Radiative transport limit for the random Schrödinger equation

Guillaume Bal^∗ George Papanicolaou^† Leonid Ryzhik^‡

January 17, 2002

Abstract

We give a detailed mathematical analysis of the radiative transport limit for the average phase space density of solutions of the Schrödinger equation with time dependent random potential. Our derivation is based on the construction of an approximate martingale for the random Wigner distribution.

1 Introduction

The Schrödinger equation with random potential arises in many applications, especially in wave propagation in random media, in the paraxial or parabolic approximation. In this case the time harmonic wave field has the form u = e^{iκz−ωt}ϕ(z, x) where κ = ω/c is the free space wave number, z is the coordinate in the direction of propagation, x are the coordinates in the transverse directions and ϕ satisfies the Schrödinger equation 2iκ ∂ϕ ∂z + Δ_xϕ + κ^2μ(z, x)ϕ = 0. (1)

Here μ(z, x) = n^2(z, x) − 1 denotes the fluctuations of the index of refraction. The original scattering problem for (Δ + κ^2n^2)u = 0 becomes an initial value problem for ψ in z, in this approximation, so ϕ must be given at z = 0. The validity of the parabolic approximation in random media under different scaling limits is considered in [1, 18] and in general in [4].

The purpose of this paper is to prove a theorem that establishes the validity of the transport approximation for the average Wigner distribution of ϕ, in a suitable scaling limit and for a class of stochastic models for the index of refraction fluctuations μ that are Markovian in z. For this class of stochastic models it is possible to use martingale methods to simplify the analysis.

Since the coordinate z in the direction of propagation plays the role of time in the parabolic approximation we will denote it by t in the rest of the paper. The problem then is to analyze the Schrödinger equation with time dependent potential and to show that the associated average Wigner distribution converges to the solution of a radiative transport equation.

The propagation of wave energy in a scattering medium is described phenomenologically by radiative transport theory [8] as follows. Multiple scattering creates waves with all wave vectors k ∈ R^d at every position x ∈ R^d . Let us denote by W (t, x, k) the energy density of a wave having wave vector k at position x at time t. The energy balance equation has the form ∂W (t, x, k) ∂t + k · ∇_xW (t, x, k) = ∫ R^d dp σ(x, k, p)W (t, x, p) − Σ(x, k)W (t, x, k). (2) ∗Department of Applied Physics and Applied Mathematics, Columbia University, New York NY, 10027;

gbal@appmath.columbia.edu †Department of Mathematics, Stanford CA, 94305; papanico@math.stanford.edu ‡Department of Mathematics, University of Chicago, Chicago IL, 60637; ryzhik@math.uchicago.edu

Here σ(x, k, p) is the probability to scatter from direction p into direction k at position x, and Σ(x, k) is the total probability to scatter from direction k into some other direction. When energy is conserved and scattering is symmetric, Σ(x, k) = ∫ R^d dp σ(x, k, p), σ(x, k, p) = σ(x, p, k) equation (2) may be rewritten as ∂W (t, x, k) ∂t + k · ∇_xW (t, x, k) = ∫ R^d dp σ(x, k, p)[W (t, x, p) − W (t, x, k)]. (3) While various formal derivations of the radiative transport equation (2), starting from the wave equation in a random medium, have been known since the mid-1960’s (see [22] for an extensive bibliography) the mathematical methodology for doing this is not very well developed. A rigorous derivation of a spatially homogeneous transport equation starting from the Schrödinger equation is given by H. Spohn [23] who derived (2) for sufficiently short times t ∈ [0, t_0] and with a time independent Gaussian potential. This result was extended to higher-order correlation functions by T. Ho, L. Landau and A. Wilkins [15] with the same restrictions. Recently L. Erdös and H-T. Yau [10] removed the small time restriction and considered more general initial data. The idea in these proofs is to consider the Neumann series expansion for the solution of the Schrödinger equation and to infer appropriate estimates from it that allow passage to the limit.

In this paper we deal with time dependent random potentials for which it is possible to analyze the transport approximations in a relatively simple manner, without infinite Neumann expansions. We model the random potential by a Markov process in time so that we can use martingale methods and suitable test function expansions. A limit theorem for one dimensional waves where such methods are used is given in [20] and more general ones in [6]. An analysis of the random Schrödinger equation with rapidly decorrelating in time potential is given in [21]. Limit theorems for linear random operator equations that decorrelate rapidly in time are given in [19]. The random Schrödinger equation with delta function potential is analyzed in [9] using martingale methods and its equilibrium solutions are constructed in [12].

Formal derivations of radiative transport equations for various types of waves in random media are given in [2, 14, 22]. Appendix A contains such a derivation for the time-dependent case. The results presented here extend to linear hyperbolic systems with random coefficients such as those considered in [22]. The transport equation for the Schrödinger equation with a time-dependent potential was used recently in [7] to explain pulse stabilization in time-reversal in a paraxial approximation to the wave equation. We explain in Appendix B how the transport scaling may arise in the parabolic approximation. The same phenomenon for general wave equations in time-independent media was related to transport theory in [3]. Full justification of the results in [7] requires analysis of the higher-order correlation functions and specific scalings, as discussed in [18].

Acknowledgment. We thank K. Solna for numerous discussions. G. Bal was supported by NSF grant DMS-0072008, L. Ryzhik by NSF grant DMS-9971742 and G. Papanicolaou by grants AFOSR F49620-01-1-0465 and NSF-DMS-9971972.

2 The main result

2.1 The Wigner distribution and the main result

We consider the initial value problem for the Schrödinger equation (1) in dimensionless form iε ∂ϕ_ε ∂t + ε^2 2 Δϕ_ε − √ εV ( t ε , x ε ) ϕ_ε = 0. (4)

The initial data ϕ^0_ε (x) = ϕ_ε(0, x) are assumed to be uniformly bounded in L^2(R^d ):

‖ϕ^0_ε‖_L2 ≤ C. (5)

This implies that ‖ϕ_ε(t)‖_L2 = ‖ϕ^0_ε‖_L2 ≤ C, t ≥ 0 (6) since the L^2-norm of the solution is preserved by the Schrödinger evolution (4). Conservation of the L^2-norm implies that for every realization of the random potential V_ε(t, x) = V (t/ε, x/ε) there is a sequence ε_k → 0 so that the energy density E_{εk} (t, x) = |ϕ_{εk} (t, x)|^2 has a weak limit E(t, x) in L^2([0, T ] × R^d ) as k → ∞.

It is well known that the limit E(t, x) does not satisfy a closed equation. A convenient way to study this limit is to consider energy propagation in phase space that includes all positions x and wave vectors k using the Wigner distribution W_ε(t, x, k), defined by W_ε(t, x, k) = ∫ R^d dy (2π)^d e^{ik·y} ϕ_ε(t, x − εy 2 )ϕ^∗_ε (t, x + εy 2 ). (7)

Here ∗ denotes complex conjugation. The basic properties of the Wigner distribution can be found in [13, 16]. In particular, ∫ dk W_ε(t, x, k) = |ϕ_ε(t, x)|^2 = E_ε(t, x) but W_ε may not be interpreted as energy density in phase space since it is not necessarily positive. However, the limit of W_ε along a sub-sequence ε_k → 0 exists in S^′(R^d × R^d ), the space of Schwartz distributions, and is positive [13, 16]. We recall the proof of convergence in Section 2.3. We say that the family ϕ^0_ε (x) is pure if the family of its Wigner distributions W_ε(x, k) converges weakly as ε → 0 to a distribution W_0(x, k) ∈ S^′ without restriction to a subsequence. We will assume that the initial data form a pure family throughout the paper.

Our main result concerns the convergence of the expectation of the Wigner distribution W_ε(t, x, k) defined by (7) to the solution of the radiative transport equation (8).

Theorem 2.1 Let the random potential V (t, x) satisfy the assumptions in Section 2.2 below. Let W_0(x, k) be the limit Wigner measure of the family ϕ^0_ε (x), and let W (t, x, k) be the weak probabilistic solution of the transport equation ∂W ∂t + k · ∇_xW = LW (8)

with initial data W_0(x, k) and where the operator L is defined by Lλ = ∫ dp (2π)^d

R̂( p^2 − k^2 2 , p − k)(λ(p) − λ(k)). (9) Here R̂(ω, p) is the Fourier transform of the correlation function of V , defined by (13). Then the expectation E {W_ε(t, x, k)} of the Wigner distribution W_ε(t, x, k) of the family ϕ_ε(t, x) of solutions of (4) converges weak-∗ in L^∞([0, T ]; S^′(R^d × R^d )) to W (t, x, k).

By weak probabilistic solution we mean that W (t, x, k) satisfies ⟨W , λ⟩(t) − ⟨W_0, λ|_{t=0}⟩ = ∫_t 0 ⟨ W , ∂λ ∂t + k · ∇_xλ + Lλ ⟩ (s)ds (10)

for all test functions λ ∈ C^1([0, T ]; S). We actually show that E {W_ε(t, x, k)} converges to W in a smaller space L^∞([0, T ]; A^′(R^d × R^d )). The space A^′, which is defined below in Section 2.3, is more convenient for the analysis of the Wigner distribution than S^′.

2.2 The random potential

The random potential V (t, x) is assumed to be stationary in space and time and to have mean zero. It is constructed in Fourier space as follows. Let V be the set of measures of bounded total variation with support inside a ball B_L = {|p| ≤ L} V = { V̂ : ∫ R^d |dV̂ | ≤ C, supp V̂ ⊂ B_L, V̂ (p) = V̂^∗(−p) } (11)

and let Ṽ (t, p) be a mean-zero Markov process on V with generator Q. The time-dependent random potential V (t, x) is given by V (t, x) = ∫ dṼ (t, p) (2π)^d e^{ip·x} and is real and uniformly bounded: |V (t, x)| ≤ C. We assume that the process V (t, x) is stationary in t and x with correlation function R(t, x) E {V (t, x)V (t + s, x + z)} = R(s, z) for all x, z ∈ R^d , and t, s ∈ R. In terms of the process Ṽ (t, p) this means that given any two bounded continuous functions ϕ̂(p) and ψ̂(p) we have E { ⟨Ṽ (s), ϕ̂⟩⟨Ṽ (t + s), ψ̂⟩ } = (2π)^d ∫ dpR̃(t, p)ϕ(p)ψ̂(−p). (12) Here ⟨·, ·⟩ is the usual duality product on R^d × R^d , and the power spectrum R̃ is the Fourier transform of R(t, x) in x: R̃(t, p) = ∫ dxe^{−ip·x}R(t, x). We assume that R̃(t, p) ∈ S(R × R^d ) for simplicity and define R̂(ω, p) as R̂(ω, p) = ∫ dte^{−iωt}R̃(t, p), (13) which is the space-time Fourier transform of R.

We assume that the generator Q is a bounded operator on L^∞(V) with a unique invariant measure π(V̂ ) Q^∗π = 0. and that there exists α > 0 such that if ⟨g, π⟩ = 0 then ‖e^{rQ}g‖_L∞_V ≤ C‖g‖_L∞_V e^{−αt}. (14) The simplest example of a generator with gap in the spectrum and invariant measure π is a jump process on V where Qg(V̂ ) = ∫ V g(V̂_1)dπ(V̂_1) − g(V̂ ), ∫ V dπ(V̂ ) = 1. Given (14), the Fredholm alternative holds for the Poisson equation Qf = g, provided that g satisfies ⟨π, g⟩ = 0. It has a unique solution f with ⟨π, f⟩ = 0 and ‖f‖_L∞_V ≤ C‖g‖_L∞_V . The solution f is given explicitly by

f(V̂ ) = − ∫_∞ 0 dre^{rQ}g(V̂ ), and the integral converges absolutely because of (14).

2.3 General convergence of the Wigner distribution

Existence of the limit of the Wigner family W_ε(t, x, k) defined by (7) is shown as follows. We introduce the space A, as in [16], of functions λ(x, k) of x and k such that ‖λ‖_A = ∫ R^{2d} dy sup_x |λ̃(x, y)| < ∞, where λ̃(x, y) = ∫ R^d dke^{−ik·y}λ(x, k) (15) is the Fourier transform of λ in k. Convergence in the space A is easier to establish than in S because its definition does not involve derivatives. Moreover, as the following lemma shows, the distributions W_ε are uniformly bounded in A^′, the dual space to A.

Lemma 2.2 [16] The family W_ε(t, x, k) is uniformly bounded in A^′, that is, there exists a constant C > 0 independent of t so that: ‖W_ε(t)‖_A′ ≤ C (16) for all ε > 0 and t ≥ 0.

Proof. Let λ(x, k) ∈ A. Then, ⟨W_ε(t), λ⟩ = ∫ dxdkW_ε(t, x, k)λ(x, k) = ∫ dxdkdy (2π)^d e^{ik·y} ϕ_ε(t, x − εy 2 )ϕ^∗_ε (t, x + εy 2 )λ(x, k) = ∫ dxdy (2π)^d ϕ_ε(t, x + εy 2 )ϕ^∗_ε (t, x − εy 2 )λ̃(x, y). Therefore, using the Cauchy-Schwartz inequality in x |⟨W_ε(t), λ⟩| ≤ ∫ dydx (2π)^{2d} | |λ̃(x, y) | | | |ϕε(t, x − εy 2 ) | | | |ϕε(t, x + εy 2 ) | | ≤ ‖ϕε(t)‖^2_{L2} ‖λ‖A ≤ C‖λ‖A, where we use the conservation of the L^2-norm (6) in the last step. This gives (16).

Lemma 2.2 implies that at every time t ≥ 0 we can choose a sequence ε_j → 0 so that W_{εj} converges weakly in A^′ ⊂ S^′ to a limit distribution W (t). One can show [13] that the limit measure W (t) is non-negative and may thus be interpreted as the limit energy density in phase space. Moreover, if there are no oscillations in the initial data on scales smaller than ε then the limit captures correctly the behavior of the energy E_ε(t, x). More precisely, if

ε‖∇ϕ^0_ε‖_L2_x ≤ C (17)

then for any test function θ(x) ∈ S(R^d ) we have ∫ dxdkθ(x)W (t, x, k) = lim_{ε→0} ∫ dxθ(x)|ϕ_ε (t, x)|^2. Condition (17) is sufficient but not necessary for this.

3 Convergence of the expectation

We prove Theorem 2.1 in this section. The proof is based on the method of [20] and proceeds as follows. The distribution W_ε defined by (7) satisfies ∂W_ε ∂t + k · ∇_xW_ε = 1 i √ ε ∫ dṼ (t/ε, p) (2π)^d e^{ip·x/ε} [ W_ε(t, x, k − p 2 ) − W_ε(t, x, k + p 2 ) ] (18) W_ε(0, x, k) = W^0_ε (x, k).

Here W^0_ε is the Wigner distribution of the family ϕ^0_ε (x), the initial data for (4). The Cauchy problem (18) generates a measure P_ε on the space C([0, T ]; A^′) of continuous functions in time with values in A^′. It is supported on paths inside a ball X = {W ∈ A^′ : ‖W ‖_A′ ≤ C} with the constant C as in (16). The set X is the state space for the random process W_ε(t). The joint process (Ṽ (t/ε), W_ε(t)) takes values in the space V ×X. We will denote by P̃_ε the corresponding measure on the space V ×X generated by (18) and the process Ṽ (t/ε). Let us fix a deterministic function λ ∈ C^1([0, T ]; S). We will show that the functional G_λ : C([0, T ]; X) → C[0, T ] defined by G_λ[W ](t) = ⟨W, λ⟩(t) − ∫_t 0 ⟨W, ∂λ ∂t + k · ∇_xλ + Lλ⟩(s)ds is an approximate P_ε-martingale. More precisely, we will show that | |E^Pε {G_λ[W ](t)|F_s} − G_λ[W ](s) | | ≤ C_{λ,T} √ε (19) uniformly for all W ∈ C([0, T ]; X) and 0 ≤ s < t ≤ T .

The next step is to show that the measures P_ε form a tight family, so that there exists a subsequence ε_j → 0 so that P_ε converges weakly to a measure P supported on C([0, T ]; X). Weak convergence of P_ε and the strong convergence (19) together imply that G_λ[W ](t) is a P -martingale so that E^P {G_λ[W ](t)|F_s} − G_λ[W ](s) = 0. (20)

Taking s = 0 in this we obtain the transport equation (8) for W = E^P {W (t)}, in its weak formulation (10).

The limit measure P may depend on the choice of the subsequence ε_j → 0 but the expectation W being the unique solution of (8) does not depend on it. Therefore the whole family E {W_ε} converges to W as ε → 0 in L^∞([0, T ]; S^′). Furthermore, the a priori bound (16) implies that W_ε(t, x, k) converges weak-∗ in L^∞([0, T ]; A^′) for every realization of the random potential. Therefore the result above implies that actually E {W_ε} converges to W in L^∞([0, T ]; A^′).

The proof is organized as follows. The approximate martingale property (19) is proved in Sections 3.1 and 3.2. The weak compactness of the family P_ε is proved in Section 3.3.

3.1 Construction of the test functions

In order to obtain the approximate martingale property (19) one has to consider conditional expectation of functions F (W, V̂ ). The only functions we will need to consider are those of the form F (W, V̂ ) = ⟨W, λ(V̂ )⟩ with λ ∈ L^∞(V; C^1([0, T ]; S(R^d × R^d ))). Given a function F (W, V̂ ) let us define the conditional expectation E^{P̃ε}_{W,V̂ ,t} { F (W, V̂ ) } (τ) = E^{P̃ε} { F (W (τ), Ṽ (τ))| W (t) = W, Ṽ (t) = V̂ } , τ ≥ t. The weak form of the infinitesimal generator of the Markov process generated by P̃_ε is given by d dh E^{P̃ε}_{W,V̂ ,t} {⟨W, λ(V )⟩} (t + h) | | | h=0 = 1 ε ⟨W, Qλ⟩ + ⟨ W, ( ∂ ∂t + k · ∇_x + 1 √ ε K[V̂ , x ε ] ) λ ⟩ (21)

and hence G^ε_λ = ⟨W, λ(V )⟩(t) − ∫_t 0 ⟨ W, ( 1 ε Q + ∂ ∂t + k · ∇_x + 1 √ ε K[V̂ , x ε ] ) λ ⟩ (s)ds is a P̃_ε-martingale. The operator K is defined by K[V̂ , z]ψ(x, z, k, V̂ ) = 1 i ∫ dV̂ (p) (2π)^d e^{ip·z} [ ψ(x, z, k − p 2 ) − ψ(x, z, k + p 2 ) ] . (22)

The generator (21) comes from equation (18) written in the form

∂_tW_ε + k · ∇_xW_ε = 1 √ ε K[Ṽ (t/ε), x/ε]W_ε. (23) Given a test function λ(t, x, k) ∈ C^1([0, T ]; S) we construct a function λ_ε(t, x, k, V̂ ) = λ(t, x, k) + √ ελ^ε_1(t, x, k, V̂ ) + ελ^ε_2(t, x, k, V̂ ) (24) with λ^ε_{1,2}(t) bounded in L^∞(V; A(R^d ×R^d )) uniformly in t ∈ [0, T ]. It is sufficient for us to prove the simpler bound for the correctors in A instead of S because of the a priori bound (16) for W_ε in A^′. The functions λ^ε_{1,2} will be chosen so that ‖G^ε_{λε} (t) − G_λ(t)‖_L∞_{(V)} ≤ C_λ √ ε for all t ∈ [0, T ]. The approximate martingale property (19) follows from this. The approximate test function λ_ε(t, x, k) in (24) is constructed in a manner similar to the formal asymptotic expansion (43) considered in Appendix A.

The functions λ^ε_1 and λ^ε_2 are as follows. Let λ_1(t, x, z, k, V̂ ) be the mean-zero solution of the Poisson equation k · ∇_z λ_1 + Qλ_1 = −Kλ. (25) It is given explicitly by λ_1(t, x, z, k, V̂ ) = 1 i ∫_∞ 0 dre^{rQ} ∫ dV̂ (p) (2π)^d e^{ir(k·p)+i(z·p)} [ λ(t, x, k − p 2 ) − λ(t, x, k + p 2 ) ] . Then we let λ^ε_1(t, x, k, V̂ ) = λ_1(t, x, x/ε, k, V̂ ). The second order corrector is λ^ε_2(t, x, k, V̂ ) = λ_2(t, x, x/ε, k, V̂ ) where λ_2(t, x, z, k, V̂ ) is the mean-zero solution of

k · ∇_z λ_2 + Qλ_2 = Lλ − Kλ_1, (26)

which exists because E {Kλ_1} = Lλ, and is given by λ_2(t, x, z, k, V̂ ) = − ∫_∞ 0 dre^{rQ} [ Lλ(t, x, k) − [Kλ_1](t, x, z + rk, k, V̂ ) ] . Using (25) and (26) we have d dh E^{P̃ε}_{W,V̂ ,t} {⟨W, λ_ε⟩} (t + h) | | |_{h=0} = ⟨ W, ( ∂ ∂t + k · ∇_x + 1 √ ε K[V̂ , x ε ] + 1 ε Q ) ( λ + √ ελ^ε_1 + ελ^ε_2 ) ⟩

= ⟨ W, ( ∂ ∂t + k · ∇_x ) λ + Lλ ⟩ + ⟨ W, ( ∂ ∂t + k · ∇_x ) (√ ελ^ε_1 + ελ^ε_2 ) + √ εK[V̂ , x ε ]λ^ε_2 ⟩

= ⟨ W, ( ∂ ∂t + k · ∇_x ) λ + Lλ ⟩ + √ ε⟨W, ζ^λ_ε ⟩ with ζ^λ_ε = ( ∂ ∂t + k · ∇_x ) λ^ε_1 + √ ε ( ∂ ∂t + k · ∇_x ) λ^ε_2 + K[V̂ , x ε ]λ^ε_2.

The terms k · ∇_xλ^ε_{1,2} above are understood as differentiation with respect to the slow variable x only, and not with respect to x/ε. It follows that G^ε_{λε} is given by G^ε_{λε} (t) = ⟨W (t), λ_ε⟩ − ∫_t 0 ds ⟨ W, ( ∂ ∂t + k · ∇_x + L ) λ ⟩ (s) − √ ε ∫_t 0 ds⟨W, ζ^λ_ε ⟩(s) and is a martingale with respect to the measure P̃_ε defined on D([0, T ]; X × V), the space of right-continuous paths with left-side limits [5]. The estimate (19) follows from the following two lemmas.

Lemma 3.1 Let λ ∈ C^1([0, T ]; S(R^d × R^d )). Then there exists a constant C_λ > 0 independent of time t ∈ [0, T ] so that the correctors λ^ε_1(t) and λ^ε_2(t) satisfy the uniform bounds

‖λ^ε_1(t)‖_L∞_{(V;A)} + ‖λ^ε_2(t)‖_L∞_{(V;A)} ≤ C_λ (27)

and ‖ ‖ ‖ ∂λ^ε_1(t) ∂t + k · ∇_xλ^ε_1(t) ‖ ‖ ‖_{L∞(V;A)} + ‖ ‖ ‖ ∂λ^ε_2(t) ∂t + k · ∇_xλ^ε_2(t) ‖ ‖ ‖_{L∞(V;A)} ≤ Cλ. (28) Lemma 3.2 There exists a constant C_λ such that ‖K[V̂ , x/ε]‖_{A→A} ≤ C for any V̂ ∈ V and all ε ∈ (0, 1].

Indeed, (27) implies that |⟨W, λ⟩ − ⟨W, λ_ε⟩| ≤ C √ ε for all W ∈ X and V ∈ V, while (28) and Lemma 3.2 imply that for all t ∈ [0, T ]

‖ζ^λ_ε (t)‖_A ≤ C (29)

for all V ∈ V so that (19) follows.

Proof of Lemma 3.2. Let g_ε(x, k) = K[V, x/ε]η(x, k) with η(x, k) ∈ A. Then g̃_ε(x, y) = ∫ dV̂ (p) (2π)^d e^{ip·x/ε}η̃(x, y) [ e^{−ip·y/2} − e^{ip·y/2} ]

and thus |g̃_ε(x, y)| ≤ C|η̃(x, y)| and the conclusion of Lemma 3.2 follows.

3.2 Bounds on the correctors

We now prove Lemma 3.1. We will omit the time dependence of the test function λ to simplify the notation.

Proof of Lemma 3.1. We first prove (27). The Fourier transform of λ^ε_1 in k is given by

λ̃^ε_1(x, y, V̂ ) = 1 i ∫_∞ 0 dre^{rQ} ∫ dV̂ (p) (2π)^d λ̃(x, y − rp)e^{ix/ε·p} [ e^{−ip·(y−rp)/2} − e^{ip·(y−rp)/2} ] . (30)

Therefore using (14) we obtain ‖λ̃^ε_1(x, y, V̂ )‖_L∞_{x,y} ≤ C α ‖λ̃‖_L∞_{x,y} (31) uniformly for all V̂ ∈ V. It is therefore sufficient to consider |y| > 2. Let S(y) = (|y| − 1)/4L with L as in the definition (11) of the set V. We write (30) as λ̃^ε_1(x, y, V̂ ) = J_{r<S(y)} + J_{r>S(y)} with J_{r<S(y)} = 1 i ∫_{S(y)} 0 dre^{rQ} ∫ dV̂ (p) (2π)^d λ̃(x, y − rp)e^{ix/ε·p} [ e^{−ip·(y−rp)/2} − e^{ip·(y−rp)/2} ]

and J_{r>S(y)} = 1 i ∫_∞ S(y) dre^{rQ} ∫ dV̂ (p) (2π)^d λ̃(x, y − rp)e^{ix/ε·p} [ e^{−ip·(y−rp)/2} − e^{ip·(y−rp)/2} ] .

We estimate each of these two terms separately.

To bound J^1_{r<S(y)} we note that since λ is of the Schwartz class we have for |p| ≤ L and r < S(y) | | |λ̃(x, y − rp) | | | ≤ sup |z−y|≤rL | | |λ̃(x, z) | | | ≤ sup |z|≥|y|/2 | | |λ̃(x, z) | | | ≤ C_λ |y|^{5d} . Then we obtain ∫ |y|≥2 dy sup_{x,V} | |J_{r<S(y)}(x, y, V̂ ) | | ≤ C_λ ∫ |y|≥2 dy |y|^{5d} ∫_{S(y)} 0 dre^{−αr} ≤ C_{λ,α}. (32) Next we note that ∫ |y|≥2 dy sup x,V̂ |J_{r>S(y)}(x, y, V̂ )| ≤ ‖λ̃‖_L∞_{x,y} ∫ |y|≥2 dy ∫_∞ S(y) dre^{−αr} ≤ C_α‖λ̃‖_L∞_{x,y} . (33) Therefore (31), (32) and (33) imply that

‖λ^ε_1‖_A ≤ C_{λ,α} (34)

for all V̂ ∈ V.

We show next that λ^ε_2 is uniformly bounded. This is done in several steps that we formulate as separate lemmas. Define I(x, y) = ∫_∞ 0 dre^{−αr} sup_^ V ∫ |dV̂ (p)| (2π)^d ∫_∞ 0 dse^{−αs} sup_^ V_1 ∫ |dV̂_1(q)| (2π)^d |λ̃(x, y − rp − (r + s)q)|.

Lemma 3.3 We have the estimate |λ̃^ε_2(x, y, V̂ )| ≤ C_α [ I(x, y) + | ~Lλ(x, y)| ] (35)

Lemma 3.4 For the limit operator L we have the bound ‖Lλ‖_A ≤ ∫ dξdy| ^Lλ(ξ, y)| ≤ C ∫ dξdy|λ̂(ξ, y)|. (36) Here f̂ denotes the Fourier transform of f both in x and k.

We split I(x, y) as I(x, y) = I_{r<S(y)} + I_{r>S(y)} = I^{s<S(y)}_{r<S(y)} + I^{s>S(y)}_{r<S(y)} + I_{r>S(y)}. (37) Lemma 3.5 We have the following bounds: ∫ dy sup_x [ I_{r>S(y)}(x, y) + I^{s>S(y)}_{r<S(y)} ] ≤ C_α‖λ̃‖_L∞_{x,y} (38) and ∫ dy sup_x I^{s<S(y)} r<S(y) ≤ Cα sup x∈R^d,|y|≥1 { |y|^{5d}|λ̃(x, y)| } . (39)

Lemmas 3.3, 3.4 and 3.5 imply clearly that ‖λ^2_ε ‖_A ≤ C for all V̂ ∈ V. This finishes the proof of (27). The proof of (28) is quite similar and is therefore omitted.

We now prove Lemmas 3.3-3.5 to conclude the proof of Lemma 3.1. Proof of Lemma 3.3. The Fourier transform of λ^ε_2 in k is given by λ̃^ε_2(x, y, V̂ ) = − ∫_∞ 0 dre^{rQ} ∫ dke^{−ik·y} [ Lλ(x, k) − 1 i ∫ dV̂ (p) (2π)^d e^{ip·(x/ε+rk)} × [ λ_1(x, x ε + rk, k − p 2 , V̂ ) − λ_1(x, x ε + rk, k + p 2 , V̂ ) ]] . The second term above may be written as 1 i ∫ dke^{−ik·y} ∫ dV̂ (p) (2π)^d e^{ip·(x/ε+rk)} [ λ_1(x, x ε + rk, k − p 2 , V̂ ) − λ_1(x, x ε + rk, k + p 2 , V̂ ) ]

= − ∫ dke^{−ik·y} ∫ dV̂ (p)e^{ip·(x/ε+rk)} ∫_∞ 0 dse^{sQ} ∫ dV̂ (q) (2π)^d e^{is(k−p/2)·q+i(x/ε+rk)·q} × [ λ(k − p 2 − q 2 ) − λ(k − p 2 + q 2 ) ]

+ ∫ dke^{−ik·y} ∫ dV̂ (p) (2π)^d e^{ip·(x/ε+rk)} ∫_∞ 0 dse^{sQ} ∫ dV̂ (q) (2π)^d e^{is(k+p/2)·q+i(x/ε+rk)·q} × [ λ(k + p 2 − q 2 ) − λ(k + p 2 + q 2 ) ] . This is further transformed to ∫ dke^{−ik·y} ∫ dV̂ (p) (2π)^d e^{ip·(x/ε+rk)} ∫_∞ 0 dse^{sQ} ∫ dV̂ (q) (2π)^d e^{i(x/ε+rk)·q} ∫ dy^′λ̃(x, y^′) × [ −e^{is(k−p/2)·q} { e^{iy′·(k−p/2−q/2)} − e^{iy′·(k−p/2+q/2)} }

+ e^{is(k+p/2)·q} { e^{iy′·(k+p/2−q/2)} − e^{iy′·(k+p/2+q/2)} }]

= ∫ dV̂ (p) (2π)^d e^{ip·(x/ε)} ∫_∞ 0 dse^{sQ} ∫ dV̂ (q) (2π)^d e^{ix/ε·q}λ̃(x, y − rp − (r + s)q) × { −e^{−isp·q/2−i(p+q)·(y−rp−(r+s)q)/2} + e^{−isp·q/2−i(p−q)·(y−rp−(r+s)q)/2} + e^{isp·q/2+i(p−q)·(y−rp−(r+s)q)/2} − e^{isp·q/2+i(p+q)·(y−rp−(r+s)q)/2} } . Therefore we obtain |λ̃^ε_2(x, y, V̂ )| ≤ C ∫_∞ 0 dre^{−αr} sup_^ V ∫ |dV̂ (p)| (2π)^d ∫_∞ 0 dse^{−αs} sup_^ V_1 ∫ |dV̂_1(q)| (2π)^d × |λ̃(x, y − rp − (r + s)q)| + C ∫_∞ 0 dre^{−αr} | ~Lλ(x, y)|, which is (35).

Proof of Lemma 3.4. The first inequality in (36) follows form the definition of ‖ · ‖_A, and the second is shown as follows. Let us define g(x, k) = Lλ(x, k) = ∫ dp (2π)^d

R̂( k^2 − p^2 2 , k − p) [λ(x, p) − λ(x, k)] . Taking the Fourier transform in x and k we obtain ĝ(ξ, y) = ∫ dxdkdpdy^′ (2π)^{2d} e^{−iξ·x−ik·y}R̂( k^2 − p^2 2 , k − p)λ̃(x, y^′) [ e^{ip·y′} − e^{ik·y′} ] .

Integrating x out we obtain ĝ(ξ, y) = ∫ dkdpdy^′ (2π)^{2d} e^{−ik·y}R̂( k^2 − p^2 2 , k − p)λ̂(ξ, y^′) [ e^{ip·y′} − e^{ik·y′} ] . We make a change of variables k^′ = k − p, p^′ = (k + p)/2 and drop the primes to get ĝ(ξ, y) = ∫ dkdpdy^′ (2π)^{2d} e^{−ip·y−ik·y/2+ip·y′}R̂(k · p, k)λ̂(ξ, y^′) × [ e^{−ik·y′ /2} − e^{ik·y′2} ] = ∫ dkdpdy^′ds (2π)^{2d} e^{−isk·p−ip·y−ik·y/2+ip·y′} ×R̃(s, k)λ̂(ξ, y) [ e^{−ik·y′ /2} − e^{ik·y′ /2} ] . We may now integrate p and y^′ out to obtain |ĝ(ξ, y)| ≤ 2 ∫ dkds (2π)^d |R̂(s, k)||λ̂(ξ, y + sk)|. Therefore we have ∫ dξdy|ĝ(ξ, y)| ≤ 2‖R̃(s, p)‖_L1_{p,s} ∫ dξdy|λ̂(ξ, y)| and thus (36) holds.

Proof of Lemma 3.5. Clearly we have |I(x, y)| ≤ C α^2 ‖λ̃‖_L∞_{x,y} (40) and thus it suffices to look at |y| > 2. We observe that I_{r>S} (x, y) = ∫_∞ S(y) dre^{−αr} sup_^ V ∫ |dV̂ (p)| (2π)^d ∫_∞ 0 dse^{−αs} sup_^ V_1 ∫ |dV̂_1(q)| (2π)^d |λ̃(x, y − rp − (r + s)q)| ≤ C α e^{−αS(y)}‖λ̃‖_L∞_{x,y} . Therefore we have ∫ dy sup_x I_{r>S} (x, y) ≤ C_α‖λ̃‖_L∞_{x,y} . Now we look at I_{r<S} and split it as: I_{r<S} (x, y) = ∫_{S(y)} 0 dre^{−αr} sup_^ V ∫ |dV̂ (p)| (2π)^d ∫_∞ 0 dse^{−αs} sup_^ V_1 ∫ |dV̂_1(q)| (2π)^d |λ̃(x, y − rp − (r + s)q)| ≤ I^{s<S}_{r<S} (x, y) + I^{s>S}_{r<S} (x, y). Observe that I^{s>S}_{r<S} (x, y) ≤ C_αe^{−αS(y)}‖λ̃‖_L∞_{x,y} so that ∫ dy sup_x I^{s>S}_{r<S} (x, y) ≤ C_α‖λ̃‖_L∞_{x,y} . It remains to bound I^{s<S}_{r<S} . Note that for r, s ≤ S(y), |p|, |q| ≤ L and λ in the Schwartz class we have |λ̃(x, y − rp − (r + s)q)| ≤ sup_{|z−y|≤2(r+s)L} |λ̃(x, z)| ≤ sup_{|z|≥|y|/2} |λ̃(x, z)| ≤ C_λ |y|^{5d} .

Therefore we have ∫ |y|≥2 dyI^{s<S}_{r<S} (x, y) = ∫ |y|≥2 dy ∫_{S(y)} 0 dre^{−αr} sup_^ V ∫ |dV̂ (p)| (2π)^d ∫_{S(y)} 0 dse^{−αs} sup_^ V_1 ∫ |dV̂_1(q)| (2π)^d × |λ̃(x, y − rp − (r + s)q)| ≤ ∫ |y|≥2 dy C_λ |y|^{5d} ≤ C_λ. This finishes the proof of Lemma 3.5.

3.3 The tightness of the measures P_ε.

The process W_ε(t) generates a probability measure P_ε on the space C([0, T ]; X) with the space X defined as before X = {W ∈ S^′ : ‖W ‖_A′ ≤ C}. This family is tight.

Lemma 3.6 The family of measures P_ε is weakly compact.

Proof. We follow the corresponding proof of Blankenship and Papanicolaou [6] for oscillatory ordinary differential equations with random coefficients. A theorem of Mitoma and Fouque [17, 11] implies that in order to verify tightness of the family P_ε it is enough to check that for each λ ∈ C^1([0, T ], S(R^d × R^d )) the family of measures P_ε on C([0, T ]; R) generated by the random processes W^ε_λ (t) = ⟨W_ε(t), λ⟩ is tight. Tightness of P_ε would follow from the following two conditions. First, a Kolmogorov moment condition [5] in the form E^{Pε} {|⟨W, λ⟩(t) − ⟨W, λ⟩(t_1)|^γ |⟨W, λ⟩(t_1) − ⟨W, λ⟩(s)|^γ } ≤ C_λ(t − s)^{1+β} , 0 ≤ s ≤ t ≤ T (41) should hold with γ > 0, β > 0 and C_λ independent of ε. Second, we should have

lim_{R→∞} lim sup_{ε→0} Prob^{Pε} { sup 0≤t≤T |⟨W, λ⟩(t)| > R } = 0.

The second condition holds automatically in our case since the process W^ε_λ (t) is uniformly bounded for all t > 0 and ε > 0. In order to verify (41), note that we have ⟨W (t), λ⟩ = G^ε_{λε} (t)− √ ε⟨W, λ^ε_1⟩−ε⟨W, λ^ε_2⟩+ ∫_t 0 ds⟨W, ∂λ ∂t +k·∇_xλ+Lλ⟩(s)+ √ ε ∫_t 0 ds⟨W, ζ^λ_ε ⟩(s). The uniform bound (29) on ζ^λ_ε and the bounds on ‖λ^ε_{1,2}(t)‖_A in Lemma 3.1 imply that it suffices to check (41) for

x_ε(t) = G^ε_{λε} (t) + ∫_t 0 ds⟨W, ∂λ ∂t + k · ∇_xλ + Lλ⟩(s). We have E { |x_ε(t) − x_ε(s)|^2 | | Fs } ≤ 2E { | | | ∫_t s dτ⟨W, ∂λ ∂t + k · ∇_xλ + Lλ⟩(τ) | | | 2| | | | F_s }

+2E { | |G^ε_{λε} (t) − G^ε_{λε} (s) | |^2 | | | Fs } ≤ C(t − s)^2 + 2E { ⟨G^ε_{λε} ⟩(t) − ⟨G^ε_{λε} ⟩(s) | | F_s} . Here ⟨G^ε_{λε} ⟩ is the increasing process associated with G^ε_{λε} . We will now compute it explicitly. First we obtain that d dh E^{Pε}_{W,V̂ ,t} { ⟨W, λ_ε⟩^2(t + h) } | | | h=0 = 2⟨W, λ_ε⟩⟨W, ∂λ ∂t +k·∇_xλ_ε + 1 √ ε K[V̂ , x/ε]λ_ε⟩+ 1 ε Q [ ⟨W, λ_ε⟩^2 ] so that ⟨W, λ_ε⟩^2(t) − ∫_t 0 ( 2⟨W, λ_ε⟩(s)⟨W, ∂λ ∂t + k · ∇_xλ_ε + 1 √ ε K[V̂ , x/ε]λ_ε⟩(s) + 1 ε Q [ ⟨W, λ_ε⟩^2 ] (s) ) ds is a martingale. Therefore we have ⟨G^ε_{λε} (t)⟩ = ∫_t 0 ds [ 1 ε Q[⟨W, λ_ε⟩^2] − 2 ε ⟨W, λ_ε⟩⟨W, Qλ_ε⟩ ] (s) = ∫_t 0 ds ( Q [ ⟨W, λ^ε_1⟩^2 ] − ⟨W, λ^ε_1⟩⟨W, Qλ^ε_1⟩(s) ) + √ ε ∫_t 0 dsH_ε(s) with

H_ε = 2 √ ε (Q[⟨W, λ^ε_1⟩⟨W, λ^ε_2⟩] − ⟨W, λ^ε_1⟩⟨W, Qλ^ε_2⟩ − ⟨W, λ^ε_2⟩⟨W, Qλ^ε_1⟩) + ε ( Q[⟨W, λ^ε_2⟩^2] − 2⟨W, λ^ε_2⟩⟨W, Qλ^ε_2⟩ ) . Lemma 3.1 and the boundedness of Q on L^∞(V) imply that |H_ε(s)| ≤ C for all V ∈ V. This yields E { ⟨G^ε_{λε} ⟩(t) − ⟨G^ε_{λε} ⟩(s) | F_s } ≤ C(t − s) and hence E { |x_ε(t) − x_ε(s)|^2 | | F_s} ≤ C(t − s). In order to obtain (41) we note that

E^{Pε} {|x_ε(t) − x_ε(t_1)|^γ |x_ε(t_1) − x_ε(s)|^γ } = E^{Pε} { E^{Pε} { |x_ε(t) − x_ε(t_1)|^γ | F_{t1} } |x_ε(t_1) − x_ε(s)|^γ } ≤ E^{Pε} {[ E^{Pε} { |x_ε(t) − x_ε(t_1)|^2 | | | Ft_1 }]_{γ/2} |x_ε(t_1) − x_ε(s)|^γ }

≤ C(t − t_1)^{γ/2}E^{Pε} {|x_ε(t_1) − x_ε(s)|^γ } ≤ C(t − t_1)^{γ/2}E^{Pε} { E^{Pε} {|x_ε(t_1) − x_ε(s)|^γ |F_s} } ≤ C(t − t_1)^{γ/2}E^{Pε} { [ E^{Pε} { |x_ε(t_1) − x_ε(s)|^2 | | F_s}]^{γ/2} } ≤ C(t − t_1)^{γ/2}(t_1 − s)^{γ/2} ≤ C(t − s)^γ . Choosing now γ > 1 we get (41) which finishes the proof of Lemma 3.6. This also finishes the proof of Theorem 2.1.

4 Conclusions

We have presented a proof of the transport limit (2) for the Schrödinger equation with a timedependent random potential. Our proof is relatively simple and does not involve infinite Neumann expansions because it relies on the Markovian property of the potential, which allows us to construct approximate martingales and to show weak compactness of the family of probability measures P_ε generated by the dynamics (18) of the Wigner transform on C([0, T ]; A^′). However, we only show convergence for the average Wigner distribution, which is the the first moment of P_ε. We do not have a rigorous convergence result for the higher moments of the Wigner distribution and thus are not able to fully characterize the set of accumulation points of the family P_ε, although we believe that the limit measure P is unique, based on the formal analysis in [18] of a similar problem in the white noise limit.

A The formal perturbation expansion

We present the formal derivation of the transport equation for the limit Wigner distribution W (t, x, k) similar to the one in [22] for a time-independent potential. Recall that the Cauchy problem for the Wigner distribution is ∂W_ε ∂t + k · ∇_xW_ε = 1 i √ ε ∫ dṼ (t/ε, p) (2π)^d e^{ip·x/ε} [ W_ε(t, x, k − p 2 ) − W_ε(t, x, k + p 2 ) ] (42) W_ε(0, x, k) = W^0_ε (x, k). Here W^0_ε is the Wigner distribution of the family ϕ^0_ε(x), the initial data for (4). We will construct a formal perturbation expansion for W_ε and derive the transport equation for the average W (t, x, k). We seek an expansion of W_ε with multiple scales W_ε(t, x, k) = W^{(0)}(t, x, k) + √ εW^{(1)}(t, t ε , x, x ε , k) + εW^{(2)}(t, t ε , x, x ε , k) + . . . (43)

and introduce the fast time and spatial variables τ = t/ε, z = x/ε. We assume that the leading term W^{(0)} is deterministic and independent of the fast scale variables. We insert (43) into (42) and obtain at the order O(1/ √ ε): ∂_τ W^{(1)} + k · ∇_zW^{(1)} = K[V̂ , z]W^{(0)}.

Then W^{(1)} has the form W^{(1)}(t, τ, x, z, k) = 1 i ∫ dpdωe^{ip·z+iωs} (2π)^{d+1} V̂ (ω, p) iω + ip · k + δ [ W^{(0)}(x, k − p 2 ) − W^{(0)}(x, k + p 2 ) ] . (44)

Here δ ≪ 1 is a regularization parameter that we will send to zero at the end of the calculation and V̂ denotes the Fourier transform in time: V̂ (ω, p) = ∫ R dse^{−iωs}Ṽ (s, p). The term of order O(1) in (18) gives

∂W^{(0)} ∂t + ∂W^{(2)} ∂τ + k · ∇_xW^{(0)} + k · ∇_z W^{(2)} = 1 i ∫ dpṼ (τ, p)e^{ip·z} (2π)^d [ W^{(0)}(k − p 2 ) − W^{(0)}(k + p 2 ) ] .

We average the above equation assuming formally that E { ∂W^{(2)} ∂τ + k · ∇_z W^{(2)} } = 0. This

gives an equation for the leading order term W^{(0)}:

∂W^{(0)} ∂t + k · ∇_xW^{(0)} = E { 1 i ∫ dpṼ (τ, p)e^{ip·z} (2π)^d [ W^{(1)}(x, z, k − p 2 ) − W^{(1)}(x, z, k + p 2 ) ] } . (45)

The average on the right side of (45) may be computed explicitly using (44) and spatial homogeneity (12): E { 1 i ∫ dpṼ (τ, p)e^{ip·z} (2π)^d [ W^{(1)}(x, k − p 2 ) − W^{(1)}(x, z, k + p 2 ) ] }

→ ∫ dp (2π)^d

R̂( p^2 − k^2 2 , p − k) [ W^{(0)}(p) − W^{(0)}(k) ] as δ → 0. Here R̂ is the Fourier transform of R̃ in time: R̂(ω, p) = ∫ R dse^{−iωs}R̃(s, p). Therefore we obtain the transport equation for the leading order term W^{(0)}:

∂W^{(0)} ∂t + k · ∇_xW^{(0)} = ∫ dp (2π)^d

R̂( p^2 − k^2 2 , p − k) [ W^{(0)}(p) − W^{(0)}(k) ] . (46)

The formal asymptotic expansion (43) may not be justified but the final equation (8) for the expectation of the limit Wigner distribution E {W (t, x, k)} is correct. Moreover, the test functions that we used in our proof of Theorem 2.1 are based on the formal expressions for W^{(1)} and W^{(2)}. The role of the regularization parameter δ is played by the spectral gap of the generator Q because of the bound (14).

B The parabolic approximation

We recall briefly the formal passage from the reduced wave equation to the parabolic equation (1). In particular we would like to explain how the particular scaling in (4) arises in this context. We start with the reduced wave equation

Δψ + k^2n^2(x, z)ψ = 0, (47)

and look for solutions of (47) in the form ψ(x, z) = e^{ikz} ϕ(x, z). Then we obtain ∂^2ϕ ∂z^2 + 2ik ∂ϕ ∂z + Δ_xϕ + k^2(n^2 − 1)ϕ = 0. (48)

We assume that the refraction index n(x, z) is fluctuating so that

n^2(x, z) = 1 + 2σμ ( x l_x , z l_z ) . Here l_x and l_z are the correlation lengths of μ, and the small parameter σ measures the strength of the fluctuation. We assume that wave is propagating over distance L_x in the x-direction and L_z in the z-direction, and rescale x and z accordingly. We also introduce a carrier wave number k_0 and replace k = k_0k^′, k^′ being the non-dimensional wave number (we drop the prime below). The physical parameters are l_x, l_z and σ, we explain now how the spatial scales L_x and L_z, and the carrier frequency k_0 should be chosen so that the parabolic approximation in the scaling of (4) is valid. Equation (48) becomes 1 L^2_z

∂^2ϕ ∂z^2 + 2ikk_0 L_z ∂ϕ ∂z + 1 L^2_x

Δ_xϕ + 2k^2k^2_0 σμ ( xL_x l_x , zL_z l_z ) ϕ = 0. (49)

We introduce the following small parameters:

δ_x = l_x L_x , δ_z = l_z L_z , γ_x = 1 k_0l_x

, γ_z = 1 k_0l_z . We rewrite (49) as γ_zδ_z ∂^2ϕ ∂z^2 + 2ik ∂ϕ ∂z + δ^2_xγ^2_x δ_zγ_z Δ_xϕ +

2k^2σ γ_zδ_z μ ( x δ_x , z δ_z ) ϕ = 0. (50)

Let us assume now that

δ_x = δ_z ≪ 1, γ_z = γ^2_x ≪ 1, σ = γ_z √ δ_x (51)

and denote ε = δ_x. Then (50) becomes after multiplication by ε/2

γ_zε^2 2 ∂^2ϕ ∂z^2 + ikε ∂ϕ ∂z + ε^2 2 Δ_xϕ + k^2 √ εμ (x ε , z ε ) ϕ = 0. (52)

Observe that when k = O(1) and γ_z ≪ 1, the first term in (52) is small since |ε^2ψ_{zz}| = O(1), and may be neglected in the leading order. Then (52) becomes ikε ∂ϕ ∂z + ε^2 2 Δ_xϕ + k^2 √ εμ ( x ε , z ε ) ϕ = 0

which is (4) when k = 1.

The second condition in (51) implies that the carrier wave number should be chosen as k_0 = l_z/l^2_x. Then γ_z = l^2_x/l^2_z ≪ 1 implies that l_x ≪ l_z. Therefore the correlation length in the longitudinal direction z should be much longer than in the transverse direction x. Furthermore, we should have ε = (σ/γ_z )^2 = σ^2l^4_z /l^4_x ≪ 1 which in turn implies that the fluctuation strength σ ≪ (l_x/l_z)^4. Given that these constraints are satisfied the last condition in (51) implies that the spatial scales L_x and L_z should be chosen according to

L_x = l_x l^4_x σ^2l^4_z , L_z = l_z l^4_x σ^2l^4_z . Note that the constraint l_x ≪ l_z implies that L_x ≪ L_z which is the usual constraint on the general validity of the parabolic approximation. The scaling described in this appendix leads to the particular scaling in the Schrödinger equation (4) where transport regime is valid. General connection between the relations of the physical parameters and the resulting scaling of the parabolic approximation is discussed in [18]. Rigorous passage to the parabolic approximation in one dimension in a similar scaling is discussed in [1].

References

[1] F. Bailly, J.F. Clouet and J.P. Fouque, Parabolic and white noise approximation for waves in random media, SIAM Journal on Applied Mathematics 56, 1996, 1445-1470.

[2] G.Bal, A.Fannjiang, G.Papanicolaou and L. Ryzhik, Radiative transport in a periodic structure, Jour. Stat. Phys. 95, 1999, 479-494.

[3] G.Bal and L. Ryzhik, Time reversal for classical waves in random media, Comptes rendus de l’Académie des sciences - Série I - Mathématique, 333, 2001, 1041-1046.

[4] A. Bamberger, B. Engquist, L. Halpern and P. Joly, Parabolic wave equation approximations in heterogeneous media, SIAM Journal on Appl. Math., 48, 1988, 99-128.

[5] P. Billingsley, Convergence of probability measures, New York, Wiley, 1968.

[6] G. Blankenship and G. Papanicolaou, Stability and control of stochastic systems with wideband noise disturbances, SIAM Jour. Appl. Math., 34, 1978, 437-476.

[7] P. Blomgren, G. Papanicolaou and H. Zhao, Super-Resolution in Time-Reversal Acoustics, to appear in the Jour. Acoust. Soc. Am., 2001.

[8] S.Chandrasekhar, Radiative transfer, Dover, New York, 1960.

[9] D. Dawson and G. Papanicolaou, A random wave process, Appl. Math. Optim., 12, 1984, 97–114.

[10] L. Erdös and H-T. Yau, Linear Boltzmann equation as the weak coupling limit of a random Schrödinger equation. Comm. Pure Appl. Math. 53, 2000, 667–735.

[11] J.-P. Fouque, La convergence en loi pour les processus à valeurs dans un espace nucléaire, Ann. Inst. H. Poincaré Probab. Statist. 20, 1984, 225–245.

[12] J.P. Fouque, G.C. Papanicolaou and Y. Samuelides, Forward and Markov approximation:

the strong intensity fluctuations regime revisited, Waves in Random Media, 8, 1998, 303- 314.

[13] P. Gérard, P. Markowich, N. Mauser and F. Poupaud, Homogenization limits and Wigner transforms, Comm.Pure Appl. Math., 50, 1997, 323-380.

[14] M. Guo and X-P. Wang, Transport equations for a general class of evolution equations with random perturbations. Jour. Math. Phys. 40, 1999, 4828–4858.

[15] T. Ho, L. Landau and A. Wilkins, On the weak coupling limit for a Fermi gas in a random potential, Rev. Math. Phys., 5, 1993, 209-298.

[16] P.L. Lions and T. Paul, Sur les Mesures de Wigner, Revista Mat. Iberoamericana, 9, 1993, 553-618.

[17] I. Mitoma, On the sample continuity of S^′-processes. J. Math. Soc. Japan, 35, 1983, 629– 636.

[18] G. Papanicolaou, L. Ryzhik and K. Solna, The parabolic approximation and time reversal in a random medium, Preprint 2001.

[19] G. Papanicolaou and S.R.S. Varadhan, A limit theorem with strong mixing in Banach space and two applications to stochastic differential equations, Comm. Pure Appl. Math., 26, 1973, 497-524.

[20] G. Papanicolaou and S. Weinryb, A functional limit theorem for waves reflected by a random medium, Appl. Math. Optimiz., 30, 1994, 307-334.

[21] F. Poupaud and A. Vasseur Classical and Quantum Transport in Random Media, Preprint, 2001.

[22] L. Ryzhik, G. Papanicolaou, and J. B. Keller. Transport equations for elastic and other waves in random media. Wave Motion, 24, 1996, 327–370.

[23] H. Spohn, Derivation of the transport equation for electrons moving through random impurities, Jour. Stat. Phys., 17, 1977, 385-412.