design and analysis of later algorithms.
It is also possible to write down simple formulas for the Cholesky and LU

factors of Tn; see Question 6.2 for details.

6.3.2. Poisson’s Equation in Two Dimensions

Now we turn to Poisson’s equation in two dimensions:

_PPu(z,y)  DPu(z,y)
0x? 0y?

= f(z,y) (6.6)

on the unit square {(z,y) : 0 < z,y < 1}, with boundary condition v = 0
on the boundary of the square. We discretize at the grid points in the square
which are at (z;,y;) with z; = ih and y; = jh, with h = 1=. We abbreviate

vij = v(ih, jh) and fij = f(ih, jh), as shown below for N .
| n
j=4
j=3 43 h
j=2 ®
=1
j=0 —X

i=0 i=1 =2 i=3 i=4

From equation (6.2), we know that we can approximate

5?2 , QUi s — Vi1 5 — Vs .
_ 2(5252 y) ~ 2Vij — Ui hlzd Vitli 4 (6.7)
T=T3,Y=Y;
62’0(1’, y) 21}1‘73‘ — Uiyjfl — Ui7j+1 6.8
- 8y2 B2 : ( : )

T=Ti,Y=Y;
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Adding these approximations lets us write

_PPu(z,y)  DPu(z,y)

2 2
Ox dy T=2;,Y=Y;
4v;5 — Vi1 — Ui v; Vi j
_ J 1—1,j 1,7 — Vij—1 = Yij+1
= 2 — Tij, (6.9)

where 7;; is again a truncation error bounded by O(h?). The heavy (blue)
cross in the middle of the above figure is called the (5-point) stencil of this
equation, because it connects all (5) values of v present in equation (6.9).
From the boundary conditions we know vg; = vn41,; = vip = v N1 = 0 s0
that equation (6.9) defines a set of n = N? linear equations in the n unknowns
vy for 1 <4, 5 < N
4’[)1']' - 1}1;17]' - vi+17j - Ui,jfl - /Ui,jJrl == hzfij. (610)
There are two ways to rewrite the n equations represented by (6.10) as a
single matrix equation, both of which we will use later.
The first way is to think of the unknowns v;; as occupying an N-by-N
matrix V with entries v;; and the right-hand sides h?f;; as similarly occupying
an N-by-N matrix h2F. The trick is to write the matrix with i, j entry 4v;; —

Vi—1,5 — Vit+l,j — Vij—1 — Vij+1 in a simple way in terms of V' and T: Simply
note that

20ij —vicy —vipry = (In - V)i,

20ij —vij1 —vijy1 = (V-TN)ij,

so adding these two equations yields
(T -V +V - Tn)ij = 4vij — vi1j — Vig1j — Vi1 — Vi1 = b2 fij = (B*F);;

or

Ty -V +V - -Ty = h?F. (6.11)

This is a linear system of equations for the unknown entries of the matrix V,
even though it is not written in the usual “Axz = b” format, with the unknowns
forming a vector xz. (We will write the “Ax = b” format below.) Still, it
is enough to tell us what the eigenvalues and eigenvectors of the underlying
matrix A are, because “Ax = Az” is the same as “INV + VI = AV.” Now
suppose that Tyz; = \;jz; and Tyz; = Ajz; are any two eigenpairs of T, and
let V = zZzJT Then

TNV +VINy = TNZl)Z —|—Zl( TTN)
py zz)z + zz( - )\j)
i+ Aj)ziz

(
(
(
(N + X))V, (6.12)
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soV = zlij is an “eigenvector” and \; + A; is an eigenvalue. Since V' has
N? entries, we expect N? eigenvalues and eigenvectors, one for each pair of
eigenvalues \; and A; of Ty. In particular, the smallest eigenvalue is 2)\; and
the largest eigenvalue is 2Ay, so the condition number is the same as in the
one-dimensional case. We rederive this result below using the “Az = b” format.
See Figure 6.3 for plots of some eigenvectors, represented as surfaces defined
by the matrix entries of ziij.

Just as the eigenvalues and eigenvectors of h™2T were good approxima-
tions to the eigenvalues and eigenfunctions of one-dimensional Poisson’s equa-
tion, the same is true of two-dimensional Poisson’s equation, whose eigenvalues
and eigenfunctions are as follows (see Question 6.3):

_ 0? _ PN . o
92 " 92 sin(irz) sin(jmy)
= (7% + j%7?) sin(imx) sin(jmy). (6.13)

The second way to write the n equations represented by equation (6.10)
as a single matrix equation is to write the unknowns v;; in a single long N 2.
by-1 vector. This requires us to choose an order for them, and we (somewhat
arbitrarily) choose to number them as shown in Figure 6.4, columnwise from
the upper left to the lower right.

For example, when N = 3 one gets a column vector v = [v1,...,ve]T. If
we number f accordingly, we can transform equation (6.10) to get

F o ] T4 -1 -1 C o
vl 1 4 -1 1 Ul
2 -1 4 -1 2
: 1 4 —1 1
Tsx3- | . = -1 1 4 -1 -1
: -1 1 4 -1
1 4 —1
-1 1 4 -1
L Y9 | -1 -1 4] L%
T
f2
= n* . |. (6.14)
L fo

The —1’s immediately next to the diagonal correspond to subtracting the
top and bottom neighbors —v;_1 ; — v;11;. The —1’s farther away away from
the diagonal correspond to subtracting the left and right neighbors —v; ;1 —
v j4+1. For general N, we confirm in the next section that we get an N2-by-N2
linear system

Tnxn -0 = h2f, (6.15)
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Fig. 6.3. Three-dimensional and contour plots of first four eigenvectors of the 10-by-10

Poisson equation.
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v, 2
N+1‘ N -N+1‘

Fig. 6.4. Numbering the unknowns in Poisson’s equation.

where T« n has N N-by-N blocks of the form T + 21y on its diagonal and
—1In blocks on its offdiagonals:

ITn +2Iy —In

ThyN = —In (6.16)
—Iy

—Iny Tn+2IN

6.3.3. Expressing Poisson’s Equation with Kronecker Products

Here is a systematic way to derive equations (6.15) and (6.16) as well as to
compute the eigenvalues and eigenvectors of Ty x . The method works equally
well for Poisson’s equation in three or more dimensions.

DEFINITION 6.1. Let X be m-by-n. Then vec(X) is defined to be a column

vector of size m - n made of the columns of X stacked atop one another from
left to right.

Note that N2-by-1 vector v defined in Figure 6.4 can also be written v =
vec(V).

To express Ty xn as well as compute its eigenvalues and eigenvectors, we
need to introduce Kronecker products.

DEFINITION 6.2. Let A be an m-by-n matriz and B be a p-by-q matriz. Then
A ® B, the Kronecker product of A and B, is the (m - p)-by-(n - q) matriz

CL1’1-B alm-B

am1-B ... amn-B

The following lemma tells us how to rewrite the Poisson equation in terms
of Kronecker products and the vec(-) operator.
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LEMMA 6.2. Let A be m-by-m, B be n-by-n, and X and C be m-by-n. Then
the following properties hold:

1. vec(AX) = (I, ® A) - vec(X).

2. vec(XB) = (BT ® I,,) - vec(X).

3. The Poisson equation TV + VTy = h®F is equivalent to

Tyxn -vec(V) = (In @ Ty + Ty @ In) - vec(V) = h?vec(F).  (6.17)

Proof. We prove only part 3, leaving the other parts to Question 6.4. We start
with the Poisson equation TV + VTy = h?F as expressed in equation (6.11),
which is clearly equivalent to

vec(TyV + VTn) = vec(TnV) + vec(VTy) = vec(h*F).
By part 1 of the lemma
vec(TnV) = (In ® Ty )vec(V).
By part 2 of the lemma and the symmetry of Ty,
vec(VTy) = (T @ Iy)vec(V) = (Ty @ In)vec(V).

Adding the last two expressions completes the proof of part 3. O
The reader can confirm that the expression

Inxny = INQTN+Tn®INn
TN 2Iy Iy
. -1 '
- . Iy
Tn —Iny 2y
from equation (6.17) agrees with equation (6.16).2
To compute the eigenvalues of matrices defined by Kronecker products, like
Tnxn, we need the following lemma, whose proof is also part of Question 6.4.

LEMMA 6.3. The following facts about Kronecker products hold:

1. Assume that the products A-C and B - D are well defined. Then (A ®
B)- (C®D)=(A-C)® (B-D).

25We can use this formula to compute Tnxn in two lines of Matlab:

TN = 2*eye(N) - diag(ones(N-1,1),1) - diag(ones(N-1,1),-1);
TNxN = kron(eye(N),TN) + kron(TN,eye(N));
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2. If A and B are invertible, then (A® B)™! = A=t @ B~L.

3. (A B)T = AT @ BT.

PROPOSITION 6.1. Let Ty = ZAZT be the eigendecomposition of Ty, with
Z = [z1,...,2N] the orthogonal matriz whose columns are eigenvectors, and
A = diag(Ai,...,AN). Then the eigendecomposition of Tyxny = IQTN+TNRI
18

IQTN+Tn®I=(Z0Z)-UA+ARI) - (Z2 Z)T. (6.18)

I®QA+ARI is a diagonal matriz whose (iN + j)th diagonal entry, the (i,7)th
ergenvalue of Tnxn, 18 Nij = Ni + Xj. Z ® Z is an orthogonal matriz whose
(iN + j)th column, the corresponding eigenvector, is z; @ z;.

Proof. From parts 1 and 3 of Lemma 6.3, it is easy to verify that Z ® Z is
orthogonal, since (Z®2)(Z®2)! = (Z02)(Z2TeZT) = (Z- 2T\ (Z-ZT) =
I ® I =1. We can now verify equation (6.18):

(ZeoZ) - IoA+AR]) - (Zo2)"
= (Ze2)-IaA+Ax])-(ZT 02T
by part 3 of Lemma 6.3
= (Z-I-ZNe(Z-N-Z"+(2Z-N-Z0)Ye(Z-1-27)
by part 1 of Lemma 6.3
= (e ((In)+(In)e )

= TNxN-

Also, it is easy to verify that /@ A+ A®1 is diagonal, with diagonal entry (i N +
J) given by A; + A;, so that equation (6.18) really is the eigendecomposition
of Tyxn. Finally, from the definition of Kronecker product, one can see that
column iN +jof Z® Z1is z; ® z;. O

The reader can confirm that the eigenvector z; ® z; = Vec(zjziT), thus
matching the expression for an eigenvector in equation (6.12).

For a generalization of Proposition 6.1 to the matrix A® I + BT ® I, which
arises when solving the Sylvester equation AX — X B = C, see Question 6.5
(and Question 4.6).

Similarly, Poisson’s equation in three dimensions leads to

ITNxNxN=INQINQIN +INQTIN® IN + IN® IN @ TN,

with eigenvalues all possible triple sums of eigenvalues of Ty, and eigenvector
matrix Z ® Z ® Z. Poisson’s equation in higher dimensions is represented
analogously.
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Method Serial Space  Direct or Section
Time Iterative
Dense Cholesky n’ n? D 2.7.1
Explicit inverse n? n? D
Band Cholesky n? n3/2 D 2.7.3
Jacobi n? n I 6.5
Gauss—Seidel n? n I 6.5
Sparse Cholesky n3/? n-logn D 2.74
Conjugate gradients n3/2 n 1 6.6
Successive overrelaxation n3/2 n I 6.5
SSOR with Chebyshev accel. nd/4 n 1 6.5
Fast Fourier transform n-logn n D 6.7
Block cyclic reduction n-logn n D 6.8
Multigrid n n I 6.9
Lower bound n n

Table 6.1. Order of complexity of solving Poisson’s equation on an N-by-N grid
(n = N?).

6.4. Summary of Methods for Solving Poisson’s Equa-
tion

Table 6.1 lists the costs of various direct and iterative methods for solving
the model problem on an N-by-N grid. The variable n = N2, the number
of unknowns. Since direct methods provide the exact answer (in the absence
of roundoff ), whereas iterative methods provide only approximate answers, we
must be careful when comparing their costs, since a low-accuracy answer can be
computed more cheaply by an iterative method than a high-accuracy answer.
Therefore, we compare costs, assuming that the iterative methods iterate often
enough to make the error at most some fixed small value?® (say, 107).

The second and third columns of Table 6.1 give the number of arithmetic
operations (or time) and space required on a serial machine. Column 4 indi-
cates whether the method is direct (D) or iterative (I). All entries are meant in
the O(-) sense; the constants depend on implementation details and the stop-
ping criterion for the iterative methods (say, 107%). For example, the entry for
Cholesky also applies to Gaussian elimination, since this changes the constant
only by a factor of two. The last column indicates where the algorithm is
discussed in the text.

The methods are listed in increasing order of speed, from slowest (dense

26 Alternatively, we could iterate until the error is O(h?) = O((N 4 1)~2), the size of the
truncation error. One can show that this would increase the costs of the iterative methods
in Table 6.1 by a factor of O(logn).
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Cholesky) to fastest (multigrid), ending with a lower bound applying to any
method. The lower bound is n because at least one operation is required per
solution component, since otherwise they could not all be different and also
depend on the input. The methods are also, roughly speaking, in order of de-
creasing generality, with dense Cholesky applicable to any symmetric positive
definite matrix and later algorithms applicable (or at least provably conver-
gent) only for limited classes of matrices. In later sections we will describe the
applicability of various methods in more detail.

The “explicit inverse” algorithm refers to precomputing the explicit inverse
of Ty n, and computing v = Tﬁi N by a single matrix-vector multiplication
(and not counting the flops to precompute T &i ~)- Along with dense Cholesky,
it uses n? space, vastly more than the other methods. It is not a good method.
Band Cholesky was discussed in section 2.7.3; this is just Cholesky taking
advantage of the fact that there are no entries to compute or store outside a
band of 2NV 4 1 diagonals.

Jacobi and Gauss—Seidel are classical iterative methods and not particu-
larly fast, but they form the basis for other faster methods: successive overre-
laxation, symmetric successive overrelaxation, and multigrid, our fastest algo-
rithm. So we will study them in some detail in section 6.5.

Sparse Cholesky refers to the algorithm discussed in section 2.7.4: it is
an implementation of Cholesky that avoids storing or operating on the zero
entries of Ty or its Cholesky factor. Furthermore, we are assuming the
rows and columns of Ty« have been “optimally ordered” to minimize work
and storage (using nested dissection [110, 111]). While sparse Cholesky is
reasonably fast on Poisson’s equation in two dimensions, it it significantly
worse in three dimensions (using O(N%) = O(n?) time and O(N*) = O(n*/?)
space), because there is more “fill-in” of zero entries during the algorithm.

Conjugate gradients, while not particularly fast on our model problem,
are a representative of a much larger class of methods, called Krylov subspace
methods, which are very widely applicable both for linear system solving and
finding eigenvalues of sparse matrices. We will discuss these methods in more
detail in section 6.6.

The fastest methods are block cyclic reduction, the fast Fourier transform
(FFT), and multigrid. In particular, multigrid does only O(1) operations per
solution component, which is asymptotically optimal.

A final warning is that this table does not give a complete picture, since
the constants are missing. For a particular size problem on a particular ma-
chine, one cannot immediately deduce which method is fastest. Still, it is clear
that iterative methods such as Jacobi, Gauss—Seidel, conjugate gradients, and
successive overrelaxation are inferior to the FFT, block cyclic reduction, and
multigrid for large enough n. But they remain of interest because they are
building blocks for some of the faster methods, and because they apply to
larger classes of problems than the faster methods.

All of these algorithms can be implemented in parallel; see the lectures
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on PARALLEL_HOMEPAGE for details. It is interesting that, depending on
the parallel machine, multigrid may no longer be fastest. This is because on
a parallel machine the time required for separate processors to communicate
data to one another may be as costly as the floating point operations, and
other algorithms may communicate less than multigrid.

6.5. Basic lterative Methods

In this section we will talk about the most basic iterative methods:

Jacobi’s

Gauss—Seidel,

successive overrelaxation (SOR(w)),

Chebyshev acceleration with symmetric successive overrelaxation

(SSOR(w)).

These methods are also discussed and their implementations are provided at
NETLIB/ templates.

Given g, these methods generate a sequence z,, converging to the solution
A7 of Ax = b, where x,,,1 is cheap to compute from z,,.

DEFINITION 6.3. A splitting of A is a decomposition A = M — K, with M
nonsingular.

A splitting yields an iterative method as follows: Az = Mx — Kz = b
implies Moz = Kx +bor o = M~ 'Kz + M~'b = Rx + c. So we can take
Tm+1 = Rxpy + ¢ as our iterative method. Let us see when it converges.

LEMMA 6.4. Let ||| be any operator norm (|| R|| = maxgz—o Hﬁﬂ”). If|R|| < 1,
then m41 = Rxp, + ¢ converges for any xg.

Proof. Subtract x = Rx+c from x,,11 = Rxy,+cto get xy11—x = R(zp—1x).
Thus || zme1 — z|| < |R]| - [|2m — 2| < ||R||™ - ||zo — ||, which converges to
0 since ||R|| < 1. O

Our ultimate convergence criterion will depend on the following property
of R.

DEFINITION 6.4. The spectral radius of R is p(R) = max |\|, where the maz-
imum is taken over all eigenvalues A of R.

LEMMA 6.5. For all operator norms p(R) < ||R||. For all R and for all e > 0
there is an operator norm || - ||« such that |R||« < p(R) + €. || - |« depends on
both R and e.
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Proof. To show p(R) < ||R|| for any operator norm, let = be an eigenvector for

R, Rx Az
A, where p(R) = [A] and so | R]| = max;_o Il > It — Ipel — )

To construct an operator norm ||-||, such that || R||x < p(R)+¢,let STIRS =
J be in Jordan form. Let D, = diag(1,¢,¢2,...,e" ). Then

(SD.)"'R(SD.) = D.'JD.

Al €

A1

A2

i.e., a “Jordan form” with €’s above the diagonal. Now use the vector norm

|2|l« = [|(SDe) "1z to generate the operator norm
R
|R|lx = max | R,
v=0 ||z
_ 1(SDe)™ Rzl
= max

=0 H(SDE)_leoo
—1
 I(SD) T R(SDy
y=0 [yl oo
= H(SDe)ilR(SDe)Hoo

= max|\|+ e
(2

= p(R)+e O

THEOREM 6.1. The iteration xpy,41 = Rxy + ¢ converges to the solution of
Az = b for all starting vectors xo and for all b if and only if p(R) < 1.

Proof. If p(R) > 1, choose x¢y — = to be an eigenvector of R with eigenvalue
A where [A| = p(R). Then

(i1 — ) = R(xp — ) = --- = R™ (29 — 2) = N (2 — )

will not approach 0. If p(R) < 1, use Lemma 6.5 to choose an operator norm so
|R|l < 1 and then apply Lemma 6.4 to conclude that the method converges.
O

DEFINITION 6.5. The rate of convergence of xy,11 = Rz, + ¢ is 7(R) =
—logy p(R).
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r(R) is the increase in the number of correct decimal places in the solution
per iteration, since logyq [|Zm — ||« — 10g1g [[Tm+1 — z||x = r(R) + O(e). The
smaller is p(R), the higher is the rate of convergence, i.e., the greater is the
number of correct decimal places computed per iteration.

Our goal is now to choose a splitting A = M — K so that both

(1) Re = M~'Kz and ¢ = M~'b are easy to evaluate,
(2) p(R) is small.

We will need to balance these conflicting goals. For example, choosing M = I
is good for goal (1) but may not make p(R) < 1. On the other hand, choosing
M = A and K = 0 is good for goal (2) but probably bad for goal (1).

The splittings for the methods discussed in this section all share the fol-
lowing notation. When A has no zeros on its diagonal, we write

A=D-L-U=D(I-L-U), (6.19)

where D is the diagonal of A, —L is the strictly lower triangular part of A,
DL = L, —U is the strictly upper triangular part of A, and DU = U.

6.5.1. Jacobi’'s Method

Jacobi’s method can be described as repeatedly looping through the equations,
changing variable j so that equation j is satisfied exactly. Using the notation of
equation (6.19), the splitting for Jacobi’s method is A = D—(L+U); we denote
R; =D Y (L+U) = L+U and ¢; = D~'b, so we can write one step of Jacobi’s
method as x,,,+1 = Rjx,+cy. To see that this formula corresponds to our first
description of Jacobi’s method, note that it implies D1 = (L + U )Tm + b,

jjTmi1,j = = D og=j GjkTmk + bjy OF QjjTm1,j + D ) Ajkm k = bj.
ALGORITHM 6.1. One step of Jacobi’s method:

forj=1ton
1
Tmt1,j = 5,7 (0 = Dpej WjkTm k)
end for

In the special case of the model problem, the implementation of Jacobi’s
algorithm simplifies as follows. Working directly from equation (6.10) and
letting vy, ;; denote the mth value of the solution at grid point 7, j, Jacobi’s
method becomes the following.

ALGORITHM 6.2. One step of Jacobi’s method for two-dimensional Poisson’s
equation:

fori=1to N
forj=1to N
Umt1,ij = (Umiio1,j + Umyit1,j + Umyij—1 + Umyij+1 + h2 fij) /4
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end for
end for

In other words, at each step the new value of v;; is obtained by “averaging”
its neighbors with h?f;;. Note that all new values vy, 11, ; may be computed
independently of one another. Indeed, Algorithm 6.2 can be implemented in
one line of Matlab if the v,,1;; are stored in a square array V that includes
an extra first and last row of zeros and first and last column of zeros (see
Question 6.6).

6.5.2. Gauss—Seidel Method

The motivation for this method is that at the jth step of the loop for Jacobi’s
method, we have improved values of the first j — 1 components of the solution,
so we should use them in the sum.

ALGORITHM 6.3. One step of the Gauss—Seidel method:

forj=1ton

7j—1 n
1
Tmi1,j = o= | b — E AjkTmi1,k — § Ak Tm k
k=1 k=j+1

updated z s older z’s

end for

For the purpose of later analysis, we want to write this algorithm in the form
Tm+1 = Rastm + cgs. To this end, note that it can first be rewritten as

J n
Z AikTm+1k = — Z AikTm k + bj. (620)
k=1 k=j+1

Then using the notation of equation (6.19), we can rewrite equation (6.20) as
(D — L)xyy1 = Uz, +bor

Tmi1 = (D—L)'Uap+(D-L)"'b
= (I-L)"Wam+T-L)'D
= Rgstm + cgs-

As with Jacobi’s method, we consider how to implement the Gauss—Seidel
method for our model problem. In principle it is quite similar, except that we
have to keep track of which variables are new (numbered m + 1) and which
are old (numbered m). But depending on the order in which we loop through
the grid points i,7, we will get different (and valid) implementations of the
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Gauss—Seidel method. This is unlike Jacobi’s method, in which the order in
which we update the variables is irrelevant. For example, if we update v, 1,1
first (before any other vy, ;;), then all its neighboring values are necessarily
old. But if we update v, 1,1 last, then all its neighboring values are necessarily
new, so we get a different value for v, 1,1. Indeed, there are as many possible
implementations of the Gauss-Seidel method as there are ways to order N2
variables (namely, N2!). But of all these orderings, only two are of interest.
The first is the ordering shown in Figure 6.4; this is called the natural ordering.

The second ordering is called red-black ordering. It is important because
our best convergence results in sections 6.5.4 and 6.5.5 depend on it. To ex-
plain red-black ordering, consider the chessboard-like coloring of the grid of

unknowns below; the nodes correspond to the black squares on a chess-

board, and the ® nodes correspond to the red squares.

v/
v/

v/
v/
v/

v/
v/
v/

v/

(B @) (B @) (R
2

Fhf\f@f\fh
(B @) (B @) (R
Fhf\f@f\fh
(B @) (B @) (R

The red-black ordering is to order the red nodes before the black nodes.
Note that red nodes are adjacent to only black nodes. So if we update all the
red nodes first, they will use only old data from the black nodes. Then when
we update the black nodes, which are only adjacent to red nodes, they will use
only new data from the red nodes. Thus the algorithm becomes the following.

ALGORITHM 6.4. One step of the Gauss—Seidel method on two-dimensional
Poisson’s equation with red-black ordering:

for all nodes i, j that are red (®)

Vmt1,,j = (Umyie1,j + Umit1,j + Umiij—1 + Umijt1 + A2 fi) /4
end for
for all nodes i,j that are black ( )

_ 2
Umt1,6,) = (Um41,i—1, T Um41,i41,5 + Umt1,ij—1 + Umt1,,j+1 + b2 fi) /4
end for

6.5.3. Successive Overrelaxation

We refer to this method as SOR(w), where w is the relazation parameter.
The motivation is to improve the Gauss—Seidel loop by taking an appropriate
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weighted average of the z,11,; and xy,

SOR’s 1, = (1 —w)Tm,j + WTmt1,5,
yielding the following algorithm.
ALGORITHM 6.5. SOR:

forj=1ton
Tty = (1 —w)zm; + % [bj — Y Tk — i ajkfﬂm,k}
end for
We may rearrange this to get, for j =1 to n,
7j—1 n
jjTm+1,j + W Zajkl'erLk = (1 — w)ajjxm,j —w Z AjkTm,k + wbj
k=1 k=j+1

or, again using the notation of equation (6.19),

(D —wLl)@mi1 = (1 —w)D 4 wl)apm + wb

or
Tmi1 = (D —wl) (1 —w)D+wl)ay +w(D —wL)™'b
= (I -wL) ™M1 - +wl)ry +wd —wL)"'D7
= RsoR(w)®Tm + CSOR(w)- (6.21)

We distinguish three cases, depending on the values of w: w = 1 is equiv-
alent to the Gauss—Seidel method, w < 1 is called underrelaxzation, and w > 1
is called overrelazation. A somewhat superficial motivation for overrelaxation
is that if the direction from z,, to ;41 is a good direction in which to move
the solution, then moving w > 1 times as far in that direction is better.

In the next two sections, we will show how to pick the optimal w for the
model problem. This optimality depends on using red-black ordering.

ALGORITHM 6.6. One step of SOR(w) on two-dimensional Poisson’s equation
with red-black ordering:

for all nodes i, j that are red (®)
Umt1i,j = (1 = w)omij+
W(Um,i-1,j F Vm,i+1j + Umij—1 + Vmi g1 + h2fij) /4
end for
for all nodes i, j that are black ()
Umt1,i = (1 — w)Um,ij+
W(Vmt1,i-1,§ + Vmt1it1,j + Vmttig—1 + Umtti g1 + B2 fig) /4
end for
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6.5.4. Convergence of Jacobi’'s, Gauss—Seidel, and
SOR(w) Methods on the Model Problem

It is easy to compute how fast Jacobi’s method converges on the model problem,
since the corresponding splitting is Tyxny = 41 — (41 — Tnxn), and so Ry =
(41)~Y(4I — Tywn) = I — Tvxn /4. Thus the eigenvalues of Ry are 1 — Nij/4,
where the A; j are the eigenvalues of Ty n:

e
)\i,j—/\i+/\j—4—2<cosN+1—i—cosN+1>.

p(Ry) is the largest of [1 — A; j/4|, namely,

s 7T2

p(RJ) == ‘1 - )\171/4| == ‘1 — )\N,N/4| = COS m ~1-— m
Note that as N grows and 7" becomes more ill-conditioned, the spectral
radius p(R ) approaches 1. Since the error is multiplied by the spectral radius
at each step, convergence slows down. To estimate the speed of convergence
more precisely, let us compute the number m of Jacobi iterations required to
decrease the error by e! = exp(—1). Then m must satisfy (p(R))™ = e !,

2

(1-— MT)Q)’” =el orm= 2(1\;_451)2 = O(N?) = O(n). Thus the number of
iterations is proportional to the number of unknowns. Since one step of Jacobi
costs O(1) to update each solution component or O(n) to update all of them,
it costs O(n?) to decrease the error by e~! (or by any constant factor less than
1). This explains the entry for Jacobi’s method in Table 6.1.

This is a common phenomenon: the more ill-conditioned the original prob-
lem, the more slowly most iterative methods converge. There are important
exceptions, such as multigrid and domain decomposition, which we discuss
later.

In the next section we will show, provided that the variables in Poisson’s
equation are updated in red-black order (see Algorithm 6.4 and Corollary 6.1),
that p(Rgs) = p(Rj)? = cos? N7+ In other words, one Gauss—Seidel
step decreases the error as much as two Jacobi steps. This is a general phe-
nomenon for matrices arising from approximating differential equations with
certain finite difference approximations. This also explains the entry for the
Gauss—Seidel method in Table 6.1; since it is only twice as fast as Jacobi, it
still has the same complexity in the O(-) sense.

For the same red-black update order (see Algorithm 6.6 and Theorem 6.7),
we will also show that for the relaxation parameter 1 < w = 2/(1+sin §77) < 2

cos? NL—H ) I

= —— -~ 1- for 1 N.
P(Rsor(w)) (1 + sim 2y )2 g lor large

This is in contrast to p(R) =1 — O(ﬁ) for Ry and Rgs. This is the optimal
value for w; i.e., it minimizes Rgop(,). With this choice of w, SOR(w) is
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approximately N times faster than Jacobi’s or the Gauss—Seidel method, since
if SOR(w) takes j steps to decrease the error as much as k steps of Jacobi’s or
the Gauss—Seidel method, then (1 — ﬁ)k ~ (1—%)7, implying 1— % ~1-— %
or k ~ j- N. This lowers the complexity of SOR(w) from O(n?) to O(n3/?), as
shown in Table 6.1.

In the next section we will show generally for certain finite difference ma-

trices how to choose w to minimize p(Rgor(.))-

6.5.5. Detailed Convergence Criteria for Jacobi’s,
Gauss—Seidel, and SOR(w) Methods

We will give a sequence of conditions that guarantee the convergence of these
methods. The first criterion is simple to apply but is not always applicable, in
particular not to the model problem. Then we give several more complicated
criteria, which place stronger conditions on the matrix A but in return give
more information about convergence. These more complicated criteria are
tailored to fit the matrices arising from discretizing certain kinds of partial
differential equations such as Poisson’s equation.
Here is a summary of the results of this section:

1. If A is strictly row diagonally dominant (Definition 6.6), then Jacobi’s
and the Gauss—Seidel methods both converge, and the Gauss—Seidel
method is faster (Theorem 6.2). Strict row diagonal dominance means
that each diagonal entry of A is larger in magnitude than the sum of the
magnitudes of the other entries in its row.

2. Since our model problem is not strictly row diagonally dominant, the
last result does not apply. So we ask for a weaker form of diagonal dom-
inance (Definition 6.11) but impose a condition called irreducibility on
the pattern of nonzero entries of A (Definition 6.7) to prove convergence
of Jacobi’s and the Gauss—Seidel methods. The Gauss—Seidel method
again converges faster than Jacobi’s method (Theorem 6.3). This result
applies to the model problem.

3. Turning to SOR(w), we show that 0 < w < 2 is necessary for convergence
(Theorem 6.4). If A is also positive definite (like the model problem),
0 < w < 2 is also sufficient for convergence (Theorem 6.5).

4. To quantitatively compare Jacobi’s, Gauss—Seidel, and SOR(w) methods,
we make one more assumption about the pattern of nonzero entries of A.
This property is called Property A (Definition 6.12) and is equivalent to
saying that the graph of the matrix is bipartite. Property A essentially
says that we can update the variables using red-black ordering. Given
Property A there is a simple algebraic formula relating the eigenvalues
of Ry, Rgs, and Rgop(,) (Theorem 6.6), which lets us compare their
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rates of convergence. This formula also lets us compute the optimal w
that makes SOR(w) converge as fast as possible (Theorem 6.7).

DEFINITION 6.6. A is strictly row diagonally dominant if |a;| > 37, |as]
for all 1.

THEOREM 6.2. If A is strictly row diagonally dominant, Jacobi’s and the
Gauss—Seidel methods both converge. In fact ||Rgs|loc < ||RJlloc < 1.

The inequality ||Rgsllco < ||[RJ||co implies that one step of the worst prob-

lem for the Gauss—Seidel method converges at least as fast as one step of
the worst problem for Jacobi’s method. It does not guarantee that for any
particular Az = b, the Gauss—Seidel method will be faster than Jacobi’s
method; Jacobi’s method could “accidentally” have a smaller error at some
step. Proof. Again using the notation of equation (6.19), we write Ry = L+U

and Rgs = (I — L)~'U. We want to prove

[Raslloe = [l[Raslelloe < I[Rylelloc = [|Rloo, (6.22)

where e = [1,...,1]T is the vector of all ones. Inequality (6.22) will be true if
can prove the stronger componentwise inequality

(I -L)'U|-e=|Ras|-e < |Ry|-e=(|L|+|U])-e. (6.23)
Since

(I-L)'Ul-e < |I-L)7Y |U|-e by the triangle inequality

n—1
= D _L|-|U|-e since L™ =0
i=0
n—1
< Z |L|"- U] -e by the triangle inequality
i=0

= (I—-|L) U e since |L|" =0,

inequality (6.23) will be true if can prove the even stronger componentwise
inequality
(I =L Ul - e < (L[ +|U)) - e. (6.24)

Since all entries of (I —|L|)~! = 2;:01 |L|* are nonnegative, inequality (6.24)
will be true if we can prove

Ul -e < (I=|LI)- (LI +|Ul) - e = (IL[ + U] = [L]* = |L| - [U]) - e

or

0 < (JL] = [LP = |L|-[U]) - e = [L] - (I = |L| = |U]) - . (6.25)
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Since all entries of |L| are nonnegative, inequality (6.25) will be true if we can
prove

0< (I —|Ll=U)-e or |Ryl-e=(IL|+[U)e<e. (6.26)

Finally, inequality (6.26) is true because by assumption |||R|-ellco = ||RJ]|cc =
p<l 0O

An analogous result holds when A is strictly column diagonally dominant
(i.e., AT is strictly row diagonally dominant).

The reader may easily confirm that this simple criterion does not apply to
the model problem, so we need to weaken the assumption of strict diagonal
dominance. Doing so requires looking at the graph properties of a matrix.

DEFINITION 6.7. A is an irreducible matrix if there is no permutation matriz
P such that
An | Apg }

PAPT =
[0 Ago

We connect this definition to graph theory as follows.

DEFINITION 6.8. A directed graph is a finite collection of nodes connected by
a finite collection of directed edges, i.e., arrows from one node to another. A
path in a directed graph is a sequence of nodes ni,...,n, with an edge from
each n; to n;i+1. A self edge is an edge from a node to itself.

DEFINITION 6.9. The directed graph of A, G(A), is a graph with nodes 1,2, ..., n
and an edge from node i to node j if and only if a;; = 0.

EXAMPLE 6.1. The matrix

2 -1
-1 2 -1
A= -1 2 -1

-1 2

has the directed graph

DEFINITION 6.10. A directed graph is called strongly connected if there exists
a path from every node i to every node j. A strongly connected component of
a directed graph is a subgraph (a subset of the nodes with all edges connecting
them) which is strongly connected and cannot be made larger yet still be strongly
connected.

<
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EXAMPLE 6.2. The graph in Example 6.1 is strongly connected. <

EXAMPLE 6.3. Let

A= =

1
1 -
which has the directed graph
o

This graph is not strongly connected, since there is no path to node 1 from
anywhere else. Nodes 4, 5, and 6 form a strongly connected component, since
there is a path from any one of them to any other. <

EXAMPLE 6.4. The graph of the model problem is strongly connected. The
graph is essentially

except that each edge in the grid represents two edges (one in each direction),
and the self edges are not shown. ¢

LEMMA 6.6. A is irreducible if and only if G(A) is strongly connected.

Proof. T A=["00 42

the nodes corresponding to Ass back to the ones corresponding to Ajy; i.e.,
G(A) is not strongly connected. Similarly, if G(A) is not strongly connected,
renumber the rows (and columns) so that all the nodes in a particular strongly
connected component come first; then the matrix PAPT will be block upper
triangular. O

| is reducible, then there is clearly no way to get from

EXAMPLE 6.5. The matrix A in Example 6.3 is reducible.

DEFINITION 6.11. A is weakly row diagonally dominant if for all i, |a;| >
Y ke laix| with strict inequality at least once.

THEOREM 6.3. If A is irreducible and weakly row diagonally dominant, then

both Jacobi’s and Gauss—Seidel methods converge, and p(Rags) < p(Ry) < 1.

For a proof of this theorem, see [247].
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EXAMPLE 6.6. The model problem is weakly diagonally dominant and irre-
ducible but not strongly diagonally dominant. (The diagonal is 4, and the
offdiagonal sums are either 2, 3, or 4.) So Jacobi’s and Gauss—Seidel methods
converge on the model problem. <

Despite the above results showing that under certain conditions the Gauss—
Seidel method is faster than Jacobi’s method, no such general result holds.
This is because there are nonsymmetric matrices for which Jacobi’s method
converges and the Gauss—Seidel method diverges, as well as matrices for which
the Gauss—Seidel method converges and Jacobi’s method diverges [247].

Now we consider the convergence of SOR(w) [247]. Recall its definition:

Rsop(w) = (I —wL) (1 —w)I +wU).

THEOREM 6.4. p(Rsop(w)) = |w —1[. Therefore 0 < w < 2 is required for
convergence.

Proof.  Write the characteristic polynomial of Rgop(.) as ¢(\) = det(A —
RsoRr(w)) = det((I —wL)(M — Rsop(w))) = det((A +w — 1)I —wAL —wU) so
that .
0(0) = £ [[ Mi(Rsonrw)) = £ det((w — )I) = £(w —1)",
i=1

implying max; ‘Ai(RSOR(w))‘ > |lw—1]. O

THEOREM 6.5. If A is symmetric positive definite, then p(Rsor)) <1 for
all 0 <w <2, so SOR(w) converges for all 0 < w < 2. Taking w = 1, we see
that the Gauss—Seidel method also converges.

Proof. There are two steps. We abbreviate Rgog(,) = . Using the notation
of equation (6.19), let M = w= (D — wL). Then we

(1) define Q@ = A~Y(2M — A) and show R\;(Q) > 0 for all i,
(2) show that R = (Q — I)(Q + I)~ %, implying |\;(R)| < 1 for all 4.

For (1), note that Qx = Az implies (2M — A)z = Az or z*(2M — A)z =
Az*Az. Add this last equation to its conjugate transpose to get x*(M + M* —
A)z = (RA)(z*Az). So RA = 2*(M+M* — A)z/z* Az = 2* (2 —1) Dz /z* Az >
0 since A and (2 — 1)D are positive definite.

To prove (2), note that (Q — I)(Q + 1)t = (2A™*M —2I)(2A~'M)~! =
I — M~'A =R, so by the spectral mapping theorem (Question 4.5)

<1l. O

Q) - 1‘ _ ’ (RAQ) — 1) + (IAQ)??
NQ) + 1|~ [(RAQ) + 12+ (3A(Q)?

Together, Theorems 6.4 and 6.5 imply that if A is symmetric positive def-
inite, then SOR(w) converges if and only if 0 < w < 2.

AR =
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EXAMPLE 6.7. The model problem is symmetric positive definite, so SOR(w)
converges for 0 <w < 2. ¢

For the final comparison of the costs of Jacobi’s, Gauss—Seidel, and SOR(w)
methods on the model problem we impose another graph theoretic condition
on A that often arises from certain discretized partial differential equations,
such as Poisson’s equation. This condition will let us compute p(Rgg) and
p(Rsor(w)) explicitly in terms of p(R;).

DEFINITION 6.12. A matriz T has property A if there exists a permutation P
such that

pTpT — [ T | Tho }

To1 | Too

where T11 and Ty are diagonal. In other words in the graph G(A) the nodes
divide into two sets S1 U Sa, where there are no edges between two nodes both
in S1 or both in Sy (ignoring self edges); such a graph is called bipartite.

EXAMPLE 6.8. Red-black ordering for the model problem. This was introduced
in section 6.5.2, using the following chessboard-like depiction of the graph of

the model problem: The black nodes are in S7, and the red ® nodes are
in SQ.

v/
v/

v/
v/
v/

v/
v/
v/

(B @) (B @) (R
Fhf\f@f\fh
(B @) (B @) (R

v
Fhf\(@f\fh
(B @) (B @) (R

v/

As described in section 6.5.2, each equation in the model problem relates
the value at a grid point to the values at its left, right, top, and bottom
neighbors, which are colored differently from the grid point in the middle. In

other words, there is no direct connection from an ® node to an ® node

or from a node to a node. So if we number the red nodes before the
black nodes, the matrix will be in the form demanded by Definition 6.12. For
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example, in the case of a 3-by-3 grid, we get the following:

T4 -1 -1
—1 4 -1 1
-1 4 —1
-1 4 —1 -1
P -1 -1 4 -1 -1 pT
-1 -1 4 —1
-1 4 —1
-1 -1 4 -1
i -1 -1 4]
! -1 -1 1
4 -1 -1
4 1 -1 -1 -1
4 —1 —1
= 4 —-1 -1
—1 -1 -1 4
-1 -1 -1 4
—-1 -1 -1 4
i -1 -1 -1 4 |

Now suppose that T has Property A, so we can write (where D; = Tj; is

diagonal)
T Dy T | _ | Di B 0 0| |0 —Tp
SO ER A R 8 RS S iy
= D-L-U.

DEFINITION 6.13. Let Rj(o) = aL + 2U. Then R;(1) = Ry is the iteration
matriz for Jacobi’s method.

PROPOSITION 6.2. The eigenvalues of Rj(«) are independent of «.

Proof.
0 LD T,
= — o 1
RJ(a) [ aD;ngl 0
has the same eigenvalues as the similar matrix

-1 _1
I I - 0 DTy
{ ol } Ry() [ ol ] - [ Dy Ty 0

DEFINITION 6.14. Let T' be any matriz, with T = D — L—U and Ry(a) =
aD 'L + éD‘lU. If Rj(«)’s eigenvalues are independent of «, then T is
called consistently ordered.

] =Ry(1). O
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It is an easy fact that if T" has Property A, such as the model problem,
then PTPT is consistently ordered for the permutation P that makes PT PT =
[ T The

T21 T22
implies a matrix has property A.

| have diagonal T1; and Thg. It is not true that consistent ordering

EXAMPLE 6.9. Any block tridiagonal matrix
Dy Ay
By
Ap_q
B,1 D,
is consistently ordered when the D, are diagonal. o

Consistent ordering implies that there are simple formulas relating the
eigenvalues of R, Rgs, and Rsop(.) [247].

THEOREM 6.6. If A is consistently ordered and w = 0, then the following are
true:

1) The eigenvalues of Ry appear in + pairs.
2) If u is an eigenvalue of Ry and
A+ w—1)2 = ?p?, (6.27)
then X is an eigenvalue of Rsop(w)-

3) Conversely, if A\ = 0 is an eigenvalue of Rgop(., then p in equa-
tion (6.27) is an eigenvalue of Ry.

Proof.

1) Consistent ordering implies that the eigenvalues of R;(«) are indepen-
dent of o, so Ry = Ry(1) and Rj(—1) = —R;(1) have same eigenvalues;
hence they appear in + pairs.

2) If A =0 and equation (6.27) holds, then w = 1 and 0 is indeed an eigen-
value of Rgop(1) = Ras = (I — L)~'U since Rgs is singular. Otherwise
0 = det(\ — RSOR(UJ))
det((/ — wL)(A — RsoR(w)))
= det(A+w—1)] —wAL —wU)

() )

= det ((%) I—L-— U) (Vaw)",

where the last equality is true because of Proposition 6.2. Therefore

% = u1, an eigenvalue of L +U = Ry, and (A +w — 1)% = p2w?\.
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3) If A =0, the last set of equalities works in the opposite direction. O

COROLLARY 6.1. If A is consistently ordered, then p(Rgs) = (p(Ry))?. This
means that the Gauss—Seidel method is twice as fast as Jacobi’s method.

Proof. The choice w = 1 is equivalent to the Gauss—Seidel method, so
XM= lPorA=pu? O

To get the most benefit from overrelaxation, we would like to find wgp
minimizing p(Rgor(.)) [247]-

THEOREM 6.7. Suppose that A is consistently ordered, Rj has real eigenval-
ues, and p = p(Ry) < 1. Then

2
Wopt 1+ /1= MQ’
2
P(RSOR(wopt)) = Wopt — 1= m,
w—17 wopt§w§27
P(Bsor() { l—w+ i@ twpy /1 —w+ w22, 0<w < wop.

Proof. Solve (A +w —1)2 = M\?p? for \. O

ExXAMPLE 6.10. The model problem is an example: R is symmetric, so it has
real eigenvalues. Figure 6.5 shows a plot of p(Rgop(.)) versus w, along with
p(Ras) and p(Ry), for the model problem on an N-by-N grid with N = 16
and N = 64. The plots on the left are of p(R), and the plots on the right
are semilogarithmic plots of 1 — p(R). The main conclusion that we can draw
is that the graph of p(Rgop(,)) has a vary narrow minimum, so if w is even
slightly different from wey¢, the convergence will slow down significantly. The
second conclusion is that if you have to guess wep, a large value (near 2) is a
better guess than a small value. ©

6.5.6. Chebyshev Acceleration and Symmetric SOR (SSOR)

Of the methods we have discussed so far, Jacobi’s and Gauss—Seidel methods
require no information about the matrix to execute them (although proving
that they converge requires some information). SOR(w) depends on a param-
eter w, which can be chosen depending on p(R;) to accelerate convergence.
Chebyshev acceleration is useful when we know even more about the spectrum
of Ry than just p(Ry) and lets us further accelerate convergence.

Suppose that we convert Ax = b to the iteration z;11 = Rx; + ¢ using some
method (Jacobi’s, Gauss—Seidel, or SOR(w)). Then we get a sequence {z;}
where z; — x as i — oo if p(R) < 1.
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Fig. 6.5. Convergence of Jacobi’s, Gauss—Seidel, and SOR(w) methods versus w on
the model problem on a 16-by-16 grid and a 64-by-64 grid. The spectral radius p(R)
of each method (p(Ry), p(Ras), and p(Rsor(w))) is plotted on the left, and 1 — p(R)

on the right
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Given all these approximations x;, it is natural to ask whether some linear
combination of them, y,, = >, ¥mi%i, is an even better approximation of
the solution z. Note that the scalars ~,,; must satisfy Zﬁo Ymi = 1, since if

r9 =11 =+ =z, we want y,, = x, too. So we can write the error in y,, as
m
Ym — X = E Ymi%i — &
i=0

m
= ) Ymilwi — x)
i=0

= Z 'YmiRi(xo — )
i=0
= pm(R)(zo — x), (6.28)

where pp,(R) = 1" ¥miR" is a polynomial of degree m with pp, (1) = Y7 Vi
= 1.

EXAMPLE 6.11. If we could choose p,, to be the characteristic polynomial of
R, then p,,(R) = 0 by the Cayley—Hamilton theorem, and we would converge
in m steps. But this is not practical, because we seldom know the eigenvalues
of R and we want to converge much faster than in m = dim(R) steps anyway.
o

Instead of seeking a polynomial such that p,,(R) is zero, we will settle for
making the spectral radius of p,,(R) as small as we can. Suppose that we knew

e the eigenvalues of R were real,

e the eigenvalues of R lay in an interval [—p, p] not containing 1.
Then we could try to choose a polynomial p,, where

1) pm(1) =1,
2) max_p<g<p [pm ()| is as small as possible.

Since the eigenvalues of p,,(R) are pp,(A(R)) (see Problem 4.5), these eigen-
values would be small and so the spectral radius (the largest eigenvalue in
absolute value) would be small.

Finding a polynomial p,, to satisfy conditions 1) and 2) above is a clas-
sical problem in approximation theory whose solution is based on Chebyshev
polynomials.

DEFINITION 6.15. The mth Chebyshev polynomial is defined by the recurrence
Tin(x) = 22T —1(x) — Tin—2(x), where Ty(x) =1 and Th(z) = x.
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Chebyshev polynomials have many interesting properties [238]. Here are a
few, which are easy to prove from the definition (see Question 6.7).

LEMMA 6.7. Chebyshev polynomials have the following properties:
o T,,(1)=1.
o T(z) =2m"1zm 4+ O(z™ ).

Ty(z) = cos(m - arccos x) if |z <1,
"2 cosh(m - arccoshz) if |x| > 1.

(@) <1 if || < 1.

The zeros of Tp,(x) are x; = cos((2i — 1)w/(2m)) fori=1,...,m.
Ton(z) = 5l(x + V22 =)™ + (z + Va2 — 1)"™] if [z > 1.

o T(1+¢€) > .5(1+mv2e) ife > 0.

Here is a table of values of T,,(1 + €). Note how fast it grows as m grows,
even when e is tiny (see Figure 6.6).

m €

10~4 1073 1072
10 ] 1.0 1.1 2.2
100 | 2.2 44 6.9 - 10°
200 | 8.5 3.8-10% 9.4-10!!
1000 | 6.9-10° 1.3-10 1.2.10%!

A polynomial with the properties we want is py,(x) = T (x/p)/Tim(1/p).
To see why, note that p,,(1) = 1 and that if x € [—p,p], then |p,(z)] <
1/T(1/p). For example, if p = 1/(1 + €), then |py,(x)| < 1/T,,(1 +¢€). As we
have just seen, this bound is tiny for small € and modest m.

To implement this cheaply, we use the three-term recurrence T,,(z) =
22T —1(x) — Thn—2(x) used to define Chebyshev polynomials. This means
that we need only to save and combine three vectors ym, ym—1, and ym—_2,
not all the previous z,,. To see how this works, let u,, = 1/T,,(1/p), so
Pm(R) = T (R/p) and ;%m = puiﬁ - ﬁ by the three-term recurrence in
Definition 6.15. Then

Ym — T = pm(R)(zg —x) by equation (6.28)

(B

o (2o (2) )

by Definition 6.15
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T5
10
5
0 " )
-2 -5
-4 -10
-1 0 1 -1 0 1
T.10 x10° T_20
1
200
100 05
0 0
5 -100 05
-200
-10 -1
-1 0 1 -1 0 1 -1 0 1

Fig. 6.6. Graph of T,,(z) versus x. The dotted lines indicate that [Ty, (z)| < 1 for
|z] < 1.

R pm—l(%)(ﬂﬁo — ) mez(%)(ivo — )
P Hm—1 Hm—2
R L o
= lm [2 L Yl T Y2 x} by equation (6.28)
p Hm—1 Hm—2
or 5 R
Ym = Him —Ym—1 — Hm Ym—2 + dm:
Hm—1 P Hm—2
where

2m ™m
dm = z— K (R>x+u z

Hm—1 \ P Hm—2
2 —
= g Hm <x c>+ Fm_ o since a = Rz +c
Hm—1 p Hm—2
1 2 1 2
= m <— - + > o —Em .
Hm PHm—1 Hm—2 Plm—1
2
= Hm ¢ by the definition of py,.
PHm—1

This yields the algorithm.

ALGORITHM 6.7. Chebyshev acceleration of x;41 = Rx; + c:
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po =1; p1 = p; yo = vo; y1 = Rro + ¢

form=2,3, ...
_ 2 1
Pom = 12/ (pum—1 um—2> )
_ Hm _ _Hm Hm
Um = gy BYm—1 = Ym—a + e
end for

Note that each iteration takes just one application of R, so if this is signif-
icantly more expensive than the other scalar and vector operations, this algo-
rithm is no more expensive per step than the original iteration x,,11 = Ry +c.

Unfortunately, we cannot apply this directly to SOR(w) for solving Az = b,
because Rgop(.) generally has complex eigenvalues, and Chebyshev accelera-
tion requires that R have real eigenvalues in the interval [—p, p]. But we can
fix this by using the following algorithm.

ALGORITHM 6.8. SSOR:

1. Take one step of SOR(w) computing the components of x in the usual
increasing order: Ti1,%i2,--.,Tin,

2. Take one step of SOR(w) computing backwards: x;p, Tin—1,-..,Ti1.

)

We will reexpress this algorithm as x;11 = E,x; + ¢, and show that E,,
has real eigenvalues, so we can use Chebyschev acceleration.

Suppose A is symmetric as in the model problem and again write A =
D—L—-U=D(I—-L-U) as in equation (6.19). Since A = AT, U = LT. Use
equation (6.21) to rewrite the two steps of SSOR as

1. Tl = (I —wL) Y1 —w)I +wl)x; + cii2 = Lowi+cyo,

2. = (I—wU)_l((l—w)I+wL)xi+%+01 = wai+%+01-

Eliminating x; 1 yields x;4+1 = Eyx; + ¢, where

E, = U,L,
= I+ (w-22J—wU) I —wl)  + (w—2)I —wU)™?
+(w —2)(I —wU) YT —wL) (I —wU).

We claim that E, has real eigenvalues, since it has the same eigenvalues as the
similar matrix

(I —wU)E,(I —wU)™?
= I+2-w?—wh) M —wU) 4 (w-2)I —wU)™?
+(w —2)(I —wL)™!
= I+2-w?I—-wl) ' —wLlh) '+ (w—-2)I —wLT)™?
+(w —2)(I —wL)™,

which is clearly symmetric and so must have real eigenvalues.
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EXAMPLE 6.12. Let us apply SSOR(w) with Chebyshev acceleration to the
model problem. We need to both choose w and estimate the spectral radius p =
p(E,). The optimal w that minimizes p is not known but Young [265, 135] has

; - 2 @@ s ioldi ~
shown that the choice w = TRy ))Z 5 2 good one, yielding p(FE,,) ~ 1
<

5+ With Chebyshev acceleration the error is multiplied by pm ~ 77—~ (1£ri)
m 2N

2/(1+ my/%) at step m. Therefore, to decrease the error by a fixed factor
< 1 requires m = O(N'/?) = O(n'/*) iterations. Since each iteration has the
same cost as an iteration of SOR(w), O(n), the overall cost is O(n°/*). This
explains the entry for SSOR with Chebyshev acceleration in Table 6.1.

In contrast, after m steps of SOR(wqpt), the error would decrease only by
(1 = %)™ For example, consider N = 1000. Then SOR(wept) requires m =
220 iterations to cut the error in half, whereas SSOR (wop:) with Chebyshev
acceleration requires only m = 17 iterations. <

6.6. Krylov Subspace Methods

These methods are used both to solve Ax = b and to find eigenvalues of A.
They assume that A is accessible only via a “black-box” subroutine that re-
turns y = Az given any z (and perhaps y = ATz if A is nonsymmetric). In
other words, no direct access or manipulation of matrix entries is used. This
is a reasonable assumption for several reasons. First, the cheapest nontrivial
operation that one can perform on a (sparse) matrix is to multiply it by a
vector; if A has m nonzero entries, matrix-vector multiplication costs m mul-
tiplications and (at most) m additions. Second, A may not be represented
explicitly as a matrix but may be available only as a subroutine for computing
Az,

EXAMPLE 6.13. Suppose that we have a physical device whose behavior is
modeled by a program, which takes a vector x of input parameters and pro-
duces a vector y of output parameters describing the device’s behavior. The
output y may be an arbitrarily complicated function y = f(z), perhaps re-
quiring the solution of nonlinear differential equations. For example, = could
be parameters describing the shape of a wing and f(x) could be the drag on
the wing, computed by solving the Navier—-Stokes equations for the airflow
over the wing. A common engineering design problem is to pick the input z
to optimize the device behavior f(x), where for concreteness we assume that
this means making f(x) as small as possible. Our problem is then to try to
solve f(x) = 0 as nearly as we can. Assume for illustration that x and y are
vectors of equal dimension. Then Newton’s method is an obvious candidate,
yielding the iteration z(™+1) = 2™ — (V f(2(™))~1f(2(™), where Vf(z(™)
is the Jacobian of f at (™). We can rewrite this as solving the linear system
(VF(xm)).60m) = (™) for (™ and then computing 2"+ = z(m) — 50m),



Iterative Methods for Linear Systems 301

But how do we solve this linear system with coefficient matrix V f(z(™)) when
computing f(x(™) is already complicated? It turns out that we can compute
the matrix-vector product (V f(x)) - z for an arbitrary vector z so that we can
use Krylov subspace methods to solve the linear system. One way to com-
pute (Vf(z)) - z is with divided differences or by using a Taylor expansion to
see that [f(x + hz) — f(z)]/h = (Vf(z)) - z. Thus, computing (Vf(z)) - z
requires two calls to the subroutine that computes f(-), once with argument
x and once with x + hz. However, sometimes it is difficult to choose h to
get an accurate approximation of the derivative (choosing h too small results
in a loss of accuracy due to roundoff). Another way to compute (Vf(z)) -z
is to actually differentiate the function f. If f is simple enough, this can be
done by hand. For complicated f, compiler tools can take a (nearly) arbitrary
subroutine for computing f(z) and automatically produce another subroutine
for computing (Vf(z)) - z [29]. This can also be done by using the operator
overloading facilities of C++ or Fortran 90, although this is less efficient. <

A variety of different Krylov subspace methods exist. Some are suitable for
nonsymmetric matrices, and others assume symmetry or positive definiteness.
Some methods for nonsymmetric matrices assume that A7z can be computed
as well as Az; depending on how A is represented, A7z may or may not be
available (see Example 6.13). The most efficient and best understood method,
the conjugate gradient method (CG), is suitable only for symmetric positive
definite matrices, including the model problem. We will concentrate on CG in
this chapter.

Given a matrix that is not symmetric positive definite, it can be difficult
to pick the best method from the many available. In section 6.6.6 we will
give a short summary of the other methods available, besides CG, along with
advice on which method to use in which situation. We also refer the reader to
the more comprehensive on-line help at NETLIB/templates, which includes a
book [24] and implementations in Matlab, Fortran, and C++. For a survey of
current research in Krylov subspace methods, see [15, 105, 134, 212].

In Chapter 7, we will also discuss Krylov subspace methods for finding
eigenvalues.

6.6.1. Extracting Information about A via Matrix-Vector Multipli-
cation

Given a vector b and a subroutine for computing A - x, what can we deduce
about A7 The most obvious thing that we can do is compute the sequence of
matrix-vector products y; = b, yo = Ay, y3 = Ay = A%y1, ..., yn = Ayp_1 =
A" 1ly1, where A is n-by-n. Let K = [y1,v2,,...,yn]. Then we can write

A K = [Ayla e 7Aynfla Ayn] = [yQa <oy Yn, Anyl} (629)

Note that the leading n — 1 columns of A - K are the same as the trailing
n — 1 columns of K, shifted left by one. Assume for the moment that K is
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nonsingular, so we can compute ¢ = —K ~!A"y;. Then
A-K =K -[eg,es3,...,en,—c|=K-C,

where e; is the ith column of the identity matrix, or

[0 0 0 —cp |
1 0 0 —C2
0 1
K 'AK =C = 0
0
i 1 —c, ]

Note that C' is upper Hessenberg. In fact, it is a companion matriz (see sec-
tion 4.5.3), which means that its characteristic polynomial is p(z) = z" +
Yo c;z'~ 1. Thus, just by matrix-vector multiplication, we have reduced A
to a very simple form, and in principle we could now find the eigenvalues of A
by finding the zeros of p(x).

However, this simple form is not useful in practice, for the following reasons:

1. Finding ¢ requires n — 1 matrix-vector multiplications by A and then
solving a linear system with K. Even if A is sparse, K is likely to be
dense, so there is no reason to expect solving a linear system with K will
be any easier than solving the original problem Ax = b.

2. K is likely to be very ill-conditioned, so ¢ would be very inaccurately
computed. This is because the algorithm is performing the power method
(Algorithm 4.1) to get the columns y; of K, so that y; is converging to
an eigenvector corresponding to the largest eigenvalue of A. Thus, the
columns of K tend to get more and more parallel.

We will overcome these problems as follows: We will replace K with an
orthogonal matrix ) such that for all k, the leading k columns of K and @
span the same the same space. This space is called a Krylov subspace. In
contrast to K, @) is well conditioned and easy to invert. Furthermore, we will
compute only as many leading columns of () as needed to get an accurate
solution (for Ax = b or Az = Az). In practice we usually need very few
columns compared to the matrix dimension n.

We proceed by writing K = QR, the QR decomposition of K. Then

K 'AK = (R'QT)A(QR) = C,

implying
QTAQ = RCR™!' = H.
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Since R and R~! are both upper triangular and C is upper Hessenberg, it is
easy to confirm that H = RCR™! is also upper Hessenberg (see Question 6.11).
In other words, we have reduced A to upper Hessenberg form by an orthogonal
transformation Q. (This is the first step of the algorithm for finding eigenval-
ues of nonsymmetric matrices discussed in section 4.4.6.) Note that if A is
symmetric, so is QT AQ = H, and a symmetric matrix which is upper Hes-
senberg must also be lower Hessenberg, i.e., tridiagonal. In this case we write
QTAQ =T.

We still need to show how to compute the columns of () one at a time,
rather than all of them: Let Q = [q1,...,qn). Since QTAQ = H implies
AQ = QH, we can equate column j on both sides of AQ = QH, yielding

jt1
Agj =" hijai.
=1

Since the g; are orthonormal, we can multiply both sides of this last equality
by ¢l to get

J+1
qz;LAq]‘ = Z hi,jqrj;% = hm,j fOI’ 1 S m S ]
i=1

and so
J
hivijtin = Agj = Y hijgi
i=1
This justifies the following algorithm.

ALGORITHM 6.9. The Arnoldi algorithm for (partial) reduction to Hessenberg
form:

a1 = b/ bl
/* k is the number of columns of Q and H to compute */
for j=1tok
Z = qu'
fori=1toj
h@j = ql-TZ
z=2z—hi;g
end for
hierg = |zl
@f hj+1’j = 0, quit
Qi1 = 2/hji1
end for
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The g; computed by Arnoldi’s algorithm are often called Arnoldi vectors.
The loop over i updating z can be also be described as applying the modified
Gram—Schmidt algorithm (Algorithm 3.1) to subtract the components in the
directions ¢; through ¢; away from z, leaving z orthogonal to them. Computing
q1 through g, costs k matrix-vector multiplications by A, plus O(k?n) other
work. If we stop the algorithm here, what have we learned about A7 Let us
write Q = [Qk, Qu], where Qr = [q1, ..., qr] and Q, = [gk+1, - - -, ¢n]. Note that
we have computed only @y and gx11; the other columns of ), are unknown.
Then

QL AQk QfAQu

H = QTAQ = [Qk:Qu]TA[QkaQu] = [ QEAQk QZZAQU

k n—=k
_ k H;,  Hy
=" <Hk:u o > (6.30)

Note that Hj is upper Hessenberg, because H has the same property. For
the same reason, Hy, has a single (possibly) nonzero entry in its upper right
corner, namely, hyy1 5. Thus, H, and H,, are unknown; we know only Hj,
and Hp,.

When A is symmetric, H = T is symmetric and tridiagonal, and the Arnoldi
algorithm simplifies considerably, because most of the h; ; are zero: Write

a1
T — B
ﬁn—l

Bn-1 (&70)
Equating column j on both sides of AQ = QT yields
Agj = Bj-1qj-1 + oqj + Bjgj+1.

Since the columns of @) are orthonormal, multiplying both sides this equation
by g; yields ¢jAq; = «;. This justifies the following version of the Arnoldi
algorithm, called the Lanczos algorithm.

ALGORITHM 6.10. The Lanczos algorithm for (partial) reduction to symmetric
tridiagonal form.

q1 =0b/||bll2, Bo=0,q =0

forj=1tok
z = Agj
aj:q]Tz

z=2z—oq; — Bj-1¢j-1

Bj = llzll2
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if B; =0, quit
4j+1 = z/B;
end for

The ¢; computed by the Lanczos algorithm are often called Lanczos vectors.
After k steps of Lanczos, here is what we have learned about A:

T = QTAQ = [Qk, QT AlQk, Qu)"
_ [QzAQk Q%AQU]
QT AQr QTAQ,

k n—k
_ k Ty Tuk
T oon—k\T, Ty
_ [ T T,
nERa 051

Because A is symmetric, we know T} and Ty, = Tqﬂ: but not T,,. T}, has a
single (possibly) nonzero entry in its upper right corner, namely, ;. Note that
Ok is nonnegative, because it is computed as the norm of z.

We define some standard notation associated with the partial factorization
of A computed by the Arnoldi and Lanczos algorithms.

DEFINITION 6.16. The Krylov subspace Ky (A, b) is span[b, Ab, Ab, ..., Ak=1p].

We will write Ky, instead of Kx(A,b) if A and b are implicit from the context.
Provided that the algorithm does not quit because z = 0, the vectors Qy
computed by the Arnoldi or Lanczos algorithms form an orthonormal basis of
the Krylov subspace K. (One can show that ICx has dimension & if and only
if the Arnoldi or Lanczos algorithm can compute ¢ without quitting first; see
Question 6.12.) We also call Hy (or T}) the projection of A onto the Krylov
subpace Kj.

Our goal is to design algorithms to solve Az = b using only the information
computed by k steps of the Arnoldi or Lanczos algorithm. We hope that k can
be much smaller than n, so the algorithms are efficient.

(In Chapter 7 we will use this same information for find eigenvalues of A.
We can already sketch how we will do this: Note that if hjy; ; happens to be
zero, then H (or T) is block upper triangular and so all the eigenvalues of Hy,
are also eigenvalues of H, and therefore also of A, since A and H are similar.
The (right) eigenvectors of Hy, are eigenvectors of H, and if we multiply them
by Q, we get eigenvectors of A. When hj1 j is nonzero but small, we expect
the eigenvalues and eigenvectors of Hy to provide good approximations to the
eigenvalues and eigenvectors of A.)

We finish this introduction by noting that roundoff error causes a num-
ber of the algorithms that we discuss to behave entirely differently from how
they would in exact arithmetic. In particular, the vectors ¢; computed by
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the Lanczos algorithm can quickly lose orthogonality and in fact often be-
come linearly dependent. This apparently disastrous numerical instability led
researchers to abandon these algorithms for several years after their discov-
ery. But eventually researchers learned either how to stabilize the algorithms
or that convergence occurred despite instability! We return to these points
in section 6.6.4, where we analyze the convergence of the conjugate gradient
method for solving Az = b (which is “unstable” but converges anyway), and in
Chapter 7, especially in sections 7.4 and 7.5, where we show how to compute
eigenvalues (and the basic algorithm is modified to ensure stability).

6.6.2. Solving Ax = b Using the Krylov Subspace

How do we solve Ax = b, given only the information available from k steps of
either the Arnoldi or the Lanczos algorithm?

Since the only vectors we know are the columns of @), the only place to
“look” for an approximate solution is in the Krylov subspace K} spanned by
these vectors. In other words, we see the “best” approximate solution of the

form
k

Tp = szqk =Qp-z, where z=]|z,.. .,zk]T.
j=1
Now we have to define “best.” There are several natural but different
definitions, leading to different algorithms. We let = A~'b denote the true
solution and rp = b — Az, denote the residual.

1. The “best” ) minimizes ||z — x|l2. Unfortunately, we do not have
enough information in our Krylov subspace to compute this x.

2. The “best” xp minimizes ||rg|l2. This is implementable, and the corre-
sponding algorithms are called MINRES (for minimum residual) when
A is symmetric [192] and GMRES (for generalized minimum residual)
when A is nonsymmetric [213].

3. The “best” xj makes 7, L K, i.e., erk = (0. This is sometimes called
the orthogonal residual property, or a Galerkin condition, by analogy to
a similar condition in the theory of finite elements. When A is symmet-
ric, the corresponding algorithm is called SYMMLQ [192]. When A is
nonsymmetric, a variation of GMRES works [209].

4. When A is symmetric and positive definite, it defines a norm ||r|ja_, =
(rT A=1r)1/? (see Lemma 1.3). We say the “best” xj minimizes ||7||4-1.
This norm is the same as ||z —z|| 4. The algorithm is called the conjugate
gradient algorithm [143].

When A is symmetric positive definite, the last two definitions of “best”
also turn out to be equivalent.
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THEOREM 6.8. Let A be symmetric, Ty = QgAQk, and r, = b — Az, where
i € Ki. If Ty is nonsingular and xj = Qka_lelﬂsz, where eIfXI =[1,0,...,0]T,
then Qgrk = 0. If A is also positive definite, then T}, must be nonsingular, and
this choice of xy, also minimizes ||ri||4—1 over all ) € Ki. We also have that

Tk = ||rkl2qr1-

Proof. We drop the subscripts k for ease of notation. Let z = QT ey ||b||2
and r = b— Az, and assume that 7' = QT AQ is nonsingular. We confirm that
Q"r = 0 by computing

QTr=Q"(b—Az) = QTv—Q"Ax
= bl — QTAQT 'er|b]2)
because the first column of @ is b/||bl|2
and its other columns are orthogonal to b
= efblla — (QTAQ)T 'erb]2
= e1||blla — (T)Ttey||b]la  because QTAQ =T
= 0.

Now assume that A is also positive definite. Then 7" must be positive
definite and thus nonsingular too (see Question 6.13). Let & = z + Qz be
another candidate solution in I, and let 7 = b — AZ. We need to show that
||7]| 4= is minimized when z = 0. But

175 = #TA7 by definition
= (r—AQ2)TA ™ (r — AQz)
sincer =b— Az =b— Az +Qz) =r — AQ=z
= TATIT = 2(AQ2)T A + (AQ2)T AT (AQ2)
= %o = 227QTr + | AQ2 |4
since (AQz)T A r = 2TQTAA ™ r = 27Q"r
= ||TH2A—1 + HAQZH,24—1 since QTr = 0,

80 ||7#]| 41 is minimized if and only if AQz = 0. But AQz = 0 if and only if
z = 0 since A is nonsingular and @ has full column rank.

To show that ry = £||rk||2qk+1, we reintroduce subscripts. Since zj € Ky,
we must have r, = b— Az, € Ki11, so ri is a linear combination of the columns
of Qx11, since these columns span K, 1. But since Qgrk = 0, the only column
of Qr+1 to which 7 is not orthogonal is gxy1. O

6.6.3. Conjugate Gradient Method

The algorithm of choice for symmetric positive definite matrices is CG. Theo-
rem 6.8 characterizes the solution x; computed by CG. While MINRES might
seem more natural than CG because it minimizes ||rg||2 instead of ||7g| -1, it
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turns out that MINRES requires more work to implement, is more suscepti-
ble to numerical instabilities, and thus often produces less accurate answers
than CG. We will see that CG has the particularly attractive property that
it can be implemented by keeping only four vectors in memory at one time,
and not k (¢ through ¢x). Furthermore, the work in the inner loop, beyond
the matrix-vector product, is limited to two dot products, three “saxpy” op-
erations (adding a multiple of one vector to another), and a handful of scalar
operations. This is a very small amount of work and storage.

Now we derive CG. There are several ways to do this. We will start with
the Lanczos algorithm (Algorithm 6.10), which computes the columns of the
orthogonal matrix ); and the entries of the tridiagonal matrix T}, along with
the formula zj, = Q4T 'e1]/b||2 from Theorem 6.8. We will show how to
compute xj, directly via recurrences for three sets of vectors. We will keep only
the most recent vector from each set in memory at one time, overwriting the
old ones. The first set of vectors are the approximate solutions z;. The second
set of vectors are the residuals rp, = b — Axy, which Theorem 6.8 showed were
parallel to the Lanczos vectors qx11. The third set of vectors are the conjugate
gradients pr. The p are called gradients because a single step of CG can be
interpreted as choosing a scalar v so that the new solution xx = zp_1 + vpi
minimizes the residual norm ||rg| 41 = (rf A='r;)'/2. In other words, the py,
are used as gradient search directions. The pj are called conjugate, or more
precisely A-conjugate, because p{Apj = 0if j = k. In other words, the p; are
orthogonal with respect to the inner product defined by A (see Lemma 1.3).

Since A is symmetric positive definite, so is Tp = Q%AQ;c (see Ques-
tion 6.13). This means we can perform Cholesky on T} to get Ty = IA/kIA% =
LkaLg, where Lj is unit lower bidiagonal and Dy is diagonal. Then using
the formula for xj from Theorem 6.8, we get

o = QuTy 'er]bl
= Qu(Ly "Dy L e b2
= (QuL )DLy e |b]l2)
= (pk)(yk)y

where Py = QiL; " and yx = D, 'L e1||b]l2. Write Py = [p1,...,px]. The
conjugate gradients p; will turn out to be parallel to the columns p; of P,. We
know enough to prove the following lemma.

LEMMA 6.8. The columns p; of Py are A-conjugate. In other words, P,?Alf’k
is diagonal.

Proof. We compute

P{AP, = (QuLy ) AQLT) = LN QEAQW L, = L (T LT
= L ' (LyDyLf)L," = Dy. O
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Now we derive simple recurrences for the columns of P, and entries of
yg. We will show that yx_1 = [m1, ... ﬂ?k—llT is identical to the leading k — 1

entries of y = 01, me—1,7%]7 and that Pj_; is identical to the leading k—1
columns of Pj. Therefore we can let

T = Py yp = [Pe_1, 1] - [ y;: } = Pp1Yk—1+ prme = Th—1 + Pee (6.32)

be our recurrence for xy.

The recurrence for the 7 is derived as follows. Since T_ is the leading
(k—1)-by-(k — 1) submatrix of Ty, Ly_1 and Dj_1 are also the leading (k—1)-
by-(k — 1) submatrices of Ly and Dy, respectively:

[ a1 B
T, = b1 )
Br—1
i Br—1 o
= LypDyL}
(1 d 1 r
_ I I
. dg—1 . .
i g1 1 dy, g1 1
T
B Lk,1 . kal
where éﬂl = [0,...,0,1] has dimension k — 1. Similarly, D,;_ll and L,;il are

also the leading (k — 1)-by-(k — 1) submatrices of D, ! = diag(D;',,d; ') and

-1
-1 _ k—1
w0

respectively, where the details of the last row * do not concern us. This means
that y,_1 = D, ' L " é1]/b||2, where & has dimension k — 1, is identical to the
leading k — 1 components of

D! !
= ~17-1 g k-1 . k—1 .
o= oirtall = P ][ B el
_ [ DeiLiéalble ] _ [ Y1 ] |
Nk Nk
Now we need a recurrence for the columns of Py, = [P1, ..., Dk). Since L£71

is upper triangular, so is L,;_Tl, and it forms the leading (k — 1)-by-(k — 1)
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submatrix of LI;T. Therefore Pj,_; is identical to the leading k£ — 1 columns of

-T

~ _ L *
B = Qrly" = [Qr-1, %) { ’6*1 :

] = [Qs-1L; ", br] = [Pr—1,Pr)-
From P, = QkL,;T we get PkLg = @}, or, equating the kth column on both
sides, the recurrence

Dk = Qk — lk—1Pk—1- (6.33)

Altogether, we have recursions for g, (from the Lanczos algorithm), for
Pr (from equation (6.33)), and for the approximate solution zj (from equa-
tion (6.32)). All these recursions are short; i.e., they require only the previous
iterate or two to implement. Thus, they together provide the means to com-
pute z; while storing a small number of vectors and doing a small number of
dot products, saxpys, and scalar work in the inner loop.

We still have to simplify these recursions slightly to get the ultimate CG
algorithm. Since Theorem 6.8 tells us that r; and gy are parallel, we can
replace the Lanczos recurrence for qgy1 with the recurrence rp, = b — Axy,
or equivalently rp = rg_1 — N Apg (gotten from multiplying the recurrence
Tp = Tk_1 + MkPr by A and subtracting from b = b). This yields the three
vector recurrences

Tk = Tk—1— NkADk, (6.34)
Tp = Tp—1 -+ MkPr from equation (6.32), (6.35)
Pk = qk — lk—1Pk—1 from equation (6.33). (6.36)
In order to eliminate g, substitute gy = r5x—1/||rk—1ll2 and px = ||7k—1|2Pk

into the above recurrences to get

k
o= o1 — e Apy
[7%—1]l2
= k-1 — VpApg, (6.37)
k
Tp = Tk-1+ nipk
[7e—1ll2
= Tp-1+ VkPks (6.38)
_ 7k—1l20k—1
Pk = Th1— 0 " Pk-1
[7k—2]l2
= Tho1+ Mk Deo1 (6.39)

We still need formulas for the scalars v and py. As we will see, there are
several equivalent mathematical expression for them in terms of dot products
of vectors computed by the algorithm. Our ultimate formulas are chosen to
minimize the number of dot products needed and because they are more stable
than the alternatives.
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To get a formula for vy, first we multiply both sides of equation (6.39) on
the left by p{A, and use the fact that py and py_; are A-conjugate (Lemma 6.8)
to get

i Apr = pf Arg_1 + 0 = r{_; Apy. (6.40)

Then, multiply both sides of equation (6.37) on the left by rI | and use the
fact that rg_lrk = 0 (since the r; are parallel to the columns of the orthogonal
matrix @) to get

T
Te—1Tk—1
T
T 14Dk
T
Te—1Tk—1

by equation (6.40). (6.41)
Pl Apk

(Equation (6.41) can also be derived from a property of vy in Theorem 6.8,
namely, that it minimizes the residual norm

el = reA™
= (rp_1 — vpApp)TA7 (rp_1 — vxApg) by equation (6.37)
= A7y = 2upl T + VD) Ak

This expression is a quadratic function of vy, so it can be easily minimized by
setting its derivative with respect to v to zero and solving for v,. This yields

P%Tk:—l

P} Ap

_ (et “’“T'p’H)Tr’“*l by equation (6.39)
Py, Api,

7’1{717%*1

pFApr

Ve =

where we have used the fact that pf,lrkq = 0, which holds since r;_; is
orthogonal to all vectors in Kj_1, including py_1.)

To get a formula for ug, multiply both sides of equation (6.39) on the left
by p{_lA and use the fact that py and py_; are A-conjugate (Lemma 6.8) to
get

p%llATk—l

. 6.42
pillApkfl ( )

Mk =
The trouble with this formula for uj is that it requires another dot product,
pillArk_l, besides the two required for v. So we will derive another formula
requiring no new dot products.
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We do this by deriving an alternate formula for v;: Multiply both sides of
equation (6.37) on the left by r%, again use the fact that rkT_lrk = 0, and solve
for vy to get

T
Tk Tk (6.43)

Vg = ——% i
1. Apg

Equating the two expressions (6.41) and (6.43) for v;_; (note that we
have subtracted 1 from the subscript), rearranging, and comparing to equa-
tion (6.42) yield our ultimate formula for puy:

T
pk_lAkal

M T
Pi_1APK-1
T

Te—1Tk—1

T

. (6.44)
Tk—oTk—2

Combining recurrences (6.37), (6.38), and (6.39) and formulas (6.41) and
(6.44) yields our final implementation of the conjugate gradient algorithm.

ALGORITHM 6.11. Conjugate gradient algorithm.:

k=0;290=0;r0="0; p1 =0b;

repeat
k=k+1
z2=Apg

ve = (ri_y7e-1)/ (P} 2)
Tk = Th—1 + VkPk
Tk =Tg—1 — Vg
pipr = (g )/ (re_ymh—1)
Dk+1 = Tk + MUk+1DPk
until |rk||2 is small enough

The cost of the inner loop for CG is one matrix-vector product z = A - p,
two inner products (by saving the value of r,zrk from one loop iteration to
the next), three saxpys, and a few scalar operations. The only vectors that
need to be stored are the current values of r, x, p, and z = Ap. For more
implementation details, including how to decide if “||rg||2 is small enough,” see
NETLIB/templates/templates.html.

6.6.4. Convergence Analysis of the Conjugate Gradient Method

We begin with a convergence analysis of CG that depends only on the condition
number of A. This analysis will show that the number of CG iterations needed
to reduce the error by a fixed factor less than 1 is proportional to the square
root of the condition number. This worst-case analysis is a good estimate for
the speed of convergence on our model problem, Poisson’s equation. But it
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severely underestimates the speed of convergence in many other cases. After
presenting the bound based on the condition number, we describe when we
can expect faster convergence.

We start with the initial approximate solution xg = 0. Recall that zy
minimizes the A~ '-norm of the residual r, = b— Az}, over all possible solutions
xr € Kk (A,b). This means xj minimizes

16— Az|Zi = f(2) = (b— A2)TAT (b — Az) = (x — 2)T Az — 2)

over all z € Ky, = span[b, Ab, A%b,. .., A¥=1b]. Any 2 € K1 (A, b) may be written

¢ =30 AT = pro1(A)b = pr1(A) Az, where py_1(€) = 33720 ;¢ is a
polynomlal of degree k — 1. Therefore,

f(z) = (= pra(A)A)2]" A[(I = p-1(A)A)a]
(ax(A)z)" Agr(A)z)
= 2T qp(A)Agr(A)z,
where q(§) = 1 — pr_1(§) - € is a degree-k polynomial with g;(0) = 1. Note

that (qr(A))T = qr(A) because A = AT. Letting Qy, be the set of all degree-k
polynomials which take the value 1 at 0, this means

f(zx) = min f(z) = min 27 ¢, (A)Agi(A)z. (6.45)

2€K €Lk

To simplify this expression, write the eigendecomposition A = QAQT and let
QT x = y so that

flar) = min f(z) = min 2 T(ge(QAQ™))(QAQT) (qr(QAQT))
= mip z T(Qae(M)QT)(QAQT)(Qqi (M) QM)
= qfélélky T e (M) Agr(A)y
= félélky - diag(gr(Ai) Nigr (M) - y
= min >yt Ao (M)’
qk€ kizl

IN

Juin ( max (0 Zyz i
(s 00) 3
—  min < max (Qko\i))z) f (o)

Gr€QL \NEA(A)

since zg = 0 implies f(z9) = 27 Az = yTAy = "I | y;2\;. Therefore,

2
||Tk‘Hé4fl _ f($k> < min max (Qk()\l))z
[roll5=:  f(x0) ~ ax€QNieX(A)
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or

7]l a2 .
Trollacs = aad i, lae(Aol
We have thus reduced the question of how fast CG converges to a question

about polynomials: How small can a degree-k polynomial gx(§) be when &
ranges over the eigenvalues of A, while simultaneously satisfying ¢x(0) = 17
Since A is positive definite, its eigenvalues lie in the interval [Amin, Amax), Where
0 < Amin < Amax, S0 to get a simple upper bound we will instead seek a degree-
k polynomial ¢ (§) that is small on the whole interval [Amin, Amax] and 1 at
0. A polynomial §x(§) that has this property is easily constructed from the
Chebyshev polynomials Ty () discussed in section 6.5.6. Recall that |Tx(£)| <1
when [£| < 1 and increases rapidly when || > 1 (see Figure 6.6). Now let

qu(f) _ Tk (Amax + Amin - 2€>/Tk (Amax + Amin')

>\max - >\min >\max - >\min

It is easy to see that §(0) = 1, and if £ € [Amin, Amax|, then

Amax + Amin - 25 < 1’
Amax - Amin o
SO

7k ]| a- :

—= < min max by

||740HA*1 E=ro) MEM(A) |Qk( 1)‘

1 1 1
Ty (Raxtqmin ) Tu(5)  Tu(l+ =)

where K = Apax/Amin 1S the condition number of A.
If the condition number £ is near 1, 1+ 2/(k — 1) is large, 1/T3(1 + —25)
is small, and convergence is rapid. If k is large, convergence slows down, with

the convergence rate
2

< .
Tl +:25) ~ 1+ 25

EXAMPLE 6.14. For the N-by-N model problem, x = O(N?), so after k steps
of CG the residual is multiplied by about (1 — O(N~1))*, the same as SOR
with optimal overrelaxation parameter w. In other words, CG takes O(N) =
O(n'/?) iterations to converge. Since each iteration costs O(n), the overall cost

is O(n3/?). This explains the entry for CG in Table 6.1. o

This analysis using the condition number does not explain all the impor-
tant convergence behavior of CG. The next example shows that the entire
distribution of eigenvalues of A is important, not just the ratio of the largest
to the smallest one.
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o Relative Residual vs. Number of CG Iterations
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Fig. 6.7. Graph of relative residuals computed by CG.

EXAMPLE 6.15. Let us consider Figure 6.7, which plots the relative residual
lrkll2/]I70]l2 at each CG step for eight different linear systems. The relative
residual ||rg||2/]|70]|2 measures the speed of convergence; our implementation

of CG terminates when this ratio sinks below 10713, or after k£ = 200 steps,
whichever comes first.

All eight linear systems shown have the same dimension n = 10* and
the same condition number x ~ 4134, yet their convergence behaviors are
radically different. The uppermost (dash-dot) line is 1/T}(1 + —27), which
inequality (6.46) tells us is an upper bound on ||rg|| 4=1/||ro]|4-1. It turns out
the graphs of [|rg||2/]|70l|2 and the graphs of ||rg||4-1/||ro]|4-1 are nearly the
same, so we plot only the former, which are easier to interpret.

The solid line is ||rg||2/||roll2 for Poisson’s equation on a 100-by-100 grid
with a random right-hand side b. We see that the upper bound captures its
general convergence behavior. The seven dashed lines are plots of ||r||2/]|70]l2
for seven diagonal linear systems D;x = b, numbered from D; on the left to
D7 on the right. Each D; has the same dimension and condition number as

Poisson’s equation, so we need to study them more closely to understand their
differing convergence behaviors.

We have constructed each D; so that its smallest m; and largest m; eigen-
values are identical to those of Poisson’s equation, with the remaining n — 2m;
eigenvalues equal to the geometric mean of the largest and smallest eigenval-
ues. In other words, D; has only d; = 2m; + 1 distinct eigenvalues. We let
k; denote the number of CG iterations it takes for the solution of D;x = b to
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reach ||7x]l2/||70ll2 < 10713, The convergence properties are summarized in the
following table:

Example number 1|1 2 3 4 5 6 7
Number of distinct eigenvalues | d; | 3 11 41 81 201 401 5000
Number of steps to converge k; 13 11 27 59 94 134 > 200

We see that the number k; of steps required to converge grows with the number
d; of distinct eigenvalues. D7 has the same spectrum as Poisson’s equation,
and converges about as slowly.

In the absence of roundoff, we claim that CG would take exactly k; = d;
steps to converge. The reason is that we can find a polynomial g4, () of degree
d; that is zero at the eigenvalues «; of A, while ¢4,(0) = 1, namely,

_ H;lizl(aj - £)
Wl =T )

Equation (6.45) tells us that after d; steps, CG minimizes [|rg,[%-: = f(zq,)
over all possible degree-d; polynomials equaling 1 at 0. Since gg4, is one of those
polynomials and gg,(A) = 0, we must have [|rg,[|3_, =0, or rg, =0. ©

One lesson of Example 6.15 is that if the largest and smallest eigenvalues
of A are few in number (or clustered closely together), then CG will converge
much more quickly than an analysis based just on A’s condition number would
indicate.

Another lesson is that the behavior of CG in floating point arithmetic can
differ significantly from its behavior in exact arithmetic. We saw this because
the number d; of distinct eigenvalues frequently differed from the number k;
of steps required to converge, although in theory we showed that they should
be identical. Still, d; and k; were of the same order of magnitude.

Indeed, if one were to perform CG in exact arithmetic and compare the
computed solutions and residuals with those computed in floating point arith-
metic, they would very probably diverge and soon be quite different. Still, as
long as A is not too ill-conditioned, the floating point result will eventually
converge to the desired solution of Ax = b, and so CG is still very useful.
The fact that the exact and floating point results can differ dramatically is
interesting but does not prevent the practical use of CG.

When CG was discovered, it was proven that in exact arithmetic it would
provide the exact answer after n steps, since then r,,; would be orthogonal
to n other orthogonal vectors r; through r,, and so must be zero. In other
words, CG was thought of as a direct method rather than an iterative method.
When convergence after n steps did not occur in practice, CG was considered
unstable and then abandoned for many years. Eventually it was recognized as
a perfectly good iterative method, often providing quite accurate answers after
k < n steps.
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Recently, a subtle backward error analysis was devised to explain the ob-
served behavior of CG in floating point and explain how it can differ from
exact arithmetic [121]. This behavior can also include long “plateaus” in the
convergence, with ||7||2 decreasing little for many iterations, interspersed with
periods of rapid convergence. This behavior can be explained by showing that
CG applied to Az = b in floating point arithmetic behaves ezactly like CG
applied to AF = b in exact arithmetic, where A is close to A in the following
sense: A has a much larger dimension than A, but A’s eigenvalues all lie in
narrow clusters around the eigenvalues of A. Thus the plateaus in convergence
correspond to the polynomial ¢; underlying CG developing more and more
zeros near the eigenvalues of A lying in a cluster.

6.6.5. Preconditioning

In the previous section we saw that the convergence rate of CG depended on
the condition number of A, or more generally the distribution of A’s eigenval-
ues. Other Krylov subspace methods have the same property. Preconditioning
means replacing the system Az = b with the system M ~'Ax = M1, where
M is an approximation to A with the properties that

1. M is symmetric and positive definite,
2. M~'A is well conditioned or has few extreme eigenvalues,
3. Mx = b is easy to solve.

A careful, problem-dependent choice of M can often make the condition num-
ber of M~ A much smaller than the condition number of A and thus accelerate
convergence dramatically. Indeed, a good preconditioner is often necessary for
an iterative method to converge at all, and much current research in iterative
methods is directed at finding better preconditioners (see also section 6.10).

We cannot apply CG directly to the system M~'Ax = M~'b, because
M~1'A is generally not symmetric. We derive the preconditioned conjugate
gradient method as follows. Let M = QAQ”T be the eigendecomposition of
M, and define M1/2 = QA'/2QT. Note that M'/2 is also symmetric positive
definite, and (M'/?)2 = M. Now multiply M ' Az = M~'b through by M/?
to get the new symmetric positive definite system (M~Y/2AM~1/2)(M'/2z) =

M~Y2p or A = b. Note that A and M~ A have the same eigenvalues since
they are similar (M 1A = M*1/2AM1/2) We now apply CG implicitly to the
system Az =binsuch a way that avoids the need to multiply by M ~'/2. This
yields the following algorithm.

ALGORITHM 6.12. Preconditioned CG algorithm:

k=0;,20=0;79=0b;p1 =M~ byo—M_l’r‘o
repeat
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k=k+1
z=A- Pk
ve = (Yi_17k-1)/ (P} 2)
Tp = Tp—1 + ViPk
Tk = Tk—1 — Vg2
Yp =My
pker = WErk)/ (Yh_yrr—1)
DPk+1 = Yk + Hk+1Dk
until ||rg||2 is small enough

THEOREM 6.9. Let A and M be symmetric positive definite, A=M12AMY2,
and b= M~Y2b. The CG algorithm applied to Az = b,

k= 0; &0 = 0; fo = b; p = b;

repeat
k=k+1
Z2=A"p

D = (Fl_1Pe_1)/(PL 2)
Tp = Tp—1 + UgPr
P =1 — 2
1 = (P %)/ (FE_ Pe1)
Pk+1 = Tk + [k 1Dk
until ||7g|l2 is small enough

and Algorithm 6.12 are related as follows:

e = Lk,
Uk = Uk,
2= MV,
e = MYy,
Peo= M7V,
P = MVp.
Therefore, xj converges to M~Y2 times the solution of Az = l;, i.e., to

M=Y2A7h = A1

For a proof, see Question 6.14.

Now we describe some common preconditioners. Note that our twin goals of
minimizing the condition number of M 1A and keeping Mz = b easy to solve
are in conflict with one another: Choosing M = A minimizes the condition
number of M ~'A but leaves Mz = b as hard to solve as the original problem.
Choosing M = I makes solving Mz = b trivial but leaves the condition number
of M~ A unchanged. Since we need to solve Mz = b in the inner loop of the
algorithm, we restrict our discussion to those M for which solving Mz = b is
easy, and describe when they are likely to decrease the condition number of
M~1A.
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e If A has widely varying diagonal entries, we may use the simple diagonal
preconditioner M = diag( a1, ..., @nn ). One can show that among
all possible diagonal preconditioners, this choice reduces the condition
number of M~1A to within a factor of n of its minimum value [242].
This is also called Jacobi preconditioning.

e As a generalization of the first preconditioner, let

be a block matrix, where the diagonal blocks A;; are square. Then among
all block diagonal preconditioners

My

My,

where M;; and A; have the same dimensions, the choice M;; = A;
minimizes the condition number of M~Y/2AM~1/2 to within a factor
of b [68]. This is also called block Jacobi preconditioning.

e Like Jacobi, SSOR can also be used to create a (block) preconditioner.

e An incomplete Cholesky factorization LLT of A is an approximation
A~ LL" where L is limited to a particular sparsity pattern, such as
the original pattern of A. In other words, no fill-in is allowed during
Cholesky. Then M = LL” is used. (For nonsymmetric problems, there
is a corresponding incomplete LU preconditioner.)

e Domain decomposition is used when A represents an equation (such as
Poisson’s equation) on a physical region €. So far, for Poisson’s equation,
we have let (2 be the unit square. More generally, the region 2 may be
broken up into disjoint (or slightly overlapping) subregions Q = U;Q;,
and the equation may be solved on each subregion independently. For
example, if we are solving Poisson’s equation and if the subregions are
squares or rectangles, these subproblems can be solved very quickly using
FFTs. Solving these subproblem corresponds to a block diagonal M (if
the subregions are disjoint) or a product of block diagonal M (if the
subregions overlap). This is discussed in more detail in section 6.10.

A number of these preconditioners have been implemented in the software
packages PETSc [230] and PARPRE (NETLIB/scalapack/parpre.tar.gz).
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6.6.6. Other Krylov Subspace Algorithms for Solving Ax = b

So far we have concentrated on the symmetric positive definite linear sys-
tems and minimized the A~'-norm of the residual. In this section we describe
methods for other kinds of linear systems and offer advice on which method to
use, based on simple properties of the matrix. See Figure 6.8 for a summary,
[15, 105, 134, 212] and NETLIB/templates for details, and NETLIB/templates
in particular for more comprehensive advice on choosing a method, along with
software.

Any system Az = b can be changed to a symmetric positive definite system
by solving the normal equations AT Az = ATb (or AATy = b, 2 = ATy).
This includes the least squares problem min, [|Az — bl|2. This lets us use CG,
provided that we can multiply vectors both by A and A”. Since the condition
number of ATA or AAT is the square of the condition number of A, this
method can lead to slow convergence if A is ill conditioned but is fast if A is
well-conditioned (or AT A has a “good” distribution of eigenvalues, as discussed
in section 6.6.4).

We can minimize the two-norm of the residual instead of the A~'-norm
when A is symmetric positive definite. This is called the minimum residual
algorithm, or MINRES [192]. Since MINRES is more expensive than CG and is
often less accurate because of numerical instabilities, it is not used for positive
definite systems. But MINRES can be used when the matrix is symmetric
indefinite, whereas CG cannot. In this case, we can also use the SYMMLQ
algorithm of Paige and Saunders [192], which produces a residual , L i (A, b)
at each step.

Unfortunately, there are few matrices other than symmetric matrices where
algorithms like CG exist that simultaneously

1. either minimize the residual ||rg||2 or keep it orthogonal r; L Ky,

2. require a fixed number of dot products and saxpy’s in the inner loop,
independent of k.

Essentially, algorithms satisfying these two properties exist only for matrices
of the form (T + oI), where T = T" (or TH = (HT)" for some symmetric
positive definite H), 6 is real, and o is complex [100, 249]. For these symmetric
and special nonsymmetric A, it turns out we can find a short recurrence, as
in the Lanczos algorithm, for computing an orthogonal basis [q1,...,qx] of
Kr(A,b). The fact that there are just a few terms in the recurrence for updating
qr means that it can be computed very efficiently.

This existence of short recurrences no longer holds for general nonsym-
metric A. In this case, we can use Arnoldi’s algorithm. So instead of the
tridiagonal matrix T}, = Q% AQy, we get a fully upper Hessenberg matrix
Hy = QL AQx. The GMRES algorithm (generalized minimum residual) uses
this decomposition to choose xr = Qryr € Kir(A,b) to minimize the residual

[relle = 1|6 — Azgll2
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= [|b— AQxykl|2
= b= (QHQT)Qrykl2 by equation (6.30)
= [|QTb — HQTQuyr|2 since Q is orthogonal

Hy,  Hyy Yk
o[ % 4]
Hy, H, 0 |,
by equation (6.30) and since the first column of
Q = [Qk, Qu] is /(b2

H
e1][bll2 — [ H: ]yk
u

Since only the first row of Hy,, is nonzero, this is a (k-+1)-by-k upper Hessenberg
least squares problem for the entries of 4. Since it is upper Hessenberg, the QR
decomposition needed to solve it can be accomplished with k Givens rotations,
at a cost of O(k?) instead of O(k3). Also, the storage required is O(kn), since
Q) must be stored. One way to limit the growth in cost and storage is to
restart GMRES, i.e., taking the answer x; computed after k steps, restarting
GMRES to solve the linear system Ad = rp, = b — Az, and updating the
solution to get xj +d; this is called GMRES(k). Still, even GMRES(k) is more
expensive than CG, where the cost of the inner loop does not depend on k at
all.

Another approach to nonsymmetric linear systems is to abandon comput-
ing an orthonormal basis of (A, b) and compute a nonorthonormal basis that
again reduces A to (nonsymmetric) tridiagonal form. This is called the non-
symmetric Lanczos method and requires matrix-vector multiplication by both
A and AT. This is important because A’z is sometimes harder (or impossible)
to compute (see Example 6.13). The advantage of tridiagonal form is that it is
much easier to solve with a tridiagonal matrix than a Hessenberg one. The dis-
advantage is that the basis vectors may be very ill conditioned and may in fact
fail to exist at all, a phenomenon called breakdown. The potential efficiency
has led to a great deal of research on avoiding or alleviating this instability
(look-ahead Lanczos) and to competing methods, including biconjugate gra-
dients and quasi-minimum residuals. There are also some versions that do
not require multiplication by AT, including conjugate gradients squared, and
bi-conjugate gradient stabilized. No one method is best in all cases.

Figure 6.8 shows a decision tree giving simple advice on which method to
try first, assuming that we have no other deep knowledge of the matrix A (such
as that it arises from the Poisson equation).

2

6.7. Fast Fourier Transform

In this section ¢ will always denote /—1.
We begin by showing how to solve the two-dimensional Poisson’s equa-
tion in a way requiring multiplication by the matrix of eigenvectors of T} .
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Is storage Is A well- Is A well- Largest and smallest
expensive? conditioned? conditioned? eigenvalues known?
No Yes No Yes Yes No No Yes
Try GMRES| | Try ces or | | Try QMR Try CG on ’Try MINRES‘ Try CG‘ Try CG with
Bi-CGStab or normal equations Chebyshev Accel.
GMRES(K)

Fig. 6.8. Decision tree for choosing an iterative algorithm for Az =b. Bi-CGStab =
bi-conjugate gradient stabilized. QMR = quasi-minimum residuals.

A straightforward implementation of this matrix-matrix multiplication would
cost O(N3) = O(n®/?) operations, which is expensive. Then we show how
this multiplication can be implemented using the FFT in only O(N?%log N) =
O(nlogn) operations, which is within a factor of logn of optimal.

This solution is a discrete analogue of the Fourier series solution of the
original differential equation (6.1) or (6.6). Later we will make this analogy
more precise.

Let Ty = ZAZ™ be the eigendecomposition of Ty, as defined in Lemma 6.1.
We begin with the formulation of the two-dimensional Poisson’s equation in
equation (6.11):

TNV + VTN = h*F.

Substitute Ty = ZAZ" and multiply by the ZT on the left and Z on the right
to get
ZHZNZT\WZ + 2TV (ZAZT)Z = ZF (WPF)Z

or

AV + VA =W F/,
where V! = ZTV Z and F' = ZTFZ. The (j, k)th entry of this last equation is
(AV' + V'A)ji = Al + Vi de = B2y,
which can be solved for v}, to get

2 ¢/
vy = h ik
gk )\j+>\k

This yields the first version of our algorithm.

ALGORITHM 6.13. Solving the two-dimensional Poisson’s equation using the
eigendecomposition Ty = ZAZT :
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1) F'=2"FZ

2/
2) For all j and k, v;k = /\hj+]/\kk
3) V=zv'zT

The cost of step 2 is 3N? = 3n operations, and the cost of steps 1 and 3
is 4 matrix-matrix multiplications by Z and Z7 = Z, which is 8N? = 8n3/2
operations using a conventional algorithm. In the next section we show how
multiplication by Z is essentially the same as computing a discrete Fourier
transform, which can be done in O(N?log N) = O(nlogn) operations using
the FFT.

(Using the language of Kronecker products introduced in section 6.3.3, and
in particular the eigendecomposition of Tx«n from Proposition 6.1,

TNxn =IRTN+TnRI=(ZRZ)-UA+ARI) - (Z® Z)T,
we can rewrite the formula justifying Algorithm 6.13 as follows:

vec(V) = (Tnxn) ' -vec(h®F)

(Z2Z)-I@A+ARI) - (Z® 2)T)™ - vec(h?F)
(Z@Z) T - IA+ARD) - (Z® Z)7! - vec(h F)
(Z@Z)-UA+A D) (ZT @ ZT) -vec(h® F). (6.47)

We claim that doing the indicated matrix-vector multiplications from right to
left is mathematically the same as Algorithm 6.13; see Question 6.9. This also
shows how to extend the algorithm to Poisson’s equation in higher dimensions.)

6.7.1. The Discrete Fourier Transform

In this subsection, we will number the rows and columns of matrices from 0 to
N — 1 instead of from 1 to N.

DEFINITION 6.17. The discrete Fourier transform (DFT) of an N-vector x
is the vector y = ®x, where ® is an N-by-N matriz defined as follows. Let
—2mi

w=e N =cos QW” — ¢ -sin QW”, a principal Nth root of unity. Then ¢; = Wik,
The inverse discrete Fourier transform (IDFT) of y is the vector x = ®~1y.

LEMMA 6.9. ﬁ@ is a symmetric unitary matriz, so ®~1 = %@* = Lo,

2

Proof. Clearly ® = &7, so ® = ®*, and we need only show ® - ® = N - I.
Compute (®®);; = sz\f:—ol ki = S Wk = SOV G0 since @ =
w™l. If I = 4, this sum is clearly N. If [ = j, it is a geometric sum with value
%}:j) =0, since w¥ =1. O

Thus, both the DFT and IDFT are just matrix-vector multiplications and
can be straightforwardly implemented in 2N? flops. This operation is called
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a DFT because of its close mathematical relationship to two other kinds of
Fourier analyses:

the Fourier transform F(¢) = [% e % f(z)d

and its inverse flz) = [% et R(()d¢

the Fourier series ¢ = 01 e~ f(z)dx

where f is periodic on [0, 1]

and its inverse f(a:) = Zj’i_oo et2mijTe,

the DFT = (¢ ) }fV1 e~ 2mik/N g\
and its inverse = (@ 'Yk =+ ZN b et2migk/ Ny

We will make this close relationship more concrete in two ways. First, we
will show how to solve the model problem using the DFT and then the original
Poisson’s equation (6.1) using Fourier series. This example will motivate us to
find a fast way to multiply by ®, because this will give us a fast way to solve
the model problem. This fast way is called the fast Fourier transform or FFT.
Instead of 2/N? flops, it will require only about %N logy N flops, which is much
less. We will derive the FFT by stressing a second mathematical relationship
shared among the different kinds of Fourier analyses: reducing convolution to
multiplication.

In Algorithm 6.13 we showed that to solve the discrete Poisson equation
TNV + VTy = hPF for V required the ability to multiply by the N-by-N
matrix Z, where

2 n(+1)(k+1)
N1 sin N1l .

(Recall that we number rows and columns from 0 to N — 1 in this section.)
Now consider the (2N + 2)-by-(2N + 2) DFT matrix ®, whose j, k entry is

—2mijk —mijk wjk .. mjk
= eX = COS — 7 - S1n .
IN + 2 PANTT N+1 N+1

Thus the N-by-N matrix Z consists of — N i

the second through (N 4+ 1)st rows and columns of ®. So if we can multiply
efficiently by ® using the FFT, then we can multiply efficiently by Z. (To
be most efficient, one modifies the FFT algorithm, which we describe below,
to multiply by Z directly; this is called the fast sine transform. But one
can also just use the FFT.) Thus, multiplying ZF quickly requires an FFT-
like operation on each column of F', and multiplying F'Z requires the same
operation on each row. (In three dimensions, we would let V' be an N-by-N-
by-N array of unknowns and apply the same operation to each of the 3N?
sections parallel to the coordinate axes.)

Zik =

times the imaginary part of

6.7.2. Solving the Continuous Model Problem Using Fourier Series

We now return to numbering rows and columns of matrices from 1 to V.
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In this section we show how the algorithm for solving the discrete model
problem is a natural analogue of using Fourier series to solve the original
differential equation (6.1). We will do this for the one-dimensional model
problem.

Recall that Poisson’s equation on [0,1] is —f;—g = f(z) with boundary
conditions v(0) = v(1). To solve this, we will expand v(z) in a Fourier series:
v(z) = Z;’il ajsin(jmzx). (The boundary condition v(1) = 0 tells us that no
cosine terms appear.) Plugging v(z) into Poisson’s equation yields

> a;(52%) sin(jrz) = f(x).
j=1

Multiply both sides by sin(kwz), integrate from 0 to 1, and use the fact that
fol sin(jmax) sin(krx)dr =0 if j =k and 1/2 if j = k to get

1
ap = k:2271'2/0 sin(krz) f(z)dx
and finally
o(z) = i (i /1sin( ) f(y)d >sm( ) (6.48)
_j:1 jQﬂ_Q 0 JTY y)ay J . .

Now consider the discrete model problem Tnv = h?f. Since Ty = ZAZT,
we can write v = T§1h2f = ZA1ZTh?f, so

A Noqik (B2 2,
Ukzzzkjy(z f)j2251nN+1 X m(z i), (6.49)
j=1 j=1 !
where
N .
2 2 2 iyl
_ 2 (7ZTH. = s ;
N1 2 i \/N+1ZZI\/N+1SHI<N+1>fZ
N

1 il
— 9 '
;N+1SID(N+1M

%

1
2 /0 sin(mjy) f(y)dy,

since the last sum is just a Riemann sum approximation of the integral. Fur-
thermore, for small j, recall that % ~ 32% So we see how the solution of the
discrete problem (6.49) approximates the solution of the continuous problem
(6.48), with multiplication by Z” corresponding to multiplication by sin(jmz)
and integration, and multiplication by Z corresponding to summing the differ-
ent Fourier components.
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6.7.3. Convolutions

The convolution is an important operation in Fourier analysis, whose definition
depends on whether we are doing Fourier transforms, Fourier series, or the
DFT:

Fourier transform  (f* g)(x) = [~ f x — )g(y)

Fourier series (f*9)( fo y)dy

DFT If a = [ao, .. a,N_l,O,. ,0]T and
b= [bo, ..., bN,l,O, . O]T are 2N-vectors
then a*b=c=[cg,...,con_1]", where
ek = Y70 a5bk—j

To illustrate the use of the discrete convolution, consider polynomial mul-
tiplication. Let a(z) = 22\7;01 apz® and b(z) = Zk ! bk be degree (N-1)
polynomials. Then their product c(z) = a(z) - b(z) = ZiNO L epa®, where the
coefficients cg, ..., con—_1 are given by the discrete convolution.

One purpose of the Fourier transform, Fourier series, or DFT is to convert
convolution into multiplication. In the case of the Fourier transform, F(fx*g) =
F(f)-F(g); i.e., the Fourier transform of the convolution is the product of the
Fourier transforms. In the case of Fourier series, ¢;(f * g) = ¢;(f) - ¢;j(9);
i.e., the Fourier coefficients of the convolution are the product of the Fourier
coefficients. The same is true of the discrete convolution.

THEOREM 6.10. Leta = [ag,...,an_1,0,...,0]T andb = [bo,...,bn_1,0,...,0]T
be wvectors of dimension 2N, and let ¢ = a *xb = [co,...,CQN_l]T. Then
()i = (Pa)k - (Bb)k-

Proof. If ' = ®a, then aj, = Z?No_ Ya;wh, the value of the polynomial
a(z) = Z;V o ajzl at @ = WP, Similarly ¥ = ®b means b, = Z;y;ol bjwh =
b(w*) and ¢ = ®c means ¢, = Z?fo ! ¢jwki = c¢(wk). Therefore

a - b, = a(w®) - b(w") = c(W*) = ¢

as desired. O

In other words, the DFT is polynomial evaluation at the points w?, ..., w1,
and conversely the IDFT is polynomial interpolation, producing the coefficients
of a polynomial given its values at «°,... w71

6.7.4. Computing the Fast Fourier Transform

We will derive the FFT via its interpretation as polynomial evaluation just
discussed. The goal is to evaluate a(x) = Zk o apr® at 1 = w’ for 0 < j <
N — 1. For simplicity we will assume N = 2™. Now write

a(.’I}) = a0+a1$+a2x2+...+aN_1xN*1
= (ag+apr?* + agz* +---) + x(ay + azr® +aszt + )

= aeven(:cz) +x- aodd(xz).
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¥

¥y

T

Thus, we need to evaluate two polynomials aeyen, and a,qq of degree
at (w/)2,0 < j < N—1. But this is really just % points w?/ for 0 < j <
since w? = W20+,

Thus evaluating a polynomial of degree N —1 = 2™ —1 at all N Nth roots
of unity is the same as evaluating two polynomials of degree % — 1 at all %
%th roots of unity and then combining the results with N multiplications and
additions. This can be done recursively.

ALGORITHM 6.14. FFT (recursive version):

function FFT(a, N)

if N=1

return a
else

Appen, = FFT (aeven, N/2)

pgq = FFT(aoda, N/2)

w = 6727m'/N

w=[w..., N2

return @' = [Alye, + W. ka4, QLypen, — W x al ]
endif

Here .x means componentwise multiplication of arrays (as in Matlab), and we
have used the fact that wTN/2 = i,

Let the cost of this algorithm be denoted C(N). Then we see that C (V)
satisfies the recurrence C'(N) = 2C'(N/2) + 3N /2 (assuming that the powers
of w are precomputed and stored in tables). To solve this recurrence write

N\ 3N N 3N N 3N
N) = 20(= )+ =40 (=) +2- 2= = = s
o) c<2)+ : c(4)+ ! 80<8>+3 !

3N
= 10g2 N - 7

To compute the FFT of each column (or each row) of an N-by-N matrix
therefore costs logy N - 32£ This complexity analysis justifies the entry for the
FFT in Table 6.1.

In practice, implementations of the FFT use simple nested loops rather
than recursion in order to be as efficient as possible; see NETLIB/fftpack.
In addition, these implementations sometimes return the components in bit-
reversed order: This means that instead of returning yo,y1,...,yn_1, Where
y = Px, the subscripts j are reordered so that the bit patterns are reversed.
For example, if N = 8, the subscripts run from 0 = 0002 to 7 = 1115. The
following table shows the normal order and the bit-reversed order:
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normal increasing order bit-reversed order
0 = 0002 0 = 0002
1= 0015 4 = 1009
2 =010 2 =010
3 =011, 6 =110,
4 = 1009 1 =001,
5 =101, 5 =101,
6 = 1102 3 =011,
7=111, 7=111,

The inverse FFT undoes this reordering and returns the results in their
original order. Therefore, these algorithms can be used for solving the model
problem, provided that we divide by the appropriate eigenvalues, whose sub-
scripts correspond to bit-reversed order. (Note that Matlab always returns
results in normal increasing order.)

6.8. Block Cyclic Reduction

Block cyclic reduction is another fast (O(N?log, N)) method for the model
problem but is slightly more generally applicable than the FFT-based solution.
The fastest algorithms for the model problem on vector computers are often a
hybrid of block cyclic reduction and FFT.

First we describe a simple but numerically unstable version version of the
algorithm; then we say a little about how to stabilize it. Write the model
problem as

x1 b1

=T
TN by
-1 A
where we assume that N, the dimension of A = Tn + 21, is odd. Note also
that z; and b; are N-vectors.
We use block Gaussian elimination to combine three consecutive sets of
equations,

+ [ —TLj-2 -I-A:L’j,l - =01 ],
+ Ax [ —Tj-1 —i—ij —Tj41 = bj ],
+ —z; Az -z =bjp

thus eliminating x;_q and zj41:

—wjon + (A% = 2D)aj — x40 = bjo1 + Abj + by
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Doing this for every set of three consecutive equations yields two sets of
equations: one for the x; with j even,

"5 1 -
I B —I z2 -| by + Abg + b3 -|
. . T4 b3 + Aby + bs
N ‘ = . , (6.50)
o TN-1 by_2 + Aby_1 + bN

where B = 2] — A%, and one set of equations for the z; with j odd, which we
can solve after solving equation (6.50) for the odd x;:

A T b1 + xo
A 3 bs + 22 + x4
A TN by +xn-1

Note that equation (6.50) has the same form as the original problem, so
we may repeat this process recursively. For example, at the next step we get

c -I
-1 C -I 4 :
—I e s | = | : |, whereC=B*-2I,
- _I C_
and
B
B 2
Te —

B

We repeat this until only one equation is left, which we solve another way.
We formalize this algorithm as follows: Assume N = Ny = 21 — 1, and
let N, =25+1=7 _ 1. Let A® = A and bj(o) =bjforj=1,...,N.

ALGORITHM 6.15. Block cyclic reduction:

1) Reduce:

forr=0tok—1
Alr+1) — (A(r))Q 9]
for j=1to Npy1
bj(r+1) - ij_l(T) + A(T)ij(T) + b2j+1(r)
end for
end for
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Comment: at the rth step the problem is reduced to

o= (r)
—T A

2) AR z*) = p(*) is solved another way.

3) Backsolve:

forr=k—1,...,0
for j =1 to Npyq
[E2j(7") — gjj(r‘i’l)
end for
for 7 =1 to N, step 2
solve AWy ™) =b;0) a5 ) 45,0 for )
(we take azér) = 935\2_,_1 =0)
end for
end for

0)

Finally, v = ) is the desired result.

This simple approach has two drawbacks:

1) It is numerically unstable because A" grows quickly: ||A™M]| ~ [|ATD |12 ~
4%" 5o in computing b; (r+1) the bgjﬂm are lost in roundoff.

2) A has bandwidth 2" 4 1 if A is tridiagonal, so it soon becomes dense
and thus expensive to multiply or solve.

Here is a fix for the second drawback. Note that A(") is a polynomial p,(A)
of degree 2":

po(A) = A and p,41(A) = (p.(A))? — 21
LEMMA 6.10. Lett = 2cosf. Then p,(t) = pr(2cosf) = 2cos(2"6).
Proof. This is a simple trigonometric identity. O

Note that p,(t) = 2 cos(2" arccos(%)) = 2T+ () where Ty (-) is a Chebyshev
polynomial (see section 6.5.6).

LEMMA 6.11. p,.(t) = H?;l(t —t;), where t; = 2cos(7r%).
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Proof. The zeros of the Chebyshev polynomials are given in Lemma 6.7. O

Thus A" = H?;l(A - QCOS(W%—:I)), so solving A"z = ¢ is equivalent
to solving 2" tridiagonal systems with tridiagonal coefficient matrices A +
2 cos(m 2];1), each of which costs O(N) via tridiagonal Gaussian elimination
or Cholesky.

More changes are needed to have a numerically stable algorithm. The final
algorithm is due to Buneman and described in [46, 45].

We analyze the cost of the simple algorithm as follows; the stable algorithm
is analogous. Multiplying by a tridiagonal matrix or solving a tridiagonal
system of size N costs O(N) flops. Therefore multiplying by A" or solving a
system with A costs O(2"N) flops, since A(") is the product of 2" tridiagonal
matrices. The inner loop of step 1) of the algorithm therefore costs % .
O(2"N) = O(N?) flops to update the N, 41 ~ % vectors b;r+1). A+ g not
computed explicitly. Since the loop in step 1) is executed k ~ logy N times,
the total cost of step 1) is O(N?logy N). For similar reasons, step 2) costs
O(2FN) = O(N?) flops, and step 3) costs O(N?log, N) flops, for a total cost
of O(N?logy N) flops. This justifies the entry for block cyclic reduction in
Table 6.1.

This algorithm generalizes to any block tridiagonal matrix with a sym-
metric matrix A repeated along the diagonal and a symmetric matrix F' that
commutes with A (FFA = AF) repeated along the offdiagonals. See also Ques-
tion 6.10. This is a common situation when solving linear systems arising from
discretized differential equations such as Poisson’s equation.

6.9. Multigrid

Multigrid methods were invented for partial differential equations such as Pois-
son’s equation, but they work on a wider class of problems too. In contrast to
other iterative schemes that we have discussed so far, multigrid’s convergence
rate is independent of the problem size N, instead of slowing down for larger
problems. As a consequence, it can solve problems with n unknowns in O(n)
time or for a constant amount of work per unknown. This is optimal, modulo
the (modest) constant hidden inside the O(-).

Here is why the other iterative algorithms that we have discussed cannot
be optimal for the model problem. In fact, this is true of any iterative al-
gorithm that computes approximation x,,11 by averaging values of z,, and
the right-hand side b from neighboring grid points. This includes Jacobi’s,
Gauss—Seidel, SOR(w), SSOR with Chebyshev acceleration (the last three with
red-black ordering), and any Krylov subspace method based on matrix-vector
multiplication with the matrix T« n; this is because multiplying a vector by
Tnxn is also equivalent to averaging neighboring grid point values. Suppose
that we start with a right-hand side b on a 31-by-31 grid, with a single nonzero
entry, as shown in the upper left of Figure 6.9. The true solution x is shown
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Right Hand Side True Solution

5 steps of Jacobi Best 5 step solution

Fig. 6.9. Limits of averaging neighboring grid points.

in the upper right of the same figure; note that it is everywhere nonzero and
gets smaller as we get farther from the center. The bottom left plot in Fig-
ure 6.9 shows the solution x ;5 after 5 steps of Jacobi’s method, starting with
an initial solution of all zeros. Note that the solution x5 is zero more than
5 grid points away from the center, because averaging with neighboring grid
points can “propagate information” only one grid point per iteration, and the
only nonzero value is initially in the center of the grid. More generally, after k
iterations only grid points within & of the center can be nonzero. The bottom
right figure shows the best possible solution xpges 5 obtainable by any “nearest
neighbor” method after 5 steps: it agrees with = on grid points within 5 of
the center and is necessarily 0 farther away. We see graphically that the error
T Best,5 — T is equal to the size of x at the sixth grid point away from the center.
This is still a large error; by formalizing this argument, one can show that it
would take at least O(logn) steps on an n-by-n grid to decrease the error by
a constant factor less than 1, no matter what “nearest-neighbor” algorithm
is used. If we want to do better than O(logn) steps (and O(nlogn) cost),
we need to “propagate information” farther than one grid point per iteration.
Multigrid does this by communicating with nearest neighbors on coarser grids,
where a nearest neighbor on a coarse grid can be much farther away than a
nearest neighbor on a fine grid.

Multigrid uses coarse grids to do divide-and-conquer in two related senses.
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First, it obtains an initial solution for an N-by-N grid by using an (N/2)-
by-(N/2) grid as an approximation, taking every other grid point from the
N-by-N grid. The coarser (N/2)-by-(N/2) grid is in turn approximated by an
(N/4)-by-(N/4) grid, and so on recursively. The second way multigrid uses
divide-and-conquer is in the frequency domain. This requires us to think of
the error as a sum of eigenvectors, or sine-curves of different frequencies. Then
the work that we do on a particular grid will eliminate the error in half of the
frequency components not eliminated on other grids. In particular, the work
performed on a particular grid—averaging the solution at each grid point with
its neighbors, a variation of Jacobi’s method—makes the solution smoother,
which is equivalent to getting rid of the high-frequency error. We will illustrate
these notions further below.

6.9.1. Overview of Multigrid on Two-Dimensional Poisson’s Equa-
tion

We begin by stating the algorithm at a high level and then fill in details.
As with block cyclic reduction (section 6.8), it turns out to be convenient to
consider a (2¥ — 1)-by-(2¥ — 1) grid of unknowns rather than the 2*-by-2* grid
favored by the FFT (section 6.7). For understanding and implementation, it
is convenient to add the nodes at the boundary, which have the known value
0, to get a (2% + 1)-by-(2* + 1) grid, as shown in Figures 6.10 and 6.13. We
also let Nj, = 2F — 1.

We will let P() denote the problem of solving a discrete Poisson equation on
a (2¢ 4 1)-by-(2* + 1) grid with (2¢ — 1)? unknowns, or equivalently a (N; + 2)-
by-(N; + 2)) grid with N? unknowns. The problem P® is specified by the
right-hand side b and implicitly the grid size 2 — 1 and the coefficient matrix
T = TN, xn,. An approximate solution of P will be denoted z®. Thus, b(@)
and () are (2 — 1)-by-(2° — 1) arrays of values at each grid point. (The zero
boundary values are implicit.) We will generate a sequence of related problems
pl@) plt-1) pGi-2)  pl) on increasingly coarse grids, where the solution
to PU—Y is a good approximation to the error in the solution of P,

To explain how multigrid works, we need some operators that take a prob-
lem on one grid and either improve it or transform it to a related problem on
another grid:

e The solution operator S takes a problem P and its approximate solution
2 and computes an improved z(®:

improved z = §(b® 2, (6.51)

The improvement is to damp the “high-frequency components” of the
error. We will explain what this means below. It is implemented by av-
eraging each grid point value with its nearest neighbors and is a variation
of Jacobi’s method.
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il il 1

P(3): 9 by 9 grid of points P(Z): 5by 5grid of points P(l): 3 by 3 grid of points

7 by 7 grid of unknowns 3 by 3 grid of unknowns 1by 1 grid of unknowns
Pointslabeled 2 are Pointslabeled 1 are
part of next coarser grid part of next coarser grid

Fig. 6.10. Sequence of grids used by two-dimensional multigrid.

e The restriction operator R takes a right-hand side () from problem P®)
and maps it to (=Y, which is an approximation on the coarser grid:

b= = R(6M). (6.52)

Its implementation also requires just a weighted average with nearest
neighbors on the grid.

e The interpolation operator In takes an approximate solution z(i=1) for
PU=1 and converts it to an approximate solution z( for the problem
P on the next finer grid:

2@ = In(z0~V). (6.53)

Its implementation also requires just a weighted average with nearest
neighbors on the grid.

Since all three operators are implemented by replacing values at each grid
point by some weighted averages of nearest neighbors, each operation costs
just O(1) per unknown, or O(n) for n unknowns. This is the key to the low
cost of the ultimate algorithm.

Multigrid V-Cycle
This is enough to state the basic algorithm, the multigrid V-cycle (MGV).

ALGORITHM 6.16. MGV (the lines are numbered for later reference):

function MGV(b(i), iL‘(i)> ... replace an approzimate solution z(¥)
. of P with an improved one
ifi=1 ... only one unknown

compute the exact solution (V) of P()
return ()
else
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1) 20 = S(b(i), 2@ ... improve the solution
2) (@) — @) . 0 _ pd) ... compute the residual
3) d® = In(MGV (4 - R(r(i))jO)) ... solve recursively
. on coarser grids
4) 2 = £ — () ... correct fine grid solution
5) (M = SO, £0) ... improve the solution again
return (%)
endif

In words, the algorithm does the following:

1. Starts with a problem on a fine grid (b®, z®).

2. Improves it by damping the high-frequency error: z(*) = S(b(®), z()).

3. Computes the residual () of the approximate solution z(?).

4. Approximates the fine grid residual r(?) on the next coarser grid: R(r®).

5. Solves the coarser problem recursively, with a zero initial guess: MGV (4-
R(r®),0). The factor 4 appears because of the h? factor in the right-
hand side of Poisson’s equation, which changes by a factor of 4 from fine
grid to coarse grid.

6. Maps  the coarse  solution back to the fine  grid:
d; = In(MGV (R(r®"),0))

7. Subtracts the correction computed on the coarse grid from the fine grid
solution: (" = 2 — ¢,

8. Improves the solution some more: (9 = S(b(®), (),

We justify the algorithm briefly as follows (we do the details later). Suppose
(by induction) that d® is the ezact solution to the equation

76 L @) — @) — i) . () _ 3

Rearranging, we get
7). (x(i) — d(i)) —p®

so that () — d® is the desired solution.

The algorithm is called a V-cycle, because if we draw it schematically in
(grid number i, time) space, with a point for each recursive call to MGV, it
looks like Figure 6.11, starting with a call to MGV(b(®), () in the upper left
corner. This calls MGV on grid 4, then 3, and so on down to the coarsest grid
1 and then back up to grid 5 again.

Knowing only that the building blocks S, R, and In replace values at grid
points by certain weighted averages of their neighbors, we know enough to do
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time

Fig. 6.11. MGV.

a O(-) complexity analysis of MGV. Since each building block does a constant
amount of work per grid point, it does a total amount of work proportional to
the number of grid points. Thus, each point at grid level ¢ on the “V” in the
V-cycle will cost O((2¢ —1)2) = O(4%) operations. If the finest grid is at level k
with n = O(4*) unknowns, then the total cost will be given by the geometric

sum
k

Y 0@ =0(4F) = 0o(n).

i=1

Full Multigrid

The ultimate multigrid algorithm uses the MGV just described as a building
block. It is called full multigrid (FMG):

ALGORITHM 6.17. FMG:

function FMG(b® 2R return an accurate solution x*) of P®*)
solve PY) exactly to get (V)
fori=2tok
@ = MGV (b9, In(z(=1))
end for

In words, the algorithm does the following:
1. Solves the simplest problem P™) exactly.

2. Given a solution z(*~1) of the coarse problem PU~Y maps it to a starting
guess () for the next finer problem P®: I'n(z(—1).



Iterative Methods for Linear Systems 337

time

Fig. 6.12. FMG.

3. Solves the finer problem using the MGV with this starting guess: M GV(b(i),
In(z0=1)).

Now we can do the overall O(-) complexity analysis of FMG. A picture of
FMG in (grid number ¢, time) space is shown in Figure 6.12. There is one
“V” in this picture for each call to MGV in the inner loop of FMG. The “V”
starting at level i costs O(4%) as before. Thus the total cost is again given by

the geometric sum
k

>_0) =0(4") = O(n),

i=1
which is optimal, since it does a constant amount of work for each of the n
unknowns. This explains the entry for multigrid in Table 6.1.

A Matlab implementation of multigrid (both for the one and two-dimensional
model problems) is available at HOMEPAGE/Matlab/MG_README.html.

6.9.2. Detailed Description of Multigrid on One-Dimensional Pois-
son’s Equation

Now we will explain in detail the various operators S, R, and In composing
the multigrid algorithm and sketch the convergence proof. We will do this for
Poisson’s equation in one dimension, since this will capture all the relevant
behavior but is simpler to write. In particular, we can now consider a nested
set of one-dimensional problems instead of two-dimensional problems, as shown
in Figure 6.13.

As before we denote by P the problem to be solved on grid i, namely, 7()-
() = b where as before N; = 2 —1 and T = T'n,. We begin by describing
the solution operator S, which is a form of weighted Jacobi convergence.

Solution Operator in One Dimension

In this subsection we drop the superscripts on T, 2 and b for simplicity
of notation. Let T = ZAZ" be the eigendecomposition of T, as defined in
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2 2 2 2 2 1 1 1

P(3): 1D grid of 9 points P(z): 1D grid of 5 points P(l): 1D grid of 3 points
7 unknowns 3 unknowns 1 unknown

Pointslabeled 2 are Pointslabeled 1 are

part of next coarser grid part of next coarser grid

Fig. 6.13. Sequence of grids used by one-dimensional multigrid.

Lemma 6.1. The standard Jacobi’s method for solving Tx = bis 2,41 = Rxp+
¢, where R =1 —T/2 and ¢ = b/2. We consider weighted Jacobi convergence
Tmt1 = RyTm + ¢y, where Ry, = I —wT'/2 and ¢,, = wb/2; w = 1 corresponds
to the standard Jacobi’s method. Note that R, = Z(I — wA/2)ZT is the
eigendecomposition of R,,. The eigenvalues of R,, determine the convergence
of weighted Jacobi in the usual way: Let e, = x,,, —x be the error at the mth
iteration of weighted Jacobi convergence so that

= Ryem-1

= Ryeo

= (Z(I —wA/2)ZT) e
= Z(I—wA/2)"Z ¢,

€m

SO
ZTe, = (I —wA/2)"Z ey or (ZTen); = (I — wA/Q);-”j(ZTeO)j.

We call (ZTem)j the jth frequency component of the error e,,, since e, =
Z(Z%e,,) is a sum of columns of Z weighted by the (ZTe,,);, ie., a sum of
sinusoids of varying frequencies (see Figure 6.2). The eigenvalues \;(Ry) = 1—
wA;/2 determine how fast each frequency component goes to zero. Figure 6.14
plots \j(R,) for N =99 and varying values of the weight w.

When w = % and j > %, i.e., for the upper half of the frequencies \;, we
have |\;(Ry)| < % This means that the upper half of the error components
(ZTe,,); are multiplied by % or less at every iteration, independently of N.
Low-frequency error components are not decreased as much, as we will see in
Figure 6.15. So weighted Jacobi convergence with w = % is good at decreasing
the high-frequency error.

Thus, our solution operator S in equation (6.51) consists of taking one step
of weighted Jacobi convergence with w = 2

3

When we want to indicate the grid 7 on which Ry/3 operates, we will instead
write RéZ)S.

Figure 6.15 shows the effect of taking two steps of S for i = 6, where we
have 2 — 1 = 63 unknowns. There are three rows of pictures, the first row
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02} | w=2/3
B N T
-04+ | ]
-0.6} 4
-0.8F 1 il
w=1

Fig. 6.14. Graph of the spectrum of R, for N = 99 and w = 1 (Jacobi’s method),
w=1/2 and w =2/3.

showing the initial solution and error and the following two rows showing the
solution z,, and error e,, after successive applications of S. The true solution
is a sine curve, shown as a dotted line in the leftmost plot in each row. The
approximate solution is shown as a solid line in the same plot. The middle
plot shows the error alone, including its two-norm in the label at the bottom.
The rightmost plot shows the frequency components of the error Z”e,,. One
can see in the rightmost plots that as S is applied, the right (upper) half of the
frequency components are damped out. This can also be seen in the middle and
left plots, because the approximate solution grows smoother. This is because
high-frequency error looks like “rough” error and low-frequency error looks like
“smooth” error. Initially, the norm of the vector decreases rapidly, from 1.65
to 1.055, but then decays more gradually, because there is little more error in
the high frequencies to damp. Thus, it only makes sense to do a few iterations
of S at a time.

Recursive Structure of Multigrid

Using this terminology, we can describe the recursive structure of multigrid as
follows. What multigrid does on the finest grid P*), is to damp the upper half
of the frequency components of the error in the solution. This is accomplished
by the solution operator .S, as just described. On the next coarser grid, with
half as many points, multigrid damps the upper half of the remaining frequency
components in the error. This is because taking a coarser grid, with half as
many points, makes frequencies appear twice as high, as illustrated in the
example below.
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Solution after 0 steps Error Error in Frequency Coordinates
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Norm = 1.055
Solution after 2 steps Error Error in Frequency Coordinates
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True (dotted)
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Norm = 0.9176

Fig. 6.15. Illustration of weighted Jacobi convergence.
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Schematic Description of Multigrid

Error
Component

Z"ep |

A

= Frequency j

D Upper Upper Upper half of 4
half of halfof  frequencieson P

fregs, . fregs.
on P2 onp()

Fig. 6.16. Schematic description of how multigrid damps error components.

EXAMPLE 6.16.

N=12, k=4 N fine grid,
low frequency, k < &5 2 6
sin 5

for 1<j <11

N=6, k=4

high frequency, k > %
sin %

for 1 <j <5

coarse grid,

On the next coarser grid, the upper half of the remaining frequency compo-
nents are damped, and so on, until we solve the exact (one unknown) problem
PM_ This is shown schematically in Figure 6.16. The purpose of the restric-
tion and interpolation operators is to change an approximate solution on one
grid to one on the next coarser or next finer grid.

Restriction Operator in One Dimension

Now we turn to the restriction operator R, which takes a right-hand side r(*)
from problem P and approximates it on the next coarse grid, yielding r=1),
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Restriction by Samplin
1 X T T T

Fig. 6.17. Restriction from a grid with 2* — 1 = 15 points to a grid with 23 —1 =17
points. (0 boundary values also shown.)

The simplest way to compute (=1 would be to simply sample () at the
common grid points of the coarse and fine grids. But it is better to compute
r(i=1) at a coarse grid point by averaging values of (¥ on neighboring fine grid
points: the value at a coarse grid point is .5 times the value at the corresponding
fine grid point, plus .25 times each of the fine grid point neighbors. We call
this smoothing. Both methods are illustrated in Figure 6.17.

So altogether, we write the restriction operation as

P=0 R(r(i))

= pil.0
- 111 -
4 2 4
1101
4 2 4 )
— 7
= 111 (@), (6.55)
111
L 4 2 4

The subscript ¢ and superscript ¢ — 1 on the matrix P;fl indicate that it maps
from the grid with 2° — 1 points to the grid with 2¢=! — 1 points.

In two dimensions, restriction involves averaging with the eight nearest

neighbors of each grid points: i times the grid cell value itself, plus % times

the four neighbors to the left, right, top, and bottom, plus 1—16 times the four

remaining neighbors at the upper left, lower left, upper right, and lower right.
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Coarse Grid Function

1 T T

Interpolated Fine Grid Function
1 T T

-1 | | | | | | |
0 2 4 6 8 10 12 14 16

Fig. 6.18. Interpolation from a grid with 23 —1 = 7 points to a grid with 2* —1 =15
points. (0 boundary values also shown.)

Interpolation Operator in One Dimension

The interpolation operator In takes an approximate solution d®~Y on a coarse
grid and maps it to a function d on the next finer grid. The solution d(*—1
is interpolated to the finer grid as shown in Figure 6.18: we do simple linear
interpolation to fill in the values on the fine grid (using the fact that the
boundary values are known to be zero). Mathematically, we write this as

N|— =N

= N

D = In(d )= pi, - di) = 20D (6.56)

[N

N = N

The subscript ¢ — 1 and superscript ¢ on the matrix Pii_1 indicate that it maps
from the grid with 2°=! — 1 points to the grid with 2° — 1 points.

Note that P/ ; =2-(P/~")T. In other words, interpolation and smoothing
are essentially transposes of one another. This fact will be important in the
convergence analysis later.

In two dimensions, interpolation again involves averaging the values at
coarse nearest neighbors of a fine grid point (one neighbor if the fine grid point
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is also a coarse grid point; two neighbors if the fine grid point’s nearest coarse
neighbors are to the left and right or top and bottom; and four neighbors
otherwise).

Putting It All Together

Now we run the algorithm just described for eight iterations on the problem
pictured in the top two plots of Figure 6.19; both the true solution = (on the
top left) and right-hand side b (on the top right) are shown. The number
of unknowns is 27 — 1 = 127. We show how multigrid converges in the bot-
tom three plots. The middle left plot shows the ratio of consecutive residuals
|"m+1ll/||7m|l, where the subscript m is the number of iterations of multigrid
(i.e., calls to FMG, or Algorithm 6.17). These ratios are about .15, indicating
that the residual decreases by more than a factor of 6 with each multigrid
iteration. This quick convergence is indicated in the middle right plot, which
shows a semilogarithmic plot of ||r,,|| versus m; it is a straight line with slope
log,o(.15) as expected. Finally, the bottom plot plots all eight error vectors
Tm—x. We see how they smooth out and become parallel on a semilogarithmic
plot, with a constant decrease between adjacent plots of log,,(.15).

Figure 6.20 shows a similar example for a two-dimensional model problem.

Convergence Proof

Finally, we sketch a convergence proof that shows that the overall error in an
FMG “V”-cycle is decreased by a constant less than 1, independent of grid size
N}, = 2F —1. This means that the number of FMG V-cycles needed to decrease
the error by any factor less than 1 is independent of k, and so the total work
is proportional to the cost of a single FMG V-cycle, i.e., proportional to the
number of unknowns n.

We will simplify the proof by looking at one V-cycle and assuming by
induction that the coarse grid problem is solved ezactly [42]. In reality, the
coarse grid problem is not solved quite exactly, but this rough analysis suffices
to capture the spirit of the proof: that low-frequency error is eliminated on
the coarser grid and high-frequency error is eliminated on the fine grid.

Now let us write all the formulas defining a V-cycle and combine them all to
get a single formula of the form “new e(® = M-e()” where e = z() —z is the
error and M is a matrix whose eigenvalues determine the rate of convergence;
our goal is to show that they are bounded away from 1, independently of i.
The line numbers in the following table refer to Algorithm 6.16.
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True Solution

0.5
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norm(res(m+1))/norm(res(m))
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Error of each iteration

Right Hand Side
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Fig. 6.19. Multigrid solution of one-dimensional model problem.
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True Solution Right Hand Side

norm(res(m+1))/norm(res(m)) ) norm(res(m))

1 10
0.8 10°
0.6 107
0.4 10
0.2 10°

0 10

5 10 15 20 0 5 10 15 20
iteration number m iteration number m

Fig. 6.20. Multigrid solution of two-dimensional model problem.

() =0 = S(b(i),x(i)) = Ry +b)/3
by line 1) and equation (6.54),
b) D = TO. g0 _ )
by line 2),
d¥ = In(MGV(4-R(r%),0))
by line 3)

—  In([T6D] 7' (4- R(r®)))

by our assumption that the

coarse grid problem is solved exactly
= In([T0D]7" (4. Pl

by equation (6.55)

(c) = PL([TCD)] 7 (4 PO
by equation (6.56)

(@) 20 = 0 _qW)
by line 4)

() =0 = Sb(i),x(i) = Ry +b)/3
by line 5).

In order to get equations updating the error (¥, we subtract the identity

x = Réi/)3x+ b /3 from lines (a) and (e) above, 0 = T .z — b from line (b),
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and x = z from line (d) to get

(a) e = Ré/)3 @

(b) @O =70 .0

() dV =P ([T0D] 7 (4. B0,

(d) e® = ()_d()

(e) e = R;/)3e(’)

Substituting each of the above equations into the next yields the following

formula, showing how the error is updated by a V-cycle:

. —1 . . . .
{I Py [0 .(4.p;1T<z>)}R(l> 0

= M-, (6.57)

new el = Ré/)g

Now we need to compute the eigenvalues of M. We first simplify equa-
tion (6.57), using the facts that P} ; =2- (P 1)T and

7Y = 4. pir®Ops | —g. pi-lp®pi-H)T (6.58)
(see Question 6.15). Substituting these into the expression for M in equa-
tion (6.57) yields
M= Rg/g{ (BT [E O e (p >>} Ry,
or, dropping indices to simplify notation,
M = Ry {1 = P"- [PTP"]"" PT} Ry, (6.59)

We continue, using the fact that all the matrices composing M (T, R, /3

and P) can be (nearly) diagonalized by the eigenvector matrices Z = Z(*) and
Z0=1 of T =T and TV, respectively: Recall that Z = Z7 = 271, T =
ZANZ, and Ry3 = Z(I — A/S)Z = ZARrZ. We leave it to the reader to conﬁrm

that Z0-DPZ(®) = Ap, where Ap is almost diagonal (see Question 6.15):

(+1 +cos 51 ) /8 if k=,
Apjk =4 (—1+ cos m)/\/_ if k=2"—j, (6.60)
0 otherwise.

This lets us write

ZMZ = (ZRy32)
: {I — (zPTZ0) |20 PZ)(2T2)(2PT 207 -
-(Z@—UPZ)(ZTZ)} (ZRy372)

= An-{I-AF [ApANF] T ApAY - Ag,
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The matrix ZM Z is similar to M since Z = Z~! and so has the same eigen-
values as M. Also, ZM Z is nearly diagonal: it has nonzeros only on its main
diagonal and “perdiagonal” (the diagonal from the lower left corner to the
upper right corner of the matrix). This lets us compute the eigenvalues of T
explicitly.

THEOREM 6.11. The matriz M has eigenvalues 1/9 and 0, independent of
1. Therefore multigrid converges at a fized rate independent of the number of
unknowns.

For a proof, see Question 6.15. For a more general analysis, see [266].
For an implementation of this algorithm, see Question 6.16. The Web site
[89] contains pointers to an extensive literature, software, and so on.

6.10. Domain Decomposition

Domain decomposition for solving sparse systems of linear equations is a topic
of current research. See [48, 114, 203] and especially [230] for recent surveys.
We will give only simple examples.

The need for methods beyond those we have discussed arises from of the
irregularity and size of real problems and also from the need for algorithms
for parallel computers. The fastest methods that we have discussed so far,
those based on block cyclic reduction, the FFT, and multigrid, work best
(or only) on particularly regular problems such as the model problem, i.e.,
Poisson’s equation discretized with a uniform grid on a rectangle. But the
region of solution of a real problem may not be a rectangle but more irregular,
representing a physical object like a wing (see Figure 2.12). Figure 2.12 also
illustrates that there may be more grid points in regions where the solution is
expected to be less smooth than in regions with a smooth solution. Also, we
may have more complicated equations than Poisson’s equation or even different
equations in different regions. Independent of whether the problem is regular,
it may be too large to fit in the computer memory and may have to be solved
“in pieces.” Or we may want to break the problem into pieces that can be
solved in parallel on a parallel computer.

Domain decomposition addresses all these issues by showing how to sys-
tematically create “hybrid” methods from the simpler methods discussed in
previous sections. These simpler methods are applied to smaller and more reg-
ular subproblems of the overall problem, after which these partial solutions are
“pieced together” to get the overall solution. These subproblems can be solved
one at a time if the whole problem does not fit into memory, or in parallel on
a parallel computer. We give examples below. There are generally many ways
to break a large problem into pieces, many ways to solve the individual pieces,
and many ways to piece the solutions together. Domain decomposition theory
does not provide a magic way to choose the best way to do this in all cases
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but rather a set of reasonable possibilities to try. There are some cases (such
as problems sufficiently like Poisson’s equation) where the theory does yield
“optimal methods” (costing O(1) work per unknown).

We divide our discussion into two parts, nonoverlapping methods and over-
lapping methods.

6.10.1. Nonoverlapping Methods

This method is also called substructuring or a Schur complement method in the
literature. It has been used for decades, especially in the structural analysis
community, to break large problems into smaller ones that fit into computer
memory.

For simplicity we will illustrate this method using the usual Poisson’s equa-
tion with Dirichlet boundary conditions discretized with a 5-point stencil but
on an L-shaped region rather than a square. This region may be decomposed
into two domains: a small square and a large square of twice the side length,
where the small square is connected to the bottom of the right side of a larger
square. We will design a solver that can exploit our ability to solve problems
quickly on squares.

In the figure below, the number of each grid point is shown for a coarse
discretization (the number is above and to the left of the corresponding grid
point; only grid points interior to the “L” are numbered).

29 28 27 2 2

24 23 22 21 2

19 18 17 1 1

14 13 12 11, 1q 3
1 3

Note that we have numbered first the grid points inside the two subdomains
(1 to 4 and 5 to 29) and then the grid points on the boundary (30 and 31).
The resulting matrix is
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4-1|-1
-1 4] -1 -1
-1 4-1
-1-1 4 -1
4-1 -1 -1
-1 4-1 -1
-1 4-1 -1
-1 4-1 -1
-1 4 -1
-1 4-1 -1 -1
-1 -1 4-1 -1
-1 -1 4-1 -1
-1 -1 4-1 -1
-1 -1 4 -1
-1 4-1 -1
-1 -1 4-1 -1
-1 -1 4-1 -1
-1 -1 4-1 -1
-1 -1 4 -1
-1 4-1 -1
-1 -1 4-1 -1
-1 -1 4-1 -1
-1 -1 4-1 -1
-1 -1 4 -1
-1 4-1
-1 -1 4-1
-1 -1 4-1
-1 -1 4-1
-1 -1 4
-1 -1 4-1
-1 -1 -1 4

[An] 0 |
=A= \‘ 0 HAQQ A23J.
Aly || A%y | Ass

Here, A11 = Toxo, Aog = T5x5, and Azz = Tox1 = 1o + 215, where Ty is
defined in equation (6.3) and Ty« is defined in equation (6.14). One of the
most important properties of this matrix is that A;o = 0, since there is no
direct coupling between the interior grid points of the two subdomains. The
only coupling is through the boundary, which is numbered last (grid points 30
and 31). Thus Aj3 contains the coupling between the small square and the
boundary, and Ass contains the coupling between the large square and the
boundary.

To see how to take advantage of the special structure of A to solve Ax = b,
write the block LU decomposition of A as follows:

I 0 0 I 00 A 0 A
A= 0 I O|-{0 I 0 ]- 0 Axp Ay |,
AT AT AL A T 00 S 0o o0 I

where

S = Agz — ATAT Az — AT AS) Aoy (6.61)
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is called the Schur complement of the leading principal submatrix containing
Aq1 and Ags. Therefore, we may write

A7l =
AL 0 —A A I 0 0 I 0 0
0 Ay —ApAys |-|0 I 0 |- 0 I 0
0 0 I 00 S —ATL AT —ALAG T

Therefore, to multiply a vector by A~! we need to multiply by the blocks in
the entries of this factored form of A~!, namely, A3 and Ags (and their trans-
poses), A1_11 and AQ_QI, and S~!'. Multiplying by A3 and A3z is cheap because
they are very sparse. Multiplying by Aﬁl and A;; is also cheap because we
chose these subdomains to be solvable by FFT, block cyclic reduction, multi-
grid, or some other fast method discussed so far. It remains to explain how to
multiply by S~!.

Since there are many fewer grid points on the boundary than in the subdo-
mains, A3 and S have a much smaller dimension than Aq; and Ago; this effect
grows for finer grid spacings. S is symmetric positive definite, as is A, and (in
this case) dense. To compute it explicitly one would need to solve with each
subdomain once per boundary grid point (from the AﬁlAlg and A521A23 terms
in (6.61)). This can certainly be done, after which one could factor S using
dense Cholesky and proceed to solve the system. But this is expensive, much
more so than just multiplying a vector by .S, which requires just one solve
per subdomain using equation (6.61). This makes a Krylov subspace—based
iterative method such as CG look attractive (section 6.6), since these methods
require only multiplying a vector by S. The number of matrix-vector multi-
plications CG requires depends on the condition number of S. What makes
domain decomposition so attractive is that S turns out to be much better con-
ditioned that the original matrix A (a condition number that grows like O(N)
instead of O(N?)), and so convergence is fast [114, 203].

More generally, one has k > 2 subdomains, separated by boundaries (see
Figure 6.21, where the heavy lines separate subdomains). If we number the
nodes in each subdomain consecutively, followed by the boundary nodes, we
get the matrix

A171 0 Al,k+1
0 Ak Ag k+1
A{Jchl Ag,kJrl ‘ A1k

where again we can factor it by factoring each A;; independently and forming
k _
the Schur complement S = A1 441 — > iy AkaAi,}Ai,m-
In this case, when there is more than one boundary segment, S has further
structure that can be exploited to precondition it. For example, by numbering

the grid points in the interior of each boundary segment before the grid points
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at the intersection of boundary segments, one gets a block structure as in A.
The diagonal blocks of S are complicated but may be approximated by T 11,/ 2,
which may be inverted efficiently using the FFT [35, 36, 37, 38, 39]. To sum-
marize the state of the art, by choosing the preconditioner for S appropriately,
one can make the number of steps of conjugate gradient independent of the
number of boundary grid points N [229].

6.10.2. Overlapping Methods

The methods in the last section were called nonoverlapping because the do-
mains corresponding to the nodes in A;; were disjoint, leading to the block
diagonal structure in equation (6.62). In this section we permit overlapping
domains, as shown in the figure below. As we will see, this overlap permits us
to design an algorithm comparable in speed with multigrid but applicable to
a wider set of problems.

The rectangle with a dashed boundary in the figure is domain §21, and the
square with a solid boundary is domain 5. We have renumbered the nodes
so that the nodes in €); are numbered first and the nodes in €5 are numbered
last, with the nodes in the overlap 21 N €5 in the middle.

Qo
3, 26 21 16 13

32 25 2q 15 12
29 24 19.”']‘4*'11" _________ \
28 23 18 10 8§ §
27, 2 17; Q9 7 4 3 1

. Q,

These domains are shown in the matrix A below, which is the same matrix
as in section 6.10.1 but with its rows and columns ordered as shown above:
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We have indicated the boundaries between domains in the way that we
have partitioned the matrix: The single lines divide the matrix into the nodes
associated with €5 (1 through 10) and the rest Q\ ©; (11 through 31). The
double lines divide the matrix into the nodes associated with Qo (7 through
31) and the rest ©\ Q2 (1 through 6). The submatrices below are subscripted
accordingly:

Ao | Ao | A, oo }:
Aoy o | Aovar o\

Aova, 0\, || Ao, 0,
AQQ,Q\QZ H Aﬂz,ﬂg '

We conformally partition vectors such as
. zo, | | x(1:10)
_ N x(1:6)
xQ, x(7:31) |
Now we have enough notation to state two basic overlapping domain decom-
position algorithms. The simplest one is called the additive Schwarz method for

historical reasons but could as well be called overlapping block Jacobi iteration
because of its similarity to (block) Jacobi iteration from sections 6.5 and 6.6.5.
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ALGORITHM 6.18. Additive Schwarz method for updating an approximate so-
lution x; of Ax = b to get a better solution x;i1:

r=b— Az /* compute the residual */

Tiy1 =0
Titl,Q) = Ti 0y + Ag},gl - TQ, /* update the solution on Q1 */
Tit1,Qy = Titl,Qp T A521792 TQ, /* update the solution on Qo */

This algorithm also be written in one line as

#
AS_); Q '

In words, the algorithm works as follows: The update Ag_hl’ﬂlml corresponds
to solving Poisson’s equation just on {21, using boundary conditions at nodes
11, 14, 17, 18, and 19, which depend on the previous approximate solution x;.
The update A&;’ 0,70, 18 analogous, using boundary conditions at nodes 5 and
6 depending on z;.

In our case the €); are rectangles, so any one of our earlier fast methods,
such as multigrid, could be used to solve AQ ;T Since the additive Schwarz
method is iterative, it is not necessary to solve the problems on 2; exactly.

Indeed, the additive Schwarz method is typically used as a preconditioner
for a Krylov subspace method like conjugate gradients (see section 6.6.5). In
the notation of section 6.6.5, the preconditioner M is given by

Ml_[AQ},Qlo%M]_

0 |0 oHAQZQZ

Al
xi+1=ﬂ:i+[ Ql’%l T }—i—

If ; and Qy did not overlap, then M ! would simplify to

[ Al g 0 ]
0 Ag, o,

and we would be doing block Jacobi iteration. But we know that Jacobi’s
method does not converge particularly quickly, because “information” about
the solution from one domain can only move slowly to the other domain across
the boundary between them (see the discussion at the beginning of section 6.9).
But as long as the overlap is a large enough fraction of the two domains, infor-
mation will travel quickly enough to guarantee fast convergence. Of course we
do not want too large an overlap, because this increases the work significantly.
The goal in designing a good domain decomposition method is to choose the
domains and the overlaps so as to have fast convergence while doing as little
work as possible; we say more on how convergence depends on overlap below.
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From the discussion in section 6.5, we know that the Gauss—Seidel method
is likely to be more effective than Jacobi’s method. This is the case here as
well, with the overlapping block Gauss—Seidel method (more commonly called
the multiplicative Schwarz method) often being twice as fast as additive block
Jacobi iteration (the additive Schwarz method).

ALGORITHM 6.19. Multiplicative Schwarz method for updating an approzi-
mate solution x; of Az = b:

) ro, = (b— Az, /* compute residual of x; on Q1 */
2) Tipl g, = Tio + A511,S21 - TQ, /* update solution on 1 */
/

) Tl e, = T\
) ro,=(b— Axi+%)92 /* compute residual of Tip1oon Qg */
) — -1 . * ; *
4/) Ti+1,Q2 = Tigl @, + Agq, QT /* update solution on Qg */
) mi o0, = Tirl o\

Note that lines (2') and (4') do not require any data movement, provided that
T, 1 and ;11 overwrite x;.
2

This algorithm first solves Poisson’s equation on 2; using boundary data
from z;, just like Algorithm 6.18. It then solves Poisson’s equation on {29, but
using boundary data that has just been updated. It may also be used as a
preconditioner for a Krylov subspace method.

In practice more domains than just two (€; and Q) are used. This is done
if the domain of solution is more complicated or if there are many independent
parallel processors available to solve independent problems AS_)il,QiTQi or just

to keep the subproblems A5i1 q,7o, small and inexpensive to solve.

Here is a summary of the theoretical convergence analysis of these methods
for the model problem and similar elliptic partial differential equations. Let A
be the mesh spacing. The theory predicts how many iterations are necessary to
converge as a function of h as h decreases to 0. With two domains, as long as
the overlap region 21 N€)s is a nonzero fraction of the total domain £ U, the
number of iterations required for convergence is independent of h as h goes to
zero. This is an attractive property and is reminiscent of multigrid, which also
converged at a rate independent of mesh size h. But the cost of an iteration
includes solving subproblems on ; and s exactly, which may be comparable
in expense to the original problem. So unless the solutions on 2; and €2y are
very cheap (as with the L-shaped region above), the cost is still high.

Now suppose we have many domains €2;, each of size H > h. In other
words, think of the {2; as the regions bounded by a coarse mesh with spac-
ing H, plus some cells beyond the boundary, as shown by the dashed line in
Figure 6.21.

Let 6 < H be the amount by which adjacent domains overlap. Now let H,
d, and h all go to zero such that the overlap fraction §/H remains constant,
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f
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Fig. 6.21. Coarse and fine discretizations of an L-shaped region.

and H > h. Then the number of iterations required for convergence grows
like 1/H, i.e., independently of the fine mesh spacing h. This is close to, but
still not as good as, multigrid, which does a constant number of iterations and
O(1) work per unknown.

Attaining the performance of multigrid requires one more idea, which, per-
haps not surprisingly, is similar to multigrid. We use an approximation A
of the problem on the coarse grid with spacing H to get a coarse grid precon-
ditioner in addition to the fine grid preconditioners AQ .- We need three
matrices to describe the algorithm. First, let Ay be the matrix for the model
problem discretized with coarse mesh spacing H. Second, we need a restriction
operator R to take a residual on the fine mesh and restrict it to values on the
coarse mesh; this is essentially the same as in multigrid (see section 6.9.2).
Finally, we need an interpolation operator to take values on the coarse mesh
and interpolate them to the fine mesh; as in multigrid this also turns out to
be RT.

ALGORITHM 6.20. Two-level additive Schwarz method for updating an approx-
imate solution x; of Ax = b to get a better solution x;i1:

Tit1 = T4
for 1 =1 to the number of domains €);
= (b— Azi)q,
$l+1 Q; = Li+1,9Q, +AQ17Q rQ;
endfor

Tiy1 = i1 + RTAZ Rr

As with Algorithm 6.18, this method is typically used as a preconditioner
for a Krylov subspace method.

Convergence theory for this algorithm, which is applicable to more general
problems than Poisson’s equation, says that as H, J, and h shrink to 0 with



Iterative Methods for Linear Systems 357

d/H staying fixed, the number of iterations required to converge is independent
of H, h or §. This means that as long as the work to solve the subproblems
A§i1 q, and Agl is proportional to the number of unknowns, the complexity is
as gbod as multigrid.

It is probably evident to the reader that implementing these methods in a
real world problem can be complicated. There is software available on-line that
implements many of the building blocks described here and also runs on parallel
machines. It is called PETSc, for Portable Extensible Toolkit for Scientific
computing. PETSc is available at http://www.mcs.anl.gov/petsc/petsc.html
and is described briefly in [230].

6.11. References and Other Topics for Chapter 6

Up-to-date surveys of modern iterative methods are given in [15, 105, 134, 212],
and their parallel implementations are also surveyed in [75]. Classical methods
such as Jacobi’s, Gauss—Seidel, and SOR methods are discussed in detail in
[247, 135]. Multigrid methods are discussed in [42, 183, 184, 258, 266] and the
references therein; [89] is a Web site with pointers to an extensive bibliography,
software, and so on. Domain decomposition are discussed in [48, 114, 203, 230].
Chebyshev and other polynomials are discussed in [238]. The FFT is discussed
in any good textbook on computer science algorithms, such as [3] and [246].
A stabilized version of block cyclic reduction is found in [46, 45].

6.12. Questions for Chapter 6

QUESTION 6.1. (Easy) Prove Lemma 6.1.

QUESTION 6.2. (Easy) Prove the following formulas for triangular factoriza-
tions of Ty .

1. The Cholesky factorization T = B%B ~ has a upper bidiagonal Cholesky
factor By with

] .
i and By(i,i+1) = !

. |
~ (1) i i+ 1

2. The result of Gaussian elimination with partial pivoting on T is Ty =
LnUy, where the triangular factors are bidiagonal:

i

7

)

1+ 1

UN(i,i) = and UN(i,i+ 1) = —1.
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3. Ty = DNDJIC,, where Dy is the N-by-(N + 1) upper bidiagonal matrix

with 1 on the main diagonal and —1 on the superdiagonal.

QUESTION 6.3. (Easy) Confirm equation (6.13).

QUESTION 6.4. (Fasy)

1. Prove Lemma 6.2.

2. Prove Lemma 6.3.

3. Prove that the Sylvester equation AX — X B = C is equivalent to

(I, ® A — BT @ I;,)vec(X) = vec(O).

4. Prove that vec(AXB) = (BT ® A) - vec(X).

QUESTION 6.5. (Medium) Suppose that A™*™ is diagonalizable, so A has n
independent eigenvectors: Ax; = ajx;, or AX = XAy, where X = [z1,..., 2]

and A4 = diag(«y). Similarly, suppose that

B™*™ is diagonalizable, so b has m

independent eigenvectors: By; = B;y;, or BY = Y Ap, where Y = [y1,...,yn]
and Ap = diag(;). Prove the following results.

1. The mn eigenvalues of I,,, ® A+ B® I, are \j; = a; + 3}, i.e., all possible

sums of pairs of eigenvalues of A and B. The corresponding eigenvectors
are z;j, where z;; = x; ®y;, whose (km+1)th entry is z;(k)y;(1). Written
another way,

In®A+BRL)Y®X)=(Y@X) (In®As+Ap®1,). (6.63)

. The Sylvester equation AX 4+ X BT = C is nonsingular (solvable for X,

given any C) if and only if the sum «a; + §; = 0 for all eigenvalues «;
of A and 3; of B. The same is true for the slightly different Sylvester
equation AX + X B = C (see also Question 4.6).

The mn eigenvalues of A ® B are \;; = «;f3}, i.e., all possible products
of pairs of eigenvalues of A and B. The corresponding eigenvectors are
zij, where z;; = x; ® yj, whose (km + [)th entry is x;(k)y;(l). Written
another way,

(BoA)Y @ X)=(Y ®X) - (Ap® Aq). (6.64)

QUESTION 6.6. (Easy; Programming) Write a one-line Matlab program to im-
plement Algorithm 6.2: one step of Jacobi’s algorithm for Poisson’s equation.
Test it by confirming that it converges as fast as predicted in section 6.5.4.

QUESTION 6.7. (Hard) Prove Lemma 6.7.
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QUESTION 6.8. (Medium; Programming) Write a Matlab program to solve the
discrete model problem on a square using FFTs. The inputs should be the di-
mension IV and a square N-by-/N matrix of values of f;;. The outputs should be
an N-by-N matrix of solution v;; and the residual || Ty x yv— R2flla/ (I Tnxn |2
|v]]). You should also produce three-dimensional plots of f and v. Use the fft
built in to Matlab. Your program should not have to be more than a few lines
long if you use all the features of Matlab that you can. Solve it for several
problems whose solutions you know and several you do not:

1. fjk =sin(jmn /(N + 1)) - sin(kn /(N + 1).
2. fjr =sin(jm/(N+1))-sin(kr/(N+1)+sin(3jm/(N+1))-sin(5kn/(N+1).

3. f has a few sharp spikes (both positive and negative) and is 0 elsewhere.
This approximates the electrostatic potential of charged particles located
at the spikes and with charges proportional to the heights (positive or
negative) of the spikes. If the spikes are all positive, this is also the
gravitational potential.

QUESTION 6.9. (Medium) Confirm that evaluating the formula in (6.47) by
performing the matrix-vector multiplications from right to left is mathemati-
cally the same as Algorithm 6.13.

QUESTION 6.10. (Medium; Hard)

1. (Hard) Let A and H be real symmetric n-by-n matrices that commute,
i.e., AH = HA. Show that there is an orthogonal matrix ¢ such that
QAQT = diag(aq,...,a,) and QHQT = diag(6y,...,0,) are both diag-
onal. In other words, A and H have the same eigenvectors. Hint: First
assume A has distinct eigenvalues, and then remove this assumption.

2. (Medium) Let

.0

0 «
be a symmetric tridiagonal Toeplitz matrix, i.e., a symmetric tridiagonal
matrix with constant « along the diagonal and 6 along the offdiagonals.

Write down simple formulas for the eigenvalues and eigenvectors of 7.
Hint: Use Lemma 6.1.

3. (Hard) Let
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be an n?-by-n? block tridiagonal matrix, with n copies of A along the
diagonal. Let QAQT = diag(a,...,a,) be the eigendecomposition of
A, and let QHQT = diag(fy,...,0,) be the eigendecomposition of H as
above. Write down simple formulas for the n? eigenvalues and eigenvec-
tors of T" in terms of the oy, 6;, and Q. Hint: Use Kronecker products.

4. (Medium) Show how to solve Tx = b in O(n?) time. In contrast, how
much bigger are the running times of dense LU factorization and band
LU factorization?

5. (Medium) Suppose that A and H are (possibly different) symmetric tridi-
agonal Toeplitz matrices, as defined above. Show how to use the FFT to
solve Tz = b in just O(n?logn) time.

QUESTION 6.11. (Easy) Suppose that R is upper triangular and nonsingular
and that C is upper Hessenberg. Confirm that RCR™! is upper Hessenberg.

QUESTION 6.12. (Medium) Confirm that the Krylov subspace KCx(A,y1) has
dimension k if and only if the Arnoldi algorithm (Algorithm 6.9) or the Lanczos
algorithm (Algorithm 6.10) can compute g without quitting first.

QUESTION 6.13. (Medium) Confirm that when A™*" is symmetric positive
definite and Q™** has full column rank, then T = QT AQ is also symmetric
positive definite. (For this question, () need not be orthogonal.)

QUESTION 6.14. (Medium) Prove Theorem 6.9.

QUESTION 6.15. (Medium; Hard)
1. (Medium) Confirm equation (6.58).
2. (Medium) Confirm equation (6.60).

3. (Hard) Prove Theorem 6.11.

QUESTION 6.16. (Medium; Programming) A Matlab program implementing
multigrid to solve the discrete model problem on a square is available on the
class homepage at HOMEPAGE/Matlab/MG _README.html. Start by run-
ning the demonstration (type “makemgdemo” and then “testfmgv”). Then,
try running testfmg for different right-hand sides (input array b), different
numbers of weighted Jacobi convergence steps before and after each recursive
call to the multigrid solver (inputs jacl and jac2), and different numbers of
iterations (input iter). The software will plot the convergence rate (ratio of
consecutive residuals); does this depend on the size of b? the frequencies in b?
the values of jacl and jac2? For which values of jacl and jac2 is the solution
most efficient?
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QUESTION 6.17. (Medium; Programming) Using a fast model problem solver
from either Question 6.8 or Question 6.16, use domain decomposition to build
a fast solver for Poisson’s equation on an L-shaped region, as described in
section 6.10. The large square should be 1-by-1 and the small square should
be .5-by-.5, attached at the bottom right of the large square. Compute the
residual in order to show that your answer is correct.

QUESTION 6.18. (Hard) Fill in the entries of a table like Table 6.1, but for
solving Poisson’s equation in three dimensions instead of two. Assume that
the grid of unknowns is N x N x N, with n = N3. Try to fill in as many entries
of columns 2 and 3 as you can.
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Iterative Algorithms for Eigenvalue
Problems

7.1. Introduction

In this chapter we discuss methods for finding eigenvalues of matrices that
are too large to use the “dense” algorithms of Chapters 4 and 5. In other
words, we seek algorithms that take far less than O(n?) storage and O(n?)
flops. Since the eigenvectors of most n-by-n matrices would take n? storage to
represent, this means that we seek algorithms that compute just a few user-
selected eigenvalues and eigenvectors of a matrix.

We will depend on the material on Krylov subspace methods developed in
section 6.6, the material on symmetric eigenvalue problems in section 5.2, and
the material on the power method and inverse iteration in section 5.3. The
reader is advised to review these sections.

The simplest eigenvalue problem is to compute just the largest eigenvalue in
absolute value, along with its eigenvector. The power method (Algorithm 4.1)
is the simplest algorithm suitable for this task: Recall that its inner loop is

Yit1 = Awxi,

Tiv1 = Yir1/ Y1l
where x; converges to the eigenvector corresponding to the desired eigenvector
(provided that there is only one eigenvalue of largest absolute value, and x;
is not orthogonal to its eigenvector). Note that the algorithm uses A only
to perform matrix-vector multiplication, so all that we need to run the algo-
rithm is a “black-box” that takes x; as input and returns Azx; as output (see
Example 6.13).

A closely related problem is to find the eigenvalue closest to a user-supplied
value o, along with its eigenvector. This is precisely the situation inverse
iteration (Algorithm 4.2) was designed to handle. Recall that its inner loop is

Yir1 = (A—oal) lay,

Tiv1 = Yirr/llvis1ll2,

363
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i.e., solving a linear system of equations with coefficient matrix A—cl. Again z;
converges to the desired eigenvector, provided that there is just one eigenvalue
closest to o (and x7 is not orthogonal to its eigenvector). Any of the sparse
matrix techniques in Chapter 6 or section 2.7.4 could be used to solve for
Yi+1, although this is usually much more expensive than simply multiplying
by A. When A is symmetric Rayleigh quotient iteration (Algorithm 5.1) can
also be used to accelerate convergence (although it is not always guaranteed
to converge to the eigenvalue of A closest to o).

Starting with a given x1, k — 1 iterations of either the power method or
inverse iteration produce a sequence of vectors x1,xo,...,x;. These vectors
span a Krylov subspace, as defined in section 6.6.1. In the case of the power
method, this Krylov subspace is K, (21, A) = span[z1, Axq, A%zq, ..., AF 1],
and in the case of inverse iteration this Krylov subspace is Ky (21, (A —ol)™1).
Rather than taking x; as our approximate eigenvector, it is natural to ask
for the “best” approximate eigenvector in Kk, i.e., the best linear combination
Zle a;z;. We took the same approach for solving Az = b in section 6.6.2,
where we asked for the best approximate solution to Ax = b from K. We
will see that the best eigenvector (and eigenvalue) approximations from Ky are
much better than xj alone. Since Kj has dimension k (in general), we can
actually use it to compute k£ best approximate eigenvalues and eigenvectors.
These best approximations are called the Ritz values and Ritz vectors.

We will concentrate on the symmetric case A = AT, In the last section we
will briefly describe the nonsymmetric case.

The rest of this chapter is organized as follows. Section 7.2 discusses the
Rayleigh—Ritz method, our basic technique for extracting information about
eigenvalues and eigenvectors from a Krylov subspace. Section 7.3 discusses
our main algorithm, the Lanczos algorithm, in exact arithmetic. Section 7.4
analyzes the rather different behavior of the Lanczos algorithm in floating
point arithmetic, and sections 7.5 and 7.6 describe practical implementations
of Lanczos that compute reliable answers despite roundoff. Finally, section 7.7
briefly discusses algorithms for the nonsymmetric eigenproblem.

7.2. The Rayleigh—Ritz Method

Let Q = [Qk, Qu] be any n-by-n orthogonal matrix, where Q) is n-by-k and
Qy is n-by-(n — k). In practice the columns of @ will be computed by the
Lanczos algorithm (Algorithm 6.10 or Algorithm 7.1 below) and span a Krylov
subspace K, and the subscript u indicates that @, is (mostly) unknown. But
for now we do not care where we get Q).

We will use the following notation (which was also used in equation (6.31):

QL AQr Q[ AQy

T = QTAQ = [ka Qu]TA[ka Qu] = QTAQk QTAQu
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When k = 1, T} is just the Rayleigh quotient 77 = p(Q1, A) (see Definition 5.1).
So for k > 1, T}, is a natural generalization of the Rayleigh quotient.

DEFINITION 7.1. The Rayleigh-Ritz procedure s to approzimate the eigen-
values of A by the eigenvalues of Ty, = Q{TQ;C. These approximations are
called Ritz values. Let Ty, = VAV be the eigendecomposition of Tj,. The cor-
responding eigenvector approzimations are the columns of QrV and are called
Ritz vectors.

The Ritz values and Ritz vectors are considered optimal approximations
to the eigenvalues and eigenvectors of A for several reasons. First, when Qy
and so T}, are known but @, and so T}, and T, are unknown, the Ritz values
and vectors are the natural approximations from the known part of the matrix.
Second, they satisfy the following generalization of Theorem 5.5. (Theorem 5.5
showed that the Rayleigh quotient was a “best approximation” to a single
eigenvalue.) Recall that the columns of Q) span an invariant subspace of A if
and only if AQy = QxR for some matrix R.

THEOREM 7.1. The minimum of ||AQk — QrR||2 over all k-by-k symmetric
matrices R is attained by R = T}, in which case ||AQr — QrR||2 = || Tkull2- Let
T, = VAVT be the eigendecomposition of Tj,. The minimum of || AP, — PyD||2
over all n-by-k orthogonal matrices Py where span(Py) = span(Qy) and D is
diagonal is also ||Tky||2 and is attained by P, = QrV and D = A.

In other words, the columns of @iV (the Ritz vectors) are the “best”
approximate eigenvectors and the diagonal entries of A (the Ritz values) are
the “best” approximate eigenvalues in the sense of minimizing the residual

|AP; — PiD||2.

Proof. We temporarily drop the subscripts & on T} and @ to simplify
notation, so we can write the k-by-k matrix T = QTAQ. Let R=T + Z. We
want to show ||AQ — QR||% is minimized when Z = 0. We do this by using a
disguised form of the Pythagorean theorem:

IAQ = QR[5 = Amax [(AQ — QR)"(AQ — QR)]
by Part 7 of Lemma 1.7
Amax [(AQ — Q(T + 2))"(AQ — Q(T + 2))]
= Amax [(AQ — QT)T(AQ — QT) — (AQ — QT (Q2)
—(QZ)"(AQ — QT) + (Q2)"(QZ)]
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= Amax [(AQ — QT)T(AQ — QT) — (QTAQ - T)Z
-ZMQTAQ - T)+ Z2"Z]

= Amax [(AQ — QD) (AQ — QT) + 2" Z]
because QTAQ =T

Amax [(AQ — QT)" (AQ — QT)]
by Question 5.5, since ZTZ is

symmetric positive semidefinite

= ||JAQ — QT||3 by Part 7 of Lemma 1.7.

A%

Restoring subscripts, it is easy to compute the minimum value

1AQk — QrTrll2 = |[(QkTk + QuTku) — (QkTk) |2 = |QuTkullz = | Thull2-

If we replace Qi by any product QiU where U is another orthogonal matrix,
then the columns of Q) and Q.U span the same space, and

IAQk — QrRll2 = [[AQLU — QiRU |2 = | A(Q1U) — (QxU)(UT RU)|2.

These quantities are still minimized when R = Tj, and by choosing U =V
so that UTT,U is diagonal, we solve the second minimization problem in the
statement of the theorem. O

This theorem justifies using Ritz values as eigenvalue approximations. When
Q. is computed by the Lanczos algorithm, in which case (see equation (6.31))

a1 A
B1 B
e B
T_[Tk Tlﬂ_ Ber o | B
Thu | Tu Br | kst Bret ’
Br+1
/anl
ﬁn—l (679

then it is easy to compute all the quantities in Theorem 7.1. This is because
there are good algorithms for finding eigenvalues and eigenvectors of the sym-
metric tridiagonal matrix T}, (see section 5.3) and because the residual norm is
simply ||Tkyl|l2 = Bk. (From the Lanczos algorithm we know that [y is nonneg-
ative.) This simplifies the error bounds on the approximate eigenvalues and
eigenvectors in the following theorem.

THEOREM 7.2. Let Ty, Ty, and Qi be as in equation (7.1). If Qy is computed
by the Lanczos algorithm, let By be the single (possibly) nonzero entry in the
upper right corner of Ty,. Let T), = VAV be the eigendecomposition of Ty,
where V = [v1,...,vg] is orthogonal and A = diag(0y,...,0;). Then
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1. There are k eigenvalues o, ..., of A (not necessarily the largest k)
such that |0; — a;| < [|[Txull2 for i =1,...,k. If Qk is computed by the
Lanczos algorithm, then |0; — a;| < || Tkull2 = Br-

2. |A(Qrvi) — (Qivi)bill2 = || Tkyvill2- Thus, the difference between the Ritz
value 0; and some eigenvalue o of A is at most ||Tyyvil|2, which may be
much smaller than ||Tgyll2. If Qk is computed by the Lanczos algorithm,
then ||Tkyvill2 = Prlvi(k)|, where vi(k) is the kth (bottom) entry of v;.
This formula lets us compute the residual || A(Qrv;) — (Qxv;)0;||2 cheaply,
i.e., without multiplying any vector by Q or by A.

3. Without any further information about the spectrum of Ty, we cannot
deduce any useful error bound on the Ritz vector Qgv;. If we know that
the gap between 0; and any other eigenvalue of Ty or T, is at least g,
then we can bound the angle 6 between Qrv; and a true eigenvector of A
by

L ginag < [Teullz (7.2)
2 g

If Qi is computed by the Lanczos algorithm, then the bound simplifies to
Br

1
—sin 260 < —.
2 g

Proof.

T. 0

o 7 |include 6 through 6. Since

1. The eigenvalues of T = [

= [|Thrull2,

|7~ Tls = H
2

0 T
Tiw O

Weyl’s theorem (Theorem 5.1) tells us that the eigenvalues of T and T
differ by at most ||Tky|/2. But the eigenvalues of T" and A are identical,
proving the result.

2. We compute
|AQrvi) — (Qrvi)bill2 = QT A(Qrvi) — QT (Qrvi)bi2

Tivi | | vibh
Tkuvi 0

since Tpv; = 0;v;

0
Ty i

2 ’ 2

= | Truvill2-

Then by Theorem 5.5, A has some eigenvalue « satisfying |a — 6;] <
| Tkwvil|2- If Q is computed by the Lanczos algorithm, then ||Tj,v;|l2 =
Bi|vi(k)|, because only the top right entry of Tk, namely, (i, is nonzero.
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3. We reuse Example 5.4 to show that we cannot deduce a useful error bound
on the Ritz vector without further information about the spectrum of T,:

| 14+g €
=[]

where 0 < € < g. Welet Kk =1 and Q1 = [e1], so T} = 1+ g and
the approximate eigenvector is simply e;. But as shown in Example 5.4,
the eigenvectors of T are close to [1,¢/g]” and [—¢/g,1]T. So without
a lower bound on g, i.e., the gap between the eigenvalue of T} and all
the other eigenvalues, including those of T}, we cannot bound the error
in the computed eigenvector. If we do have such a lower bound, we can
apply the second bound of Theorem 5.4 to T and T + E = diag(T, Ty)
to derive equation (7.2). o

7.3. The Lanczos Algorithm in Exact Arithmetic

The Lanczos algorithm for finding eigenvalues of a symmetric matrix A com-
bines the Lanczos algorithm for building a Krylov subspace (Algorithm 6.10)
with the Rayleigh—Ritz procedure of the last section. In other words, it builds
an orthogonal matrix Q = [q1,. .., qk] of orthogonal Lanczos vectors and ap-
proximates the eigenvalues of A by the Ritz values (the eigenvalues of the
symmetric tridiagonal matrix T} = QgAQk), as in equation (7.1).

ALGORITHM 7.1. Lanczos Algorithm in exact arithmetic for finding eigenval-
ues and eigenvectors of A = AT:

q1 =0b/||bll2, Bo=0,q =0

forj=1tok

Z = AQj

= quz

z=z—a;q — Bj—1¢j-1

Bi = lzll2

if B; =0, quit

4j+1 = 2/B;

Compute eigenvalues, eigenvectors, and error bounds of Ty
end for

In this section we explore the convergence of the Lanczos algorithm by de-
scribing a numerical example in some detail. This example has been chosen to
illustrate both typical convergence behavior, as well as some more problematic
behavior, which we call misconvergence. Misconvergence can occur because
the starting vector ¢; is nearly orthogonal to the eigenvector of the desired
eigenvalue or when there are multiple (or very close) eigenvalues.
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The title of this section indicates that we have (nearly) eliminated the
effects of roundoff error on our example. Of course, the Matlab code (HOME-
PAGE/Matlab/LanczosFullReorthog.m) used to produce the example below
ran in floating point arithmetic, but we implemented Lanczos (in particular
the inner loop of Algorithm 6.10) in a particularly careful and expensive way
in order to make it mimic the exact result as closely as possible. This careful
implementation is called Lanczos with full reorthogonalization, as indicated in
the titles of the figures below.

In the next section we will explore the same numerical example using the
original, inexpensive implementation of Algorithm 6.10, which we call Lanc-
zos with no reorthogonalization in order to contrast it with Lanczos with full
reorthogonalization. (We will also explain the difference in the two implementa-
tions.) We will see that the original Lanczos algorithm can behave significantly
differently from the more expensive “exact” algorithm. Nevertheless, we will
show how to use the less expensive algorithm to compute eigenvalues reliably.

ExAMPLE 7.1. We illustrate the Lanczos algorithm and its error bounds by
running a large example, a 1000-by-1000 diagonal matrix A, most of whose
eigenvalues were chosen randomly from a normal Gaussian distribution. Fig-
ure 7.1 is a plot of the eigenvalues. To make later plots easy to understand,
we have also sorted the diagonal entries of A from largest to smallest, so
Ai(A) = a;, with corresponding eigenvector e;, the ith column of the identity
matrix. There are a few extreme eigenvalues, and the rest cluster near the
center of the spectrum. The starting Lanczos vector ¢; has all equal entries,
except for one, as described below.

There is no loss in generality in experimenting with a diagonal matrix, since
running Lanczos on A with starting vector ¢; is equivalent to running Lanczos
on QT AQ with starting vector Q7 q; (see Question 7.1).

To illustrate convergence, we will use several plots of the sort shown in
Figure 7.2. In this figure the eigenvalues of each T} are shown plotted in
column k, for £k =1 to 9 on the top, and for £ = 1 to 29 on the bottom, with
the eigenvalues of A plotted in an extra column at the right. Thus, column
k has k pluses, one marking each eigenvalue of T,. We have also color-coded
the eigenvalues as follows: The largest and smallest eigenvalues of each T}, are
shown in black, the second largest and second smallest eigenvalues are red, the
third largest and third smallest eigenvalues are green, and the fourth largest
and fourth smallest eigenvalues are blue. Then these colors recycle into the
interior of the spectrum.

To understand convergence, consider the largest eigenvalue of each Tj; these
black pluses are on the top of each column. Note that they increase monoton-
ically as k increases; this is a consequence of the Cauchy interlace theorem,
since T}, is a submatrix of Ty (see Question 5.4). In fact, the Cauchy inter-
lace theorem tells us more, that the eigenvalues of T}, interlace those of Tj1,
or that /\Z’(TkJrl) > /\z(Tk) > /\i+1 (Tk+1) > >\i+1(Tk)- In other WOI‘dS, )\’L(Tk)
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Fig. 7.1. Eigenvalues of the diagonal matriz A.

increases monotonically with k for any fixed ¢, not just ¢ = 1 (the largest eigen-
value). This is illustrated by the colored sequences of pluses moving right and
up in the figure.

A completely analogous phenomenon occurs with the smallest eigenvalues:
The bottom black plus sign in each column of Figure 7.2 shows the smallest
eigenvalue of each Ty, and these are monotonically decreasing as k increases.
Similarly, the ¢th smallest eigenvalue is also monotonically decreasing. This is
also a simple consequence of the Cauchy interlace theorem.

Now we can ask to which eigenvalue of A the eigenvalue \;(7}) can converge
as k increases. Clearly the largest eigenvalue of Ty, A\ (T}), ought to converge
to the largest eigenvalue of A, A;(A). Indeed, if Lanczos proceeds to step k = n
(without quitting early because some [ = 0), then T}, and A are similar, and
so M (Tn) = Ai(A). Similarly, the ith largest eigenvalue \;(7}) of T} must
increase monotonically and converge to the ith largest eigenvalue \;(A) of A
(provided that Lanczos does not quit early). And the ith smallest eigenvalue
Miet+1—i(Tg) of Ty must similarly decrease monotonically and converge to the
ith smallest eigenvalue A\,41-;(A) of A.

All these converging sequences are represented by sequences of pluses of a
common color in Figure 7.2 and other figures in this section. Consider the right
graph in Figure 7.2: For k larger than about 15, the topmost and bottom-most
black pluses form horizontal rows next to the extreme eigenvalues of A, which
are plotted in the rightmost column; this demonstrates convergence. Similarly,
the outermost sequences of red pluses form horizontal rows next to the second
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9 steps of Lanczos (full reorthogonalization) applied to A
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29 steps of Lanczos (full reorthogonalization) applied to A
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Fig. 7.2. The Lanczos algorithm applied to A. The first 9 steps are shown on the
top, and the first 29 steps are shown on the bottom. Column k shows the eigenvalues
of Ty, except that the rightmost columns (column 10 on the left and column 30 on the
right) show all the eigenvalues of A.

largest and second smallest eigenvalues of A in the rightmost column; they
converge later than the outermost eigenvalues. A blow-up of this behavior for
more Lanczos steps is shown in the top two graphs of Figure 7.3.

To summarize the above discussion, extreme eigenvalues, i.e., the largest
and smallest ones, converge first, and the interior eigenvalues converge last.
Furthermore, convergence is monotonic, with the ith largest (smallest) eigen-
value of Ty, increasing (decreasing) to the ith largest (smallest) eigenvalue of
A, provided that Lanczos does not stop prematurely with some G = 0.

Now we examine the convergence behavior in more detail, compute the
actual errors in the Ritz values, and compare these errors with the error bounds
in part 2 of Theorem 7.2. We run Lanczos for 99 steps on the same matrix
pictured in Figure 7.2 and display the results in Figure 7.3. The top left graph
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in Figure 7.3 shows only the largest eigenvalues, and the top right graph shows
only the smallest eigenvalues.

The middle two graphs in Figure 7.3 show the errors in the four largest
computed eigenvalues (on the left) and the four smallest computed eigenvalues
(on the right). The colors in the middle graphs match the colors in the top
graphs. We measure and plot the errors in three ways:

e The global errors (the solid lines) are given by |A;i(Tx) — Ai(A)|/|Ni(A)].
We divide by |A;(A4)| in order to normalize all the errors to lie between 1
(no accuracy) and about 1076 (machine epsilon, or full accuracy). As k
increases, the global error decreases monotonically, and we expect it to
decrease to machine epsilon, unless Lanczos quits prematurely.

e The local errors  (the dotted lines) are given by
min; [A;(Tx) — Aj(A)|/|Ai(A)|. The local error measures the smallest dis-
tance between \;(7}) and the nearest eigenvalue A;(A) of A, not just the
ultimate value \;(A). We plot this because sometimes the local error is
much smaller than the global error.

e The error bounds (the dashed lines) are the quantities
|Brvi(k)|/|Ni(A)] computed by the algorithm (except for the normaliza-
tion by |A;(A)|, which of course the algorithm does not know!).

The bottom two graphs in Figure 7.3 show the eigenvector components
of the Lanczos vectors g for the four eigenvectors corresponding to the four
largest eigenvalues (on the left) and for the four eigenvectors corresponding
to the four smallest eigenvalues (on the right). In other words, they plot
atej = qi(j), where e; is the jth eigenvector of the diagonal matrix A, for
E =1 to 99 and for j = 1 to 4 (on the left) and 7 = 997 to 1000 (on the
right). The components are plotted on a logarithmic scale, with “+” and “0”
to indicate whether the component is positive or negative, respectively. We
use these plots to help explain convergence below.

Now we use Figure 7.3 to examine convergence in more detail. The largest
eigenvalue of T (topmost black pluses in the top left graph of Figure 7.3)
begins converging to its final value (about 2.81) right away, is correct to six
decimal places after 25 Lanczos steps, and is correct to machine precision by
step 50. The global error is shown by the solid black line in the middle left
graph. The local error (the dotted black line) is the same as the global error
after not too many steps, although it can be “accidentally” much smaller if
an eigenvalue \;(7}) happens to fall close to some other \;(A) on its way to
Ai(A). The dashed black line in the same graph is the relative error bound
computed by the algorithm, which overestimates the true error up to about
step 75. Still, the relative error bound correctly indicates that the largest
eigenvalue is correct to several decimal digits.

The second through fourth largest eigenvalues (the topmost red, green and
blue pluses in the top left graph of Figure 7.3) converge in a similar fashion,
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Fig. 7.3. 99 steps of Lanczos applied to A. The the largest eigenvalues are shown
on the left, and the smallest on the right. The top two graphs show the eigenvalues
themselves, the middle two graphs the errors (global = solid, local = dotted, bounds
= dashed), and the bottom two graphs show eigencomponents of Lanczos vectors. The
colors in a column of three graphs match.
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with eigenvalue ¢ converging slightly faster than eigenvalue ¢4 1. This is typical
behavior of the Lanczos algorithm.

The bottom left graph of Figure 7.3 measures convergence in terms of
the eigenvector components qkTej. To explain this graph, consider what hap-
pens to the Lanczos vectors g as the first eigenvalue converges. Convergence
means that the corresponding eigenvector e; nearly lies in the Krylov subspace
spanned by the Lanczos vectors. In particular, since the first eigenvalue has
converged after £ = 50 Lanczos steps, this means that e; must very nearly be
a linear combination of ¢; though g¢s50. Since the g, are mutually orthogonal,
this means ¢ must also be orthogonal to e; for £ > 50. This is borne out by
the black curve in the bottom left graph, which has decreased to less than 107
by step 50. The red curve is the component of ey in gy, and this reaches 10~8
by step 60. The green curve (third eigencomponent) and blue curve (fourth
eigencomponent) get comparably small a few steps later.

Now we discuss the smallest four eigenvalues, whose behavior is described
by the three graphs on the right of Figure 7.3. We have chosen the matrix
A and starting vector ¢ to illustrate certain difficulties that can arise in the
convergence of the Lanczos algorithm to show that convergence is not always
as straightforward as in the case of the four eigenvalues just examined.

In particular, we have chosen ¢1(999), the eigencomponent of ¢; in the
direction of the second smallest eigenvalue (—2.81), to be about 10~7, which is
10° times smaller than all the other components of g1, which are equal. Also,
we have chosen the third and fourth smallest eigenvalues (numbers 998 and
997) to be nearly the same: —2.700001 and —2.7.

The convergence of the smallest eigenvalue of Ty to Ajpoo(A) ~ —3.03 is
uneventful, similar to the largest eigenvalues. It is correct to 16 digits by step
40.

The second smallest eigenvalue of Tk, shown in red, begins by misconverging
to the third smallest eigenvalue of A, near —2.7. Indeed, the dotted red line in
the middle right graph of Figure 7.3 shows that Aggg(7)) agrees with Aggg(A)
to six decimal places for Lanczos steps 40 < k < 50. The corresponding error
bound (the red dashed line) tells us that Aggg(7%) equals some eigenvalue of A
to three or four decimal places for the same values of k. The reason Aggg(7})
misconverges is that the Krylov subspace starts with a very small component of
the corresponding Krylov subspace eggg, namely, 10~7. This can be seen by the
red curve in bottom right graph, which starts at 10~7 and takes until step 45
before a large component of eggg appears. Only at this point, when the Krylov
subspace contains a sufficiently large component of the eigenvector eggg, can
Aogo(Tx) start converging again to its final value Aggg(A) ~ —2.81, as shown
in the top and middle right graphs. Once this convergence has set in again,
the component of eggg starts decreasing again and becomes very small once
999 (T}) has converged to Aggg(A) sufficiently accurately. (For a quantitative
relationship between the convergence rate and the eigencomponent g7 eggg, see
the theorem of Kaniel and Saad discussed below.)
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Fig. 7.4. Lanczos applied to A, where the starting vector q is orthogonal to the
eigenvector corresponding to the second smallest eigenvalue —2.81. No approzimation
to this eigenvalue is computed.

Indeed, if q; were exactly orthogonal to eggg, so q{eggg = 0 rather than
just q?eggg =107, then all later Lanczos vectors would also be orthogonal to
q1. This means Aggg(7) would never converge to Aggg(A). (For a proof, see
Question 7.3.) We illustrate this in Figure 7.4, where we have modified ¢; just
slightly so that q{eggg = 0. Note that no approximation to Aggg(A) ~ —2.81
ever appears.

Fortunately, if we choose ¢; at random, it is extremely unlikely to be or-
thogonal to an eigenvector. We can always rerun Lanczos with a different
random ¢; to provide more “statistical” evidence that we have not missed any
eigenvalues.

Another source of “misconvergence” are (nearly) multiple eigenvalues, such
as the the third smallest eigenvalue Aggg(A) = —2.700001 and the fourth
smallest eigenvalue A\gg7(A4) = —2.7. By examining Aggs(7)), the bottom-
most green curve in the top right and middle right graphs of Figure 7.3, we
see that during Lanczos steps 50 < k < 75, Agos(Tx) misconverges to about
—2.7000005, halfway between the two closest eigenvalues of A. This is not
visible at the resolution provided by the top right graph but is evident from
the horizontal segment of the solid green line in the middle right graph during
Lanczos steps 50 < k < 75. At step 76 rapid convergence to the final value
Agog(A) = —2.700001 sets in again.

Meanwhile, the fourth smallest eigenvalue Agg7(T%), shown in blue, has
misconverged to a value near Aggs(A) ~ —2.64; the blue dotted line in the
middle right graph indicates that Agg7(7%) and Aggs(A) agree to up to nine
decimal places near step k = 61. At step k = 65 rapid convergence sets in
again to the final value Agg7(A) = —2.7. This can also be seen in the bottom
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Fig. 7.5. Lanczos applied to A, where the third and fourth smallest eigenvalues are
equal. Only one approzimation to this double eigenvalue is computed.

right graph, where the eigenvector components of egg7 and eggg grow again
during step 50 < k < 65, after which rapid convergence sets in and they again
decrease.

Indeed, if Agg7(A) were exactly a double eigenvalue, we claim that T}, would
never have two eigenvalues near that value but only one (in exact arithmetic).
(For a proof, see Question 7.3.) We illustrate this in Figure 7.5, where we have
modified A just slightly so that it has two eigenvalues exactly equal to —2.7.
Note that only one approximation to Aggg(A) = Agg7(A) = —2.7 ever appears.

Fortunately, there are many applications were it is sufficient to find one
copy of each eigenvalue rather than all multiple copies. Also, it is possible to
use “block Lanczos” to recover multiple eigenvalues (see the algorithms cited
in section 7.6).

Examining other eigenvalues in the top right graph of Figure 7.3, we see
that misconvergence is quite common, as indicated by the frequent short hor-
izontal segments of like-colored pluses, which then drop off to the right to the
next smaller eigenvalue. For example, the seventh smallest eigenvalue is well-
approximated by the fifth (black), sixth (red), and seventh (green) smallest
eigenvalues of T}, at various Lanczos steps.

These misconvergence phenomena explain why the computable error bound
provided by part 2 of Theorem 7.2 is essential to monitor convergence. If the
error bound is small, the computed eigenvalue is indeed a good approximation
to some eigenvalue, even if one is “missing.” o

There is another error bound, due to Kaniel and Saad, that sheds light on
why misconvergence occurs. This error bound depends on the angle between
the starting vector ¢q; and the desired eigenvectors, the Ritz values, and the
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desired eigenvalues. In other words, it depends on quantities unknown during
the computation, so it is not of practical use. But it shows that if ¢; is nearly
orthogonal to the desired eigenvector, or if the desired eigenvalue is nearly
multiple, then we can expect slow convergence. See [195, sect. 12-4] for details.

7.4. The Lanczos Algorithm in Floating Point Arith-
metic

The example in the last section described the behavior of the “ideal” Lanczos
algorithm, essentially without roundoff. We call the corresponding careful but
expensive implementation of Algorithm 6.10 Lanczos with full reorthogonaliza-

tion to contrast it with the original inexpensive implementation, which we call
Lanczos with no reorthogonalization (HOMEPAGE /Matlab/LanczosNoReorthog.m).
Both algorithms are shown below.

ALGORITHM 7.2. Lanczos algorithm with full or no reorthogonalization for
finding eigenvalues and eigenvectors of A = AT :

q1 =b/||bll2, Bo =10, go =0

forj=1tok
Z = AQj
aj = quz
p=2- Y1 a)a, 2 =2— Y021 (zTa)a  full reorthogonalizati
= (g, 2=z (2" qi)qi  full reorthogonalization
z=2z—ajq; — PBj-—1gj-1 no reorthogonalization
B = llzl2
if B; =0, quit
qj+1 = 2/PB;
Compute eigenvalues, eigenvectors, and error bounds of Ty
end for

Full reorthogonalization corresponds to applying the Gram—Schmidt or-
thogonalization process “z = z — 5;11 (27q;)qi” twice in order to almost surely
make z orthogonal to ¢; through g;_;. (See Algorithm 3.1 as well as [195, sect.
6-9] and [169, chap. 7] for discussions of when “twice is enough.”) In exact
arithmetic, we showed in section 6.6.1 that z is orthogonal to g; through ¢;_1
without reorthogonalization. Unfortunately, we will see that roundoff destroys
this orthogonality property, upon which all of our analysis has depended so
far.

This loss of orthogonality does not cause the algorithm to behave com-
pletely unpredictably. Indeed, we will see that the price we pay is to get
multiple copies of converged Ritz values. In other words, instead of T having
one eigenvalue nearly equal to \;(A) for k large, it may have many eigenvalues
nearly equal to A;(A). This is not a disaster if one is not concerned about
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computing multiplicities of eigenvalues and does not mind the resulting de-
layed convergence of interior eigenvalues. See [56] for a detailed description of
a Lanczos implementation that operates in this fashion, and NETLIB/lanczos
for the software itself.

But if accurate multiplicities are important, then one needs to keep the
Lanczos vectors (nearly) orthogonal. So one could use the Lanczos algorithm
with full reorthogonalization, as we did in the last section. But one can easily
confirm that this costs O(k?n) flops instead of O(kn) flops for k steps, and
O(kn) space instead of O(n) space, which may be too high a price to pay.

Fortunately, there is a middle ground between no reorthogonalization and
full reorthogonalization, which nearly gets the best of both worlds. It turns
out that the g; lose their orthogonality in a very systematic way by developing
large components in the directions of already converged Ritz vectors. (This is
what leads to multiple copies of converged Ritz values.) This systematic loss
of orthogonality is illustrated by the next example and explained by Paige’s
theorem below. We will see that by monitoring the computed error bounds, we
can conservatively predict which ¢ will have large components of which Ritz
vectors. Then we can selectively orthogonalize qi against just those few prior
Ritz vectors, rather than against all the earlier ¢;s at each step, as with full
reorthogonalization. This keeps the Lanczos vectors (nearly) orthogonal for
very little extra work. The next section discusses selective orthogonalization
in detail.

ExaMPLE 7.2. Figure 7.7 shows the convergence behavior of 149 steps of Lanc-
zos on the matrix in Example 7.1. The graphs on the right are with full re-
orthogonalization, and the graphs on the left are with no reorthogonalization.
These graphs are similar to those in Figure 7.3, except that the global error is
omitted, since this clutters the middle graphs.

Figure 7.6 plots the smallest singular value opin(Q)) versus Lanczos step
k. In exact arithmetic, Qy is orthogonal and so opin(Qx) = 1. With roundoff,
Q. loses orthogonality starting at around step k = 70, and oyin(Qk) drops to
.01 by step k£ = 80, which is where the top two graphs in Figure 7.7 begin to
diverge visually.

In particular, starting at step £ = 80 in the top left graph of Figure 7.7, the
second smallest (red) eigenvalue Ag(7}), which had converged to A2(A) ~ 2.7
to almost 16 digits, leaps up to A1(A) ~ 2.81 in just a few steps, yielding a
“second copy” of A\1(A) along with A;(7}%) (in black). (This may be hard to see,
since the red pluses overwrite and so obscure the black pluses.) This transition
can be seen in the leap in the dashed red error bound in the middle left graph.
Also, this transition was “foreshadowed” by the increasing component of ey
in the bottom left graph, where the black curve starts rising again at step
k = 50 rather than continuing to decrease to machine epsilon, as it does with
full reorthogonalization in the bottom right graph. Both of these indicate
that the algorithm is diverging from its exact path (and that some selective
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Fig. 7.6. Lanczos algorithm without reorthogonalization applied to A. The smallest
singular value omin(Qr) of the Lanczos vector matriz Qy, is shown for k =1 to 149.
In the absence of roundoff, Qy is orthogonal, and so all singular values should be one.
With roundoff, Qy becomes rank deficient.

orthogonalization is called for). After the second copy of A\;(A) has converged,
the component of e; in the Lanczos vectors starts dropping again, starting a
little after step & = 80.

Similarly, starting at about step k = 95, a second copy of A\2(A) appears
when the blue curve (A\y(7})) in the upper left graph moves from about Az(A) ~
2.6 to A\a(A) ~ 2.7. At this point we have two copies of A\(A4) ~ 2.81 and two
copies of Aa(A). This is a bit hard to see on the graphs, since the pluses
of one color obscure the pluses of the other color (red overwrites black, and
blue overwrites green). This transition is indicated by the dashed blue error
bound for A4(T) in the middle left graph rising sharply near & = 95 and is
foreshadowed by the rising red curve in the bottom left graph, which indicates
that the component of ey in the Lanczos vectors is rising. This component
peaks near k = 95 and starts dropping again.

Finally, around step k = 145, a third copy of A1 (A) appears, again indicated
and foreshadowed by changes in the two bottom left graphs. If we were to
continue the Lanczos process, we would periodically get additional copies of
many other converged Ritz values. ¢

The next theorem provides an explanation for the behavior seen in the
above example, and hints at a practical criterion for selectively orthogonalizing
Lanczos vectors. In order not to be overwhelmed by taking all possible roundoff
errors into account, we will draw on others’ experience to identify those few
rounding errors that are important, and simply ignore the rest [195, sect. 13-
4]. This lets us summarize the Lanczos algorithm with no reorthogonalization
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149 step of Lanczos applied to A. Column 150 (at the right of the top
graphs) shows the eigenvalues of A. In the left graphs, no reorthogonalization is done.
In the right graphs, full reorthogonalization is done.
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in one line:
Bigj+1 + [i = Agj — ajq; — Bj-1¢-1. (7.3)

In this equation the variables represent the values actually stored in the ma-
chine, except for f;, which represents the roundoff error incurred by evaluat-
ing the right-hand side and then computing f; and gj+1. The norm || f;|2 is
bounded by O(e||Al|), where ¢ is machine epsilon, which is all we need to know
about f;. In addition, we will write T}, = VAVT exactly, since we know that
the roundoff errors occurring in this eigendecomposition are not important.
Thus, @y is not necessarily an orthogonal matrix, but V is.

THEOREM 7.3. Paige. We use the notation and assumptions of the last para-
graph. We also let Qr = [q1,-..,qk), V = [v1,...,vk], and A = diag(6y,...,60k).
We continue to call the columns yi; = Qrv; of QiV the Ritz vectors and the
0; the Ritz values. Then

O(elAll)
T _
Yk, idk+1 ﬂk|vi( )‘

In other words the component yaiqk+1 of the computed Lanczos vector
gr+1 in the direction of the Ritz vector yi; = Qv; is proportional to the
reciprocal of [i|v;(k)|, which is the error bound on the corresponding Ritz
value 0; (see Part 2 of Theorem 7.2). Thus, when the Ritz value 6; converges
and its error bound [ |v;(k)| goes to zero, the Lanczos vector g1 acquires a
large component in the direction of Ritz vector yi ;. Thus, the Ritz vectors
become linearly dependent, as seen in Example 7.2. Indeed, Figure 7.8 plots
both the error bound |Biv;(k)|/|Ni(A)| = |Brvi(k)|/||A|l and the Ritz vector
component ylziqkﬂ for the largest Ritz value (i = 1, the top graph) and for
the second largest Ritz value (i = 2, the bottom graph) of our 1000-by-1000
diagonal example. According to Paige’s theorem, the product of these two
quantities should be O(e). Indeed it is, as can be seen by the symmetry of the
curves about the middle line /¢ of these semilogarithmic graphs.

Proof of Paige’s theorem. We start with equation (7.3) for j =1 to j = k, and
write these k equations as the single equation

AQr = QiTr+10,...,0, Bpqrs1] + Fi
= QiTx + Brarrret + F,

where ef is the k-dimensional row vector [0,...,0,1] and Fy, = [fi1,..., fx] is
the matrix of roundoff errors. We simplify notation by dropping the subscript
k to get AQ = QT + Bqge’ + F. Multiply on the left by QT to get QTAQ =
QTQT + BQTqe” + QTF. Since QT AQ is symmetric, we get that QT QT +
BQTqe” + QT F equals its transpose or, rearranging this equality,

0=(QTQT —TQ"Q) +A(Q"qe” —eq" Q) + (QTF — F'Q). (7.4)
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If 8 and v are a Ritz value and Ritz vector, respectively, so that Tv = fv, then
note that

vT B(eq"Q)v = [Bu(k)] - [¢" (Qu)] (7.5)
is the product of error bound Bv(k) and the Ritz vector component ¢ (Quv) =
qTy, which Paige’s theorem says should be O(e|Al]). Our goal is now to
manipulate equation (7.4) to get an expression for eq” Q alone, and then use
equation (7.5).

To this end, we now invoke more simplifying assumptions about roundoff:
Since each column of @ is gotten by dividing a vector z by its norm, the
diagonal of QT'Q is equal to 1 to full machine precision; we will suppose that it
is exactly 1. Furthermore, the vector 2’ = z — ajq; = 2z — (quz)qj computed by
the Lanczos algorithm is constructed to be orthogonal to ¢;, so it is also true
that gj41 and g; are orthogonal to nearly full machine precision. Thus ququ =
(QTQ)j+1,; = O(e); we will simply assume (Q1'Q);+1,; = 0. Now write Q1Q =
I+ C +CT, where C is lower triangular. Because of our assumptions about
roundoff, C' is in fact nonzero only on the second subdiagonal and below. This
means

QTQT —TQTQ = (CT —TC) + (CTT —TCT),

where we can use the zero structures of C' and T to easily show that CT'—TC
is strictly lower triangular and CTT — T'CT is strictly upper triangular. Also,
since e is nonzero only in its last entry, eq’ @) is nonzero only in the last row.
Furthermore, the structure of Q7Q just described implies that the last two
entries of the last row of eq” Q) are zero. So in particular, eq” @ is also strictly
lower triangular and QT ¢e” is strictly upper triangular. Applying the fact that
eq’ Q and CT — TC are both strictly lower triangular to equation (7.4) yields

0= (CT—-TC) - feq"Q + L, (7.6)

where L is the strict lower triangle of Q7 F — FT Q. Multiplying equation (7.6)
on the left by v”" and on the right by v, using equation (7.5) and the fact that
vI(CT — TC)v = v Cv — v Cv = 0, yields

v Bleq" Qv = [Bu(k)] - [¢"(Qu)] = v Lo.
Since [v" Lo| < | L] = O(|QTF = FTQ||) = O(||F||) = O(e||A])), we get
[Bu(k)] - [¢" (Qu)] = O(|Al),

which is equivalent to Paige’s theorem. O

7.5. The Lanczos Algorithm with Selective Orthogonal-
ization

We discuss a variation of the Lanczos algorithm which has (nearly) the high ac-
curacy of the Lanczos algorithm with full reorthogonalization but (nearly) the
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Fig. 7.8. Lanczos with no reorthogonalization applied to A. The first 149 steps are
shown for the largest eigenvalue (in black, at top) and for the second largest eigenvalue
(in red, at bottom). The dashed lines are error bounds as before. The lines marked
by ©’s and o’s show y,ziqkﬂ, the component of Lancos vector k+ 1 in the direction of
the Ritz vector for the largest Ritz value (i =1, at top) or for the second largest Ritz

value (i = 2, at bottom).
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low cost of the Lanczos algorithm with no reorthogonalization. This algorithm
is called the Lanczos algorithm with selective orthogonalization. As discussed
in the last section, our goal is to keep the computed Lanczos vectors ¢ as nearly
orthogonal as possible (for high accuracy) by orthogonalizing them against as
few other vectors as possible at each step (for low cost). Paige’s theorem (The-
orem 7.3 in the last section) tells us that the g lose orthogonality because they
acquire large components in the direction of Ritz vectors y; ; = Qrv; whose
Ritz values 0; have converged, as measured by the error bound Sj|v;(k)| be-
coming small. This phenomenon was illustrated in Example 7.2.

Thus, the simplest version of selective orthogonalization simply monitors
the error bound [ |v;(k)| at each step, and when it becomes small enough, the
vector z in the inner loop of the Lanczos algorithm is orthogonalized against
Yikt: 2 =2 — (yZTkz)yzk We consider fg|v;(k)| to be small when it is less than
Ve||Al|, since Paige’s theorem tells us that the vector component ‘kaQk+1‘ =
Iy}, 2/||2]]2| is then likely to exceed v/z. (In practice we may replace ||A| by
HTkH, since ||Tk|| is known and || A|| may not be.) This leads to the following
algorithm

ALGORITHM 7.3. The Lanczos algorithm with selective orthogonalization for
finding eigenvalues and eigenvectors of A = AT,

q1 =b/||bll2, Bo=10, g =0

forj=1tok
Z:AQj
ozj:q]Tz

z=2z—ajq; — Bj-1¢j—1
/* Selectively orthogonalize against converged Ritz vectors */

for all i < k such that B|vi(k)| < /e|| Tkl
2=z (yiT,kZ)y@k

end for

Bi = lzll2

if B; =0, quit

qj+1 = z/B;

Compute eigenvalues, eigenvectors, and error bounds of Ty
end for

The following example shows what will happen to our earlier 1000-by-
1000 diagonal matrix when this algorithm is used (HOMEPAGE/Matlab/
LanczosSelectiveOrthog.m).

ExaMPLE 7.3. The behavior of the Lanczos algorithm with selective orthog-
onalization is visually indistinguishable from the behavior of the Lanczos al-
gorithm with full orthogonalization shown in the three graphs on the right
of Figure 7.7. In other words, selective orthogonalization provided as much
accuracy as full orthogonalization.
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The smallest singular values of all the @}, were greater than 1—10~%, which
means that selective orthogonalization did keep the Lanczos vectors orthogonal
to about half precision, as desired.

Figure 7.9 shows the Ritz values of the Ritz vectors selected for reorthogo-
nalization. Since the selected Ritz vectors correspond to converged Ritz values
and the largest and smallest Ritz values converge first, there are two graphs:
the large converged Ritz values are at the top, and the small converged Ritz
values are at the bottom. The top graph matches the Ritz values shown in
the upper right graph in Figure 7.7 that have converged to at least half preci-
sion. All together, 1485 Ritz vectors were selected for orthogonalization of a
total possible 149*150/2 = 11175. Thus, selective orthogonalization did only
1485/11175 ~ 13% as much work to keep the Lanczos vectors (nearly) orthog-
onal as full reorthogonalization.

Figure 7.10 shows how the Lanczos algorithm with selective reorthogonal-
ization keeps the Lanczos vectors orthogonal just to the Ritz vectors for the
largest two Ritz values. The graph at the top is a superposition of the two
graphs in Figure 7.8, which show the error bounds and Ritz vectors compo-
nents for the Lanczos algorithm with no reorthogonalization. The graph at the
bottom is the corresponding graph for the Lanczos algorithm with selective or-
thogonalization. Note that at step & = 50, the error bound for the largest
eigenvalue (the dashed black line) has reached the threshold of /. The Ritz
vector is selected for orthogonalization (as shown by the top black pluses in the
top of Figure 7.9), and the component in this Ritz vector direction disappears
from the bottom graph of Figure 7.10. A few steps later, at k = 58, the error
bound for the second largest Ritz value reaches /e, and it too is selected for
orthogonalization. The error bounds in the top graph continue to decrease
to machine epsilon € and stay there, whereas the error bounds in the bottom
graph eventually grow again. <

7.6. Beyond Selective Orthogonalization

Selective orthogonalization is not the end of the story, because the symmetric
Lanczos algorithm can be made even less expensive. It turns out that once a
Lanczos vector has been orthogonalized against a particular Ritz vector y, it
takes many steps before the Lanczos vector again requires orthogonalization
against y. So much of the orthogonalization work in Algorithm 7.3 can be
eliminated. Indeed, there is a simple and inexpensive recurrence for deciding
when to reorthogonalize [222, 190]. Another enhancement is to use the error
bounds to efficiently distinguish between converged and “misconverged” eigen-
values [196]. A state-of-the-art implementation of the Lanczos algorithm is de-
scribed in [123]. A different software implementation is available in ARPACK
(NETLIB/scalapack /readme.arpack [169, 231]).

If we apply Lanczos to the shifted and inverted matrix (A—oI)~!, then we
expect the eigenvalues closest to o to converge first. There are other methods
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Fig. 7.9. The Lanczos algorithm with selective orthogonalization applied to A. The
Ritz values whose Ritz vectors are selected for orthogonalization are shown.

to “precondition” a matrix A to converge to certain eigenvalues more quickly.
For example, Davidson’s method [59] is used in quantum chemistry problems,
where A is strongly diagonally dominant. It is also possible to combine David-
son’s method with Jacobi’s method [227].

7.7. lterative Algorithms for the Nonsymmetric Eigen-
problem

When A is nonsymmetric, the Lanczos algorithm described above is no longer
applicable. There are two alternatives.

The first alternative is to use the Arnoldi algorithm (Algorithm 6.9). Re-
call that the Arnoldi algorithm computes an orthogonal basis @y of a Krylov
subspace K(q1,A4) such that QT AQy = Hy, is upper Hessenberg rather than
symmetric tridiagonal. The Rayleigh-Ritz procedure is again to approximate
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388 Applied Numerical Linear Algebra

the eigenvalues of A by the eigenvalues of Hy. Since A is nonsymmetric, its
eigenvalues may be complex and/or badly conditioned, so many of the at-
tractive error bounds and monotonic convergence properties enjoyed by the
Lanczos algorithm and described in section 7.3 no longer hold. Nonethe-
less, effective algorithms and implementations exist. Good references include
[152, 169, 210, 214, 215, 231] and the book [211]. The latest software is de-
scribed in [169, 231] and may be found in NETLIB /scalapack/readme.arpack.
The Matlab command speig (for “sparse eigenvalues”) uses this software.

A second alternative is to use the nonsymmetric Lanczos algorithm. This al-
gorithm attempts to reduce A to nonsymmetric tridiagonal form by a nonorthog-
onal similarity. The hope is that it will be easier to find the eigenvalues of a
(sparse!) nonsymmetric tridiagonal matrix than the Hessenberg matrix pro-
duced by the Arnoldi algorithm. Unfortunately, the similarity transformations
can be quite ill-conditioned, which means that the eigenvalues of the tridiag-
onal and of the original matrix may greatly differ. In fact, it is not always
possible to find an appropriate similarity because of a phenomenon known as
“breakdown” [41, 132, 133, 197]. Attempts to repair breakdown by by a pro-
cess called “lookahead” have been proposed, implemented, and analyzed in
[16, 18, 54, 55, 63, 106, 200, 263, 264].

Finally, it is possible to apply subspace iteration (Algorithm 4.3) [19],
Davidson’s algorithm [214], or the Jacobi-Davidson algorithm [228] to the
sparse nonsymmetric eigenproblem.

7.8. References and Other Topics for Chapter 7

In addition to the references in sections 7.6 and 7.7, there are a number of good
surveys available on algorithms for sparse eigenvalues problems: see [17, 50,
123, 161, 195, 211, 260]. Parallel implementations are also discussed in [75].

In section 6.2 we discussed the existence of on-line help to choose from
among the variety of iterative methods available for solving Az = b. A similar
project is underway for eigenproblems and will be incorporated in a future
edition of this book.

7.9. Questions for Chapter 7

QUESTION 7.1. (Easy) Confirm that running the Arnoldi algorithm (Algo-
rithm 6.9) or the Lanczos algorithm (Algorithm 6.10) on A with starting vector
q yields the identical tridiagonal matrices T (or Hessenberg matrices Hy) as
running on QT AQ with starting vector Q7q.

QUESTION 7.2. (Medium) Let A\; be a simple eigenvalue of A. Confirm that
if ¢1 is orthogonal to the corresponding eigenvector of A, then the eigenvalues
of the tridiagonal matrices 7}, computed by the Lanczos algorithm in exact
arithmetic cannot converge to ); in the sense that the largest T computed
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cannot have \; as an eigenvalue. Show by means of a 3-by-3 example, that an
eigenvalue of some other T}, can equal A\; “accidentally.”

QUESTION 7.3. (Medium) Confirm that no symmetric tridiagonal matrix T}
computed by the Lanczos algorithm can have an exactly multiple eigenvalue.
Show that if A has a multiple eigenvalue, then Lanczos applied to A must
break down before the last step.
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backward error, see backward sta-
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convergence criterion, 164

direct versus iterative methods
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eigenvalue problem, 123

Gaussian elimination, 41

GEPP, 41, 46, 49

Gram—Schmidt, 108, 134

instability of Cramer’s rule, 87

Jacobi’s method for Ax = Az,
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Jacobi’s method for the SVD,
263

Jordan canonical form, 146

Lanczos algorithm, 306, 321

linear equations, 44, 49

normal equations, 118

orthogonal transformations, 124

polynomial evaluation, 16

QR decomposition, 118, 119, 123

secular equation, 224
single precision iterative refine-
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Strassen’s method, 69, 86
substitution, 26
SVD, 118, 119, 123, 128
band matrices
linear equations, 73, 76-79, 81,
82
symmetric eigenproblem, 185
Bauer—Fike theorem, 150
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biconjugate gradients, 321
bidiagonal form, 131, 240, 308, 357

condition number, 87

dqds algorithm, 242

LR iteration, 242

perturbation theory, 207, 242,
245, 246, 263

qds algorithm, 242

QR iteration, 242

reduction, 166, 240, 253

SVD, 246, 260

bisection

finding zeros of polynomials, 7,
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SVD, 241, 242, 247, 249

symmetric eigenproblem, 119, 201,
210, 211, 228, 236, 241, 260

BLAS (Basic Linear Algebra Sub-

routines), 28, 64-72, 83, 86

in Cholesky, 76, 91

in Hessenberg reduction, 165

in Householder transformations,
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in nonsymmetric eigenproblem,
184, 185

in QR decomposition, 121

in sparse Gaussian elimination,
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block algorithms

Cholesky, 64, 76, 91

Gaussian elimination, 70-72

Hessenberg reduction, 165

Householder reflection, 137

matrix multiplication, 66

nonsymmetric eigenproblem, 184,
185

QR decomposition, 121, 137

sparse Gaussian elimination, 83
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boundary value problem
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Dirichlet, 267
eigenproblem, 270
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Poisson’s equation, 267, 325, 349
Toda lattice, 255
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pencils, 180, 185
Jordan, 3, 19, 140, 141, 144-
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160, 163, 175, 178, 180, 184,
185, 187, 188
Weierstrass, iv, 173, 175, 176,
178, 180, 181, 185, 187
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Cauchy interlace theorem, 261, 369
Cauchy matrices, 85
Cayley transform, 264
Cayley—Hamilton theorem, 296
CG, see conjugate gradients 306
CGS, see Gram—Schmidt orthog-
onalization process (classi-
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characteristic polynomial, 140, 149,
296

companion matrix, 302
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of a matrix polynomial, 182
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band, 2, 77, 78, 277
block algorithm, 64, 91
condition number, 88
conjugate gradients, 308
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LR iteration, 243, 263
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model problem, 277
normal equations, 107
of Ty, 270, 357
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symmetric eigenproblem, 253, 263
tridiagonal, 78, 331
CLAPACK, 61, 86, 88
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distance to ill-posedness, 17, 19,
23, 33, 86, 152
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conjugate transpose, 1
conservation law, 255, 256
consistent ordering, 293
controllable subspace, 182, 187
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Courant—Fischer minimax theorem,
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during QR iteration, 214
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differential algebraic equations, 175,
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SVD, 133, 241, 242
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problem, 173
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nonsymmetric eigenproblem
algorithms, 153-173, 184
perturbation theory, 148-153
symmetric eigenproblem
algorithms, 210-237
perturbation theory, 197-210
eigenvector, 140
generalized nonsymmetric eigen-
problem, 174
algorithms, 173-184
nonsymmetric eigenproblem
algorithms, 153-173, 184
of Schur form, 148
symmetric eigenproblem
algorithms, 210-237
perturbation theory, 197-210
EISPACK, 62
equilibration, 37, 61
equivalence transformation, 175

fast Fourier transform, 266, 278, 319,
321-328, 333, 348, 351, 352,
357, 359-361
model problem, 277
FFT, see fast Fourier transform
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exception handling, 12, 28, 231
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cision, macheps, 11
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normalized numbers, 9

overflow, 11
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subnormal numbers, 11

underflow, 11

flops, 5
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283, 285294, 357
in domain decomposition, 355
model problem, 277

Gaussian elimination, 31, 38-44

band matrices, 76-79

block algorithm, 31, 61-73

error bounds, 31, 44-58
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in Jacobi’s method, 233, 251
in QR decomposition, 121, 135
in QR iteration, 167, 168
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Arnoldi’s algorithm, 304, 320
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QR decomposition, 107, 119
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double shift QR iteration, 170,
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implicit () theorem, 167
in Arnoldi’s algorithm, 303, 304,
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QR iteration, 165, 167-173, 183
reduction, 164-166, 212, 303, 389
single shift QR iteration, 168
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Hilbert matrix, 85
Householder reflection, 119-123, 135
block algorithm, 133, 137, 165
error analysis, 123
in bidiagonal reduction, 166, 252
in double shift QR iteration, 170
in Hessenberg reduction, 212
in QR decomposition, 119, 134,

trices, 74-76 135, 157
Gershgorin’s theorem, 79, 91, 150 in QR decomposition with piv-
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error analysis, 123 in tridiagonal reduction, 213
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Intel
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Paragon, 62, 73, 82
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invariant subspace, 145, 147, 153,
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inverse iteration, 155, 162
SVD, 242
symmetric eigenproblem, 119, 211
215, 228-232, 236, 237, 241,
260, 363
inverse power method, see inverse
iteration
irreducibility, 286, 288-290
iterative methods
for Ax = Az, 363-389
for Ax = b, 265-361
convergence rate, 281
splitting, 279

Jacobi’s method (for Az = Azx), 195,
210, 212, 232-237, 260, 263
Jacobi’s method (for Az = b), 278,
979, 281282, 285294, 357
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model problem, 277
Jacobi’s method (for the SVD), 242,
249254, 263
Jordan canonical form, 3, 19, 140,
141, 144146, 150, 175, 176,
178, 180, 184, 185, 188, 280

415

instability, 146, 178
solving differential equations, 176

Korteweg—de Vries equation, 260
Kronecker Canonical Form, iv, 182
Kronecker canonical form, 179-181,
185, 187
solving differential equations, 181
Kronecker product, 274, 358
Krylov subspace, 266, 278, 300-321,
351, 354, 360, 363—-389

Lanczos algorithm, 119, 304-306, 308,
310, 320, 360, 364-389
nonsymmetric, 321, 388
LAPACK, 6, 61, 62, 86, 87, 153
dlamch, 13
sbdsdc, 242
sbdsqr, 242, 243
sgebrd, 167
sgeequ, 61
sgees(x), 153
sgeesx, 185
sgees, 185
sgeev(x), 153
sgeevx, 185
sgeev, 185
sgehrd, 165
sgelqf, 132
sgelss, 133
sgels, 121
sgeqlf, 132
sgeqpf, 132, 133
sgeqrf, 137
sgerfs, 61
sgerqf, 132
sgesvx, 35, 53, 54, 57, 61, 88
sgesv, 88
sgetf2, 72, 88
sgetrf, 72, 88
sggesx, 185
sgges, 179, 185
sggevx, 185
sggev, 185
sgglse, 138
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slaed3, 227 underdetermined, 2, 101, 136
slaed4, 222, 224 weighted, 135

slahqr, 164 linear equations

slamch, 13 Arnoldi’s method, 320

slatms, 90 band matrices, 73, 76-79, 81,
spotrf, 76 82

sptsv, 79 block algorithm, 61-73

ssbsv, 77 block cyclic reduction, 328-331
sspsv, 77 Cauchy matrices, 85

sstebz, 231, 237 Chebyshev acceleration, 279, 294
sstein, 231 300

ssteqr, 214 Cholesky, 74-76, 277

ssterf, 214 condition estimation, 50
sstevd, 211, 217 condition number, 32—-38
sstev, 211 conjugate gradients, 307-321
ssyevd, 217, 236 direct methods, 31-92

ssyevx, 212 distance to ill-posedness, 33

ssyev, 211, 214
ssygv, 179, 185

domain decomposition, 319, 348—
357

ssysv, 76 error bounds, 44-58

ssytrd, 166 fast Fourier transform, 321-328
strevc, 148 FFT, see fast Fourier trans-
strsen, 153 form

strsna, 153 Gauss—Seidel, 279, 282-294

LAPACK++, 61 Gaussian elimination, 3844
LAPACK90, 61 with complete pivoting (GECP),
Laplace’s equation, 265 41, 50

least squares, 101-138 with partial pivoting (GEPP),

condition number, 117-118, 125,
126, 128, 134
in GMRES, 321
normal equations, 105-107
overdetermined, 2, 101
performance, 132-133
perturbation theory, 117-118
pseudoinverse, 127
QR decomposition, 105, 107-109,
114, 121
rank-deficient, 125-132
failure to recognize, 132
pseudoinverse, 127
roundoff error, 123-124
software, 121

41, 49, 87
iterative methods, 265—-361
iterative refinement, 58-61
Jacobi’s method (for Az = b),
279, 281-282, 285294
Krylov subspace methods, 300
321
LAPACK, 88
multigrid, 331-348
perturbation theory, 32-38
pivoting, 44
relative condition number, 35—
38
relative perturbation theory, 35—
38
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sparse matrices, 79-83
SSOR, see symmetric succes-
sive overrelaxation
successive overrelaxation, 279,
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symmetric matrices, 76
symmetric positive definite, 74—
76
symmetric successive overrelax-
ation, 279, 294-300
Toeplitz matrices, 85
Vandermonde matrices, 83
LINPACK, 62, 64
spofa, 62
benchmark, 73, 86
LR iteration, 243, 263
Lyapunov equation, 188

machine epsilon, machine precision,
macheps, 11
mass matrix, 143, 179, 255
mass-spring system, 142, 174, 179,
182, 183, 196, 209, 254
Matlab, 6, 57
cond, 53
eig, 179, 185, 211
fft, 328
hess, 165
pinv, 117
polyfit, 102
rcond, 53
roots, 183
schur, 185
speig, 388
bisect.m, 30
clown, 114
eigscat.m, 150, 189
FFT, 359
homework, 28, 30, 91, 134, 138,
189-191, 358-360
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iterative methods for Ax = b,

266, 301

Jacobi’s method for Ax = b,
282, 358

Lanczos method for Ax = Az,
369, 377, 384

least squares, 121, 129
massspring.m, 144, 197
multigrid, 337, 360
notation, 1, 41, 42, 91, 92, 251,
327
pivot.m, 50, 55, 56, 61
Poisson’s equation, 275, 358, 359
polyplot.m, 29
qrplt.m, 161, 190
QRStability.m, 134
RankDeficient.m, 129
RayleighContour.m, 201
sparse matrices, 82
matrix pencils, 173
regular, 173
singular, 173
memory hierarchy, 63
MGS, see Gram—Schmidt orthog-
onalization process, modi-
fied
minimum residual algorithm, 320
MINRES, see minimum residual al-
gorithm
model problem, 265-276, 285-286,
300, 314, 319, 324, 325, 328,
331, 348, 360, 361
diagonal dominance, 288, 290
irreducibility, 290
red-black ordering, 291
strong connectivity, 289
summary of methods, 277-279
symmetric positive definite, 291

Moore—Penrose pseudoinverse, see pseu-

doinverse
multigrid, 331-348, 357, 360
model problem, 277

NETLIB, 86
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Newton’s method, 58, 219, 221, 231,
300
nonsymmetric eigenproblem, 139
algorithms, 153-173
condition number, 148
eigenvalue, 140
eigenvector, 140
equivalence transformation, 175
generalized, 173-184
algorithms, 184
ill-posedness, 148
invariant subspace, 145
inverse iteration, 155
inverse power method, see in-
verse iteration
matrix pencils, 173
nonlinear, 182
orthogonal iteration, 156
perturbation theory, 148
power method, 154
QR iteration, 160
regular pencil, 173
Schur canonical form, 146
similarity transformation, 141
simultaneous iteration, see or-
thogonal iteration
singular pencil, 173
software, 153
subspace iteration, see orthog-
onal iteration
Weierstrass canonical form, 175
normal equations, 105, 106, 118, 135,
136, 320
backward stability, 118
norms, 19
notation, 1
null space, 111

ODEs, see ordinary differential equa-
tions
ordinary differential equations, 175,
177, 184, 185
impulse response, 178
overdetermined, 181
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underdetermined, 181

with algebraic constraints, 178
orthogonal iteration, 156
orthogonal matrices, 22, 74, 118, 126,

131, 160

backward stability, 124

error analysis, 123

Givens rotation, 119

Householder reflection, 119

implicit @ theorem, 168

in bidiagonal reduction, 167

in definite pencils, 179

in generalized real Schur form,

179

in Hessenberg reduction, 164

in orthogonal iteration, 156

in Schur form, 147

in symmetric QR iteration, 213

in Toda flow, 256

Jacobi rotations, 232

PARPRE, 319
PCs, 10
pencils, see matrix pencils
perfect shuffle, 240, 263
perturbation theory, 2, 4, 7, 17
generalized nonsymmetric eigen-
problem, 180
least squares, 101, 117, 125
linear equations, 31, 32, 44, 49
nonsymmetric eigenproblem, 79,
139, 141, 148, 180, 187, 189
polynomial roots, 28
rank-deficient least squares, 125
relative, for Az = Az, 195, 198,
207-210, 212, 242, 245247,

249, 260, 263

relative, for Az = b, 32, 35-38,
60

relative, for SVD, 207-210, 246—
251

singular pencils, 180
symmetric eigenproblem, 195, 197,
207, 261, 263, 367
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band matrices, 77
by column in QR decomposi-
tion, 130
Cholesky, 76
Gaussian elimination with com-
plete pivoting (GECP), 49
Gaussian elimination with par-
tial pivoting (GEPP), 49,
132
growth factor, 49, 59
Poisson’s equation, 266—279
in one dimension, 267-270
in two dimensions, 270-279
see also model problem, 265
polynomial
characteristic, see characteris-
tic polynomial
convolution, 326
evaluation, 34, 83
at roots of unity, 326
backward stability, 16
condition number, 15, 16, 24
roundoff error, 15, 46
with Horner’s rule, 7, 15
fitting, 101, 138
interpolation, 83
at roots of unity, 326
multiplication, 326
zero finding
bisection, 7
computational geometry, 191
condition number, 28
power method, 154
preconditioning, 317, 352-356, 388
projection, 189
pseudoinverse, 117, 127, 136
pseudospectrum, 190

qds algorithm, 243

QMR, see quasi-minimum residu-
als

QR algorithm, see QR iteration
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QR decomposition, 105, 107, 131,
147
backward stability, 118, 119
block algorithm, 137
column pivoting, 130
in orthogonal iteration, 157
in QR flow, 258
in QR iteration, 163, 170
rank-revealing, 132, 134
underdetermined least squares,
136
QR iteration, 160, 190, 210
backward stability, 119
bidiagonal, 242
convergence failure, 173
Hessenberg, 163, 165, 184, 213
implicit shifts, 167-173
tridiagonal, 211, 212, 236
convergence, 214
QRD, see QR decomposition
quasi-minimum residuals, 321
quasi-triangular matrix, 147

range space, 111
Rayleigh quotient, 198, 205

iteration, 211, 215, 262, 364
Rayleigh—Ritz method, 205, 261, 364
red-black ordering, 283, 291
relative perturbation theory
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for Az = b, 35-38

for SVD, 207-210, 246249
roundoff error, 2, 4, 5, 10, 11, 301

bisection, 30, 230

block cyclic reduction, 330

conjugate gradients (CG), 317

Cray, 13, 26

dot product, 25

Gaussian elimination, 25, 44, 57

geometric modeling, 193

in logarithm, 25

inverse iteration, 231

iterative refinement, 58
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Jacobi’s method for Ax = Az,
253

Jacobi’s method for the SVD,
251

Jordan canonical form, 146

Lanczos algorithm, 305, 364, 369,
377, 378, 381

matrix multiplication, 25

orthogonal iteration, 157

orthogonal transformations, 101,
123

polynomial evaluation, 15

polynomial root finding, 30

QR iteration, 164

rank-deficient least squares, 125,
127, 128

rank-revealing QR decomposi-
tion, 131

simulating quadruple precision,
27

substitution, forward or back,
26

SVD, 241, 247

symmetric eigenproblem, 191

ScaLAPACK, 61, 72
ARPACK, 385
PARPRE, 319
Schur canonical form, 3, 140, 146—
148, 152, 158, 160, 163, 175,
178, 180, 184, 185
block diagonalization, 188
computing eigenvectors, 148
computing matrix functions, 187
for real matrices, 147, 163, 184,
213
generalized for real regular pen-
cils, 179, 185
generalized for regular pencils,
178, 180, 185
generalized for singular pencils,
180, 185
solving Sylvester or Lyapunov
equations, 188
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Schur complement, 91, 351
secular equation, 219
SGI symmetric multiprocessor, 62,
82, 84
shifting, 155
convergence failure, 173
exceptional shift, 173
Francis shift, 172
in double shift Hessenberg QR
iteration, 163, 170, 172
in QR iteration, 161, 172
in single shift Hessenberg QR
iteration, 168
in tridiagonal QR iteration, 213
Rayleigh quotient shift, 215
Wilkinson shift, 213
zero shift, 242
similarity transformation, 141
best conditioned, 153, 187
simultaneous iteration, see orthog-
onal iteration
singular value, 109
algorithms, 237-254
singular value decomposition, see SVD

singular vector, 109

algorithms, 237-254
SOR, see successive overrelaxation
sparse matrices

direct methods for Ax = b, 79—

83

iterative methods for Ax = Az,
363-389

iterative methods for Ax = b,
265-361

spectral projection, 189

splitting, 279

SSOR, see symmetric successive over-
relaxation

stiffness matrix, 143, 179, 255

Strassen’s method, 68

strong connectivity, 289

subspace iteration, see orthogonal
iteration
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error analysis, 26
successive overrelaxation, 279, 283—
294, 357
model problem, 277
SUN
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workstations, 10, 14
SVD, 105, 109-117, 134, 136, 174,
195
algorithms, 237-254, 260
backward stability, 118, 119, 128
reduction to bidiagonal form, 166,
240
relative perturbation theory, 207—
210
underdetermined least squares,
136
Sylvester equation AX — XB = C,
188, 358
Sylvester’s inertia theorem, 202
symmetric eigenproblem, 195
algorithms, 210
bisection, 211, 260
condition numbers, 197, 207
Courant—Fischer minimax the-
orem, 199, 261
definite pencil, 179
divide-and-conquer, 13, 211, 217,
260
inverse iteration, 211
Jacobi’s method, 212, 232, 260
perturbation theory, 197
Rayleigh quotient, 198
Rayleigh quotient iteration, 211,
215
relative perturbation theory, 207
Sylvester’s inertia theorem, 202
tridiagonal QR iteration, 211,
212
symmetric successive overrelaxation,

279, 294-300
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model problem, 277
SYMMLQ, 320

templates for Az = b, 266, 279, 301
Toda flow, 256, 260
Toda lattice, 255
Toeplitz matrices, 85
transpose, 1
tridiagonal form, 119, 166, 179, 232,
236, 237, 244, 247, 256, 308,
330
bisection, 228232
block, 293, 359
divide-and-conquer, 217
in block cyclic reduction, 330,
331
in boundary value problems, 78
inverse iteration, 228-232
nonsymmetric, 321
QR iteration, 211, 212
reduction, 163, 166, 197, 213,
236, 253
using Lanczos, 303, 304, 320,
321, 366, 389
relation to bidiagonal form, 240

unitary matrices, 22

Vandermonde matrices, 83
vec(-), 274

Weierstrass canonical form, 173, 175,
176, 178, 180, 181, 185, 187
solving differential equations, 176





