Wave transport for a scalar model of the Love waves

Guillaume Bal Leonid Ryzhik^∗

November 28, 2000

Abstract

We study transport for a scalar model of Love waves. These waves arise in the propagation of seismic waves whose energy is concentrated in the vicinity of the earth surface. We derive radiative transfer equations from first principles for the angularly resolved energy density of the Love waves in a simplified acoustic model. We consider a rough top surface with weak fluctuations at the scale of the wavelength. The transport equation accounts for the multiple scattering of the Love waves and their scattering into volume waves. We also analyze a diffusive regime when energy is universally distributed over various modes of the Love waves.

1 Introduction

Propagation of wave energy in random media in the regime of weak random fluctuations and long propagation distances relative to the wavelength has been analyzed using radiative transfer equations for more than thirty years [5, 6, 7, 8, 14]. A systematic and efficient way to obtain transport equations is presented in [16, 18]. The mathematics involved in this process is explored in [9, 19]. We also refer to the recent collection of papers on various aspects of wave propagation in random media [11].

The aforementioned works deal with the propagation of volume waves, when the underlying background is either slowly varying, or periodic on the fast scale [2]. Multiple scattering of surface waves on a randomly inhomogeneous surface was treated recently in [3] for scalar waves propagating on a flat surface with randomly varying negative impedance. The present paper addresses the transport regime for a scalar wave modeling the propagation of Love waves. Love waves are seismic waves whose energy density is primarily concentrated in a wave guide layer (the Earth crust) of relatively small thickness below the earth surface. Their energy density decays exponentially beneath this layer. Along with Rayleigh waves, they account for a large part of the energy of seismic waves measured at the earth surface after an earthquake. We refer to [1, 10, 15] for a more detailed description.

We consider here a scalar model to simplify the derivation of the transport equations. This model can also be used to describe the propagation of acoustic waves. The generalization to the full elasticity equations can be obtained as in [18] in a straightforward though tedious manner. The inhomogeneities leading to multiple scattering of the Love waves can be of several types. Here we assume that both the material compressibility and density are uniform to concentrate on the effects of the roughness of the upper surface (between the layer and the atmosphere), which has small variations about a flat surface with spatial frequency of oscillations comparable to that of the waves. Other sources of randomness can be treated by similar techniques.

�Department of Mathematics, University of Chicago, Chicago IL 60637; email: gbal@math.uchicago.edu, ryzhik@math.uchicago.edu

Love waves are dispersive, and there may exist several modes at the same frequency but with different moduli of the wavenumber. In a uniform layer with flat boundaries, these modes propagate independently from each other. In the presence of a rough surface, they may couple through surface scattering. This is the main effect of the rough surface on wave propagation. To analyze this scattering, we pass to the high frequency limit and obtain a family of two-dimensional coupled transport equations for angularly resolved energy densities w_j(x, ϕ_k) at position x ∈ IR^2 and in direction ϕ_k ∈ (0, 2π). The index j labels the modes of the Love waves. The system of transport equations takes the form

Ω^′(k_j)k̂ · ∇w_j(x, ϕ_k) = ∑ m 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_k, ϕ_p)[w_m(x, ϕ_p) − w_j(x, ϕ_k)] − M_j w_j(x, ϕ_k). (1)

The first term on the right side of (1) describes scattering from and into other modes of the Love waves and the second one accounts for the leakage of Love waves into volume waves at the lower interface. Volume waves do not return to the interface because the lower half-space is uniform. This produces a loss of energy of Love waves. The differential scattering cross-sections σ_{jm} and the leakage coefficients M_j are given explicitly by (24) and (25) below in terms of the power spectrum of the random surface. The function Ω(ω, k) determines the dispersion relation for the Love waves and is given explicitly by (13). The wave numbers of the different modes are solutions of Ω(ω, k) = 0. We denoted Ω^′ = ∂Ω/∂k. The total number of modes increases with the depth of the boundary layer.

We identify spectra of the random surface that nearly suppress leakage into volume waves. Then, propagation over long distances leads to a universal energy distribution among the modes independent of the roughness. More precisely, at a fixed frequency ω the ratio of energies of two modes corresponding to wave numbers k_j and k_m is given by

E_j(x; ω) E_m(x; ω) = k_j|Ω^′(k_j)| k_m|Ω^′(k_m)| (2) if the modes j and m are coupled. This is similar to the P-to-S energy equipartition of elastic waves studied in [17, 18, 20]. Identifying equipartition ratios for seismic waves is important since experimental seismic measurements are mostly done near the surface of the Earth. Therefore the role of the surface and the presence of Rayleigh and Love waves cannot be ignored. This is confirmed by a recent experimental study [13] that did not observe the bulk P-to-S ratio but still confirms the universality of the P-to-S energy ratio.

Equipartition (2) applies to modes that are strongly coupled by scattering. We analyze the diffusion limit when the modes are split into several groups. Modes inside each group are strongly coupled to each other and weakly coupled to the modes of the other groups. Inside each group, we have the energy equipartition (2). Moreover, energy densities become approximately independent of the direction of propagation. Energy exchanges among the groups are described by the system of diffusion equations (37) for the energy densities of each group.

The paper is organized as follows. Equations for the Love waves and the dispersion relation are discussed in section 2. Transport equations are derived in section 3. Diffusion limit and equipartition are discussed in section 4.

2 Equations for the Love waves

2.1 The dispersion relation As a first approximation, we replace the equations of elasticity by the acoustics equations for the pressure field κ ∂^2ϕ ∂t^2 − ∇ · 1 ρ ∇ϕ = 0, (3)

with appropriate initial and boundary conditions. Here κ is the compressibility and ρ the density of the underlying medium. The Love waves (in the acoustic case) arise as follows. Let us assume that there exists a layer 0 ≤ z ≤ H, with H the coordinate of the Earth surface, where the density and the compressibility take the (constant) values κ_B and ρ_B, respectively, different from the (also constant) values κ and ρ taken in the half space z ≤ 0. The propagation velocities in the layer and the lower half space are then given by

c_B = 1 √ κ_Bρ_B and c = 1 √ κρ , (4)

respectively. The time-harmonic version of (3) with Neumann boundary conditions at the upper surface is obtained by replacing ϕ by exp(iωt)ϕ. It is given by

Δϕ^B + ω^2 c^2_B ϕ^B = 0, 0 < z < H, Δϕ + ω^2 c^2 ϕ = 0, z < 0, ϕ = ϕ^B, μ ∂ϕ ∂z = μ_B ∂ϕ^B ∂z , z = 0 ∂ϕ^B ∂n = 0, z = H

(5)

with μ = ρ^{−1}. We denote the horizontal variables by x = (x, y) and the vertical variable by z.

The planar Love waves are solutions of (5) of the form

ϕ = e^{ik·x}e^{kz z}, ϕ^B = e^{ikB ·x}(A cos (k^B_z z) + B sin (k^B_z z)). (6)

Here k_z > 0 so that the wave energy decays exponentially as z → −∞. Such a solution corresponds to a wave trapped in the layer 0 ≤ z ≤ H. Non-trivial modes exist for certain values of the physical parameters. We insert expressions (6) into (5) and get

k = k^B A = 1 and B = tan(k^B_z ) μ_Bk^B_z tan(k^B_z H) = μk_z ω^2 = (k^2 − k^2_z)c^2 = ((k^B_z )^2 + k^2)c^2_B. (7)

Here, we have defined k = |k|. We deduce from the last relation in (7) the dispersion relation for the Love waves ( 1 c^2_B − 1 c^2 ) ω^2 = ( k^B_z )_2 ( 1 + μ^2_B μ^2

(tan^2 ( k^B_z H) )) , (k^B_z )^2 + k^2 = ω^2 c^2_B

. (8)

This implies that c > c_B is necessary for the existence of a solution to (7). We assume from now on that this constraint holds. Depending on the value of H, one or more solutions k^B_z to the above equation can be found. The number of solutions is however always finite. Once k^B_z has been obtained, k_z and k can be calculated from (7). Notice that k as a function of ω, or inversely ω as a function of k, is nonlinear. Therefore the Love waves are dispersive. In the limit of small values of H however, the dispersion relation is ω ≈ ck. The waves are almost non-dispersive, but their support is large as the decay rate k_z is of order H. In the limit of large H, we easily obtain (see also section 4) that the number of modes is proportional to H. The solutions of (8) are represented graphically in Figure 1 for different values of H and μ_B/μ. The layer thickness H mostly determines the number of modes

Figure 1: Graphical representation of the solutions of (8) for the frequency such that (c^{−2}_B −c^{−2})ω^2 = 1. The solutions are represented as the intersections of the straight line with the curved line. Upper left: H = 2.5 and μ_B = μ. Upper right: H = 9 and μ_B = μ. Lower left: H = 30 and μ_B = μ. Lower right: H = 9 and μ_B = 10μ.

in the waveguide for a fixed frequency ω and wave speeds c and c_B. In particular only one mode (all propagating waves have the same modulus of the wavenumber) exists in the waveguide for H sufficiently small. The ratio μ_B/μ mostly effects not the number of solutions of (8) but rather their wavenumber.

2.2 Equation for the Love wave under a rough surface

Assume now that the upper surface is weakly rough: H → H + √ εh(x), with ε ≪ 1. Here h(x) is a spatially homogeneous mean zero random process with correlation function R(x) and power spectrum R̂(k):

⟨h(x)⟩ = 0, ⟨h(x)h(y)⟩ = R(x − y), ⟨ĥ(p)ĥ(q)⟩ = (2π)^2R̂(p)δ(p + q).

The effects of the weak roughness will be of order one only for distances much larger than the correlation length of h(x). Therefore we rescale the spatial variables: x → x/ε, z → z/ε. The problem (5) becomes then

ε^2Δϕ^B_ε + ω^2 c^2_B ϕ^B_ε = 0, 0 < z < εH + ε^{3/2}h(x ε ), ε^2Δϕ_ε + ω^2 c^2 ϕ_ε = 0, z < 0, ϕ_ε = ϕ^B_ε , μ ∂ϕ_ε ∂z = μ_B ∂ϕ^B_ε ∂z , z = 0 ∂ϕ^B_ε ∂n = 0, z = εH + ε^{3/2}h(x ε ).

(9)

The Neumann condition at the rough surface in (9) can be recast more explicitly as ∂ϕ^B_ε ∂z − √ ε∇h(x ε ) · ∇_xϕ^B_ε = 0, z = εH + ε^{3/2}h(x ε ). Let us now introduce the plane wave decomposition inside the wave guide

ϕ^B_ε (x, z) = ∫ dk (2π)^2 e^{ik·x/ε} [ A_ε(k)e^{ikBn z/ε} + B_ε(k)e^{−ikBn z/ε} ] , 0 ≤ z ≤ εH + ε^{3/2}h(x ε ) (10)

with k^B_n = (ω2 c^2_B − k^2 )_{1/2} . In the half space below the wave guide we write

ϕ_ε(x, z) = ∫ dk (2π)^2 e^{ik·x/ε}F_ε(k)e^{−iknz/ε}, z ≤ 0 (11) with k_n = ± ( ω2 c^2 − k^2 )_{1/2} . Notice that k^B_n and k_n can be real or purely imaginary depending on the wavenumber k. The sign of k_n is chosen so that there are no incoming waves from below and no unbounded modes. More precisely, k_n is positive when it is real, and Imk_n is positive when it is purely imaginary. This decomposition is similar to (6), except that k_z used for the evanescent modes in the absence of surface fluctuations has been replaced by −ik_n. Our objective in this section is to obtain a closed integral equation for the function ϕ_ε(x, H) on the averaged top surface.

The boundary conditions (9) at the interface z = 0 imply that

A_ε(k) + B_ε(k) = F_ε(k), μ_Bk^B_n [A_ε(k) − B_ε(k)] = −μk_nF_ε(k)

and therefore

A_ε(k) = 1 2 (1 − m(k)) F_ε(k)

B_ε(k) = 1 2 (1 + m(k)) F_ε(k) with m(k) = μk_n μ_Bk^B_n . The Neumann boundary conditions in (5) now take the form 0 = ∂ϕ^B_ε ∂z − √ ε∇h(x ε ) · ∇_xϕ^B_ε = ∫ dk (2π)^2 e^{ik·x/ε+ikBn H+i√εkBn h(x/ε)} ik^B_n ε A_ε(k) − ∫ dk (2π)^2 e^{ik·x/ε−ikBn H−i√εkBn h(x/ε)} ik^B_n ε B_ε(k) − √ ε ∂h ∂x_j (x ε ) ∫ dk (2π)^2 e^{ik·x/ε+ikBn H+i√εkBn h(x/ε)} ik_j ε A_ε(k) − √ ε ∂h ∂x_j (x ε ) ∫ dk (2π)^2 e^{ik·x/ε−ikBn H−i√εkBn h(x/ε)} ik_j ε B_ε(k).

We expand the exponent keeping terms up to the order O(ε). This is the highest order that will appear in the transport equation. This yields 0 = ∫ dk (2π)^2 e^{ik·x/ε+ikBn H} ( 1 + i √ εk^B_n h (x ε ) − ε 2 (k^B_n )^2h^2 ( x ε )) k^B_n A_ε(k) − √ ε ∫ dpdk (2π)^4 e^{ip·x/ε+ik·x/ε+ikBn H} ( 1 + i √ εk^B_n h (x ε )) ip_jĥ(p)k_jA_ε(k) − ∫ dk (2π)^2 e^{ik·x/ε−ikBn H} ( 1 − i √ εk^B_n h (x ε ) − ε 2 (k^B_n )^2h^2 (x ε )) k^B_n B_ε(k) − √ ε ∫ dpdk (2π)^4 e^{ip·x/ε+ik·x/ε−ikBn H} ( 1 − i √ εk^B_n h (x ε )) ip_jĥ(p)k_jB_ε(k).

We rewrite the above expression collecting powers of ε as 0 = ∫ dk (2π)^2 e^{ik·x/ε}k^B_n [ A_ε(k)e^{ikBn H} − B_ε(k)e^{−ikBn H} ]

+ √ ε ∫ dpdk (2π)^4 e^{ip·x/ε+ik·x/ε}ĥ(p) { i(k^B_n )^2A_ε(k)e^{ikBn H} − i(p · k)A_ε(k)e^{ikBn H} +i(k^B_n )^2B_ε(k)e^{−ikBn H} − i(p · k)B_ε(k)e^{−ikBn H} }

+ε ∫ dpdkdq (2π)^6 e^{ip·x/ε+ik·x/ε+iq·x/ε}ĥ(p)ĥ(q) { − 1 2 (k^B_n )^3A_ε(k)e^{ikBn H} + (p · k)k^B_n A_ε(k)e^{ikBn H} + 1 2 (k^B_n )^3B_ε(k)e^{−ikBn H} − (p · k)k^B_n B_ε(k)e^{−ikBn H} } . We insert the expressions for A_ε and B_ε in terms of F_ε in the above equation and obtain

k^B_n [−i sin(k^B_n H) + m(k) cos(k^B_n H)]F_ε(k) +ε ∫ dpdq (2π)^4 ĥ(k − p)ĥ(p − q)q^B_n [ − 1 2 (q^B_n )^2 + (q · (k − p)) ] [m(q) cos(q^B_n H) − i sin(q^B_n H)]F_ε(q) = i √ ε ∫ dp (2π)^2 ĥ(k − p)α(k · p) (cos(p^B_n H) − im(p) sin(p^B_n H)) F_ε(p),

where α(k · p) is defined as

α(k · p) = ω^2 c^2_B

− (k · p). (12)

We replace the order ε term on the second line in the above equation by its average because we anticipate that only the average of the term in front of εF_ε will appear in the radiative transport equation as an effective absorption. We will later see that actually even its average does not effect the energy propagation in the transport limit. We then obtain the equation [ k^B_n + εQ̃(k) ] [ m(k) cos(k^B_n H) − i sin(k^B_n H) ] F_ε(k) = i √ ε ∫ dp (2π)^2 ĥ(k − p)α(k · p) (cos(p^B_n H) − im(p) sin(p^B_n H)) F_ε(p)

with Q̃(k) = ∫ dp (2π)^2 R̂(p)k^B_n [ − 1 2 (k^B_n )^2 + (k · p) ]

Next we define

D̂_ε(k) = [cos(k^B_n H) − im(k) sin(k^B_n H)]F_ε(k), (13)

Ω(k) = −k^B_n sin(k^B_n H) + im(k) cos(k^B_n H) cos(k^B_n H) − im(k) sin(k^B_n H) = − μ_Bk^B_n sin(k^B_n H) + iμk_n cos(k^B_n H) μ_B cos(k^B_n H) − iμk_n sin(k^B_n H)/k^B_n , Q(k) =

Q̃(k) k^B_n = ∫ dpR̂(p) [ − 1 2 (k^B_n )^2 + (k · p) ] . Finally we get the following equation for D̂_ε:

[1 + εQ(k)] Ω(k)D̂_ε(k) = √ ε ∫ dp (2π)^2 ĥ(k − p)α(k · p)D̂_ε(p). (14)

It is straightforward to verify that

ϕ^B_ε (x, H) = ∫ dk (2π)^2 e^{ik·x/ε}D̂_ε(k) is the pressure on the averaged top surface. Therefore we have ϕ̂_ε(k, H) = ε^2D̂_ε(εk).

Here hat denotes the Fourier transform only in the horizontal variable x. In the absence of inhomogeneities when ε = 0, corresponding to the case where the top surface is flat, we obtain that Ω(k)D̂_0(k) = 0. This implies that the support of D_0(k) is restricted to the set S = {k : Ω(k) = 0}. One can verify that this equation describes the same dispersion relation as the one obtained in (7). Equation (14) generalizes the problem to account for the rough upper boundary.

3 Derivation of the transport equation

3.1 Equation for the Wigner distribution Solving the integral equation (14) on the top surface remains complicated because it still depends on the detailed structure of the boundary h. The advantage of transport, or radiative transfer, theory, is that it provides homogenized equations that only depend on the power spectrum of the random field h. We now derive radiative transport equations for surface waves starting from the Wigner distribution (see [18]) for the surface wave function ψ_ε(x) = ϕ^B_ε (x, H):

W_ε(x, k) = ∫ dy (2π)^2 e^{ik·y}ψ_ε ( x − εy2 ) ψ̄_ε ( x + εy2 ) = ε^2 ∫ dq (2π)^4 e^{iq·x}D̂_ε ( k + εq2 ) D̂_ε ( k − εq2 ) .

The Wigner distribution has many useful properties. It is real, its weak limit as ε → 0 is a nonnegative distribution, and energy and flux density may be expressed as

|ψ_ε(x)|^2 = ∫ dkW_ε(x, k), iε 2 [ψ_ε∇ψ̄_ε − ψ̄_ε∇ψ_ε] = ∫ dk kW_ε(x, k),

respectively. We can interpret the limit of W_ε(x, k) as ε → 0 (the high frequency limit) as an energy density in the phase space. Detailed mathematical properties of the Wigner distribution may be found in [12, 16, 18] and references within. In time-harmonic acoustics, the volume density of kinetic energy and the volume density of deformation energy are equal and the total energy is given by E_ε(x) = κ|ϕ_ε|^2(x). Thus W_ε defined above in the limit ε → 0 is proportional to the angularly resolved volume energy density of the surface waves:

E_ε(x) = κ ∫ dkW_ε(x, k). Using the definition of the Wigner transform, we have ε^{−2} ∫ dye^{ik·y} [ Ω̂(y) + ε^QΩ(y) ] W_ε ( x + εy2 , k )

= ∫ dye^{ik·y} [ Ω̂(y) + ε^QΩ(y) ] ∫ dq (2π)^4 e^{iq·(x+εy/2)}D̂_ε ( k + εq2 ) D̂_ε ( k − εq2 )

= ∫ dq (2π)^2 e^{iq·x}Ω ( k + εq2 ) [ 1 + εQ ( k + εq2 )] D̂_ε ( k + εq2 ) D̂_ε ( k − εq2 )

= √ ε ∫ dqdp (2π)^4 e^{iq·x}ĥ ( k + εq2 − p ) α((k + εq 2 ) · p)D̂_ε(p)D̂_ε ( k − εq2 )

= √ ε ε^2 ∫ dqdpdy (2π)^2 e^{iq·x−iy·(p−k+ εq2 )/ε}ĥ ( k + εq2 − p ) α((k + εq 2 ) · p)W_ε ( y, k + p2 − εq4 ) . Still using its definition, we then obtain the following closed equation for W_ε: ∫ dye^{ik·y} [ Ω̂(y) + ε^ΩQ(y) ] W_ε ( x + εy2 , k )

= √ ε ∫ dqdpdy (2π)^2 e^{iq·x/ε−iy·(p+ q2ε )}ĥ ( −εp + q2 ) α((k + q 2 ) · (k + εp))W_ε ( y, k + εp2 − q4 )

= √ ε ∫ dqdpdy (2πε)^2 e^{iq·x/ε−iy·(q−p)/ε}ĥ(p)α((k + q 2 ) · (k − p + q 2 ))W_ε ( y, k − p 2 )

= √ ε ∫ dqdpdy (2π)^2 e^{ip·x/ε+iy·(q−p)}ĥ(p)α((k + q 2 ) · (k − p + q 2 ))W_ε ( x − εy, k − p2 ) . Thus the equation for the Wigner distribution is ∫ dye^{ik·y} [ Ω̂(y) + ε^QΩ(y) ] W_ε ( x + εy 2 , k ) (15) = √ ε ∫ dqdpdy (2π)^2 e^{ip·x/ε+iy·(q−p)}ĥ(p)α((k + q 2 ) · (k − p + q 2 ))W_ε ( x − εy, k − p 2 ) .

3.2 The high frequency limit

The equation for W_ε still depends on the details of the random field h and is therefore not simpler to solve than the initial wave equation. Only in the limit ε → 0, that is to say in the high frequency limit, will the equation somewhat simplify and involve only little statistical information about h (namely, its power spectrum). To perform this high frequency analysis, we follow [18] and introduce the following two-scale asymptotic expansion

W_ε(x, k) = W_0(x, k) + √ εW_1(x, z, k) + εW_2(x, z, k) + . . . , z = x ε with the leading order term independent of the fast variable z. We now insert this expression into (15) and equate like powers of ε. We get in the leading order that

Ω(k)W_0 (x, k) = 0. (16)

Therefore W_0(x, k) is supported on the set S = {k : Ω(k) = 0}. Recall that Ω(k) = 0 is nothing but the dispersion relation (8). This means that in the leading order of the high frequency limit, all the energy is concentrated in the waveguide modes. This is because we have assumed that there are no incoming waves from below. Therefore we can decompose W_0 over the waveguide modes as

W_0(x, k) = ∑ j w_j(x, ϕ)|Ω^′(k_j)|δ(k − k_j). (17)

Here the k_j are the solutions of Ω(k) = 0 and ϕ is the angular coordinate of k = (k cos ϕ, k sin ϕ). It is straightforward to verify that ω c ≤ k_j ≤ ω c_B . (18)

The wave energy may be now represented as

E(x) = ∑ j E_j(x), E_j(x) = k_j|Ω^′(k_j)| 2π∫ 0 dϕw_j(x, ϕ) (19)

with E_j (x) being the physical space energy density of the j-th waveguide mode.

The next order term in the expansion of (15) yields ∫ dye^{ik·y}Ω̂(y)W_1(x, z + y 2 , k) = ∫ dpdqdy (2π)^2 e^{ip·z+iy·(q−p)}ĥ(p)α((k + q 2 ) · (k − p + q 2 )) × W_0(x, k − p 2 ) = ∫ dpe^{ip·z}ĥ(p)α((k + p 2 ) · (k − p 2 ))W_0(x, k − p 2 ) and thus after taking the Fourier transform in z we obtain

Ω(k + p 2 )Ŵ_1(x, p, k) = ĥ(p)α((k + p 2 ) · (k − p 2 ))W_0(x, k − p 2 ). (20)

A symmetrized version of (20) is

Ŵ_1(x, p, k) = ĥ(p)[α((k +^p_2 ) · (k −^p_2 ))W_0(x, k −^p_2 ) − α((k −^p_2 ) · (k +^p_2 ))W_0(x, k +^p_2 )]

Ω(k +^p_2 ) − Ω̄(k −^p_2 ) − iθ

. (21)

Here θ is a regularization parameter as in [18]. In the next order, we obtain ∫ dye^{ik·y}Ω̂(y)W_2(x, z + y 2 , k) + 1 2 ∫ dye^{ik·y}Ω̂(y)y · ∇_xW_0(x, k) (22) = ∫ dpdqdy (2π)^2 e^{ip·z+iy·(q−p)}ĥ(p)α((k + q 2 ) · (k − p + q 2 ))W_1(x, z − y, k − p 2 ). We can check from the definition of Ω(k) that it is real for k ∈ D := {k : ω/c ≤ k ≤ ω/c_B}. However, W_0(x, k) is supported inside the set D and so we are interested only in these values of k. Therefore we get Im⟨ ∫ dye^{ik·y}Ω̂(y)W_2(x, z + y 2 , k)⟩ = 1 2i ∫ dzdy [ e^{ik·y}Ω̂(y)W_2(x, z + y 2 , k) − e^{−ik·y}Ω̂(y)W_2(x, z + y 2 , k) ]

= Im {Ω(k)} ∫ dzW_2(x, z, k) = 0

for k ∈ D. Here ⟨·⟩ denotes statistical average, and we assume that it is also equal to spatial average by ergodicity. Therefore we obtain from (22) for k ∈ D that

∇Ω(k) · ∇_xW_0 = i ⟨∫ dqdpdy (2π)^4 e^{ip·z+iy·(q−p)} [ α((k + q 2 ) · (k − p + q 2 ))W_1(x, z − y, k − p 2 ) −α((k − q 2 ) · (k + p − q 2 ))W_1(x, z − y, k + p 2 ) ] ĥ(p) ⟩ = I + I^∗.

We use (21) to rewrite the term on the right-hand side as I = i ⟨∫ dqdpdyds (2π)^6 e^{ip·z+iy·(q−p)+is·(z−y)}ĥ(p)α((k + q 2 ) · (k − p + q 2 ))Ŵ_1(x, s, k − p 2 ) ⟩

= i ⟨∫ dqdp (2π)^4 e^{iq·z}ĥ(p)α((k + q 2 ) · (k − p + q 2 ))Ŵ_1(x, q − p, k − p 2 ) ⟩

= i ⟨∫ dqdp (2π)^4 e^{iq·z}ĥ(p)α((k + q 2 ) · (k − p + q 2 ))ĥ(q − p) ⟩

× [α((k − p + q/2) · (k − q/2))W_0(x, k − q/2) − α((k − q/2) · (k − p + q/2))W_0(k − p + q/2)] Ω(k − p + q/2) − Ω̄(k − q/2) + iθ = i ∫ dp (2π)^2

R̂(p)α(k · (k − p))α((k − p) · k)W^0(x, k) − α(k · (k − p))W^0(x, k − p) Ω(k − p) − Ω̄(k) − iθ . Then we obtain

I + I^∗ = i ∫ dp (2π)^2

R̂(k − p) [ |α(k · p)|^2W_0(x, k) − |α(k · p)|^2W_0(x, p) Ω(p) − Ω̄(k) − iθ − |α(k · p)|^2W_0(x, k) − |α(k · p)|^2W_0(x, p) Ω̄(p) − Ω(k) + iθ ] . We are interested only in k ∈ D, where W_0 is supported in S and Ω(k) is real. We split the above integral into three regions: D_1 = {|p| ≤ ω/c}, D = {ω/c ≤ |p| ≤ ω/c_B}, D_2 = {|p| ≥ ω/c_B}.

Note that Im Ω(p) = 0 in D ∪ D_2. Therefore we have i ∫ D1 dp (2π)^2

R̂(k − p)|α(k · p)|^2 [ W_0(x, k) − W_0(x, p) Ω(p) − Ω̄(k) − iθ − W_0(x, k) − W_0(x, p) Ω̄(p) − Ω(k) + iθ ]

= −2 ∫ D1 dp (2π)^2

R̂(k − p)|α(k · p)|^2W_0(x, k)Im [ 1 Ω(p) − Ω(k) ] . The second term is given by i ∫ D dp (2π)^2

R̂(k − p)|α(k · p)|^2 [ W_0(x, k) − W_0(x, p) Ω(p) − Ω̄(k) − iθ − W_0(x, k) − W_0(x, p) Ω̄(p) − Ω(k) + iθ ]

→ ∫ D dp 2π R̂(k − p)|α(k · p)|^2 [W_0(x, p) − W_0(x, k)]δ(Ω(p) − Ω(k))

and the integral over the last region is ∫ D2 dpR̂(k − p)|α(k · p)|^2 [ [W_0(x, k) − W_0(x, p)

Ω(p) − Ω(k) − iθ − W_0(x, k) − W_0(x, p) Ω(p) − Ω(k) + iθ ]

→ − 2π i ∫ D2 dpR̂(k − p)|α(k · p)|^2δ(Ω(k) − Ω(p))W_0(x, k) = 0

because for k ∈ S (the support of W_0) and p ∈ D_2 we have Ω(k) = 0, Ω(p) > 0.

Putting together integrals over all three domains D, D_1 and D_2, we obtain the transport equation

∇_kΩ(k) · ∇_xW_0(x, k) = ∫ D dp 2π R̂(k − p)|α(k · p)|^2 [W_0(x, p) − W_0(x, k)]δ(Ω(p) − Ω(k)) −2 ∫ D1 dp (2π)^2

R̂(k − p)|α(k · p)|^2Im [ 1 Ω(p) − Ω(k) ] W_0(x, k). (23)

This equation is the main result of this paper. The first term on the right side of (23) corresponds to waveguide-waveguide scattering, while the second one describes leakage of Love waves into volume waves, which propagate away from the interface in the lower half-space. Because the half space is assumed to be homogeneous, the volume waves generated in this process do not return to the interface and there is no transformation of volume waves into Love waves. Consequently, the waveguidevolume scattering results in a net loss of Love wave energy density. It is straightforward to verify that Im [ 1 Ω(p) − Ω(k) ] > 0 for p ∈ D_1, so this term indeed corresponds to leakage. Notice also that on the support of W_0(x, k), Ω(k) = 0. So only Im[Ω^{−1}(p)] > 0 shows up. We may rewrite the transport equation (23) in a more explicit form using the decomposition (17) of W_0 over wave guide modes:

Ω^′(k_j)k̂ · ∇w_j(x, ϕ_k) = ∑ m 2π∫ 0 dϕ_p 2π R̂(k − p)|α(k · p)|^2k_m|Ω^′(k_m)|[w_m(x, ϕ_p) − w_j(x, ϕ_k)]

−M_j w_j(x, ϕ_k) (24) with k = k_j(cos ϕ_k, sin ϕ_k) and p = k_m(cos ϕ_p, sin ϕ_p). We denoted here by Ω^′(k) =^{dΩ}_{dk} . The attenuation coefficients are given by

M_j = 2 ∫ D1 dp (2π)^2

R̂(k − p)|α(k · p)|^2Im 1 Ω(p)

, |k| = k_j (25)

and are always non-negative.

4 Energy equipartition and diffusive regime

4.1 Leakage suppressing spectra The system of transport equations (24) is more general than the transport equation for surface waves on a surface with random negative impedance derived in [3]. In addition to leakage from Love waves into volume waves, we have mode coupling between waveguide modes. Nevertheless the analysis of the influence of the power spectrum on the scattering and absorption kernels in (23) still holds. Depending on the structure of the power spectrum R̂, scattering and absorption can be made arbitrarily small. We refer to [3] for a detailed analysis. We concentrate here on a regime where several wave guide modes (possibly all of them) form a closed sub-system of (24) but their leakage into volume is small. That was impossible in the problem treated in [3] since there was only one surface mode. As we show below, in the limit of propagation distances large compared to the mean free path, the system of transport equations (24) can be approximated by a lower-dimensional system of diffusion equations. As a result of multiple scattering, energy is partitioned among the modes in a universal way independent of the power spectrum R̂(p). This is similar to the P-to-S energy equipartition in a random medium [17, 20].

First we establish the possibility of a regime where the modes with wavenumber close to ω/c_B decouple from those with wavenumber close to ω/c. We consider a situation where the thickness H of the layer is large. More precisely, assume that Hω/c_B ≫ 1 while c − c_B c = O(1), c − c_B c_B = O(1).

We also assume that the power spectrum R̂(p) is supported in a compact set of size between c_B/(ωH^2) and 1/H:

R̂(p) = 0 for p ≥ k_c with c^B ωH^2 ≪ k_c ≪ 1 H . (26)

The wave numbers k_j that solve Ω(k_j) = 0 are given by

k_j = √ ω^2 c^2_B − ξ^2_j H^2

with ξ_j being solutions of

ω^2H^2 ( 1 c^2_B − 1 c^2 ) = ξ^2_j ( 1 + μ^2_B μ^2 tan^2 ξ_j ) . (27)

There is always a root ξ_1 in the interval (0, π/2), and there are two solutions of (27) in each interval (2j − 1)π/2 < ξ < (2j + 1)π/2 if ωH ( 1 c^2_B − 1 c^2 )_{1/2} > jπ. The number N of solutions of (27) is thus at least 2J + 1 with the integer J determined by J ≤ ωH π ( 1 c^2_B − 1 c^2 )_{1/2} ≤ J + 1. (28)

Therefore the total number of modes is N ≈ 2ωH π ( 1 c^2_B − 1 c^2 )_{1/2} + 1 ≫ 1.

The level separation for j ≪ Hω/c_B may be estimated using the above description of the location of the roots ξ_j by

|k_j − k_{j−1}| = | | | | √ ω^2 c^2_B − ξ^2_j H^2 − √ ω^2 c^2_B − ξ^2_{j−1} H^2 | | | | ≈ ω c_B ( ξ^2_j c^2_B 2ω^2H^2 − ξ^2_{j−1}c^2_B 2ω^2H^2 ) ≤ c_Bπ^2(2j + 1) ωH^2 . (29)

Next we look at the separation between the lowest mode

k_N = √ ω^2 c^2_B − ξ^2_N H^2

and the volume waves |k| ≤ ω/c. Note that ξ_N ≤ (Nπ/2) (N is generically odd, except for values of H in a set of measure zero in IR^+) and therefore we have k_N ≥ √ ω^2 c^2_B − N^2π^2 4H^2 . Let us assume that H is such that in addition to (28) with N = 2J + 1 we have J + 1 − ε ≤ ωH π ( 1 c^2_B − 1 c^2 )_{1/2} ≤ J + 1 (30)

with ε < 1/3. Then we have

k_N ≥ √ ω^2 c^2_B − (2J + 1)^2π^2 4H^2 ≥ ω2 c^2_B − π^2 H^2 [ ωH π ( 1 c^2_B − 1 c^2 )_{1/2} + ε − 1 2 ]_2

= √ ω^2 c^2 + πω H ( 1 c^2_B − 1 c^2 )_{1/2} (1 − 2ε) − π^2 H^2 ( ε − 1 2 )_2

≈ ω c ( 1 + πc^2 2Hω (1 − 2ε) ( 1 c^2_B − 1 c^2 )_{1/2}) ≥ ω c + πc 6H ( 1 c^2_B − 1 c^2 )_{1/2}

and therefore k_N − ω c ≥ πc 6H ( 1 c^2_B − 1 c^2 )_{1/2} . (31)

Therefore if we choose the power spectrum as in (26) we will have R̂(k − p) = 0

for all k such that |k| = k_j for some j and |p| ≤ ω/c. Thus leakage into volume is suppressed for such power spectra. The same calculations actually show that |k_j −k_{j−2}| = O(H^{−1}) for j/N = O(1), that is to say for the modes of lower wavenumber. There is therefore no coupling between the modes k_j and k_{j−2} for such values of j. We can conclude the existence of a critical value N_c such that all the modes 1 ≤ j ≤ N_c are coupled through scattering. These modes are uncoupled from those for which j > N_c.

4.2 The diffusion limit

The results of the previous section show that the leakage of Love waves into volume waves may be suppressed or made arbitrarily small. More generally, one may construct power spectra so that all modes are split into several groups. Interaction between modes in the same group is strong while scattering between modes from different groups and leakage into volume are much weaker. This leads to a non-trivial long-time behavior that we treat in this section. We assume that the power spectrum R̂(p) may be decomposed as R̂(p) = R̂_1(p) + δ^2R̂_2(p). The first term R̂_1 is such as described in the previous section. That is to say, the waveguide modes are split into groups Γ_1 = {1, 2, . . ., N_1}, Γ_2 = {N_1 + 1, N_2 + 2, . . ., N_2}, . . . Γ_M = {N_{M −1} + 1, N_{M −1} + 2, . . ., N_M = N} so that R̂_1(k − p) = 0 for |k| = k_j, |p| = k_m with k and m not in the same group Γ_J . This term produces neither the leakage of Love waves into the volume nor the coupling between modes in different groups Γ_J . We use the notation Γ(j) to denote the group Γ_J , to which j belongs. The second term R̂_2 is assumed to be nearly constant for |k| ≤ 2k_N . It introduces a weak coupling of all modes and a weak leakage into volume waves. Physically the small parameter δ ≪ 1 measures the relative strength of short-range versus long-range correlations. We are interested in large propagation distances over which leakage and mode coupling in other groups have order one effects and rescale accordingly x → x/δ. The densities w_1, w_2, . . ., w_N form a system of equations

δ Ω^′(k_j)k̂ · ∇_xw_j(x, ϕ_k) = ∑ m∈Γ(j) 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_k, ϕ_p)[w_m(x, ϕ_p) − w_j(x, ϕ_k)] (32)

+δ^2 ∑ m/∈Γ(j) 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_k, ϕ_p)[w_m(x, ϕ_p) − w_j(x, ϕ_k)] − δ^2M_j (ϕ_k)w_j(x, ϕ_k) + δ^2S_j(x, ϕ_k)

for 1 < j ≤ N. Here k = k_j(cos ϕ_k, sin ϕ_k) and p = k_m(cos ϕ_p, sin ϕ_p). The differential scattering cross-sections σ_{jm} for j and m in the same group are given by

σ_{jm}(ϕ_k, ϕ_p) = [ R̂_1(k − p) + δ^2R̂_2(k − p) ] |α(k · p)|^2k_m|Ω^′(k_m)| if Γ(j) = Γ(m)

with k and p as above, and by

σ_{jm}(ϕ_k, ϕ_p) = R̂_2(k − p)|α(k · p)|^2k_m|Ω^′(k_m)|, if Γ(j) ≠ Γ(m)

for j and m in two different groups of modes. We have added on the right side of (32) a source term that has some effect only over the large distances of propagation we consider in this section. Using techniques similar to those in [4], we can show that the system of transport equations (32) admits a unique solution of bounded energy (the |w_j| are of bounded integral) independent of the parameter δ (because intrinsic absorption M_j > 0).

We consider the asymptotic expansion

w_j(x, ϕ) = w^0_j (x, ϕ) + δw^1_j (x, ϕ) + δ^2w^2_j (x, ϕ) + . . .

and insert it into (32). The leading order term O(1) in (32) implies that for each group Γ_J , J = 1, . . ., M there exists a function w̄^J_0 (x) such that

w^0_m(x, ϕ) = w̄^J_0 (x), if m ∈ Γ_J . (33)

Thus the leading order term is independent of the angular variable ϕ_k and is the same for all modes in each group. The next order term in (32) implies that for j ∈ Γ_J we have

Ω^′(k_j)k̂ · ∇_xw̄^J_0 (x) = ∑ m∈Γ_J 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_k, ϕ_p)[w^1_m(x, ϕ_p) − w^1_j (x, ϕ_k)]. (34)

Note that for each j and m in the same group Γ_J there exists a constant λ_{jm} such that

λ_{jm}k̂ = 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_k, ϕ_p)p̂.

The function k̂ is an eigenfunction of these operators because σ_{jm} depend only on the inner product k · p, and thus σ(ϕ_k + γ, ϕ_p + γ) = σ(ϕ_k, ϕ_p). Moreover σ(ϕ_k, 0) depends only on cos ϕ_k. This yields 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_k, ϕ_p) ( cos ϕ_p sin ϕ_p ) = 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_k − ϕ_p, 0) ( cos ϕ_p sin ϕ_p )

= 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_p, 0) ( cos(ϕ_k − ϕ_p) sin(ϕ_k − ϕ_p) ) = 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_p, 0) cosϕ_p ( cos ϕ_k sin ϕ_k )

because_{2π} ∫ 0 dϕ_p 2π σ_{jm}(ϕ_p, 0) sin ϕ_p = 0.

Thus λ_{jm} are given explicitly by

λ_{jm} = 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_p, 0) cosϕ_p

and may be interpreted as the average cosine of the angle between the incident wave in mode m and the scattered wave in mode j. Therefore we have

w^1_j (x, ϕ) = −c_jk̂ · ∇_xw̄^J_0 (x) + w^{10}_j (x), j ∈ Γ_J

with an arbitrary function w^{10}_j (x) that may determined from solvability conditions for higher order terms and whose knowledge is not necessary to derive the diffusion limit. The constants c_j are determined from the following linear system of equations

Ω^′(k_j) = Z_j c_j − ∑ m∈Γ_J λ_{jm}c_m, j ∈ Γ_J . (35)

Here Z_j is the total scattering cross-section for the j-th mode:

Z_j = ∑ m∈Γ_J 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_k, ϕ_p), j ∈ Γ_J .

The linear system (35) is solvable. Indeed, we may symmetrize it as

k_j|Ω^′(k_j)|Ω^′(k_j) = Z̃_j c_j − ∑ m∈Γ_J λ̃_{jm}c_m, j ∈ Γ_J

with Z̃_j = k_j|Ω^′(k_j)|Z_j and λ̃_{jm} = k_j|Ω^′(k_j)|λ_{jm}. Let us introduce the matrices Z̃ = diag(Z̃_j) and Λ̃ = ( λ̃_{jm} ) . The matrix Λ̃ is symmetric and Z̃_j > ∑ m∈Γ_J | |λ̃jm | | for all j ∈ ΓJ . Therefore the matrix Z̃ − Λ̃ is positive-definite by the Gershgorin theorem and the system (35) has a unique solution.

The order O(δ^2) term in (32) implies that for j ∈ Γ_J we have

Ω^′(k_j)k̂ · ∇_xw^1_j (x) = ∑ m∈Γ_J 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_k, ϕ_p)[w^2_m(x, ϕ_p) − w^2_j (x, ϕ_k)] (36)

+ ∑ m/∈Γ_J 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_k, ϕ_p)[w̄^0_m(x) − w̄^J_0 (x)] − M_jw̄^J_0 + S_j(x, ϕ_k).

The solvability condition for (36) is ∑ j∈Γ_J |Ω^′(k_j)|Ω^′(k_j)k_j 2π∫ 0 dϕ_k 2π k̂ · ∇_xw^1_j (x)

= ∑ j∈Γ_J ∑ m/∈Γ_J |Ω^′(k_j)|k_j 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_k, ϕ_p)[w̄^0_m(x) − w̄^J_0 (x)]

− ∑ j∈Γ_J |Ω^′(k_j)|k_j 2π∫ 0 dϕ_p 2π M_j(ϕ_k)w_0(x) + ∑ j∈Γ_J |Ω^′(k_j)|k_j 2π∫ 0 dϕ_kS_j (x, ϕ_k).

This leads to the following system of diffusion equations for w_0(x), x ∈ IR^2:

−D_J Δw̄^J_0 + (K_J + M̄_J )w̄^J_0 = ∑ P ≠J K_{JP} w̄^P_0 + S̄_J , J = 1, . . ., M (37)

with the summation on the right side being over groups other than Γ_J . Here the diffusion coefficients are D_J = ∑ j∈Γ_J |Ω^′(k_j)|Ω^′(k_j)c_jk_j 2 . The diffusion coefficients are all positive since they may be written as

D_J = 1 2 (( Z̃ − Λ̃ ) c · c ) > 0, c = (c_j), j ∈ Γ_J

because the matrix Z̃ − Λ̃ is positive-definite. Here c_j solve the linear system (35). The effective source term is

S̄_J (x) = ∑ j∈Γ_J |Ω^′(k_j)|k_j 2π∫ 0 dϕ_kS_j(x, ϕ_k).

The constants K_{JP} and K_J are given by

K_{JP} = ∑ j∈Γ_J ∑ m∈Γ_P |Ω^′(k_j)|k_j 2π∫ 0 dϕ_p 2π σ_{jm}(ϕ_k, ϕ_p), K_J = ∑ P ≠J K_{JP} ,

and the attenuation coefficients by

M̄_J = ∑ j∈Γ_J |Ω^′(k_j)|k_j 2π∫ 0 dϕ_p 2π M_j(ϕ_k).

Energy propagation in the diffusive regime is described by the system of diffusion equations (37). Because the intrinsic absorption coefficients M̄_J > 0, the system (37) is well-posed.

4.3 Energy equipartition

Expression (33) implies that in the diffusive limit the distribution of energy between various modes of the Love waves inside each group becomes universal and independent of the power spectrum R̂(k) of the rough surface. However, the power spectrum determines which modes are strongly coupled and to which group modes belong. Indeed, according to (19), the energy contained in the j-th mode is equal to E_j = 2πk_j|Ω^′(k_j)|w̄^J_0 (x), j ∈ Γ_J .

Therefore the ratios E_j E_m = k_j|Ω^′(k_j)| k_m|Ω^′(k_m)|

(38)

for j and m in the same group Γ_J depend only on the background problem in the homogeneous medium that determines the levels k_j and the function Ω(k). This is very similar to the P-to-S energy equipartition of the compressional and shear elastic waves analyzed in [17, 18, 20]. In both cases, equipartition of energy is caused by multiple scattering.

5 Conclusions

We have analyzed multiple scattering for the acoustic approximation of Love waves propagating in a layer with rough upper boundary in the radiative transport regime. Wave energy propagation is described by a coupled system of radiative transport equations (24) for energy densities of different waveguide modes. These equations have terms that account both for scattering into and from other waveguide modes as well as effective absorption terms caused by leakage into volume waves. This leakage may be suppressed for certain types of power spectra. Then, the energy contained in each mode is partitioned in a universal way (38) that is independent of the rough surface. The power spectrum determines only which group modes belong to. Inside each group, energy is partitioned in a universal way. Energy propagation in such situation is described by the system of diffusion equations (37). When leakage is not weak, the total energy decays exponentially over large distances of propagation.

Acknowledgment

This work was partially supported by ASCI Flash Center at the University of Chicago. LR was partially supported by NSF grant DMS-9971742 and GB by NSF grant DMS-0072008.

References

[1] J.D. Achenbach. Wave propagation in elastic solids. North Holland, Amsterdam, 1991. [2] G. Bal, A. Fannjiang, G. Papanicolaou and L. Ryzhik, Radiative transport in a periodic structure, Jour. Stat. Phys. 95, 1999, 479-494.

[3] G. Bal, V. Freilikher, G. Papanicolaou, and L. Ryzhik. Wave Transport along Surfaces with Random Impedance. Phys. Rev. B, 62(10), 2000, pp. 6228-6240.

[4] G. Bal and L. Ryzhik. Diffusion approximation of radiative transfer problems with interfaces.

SIAM J. Appl. Math, 60(6), 2000, pp. 1187-1912 [5] Yu. Barabanenkov, Yu. Kravtsov, V. Ozrin and A. Saichev, Enhanced backscattering in optics, Progress in Optics, 29, 1991, 67-190.

[6] Yu. Barabanenkov, A. Vinogradov, Yu. Kravtsov, and V. Tatarskii. Application of the theory of multiple scattering of waves to the derivation of the radiative transfer equation for a statistically inhomogeneous medium. Radiofizika, 15:1852–1860. English translation pp. 1420–1425, 1972.

[7] I.M. Besieris, W. Kohler and H. Freese, A transport-theoretic analysis of pulse propagation through ocean sediments, J. Acoust. Soc. Am., 72, 1982, 937-946.

[8] I.M. Besieris and F.D. Tappert, Propagation of frequency modulated pulses in a randomly stratified plasma, Jour. Math. Phys. 14, 1973, 704-707.

[9] L. Erdös and H.T. Yau. Linear Boltzmann equation as the weak coupling limit of a random Schrödinger Equation, Comm.Pure Appl. Math., 53, 2000, 667-735.

[10] W. Ewing, W. Jardetzky and F. Press, Elastic waves in layered media, McGraw-Hill, New-York, 1957.

[11] J.-P. Fouque (editor), Diffuse Waves in Complex Media, Mathematical and Physical Sciences Series volume 531, Kluwer, 1999.

[12] P.Gérard, P.Markovich, N.Mauser and F.Poupaud, Homogenization limits and Wigner transforms, Comm.Pure Appl. Math., 50, 1997, 323-380.

[13] R. Hennino, N. Tregoures, N. Shapiro, L. Margerin, M. Campillo, B. van Tiggelen and R.

Weaver, Observation of equipartition of seismic waves in Mexico, Preprint, 2000. [14] A. Ishimaru, Wave propagation and scattering in random media, vol. II, Academic Press, New York, 1978.

[15] A.E.H. Love, A treatise on the mathematical theory of elasticity, Dover, New York, 1944. [16] G. Papanicolaou and L. Ryzhik. Waves and transport. IAS/Park City Mathematics Series, Vol. 5, L. Caffarelli and Weinan E, eds., AMS,, pp. 305–382, 1998.

[17] G. Papanicolaou, L. Ryzhik and J.B. Keller, Stability of the P-to-S energy ratio in the diffusive regime, Bull. Seism. Soc. Am., 86, 1996, 1107-1115.

[18] L. Ryzhik, G. Papanicolaou, and J. B. Keller. Transport equations for elastic and other waves in random media. Wave Motion, 24, 1996, 327–370.

[19] H. Spohn. Derivation of the transport equation for electrons moving through random impurities.

Jour. Stat. Phys., 17, 1977, 385–412.

[20] R.Weaver, On diffuse waves in solid media, J. Acoust. Soc. Am., 71, 1982, 1608-1609.