Monday, October 03, 2005
More on Norms 1100 AM

Norms are important in two ways:

1) Measuring accuracy of approximations
2) Convergence proofs

Not proven, but useful: norms are continuous, i.e.
Ix|— 0 x = 0 componentwise

(3 norm axioms)
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i Monday, October 03, 2005
Matrix Norms o

1) (A) >0=A+0
=0=A=0

2) f(A+B)<f(A) + f(B)

3) f(cA) = |a|f(A)

4) f(AB) < f(A)f(B) (new)

Example: the Frobenius norm:

|AlF = (Ziz1,.n Zj=1,.n |a@i]|2)1/2
Not hard to show that this satisfies the four
above properties

Note that (4) says that

4]
a2 <miC AT AL, o hater
then AHQ@'
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Natural Norm Monday, October 03, 2005

[A = a1 A= /51
YF 0

We say the vector norm "induces" the matrix norm

D) i A0, #vee Izl =g
15 Ai‘@! 5a7 %’ ¢@( &tmpl CoMialE/ Q,/t}',

Say ?“ is the vector that maximizes

taazd  NalADL _l

2\ lapll= 7 R &l ””(’(

Pick arbitrary ?}J@ note that e e

—_—

A ” /3, I%! T2t //= HE“ ‘ ” {E»,( // // { /ﬁ/{
3) Say (A+B) has its max at ;(‘@{

It Mol Wbt g
figal lygh "?@’f

what about (4)?
. TLEAl

assume that Tzl Is attained at

—_—

some vector 7
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Note that [5% is a vector, so

Al <yl %’ < A1l

(PA
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Monday, October 03, 2005
Inf Norm Lo

What is H/\” 7

MaX

1Az, . MeX ”/40( ' Jo
”i”A - Ho{Hﬂn’(

l,)ol Tﬁ:afxm ( 2/ ‘?7?)

ilno'(\c Mmax
< lallp: 1 4¢3 em

"~
S0 HA{I% < Zf:i::« ia‘q(
/3/-7
= Z {QI?J for some I
51
Yy - 1 if 4}4 720
-*1 if Q-T’). <@
Ingte Zota )
¥

so LIl = max %\.(a
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So th = pax 2 (a%'{

So if a matrix looks like

</“ Ve =2

O then HA”OO:% hence

A more delicate case:

o 'h O

':/; 0 "/2 —) @ by eigenvalue
analysis

@ ' @
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_ Monday, October 03, 2005
The 2-norm Lo

Recall that

Iy = (£,b7) = ()™

1
“A/[ max AT pax (x"‘/ff%x )/2
AT x40 - Z#7

oy, Ty

How large can this get? Now, A’A is
symmetric and hence can be diagonalized.
Further, it is positive semidefinite, meaning
that the quadratic form is nonnegative. Write

-—

MNA = WEUT  where UU=T  gudk

o__il
"0
2 : @\ are the ordered eigenvalues

a__i

T | T
for each 7(,*/3( Ax} write ol u?’)[}\ x*

i’ %

5
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S0,

—_ TA
f X
R <o
7
) A
“Aﬂl \<O—q
SO we have an upper bound on /[/4/’2 / does

it ever achieve this? Recall

AA- Usu’

Ap: US e (T, iy )
ARy = o™,

=) AT}AD{?*"J‘:M

1 < 1
T A/ T
,}-A/\x _ 2+ULZU;¢
//i._——_—"‘_,___,_,_/
X 2T%

—_—

Here, if we choose "« : then the above

quantity is 5“:‘

4N
—

302.10.03.05.alt Page 8



S0, //A“g\:é'",l
/
where 5 : [N, 4 ATA]T

2-norm is also sometimes called the "spectral norm"

302.10.03.05.alt Page 9



; Monday, October 03, 2005
Norms and eigenvalues s e o P M

Remember that every matrix has eigenvectors:

/_\:;’x:: Abié A’,-:]}»-

K

/

where k may be less than n

We can make the following claim:

(A% = fIn g, E<da -zl

Aside: A- ‘a@ 1) , for
example, has 5n|y one
eigenvector

SO

{}\J = _{_/__ﬁ_f_'"-_[[__.\( [/A”

2

A2 mar [N, - P(M

\(,L.\(Vl
Call /0(;\) the "spectral radius"
So with any norm, we get a bound on the spectral
radius

Example:

7YY Al <12 74
A (%L ?ﬁ) >
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o (A) S 10 Y4

One can prove that there exists a norm
where

//Aﬂ K(,/,q) Fe

for a particular A

Consider the matrix
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Monday, October 03, 2005
12:10 PM

All norms are equivalent
e lintly < il <c. Al

g Al < iy < LA
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Gerschgorin Theorem Monday, Octaber 03, 2005

We have A% = 2% for k eigenvectors

N
z

(8, -a) % é} Ao %
/)/ A

I(KA.L Hc\f-hrx;[ < zlaz,}\-(x,“ AR
}37‘&,{
[ZL/\([ZJ:I

{QI_I*?\(E Z{ﬁ;gllﬂl N 2 {“Ig[

7, I

We don't know for which i this happens, so
define

This gives a set of disks in the complex plane:
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Yoo
®

Take their union, and the eigenvalues must lie
in this union

Example:

h T ARY/

s 10 SVes  Intal <V
(i C)

Q "
15 \\@
Y . @/7
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\@ \ 4/; @q/a/

Symmetric, so all real eigenvalues; further, they
all lie between -1 and 1

L) this says / 2w €7

" AN
S0 the eigenvalues lie
\ 1 between 0 and 4
A )

How about the matrix
Ale)- (D 1e?)
K=

NS
©©

When ¢:0, the eigenvalues are the 4, ; the

general theorem says that if we have disjoint domains, the
eigenvalues lie in each of them
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