CME 302: NUMERICAL LINEAR ALGEBRA
FALL 2005/06
LECTURE 12

GENE H. GOLUB

1. LEAST SQUARES WITH LINEAR CONSTRAINTS

Suppose that we wish to fit data as in the least squares problem, except that we are using different
functions to fit the data on different subintervals. A common example is the process of fitting data
using cubic splines, with a different cubic polynomial approximating data on each subinterval.

Typically, it is desired that the functions assigned to each piece form a function that is continuous
on the entire interval within which the data lies. This requires that constraints be imposed on the
functions themselves. It is also not uncommon to require that the function assembled from these
pieces also has a continuous first or even second derivative, resulting in additional constraints.
The result is a least squares problem with linear constraints, as the constraints are applied to
coefficients of predetermined functions chosen as a basis for some function space, such as the space
of polynomials of a given degree.

The general form of a least squares problem with linear constraints is as follows: we wish to find
an n-vector x that minimizes || Ax — b||2, subject to the constraint C'Tx = d, where C is a known
n X p matrix and d is a known p-vector.

This problem is usually solved using Lagrange multipliers. We define

f(x;A) = ||b— Ax|2 + 22T C " x.
Then
Vf=2ATAx — ATb+CA).

To minimize f, we can solve the system

ATA C][x] [ATb

ct oAl | 4d|”
From AT Ax = ATb — O, we see that we can first compute x = X — (AT A)~!CX where x is the
solution to the unconstrained least squares problem. Then, from the equation C''x = d we obtain

the equation CT (AT A)~'CX = CTx — d which we can now solve for A. The algorithm proceeds
as follows:

(1) Solve the unconstrained least squares problem Ax = b for x.

(2) Compute A = QR.
(3) Form W = (RT)~'C.
(4) Compute W = PU, the QR factorization of W.
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(5) Solve UTUX =n = CTx —d for X. Note that
U'u=@P'w) (PTW)
=W'PP'W
=C"RY R tC
— T (RTR)"C
=C (R'Q"QR)™
—cT(ATA) 1C
(6) Set x =% — (ATA)"ICA.
This method is not the most practical since it has more unknowns than the unconstrained
least squares problem, which is odd because the constraints should have the effect of eliminating

unknowns, not adding them. We now describe an alternate approach.
Suppose that we compute the QR factorization of C to obtain

i

where R is a p X p upper triangular matrix. Then the constraint C'"x = d takes the form
Rlu=d, Q'x= m .

Then
b — Ax|l2 = b — AQQ x|

[ AM
“[o-ta ]

|b Alu — A2V||2
Thus we can obtain x by the following procedure:
(1) Compute the QR factorization of C

, A=4Q

2

(2) Compute A = AQ

(3) Solve RTu =d

(4) Solve the new least squares problem of minimizing ||(b — A;u) — Ayv ||
(5) Compute

u
Xx=0Q {v] .
This approach has the advantage that there are fewer unknowns in each system that needs to be
solved, and also that k(As) < k(A). The drawback is that sparsity can be destroyed.
2. LEAST SQUARES WITH QUADRATIC CONSTRAINTS
We wish to solve the problem
Ib— Axlls = min, |xl2=a, a<|A*b]s.
This problem is known as least squares with quadratic constraints. To solve this problem, we define
2 2 2
o(x; 1) = |[b — Ax|z + p(([x]" — o)
and seek to minimize . From

Vo =2ATb - 24T Ax + 2ux



we obtain the system
(ATA+ ulhx=A"b.
If we denote the eigenvalues of AT A by
MATA) =21, dn, A= X > >0, >0
then
If £ >0, then k(AT A+ ul) < k(AT A), because

AL+ p < A1
A+

)

|

so AT A+ ul is better conditioned.
Solving the least squares problem with quadratic constraints arises in many literatures, including

(1) Statistics: Ridge Regression
(2) Regularization: Tichonov
(3) Generalized cross-validation (GCV)

To solve this problem, we see that we need to compute
x=(ATA+ul)'ATb
where
x'x=b AATA+ul)?ATb = o>
If A=UXV" is the SVD of A, then we have
A2=b'UsvT(vETSVT +u)2vE'U b
=c'22'S+u2Te, U'b=c

The function x(u) has poles at —o? for i = 1,...,n. Furthermore, lim, o x(1) = 0.
We now have the following procedure for solving this problem, given A, b, and a?:

(1) Compute the SVD of A to obtain A =UXV .

(2) Compute c = U b.

(3) Solve x(u*) = a? where u* > 0. Don’t use Newton’s method on this equation directly;
solving 1/x (1) = 1/a? is much better.

(4) Use the SVD to compute

x=(ATA+pu)'ATb=VE"S+u)'2TUb.

3. APPLICATIONS OF THE SVD

3.1. Minimum-norm least squares solution. One of the most well-known applications of the
SVD is that it can be used to obtain the solution to the problem

|Ib — Ax||]2 = min, ||x]|2 = min.

The solution is
x=ATb=VIZtU b

where AT is the pseudo-inverse of A.



3.2. Closest Orthogonal Matrix. Let Q,, be the set of all n X n orthogonal matrices. Given an
n X n matrix A, we wish to find the matrix @) that satisfies

[A=QllF =min, Q€ Qn 0i(Q)=1
Given A = ULV, if we compute Q = UIV T, then
1A= QI = UE - DV |3
== - 1|%
= (=14 (0n = 1)?

It can be shown that this is in fact the minimum.
A more general problem is to find Q € Q,, such that

|A — BQ||r = min
for given matrices A and B. The solution is

Q=U0v'", BTA=UxVT.

3.3. Low-Rank Approximations. Let M%)n be the set of all m x n matrices of rank r, and let

Ac /\/lg;)n We wish to find B € Mﬁ’,i)n, where k < r, such that ||A — B||p = min.
To solve this problem, let A =UXV " be the SVD of 4, and let B = UQ,V T where

"oy

Ok

Q=

Then
|IA=B|z = UE -V}
=T - %l
=0pq -+ on

We now consider a variation of this problem. Suppose that B is a perturbation of A such that
A = B+ E, where |E||% < 2. We wish to find B such that |4 — B||% < €%, where the rank of B
is minimized. We know that if By, = UQ;V " then

1A = Br | = 01 + - + 07
It follows that B = By is the solution if
2

O’k+1—|—"'+O'T2§€2, O'k—|—"-—|—0'3>62.

Note that

R 1 1
AT =BHp =5+ -+ |
Ok+1



4. ToTAL LEAST SQUARES
In the ordinary least squares problem, we are solving
Ax =b+r, |r[z=min.
In the total least squares problem, we wish to solve
(A+E)x=b+r, |E|%+ X\|r|3 = min.
From Ax — b + Ex — r we obtain the system

v | 5] e 1] %] =0

(C+F)z=0.
We need the matrix C' + F' to have rank < n + 1, and we want to minimize || F|.

To solve this problem, we compute the SVD of C' = [A b] =UXV". Let C =UQ,V . Then,
if v; is the ith column of V, we have

éVn+1 = UanTvn+1 =0.

or

Our solution is

A

=———Vpy41
-1 Un+1,n+1
provided that v41,n41 # 0.

Now, suppose that only some of the data is contaminated, i.e. E = [O El] where the first p
columns of E are zero. Then, in solving (C'+ F)z = 0, we use Householder transformations to
compute Q' (C'+ F) where the first p columns are zero below the diagonal. Since |F||r = |QT F||,
we then have a block upper triangular system

Ri1 Rig+ Fio 2—0. z—|Y
0  Rog+ Fy ’ '

We can find the total least squares solution of
(Roz + Fpo)v =0,
and then set F15 = 0 and solve

Riju+ Riov = 0.
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