Diffusion Approximation of Radiative Transfer Problems with Interfaces

Guillaume Bal^∗ Leonid Ryzhik^†

September 16, 1998

Abstract

We derive the diffusion approximation of transport equations with discontinuities at interfaces. The transport equations model the energy density of acoustic waves. The waves are reflected and transmitted at the interface between different media, which leads to discontinuities of the energy density across the interface. The diffusion approximation, which is valid inside each region is not correct at the vicinity of the interface. However using interface layer analysis, we prove that the transport solution can be approximated by a diffusion term plus an interface layer which decays exponentially fast. We systematically derive the correct form of the interface conditions for this diffusion term.

1 Introduction

The propagation of the energy density of waves in heterogeneous media with weak random fluctuations can be modeled in the high frequency regime by a radiative transfer equation. This model has been first proposed phenomenologically [12], and was successfully applied to describe the propagation of light through a turbulent atmosphere. Transition from waves to transport has been later derived and analyzed from first principles, both for Schrödinger [14, 16, 23, 31] and classical waves [4, 10, 27, 35]. We consider in this paper only scalar waves, where polarization effects or conversion of energy between different modes is either absent or may be neglected for practical purposes, as in sound propagation.

The radiative transport equation for the evolution of the average phase space energy density a(t, x, k) is given at time t ≥ 0, position x ∈ IR^3 and wave vector k ∈ IR^3 by ∂a ∂t + vk̂ · a = ∫ σ(x, k, k^′)δ(v|k| − v|k^′|)(a(t, x, k^′) − a(t, x, k))dk^′. (1.1) Here k̂ is the unit vector in the direction k, and v is the background sound speed. We assume for simplicity that v is constant, but its variations may be also taken into account. The differential scattering cross section σ(x, k, k^′) is explicitly given in terms of the power spectrum of the random fluctuations of the material properties [27] and is usually symmetric in k and k^′. Moreover, it typically depends only on the angle between k and k^′:

σ(x, k, k^′) = σ(x, k · k^′). (1.2)

∗Department of Mathematics, Stanford University, Stanford CA, 94305; bal@math.stanford.edu †Department of Mathematics, University of Chicago, Chicago IL, 60637; ryzhik@math.uchicago.edu

The acoustic energy flux is given in phase space by F(t, x) = v ∫ k̂ a(t, x, k) dk. (1.3)

When the transport mean free path l = v/Σ, measuring the distance between two successive collisions, is small, it is well known that the energy distribution tends to be isotropic a(t, x, k) ≈ a_0(t, x, |k|). The function a_0 is then solution to a diffusion equation given by ∂a_0 ∂t = ∇x · [D(x, |k|)∇xa_0], (1.4)

where D is a positive definite diffusion tensor [13], which is known explicitly. The approximation of linear transport by a diffusion equation has been studied at length in the past for various physical applications. First derived in the context of the transport of neutral particles in homogeneous media [11, 13, 22], it finds applications in many areas like homogenization of neutron transport in heterogeneous domains [1, 8, 9, 20, 21, 29], medical imaging [2, 25], or propagation of high frequency classical waves [27, 30, 32]. It is very popular since its numerical resolution is much faster than that of the transport equation. Therefore it allows to address problems of practical interest which would not be accessible with the transport theory, even in spite of the tremendous advances of modern computers.

Equation (1.4) is usually derived in the whole space IR^3. In the case of bounded domains or domains with interfaces between media having different properties, the ansatz a(t, x, k) ≈ a_0(t, x, |k|) may not be satisfied near the discontinuity, and specific boundary or interface conditions are required for (1.4). In the case of bounded domains, the derivation of boundary conditions for (1.4) has also been thoroughly analyzed in the past and is fairly well understood [6, 9, 13, 22]. It is shown that the transport solution is asymptotically equal to the sum of an isotropic part, which is a solution of a diffusion equation with Robin boundary conditions, and a boundary layer term, which is highly anisotropic and is exponentially decaying away from the boundary. Due to the exponential decay of the layer term, the postulate of asymptotically isotropic energy density in the interior of the domain is not modified by the presence of boundaries. However the derivation of correct boundary conditions is quite involved and necessitates an accurate description of the transport density at the vicinity of the boundary.

In the case of an interface between two different media with jump discontinuities of the energy density, we can expect that two boundary layers exist on both sides of the interface, and that interface conditions shlould be derived for an averaged diffusion density, which would be a good approximation of the transport density away from the interface. However, even assuming the existence of these boundary layers, we will see that they are not independent from one another. No theory is available at present for constructing such an interface layer. The goal of this paper is to address this issue.

The interface conditions for the radiative transport equation (1.1) arise naturally from the behavior of waves reflected and transmitted from flat or random rough interfaces separating two different media. The transition from waves to transport equations for time harmonic waves in bounded domains has been considered mathematically in several recent works [17, 24, 28] and has been extensively studied in the physical literature [3, 7, 15, 18, 26, 33, 34]. We consider here only the case of time harmonic waves, which result in steady state transport and diffusion equations, for simplicity. Time dependent problems may be also considered but we do not pursue that issue here, concentrating instead on the difficulties related to the interface problem. The energy densities a_{1,2}(x, k) on the two sides of the interface are time independent in the time-harmonic case and are supported on the sets S_{1,2} = {(x, k) s.t. v_{1,2}|k| = ω} , respectively, where ω is the time frequency. They satisfy the radiative transport equations (1.1) in the corresponding domains.

The interface conditions for the transport equation are as follows. Let the interface be described by x_n = 0 and the media 1 and 2 be above and below it, respectively. Given a horizontal wave vector k^′ ∈ IR^{n−1}, let k^i_n, i = 1, 2 be the normal component of the vector k ∈ S_i that has horizontal component k^′ and is pointing inside medium i. Then the restriction of a_i(x, k) for i = 1, 2 at the boundary has the form

a_i(x^′, 0, k) = ν^i_{in}δ(k_n − k^i_n) + ν^i_{out}δ(k_n + k^i_n), i = 1, 2. (1.5)

The incoming energy densities ν^i_{in} are related to the outgoing densities ν^i_{out} by the following interface conditions

ν^i_{in}(x^′, k^′) = 2∑ j=1 ∫ τ_{ij}(x^′, k^′, p^′)ν^j_{out}(x^′, p^′)dp^′. (1.6)

The cross sections τ_{ij} are positive bounded measures. Their form has been obtained for various regimes in the references cited above and we do not specify them here. Our analysis applies to a fairly general case, assuming only the conservation of energy flux at the interface. The singular part of τ_{ij} corresponds to the specular reflection at the boundary, and the regular part is due to the diffuse scattering of waves by a rough boundary. The measures τ_{ij} are related by the requirement that energy flux (1.3) be conserved across the interface. It turns out that the energy density is not necessarily continuous across the interface. Moreover the angular dependent form of the reflection and transmission operators may be incompatible with an asymptotically isotropic solution at the interface for the transport equation in the diffusion.

The above mentioned boundary layer analysis alone is not sufficient to treat the interface problem. The first main contribution of this paper is to show that there are indeed interface layers on both parts of the interface, which enable to define interface conditions for a diffusion approximation. The requirement that these interface layers decay exponentially away from the boundary provides the jump condition at the interface for the solution of the diffusion equation (1.4):

a_0(0^−) = αa_0(0^+). (1.7)

Here a_0(0^+) and a_0(0^−) refer to the limits of a_0 from above and below the interface, respectively. The existence of the boundary layer in the next order in the parameter ε = l/Σ provides the jump condition for the normal derivatives on the two sides of the interfacein (1.7). It turns out to be given by the continuity of the diffusion flux across the interface so that

D(0^+) ∂a_0 ∂n (0^+) = D(0^−) ∂a ∂n (0^−).

The jump condition (1.7) for the energy density itself is, in general, different from the one obtained by averaging the anisotropic boundary conditions over the space of directions. The second contribution of this work is to give an explicit way to compute the constant α (see our Lemma 6.2), which involves the resolution of an eigenvalue problem posed at the interface.

This paper is organized as follows. In section 2, we recall the transport equation in planar geometry. In the general 3D setting, interface conditions, as well as boundary conditions, localize in the diffusive regime. Therefore to simplify the analysis we only consider here geometries satisfying the planar invariance. We present our main results in section 3. It is shown that the diffusion approximation is still valid outside a boundary layer in the limit of small mean free path and prescribe the jump conditions at the interface. In section 4, we give some results on the transport equation in a half space. The theory presented in section 3 relies on the existence of a solution to an eigenvalue problem in infinite medium. The positive eigenfunction describes how the boundary layers are related to one another on both sides of the interface. The construction of this interface layer is presented in section 5. Then section 6 gives a proof of existence in L^1 space of a solution to the transport equation with interface conditions, and of the results on the asymptotic expansion claimed in section 3. Finally, we give in section 7 some examples of interface conditions for the transport equation and their translation into interface conditions for the diffusion approximation.

2 The Plane Symmetry Transport Equation

We assume here that the geometry and the physical data satisfy a planar symmetry, i.e. are invariant by translation in directions perpendicular to x_n. Since we are interested here in the behavior of the energy density close to a slowly varying interface in the diffusion regime, the interface can be asymptotically considered as flat and the underlying medium with constant physical data on both sides of the interface. Therefore, even in the general multi-dimensional setting, the interface conditions localize and give rise to a mono-dimensional analysis (see [9, 13] for an analog result in linear transport theory with boundaries).

To simplify the analysis and avoid technical difficulties that are independent of the interface conditions investigated here, we also assume that the planar symmetry is satisfied and the source term is isotropic. Then equation (1.1) in a homogeneous medium with a monochromatic source reduces to vk̂_n ∂a ∂x_n = ∫ σ(x_n, k · k^′)[a(x_n, k^′) − a(x_n, k)]δ(v|k| − v|k^′|)dk^′ + S(x_n)δ(v|k| − ω). (2.1) Using the same symbol for the energy, we make the changes of variables

a(x_n, k) = v^2a(x_n, μ)δ(v|k| − ω) and μ = k̂_n ∈ [−1, 1]

We denote x = x_n for simplicity. Then the function a(x, μ) satisfies the one-dimensional transport equation μ ∂a ∂x = ∫ 1 −1 σ(x, μ, μ^′)[a(x, μ^′) − a(x, μ)]dμ^′ + S̃(x). (2.2) We keep the same notation for the scattering cross section after the change of variables: σ(x, μ, μ^′) = ω^2 v^4 ∫ 2π 0 σ(x_n, √ 1 − μ^2 √ 1 − μ^{′2} cos ϕ + μμ^′)dϕ (2.3)

and the source S̃(x) is S̃(x) = S(x^n) v^3

. (2.4)

The normal component of the flux (1.3) is given then in terms of a(x, μ) by

F(x) = 2πω^2 ∫ 1 −1 μa(x, μ)dμ. (2.5) The interface conditions (1.6) may be expressed in terms of the solutions a_{1,2}(x, μ) on the two sides of the interface x = 0 as follows. The functions ν_{ij} are isotropic in k^′, ν_{ij}(k^′) = ν_{ij}(|k^′|), and are related to a by

a_1(0, μ) = μ v_1 ν^1_{in}( ω v_1 √ 1 − μ^2), μ > 0, a_1(0, μ) = μ v_1 ν^1_{out}( ω v_1 √ 1 − μ^2), μ < 0

a_2(0, μ) = μ v_2 ν^2_{out}( ω v_2 √ 1 − μ^2), μ > 0, a_2(0, μ) = μ v_2 ν^2_{in}( ω v_2 √ 1 − μ^2), μ < 0.

(2.6)

The general interface conditions for (2.2) are formulated as follows. Let us introduce the sets Γ^{1,2}_− of wave vectors pointing inside domains 1 and 2, respectively, defined by Γ^1_− = [0, 1], Γ^2_− = [−1, 0], and the sets Γ^{1,2}_+ of wave vectors pointing outside those domains Γ^1_+ = [−1, 0], Γ^2_+ = [0, 1]. The reflection and transmission operators R^{ij} : L^1_μ(Γ^j_+) → L^1_μ(Γ^i_−), i, j = 1, 2 map the functions defined on Γ^j_+ onto the functions on Γ^i_−. The operators R^{ii} correspond to reflection, while the operators R^{ij}, i ≠ j describe the transmission across the interface. The space L^1_μ(X) is defined by ‖f‖_L1_{μ(X)} = ∫ X |μ|F (μ)dμ. Then the interface conditions for the transport equations (2.2) in media 1 and 2 are

a_i(0, μ)|_Γi_− = 2∑ j=1 R^{ij} ( a_j|_Γj_+ ) (μ). (2.7)

The energy flux (2.5) is conserved across the boundary x = 0. Therefore the following constraints are imposed on the reflection and transmission operators, ∫ Γ^i+ μh(μ)dμ + ∫ Γ^i_− μ[R^{ii}(h)](μ)dμ = ∫ Γ^j_−

μ[R^{ji}(h)](μ)dμ, (i, j) = (1, 2), (2, 1), (2.8)

for all functions h(μ) ∈ L^1_μ(Γ^i_+). Another natural restriction is the positiveness of the operators R^{ij}. We summarize our assumptions on the operators R^{ij} in the following:

Hypothesis 2.1 The operators R^{ij} satisfy the following properties:

(H1) They are positive in the sense that

R^{ij}(h)(μ) ≥ 0 for a.e. μ ∈ Γ^i_− for all h ∈ L^1_μ(Γ^j_+) such that h ≥ 0 a.e. on Γ^j_+.

Moreover, there exist constants c_j > 0 so that R^{jj}(1)(μ) > c_j for a.e. μ ∈ Γ^j_−, j = 1, 2 .

(H2) They satisfy the flux continuity (2.8).

(H3) The reflection operators are not totally reflecting, that is there exist positive constants η_j and subsets I_j ∈ Γ^j_+ of positive measure such that for all non negative functions h of support supp(h) ⊂ I_j we have ∫ Γ^−_j |μ|R^{jj}(h)dμ ≤ (1 − η_j) ∫ I_j |μ|h(μ)dμ. (2.9)

Remark 2.2 The lower bounds on R^{11}(1), R^{22}(1) in (H1) may be replaced by similar lower bounds for R^{12}(1), R^{21}(1). All our results below are readily extended to this new condition. One of these technical conditions is sufficient to guarantee the existence of a non-zero matching constant α given in (3.6).

3 Diffusion approximation

The diffusion regime takes place when the scattering mean free path, measuring the average distance between two successive collisions, becomes small. We denote it by ε. The scattering cross section is inverse proportional to the mean free path and is therefore of order ε^{−1}. In order to have a solution bounded independently of ε, the source term has to be of order ε. Contrary to the Cauchy problem (1.1), which admits a solution for all time, the time harmonic case requires the existence of an equilibrium. Therefore the creation of energy should be compensated by some loss. Then we add some absorption Σ_a to the system in order to obtain finite energy solutions to our equation. This absorption term also has to be of order ε in order for the diffusive regime to appear. The scaling presented here is classical in diffusion theory [9, 13, 20, 21, 22].

After rescaling, problem (2.2)-(2.7) takes the following form 1 ε μ ∂ ∂x a^i_ε + 1 ε^2

Q_i(a^i_ε) + Σ_aa^i_ε = S(x) in X^i × V

a^i_ε = 2∑ j=1 R^{ij}(a^j_ε) for x = 0 and μ ∈ Γ^i_−.

(3.1)

Here V = [−1, 1], X^1 = IR^+ and X^2 = IR^−. The scattering operator Q_i is defined by Q_i(h)(x, μ) = ∫ 1 −1 σ^i(μ, μ^′)(h(x, μ) − h(x, μ^′))dμ^′. (3.2) We assume that σ^i(μ, μ^′) are independent of x inside each half-space. Spatial variations of the differential scattering cross-section may be also taken into account but we do not pursue this issue here. Typically, σ is constant on both domains X^i, i = 1, 2. More generally, we assume that σ is a bounded function on V × V , bounded from above and below:

0 < σ_1 ≤ σ^i(μ, μ^′) ≤ σ_2 < ∞, for i = 1, 2. (3.3)

We denote by Σ the total scattering cross section

Σ^i = ∫ 1 −1 σ^i(μ, μ^′)dμ. (3.4) It is independent of μ^′ by assumptions (1.2) and (2.3).

The asymptotic behavior of the solution a_ε of (3.1) as ε tends to 0 is described by the following theorem, which is the main result of this paper.

Theorem 3.1 Let us assume that the cross-sections σ^i(μ, μ^′) satisfy (3.3) and the total scattering cross-sections Σ^i are independent of μ, and that the source term S is smooth and compactly supported. We assume in addition that the reflection-transmission operators satisfy Hypothesis 2.1. Then for every ε > 0 there exists a unique solution a_ε of (3.1) in L^1(IR × V ).

The family a^i_ε(x, μ) converges to a function u^i(x) ∈ H^1(X^i), that is independent of μ, strongly in L^1(X^i × V ) as ε → 0 and there exists a constant C independent of ε so that 2∑ i=1 ‖a^i_ε − u^i‖_L1_{(X}i_{×V )} ≤ Cε. (3.5)

Moreover, there exists a positive constant α such that u^i is the solution of the diffusion equation − ∂ ∂x [ D^i ∂u^i ∂x ] + Σ_au^i = S in X^i

u^2(0^−) = α u^1(0^+)

D^2 ∂u^2 ∂x (0^−) = D^1 ∂u^1 ∂x (0^+).

(3.6)

The diffusion coefficient D^i in (3.6) is obtained as follows. We define θ^i(μ) as the zero mean solution of θ^i(μ) − ∫ 1 −1 σ^i(μ, μ^′) Σ^i θ^i(μ^′)dμ^′ = −μ. (3.7)

Then D^i is given by

D^i = 1 Σ^i ∫ 1 −1 μθ^i(μ)dμ. (3.8) This coefficient is positive, and D^1 and D^2 may be different. The definition of the constant α, which requires additional notation related to boundary and interface problems, is given explicitly in Lemma 6.2 of section 6. The positiveness of α and D^{1,2} ensures the existence of a unique solution to equation (3.6).

The proof of this theorem is given in the three following sections. The next two sections contain some necessary preliminary results. First we provide some auxiliary results on the half space problem in Section 4. These results allow us to derive a solution to the interface eigenvalue problem in Section 5. Its construction is given in Theorem 5.1. Then in Section 6 we give the proof of Theorem 3.1. First we prove the existence result for equation (3.1) in Theorem 6.1. The rest of the proof is based on an asymptotic expansion for a^i_ε given in Section 6. The formal convergence to diffusion in the interior is classical [9, 13]. Close to the interface however, the two-scale asymptotic expansion is not sufficient and an interface layer constructed in Section 5 is required to account for the anisotropic boundary conditions.

4 Boundary Layer Analysis

The problem posed in infinite space can be recast as a problem only on the interface by defining the response operators associated with each half space. They are the solution operators for the Milne problem in each half space and map the incoming current in a half space onto the outgoing density of the solution of the transport equation at the boundary. This problem is well known in the literature (see e.g. [6, 9, 13, 29]). We present here the results we use in the next section.

Consider the half space problem μ ∂a ∂x + ∫ 1 −1 σ(μ, μ^′)(a(x, μ) − a(x, μ^′))dμ^′ = 0 in IR^+ × [−1, 1] a(0, μ) = g(μ) in [0, 1].

(4.1)

Up to spatial rescaling we can assume that Σ = ∫ 1 −1 σ(μ^′, μ)dμ^′ = 1. We have the following result

[6].

Lemma 4.1 Let g ∈ L^∞[0, 1]. Then equation (4.1) admits a unique bounded solution in L^∞(IR^+ × [−1, 1]). Moreover there exists a linear form G : L^∞[0, 1] → IR and two constants C and β > 0 independent of g such that |μ ∂a(x, μ) ∂x | + |a(x, μ) − G(g)| ≤ Ce^{−βx}‖g‖_L∞_{[0,1]}. We define the response operator as follows. Let a be the solution to (4.1). Then

R^1 :

L^∞(0, 1) → L^∞(−1, 0) a_{|Γ−} = g → a_{|Γ+} . (4.2)

This operator has some properties that we present now. First we have conservation of flux. Indeed no absorption is present in the half space and the flux at infinity tends to zero (since the solution converges to a constant). Therefore we have ∫ 0 −1 |μ|R^1(a_{|Γ−} ) dμ = ∫ 1 0 μa(0, μ) dμ. (4.3) This equality is easily deduced from Lemma 4.1 by integrating equation (4.1) over [0, L] × [−1, 1] and letting L go to infinity. Then R^1 can be extended to an operator R^1 : L^1_μ(Γ_−) → L^1_μ(Γ_+) by a density argument.

The linear form G may be written as [6, 13] G(g) = −D^{−1} ∫ 1 −1 μθ(μ)u(0, μ)dμ, (4.4) where D and θ are given by (3.8) and (3.7) respectively, and u(x, μ) is the solution of (4.1). The diffusion coefficient D is positive and θ is bounded in L^∞(V ) (see Section 6). Therefore, using (4.3) we deduce that G can be extended to a linear form in L^1_μ[0, 1] by density.

Moreover, due to multiple scattering inside the domain, the energy density is positive for every exiting direction. More precisely we have the Doeblin condition

Lemma 4.2 There exists a positive constant δ_0 > 0 such that for all positive function h ∈ L^1_μ[0, 1] we have

R^1(h) ≥ δ_0 ∫ 1 0 μh(μ)dμ a.e. in [−1, 0]. (4.5)

Proof. We use the integral formulation of the transport equation (4.1). It may be rewritten as a(x, μ) = ∫ x 0 ds 1 μ e^{−s/μ} ∫ 1 −1 dμ^′σ(μ, μ^′)a(x − s, μ^′) + e^{−x/μ}g(0, μ) for μ > 0, = ∫ ∞ 0 ds 1 |μ| e^{−s/|μ|} ∫ 1 −1 dμ^′σ(μ, μ^′)a(x + s, μ^′) for μ < 0. (4.6)

We define the zero scattering term a_0(x, μ) = e^{−x/μ}g(0, μ) for μ > 0, x > 0 and a_0(x, μ) = 0 elsewhere. The single scattering distribution is defined by

a_1(x, μ) = ∫ x 0 ds 1 μ e^{−s/μ} ∫ 1 −1 dμ^′σ(μ, μ^′)a_0(x − s, μ^′) + e^{−x/μ}g(0, μ) for μ > 0, = ∫ ∞ 0 ds 1 |μ| e^{−s/|μ|} ∫ 1 −1 dμ^′σ(μ, μ^′)a_0(x + s, μ^′) for μ < 0. Then we have that a ≥ a_1 ≥ a_0 a.e. in IR^+ × [−1, 1] since g(0, μ) ≥ 0. Moreover, we obtain for μ < 0

a_1(0, μ) = ∫ ∞ 0 ds 1 |μ| e^{−s/|μ|} ∫ 1 0 dμ^′σ(μ, μ^′)e^{−s/μ′} g(0, μ^′) = ∫ 1 0 dμ^′σ(μ, μ^′) μ^′ |μ| + μ^′ g(0, μ^′) ≥ σ_1 2 ||g||_L1_{μ[0,1]} with σ_1 given in (3.3). This proves the Doeblin condition (4.5) for the response operator. 2

An important corollary of this result is that partial reflection can be allowed at the boundary of the domain. Consider the equation μ ∂a ∂x + ∫ 1 −1 σ(μ, μ^′)(a(x, μ) − a(x, μ^′))dμ^′ = 0 in IR^+ × [−1, 1] a(0, μ) = R^{11}(a) + g(μ) in (0, 1).

(4.7)

Then we have Corollary 4.3 Assume that R^{11} satisfies Hypothesis 2.1. Then the operator (I − R^{11}R^1)^{−1} exists and is bounded in L^1_μ[0, 1] and problem (4.7) admits a unique solution defined by its value at the boundary a_{Γ−} = (I − R^{11}R^1)^{−1} g.

Proof. Consider a non negative function h ∈ L^1_μ(0, 1) and let I_1 ∈ [−1, 0] be the set on which R^{11} is not totally reflecting (2.9) with the constant η_1. Then we have using (2.9), (2.8) and (4.3) ∫ 1 0 μR^{11}R^1hdμ = ∫ 1 0 μR^{11}(χ_{I1} R^1(h))dμ + ∫ 1 0 μR^{11}((1 − χ_{I1} )R^1(h))dμ ≤ (1 − η_1) ∫ 0 −1 |μ|χ_{I1} R^1(h)dμ + ∫ 0 −1 |μ|(1 − χ_{I1} )R^1(h)dμ ≤ ∫ 0 −1 |μ|R^1(h)dμ − η_1 ∫ 0 −1 |μ|χ_{I1} R^1(h)dμ ≤ (1 − η_1δ_0|I_1|_μdμ) ∫ 1 0 μh(μ)dμ with |I|_μ = ∫ I |μ|dμ. (4.8) Let θ = η_1δ_0|I_1|_μ then we have that for every non negative function h ∈ L^1_μ[0, 1] ‖R^{11}R^1h‖_L1_{μ[0,1]} ≤ (1 − θ)‖h‖_L1_{μ[0,1]}.

Consider now any given h ∈ L^1_μ[0, 1]. We decompose it as h = h^+ − h^− where h^+ = sup(h, 0) and h^− = − inf(0, h) are non negative functions. Since R^{11}R^1 is a positive operator we easily deduce that (R^{11}R^1h)^+ = (R^{11}R^1h^+ − R^{11}R^1h^−)^+ ≤ R^{11}R^1(h^+) (R^{11}R^1h)^− = (R^{11}R^1h^+ − R^{11}R^1h^−)^− ≤ R^{11}R^1(h^−).

Hence ∫ 1 0 μ|R^{11}R^1(h)|dμ = ∫ 1 0 μ(R^{11}R^1h)^+ + (R^{11}R^1h)^−dμ ≤ ∫ 1 0 μR^{11}R(h^+ + h^−)dμ = ∫ 1 0 μR^{11}R(|h|)dμ ≤ (1 − θ) ∫ 1 0 μ|h|(μ)dμ. Therefore ‖R^{11}R^1‖_L1_{μ(0,1)} ≤ (1 − θ), from which we easily conclude the proof of the result. 2

5 Interface Layer Analysis

This section is devoted to the analysis of the interface problem. It reads as follows μ ∂ ∂x a^i + ∫ 1 −1 σ^i(μ, μ^′)(a^i(x, μ) − a^i(x, μ^′))dμ^′ = 0 in X^i × V a^i(0, μ) = 2∑ j=1 R^{ij}(a^j(0, μ)) for μ ∈ Γ^i_−.

(5.1)

Recall that X^1 = IR^+, X^2 = IR^− and V = [−1, 1]. Let us write the solution of the transport equation (5.1) defined on both half spaces more synthetically. Let R^1 be defined as in (4.2). The response operator R^2 is defined similarly on Γ^−_2 . Define the new set of variables involving the trace of the solution to (5.1) at the interface:

a^j_±(μ) = a^j(0, μ) for μ ∈ Γ^j_±. (5.2) Accordingly problem (5.1) can be recast as

a^i_− = 2∑ j=1 R^{ij}(a^j_+) a^i_+ = R^i(a^i_−).

(5.3)

We may rewrite (5.3) using the result of Corollary 4.3 as an equation for a^1_− only. Easy algebra yields a^1_− = (I − R^{11}R^1)^{−1}R^{12}R^2(I − R^{22}R^2)^{−1}R^{21}R^1a^1_−. (5.4) Define the operator B by B = (I − R^{11}R^1)^{−1}R^{12}R^2(I − R^{22}R^2)^{−1}R^{21}R^1. (5.5) We have the following result:

Theorem 5.1 The operator B defined by (5.5) has the following properties.

1. It is bounded in L^1_μ[0, 1]. Moreover there exists a positive constant δ such that for all positive functions h ∈ L^1_μ(0, 1) we have Bh(μ) ≥ δϕ_0(μ) ∫ 1 0 μ^′h(μ^′)dμ^′ a.e. in [0, 1] (5.6) with the function ϕ_0(μ) = R^{12}(1)(μ). According to Hypothesis 2.1, ‖ϕ_0‖_L1_{μ[0,1]} > 0.

2. There exists a unique normalized solution a^1_− in L^1_μ[0, 1] of problem (5.4). Moreover this solution is positive and is bounded away from zero.

3. The adjoint operator B^∗ is also bounded in L^∞[0, 1] and there exists a unique (up to normalization) function π ∈ L^∞[0, 1] satisfying B^∗π = π (5.7) Moreover for h ∈ L^1_μ[0, 1] the equation a = Ba + h (5.8) admits a unique solution in L^1_μ[0, 1] if and only if ⟨π, h⟩ = ∫ 1 0 μπ(μ)h(μ)dμ = 0. (5.9) Proof. Step 1. The operator B is clearly bounded in L^1_μ[0, 1]. The estimate (5.6) is shown as follows. Note that for any positive function h(μ) ≥ h_0 > 0 we have R^{12}(h)(μ) ≥ h_0ϕ_0(μ). (5.10) Then given a positive function h ∈ L^1_μ[0, 1] we have by (5.10) and the Doeblin property (4.5) Bh(μ) ≥ R^{12}R^2R^{21}R^1h(μ) ≥ ϕ_0(μ)δ_0 ∫ 0 −1 |μ|R^{21}R^1h(μ)dμ. (5.11) Then, using the flux conservation (2.8) and partial transmission property (2.9) we have Bh(μ) ≥ϕ_0(μ)δ_0 ∫ 0 −1 |μ|R^{21}(χ_{I1} R^1(h))(μ)dμ ≥ η_1δ_0ϕ_0(μ) ∫ I1 |μ|R^1h(μ)dμ ≥ η_1δ^2_0ϕ_0(μ)|I_1|_μ||h||_L1_{μ[0,1]}, which shows that (5.6) holds with δ = δ^2_0η_1|I_1|_μ where |I_1|_μ is given by (4.8). Step 2. In order to prove the second part of the theorem we introduce the new operator T = (I − R^{11}R^1)B(I − R^{11}R^1)^{−1} = R^{12}R^2(I − R^{22}R^2)^{−1}R^{21}R^1(I − R^{11}R^1)^{−1}.

The operators B and T have the same eigenvalues with the same multiplicity, so it is sufficient to show that T has a unique positive eigenfunction that corresponds to the eigenvalue λ = 1. The proof of this fact relies on the conservation of energy flux at the boundary. Indeed we have ∫ 1 0 μR^{21}R^1(I − R^{11}R^1)^{−1}(h)dμ = ∫ 1 0 μh(μ)dμ for all h ∈ L^1_μ(0, 1) (5.12) and a similar expression for R^{12}R^2(I − R^{22}R^2)^{−1}. This follows from the conservations of energy flux (4.3) and (2.8). Then we have ∫ 1 0 μT (h)dμ = ∫ 1 0 μh(μ)dμ for all h(μ) ∈ L^1_μ[0, 1]. (5.13) Next we observe that T satisfies the generalized Doeblin condition (5.6): T (h) ≥ R^{12}R^2R^{21}R^1(I − R^{11}R^1)^{−1}h ≥ δ_0ϕ_0(μ) ∫ 1 0 μh(μ)dμ a.e. in (0, 1) (5.14) for all h ∈ L^1_μ(0, 1) such that h ≥ 0. This follows from (5.10), (4.5) and (5.12).

Let us construct a function b such that T b = b. We start with b_0 = 1 and define by iteration b_{n+1} = T b_n. All functions b_n are positive and have the same flux ∫ 1 0 μb_n(μ)dμ = 1 2 . Therefore they are bounded in L^1_μ[0, 1] and a subsequence converges weakly to b in L^1_μ[0, 1]. Since T is continuous in L^1_μ[0, 1] (for the strong topology hence for the weak one) we readily deduce that T b = b (5.15) and ‖b‖_L1_{μ[0,1]} = 1 2 . The corresponding eigenfunction a^1_− of the operator B is uniformly positive:

a^1_− = (I − R^{11}R^1)^{−1}b ≥ R^{11}R^1b ≥ δ_0c_1 2 (5.16) with c_1 defined in (H1). The uniqueness of the eigenvector b is shown as follows. Let us decompose the operator T as T = T_1 + T_2 T_1(h) = δ_0ϕ_0(μ) ∫ 1 0 μh(μ)dμ and T_2 = T − T_1.

The operator T_1 is compact and T_2 is a positive operator as seen from (5.14). Moreover, we have ∫ 1 0 μ|T_2h|(μ)dμ = ∫ 1 0 μ((T_2h)^+ + (T_2h)^−)dμ ≤ ∫ 1 0 μ(T_2(h^+) + T_2(h^−)) = ∫ 1 0 μT_2(|h|)(μ)dμ ≤ ∫ 1 0 μT (|h|)(μ)dμ − δ_0 ∫ 1 0 μϕ_0(μ)dμ ∫ 1 0 μ^′|h(μ^′)|dμ^′ ≤ ( 1 − δ_0‖ϕ_0‖_L1_{μ[0,1]} ) ‖h‖_L1_{μ[0,1]}. This proves that ‖T_2‖_L1_{μ[0,1]} ≤ 1 − δ_0‖ϕ_0‖_L1_{μ[0,1]} and so is its spectral radius. Therefore (I − T_2) is invertible and has continuous inverse in L^1_μ[0, 1]. Then we may rewrite (5.15) as b = (I − T_2)^{−1}T_1b = Zb. (5.17) The operator T_1 has a one-dimensional image and the solution b of (5.15) or equivalently (5.17) is necessarily proportional to (I − T_2)^{−1}ϕ_0. This proves that the eigenvalue λ = 1 for T , hence for B, is simple.

Step 3. Equation (5.8) admits a unique solution a if and only if equation a^′ = T a^′ + (I − R^{11}R^1)h (5.18) admits a unique solution a^′ = (I − R^{11}R^1)a. Equation (5.18) is equivalent to b = (I − T_2)^{−1}T_1b + (I − T_2)^{−1}(I − R^{11}R^1)h. (5.19) Here the operator (I − T_2)^{−1}T_1 is compact. Let π_T = (I − R^{11}R^1)^{−1∗}π be the eigenfunction of T^∗ corresponding to the eigenvalue λ = 1 with π given by (5.7). The operator Z^∗ = T^∗_1 (I − T^∗_2 )^{−1} has a unique eigenfunction associated with λ = 1 given by π_1 = T^∗_1 π_T . Then the usual Fredholm alternative for compact operators implies that (5.19) admits a solution if and only if ⟨π_1, (I − T_2)^{−1}(I − R^{11}R^1)h⟩ = 0. (5.20) This however is equivalent to ⟨(I − T^∗_2 )^{−1}T^∗_1 π_T , (I − R^{11}R^1)h⟩ = ⟨π_T , (I − R^{11}R^1)h⟩ = ⟨π, f⟩ = 0.

This is condition (5.9) stated in the theorem. Moreover we know that this solution is unique up to the addition of Ca^1_−. 2 Remark 5.2 Our proof also provided an explicit expression for the eigenfunction a^1_− of B. The image of the operator T_1 consists of functions proportional to ϕ_0, so a^1_− is given up to renormalization by a^1_− = (I − R^{11}R^1)^{−1}b = (I − R^{11}R^1)^{−1}(I − T_2)^{−1}ϕ_0. (5.21) The eigenfunction for the incoming flux on the other side of the interface is given by a^2_− = (I − R^{22}R^2)^{−1}R^{21}R^1a^1_−. (5.22)

6 Proof of Convergence

We begin this section with the proof of existence of a unique solution to the transport equation (3.1). Because of the specific nature of the interface conditions, this problem has not been treated in the literature to the best of our knowledge. We consider the more general source problem 1 ε μ ∂a^i_ε ∂x + 1 ε^2

Q(a^i_ε) + Σ_aa^i_ε = S(x, μ) in X_i × V, i = 1, 2

a^i_ε = 2∑ j=1 R^{ij}(a^j_ε) + f^i for x = 0 and μ ∈ Γ^i_−

(6.1)

with X^1 = IR^+, X^2 = IR^− and V = [−1, 1] as in (3.1). Then we have the following result.

Theorem 6.1 Let the source S ∈ L^1(IR × V ) and the incoming fluxes f^j ∈ L^1_μ(Γ^j_−). Then the problem (6.1) admits a unique solution in L^1(IR × [−1, 1]) satisfying the following estimate

‖a_ε‖_L1_{(IR×V )} ≤ C ‖S‖L_1(IR×V ) + 1 ε 2∑ j=1 ‖f^j‖_{L1μ(Γ}j_{−)} . (6.2)

Here the constant C is independent of the source terms and of ε.

Proof. We can decompose each source term into positive and negative part and assume without loss of generality that all the source terms are non negative using the linearity of the transport equation. Starting with a_{ε,0} = 0, we define iteratively the sequence a_{ε,k}, k = 0, 1, . . . as the solution to 1 ε μ ∂ ∂x a^i_{ε,k+1} + ( 1 ε^2

Σ + Σ_a)a^i_{ε,k+1} = 1 ε^2 ∫ σ(μ, μ^′)a^i_{ε,k}(x, μ^′)dμ^′ + S(x, μ) in X_i × V, i = 1, 2 a^i_{ε,k+1} = 2∑ j=1 R^{ij}(a^j_{ε,k+1}) + f^i for x = 0 and μ ∈ Γ^i_−.

(6.3)

Assuming no flux coming from infinity, it is easily seen that each of these problems admits a unique solution obtained by the method of characteristics (see [13] for instance). Denoting by δa^i_{ε,k} = a^i_{ε,k+1} − a^i_{ε,k}, we have by induction that δa^i_{ε,k} is non negative. Moreover an integration of (6.3) over IR × V yields ∫ IR×V ( 1 ε^2

Σ + Σ_a)δa^i_{ε,k+1} = ∫ IR×V 1 ε^2 Σ δa^i_{ε,k} according to (3.4) and (2.8). Therefore ‖Σδa^i_{ε,k+1}‖_L1_{(IR×V )} ≤ ( 1 + ε^2 min{Σ^{1,2}_a } max{Σ^{1,2}} )−1 ‖Σδa^i_{ε,k}‖_L1_{(IR×V )}. Then δa^i_{ε,k+1} converges to 0 exponentially fast and therefore a^i_{ε,k+1} converges in L^1(IR × V ) to some function a^i_ε. Using the integral formulation of transport, one verifies that a^i_ε is actually a solution of (6.1) [5]. Moreover by integration of (6.1) over IR × V , we deduce the inequality (6.2). This implies the uniqueness of the solution to (6.1). Notice that the rate of convergence of the iterative process presented here becomes slower when ε → 0. 2

The proof of Theorem 3.1 is split in three parts. First we perform a two-scale asymptotic expansion of the solution in powers of ε. This allows us to define a volume equation for the limit. Second we look at the behavior of the transport equation at the interface x = 0. This enables us to derive matching boundary conditions for the diffusion equation on both parts of the interface. Finally we prove that the volume equation with interface conditions is actually a good approximation of the solution of the transport equation.

Step 1: Derivation of the volume equations. This first part is classical and is given, for instance, in [9, 13]. We recall it here briefly for completeness. Consider the following Ansatz

a^i_ε = a^i_0 + εa^i_1 + ε^2a^i_2 + ζ^i_ε. (6.4)

We insert (6.4) into (3.1) and equate the terms of the same order in ε. Then we have

Q_i(a^i_0) = 0

Q_i(a^i_1) = −μ ∂a^i_0 ∂x (6.5)

Q_i(a^i_2) = −μ ∂a^i_1 ∂x − Σ^i_aa^i_0 + S^i(x)

with the operator Q_i given by (3.2). These equations may be solved using the results of Lemma 1 in Chapter 21, §5 of [13]. The first equation implies that a^i_0 is independent of μ. Moreover there exists a solution θ^i(μ) ∈ L^∞(V ) of θ^i(μ) − ∫ 1 −1 σ^i(μ, μ^′) Σ^i θ^i(μ^′)dμ^′ = −μ. The solution for the second equation in (6.5) is then given for each x ≠ 0 by

a^i_1 = − θ^i(μ) Σ^i ∂ ∂x a^i_0 + a^i_{10}(x) (6.6)

with the function a^i_{10} not being determined yet. We integrate the second equation in (6.5) over μ ∈ [−1, 1)] and obtain the solvability condition − ∂ ∂x D^i ∂ ∂x a^i_0 + Σ_aa^i_0 = S (6.7)

where the diffusion coefficient is defined by

D^i = 1 Σ^i ∫ 1 −1 μθ^i(μ)dμ. We obtain from the same lemma in [13] that D^i is positive.

Step 2: The interface conditions. Now we derive the interface conditions for the diffusion equations (6.7) on the two sides of the interface x = 0. If we insert directly the Ansatz (6.4) into the interface conditions then the term of order zero yields

a^i_0|_Γi_− = 2∑ j=1 R^{ij}(a^j_0|_Γj_+ ).

Since the terms a^i_0 do not depend on μ, this equality is not necessarily satisfied for all directions μ ∈ [−1, 1]. The reason is that the solution of a transport equation can be non-isotropic at the vicinity of an interface due to the anisotropic behavior of the operators R^{ij}. However we show below that it is possible to introduce an interface layer which matches the diffusion approximations on both sides of the interface and decays exponentially away from it. Therefore the resulting diffusion approximation is not accurate at the interface, where the error is of order O(1), but is globally accurate since the error is of order O(ε) in L^1(IR × V ). We introduce accordingly the new asymptotic expansion

a^i_ε = a^i_0 + b^i_0( . ε , .) + εa^i_1 + εb^i_1( . ε , .) + ε^2a^i_2 + ζ^i_ε, (6.8)

where the terms b^i_k play the role of interface layers. We perform a change of variables x → x ε in (3.1) and formally let ε go to zero. The two first equations in the asymptotic expansion read μ ∂ ∂x b^i_0(x, μ) + ∫ 1 −1 σ^i(μ, μ^′)(b^i_0(x, μ) − b^i_0(x, μ^′)) = 0 μ ∂ ∂x b^i_1(x, μ) + ∫ 1 −1 σ^i(μ, μ^′)(b^i_1(x, μ) − b^i_1(x, μ^′)) = 0

[a^i_0 + b^i_0]_Γi_− = 2∑ j=1 R^{ij}[(a^j_0 + b^j_0)_Γj_+ ] [ − θ^i Σ^i ∂ ∂x a^i_0 + b^i_1 ] Γ^i_− = 2∑ j=1 R^{ij} [ (− θ^j Σ^j ∂ ∂x a^j_0 + b^j_1)_Γj_+ ] .

(6.9)

We may rewrite the boundary conditions (6.9) using the response operators R^j, corresponding to media with scattering cross-sections σ^i(μ, μ^′), as

[a^i_0 + b^i_0]|_Γi_− = 2∑ j=1 R^{ij}R^j[(a^j_0 + b^j_0)_Γj_− ] (6.10)

and [ − θ^i Σ^i ∂ ∂x a^i_0 + b^i_1 ] Γ^i_− = 2∑ j=1 R^{ij} ( − θ^i Σ^j ∂ ∂x a^j_0 ) Γ^j+ + RijRj[bj1| Γ^j_− ]. (6.11)

We used here the fact that R^i(1) = 1, which is readily deduced from (4.1) and (4.2). Let us still denote by b^j_k the restriction of b^j_k on Γ^i_−. We may eliminate b^2_0 to obtain an equation for b^1_0 on Γ^1_−:

a^1_0 + b^1_0 = (I − R^{11}R^1)^{−1}R^{12}R^2(I − R^{22}R^2)^{−1}R^{21}R^1(a^1_0 + b^1_0) = B(a^1_0 + b^1_0). (6.12)

We see that (a^1_0 + b^1_0) is a solution of a problem posed at the interface that involves the response operators of transport equations on both sides of the interface. This interface layer problem was analyzed in Section 5. We deduce from Theorem 5.1 that there exists a constant C so that

a^1_0 + b^1_0 = Ca^1_−,

where a^1_− is the normalized positive solution of the interface problem (5.4) studied in section 5. On the other hand we have

[a^2_0 + b^2_0]_Γ2_− = (I − R^{22}R^2)^{−1}R^{21}R^1(a^1_0 + b^1_0) = C(I − R^{22}R^2)^{−1}R^{21}R^1(a^1_−) = Ca^2_−

with a^2_− given by (5.22). The construction of the constant α that appears in the matching conditions in (3.6) in Theorem 3.1 is given explicitly in the following

Lemma 6.2 Let the constants G_{1,2} be defined by G_1 = G^1(a^1_−) and G_2 = G^2(a^2_−), where G^i is the linear form defined for each domain i in Lemma 4.1 of Section 4. The constants G_1 and G_2 are positive and the matching constant α is defined as α = G_2 G_1

. (6.13)

Proof. We want the interface layer to vanish at infinity. Hence a^1_0 = CG_1 and a^2_0 = CG_2.

Note that (5.21), Lemma 4.2 and (H1) imply that (recall that ϕ_0(μ) = R^{12}(1)(μ)) a^1_− ≥ (I + R^{11}R^1)ϕ_0 ≥ c_1δ_0‖ϕ_0‖_L1_{μ[0,1]} and similarly a^2_− ≥ c_2δ_0‖R^{21}(1)‖_L1_{μ[−1,0]}.

Thus G_1 and G_2 are positive and we obtain the interface condition

a^2_0 =

G_2 G_1 a^1_0 = αa^1_0. 2 (6.14)

This is the first interface condition linking a^1_0 and a^2_0. The second interface condition is derived for the normal derivatives of a^1_0 and a^2_0 using the first order interface conditions in (6.11). It is convenient to rewrite them first as follows. Let us define the auxiliary operators M^1 = (I − R^{11}R^1)^{−1}R^{12}R^2, M^2 = (I − R^{22}R^2)^{−1}R^{21}R^1, and the functions f̃ i = (I − RiiRi)−1 θ i Σ^i ∂ ∂x a^i_0 + 2∑ j=1 R^{ij}(− θ^i Σ^j ) ∂ ∂x a^j_0 , i = 1, 2, f^1 = f̃^1 + M^1f̃^2, f^2 = f̃^2 + M^2f̃^1.

Then equations (6.11) for the boundary layers b^i_1 may be rewritten as b^1 = M^1M^2b^1 + f^1, b^2_1 = M^2M^1b^2_1 + f^2. (6.15) Recall that according to Theorem 5.1, the Fredholm alternative is applicable to the operators B = M^1M^2 and B^′ = M^2M^1. The corresponding left eigenfunctions π_B and π_B′ are related by π_B = M^{2∗}π_B′ . Therefore we have ⟨π_B, f^1⟩ = ⟨π_B′ , M^2f^1⟩ = ⟨π_B′ , f^12 − f̃^2 + B^′f̃^2⟩ = ⟨π_B′ , f^2⟩, and the compatibility conditions for the two equations (6.15) coincide. Then we have ∫ 1 0 μπ_B(μ)f^1(μ)dμ = ⟨π, f^1⟩ = 0

as the only solvability condition for both equations in (6.15). Then there exist two constants G_3 and G_4 such that G_3

∂a^1_0 ∂x = G_4

∂a^2_0 ∂x . (6.16) These constants are given explicitly by

G_3 = ⟨π_B, (I − R^{11}R^1)^{−1} [ θ^1|_{Γ−} + R^{11}(θ^1|_{Γ+} ) + R^{12}R^2(I − R^{22}R^2)^{−1}R^{21}(θ^1|_{Γ+} ) ] ⟩ (6.17) G_4 = ⟨π_B, (I − R^{11}R^1)^{−1}R^{12} [ −θ^2|_{Γ+} + R^2(I − R^{22}R^2)^{−1} [ θ^2|_{Γ−} − R^{22}(θ^2|_{Γ+} ) ]] ⟩. (6.18)

The ratio G_3/G_4 may be computed explicitly. We multiply both equations in (6.11) by μ, integrate the first equation over Γ^1_−, the second over Γ^2_− and subtract them. We obtain ( − ∫ 1 0 μθ^1(μ)dμ + ∫ 1 0 μR^{11}(θ^1)(μ)dμ − ∫ 0 −1 μR^{21}(θ^1)(μ)dμ ) 1 Σ^1 ∂a^1 ∂x + ∫ 1 0 μb^1(μ)dμ − ∫ 1 0 μR^{11}(b^1)(μ)dμ + ∫ 0 −1 μR^{21}(b^1)(μ)dμ (6.19) = ( − ∫ 1 0 μR^{12}(θ^2)(μ)dμ − ∫ 0 −1 μθ^2(μ)dμ + ∫ 0 −1 μR^{22}(θ^2)(μ)dμ ) 1 Σ^2 ∂a^2 ∂x + ∫ 0 −1 μb^2_1(μ)dμ − ∫ 0 −1 μR^{22}(b^2_1)(μ)dμ + ∫ 1 0 μR^{12}(b^2_1)(μ)dμ.

Recall that (4.3) implies that ∫ 1 −1 μb^1(μ)dμ = ∫ 1 −1 μb^2_1(μ)dμ = 0.

We use this and the flux conservation (2.8) to get from (6.19) [∫ 1 −1 μθ^1dμ ] 1 Σ^1

∂a^1_0 ∂x = [∫ 1 −1 μθ^2dμ ] 1 Σ^2

∂a^2_0 ∂x . Therefore we have G_3/G_4 = D^1/D^2, the ratio of the diffusion constants from both sides of the interface. This implies that the conservation of the diffusion flux D^1

∂a^1_0 ∂x = D^2

∂a^2_0 ∂x is the correct interface relation. Notice however that the boundary term b_1 does not vanish in general, even though its computation is not necessary here in order to derive the correct interface conditions. Since b^1 is defined up to a multiple of a^1_−, and b^2_1 up to a multiple of a^2_−, we choose them so that b^j_1 decay exponentially fast away from the interface.

Step 3: Proof of convergence. In order to prove convergence, we show that the remainder term ζ^ε in the Ansatz (6.8) is of order ε. The term a_0 is uniquely defined as a solution to (3.6). Then the terms a_1, a_2 and the interface layers b_0 and b_1 are obtained by solving the equations given in step 2. Here a_1 and a_2 are defined up to the addition of constants that we assume to be zero. Accordingly the equation for ζ^ε is 1 ε μ ∂ζ^i_ε ∂x + 1 ε^2

Q^i(ζ^i_ε) + Σ_aζ^i_ε = g^i_ε in X^i × [−1, 1], i = 1, 2

ζ^ε|_Γi_− = 2∑ j=1 R^{ij}(ζ^ε|_Γj_+ ) − ε^2(a^i_2|_Γi_− − 2∑ j=1 R^{ij}(a^i_2|_Γj_+ )) for x = 0 and μ ∈ Γ^i_−

(6.20)

with the source term g^i_ε given by g^i_ε(x, μ) = −ε^2μ ∂a^i_2(x, μ) ∂x − Σ_a [ εa^i_1(x, μ) + ε^2a^i_2(x, μ) + b^i_0( x ε , μ) + εb^i_1( x ε , μ) ] . Since the source term S is assumed to be smooth, all functions a^i_k are regular and then ‖g^i‖_L1_{(X}i_{×V )} ≤ Cε. Therefore Theorem 6.1 implies that the remainder ζ^ε_i is of order O(ε) in L^1(IR × V ). Recall that a^i_ε − a^i_0 is given by (6.8), and the proof of Theorem 3.1 is complete.

7 Examples of interface conditions

Flat Interface. The most natural example of interface conditions arises from the modeling of transmission and reflection of waves incident on a flat interface. In that case, equation (1.6) simplifies to ν^1_{in}(x^′, k^′) = F^{11}(k^′)ν^1_{out}(k^′) + F^{12}(k^′)ν^2_{out}(x^′, k^′)

ν^2_{in}(x^′, k^′) = F^{22}(k^′)ν^2_{out}(k^′) + F^{21}(k^′)ν^2_{out}(x^′, k^′).

(7.1)

Here F^{ij} are the squares of the usual Fresnel coefficients (see [19] for instance). It is convenient to express them as functions of μ and not k^′. Let us assume that v_1 > v_2, and let the cosines of the angles of reflection and transmission, μ_1 and μ_2, be related by Snell’s law

v_2 √ 1 − μ^2_1 = v_1 √ 1 − μ^2, μ_{1,2} > 0. (7.2)

Then the reflection-transmission coefficients are given by

F^{11}(μ_1) =

|ζ_2μ_1 − ζ_1μ_2|^2 |ζ_2μ_1 + ζ_1μ_2|^2

, F^{21}(μ_1) =

4ρ_2ζ^2_1 μ^2_1 ρ_1(ζ_1μ_2 + ζ_2μ_1)^2

(7.3) and F^{22}(μ_2) = F^{11}(μ_1), F^{12}(μ_2) =

4ρ_1ζ^2_2 μ^2 ρ_2(ζ_1μ_2 + ζ_2μ_1)^2 for μ_2 > μ^c_2 = √ 1 − v^2 v^2_1 , and F^{22}(μ_2) = 1, F^{12}(μ_2) = 0 for μ_2 ≤ μ^c_2.

Here ζ_i = ρ_iv_i is the impedance of medium i and ρ_i is its density. The conservation of flux (2.8) is expressed by the relation v_1μ_1F^{11}(μ_1) + v_2μ_2F^{21}(μ_1) = v_2μ_2. (7.4) In terms of the transport solution a, the interface conditions are

a_1(0, μ_1) = F^{11}(μ_1)a_1(0, −μ_1) + μ_1v_2 μ_2v_1

F^{12}(μ_2)a_2(0, μ_2), μ_1 > 0,

a_2(0, −μ_2) = F^{22}(μ_2)a_2(0, μ_2) + μ_2v_1 μ_1v_2

F^{21}(μ_1)a_1(0, −μ_1), μ_2 > 0.

(7.5)

In the first equality of (7.5), the term μ_2 means μ_2(μ_1) whereas in the second equality μ_1 replaces μ_1(μ_2).

This practically important case of interface conditions turns out to be fairly simple since the zero order interface layer term b_0 in (6.8) vanishes. Indeed, one may use the explicit form of the reflection and transmission coefficients given above to show that a_2 = 1 and a_1 = v^2/v^2_1 is a solution to (7.5). Therefore no boundary layer is needed to match isotropic solutions of the two sides of the interface. Then α = v^2_1/v^2 in (3.1) independently of the scattering operators in media 1 and 2.

More generally, whenever the leading order boundary conditions in (6.9) may be satisfied with b^{1,2}_0 = 0, or otherwise the traces a^i_± of the solutions on the boundary are approximately isotropic, we have

a^1 ∫ 1 0 μdμ = a^1 ∫ 1 0 μR^{11}(1)(μ)dμ + a^2 ∫ 1 0 μR^{12}(1)(μ)dμ

a^2 ∫ 0 −1 μdμ = a^2 ∫ 0 −1 μR^{22}(1)(μ)dμ + a^1 ∫ 0 −1 μR^{21}(1)(μ)dμ.

Then the flux conservation (2.8) implies that α = ‖1 − R^{11}(1)‖_L1_{μ[0,1]} ‖1 − R^{22}(1)‖_L1_{μ [−1,0]}

(7.6)

independent of the scattering operators inside the two media.

Diffuse Transmission. We consider now a more complicated case where the constant α can not be obtained without solving the interface problem. We assume that the reflection operators are defined as in the previous example, and that the transmission operators are isotropically diffusive. Therefore we define R^{11}[θ](μ) = F^{11}(μ)θ(−μ), μ > 0 and R^{21}(θ)(μ) = 2 ∫ 1 0 μ^′R^{21}_0 (θ)(μ^′)dμ^′ = 2 ∫ 1 0 μ_2 μ_2v_1 μ_1v_2

F^{21}(μ_1)θ(μ_1)dμ_2,

where μ_1 = μ_1(μ_2), and R^{12}_0 refers to the transmission operator in (7.5). The operators R^{22} and R^{21} are defined similarly. Then Hypothesis 2.1 is satisfied and Theorem 3.1 applies. We assume that both media are homogeneous and that the scattering cross section is isotropic σ^i(μ, μ^′) = 1/2 and Σ^i = 1. The response operators R^i can be computed explicitly using the Chandrasekhar’s function H [12, 13].

We consider medium 1 for which the density ρ_1 = 0.5 and the velocity v_1 = 1.2, and medium 2 with ρ_2 = 1 and v_2 = 1. The eigenfunctions a^{1,2}_− (see Remark 5.2) of the interface problem are given in Figure 7.1. Notice that a^1_− is normalized in L^1_μ[0, 1] whereas a^2_− = (I − R^{22}R^2)^{−1}R^{21}R^1a^1_− is not.

Figure 7.1: Left: Function g(μ) = a^1_−(μ) and Right: Function h(μ) = a^2_−(−μ)

The computations have been performed using a Matlab code on a PC with Linux environment.

The ratio α of Theorem 3.1 and Lemma 6.2 is given by

α = 1.3539. (7.7)

If we assume that the diffusion approximation is valid up to the interface, which amounts to considering that the boundary layer terms b^i_0 vanish, we obtain that α = v^2_1/v^2 = 1.44, given by (7.6) since the reflection operators R^{11}, R^{22} are the same as for the flat interface problem.

The estimate (7.6) can be used in practice as an approximation for α. The gain obtained by solving the equation for a^i_− however, is in this case

1.44 − 1.3539 1.3539 ∼ 6.36%, which may not be negligible for specific applications. Notice also that the error made at the interface by calculating an approximate α propagates in the solution of the diffusion equation at any distance of order 1 from the interface. This simple example, although of no real physical interest, gives an estimate of the error that can be expected when the asymptotically correct interface condition is replaced by an approximation of diffusion.

Acknowledgment

The work of G. Bal was supported by AFOSR grant F49620-98-1-0211 and by NSF grant DMS- 9622854. The work of L. Ryzhik was supported in part by the MRSEC Program of the National Science Foundation under Award Number DMR-9400379.

References

[1] G. Allaire and G. Bal. Homogenization of the criticality spectral equation in neutron transport.

Submitted to Math. Model. Anal. Num., 1998.

[2] S. R. Arridge and J. C. Hebden. Optical Imaging in Medicine: II. Modelling and reconstruction.

Phys. Med. Biol., 42:841–853, 1997.

[3] G. Bal, J. Keller, G. Papanicolaou, and L. Ryzhik. Transport theory for waves with reflection and transmission at interfaces. submitted to Wave Motion, 1998.

[4] Yu. Barabanenkov, A. Vinogradov, Kravtsov.Yu, and V. Tatarskii. Application of the theory of multiple scattering of waves to the derivation of the radiative transfer equation for a statistically inhomogeneous medium. Radiofizika, 15:1852–1860. English translation pp. 1420–1425, 1972.

[5] C. Bardos. Problèmes aux limites pour les équations aux dérivées partielles du premier ordre.

Ann. Sci. Ecole Norm. Sup., 4:185–233, 1969.

[6] C. Bardos, R. Santos, and R. Sentis. Diffusion approximation and computation of the critical size. Trans. Am. Math. Soc., 284:617–649, 1984.

[7] F.G. Bass and I.M. Fuks. Wave Scattering from Statistically Rough Surfaces. Pergamon,NY, 1978.

[8] P. Benoist. Théorie du coefficient de diffusion des neutrons dans un réseau comportant des cavités [in French]. Note CEA-R 2278, 1964.

[9] A. Bensoussan, J. L. Lions, and G. Papanicolaou. Boundary layers and homogenization of transport processes. RIMS, Kyoto Univ., 15:53–157, 1979.

[10] I. M. Besieris and F. D. Tappert. Propagation of frequency modulated pulses in a randomly stratified plasma. Jour. Math. Phys., 14:704–707, 1973.

[11] K. M. Case and P. F. Zweifel. Linear Transport Theory. New York, Plenum Press, 1967.

[12] S. Chandrasekhar. Radiative Transfer. Oxford University Press, Cambridge, 1960. [13] R. Dautray and J. L. Lions. Mathematical Analysis and Numerical Methods for Science and Technology. Vol.6. Springer Verlag, Berlin, 1993.

[14] G. Dell’Antonio. Large time small coupling behavior of a quantum particle in a random potential. Annals of Inst. H. Poincare A, 39:339–384, 1983.

[15] J.A. DeSanto and G.S. Brown. Analytical techniques for multiple scattering from rough surfaces.

Progress in Optics, 23:1–62, 1986.

[16] L. Erdos and H. T Yau. Linear Boltzmann equation as scaling limit of quantum Lorentz gas.

Preprint, 1997.

[17] P. Gérard and E. Leichtnam. Ergodic properties of eigenfunctions for the Dirichlet problem.

Duke Math. J., 71:559–607, 1993.

[18] J.J. Greffet and M. Nieto-Vesperinas. Field theory for the generalized bidirectional reflectivity:

derivation of helmholtz’s reciprocity principle and kirchhoff’s law. to appear in Jour. Acoust. Soc. Am., 1998.

[19] L.D. Landau and E.M. Lifschitz. Fluid Mechanics. Pergamon Press, 1987. [20] E. W. Larsen. Neutron transport and diffusion in inhomogeneous media. I. J. Math. Phys., 16:1421–1427, 1975.

[21] E. W. Larsen. Neutron transport and diffusion in inhomogeneous media. II. Nuclear Science and Engineering, 60:357–368, 1976.

[22] E. W. Larsen and J. B. Keller. Asymptotic solution of neutron transport problems for small mean free paths. J. Math. Phys., 15:75–81, 1974.

[23] P. Martin and G. Emch. A rigorous model sustaining van Hove’s phenomenon. Helv. Phys.

Acta, 48:59–78, 1975.

[24] L. Miller. Refraction d’ondes semi-classiques par des interfaces franches. C.R.Acad. Sci. Paris, Serie I, 325:371–376, 1997.

[25] G. J. Müller. (ed.) Medical Optical Tomography: functional imaging and optical technologies.

SPIE Series Vol. IS11, 1993.

[26] M. Nieto-Vesperinas. Scattering and diffraction in physical optics. Wiley,NY, 1991. [27] L. Ryzhik, G. Papanicolaou, and J. B. Keller. Transport equations for elastic and other waves in random media. Wave Motion, 24:327–370, 1996.

[28] L. Ryzhik, G. Papanicolaou, and J. B. Keller. Transport equations in a half space. Comm.

PDE’s, 22:1869–1910, 1997.

[29] R. Sentis. Study of the corrector of the eigenvalue of a transport operator. SIAM J. Math.

Anal., 16:151–166, 1985.

[30] P. Sheng. Introduction to Wave Scattering, Localization and Mesoscopic Phenomena. Academic Press, 1995.

[31] H. Spohn. Derivation of the transport equation for electrons moving through random impurities.

Jour. Stat. Phys., 17:385–412, 1977.

[32] M.C.W. van Rossum and Th.M. Nieuwenhuizen. Multiple scattering of classical waves; from microscopy to mesoscopy and diffusion. to appear in Phys. Rev. E, 1998.

[33] A. Voronovich. Wave Scattering from Rough Surfaces. Springer Verlag, 1991. [34] J.G. Watson and J.B. Keller. Rough surface scattering via the smoothing method. Jour. Acoust.

Soc. Am., pages 1705–1708, 1984.

[35] K. Watson. Multiple scattering of electromagnetic waves in an underdense plasma. Jour. Math.

Phys., 10:688–702, 1969.