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These are preliminary lecture notes on PDE models of topological insulators following courses
at the University of Chicago in Fall 2022 and Fall 2023. The main topics of these lectures are:
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Lecture 2. Derivation of macroscopic Dirac equations from microscopic tight-binding models

Lecture 3. IQHE and Landau levels in Magnetic Schrödinger equations
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Lecture 9. Pseudo-differential operators and quantization of Edge Conductivity
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Lecture 11. Bulk-difference invariants, Chern numbers and winding numbers

Lecture 12. Survey of topological invariants (cohomology, degree theory, Chern-Weil, Chern numbers)

Lecture 13. Quantitative computations for Dirac models; integral formulation and scattering theory

Lecture 14. Gated Twisted Bilayer Graphene, PDE model and asymmetric transport

A number of appendices review relevant mathematical tools used throughout the lectures:
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Appendix C. Pseudo-differential Calculus and Helffer Sjöstrand formula

Appendix D. Semiclassical Calculus
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Appendix E. Unbounded operators and Spectral theory

The topics covered in these notes are presented with varying levels of details and mathematical
rigor. Lecture 1 introduces several models of topological insulators considered in later lectures
and briefly describes the main topic of interest: asymmetric transport. Lecture 2 focuses on the
derivation of macroscopic partial differential models from more microscopic descriptions. Lectures
3 to 5 analyze bulk invariants for magnetic Schrödinger and Dirac models of topological insulators.
The core of these notes is the material in Lectures 6 to 10. Asymmetric transport is first considered
in a one-dimensional setting. Two-dimensional Hamiltonians are then modeled by general classes
of pseudo-differential operators, are classified by domain wall extensions, and are assigned several
equivalent topological invariants in the form of an edge conductivity and indices of Fredholm opera-
tors, all computed by an explicit Fedosov-Hörmander formula, a form of bulk-edge correspondence.
Lectures 11 and 12 describe the notion of bulk-different invariants and survey the definition and
computation of several invariants including degrees of maps, winding numbers and Chern numbers.
Lecture 13 presents a reformulation of interface transport problems as an integral equation. This
allows us to perform accurate numerical simulations of interface transport and verify the robust-
ness of the topological invariants. Lecture 14 applies the theory developed in these lectures to the
analysis of gated twisted bilayer graphene.

1 Lecture 1.

Preliminaries on quantized asymmetric transport. We start with four typical examples of
topological insulators displaying asymmetric transport at an interface separating two insulators.

The top-left corner sketches the orbits of a gas of two-dimensional electrons in the presence of
a strong magnetic fields. Away from interfaces, these electrons do not undergo any long-distance
transport and the material is insulating. At the edge of the domain, which we interpret as the
interface between the magnetic phase (in grey) and the vacuum phase (in white all around), how-
ever, transport is possible and in a somewhat caricatural semiclassical picture, it is asymmetric
(for instance, from right to left at the picture’s top). Moreover, in the presence of defect (top
central picture), the transport from left to right is barely affected. Experiments displayed this be-
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havior in the early 1980s and this edge behavior was rapidly associated with topological invariants
characterizing its quantization [10, 15, 23].

Similar behaviors were then rapidly observed in other areas of science. The top-right corner of
the above figure represents a sheet of graphene with electromagnetic forcing that is supposed to
generate insulators (unperturbed graphene is a semi-metal) in different (red and blue) topological
phases so that asymmetric transport may again be observed at the interface.

The figure at the bottom right corner, taken from [42], displays two photonic crystals engineered
in different topological phases (blue and orange), with again asymmetric transport observed along
the edge. Note that the transport (from top to bottom) remains strong even in the presence of a
very jagged interface. (Hardly any transmission would be observed if signals were injected at the
bottom of the sample because of scattering effects.)

Finally, the bottom left picture displays the eastward transport of atmospheric modes (in red),
the so-called Kelvin and Yanai modes, along the equator over the pacific ocean. While these modes
have been known for quite some time, that their protected transport afforded a topological inter-
pretation was observed only recently [17]. The Coriolis force has opposite signs in the northern and
southern hemispheres, where it acts as an energy barrier. This generates asymmetric transport in
the vicinity of the equator where the force vanishes.

Our main objective in this course is a mathematical description of the above transport phenom-
ena. In particular, we focus on: asymmetric transport, stability against perturbations, topological
invariants, relation of asymmetric transport to bulk properties; computations of indices; quantita-
tive theoretical and computational descriptions of asymmetric transport. We will mostly consider
equations in two space dimensions in Euclidean space: no complicated geometries, no somewhat
arbitrary boundary conditions.

The two main mechanisms to generate insulators with non-trivial topologies are: (i) magnetic
fields; and (ii) massive terms. The topological invariants characterizing these topologies typically
take the form of non-trivial indices of Fredholm operators. The mechanism we consider in this
course to generate asymmetric transport is a domain wall modeling the transition between two
insulators.

Bulk Insulators. Two typical mechanisms creating energy barriers in two-dimensional materials
and leading to insulators are:

(i): Magnetic fields such as in the following Magnetic Schrödinger equation

i∂tψ = Hψ, H = (D +A)2 + V, D = (Dx, Dy) = (
1

i
∂x,

1

i
∂y), A = (Ax, Ay) (1.1)

where ∇ × A = ∂xAy − ∂yAx = B is magnetic field and V is electric potential. (We assume
q = −e = −1 and 1

2m = 1 and use (D + A)2 = (D + A) · (D + A).) In the Landau gauge,
(Ax = 0, Ay = Bx) generates a constant magnetic field B. Landau levels for magnetic Schrödinger
equations are analyzed in detail in a later lecture. The Laudau levels are discrete. For energies
between these Landau levels, the system is gapped, i.e., insulating.

(ii): Mass terms as in the following Dirac operator for a two-band model

H = Dxσ1 +Dyσ2 +mσ3 (1.2)
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where m(x, y) is the mass term and the Pauli matrices are

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (1.3)

We will also consider more general two-band models

H = h(x,D) · σ, h = (h1, h2, h3),

where hj(x,D) are (scalar) differential or pseudo-differential operators. The operators act on
two-vector valued functions where (heuristically and possibly after a unitary transform), the first
component models the upper energy band while the second component describes the lower energy
band. Here and below, h ·σ means h1σ1+h2σ2+h3σ3 when h = (h1, h2, h3) is a three-vector while
it means h1σ1 + h2σ2 when h = (h1, h2) is a two-vector.

We start with the simple Dirac model (1.2) written as

H = D · σ +mσ3, D = (Dx, Dy)

with m a constant mass term. We observe (Exercise: check) that

H2 = (D2 +m2)I2 = (−∆+m2)I2.

This is an operator with purely absolutely continuous spectrum [m2,∞). The spectrum of H is
also absolutely continuous and given by (−∞,−|m|] ∪ [|m|,∞) (Exercise or see [44]). In other
words, the mass term m generates a spectral gap. No excitation with energy |E| < |m| is allowed
to propagate in the bulk.

The operator may be diagonalized in the Fourier domain H = F−1Ĥ(ξ, ζ)F with

Ĥ = ξσ1 + ζσ2 +mσ3.

This 2× 2 matrix has two eigenvalues given by

E±(ξ, ζ) = ±
√
ξ2 + ζ2 +m2. (1.4)

When m = 0, we observe that the two sheets touch at (ξ, ζ) = 0 and form a Dirac cone. The
operator forms a reasonable model of transport in two-dimensional materials composed of a single
sheet of graphene.

Remark 1.1 Both models break time-reversal symmetry.
For the Schrödinger equation, time reversal symmetry is observed when H(D) = KH(D)K,

where K is the anti-linear operator of complex conjugation. In the presence of a non-trivial magnetic
potential, time-reversal symmetry is not preserved. While ‘position’ remains invariant by TR, the
momentum operator p ≡ D is mapped to −p = −D = KDK by time reversion. Thus K(D+A)2K =
(−D +A)2 = (D −A)2 is time-reversal symmetric when A vanishes.

For the Dirac model (with spinful Fermions in which spin is also flipped by time reversion),
the Fermionic time reversal (FTR) symmetry holds when H(D) = T H(D)T −1 where T is an
anti-linear map (i.e., T (αψ) = ᾱT ψ) such that T 2 = −1. For instance, choosing T = iσ2K
with T −1 = −T , we verify that for H = D · σ + mσ3, then T ∗HT = D · σ − mσ3 so that H is
FTR-symmetric if and only if m = 0. (Exercise: check)
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The topological indices we consider in this course all vanish for time-reversal symmetric opera-
tors in two space dimensions. For Fermionic Time Reversal symmetric operators (only in electronic
settings), a Z2-invariant may be defined but this is not covered in the current set of lecture notes.

As most common materials do not naturally break TR symmetry, at least in the absence of
magnetic fields, topological insulators typically need to be engineered and this is no simple task
especially if one wants the spectral gap (2|m| above) to be large.

We now move to a description of interface transport at the transition zone separating insulators.
The upshot is: Asymmetric transport is necessary and in fact quantized when the two insulators are
in different topological classes; this is a physical general principle called a bulk-edge correspondence.

Domain Walls. The simplest example of transition between insulators is the model of a Dirac
equation with spatially varying mass term. Assume m = m(y) a (reasonable) function bounded
away from 0 outside of a compact domain (say, including y = 0) and consider

H = D · σ +m(y)σ3.

An equivalent formulation of H (in a different basis) is more convenient for analysis. Define the
isometry (on C2)

Q = Q−1 =
1√
2
(σ1 + σ3), Q(σ1, σ2, σ3)Q

−1 = (σ3,−σ2, σ1).

We still call H the operator QHQ−1 given by

H = Dxσ3 −Dyσ2 +m(y)σ1 =

(
Dx a

a∗ −Dx

)
, a = ∂y +m(y), a∗ = −∂y +m(y)

with a∗ a formal adjoint to a. These may be interpreted as the creation/annihilation operators
of the quantum harmonic oscillator when m(y) = y. Since H is invariant by translation in the x
variable, we consider the partial Fourier transform Ĥ = Fx→ξHF−1

ξ→x with

Ĥ = Ĥ(ξ) =

(
ξ a

a∗ −ξ

)
, Ĥ2(ξ) =

(
ξ2 + aa∗ 0

0 ξ2 + a∗a

)
.

A more explicit diagonalization (spectral decomposition) of Ĥ(ξ) for each ξ ∈ R will be considered
in detail later. (Spectrum is exclusively point spectrum when |m(y)| → ∞ as |y| → ∞ and includes
continuous spectrum when |m(y)| is bounded.)

Here, we simply identify some of the point spectrum by looking for non-trivial kernels of Ĥ −E
for |E| small, which implies non-trivial kernels of Ĥ2−E2. This involves the spectral decomposition
of the self-adjoint operators a∗a and aa∗. It is known that they share the same non-vanishing point
spectrum.

Typical example of an edge mode. Looking at the bottom spectrum means here looking at
the kernel of a∗a, which means looking at the kernel of a (warning, the spectrum of the non-self-
adjoint operator a (as an unbounded operator on L2(R) with a appropriate natural domain) is the
whole complex plane when m(y) = y while that of a∗ is empty). At any rate, we easily find that

L2(R) ∋ e−M(y), M(y) =

∫ y

0
m(z)dz
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is in the L2(R)-kernel of a provided that m(y) ≥ m0 > 0 for y > y0 and m(y) ≤ −m0 < 0 for
y > −y0 for some y0 ∈ R. Such calculations are best carried out by observing the conjugation

∂y +m(y) = e−M(y)∂ye
M(y).

We verify that the kernel of a∗ is trivial in such circumstances. We thus obtain a non-trivial
eigenstate of Ĥ(ξ) with

(Ĥ(ξ) + ξ)e−M(y)

(
0

1

)
= 0, E(ξ) = −ξ.

When m(y) is negative for large y and positive for large −y, then we find

(Ĥ(ξ)− ξ)eM(y)

(
1

0

)
= 0, E(ξ) = ξ,

using now that the kernel of a∗ is non-trivial while that of a is.
In the former case, we observe that ∂ξE(ξ) = vF = −1, i.e., the group velocity of this mode

is constant and negative: we have a non-dispersive (relativistic) mode propagating with Fermi
velocity vF = −1. In the latter case, ∂ξE(ξ) = 1 and the non-dispersive (relativistic) mode with
Fermi velocity vF = 1 propagates in the opposite direction.

We can (and will in some cases) verify that the rest of the point spectrum comes in flavors of

Ep(ξ) = ±
√
ε2n + ξ2, p = (n,±)

where ε2n is a non-vanishing eigenvalue of a∗a (as well as aa∗). These modes are symmetrical in
terms of leftward/rightward propagation and hence do not contribute to the transport asymmetry.

An index characterizing asymmetric transport. We also note that when m(y) is bounded
below by m0 > 0 for |y| large or bounded above by −m0 < 0 for |y| large, then the kernels of both
a and a∗ are trivial. Assume m converges to m± as y → ±∞. We may thus summarize the above
observations as

−Index a =
1

2
( sign(m−)− sign(m+)) ∈ {−1, 0, 1}.

This is the simplest example of a bulk-edge correspondence: asymmetric transport, characterized
here by the index of a (which is a Fredholm operator in an appropriate topology and whose index
is indeed given by the above formula) may be non-trivial and is related to bulk properties of the
insulators (modeled by m±).

Observable characterizing asymmetric transport. While the above Index a is interesting
mathematically, we would like to relate it to a physical observable modeling asymmetric transport.
This is the role of the following object

σI = Tr i[H,P ]φ′(H). (1.5)

Here, H is a (self-adjoint) Hamiltonian of interest.
We will repeatedly need to construct switch functions. We introduce the notation

S(a, b; c, d), R ∋ a < b ∈ R, R ∋ c ≤ d ∈ R (1.6)
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as the set of (measurable) bounded real-valued functions f on R such that f(x) = a for x < c and
f(x) = b for x > d. We denote by S(a, b) the union of the above set over −∞ < c ≤ d < ∞. We
will denote by smooth switch functions the intersection of the above sets with the space of C∞

b (R)
functions.

Then, R ∋ t → φ(t) ∈ [0, 1] is a smooth non-decreasing switch function in S(0, 1; t0, t1). The
interval [t0, t1] is assumed to belong to the bulk band gap. What this means is the following. Let
m0 be the minimum of |m−| and |m+| above. No signal with energy |E| < m0 can propagate in
the bulk, i.e., away from the interface y = 0 since the material is an insulator for both y large and
−y large. The only possible propagation for such a signal is then along the interface y = 0. We
therefore assume that the system is prepared so that all modes compatible with H are present with
a density φ′(H) supported in the interval (−m0,m0).

The second object appearing in (1.5) is the (current) observable i[H,P ] which is the rate of
change in time of the observable P . The latter is multiplication by a function P (x, y) = P (x),
which for concreteness, we may take as a smooth switch function in S(0, 1;x0− η, x0+ η) for some
0 < η ≪ 1. In other words, multiplication by P projects onto the part of the spatial domain on the
right of the hyperplane (line) x = x0. Then, i[H,P ] is interpreted as the amount of current crossing
from the left of x0 to the right of x0 per unit time, hence as a physically motivated measure of
transport from left to right.

The interpretation as a rate of change is as follows. Let ψ(t) = e−itHψ be the solution of
the Schrödinger equation i∂tψ(t) = Hψ(t) with initial condition ψ(0) = ψ. Then ⟨P ⟩(t) =
⟨ψ(t)|P |ψ(t)⟩ = ⟨ψ|eitHPe−itH |ψ⟩ so that

d

dt
⟨P ⟩(t) = ⟨ψ(t)|i[H,P ]|ψ(t)⟩ = Tr i[H,P ]ψ(t)ψ∗(t).

In analogy with the (two-dimensional) Hall conductivity in electronics, which we will introduce
later, σI is often referred to as an interface conductivity. We will also refer to σI as an edge current
(observable).

Remark 1.2 A few remarks are in order: (0) φ′(H) is constructed spectrally whenH is self-adjoint
(and thus cannot as such include dissipative effects).

(i) Importantly, i[H,P ]φ′(H) is assumed to be trace-class (the Banach space of trace-class
operators is a subset of the ideal of compact operators). If φ′(H) were to have partial support
in energies that are allowed to propagate in the bulk, then i[H,P ]φ′(H) would not be trace-class.
Showing that i[H,P ]φ′(H) is indeed trace-class is one of the challenges of the theory.

(ii) The second main objective will be to show that 2πσI ∈ Z is quantized. In other words,
asymmetric transport is quantized as expected from the bulk-edge correspondence.

(iii) A third main objective is to show that σI is immune to perturbations, i.e., σI [H] = σI [H+V ]
for V perturbations that model defects and impurities (possibly a lot of randomness) in the material.
It is this robustness that makes the materials interesting practically and the theoretical descriptions
challenging.

(iv) Finally, we would like to devise methods that compute this interface conductivity explicitly
in many cases of practical interest. In particular, we wish to relate it to the bulk properties of
the two insulators the interface separates. This relation is typically referred to as a bulk-edge
correspondence.
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Figure 1: Geometry of graphene bipartite lattice. Right: spatial lattice. Left: dual lattice.

2 Lecture 2.

Derivation of Dirac equations from microscopic Hamiltonians. This lecture briefly presents
the derivation of Dirac equations from microscopic models. We present a rigorous derivation from
a tight-binding Haldane model and sketch the derivation from a periodic Schrödinger equation
referring to the existing literature for details.

Dirac approximation for the Haldane model. We start with a hexagonal bipartite model
with a periodic array of sites A and sites B as shown in Figure 1. With v1 and v2 describing the
lattice as in Figure 1, we have a1 = 1

3(v1 + v2) with a2 = R2π/3a1 and a3 = R−2π/3a1 the three
vectors linking a site A to its nearest neighbors B. Here Rθ is the anti-clockwise rotation by θ.
We then define b1 = v1 and b2 = v2 − v1 with b3 = −(b1 + b2). Thus, the six nearest same-type
neighbors are described by shifts by ±bj .

Note that both the sites A and the sites B occupy the edges of a lattice Λ = Zv1+Zv2, whence
the name of a bipartite lattice modeling the honeycomb structure.

Periodic lattice model. A tight-binding model describes interactions among the atoms located
at the sites A and B. The interaction strength t1 models interactions between nearest neighbors.
This leads to a Hamiltonian in position space given by

H1 = t1
( 3∑
j=1

τajσ+ + τ−ajσ−
)

where σ± = 1
2(σ1 ± iσ2) and the shift operators are defined as τaf(x) = f(x+ a).

A term t2 next models interactions between next-nearest neighbors. This interaction also in-
cludes a local magnetic component (Aharonov-Bohm phase) e±iϕ leading to the Hamiltonian

H2 = t2

3∑
j=1

(eiϕτbj + e−iϕτ−bj
)I − σ3

2
+ t2

3∑
j=1

(eiϕτ−bj + e−iϕτbj
)I + σ3

2
.
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We finally have a local mass term M that we assume is asymmetric at the sites A and B. The
unperturbed Haldane model is given by

H = H1 +H2 +Mσ3. (2.1)

The above Hamiltonian is naturally defined on (smooth vector-valued functions in) L2(R2;C2)
and not only on a discrete lattice. Standard lattice models may be obtained by restricting it to
distributions supported on the lattice. It is however convenient to look at the Hamiltonian as acting
on functions defined on the continuum R2.

In the Fourier domain, H = F−1(Ĥ1 + Ĥ2 +Mσ3)F , where

Ĥ1 = t1
( 3∑
j=1

eiaj ·ξσ+ + e−iaj ·ξσ−
)
= t1

3∑
j=1

(
cos aj · ξσ1 − sin aj · ξσ2

)
Ĥ2 = 2t2

3∑
j=1

cos(ξ · bj + ϕ)
1

2
(σ3 + I) + 2t2

3∑
j=1

cos(−ξ · bj + ϕ)
1

2
(I − σ3)

= 2t2 cosϕ
3∑
j=1

cos ξ · bjI + 2t2 sinϕ
3∑
j=1

sin ξ · bjσ3.

With this convention, we find that

Ĥ =

3∑
j=0

hjσj

with σ0 = I2 the identity matrix and

h0 = 2t2 cosϕ

3∑
j=1

cos ξ · bj , h3 =M + 2t2 sinϕ

3∑
j=1

sin ξ · bj

h1 = t1

3∑
j=1

cos aj · ξ, h2 = −t1
3∑
j=1

sin aj · ξ

The Hamiltonian Ĥ(ξ) is a 2 × 2 Hermitian matrix for each ξ ∈ R2. We easily verify that its
eigenvalues are given by

E±(ξ) = h0 ±
√
h21 + h22 + h23. (2.2)

When the mass terms M and t2 vanish, a number of wavenumbers are special in that the two
energy bands meet, i.e., E±(ξ) = h0. This occurs when h1(ξ) = h2(ξ) = 0. Such solutions come in
pairs ξ = K and ξ = K ′ = −K. When K is such a point, then so are its rotations by multiples of
2π/3. This defines 6 solutions with minimal norm that may be seen as the vertices of a hexagon;
see right of Fig.1.

More precisely, we find that h1 = h2 = 0 is equivalent to

3∑
j=1

eiaj ·K = 0 (2.3)

which implies that a1 ·K = φ a phase and then a2 ·K = φ+ 2π
3 and a3 ·K = φ− 2π

3 . There are six
solutions to the equation with two of them with K orthogonal to a1. With a1 = a(1, 0)t, we find
two solutions

K = −1

a

4π

3
√
3
(0, 1)t, K ′ =

1

a

4π

3
√
3
(0, 1)t = −K. (2.4)
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The other solutions are rotations by 2nπ/3 of K and K ′. Tiling the plane with such hexagons
generates an infinite family of vertices such that (2.3) holds. Half of these points are in a dual
lattice to the A sites while the other half are in the dual lattice to the B sites. Points on the same
dual lattice space are typically identified as the K or K ′ valley Dirac points.

Since our objective is to break the periodic lattice structure when we introduce spatial pertur-
bations, we do not identify the aforementioned lattice points. The objective of the Dirac equation
is to model wavepackets formed of wavenumbers that are close to any of the Dirac points. For
concreteness, we identify the specific K and K ′ points given in (2.4). Similar (but different) Dirac
equations can be obtained for any of the solutions of (2.3).

We are concerned with wavenumbers of the form K ′ + ξ with |ξ| ≪ 1. We first observe that

3∑
j=1

eiaj ·K
′
aj =

3

2
(a1 + ia⊥1 ) =

3

2
a(1, i)t.

Defining h′j(ξ) as hj(K
′ + ξ) (and with an abuse of language hj(ξ) as hj(K + ξ)), we find

h′1/t1 =
3∑
j=1

cos aj ·K ′ cos aj ·ξ−sin aj ·K ′ sin ajξ = −
3∑
j=1

sin aj ·K ′aj ·ξ+O(|ξ|2) = −3

2
aξ2+O(|ξ|2).

Similarly,

h′2/t1 = −
3∑
j=1

sin aj ·K ′ cos aj ·ξ+cos aj ·K ′ sin aj ·ξ = −
3∑
j=1

cos aj ·K ′aj ·ξ+O(|ξ|2) = −3

2
aξ1+O(|ξ|2).

Replacing K ′ by K, we obtain instead

h1/t1 =
3

2
aξ2 +O(|ξ|2), h2/t1 = −3

2
aξ1 +O(|ξ|2).

We also compute
3∑
j=1

sin bj ·K ′ =
3

2

√
3 = −

3∑
j=1

sin bj ·K.

As a consequence,

h′3 =M + 3
√
3t2 sinϕ+O(|ξ|), h3 =M − 3

√
3t2 sinϕ+O(|ξ|).

We thus obtain two different mass terms for the valleys K and K ′. For specific choices of (M, t2, ϕ),
these two mass terms may in fact have different signs. This is one of the origins of the non-trivial
topology associated with the Haldane model.

Note that the errors in the approximation of the mass terms are of order O(|ξ|) while the errors
on the terms hj and h

′
j are of order O(|ξ|2). The derivation of the Dirac equation will thus require

us to assume that the mass terms M and t2 are themselves small. This is one of the necessary
conditions for the validity of the Dirac model. To allow for slowly varying spatial variations (at
the lattice scale), we will therefore assume that M and t2 are of the form δM(δx) and δt2(δx) with
0 < δ ≪ 1 a small parameter. In contrast we will assume that t1 is of the form t1(δx).

For the rest of the section, we assume a Aharonov-Bohm phase ϕ = π
2 to simplify calculations.

Thus, h0 = 0 and the resulting limiting Dirac Hamiltonians are given explicitly by

ĤK = t1
3

2
a(ξ2σ1 − ξ1σ2) + (M − 3

√
3t2)σ3, ĤK′ = −t1

3

2
a(ξ2σ1 + ξ1σ2) + (M + 3

√
3t2)σ3.
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A slowly varying spatial model. The Hamiltonian H is written as a pseudo-differential op-
erator, which is diagonalized in the Fourier domain since its coefficients are invariant with respect
to spatial translations. It is then straightforward to include slowly varying spatial variations by
defining the Hamiltonian as a pseudo-differential operator in the Weyl calculus Hδ = Opwaδ with
symbol

aδ(x, ξ) = a(δx, ξ) = t1(δx)

3∑
j=1

(cos(aj · ξ)σ1 − sin(aj · ξ)σ2) + δ
(
M(δx) + t2(δx)

3∑
j=1

sin(bj · ξ)
)
σ3.

This means that for a sufficiently smooth function ψ(x), we have by definition:

Hδψ =
1

(2π)2

∫
R4

ei(x−y)·ξaδ(
x+ y

2
, ξ)ψ(y)dydξ.

See the appendices for notation and results on pseudo-differential operators. Note that when
a = a(ξ) is independent of x, then Hδ = H is the unperturbed Haldane model in (2.1).

Here 0 < δ ≪ 1 models a separation of scales between the scale O(1) of the lattice and the
scale O(δ−1) of the macroscopic approximation. Our objective is to solve the following evolution
problem over times of order δ−1:

i∂tφδ = Hδφδ, φδ(t, x) ≈ ψδ(t, x) = eiK·xδϕ(δt, δx). (2.5)

The wavepackets of interest are those with wavenumbers close to the Dirac point K, which is
consistent with the above computations. The envelope ϕ(δt, δx) models the macroscopic behavior
for large distances x = δ−1X and long times t = δ−1T with (T,X) both of order O(1). Our
objective is to show that when ϕ(T,X) solves a Dirac equation, then ψδ(t, x) approximately solves
the microscopic dynamics (2.5) for times of order t = δ−1T with T = O(1). We consider the
normalization δϕ(δt, δx) so that all functions are of L2-norm of order O(1).

We observe that

Hδψδ(t, x) =
1

(2π)2

∫
R4

ei(x−y)·ξa(δ
x+ y

2
, ξ)eiK·yδϕ(δt, δy)dydξ

=
1

(2π)2

∫
R4

ei(x−y)·(K+δζ)a(δ
x+ y

2
,K + δζ)eiK·yδϕ(δt, δy)dδydζ

=
eiK·x

(2π)2

∫
R4

ei(δx−δy)·ζa(
δx+ δy

2
,K + δζ)δϕ(δt, δy)d(δy)dζ.

The above operator is thus naturally written in the phase-space variables (δx, ζ) with a natural
expansion in powers of δ in the term K + δζ. To formalize this representation, we introduce
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ξ = K + δζ and recast the operator Hδ = Opwaδ using

aδ(x, ξ) = a(δx, ξ) = bδ(δx, δ
−1(ξ −K))

bδ(X, ζ) = t1(X)
3∑
j=1

(cos(aj · (K + δζ))σ1 − sin(aj · (K + δζ))σ2)

+ δ
(
M(X) + t2(X)

3∑
j=1

sin(bj · (K + δζ))
)
σ3 =: δ(b0 + δb1δ)

b0(X, ζ) = t1(X)

3∑
j=1

(
sin(aj ·K)aj · ζσ1 − cos(aj ·K)aj · ζσ2

)
+

(
M(X) + t2(X)

3∑
j=1

sin(bj ·K)
)
σ3

= t1(X)32a(ζ2σ1 − ζ1σ2) + (M(X)− 3
√
3t2(X))σ3

b1δ(X, ζ) = δ−2(aδ(δ
−1X,K + δζ)− δb0(X, ζ)) ∈ S2

with a bound for b1δ(X, ζ) in the symbol class S2 independent of δ; see (C.4) in Appendix C for
notation. This bound is clear for δ|ζ| ≲ 1 small by Taylor expansion. For δ|ζ| ≳ 1, we have
δ−2 ≲ |ζ|2 and the bound holds as well.

Dirac approximation. From the above calculation we get

Hδψδ(t, x) = eiK·x(Opwbδ[δϕ(δt, ·)])(t, δx)
= eiK·xδ(Opwb0[δϕ(δt, ·)])(t, δx) + eiK·xδ2(Opwb1δ[δϕ(δt, ·)])(t, δx)

so that thanks to the macroscopic Dirac equation

(Dt + δOpwb0)[δϕ(δt, ·)])(t, δx) = 0,

we have
(Dt +Hδ)ψδ(t, x) = eiK·xδ2(Opwb1δ[δϕ(δt, ·)])(t, δx). (2.6)

The macroscopic equation may equivalently be written as the Dirac equation

(DT +Opwb0)ϕ(T,X) = 0.

Here we use T = δt and X = δx, which both all O(1) while t and x are O(δ−1).
More precisely, this is, using the anti-commutator notation {F,G} = FG+GF ,(

DT +
3a

2

1

2
{t1(X), D2σ1 −D1σ2}+ (M(X)− 3

√
3t2(X))σ3

)
ϕ(T,X) = 0. (2.7)

The use of the anticommutator is necessary to ensure that the Dirac operator is (Hermitian)
symmetric (and in fact self-adjoint as an unbounded operator with domain H1(R2;C2)).

We assume that t1(X) is a smooth function bounded above and below by positive constants.
We also assume that t2(X) and M(x) are smooth, bounded, functions. We then have the following
result:
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Theorem 2.1 (Dirac approximation) Let ϕ0(X) ∈ H2(R2;C2) and ϕ(T,X) solution of (2.7)
with initial condition ϕ(0, X) = ϕ0(X). Let φδ(t, x) be the solution of the microscopic equation

(Dt +Hδ)φδ = 0 (2.8)

with initial condition φδ(0, x) = eiK·xδϕ0(δx).
Then for τ > 0, we have uniformly in 0 ≤ T = δt ≤ τ ,∥∥∥δeiK·xϕ(T, δx)− φδ(

1

δ
T, x)

∥∥∥
L2(R2

x;C2)
=
∥∥∥ei 1δK·Xϕ(T,X)− 1

δ
φδ(

1

δ
T,

1

δ
X)
∥∥∥
L2(R2

X ;C2)
≤ Cτδ. (2.9)

Proof. With the above smoothness assumptions on the coefficients (t1, t2,M), the solution of
the Dirac equation is in H2(R2;C2) uniformly in T ∈ [0, τ ] for sufficiently smooth initial conditions
by standard regularity results of Dirac systems of equations. As a result Opwb1δϕ(T, ·) is uniformly
bounded in L2(R2;C2) for T ∈ [0, τ ] since b1δ ∈ S2

1,0. Using (2.6) and (2.8), we obtain by unitarity

of the solution operator of the Dirac equation that (φδ − ψδ)(t, ·) is of order tδ2 in the L2(R2;C2)
sense. This gives the result for t = δ−1T with T ≤ τ .

Remark 2.2 (Dirac points and valleys.) A similar result holds for any valley point K or K ′

(and their rotations and translates). Note that the constant in front of the term t2(X) depends on
the valley K. The exact same derivation shows that if Hδ is replaced by Hδ + δV (δx) for V (X)
a smooth function valued in 2 × 2 Hermitian matrices, then the limiting Dirac operator Opwb0 is
replaced by Opwb0 + V (X).

If wavepackets are constructed in the vicinity of N different Dirac points (typically with N an
even number), then we obtain a block-diagonal system of size 2N × 2N . We mention again that
for operators that are periodic on Γ, then only two Dirac points K and K ′ are possibly different.
However, once the periodicity assumption is released, which is the case in the presence of perturba-
tions of δx, then the different Dirac points can no longer be identified. The quasi-momenta of the
periodic setting become real momenta of the form K + q in the Dirac model for K any Dirac point
and asymptotically q ∈ R2.

Band theory for periodic Schrödinger equation. We now move to a brief presentation
without details of the derivation of the Dirac equation from a periodic Schrödinger model following
works in [21, 22]. We primarily follow [19] and refer to these works for detail.

Start from the scalar Schrödinger equation

P0 = −∆+ V

on L2(R2;C) with V a honeycomb potential, i.e., a real-valued scalar function that is periodic
w.r.t. Λ = Zv1 ⊕ Zv2, even in the sense that V (−x) = V (x), and V (Rx) = V (x) for R rotation
by 2π/3. The lattice is constructed as in Figure 1 with v1 = a(

√
3, 1)t and v2 = a(

√
3,−1)t,

with a > 0 chosen for instance to ensure the normalization det(v1, v2) = 1. The dual lattice is
Λ∗ = Zk1 + Zk2 with ki · vj = δij . The corresponding fundamental cells are L = {s · v; s ∈ [0, 1)2}
and L∗ = {τ · k, τ ∈ [0, 2π)2}.

The A and B lattice points are not distinguished yet. Floquet-Bloch theory [RS78, §XIII] then
states the following. Decompose a dual variable into ξ → 2πw∗ + ξ with ξ ∈ L∗ and w∗ ∈ Λ∗. We
then define

L2
ξ = {u ∈ L2

loc(R2;C); u(x+ w) = eiξ·wu(x), w ∈ Λ}, ξ ∈ L∗

13



with inner product (f, g)ξ =
∫
L f̄gdx on a compact fundamental cell. These are functions twisted

by ξ ∈ L∗ at the (fundamental) cell’s boundary; they are periodic for ξ = 0. More generally, we
may replace ξ by ξ + 2πw∗ for any w∗ ∈ Λ∗ so L2

ξ becomes periodic in ξ ∈ R2.

The main advantage of the construction is that we may advantageously decompose L2 as the
direct sum of L2

ξ for ξ ∈ L∗ (by Fourier transform) and that, moreover, when V is periodic, we

observe that P0 leaves (smooth functions in) L2
ξ invariant. Furthermore, since L and L∗ are compact

domains in R2, we obtain that P0 has compact resolvent (i.e., (P0 − λ)−1 for λ ∈ C\R is compact)
so that we can introduce the spectrum

λ1(ξ) ≤ λ2(ξ) ≤ . . . ≤ λj(ξ) ≤ . . . .

The eigenvalues are parametrized by ξ ∈ T = L∗ a torus and are Λ∗−periodic. The graphs ξ → λj(ξ)
are called the dispersion surfaces.

The following result is obtained in [22]. A pair (ξ∗, E∗) ∈ R2×R is aDirac point of P0 = −∆+V
when: E∗ is an eigenvalue of P0(ξ∗) of multiplicity 2 with orthonormal eigenvectors ϕ1,2 such that

ϕ1(Rx) = ei2π/3ϕ1(x) and ϕ2(x) = ϕ1(−x) while moreover, for some j∗ ≥ 1 and νF > 0, we have

λj∗ = E∗ − νF |ξ − ξ∗|+O(ξ − ξ∗)
2, λj∗+1 = E∗ + νF |ξ − ξ∗|+O(ξ − ξ∗)

2.

This means that two bands labeled by j and j + 1 touch at the Dirac point (ξ∗, E∗) and that the
union of these bands looks like a cone with rotational symmetry and slope the Fermi velocity νF
in the vicinity of the Dirac point. The Fermi velocity is given by νF = 2|(ϕ1, θ ·Dϕ2)| independent
of θ ∈ S1 (thanks to the symmetries of V ) where D = −i∇ in two space dimensions.

The result in [22] states that Dirac points exist generically for P0 = −∆ + V . Moreover, by
symmetry such Dirac points come (at least) in pairs

ξ∗ ∈ {ξA∗ , ξB∗ } mod 2πΛ∗, ξA∗ =
2π

3
(2k1 + k2), ξB∗ =

2π

3
(k1 + 2k2).

Such points are moreover stable against perturbations of the Hamiltonian that preserve the spatial
inversion (parity) and time-reversal symmetry (conjugation).

The next level in the theory is to break the spatial inversion (parity) but not the conjugation
invariance and introduce

Pδ = P0 + δW

with W ∈ C∞(R2,R) with W (x + w) = W (x) for w ∈ Λ but now W (−x) = −W (x). Assume
moreover that

θF = |(ϕ1,Wϕ1)ξ∗ | > 0.

[22] shows that if (ξ∗, E∗) is a Dirac point, then a gap opens when δ ̸= 0. More precisely, we obtain
that

dist(σ(P0(ξ∗)), E∗) = θF δ +O(δ2).

We can then add a domain wall Pδ = −∆ + V + δκδW with κδ(x) = κ(δx · k′) for k′ a given
direction such that k′ · v = 0 so that the new potential V + δκδW remains periodic with respect to
Zv. We assume that κ(t) = sign(t) for |t| large (domain wall). Also, v = a1v1 + a2v2 (for ai ∈ Z
relative prime numbers) is the direction of the edge Rv. For b1, b2 in Z such that a1b2 − a2b1 = 1,
we introduce v′ = b1v1 + b2v2, k = b2k1 − b1k2 and k′ = −a2k1 + a1k2.

This type of construction was first derived in [21]. We follow the presentation in [19]. Define
ζ∗ = ξ∗ · v the wavenumber along the interface where κ ≈ 0. Then [19] shows that the eigenvalues
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of Pδ[ζ∗ + µδ] near E∗ are δ2 away from those of the Dirac operator

H[µ] =

(
0 ν∗k

′

ν∗k′ 0

)
Dt +

(
0 ν∗l

ν∗l 0

)
µ+ θ∗κ(t)

(
1 0

0 −1

)
.

Here, l = k− (k · k′)k′/|k′|2 and ν∗ ∈ C\0 is such that ν∗(η1+ iη2) = 2(ϕ1, (η ·D)ϕ2) (such that the
Fermi velocity νF = |ν∗|). We also identify (l1, l2) ≡ l1 + il2 (same for k′). Also, θ∗ = (ϕ1,Wϕ1) is
such that |θ∗| = θF ̸= 0 by assumption.

A formal multiscale expansion in [21] (see, e.g., [19, §3.1]) roughly goes as follows. The mi-
croscopic material remains periodic in the direction v. We may therefore apply a Bloch transform
with ζ a one dimensional variable playing a similar role to the two dimensional variable ξ above.
Assume that uδ is an eigenvector of Pδ = −∆+ V + δκδW satisfying uδ(x + v) = eiζuδ(x) where
ζ = ζ∗ + µδ. In other words, µ is a rescaled ‘momentum’ (dual variable) in the direction of the
edge. Consider the Ansatz

uδ(x) = Uδ(x, δk
′ · x), Uδ(x, t) = eiµδl·x

( 2∑
j=1

αj(t)ϕj(x) + δVδ(x, t)
)
+O(δ2)

as well as Eδ = E∗ + δθ + O(δ2). Plugging the Ansatz into Pδ, equating like powers of δ, and
solving each equation in turn (a classical multi-scale method), we obtain [21, 19] that a necessary
condition is

(H[µ]− θ)

(
α1

α2

)
= 0.

The above expressions relate the eigenvectors uδ and (α1, α2)
t as well as the eigenvalues E∗ + δθ

and θ of the microscopic, and macroscopic models, respectively.

If we Fourier transform back µ to a spatial variable s (orthogonal to t), then we find that the
operator takes the form of the two-dimensional Dirac operator (with mass term playing the role of
a domain wall):

H[µ] = ν1Dtσ1 + ν2Dsσ2 + ν3κ(t)σ3

where the matrices σ1,2,3 (are rotations of the standard Pauli matrices and) satisfy the relation

{σi, σj} := σiσj + σjσi = 2δijI2.

Such models generalize those seen in Lecture 1 and describe in particular the edge modes localized
in the t variable propagating along the edge in the s variable. Systems of Dirac equations are
arguably the simplest model to describe asymmetric transport.

Partial Differential Models. The above derivations justify the use of Dirac operators as macro-
scopic descriptions of transport in topological insulators. We stress again that the macroscopic
models apply to describe the propagation of wavenumbers close to one of the K or K ′ points;
such wavenumbers correspond to Fermi energies close to the energy of the Dirac points. While
K and K ′ points are globally described as elements of a Brillouin zone in the microscopic model,
the macroscopic descriptions apply to each Dirac point and are independent from one another. In
other words, if excitations are present in the vicinity of N such Dirac points, we obtain in the limit
a system of N uncoupled Dirac operators. In the presence of non-periodic perturbations, these
Dirac operators are all different, in contrast to the microscopic description where two Dirac point
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K describe the same physics because of the periodicity constraint. The wavenumber ξ appearing in
the microscopic description are quasi-momenta in the sense that microscopic solutions are periodic
in ξ. In contrast, in the macroscopic model where periodicity is broken by the perturbations, the
wavenumber ξ may be interpreted as a bona fide momentum.

For lattice models that break the periodicity assumption, a necessary step to account for any
form of perturbation, and their detailed (topological) analysis, we refer the reader to the monograph
[36].

Many other PDE macroscopic models may be obtained, for instance Bogoliubov de-Genes
Hamiltonians in the theory of superconductors or systems of water wave equations to model the
equatorial asymmetric transport mentioned in the introductory lecture. The lectures focus on such
continuum partial differential (or more generally pseudo-differential) systems of equations.

The main examples of Hamiltonians coming from different applications that we want to consider
are as follows. The Dirac model we already encountered:

HD = Dxσ1 +Dyσ2 +m(y)σ3 =

(
m(y) Dx − iDy

Dx + iDy −m(y)

)
The BdG models for p and d waves:

Hp =
( 1

2m
(D2

x +D2
y)− µ(y)

)
σ1 +

1
2{c(y), Dy}σ2 + c0Dxσ3

Hd = (
1

2m

(
D2
x +D2

y)− µ(y)
)
σ1 + c0(D

2
y −D2

x)σ2 +
1
2Dx{c(y), Dy}σ3

Some Hamiltonians appearing in Floquet Topological Insulators and in multi-layer graphene prob-
lems; for instance the following three-replica model:

HF =

1 +D · σ εB∗(y) O

εB(y) D · σ εB∗(y)

O εB(y) −1 +D · σ


Finally, the geophysical water wave model for atmospheric flows near the equator:

HW =

 0 Dx Dy

Dx 0 if(y)

Dy −if(y) 0



In all cases, the coefficients µ = µ(y) (in blue online) describe possible domain walls modeling
the transition from one insulator in the northern hemisphere to another insulator in the southern
hemisphere.

3 Lecture 3.

Classical and quantum Hall effects. We consider elements of the Integer Quantum Hall Effect
(IQHE) closely following the theory developed in [1] and the lecture notes on QHE available at [45].
We will also refer to results in [9], which proposes an alternative analysis of the IQHE. This lecture
presents the IQHE at a formal level while the next lecture focuses on a mathematical analysis of
the effect.
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Classical Hall effect. Let us start with the classical Hall effect. The motion of a particle in a
magnetic field is (m: mass; v: velocity; B: magnetic field; −e: electron charge)

mv̇ = −ev ×B

leading to

x(t) = X −R sin(ωBt+ ϕ), y(t) = Y +R cos(ωBt+ ϕ), ωB =
eB

m
,

with (X,Y,R, ϕ) arbitrary. The Drude model is a more precise description in the presence of an
electric field and some friction:

mv̇ = −ev ×B − eE − τ−1mv.

At equilibrium, v̇ = 0, and defining a current density

J = −nev,

for n the electron density, we find(
1 ωBτ

−ωBτ 1

)
J =

e2nτ

m
E, J = σE.

This is Ohm’s law with σ a 2× 2 matrix. Define ρ = σ−1 to get

ρ =

(
ρxx ρxy
−ρxy ρxx

)
=

1

σDC

(
1 ωBτ

−ωBτ 1

)
, σDC =

ne2τ

m
.

So, ρxy = B/ne is independent of τ and predicts current in the direction orthogonal to E that
increases linearly with B while ρxx = m/(ne2τ) is constant. This classical Hall effect is not what
is observed experimentally for low temperatures where quantum effects are important.

Different behavior in quantum world. In the Integer Quantum Hall Effect (IQHE), one
rather observes experimentally that:

ρxy =
h

e2
1

ν
, ν ∈ Z.

This is so stable that h/e2 is now defined practically by the value measured in such experiments.
Such a resistivity is observed for magnetic fields with transitions of plateaus when, for a fixed
density n, we have:

B =
hn

νe
=
n

ν
Φ0, Φ0 =

2πℏ
e

=
h

e
the elementary quantum flux.

The values of the magnetic field correspond to ν filled Landau levels. Impurities are then responsible
for the plateaus of the conductivity. The degeneracy of Landau levels per unit area is BΦ−1

0 as
we will see below. Therefore, it takes an increase of nΦ0 = B to fill another Landau level. As n
increases from νB/Φ0 to (ν+1)B/Φ0, all electrons are localized (by Anderson localization) as they
do not have enough energy to get to the next Landau level. As n increases between these levels,
the resistivity is quantized to Φ0/(eν) [9].

When ρxy is constant on a plateau, σxx vanishes. The latter becomes large when ρxy jumps
from one plateau to the next.
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Landau levels for magnetic Schrödinger equation. The classical Lagrangian is L = 1
2mẋ

2−
eẋ · A. The canonical momentum is then p = ∂L/∂ẋ = mẋ− eA. mẋ = p+ eA is the mechanical
momentum. The Hamiltonian is then

H = ẋ · p− L =
1

2m
(p+ eA)2.

The quantum Hamiltonian is obtained by promoting p to the operator D = −i∇. π = p + eA is
mechanical momentum operator satisfying the commutation relations

[πx, πy] = −ieℏB.

We can then define

a =
1√
2eℏB

(πx − iπy), a∗ =
1√
2eℏB

(πx + iπy)

and verify [a, a∗] = 1 while H = ℏωB(a∗a+ 1
2). This provides energies (eigenvalues of H)

En = ℏωB(n+
1

2
), n ∈ N,

as we recognize a quantum harmonic oscillator.
Let us be a bit more precise and obtain the eigenstates as well. In the Landau gauge, A = (0, xB)

so that H = 1
2m(p2x + (py + eBx)2). Then Fourier transforming y to ℏk, we get

Hk =
1

2m
p2x +

mω2
B

2
(x+ kl2B)

2

for l2B = ℏ/eB magnetic length (roughly 10−8m). The wavefunctions are given by

ψn,k(x, y) = eikyHn(x+ kl2B)e
− (x+kl2B)2

2l2
B .

We observe that on R2, the Landau levels are infinitely degenerate since k ∈ R is arbitrary for each
level n.

For a domain of extension A = LxLy, the number of states is heuristically found to be N = AB
Φ0

.

Φ0 is magnetic flux contained in an area 2πl2B. Indeed, for a system in a box of size Ly, this
quantizes k to 2π/Ly by Fourier series. For x, we observe that in ways that are very heuristic, we
want 0 ≤ kl2B ≤ Lx so that there are Lx/l

2
B such values of k. Therefore N = (Ly/2π)(Lx/l

2
B) =

LxLyB/Φ0 = AB/Φ0.
The degeneracy of the electron density per Landau level is therefore indeed BΦ−1

0 as mentioned
above. This creates an energy barrier to fill the next Landau level (once a level is full, the next
electrons entering the system have not choice but to go to the next level since they are Fermions
and thus two of them cannot occupy any given state).

Turning on an electric field. In that case:

H =
1

2m
(p2x + (py + eBx)2) + eEx.

Then
ψ(x, y) = ψn,k(x+mE/eB2, y)

and energies

En,k = ℏωB(n+
1

2
)− eE(kl2B +

eE

mω2
B

) +
mE2

2B2
.

Now the group velocity vy =
1

ℏ
∂En,k
∂k

= −E
B
: we thus observe a perpendicular Hall current as in

the classical setting.
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Landau levels in symmetric gauge. In the symmetric gauge A = (−By/2, Bx/2), the above
degeneracy may also be understood by yet another momentum π̃ = p − eA. This operator is not
gauge invariant but in symmetric gauge we have [π̃x, π̃y] = ieℏB and the otherwise complicated
commutators with the πx,y all vanish: [πi, π̃j ] = 0. We can define operators b as above for π̃ and
then construct

|n,m⟩ = a∗nb∗m√
n!m!

|0, 0⟩

This fills in the degeneracies. This is best written in z = x+ iy and

∂ =
1

2
(
∂

∂x
− i

∂

∂y
), ∂̄ =

1

2
(
∂

∂x
+ i

∂

∂y
)

and then

a = −i
√
2(lB ∂̄ +

z

4lB
), a∗ = −i

√
2(lB∂ − z̄

4lB
), b = −i

√
2(lB∂ +

z̄

4lB
), b∗ = −i

√
2(lB ∂̄ − z

4lB
).

We then easily find that the kernel of aψLLL,0 is (up to normalizing constant c)

ψLLL,0 = ce−|z|2/4l2B , ψLLL,m = cb∗mψLLL,0 = c(z/lB)
me−|z|2/4l2B

for the lowest Landau level (LLL). We can apply a∗ to populate higher Landau levels.
Note that for angular momentum

J = iℏ(x
∂

∂y
− y

∂

∂x
) = ℏ(z∂ − z̄∂̄), JψLLL,m = ℏmψLLL,m.

These are therefore eigenstates of angular momentum with increasing values as m increases. We
also observe that the Hermite functions are primarily supported on concentric rings with increasing
radii as m increases.

The degeneracies are now a bit easier to estimate than in the Landau gauge. The wavefunction
with momentum m is peaking in intensity on a ring of radius

√
2mlB. Therefore, for a region

A = πR2, we have roughly

N = R2/(2l2B) = A/eπl2B =
BA

Φ0

as ‘obtained’ in the Landau gauge.

Electrons are Fermions satisfying the Pauli exclusion principle: no two electrons can be in the
same state. So, for the LLL (lowest Landau level) a maximum of (roughly) N = BA/Φ0 electrons
can occupy it for a sample of area A. Injecting more electrons into the system means populating
the second Landau level until 2N electrons are present in the system, and so on. This provides a
first element of quantization. It now remains to introduce a notion of conductivity and show that
it too is quantized. Rather than injecting a ‘linear’ electric field E as we did earlier, we consider
another geometry in which computations are easier.

Laughlin argument and quantized conductivity. Consider the plane punctured at a point,
say 0, where we thread a time-dependent flux Φ(t) = Φ0/T moving from 0 to Φ0 = h/e. The
variations are very slow and take a time T ≫ 1/ωB. Now, such a flux is generated by a magnetic
potential A(t) = Φ(t)eθ/r with (er, eθ) the usual basis in polar coordinates. This may be rewritten
as A(t) = Φ(t)∇argz where z = x+ iy = |z|eiargz.

We now obtain from the Maxwell-Faraday law that ∂tA = −E = Φ0∇argz/T . Associated to it
is a difference of potential

∮
E · dr = −Φ0/T independent of the circle enclosing 0. If we can argue
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that n electrons have been moved from r = 0 to r = ∞ during time T , corresponding to a radial
current Ir = −ne/T , we obtain a resistivity

ρxy =
−Φ0/T

−ne/T
=

Φ0

en

and hence a quantized Hall conductivity in integral multiples of e/Φ0.
This may be ‘verified’ heuristically on the Landau levels in symmetric gauge. Maybe more

directly, we observe that the Hamiltonian in the presence of Φ(t) may be written in polar coordinates
(r, θ) as

Ht =
1

2m

(
− ℏ2

1

r
∂rr∂r +

(
− i

ℏ
r
∂θ +

eBr

2
+
eΦ(t)

2πr

)2)
.

In other words, at time T , the operator replaces −i∂θ by −i∂θ+1, that is, m by m+1 in the Fourier
(series) variable. During the adiabatic transformation from t = 0 to t = T , we thus have that the
mode m = 0 has ‘disappeared’. This corresponds to a particle (i.e., excitation of the operator) that
has disappeared, or moved across the domain to r = ∞. Since we assume that n Landau levels
are filled, there are n such electrons that disappear and this concludes the heuristic analysis of the
quantization of the conductivity.

Note that at time t = T , we have in effect replaced the vector potential A by A + ∇χ where
χ = argz. This is a singular gauge transformation corresponding to a gauge transformation of ψ
by U−1ψ = e−iχψ for U(x) = z/|z|. We thus have

HT = UH0U
−1.

The analysis of the Hall conductivity associated to H is therefore obtained by comparing H and
UHU−1. The quantized conductivity σxy = e

Φ0
ν for ν ∈ Z measures the number of electrons ν

moved ‘to infinity’ when adiabatically transforming H to UHU−1.
Another interpretation for these integers is as follows. Consider a Fermi energy E sitting

between Landau levels. Remember that fermions do not like to live in the same state. So a Fermi
energy E means that electrons fill in all the energy levels below E. In a finite-size sample of area
A = πR2, say, we saw that there are therefore N = BA/Φ0 electrons per Landau level. If we
formally define the projector P = χ(H < E) projecting onto the eigenstates of H with energy less
than E, we will obtain that the dimension of the range of that projection operator is νN , where ν
is the number of filled Landau levels.

We may now also introduce Q = χ(UHU−1 < E) the corresponding projection for transformed
operator. The above Laughlin argument shows that the difference of dimensions of these ranges is
exactly equal to ν, the number of filled Landau levels.

Lost particles and lost eigenstates. Note that eigenstates are interpreted in (second-quantization)
quantum mechanics as being occupied by electrons when their energy is below the Fermi energy.
The reason is based on the Pauli exclusion principle, stating that no two electrons can be in the same
state, and on the principle that electrons will occupy eigenstates with the lowest available energy.
Therefore, adiabatically transforming H to UHU∗ or equivalently P to UPU∗ implies that a num-
ber of electrons leave the system. More generally, we may also simply observe that a corresponding
number of eigenstates was somehow lost during the adiabatic transformation. This interpretation
then also applies in other applications than electronics, such as for instance photonics, where the
fermions do not have any equivalence.
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4 Lecture 4.

Avron-Seiler-Simon theory. Now we can start doing a bit of math. Let H be the magnetic
Schrödinger equation H = (D+A)2 = (D+A) · (D+A) for B = ∇×A constant. It admits Landau
levels 2B(n+ 1

2). As a consequence, it is an insulator for any Fermi energy E landing between such
levels.

We therefore define as above the important object consisting in projecting H onto all states
with energy below E:

P = χ(H ≤ E).

Since no energy of H resides close to E, the projection is independent of E+ δE so long as E+ δE
does not cross any Landau level. Moreover, if we replace H by H+V for a reasonable perturbation
V , then χ(H+V ≤ E) will also be defined. This now allows us to obtain (quantized) conductivities
for classes of operators H + V for which the above explicit calculations (of eigenstates and so on)
are no longer available.

Note that P above is defined as a spectral quantity. We know that H is a self-adjoint operator
as an unbounded operator with domain H2(R2) in L2(R2). More information is available in [1] on
this front.

We can also consider the second projection obtained after the adiabatic transformation:

Q = χ(UHU−1 ≤ E).

As we mentioned above, each of these projections have the heuristic interpretation that they count
the number of modes below energy E, hence the number of particles present in each system below
energy E. In our operator defined on R2, as soon as E is above one or more Landau levels, this
means that there is an infinite number of such particles since such levels are infinitely degenerate.
However, there are some situations in which ∞−∞ is defined and we are fortunate to be in one
such case. Heuristically, we want to think of the area A = πR2 above as ‘very large’. The difference
of electrons in the Laughlin argument is given by ν independent of A and hence in the limit of
infinitely large A as well.

Indeed, [1] defines the index of a pair of projections P and Q as the excess of the dimension of
the range of P compared to that of Q. Moreover, that excess will turn out to: (i) be quantized;
(ii) be stable against fluctuations V ; and (iii) indeed correspond to the number of electrons that
‘disappeared’ (or in fact ‘appeared’) as we apply the singular gauge transformation U = eiχ. We
will also observe that for exactly n Landau levels below E, then the excess of dimension is indeed
equal to n.

Pair of projections. Let P and Q be orthogonal projections. When they are finite-rank, then
Index (P,Q) ≡ dimP − dimQ = Tr(P −Q) computes the difference of dimensions. This is gener-
alized for P and Q such that P −Q is compact as

Index (P,Q) := dimKer(P −Q− 1)− dimKer(P −Q+ 1).

By compactness assumption, both kernels above are finite dimensional. It is remarkable that the
index may be computed in several more ‘practical’ ways. A first result is

Proposition 4.1 Assume (P −Q)2n+1 trace-class for some n ∈ N. Then for all N ∋ m ≥ n

Index (P,Q) = Tr(P −Q)2m+1.
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Proof. We first observe that (P −Q)2 commutes with P and with Q. Then

(P −Q)2n+2R = (P −Q)2n(R−RSR)

for (R,S) = (P,Q) or (Q,P ) so that

(P −Q)2n+3 = (P −Q)2n+1 − (P −Q)2n[PQ,QP ] = (P −Q)2n+1 − [PQ,B]

for B = [Q, (P −Q)2n+1] trace class so that, since PQ is bounded, Tr[PQ,B] = 0. So the trace is
defined and independent of m ≥ n. Sending m → ∞ and noting that −1 ≤ P −Q ≤ 1 yields the
result. Indeed, we may decompose H = H1 ⊕ H2 ⊕ H3 where H1 is the finite dimensional space
where (P −Q)|H1

= I, where H2 is the finite dimensional space where (Q− P )|H2
= I, and where

H3 is the orthogonal complement. We then observe that ∥(P − Q)|H3
∥ < 1. The trace on that

space therefore asymptotically vanishes as m→ ∞. This concludes the derivation.

Indices of a Fredholm operator and pair of projections. Let Q = UPU∗ for U unitary.
Then

Proposition 4.2 Let P and Q = UPU∗ be orthogonal projections with U unitary. Assume that
(P −Q)2n+1 is trace-class. Then (P − PQP )n+1 and (Q −QPQ)n+1 are trace-class and PUP is
a Fredholm operator on RanP (equivalently PUP + I − P is Fredholm) and

Index (P,Q) = Tr([P,U ]U∗)2n+1 = Tr(P − PQP )n+1 − Tr(Q−QPQ)n+1 = −IndexPUP.

Proof. We observe that P −Q = [P,U ]U∗ and (P −Q)2P = P −PQP = P (P −Q)2 so that for
instance (P − PQP )n+1 = (P − Q)2n+2P and hence is trace-class. This also provides the second
equality.

Next, note that P − PQP = P − PUPU∗P as well as Q − QPQ = U(P − PU∗PUP )U∗ so
that raised to power n + 1 and using cyclicity of trace for operators of the form UAU∗ with A
trace-class, we have that the above equals

Tr(P − PUPU∗P )n+1 − Tr(P − PU∗PUP )n+1.

The bounded operators PUP and PU∗P are such that R1 = P − PUPPU∗P = P (P −Q)P and
R2 = P − PU∗PPUP are such that RN1 and RN2 are trace-class. We thus apply [27, Proposition
19.1.14] (see also appendix where this Fedosov formula is recalled) to obtain that the index of
PU∗P on RanP is given TrRN1 −TrRN2 . This is also clearly the index of PU∗P + I −P on the full
Hilbert space.

Proposition 4.3 Assume Q = U1PU
∗
1 = U∗

2RU2 with P −Q and Q−R compact. Then

Index (P,R) = Index (P,Q) + Index (Q,R)

Proof. This is equivalent to IndexQU1U2Q = IndexQU1Q + IndexQU2Q. We know that
IndexQU1QU2Q = IndexQU1Q+IndexQU2Q from IndexAB = IndexA+IndexB. Now QU1(I−
Q)U2Q = U1P (P − Q)U2Q is compact so that we have IndexQU1U2Q = IndexQU1QU1Q by
stability of the index under compact perturbations.
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Fredholm index as an integral. Let us assume that P is a projection with Schwartz kernel
p(x, y) jointly continuous in (x, y) and such that

|p(x, y)| ≤ C

1 + |x− y|η
η > 2. (4.1)

Assume that U is multiplication by a complex-valued function u(x) with |u(x)| = 1 differentiable
away from a point (say x = 0) and such that

|u(x+ y)− u(x)| ≤ C
|x|
|y|
.

The winding number of u about the singularity x = 0 is denoted by N(U).
For instance, we may consider smooth modification of

un(x) =
(x+ iy)n

|x+ iy|n

and equal to 1 at the origin, say. Then N(U) = n.
With these preliminary statements, we obtain the first main result:

Proposition 4.4 Under the above hypotheses with Q = UPU∗ we have that (P −Q)p is trace-class
for p > 2 (while P−Q is compact so that the Index (P,Q) is defined) and in particular, using p = 3,

−IndexPUP =

∫
R6

p(x, y)p(y, z)p(z, x)(1− u(x)

u(y)
)(1− u(y)

u(z)
)(1− u(z)

u(x)
)dxdydz.

Proof. We observe that the Schwartz kernel of P −Q is p(x, y)(1− u(x)
u(y) ) so that if κ denotes the

Schwartz kernel of (P −Q)3, then the above right-hand side is nothing but the integral of κ(x, x).
So, it only remains to apply Russo’s criterion in Lemma A.3 for d = 2, p > 2, and n = 3. See [1,
Proposition 3.6] for details, which we do not reproduce here.

Time reversal invariance. When H, hence P is time-reversal symmetric, we have that p(x, y)
is real-valued. This implies that the triple product of p’s is even (invariant) under conjugation while

the triple product of u’s is odd as one verifies. For instance 1− u(x)
u(y) = 1− u(y)

u(x) since u(x)ū(x) = 1;
so the product of the three terms picks up a − term under conjugation. Therefore the index has to
vanish. It is really the presence of a magnetic field that ensures (besides providing spectral gaps)
that the index of PUP is not trivial.

Combes-Thomas-type argument. It remains to verify that (4.1) holds for P = χ(H ≤ E)
for E a Fermi energy between Landau levels. It turns out that p(x, y), the integral kernel of
P is exponentially decaying in |x − y| provided that E lands in a spectral gap of H. This is a
Combes-Thomas estimate, whose derivation is not entirely straightforward and would bring us a
bit too far off track. So, we simply refer to [1, Theorem A.1]. We observe there that (4.1) holds
for H = (D + A)2 + V in dimensions d = 2, 3 as soon as A and V are compact perturbations of
A0 = (0, Bx) and V0 = 0. For a detailed derivation of Combes-Thomas estimates for functionals of
the magnetic Schrödinger and several other operators, we refer the reader to [24].

Such estimate hold for smooth functions f(H), which is not the case for P . However, we assume
that E lives in a spectral gap of H. Therefore, P = Pε(H) where Pε(x) is a smooth function such
that P ′

ε(x) is supported inside the spectral gap. Moreover, H is semi-bounded, meaning that there
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is no spectrum in the vicinity of −∞. As a consequence, we may also replace χ by a function that
is smooth (as indicated above) and compactly supported. In other words, we may assume that
Pε(x) ∈ C∞

c (R) has compact support and is smooth. The Combes-Thomas estimates then imply
that the kernel of Pε(H) decays exponentially fast away from the diagonal.

Explicit index computation for Magnetic Schrödinger equations. We now want to es-
timate the above integral when the perturbation V = 0. We know that the above integral is
independent of any V that does not change the Landau levels significantly. Indeed, thanks to
Proposition 4.2, the index is stable against continuous perturbations tV for 0 ≤ t ≤ 1. It is this
stability against perturbation V and A that justifies all the efforts we have made.

Still, even when V = 0 and A = (0, Bx), the calculations are not entirely trivial as the operator is
not invariant by translation because the magnetic potential is not constant (even if B is). However,
it turns out that P and the kernel p still satisfy a form of covariance that is sufficient in our context.
More precisely, for any shift a ∈ R2, we can find a family of unitary (multiplication) transformations
Ua(x) such that

p(x, y) = Ua(x)p(x− a, y − a)U∗
a (y). (4.2)

Indeed, let Taf = f(x− a) the unitary (on L2(R2)) operation of shift by a ∈ R2. We verify that

TaA(x) = A(x− a) = (0, B(x− a1)) = A(x)−∇Λa(x), Λa(x) = (Ba1x2).

Here, we use x = (x1, x2) and a = (a1, a2). Define Ua(x) = e−iΛa(x). We observe that

eiΛa(x)De−iΛa(x) = D −∇Λa(x),

so that
Ta(D +A)2T−a = (D + (TaA))

2 = U∗
a (D +A)2Ua.

Here, Ua is the unitary operation of point-wise multiplication by Ua(x). Thus,

(UaTa)H(UaTa)
∗ = H, (UaTa)f(H)(UaTa)

∗ = f(H)

for any Borel function f and hence for P as well. Writing this for Schwartz kernels, (4.2) holds.
This implies in particular that

p(x, y)p(y, z)p(z, x) = p(0, y − x), p(y − x, z − x)p(z − x, 0)

since every object is scalar-valued. It thus remains to integrate∫
R2

(1− u(x− a)

u(x− b)
)(1− u(x− b)

u(x− c)
)(1− u(x− c)

u(x− a)
)dx = 2πiN(U)Area(a, b, c). (4.3)

That this remarkable geometric identity holds is a result of Alain Connes and is proved in detail
in [1, Lemma 4.4]; see also [36]. We do not reproduce the proof but still want to stress that this
identity is central in the explicit calculation of the index. We thus obtain

Theorem 4.5

IndexPUP = −2πiN(U)

∫
R4

p(0, x)p(x, y)p(y, x)x ∧ ydxdy

with x ∧ y = x1y2 − x2y1.
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As we mentioned above, for time-reversal invariant operators, p(x, y) is real-valued so that both
terms above have to vanish since the l.h.s. is clearly real-valued while the r.h.s. would be purely
imaginary.

For the Landau Hamiltonian, we have, as noted in the preceding lecture,

H = (D +A)2 = 2a∗a+ 1, a = −i
√
2(∂̄ +

z

4
).

We use here ℏ = B = e = 2m = 1 so that ωB = 2 and lB = 1. The Landau levels Em = 2m+1 are
populated by

|n,m⟩(z) = (πn!(m+ 1)!)−
1
2 (a∗)m(zne−

1
2
|z|2).

This provides a projection (check this using that |n,m⟩(0) = 0) onto the mth Landau level given
by

pm(0, z) = |m,m⟩(0)|m,m⟩(z).

The kernel of the projection operator is thus indeed smooth and (at least) exponentially decaying
as |z| → ∞.

Lemma 4.6 We have IndexPmUPm = −1.

Proof. (Sketch.) We use [1, Lemma 7.2] to compute the indices and obtain that IndexPmUPm =
−1 for U = z/|z| for each Landau level in [1, Proposition 7.3]. A sketch of the proof (also sketched in
the aforementioned reference) goes as follows. For a Landau level m fixed, the eigenvector |n,m⟩(z)
has angular momentum equal to n−m. This is clear from the zn component when m = 0 and may
be verified for other values of m. Now applying z/|z| to it maps n to n + 1 as we saw earlier in
the Laughlin argument. When projected back to the mth Landau level (by application of Pm), we
observe that PmUPm has the effect of mapping |n,m⟩ to c|n + 1,m⟩, where c = c(n,m) ̸= 0 is a
constant (independent of z).

Seeing PmUPm as a semi-infinite matrix A in the representation of PmL
2(R2) with basis n →

|n,m⟩ (at fixed Landau level m), we observe that A has vanishing entries except at entries (n, n′)
for which n′ + 1 = n. This matrix therefore has the same structure as a shift operator (where 1 is
replaced by cn ̸= 0). Now, if the coefficients cn are bounded and bounded away from 0, the matrix
A is also the representation of a Fredholm operator. As for the shift, we obtain that the kernel of
A∗ is one-dimensional while that of A is trivial. So, the index is −1 and this concludes the proof.

Remark 4.7 As an exercise, check that the required properties on cn,m really hold. Note that
we do not use the explicit expression obtained in Theorem 4.5 and the index may be computed
directly for the type of Fredholm operator satisfying the hypotheses of [1, Lemma 7.2]. We will
see that Theorem 4.5, once generalized to matrix-valued operators, finds applications the explicit
computation of indices for Dirac-type operators.

So, if the Fermi energy is between the mth and the (m + 1)st level, then for P = χ(H < E),
we have

IndexPUP|RanP = −m. (4.4)

Here, we use in fact that the index is additive (these are not entirely trivial results; see lemma
below) or we simply modify the above proof to get the result directly.

This concludes our analysis of the IQHE: When adiabatically moving from H to UHU−1 for
a relatively large class of Hamiltonians H with spectral gap, then the relative index associated to
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the pair P = χ(H < E) and Q = UPU∗ modeling adiabatic transport of electrons ‘to infinity’ is
indeed quantized. This corresponds to a quantized Hall conductivity σxy = νe/Φ0 that is stable
against perturbations of H. Moreover, ν is the number of Landau levels occupied below the Fermi
energy E. This explains the plateaus, their location, and their stability to a large extent.

Additivity of index. That the index is additive may be obtained as follows in our context.
Assume that P =

∑J
j=1 Pj with Pj orthogonal projectors on a Hilbert space H such that PjPk =

δjkPj . Define Qj = UPjU
∗ and Q = UPU∗ and assume that Qj−Pj is compact while (Qj−Pj)2n+1

is trace-class. Then we have

Lemma 4.8 Let Pj for 1 ≤ j ≤ J be as above and P =
∑J

j=1 Pj. Then

IndexPUP =
J∑
j=1

IndexPjUPj .

Proof. We have PUP =
∑

i,j PiUPj =
∑

i PiUPi + K, where we want to prove that K is
compact. Indeed, let j ̸= k and consider PjUPk. Since Pj −Qj = [U,Pj ]U

∗
j is compact, then so is

[U,Pj ] so that PjUPk = Pj [U,Pk] is compact (we used PjPk = 0). This shows that K is compact

and hence IndexPUP = Index
∑J

j=1 PjUPj . Now, PjUPj act on orthogonal subspaces of H so

that clearly Index
∑J

j=1 PjUPj =
∑J

j=1 IndexPjUPj . This concludes the derivation.

When P̃ = I − P and Q̃ = UP̃U∗, then P̃ − Q̃ is also compact. Under the assumption that
(P −Q)2n+1 and (P̃ − Q̃)2n+1 are trace-class, we obtain as above that

IndexPUP + Index P̃UP̃ = 0.

Note that if P projects onto the spectrum below E in a spectral gap, then P̃ projects onto the
spectrum above E. Then (P + P̃ )U(P + P̃ ) = U is a fredholm operator with trivial index.

5 Lecture 5.

Bulk invariant for regularized Dirac operator. We come back to Dirac operators and intro-
duce the modified Dirac operator

H = Dxσ1 +Dyσ2 + [m(y) + η∆]σ3.

Here, −∆ = D2
x + D2

y is the usual Laplacian and η > 0 is a real number small enough that
1− 2ηm(y) ≥ 0.

Remark 5.1 Dirac (and generalized Dirac) operators are by definitions operators H such that H2

is a Laplace (Beltrami) operator modulo lower-order terms. So, H above is a Dirac operator only
when η = 0. We will refer to the operator with η ̸= 0 as a modified Dirac operator.

Let us start with the bulk Hamiltonian withm(y) = m ̸= 0 constant and assume that 1−2ηm ≥ 0 (to
simplify the description of the spectral gap) with η ̸= 0 as well. We mostly follow the presentation
in [2].
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Self-adjointness and functional calculus. We first show that H is a self-adjoint operator as an
operator with domain D(H) ⊂ L2(R2;C2) = H. The domain is obtained so that (H± i)D(H) = H.

This domain of definition is best defined in the Fourier domain since

Ĥ(ξ) = ξ · σ + (m− η|ξ|2)σ3

where ξ = (ξ1, ξ2) is the dual variable to x = (x1, x2). This shows that

Ĥ2 = |ξ|2 + (m− η|ξ|2)2 = η2|ξ|4 + (1− 2ηm)|ξ|2 +m2 ≥ η2|ξ|4 +m2.

We thus define, with F−1 inverse Fourier transform,

D(H) = F−1{(η2|ξ|4 +m2)−1Ĥ(ξ)f̂ ; f̂ ∈ L2(R2;C2)}.

Then clearly, (H ± i)D(H) = H. Therefore, H is a self-adjoint operator from D(H) to H that is
in fact boundedly invertible. We then verify that the same domain actually makes

Dxσ1 +Dyσ2 + [m(y) + η∆]σ3 + V (x)

where V (x) is multiplication operator by a smooth Hermitian matrix compactly supported V (x), a
self-adjoint bounded operator on H, and where m(y) is similarly a smooth compact perturbation of
m constant. (Exercise: check this using, e.g., the Kato-Rellich criterion recalled in the Appendices).

Bulk invariant. Now that we have a self-adjoint operator, we use the spectral theorem to define
the projection operator

P (H) = χ(H − E < 0),

for −m < E < m. This is the same construction as the one we used for the magnetic Schrödinger
equation. Again, P = P (H) is defined spectrally since x → χ(x − E < 0), which equals 1 when
x− E < 0 and 0 otherwise, is a Borel function.

Note that E resides in a spectral gap since σ(H) ∩ (−m,m) = ∅. Let u(x) = x1+ix2
|x| the

unitary multiplication operator on L2(R2;C2) with U the unitary operator of multiplication by
u(x) as in the preceding lecture. We know that Index (P,Q) with Q = UPU∗ models the adiabatic
transition from an initial state to a final one where angular momentum is increased by one unity.
Our objective here is therefore to address this effect for a massive Dirac Fermion rather than a
magnetic Schrödinger model. We note that the Dirac Fermion has been regularized by η ̸= 0.
When the Dirac equation is derived as the macroscopic envelope of a microscopic description,
this corresponds to pushing the approximation to second-order rather than first-order. This may
provide a justification for η and its sign. Irrespective of how the model was derived, we will see
that regularization is necessary to define a two-dimensional topological invariant that resembles the
quantized Hall conductivity introduced in the preceding lecture.

Our main first result is as follows.

Theorem 5.2 Let H be the above bulk Hamiltonian and P (H) = χ(H−E < 0) for −m < E < m.
Then PUPRanP is a Fredholm operator and we have

−IndexPUPRanP =
1

2

(
sign(m) + sign(η)

)
. (5.1)

Note that the above expression is not even an integer when η = 0. We also observe that the phase
of the insulator is either trivial or not depending on the choice of the sign of the regularization.

The first step in the proof of the above theorem is the following
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Proposition 5.3 The operator (P − Q)3 = U [P,U∗][P,U ][P,U∗] is trace-class. If we denote by
κ(x, y) its Schwartz kernel, then

−IndexPUPRanP = Tr(P −Q)3 =

∫
R2

trκ(x, x)dx.

Proof. We have K := (P − Q) = [P,U ]U∗ = U [U∗, P ]. We wish to apply a matrix-valued
version of Russo’s criterion in Lemma A.3. Let Kij be the components of K for 1 ≤ i, j ≤ 2. We
prove that Kij ∈ I3 the Schatten class with p = 3. This implies that (P − Q)3 is trace-class and
that the trace is given by the trace of the integral on the diagonal of its Schwartz kernel.

Since H is gapped in (−m,m), we may as well replace E by 0 since χ(H < E) = χ(H < 0)
by spectral calculus. We then have an explicit expression for Ĥ(ξ) as 2 × 2 matrix in the Fourier
domain. If p(x, y) = p(x−y) is the kernel of P = 1

2(I−
H
|H|) using a polar decomposition H = U |H|

with U partial isometry and |H| = (H∗H)
1
2 = (H2)

1
2 and p̂(ξ) is its Fourier transform, we find

p̂(ξ) =
I

2
− 1

2

ξ · σ + (m− η|ξ|2)σ3
(|ξ|2 + (m− η|ξ|2)2)

1
2

.

Let B be a constant operator. Then P −Q = (P −B)−U(P −B)U∗ since U is multiplication by a
scalar quantity so that UBU∗ = B. The Schwartz kernel of the operator B is Bδ(x− y) and hence
B in the Fourier domain. We may therefore subtract B = 1

2(I + sign(η)σ3) and define R = P −B
so that the corresponding kernel is

r̂(ξ) = −1

2

ξ · σ
|ξ,m|

− 1

2
( sign(η) +

m− η|ξ|2

|ξ,m|
)σ3, |ξ,m| = (|ξ|2 + (m− η|ξ|2)2)

1
2 .

We find

|ξ,m| = |η||ξ|2
√
1 +

1− 2ηm

η2|ξ|2
+

m2

η2|ξ|4
.

As a consequence,

r̂(ξ) = −1

2

ξ · σ
|η||ξ|2

+O(|ξ|−2)

for large |ξ|. In two-space dimensions, this implies that after inverse Fourier transform of Riesz
potentials,

r(x) = C
x · σ
|x|2

+O(| ln |x||).

This shows that p(x) has a leading singularity in the vicinity of x = 0 of the form |x|−1. This is
in sharp contrast to the kernel in the magnetic Schrödinger case seen in a preceding lecture, where
p(x) is shown to be smooth.

We also observe that for α = (α1, α2) with |α| = α1 + α2 a multi-index, then

|∂αp̂(ξ)| ≤ Cα⟨ξ⟩−|α|, ⟨ξ⟩ =
√

1 + |ξ|2.

This decay of p̂(ξ) comes from the spectral gap assumption on H. The inverse Fourier transform
thus satisfies that |xα||p(x)| is bounded for any multi-index α. Controlling the coefficients Cα more
precisely, we may be able to show that p(x) decays exponentially rapidly as |x| → ∞.

Collecting the above results, we obtain that (again, u(x) is scalar-valued while p(x− y) is 2× 2
matrix-valued)

|p(x− y)− q(x, y)| = |p(x− y)(1− u(x)

u(y)
)| ≤ Cβmin

(
1,

|x− y|
|y|

) 1

|x− y|⟨x− y⟩β
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for any β ∈ N. The above minimum may be seen as an upper bound for |1− u(x)
u(y) |.

Let K = P −Q with 2× 2 matrix-valued kernel k(x, y) = p(x− y)− q(x, y). We wish to show
(with 1

q +
1
p = 1) that (∫

R2

( ∫
R2

|k(x, y)|qdx
) p

q dy
) 1

p ≤ C. (5.2)

When the above holds for p > 2, then K is the Schatten class Ip(R2) and with p = 3, we thus find
that K3 = (P −Q)3 ∈ I1 is trace-class. Moreover, as in Lemma A.3, the trace Tr(P −Q)3 may be
obtained by integrating the Schwartz kernel of (P −Q)3 along the diagonal.

It thus remains to show (5.2). This estimate is done in detail in [2, Lemma 3.3]. We do not
reproduce this proof here and leave the rest of the derivation as an exercise.

In the magnetic Schrödinger case, we directly computed IndexPUP by using a representation
of Landau levels in modes with prescribed angular momentum. Here, we use a different, and quite
powerful, strategy based on estimating the integral of the Schwartz kernel along the diagonal. This
calculation is significantly simplified by the fact that p(x, y) = p(x − y), which comes from the
invariance by spatial translation of the modified Dirac operator (or any differential operator with
constant coefficients). As in the magnetic Schrödinger case, the geometric identity (4.3) is central.
We have

Lemma 5.4 We have

Tr(P −Q)3 = −2πi

∫
R4

tr p(−x)p(x− z)p(z) x ∧ (x− z) dxdz.

Proof. The trace of (P −Q)3 is given explicitly by

T :=

∫
R2×3

p(x1, x2)(1−
u(x1)

u(x2)
)p(x2, x3)(1−

u(x2)

u(x3)
)p(x3, x1)(1−

u(x3)

u(x1)
)dx1dx2dx3.

Changing variables x = x1 and yj = xj+1−x1 for j = 1, 2, we get using the translational invariance
of P

T =

∫
R2×2

p(−y1)p(y1 − y2)p(y2)(2πi)y1 ∧ y2dy1dy2 (5.3)

using the geometric identity (4.3) written as∫
R2

(1− u(x)

u(y1 + x)
)(1− u(y1 + x)

u(y2 + x)
)(1− u(y2 + x)

u(x)
)dx = 2πi(−y1) ∧ (−y2).

Here, x ∧ z = x1z2 − x2z1 = (x− z) ∧ z is the (two-dimensional) volume of the parallelogram with
vertices 0, x, and z (and x+ z). This gives the result.

Chern number. We will come back to a more systematic approach to the topological classifica-
tion of (vector or principal) bundles. Here, we are faced with the following situation. For ξ ∈ R2,
we have a family of projectors P̂ (ξ). Moreover, as |ξ| → ∞, P̂ (ξ) converges to 1

2(I − σ3) = ( 0 0
0 1 )

in our case of interest. In other words, it is important to see the family ξ → P̂ (ξ) as defined on
the one-point compactification of R2, where all points at infinity are identified with the south pole,
say, of a sphere.

For P̂ (ξ) such a family of projectors, we define the Chern number

Ch[P̂ ] =
i

2π

∫
R2

tr P̂ [∂1P̂ , ∂2P̂ ]dξ =
i

2π

∫
R2

tr P̂ dP̂ ∧ dP̂ . (5.4)
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Here, ∂j =
∂

∂ξj
while dP̂ = ∂1P̂ dξ1 + ∂2P̂ dξ2, from which the second equality easily follows (with

dξ1 ∧ dξ2 = −dξ2 ∧ dξ1).
An important property of the above object, which is a topological invariant (as is the index of

a Fredholm operator), is that it is always integer-valued. Moreover, from the above derivation, we
obtain that

Corollary 5.5 We have
−IndexPUP = Ch[P̂ ].

Proof. We look at the right-hand side in (5.3) and refer to the Appendices for conventions
on Fourier transforms. Then (2π)2

∫
f(−x)g(x)dx =

∫
f̂ ĝdξ for f = p while g = g1 ∗ g2 with

gl(x) = xlp(x) for l = 1, 2. The right-hand side in (5.3) is then seen to equal the Chern number
defined in (5.4).

It thus remains to compute the Chern number. We will consider several ways to do so in future
lectures. Here, we simply estimate the integral defining it above and obtain:

Lemma 5.6 We have

Ch[P̂ ] =
sign(m) + sign(η)

2
.

Proof. Recall that P̂ = 1
2(I −

Ĥ
|Ĥ|

) so that

−2∂jP̂ = ∂j
1

|Ĥ|
Ĥ +

1

|Ĥ|
∂jĤ.

Since trA[B,C] = trB[C,A] for matrices A,B,C, and [P̂ , ∂jP̂ ] =
1

4|Ĥ|2
[Ĥ, ∂jĤ], we observe that

we need to compute

Ch[P̂ ] =
i

2π

∫
R2

−1

8|Ĥ|3
tr Ĥ[∂1Ĥ, ∂2Ĥ]dk.

With Ĥ = k · σ + (m− η|k|2)σ3, we observe that ∂jĤ = σj − 2ηkjσ3 so that

[∂1Ĥ, ∂2Ĥ] = [σ1, σ2]− 2ηk1[σ3, σ2]− 2ηk2[σ1, σ3],

with therefore, using the identity [σi, σj ] = 2iεijkσk (for instance [σ1, σ2] = 2iσ3) with εijk the
(Levi-Civita) antisymmetric tensor such that ε111 = 1,

tr Ĥ[∂1Ĥ, ∂2Ĥ] = 4i
(
(m− η|k|2) + 2η|k|2

)
= 4i(m+ η|k|2).

As a consequence,

Ch[P̂ ] =
1

4π

∫
R2

m+ η|k|2

(|k|2 + (m− η|k|2)2)
3
2

dk =
1

2

∫ ∞

0

(m+ ηr2)r

(r2 + (m− ηr2)2)
3
2

dr =: I

We verify that the above integral equals 1
2( sign(m)+ sign(η)). Indeed following [31] and introducing

cos θ =
m− ηr2

(r2 + (m− ηr2)2)
1
2

,

with rdr = 1
2dr

2, we observe that

I =

∫ ∞

0
−∂cos θ

∂r2
1

2
dr2 = −1

2

∫ β

α
d cos θ =

1

2
(cosβ − cosα)
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where α = π
2 (1− sign(m)) is obtained in the limit r2 → 0 while β = π

2 (1 + sign(η)) is obtained in
the limit r2 → ∞.

Such integrals provide a quick way to compute invariants, for instance numerically since the
above integrals are absolutely convergent. We will consider other, more practical, ways to compute
the invariant that will elucidate the above change of variables, which appears to come out of nowhere
in the above derivation.
The above steps also conclude the proof of Theorem 5.2.

Remark 5.7 (Un-regularized Dirac.) For the un-regularized Dirac operator with η = 0, we
verify that P̂ (ξ) remains singular as |ξ| → ∞ and in particular depends on the direction ξ̂ = ξ

|ξ| .
We are not able to apply the Russo criterion in this setting. In fact, using the above calculations, we
also observe that Ch[P̂ ] is in fact also defined when η = 0 and takes the value 1

2 sign(m); indeed we

find that cos θ → 0 as r → ∞ in that setting. Therefore, Ch[P̂ ] is not integral-valued and may not
be defined as a true invariant. Mathematically, this is related to the fact that P̂ (ξ) depends on the
direction ξ̂ as |ξ| → ∞ so that the plane R2 cannot be compactified to a sphere while maintaining
the continuity of P̂ (ξ) on the sphere.

The Dirac operator with η = 0 therefore cannot be assigned a bulk phase, at least not with our
interpretation using the adiabatic transformation between P and UPU∗.

The solution to this issue was to regularize the operator with η ̸= 0. However, the above
calculations show that the phase depends on the sign of the regularization.

Topological insulators in practice manifest themselves by peculiar, asymmetric, transport prop-
erties at interfaces separating insulators in different ‘phases’. We are then not so much interested
in the individual phases of the insulators as we are in the phase differences. Assume a (modified
or not) Dirac operator with mass term m+ in an upper half space and another operator with mass
m− in the lower half space. The asymmetric transport observed along the interface separating this
insulators should depend only on the difference of phases. And indeed, we have that

sign(m+)− sign(m−)

2
∈ Z

is an integer independent of the sign (or even the presence) of the regularization parameter η.
We will show below in many settings that quantized asymmetric transport is indeed character-

ized by such a difference even when the phases of both insulators cannot be defined unambiguously
(i.e., without regularization). Moreover, even if Chern numbers for each insulator may not be
defined as an invariant, we will introduce a notion of bulk-difference invariant, which is quantized
as an integer, and characterizes the phase transition between the insulators. The bulk-edge corre-
spondence then states quite generally that this bulk-difference invariant is directly related to the
quantized asymmetric transport observed at the interface.

Once we have obtained the index of a Fredholm operator P (H)UP (H), we observe that any
perturbation V of H such that P (H + V ) − P (H) is a compact operator ensures that P (H +
V )UP (H + V ) remains Fredholm with the same index as PUP . We quantify perturbations V
such that an index modeling asymmetric transport remains stable in Lecture 8 and in particular
in Remark 8.9; see also [2] for details on the bulk theory of the modified Dirac operator.

6 Lecture 6.

Asymmetric transport in one dimensional setting. We now come back to the asymmetric
transport observed at the interface separating two topological insulators. The physical observable

31



characterizing this asymmetric transport is σI defined in (1.5). It plays a similar role to describe
interface transport as σB = σxy does for two-dimensional bulk invariants (with B standing for Bulk
while I stands for Interface).

Before looking at two-dimensional Hamiltonians, which will occupy us for most of the rest of
these lectures, we start with operators in one space dimension. Since the domain wall provides
confinement and hence generates a wave guide, the notions of asymmetric transport for unconfined
one-dimensional models and for laterally confined two-dimensional models are actually quite similar
beyond technical details.

One dimensional transport equation. We thus start with the simplest of one dimensional
operators, namely H = D = Dx acting on a domain D(D) = H1(R) ⊂ L2(R) and a self-adjoint
operator in that sense. The operator D is the quintessential asymmetric transport model. Solving

(Dt +Dx)u(t, x) = 0, u(0, x) = u0(x)

with Dt = −i∂t yields u(t, x) = e−iDxtu0(x) = u0(x− t).
Moreover, this asymmetric transport is robust to (Hermitian) perturbations. Let V (x) be a

real-valued (measurable) bounded function and define W (x) =
∫ x
0 V (y)dy. Then

Dx + V = e−iWDxe
iW

so that
(Dt +Dx + V )u(t, x) = 0, u(0, x) = u0(x)

is solved by u(t, x) = e−iW (x)e−iDxt[eiWu0](t, x) = e−iW (x)eiW (x−t)u0(x−t) with probability density
|u|2(t, x) = |u0|2(x− t) as in the unperturbed case.

This operator is not time-reversal symmetric, since applying a time reversion toD produces −D.
As such, it is somewhat unlikely to describe many meaningful physical problems as a stand-alone
operator. But it arguably serves as the simplest model of asymmetric transport.

Edge conductivity. Let us come back to the conductivity

σI [H] = Tr i[H,P ]φ′(H).

It turns out that for P (x) and φ(H) reasonable functions, then, as we shall derive,

2πσI [Dx] = 2πσI [Dx + V ] = 1,

reflecting the above asymmetric transport and its robustness. Before obtaining such a result, we
consider an object that is in fact even more robust than σI as it is related to the index of a Fredholm
operator also of the form PUP .

First of all, we observe that a commutator acts as a form of (non-commutative) derivation
since [AB,C] = A[B,C] + [A,C]B. Here, the role of C is played by P = P (x) the operator of
multiplication by P (x). In the definition of σI , we need some smoothness conditions on P so that
[H,P ] is defined as a reasonable (bounded) operator when H = D. In the form PUP , P will
have to be a projection, for instance P (x) = θ(x) the Heaviside function. Let ϕ(h) ∈ C∞

0 (R) and
consider

[Hn+1, P ]ϕ(H) = H[Hn, P ]ϕ(H) + [H,P ]Hnϕ(H) ≡ [Hn, P ]Hϕ(H) + [H,P ]Hnϕ(H)

≡ (n+ 1)[H,P ]Hnϕ(H) = [H,P ](Hn+1)′ϕ(H),
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invoking some cyclicity, for instance A ≡ B meaning that TrA = TrB, and iterating the derivation.
We will in fact justify such manipulations later. Since polynomials are dense in many spaces
functions with compact support, the above can be generalized to

[ψ(H), P ]ϕ(H) ≡ [H,P ]ψ′(H)ϕ(H).

Let us assume that ψ(H) = U(H) = e2πiφ(H) a unitary operator and that ϕ(H) = U∗(H) =
e−2πiφ(H). Then

[U(H), P ]U∗(H) ≡ [H,P ]2πiφ′(H)e2πiφ(H)e−2πiφ(H) = 2πi[H,P ]φ′(H).

Therefore, assuming the quantities are defined, and they better be in cases of interest, then

Tr [U(H), P ]U∗(H) = 2πσI [H].

In the right-hand side, assuming that P is a projector, we recognize the trace of Q − P in the
Fedosov formula used in Lecture 4, assuming the latter is trace-class, and hence Index PUPRanP .

Fredholm operator P (x)U(H)P (x). We now look at the operator PUP when H = D. Note an
important difference with the two-dimensional case treated in the past two lectures. In the latter
case, P (H) was a projector constructed spectrally while U was a unitary operator of multiplication
by u(x) = (x1+ ix2)/|x|. Operators of the form PUP with P (H) and U(x) possibly matrix-valued,
are useful in even dimensions (where a confined dimension does not count as a dimension). Oper-
ators of the form PUP with P (x) and U(H) possibly matrix-valued, are useful in odd dimensions.
For more information on these structures and the related ones of Fredholm modules and spectral
triples that permeate the literature on the mathematical analysis of topological insulators, see, e.g.,
[36] and [2] for its applications to systems of Dirac operators.

So for us, P (x) is a projector, for instance the Heaviside function equal to 1 for x ≥ 0 and 0 for
x < 0. And U(H) is a unitary operator, which we take of the form

U(H) = ei2πφ(H)

with φ(h) a smooth function converging to 0 at −∞ and to 1 at +∞. We could consider more
general functions such that ei2πφ(h) has the same limit at ±∞ and hence is continuous as an object
seen on the one–point compactification of R given by R ∪∞ ∼= S1 the unit circle.

We now wish to compute the index of PUP for H = D (and hopefully get 1 for φ as above).
We will see that the index is defined for a class of functions φ that is larger than the class for which
Q−P = [U,P ]U∗ is trace-class. Proving the latter statement is in fact not entirely straightforward
since criteria allowing us to know when an operator is trace-class are not trivial.

An explicit example. Consider the function φ(h) = 1
2 + 1

π arctanh so that

U = −ei2 arctanD =
iD + 1

iD − 1
= I +W, W :=

2

iD − 1
.

This operator is invariant under spatial translations so that in the Fourier domain it corresponds
to multiplication by û(ξ) = 1 + ŵ(ξ), where

ŵ(ξ) =
2

iξ − 1
=

−2(1 + iξ)

1 + ξ2
, w(x) = −2θ(−x)ex,
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with θ(x) the Heaviside function and w(x) the inverse Fourier transform of ŵ (Exercise:check).
We thus verify that

û∗∂ξû =
2i

1 + ξ2

so that

w1[û] =
1

2πi

∫
R
û∗∂ξûdξ =

1

π
arctan ξ

∣∣∣∞
−∞

= 1.

Here, w1[û] is the winding number associated to the operator U with Schwartz kernel u(x − y)
and Fourier symbol û(ξ).

The winding number is typically defined over the unit circle S1 = [0, 2π]/0∼2π. By some stere-
ographic projection, we may map R to its one-point compactification S1 by gluing ±∞ at θ = 0,
say. Let π be the corresponding map from S1 to R. By construction, û(−∞) = û(∞) so that
π∗û(θ) := û(π ◦ θ) is continuous on S1. Moreover dπ∗û = π∗dû in their respective variables so that
w1 is the usual winding number of π∗û(θ).

The winding number w1 of an invertible continuous function û from S1 to C\{0} is a topological
invariant. It captures the number of times the path (θ, û(θ)) winds around the origin in the complex
plane as θ runs from 0 to 2π. This invariant is independent of continuous homotopy deformations
of û. We will come back to such invariants and more general degrees of maps.

So, associated to U is an invariant w1[û(ξ)], which is defined when H has constant coefficients
and hence acts as a Fourier multiplier in the Fourier domain. As indicated above, we also want to
look at the operator P (x)U(H)P (x).

When φ(h) = 1
2 + 1

π arctanh, we verify using the above construction that PUPf = 0, i.e., f is
in the kernel of PUP if and only if f properly normalized is given by

f(x) = θ(x)e−x.

We also verify that the kernel of PU∗P is trivial (since it is formally composed of non-normalizable
functions). This is a function supported on the positive half line x > 0 such that Pf = f . When P
is replaced by UPU∗, then Index (P,Q) = −Index PUPRanP morally models the number of modes
going from the right of x = 0 to the left of x = 0. For H = D, we expect Index PUPRanP = 1
and this is indeed the case: the mode f(x) is mapped by the unitary transformation to Uf(x) =
θ(−x)ex = f(−x) and verifies PUf = 0. We also find that

Qu = UPU∗Uf = Uf so that (P −Q+ I)Uf = 0.

We thus have an explicit expression relating the kernels of P −Q±I with those of PUP and PU∗P
for this specific example; see the index of pair of projections considered in Lecture 4. The function
Uf is mapped by U∗ to U∗Uf = f . So a function Uf supported on the left of x = 0 is mapped to
a function f supported on the right of x = 0. This corresponds to the transport of one mode from
left to right as expected for H = D.

Note, however, that the function f(x) is not smooth at the origin. This is related to the fact
that ŵ(ξ) converges slowly to 0 as |ξ| → ∞, something that will create technical difficulties.

PUP as a Fredholm operator. The Fedosov theory mentioned earlier in our analysis of the
magnetic Schrödinger operator and recalled in the appendices shows that PUP is a Fredholm
operator as soon as we can show that (P − Q is compact and) an appropriate power of P − Q is
trace-class. We first show that P−Q is Hilbert-Schmidt for a large class of functions φ(h) including
the one considered above.
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Since P −Q = [P,U ]U∗ = [P,W ]U∗, it is sufficient to show that [P,W ] is Hilbert-Schmidt (HS).
Being HS is equivalent to having a square-integrable Schwartz kernel (see appendix). Therefore,
with w(x− y) the Schwartz kernel of W ,

∥[P,W ]∥22 =
∫
R2

(p(x)− p(y))2|w(x− y)|2dxdy.

When the above integral is finite, then [P,W ] is HS. This is the case when w(x) = 2θ(−x)ex and
p(x) = θ(x) although this requires some verification as p does not decay at infinity. We have∫

R2

(p(x)− p(y))2|w(x− y)|2dxdy =

∫
R

(∫
R
(p(y + z)− p(y))2dy

)
|w(z)|2dz.

Now ∫
R
(p(y + z)− p(y))2dy = |z|

as one verifies (only when y is between 0 and z is the integrand non-zero and then equal to 1). So,
the operator is HS when ∫

R
|z||w(z)|2dz <∞. (6.1)

A sufficient criterion is therefore that w ∈ L2
1
2

(R) where

L2
δ(Rd) = {f ∈ L2(Rd) such that |x|δf(x) ∈ L2(Rd)}. (6.2)

In such cases, we therefore obtain that P − Q is Hilbert-Schmidt and hence that PUPRanP is a
Fredholm operator.

Index Computation and Stability. How do we compute Index PUPRanP ? We just saw that
P −Q was HS so that (P −Q)n is trace-class for n ≥ 2 and in particular n = 3.

Is P −Q itself trace-class? This is highly unlikely although we do not present any proof (since
this is not needed eventually). Looking at [P,W ], which would also be trace-class, we might expect
to compute the trace as the integral∫

R

(
(p(x)− p(y))w(x− y)

)
y=x

dx.

While p(x)− p(y) vanishes on the diagonal, the evaluation w(0) is not defined as w precisely has a
jump there. Looking at the kernel of [P,W ]U∗ means (since U∗ = I+W ∗) looking at an integral of
the form

∫
(p(x)−p(y))w(x−y))δ(y−x)dydx, which again is problematic since w(z) is discontinuous

at z = 0.
We develop an alternative strategy based on the stability of the index.
Consider Uφ = ei2πφ(H) for φ as above and Uψ = ei2πψ(H) with ψ to be constructed. The

operator PUφPRanP is Fredholm and so there is an open neighborhood where every Fredholm
operator has the same index. We construct Uψ in that neighborhood. We want for ∥f∥ = 1,

∥(Uφ − Uψ)f∥ = C∥(ei2πφ̂(ξ) − ei2πψ̂(ξ))f̂∥ ≤ C sup
ξ

|ei2πφ̂(ξ) − ei2πψ̂(ξ)|∥f∥.

Now we choose ψ̂ smooth equal to φ̂ on (−M,M) and equal to −1 on ξ < −M−1 and equal to 1 on
ξ ≥M +1, say. ForM large enough, the above supremum is as small as necessary. We clearly have
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that PUψP is Fredholm (on RanP ) and hence the indices are the same. A theory for trace-class
operators we devise next applies to Uψ and we get that the index is given by the winding number
of ûψ. However, that winding number is clearly the same as that of the initial ûφ since winding
numbers are defined quite generally. So the index of PUPRanP is 1 when πφ(H) = arctanH.
Again, it is quite unlikely that [P,U ]P ∗ is trace-class so that we cannot apply the Fedosov formula
directly. The above result shows that the Toeplitz operator has the same index for ψ a smooth
version of φ.

Index Computation and trace estimates. We just saw above how to approximate an operator
PUP with (P −Q) H.S. by an operator for which ŵ(ξ) is smooth. When the latter holds, we now
prove that P −Q is trace class and that

Index PUPRanP = Tr(Q− P ) = Tr[W,P ]U∗ =

∫
R2

(p(x)− p(y))w(x− y)u∗(y − x)dxdy.

This is the integral along the diagonal of the Schwartz kernel of the operator Q− P .

Trace-class property. We now find a criterion ensuring that P − Q is trace-class with trace
given by the integral of the kernel of P −Q along the diagonal. We use trace-class criteria recalled
in the appendices.

Lemma 6.1 Let p(x) ∈ S[0, 1] and w(x) ∈ C3(R) such that ⟨x⟩β∂αw ∈ L1(R) for β > 2 and all
|α| ≤ 3. Then the operator [P,U ] = [P,W ] with Schwartz kernel (p(x)−p(y))w(x−y) is trace-class
with vanishing trace.

Proof. First, let p̃ ∈ S[0, 1] be a smooth switch function. Then p − p̃ is compactly supported.
Thus

(p(x)− p(y))w(x− y) = (p̃(x)− p̃(y))w(x− y) + (p(x)− p̃(x))w(x− y)− w(x− y)(p(y)− p̃(y))

so that [P,U ] may be written as a sum of three corresponding operators. Since (p(x) − p̃(x)) is
bounded and compactly supported and ŵ ∈ L2

δ for some δ > 1
2 by assumption on w, we apply

criterion A.5 to the above last two terms and obtain that the operator [P − P̃ , U ] is trace-class.
We may now assume that p(x) is a smooth function. We write p(x)− p(y) = p(x)(1− p(y))−

p(y)(1 − p(x)) and consider the operator with kernel b(x, x − y, y) = (1 − p(x))p(y)w(x − y). We
observe that b(x, x − y, y) indeed vanishes when x is large or when −y is large. The estimates on
w allow us to verify (A.3) and hence obtain that A = [P,W ] is trace-class.

It remains to show that the trace of [P,U ] vanishes. When P is smooth, we apply Lemma A.4
and integrate (p(x) − p(y))w(x − y)) along the diagonal, which vanishes. When p is not smooth,
we approximate it by a smooth function pε. The approximation leads to an error corresponding to
kernels of the form (p − pε)(x)w(x − y). Since p − pε is arbitrarily small in L2

δ for δ > 1
2 , we may

apply criterion A.5 to obtain that the difference of traces for [P,U ] and [Pε, U ] is negligible. This
shows that the trace of [P,U ] also vanishes for an arbitrary p(x) ∈ S[0, 1].
Note that none of the operators P , W , PW , or WP are trace-class. Still, [P,W ] = [P,U ] is
trace-class with a vanishing trace.

We have obtained that [P,U ] was trace-class. Since U∗ is bounded, [P,U ]U∗ is also trace-class.
The kernel of the operator is a(x, z) =

∫
(p(x)− p(y))u(x− y)u∗(y− z)dy. When p is smooth, then

a(x, y) is jointly continuous in (x, y) so that following Appendix A the trace of [P,U ]U∗ is given
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by the integral of a(z, z) over R. When p(x) is not smooth, we may approximate it by a smooth pε
up to a negligible error and pass to the limit as ε→ 0 to obtain that

Tr[P,U ]U∗ =

∫
R2

(p(x)− p(y))u(x− y)u∗(y − x)dxdy.

When P 2 = P is a projector, then we have that the trace also provides an expression for the index
of the Fredholm operator:

Tr[P,U ]U∗ = −IndexPUPRanP =

∫
R2

(p(x)− p(y))u(x− y)u∗(y − x)dxdy.

Note that for w(x − y) = −2ex−yθ(y − x) for U = (iH) + 1/(iH − 1), then ŵ(ξ) is not in L1 and
the above Lemma does not apply directly.

Traces and winding numbers. It remains to compute −Index PUPRanP . We identify it with
the winding number of u as follows:∫

R2

(p(x)− p(y))u(x− y)u∗(y − x)dxdy =

∫
R

∫
R
[p(x)− p(x+X)]dxu(X)u∗(−X)dX

=

∫
R
Xu(X)u∗(−X)dX =

i

2π

∫
R
∂ξû(ξ)u

∗(ξ)dξ =
−1

2πi

∫
R
û∗(ξ)dû(ξ) = −w1[û],

the winding number of û, the Fourier transform of u(x). In the middle, we used a Parseval identity
along with ∂ξ → −iX, to move to an integral over dual Fourier variables.

Winding number and spectral flow. Let H be an operator invariant by translation in x and
with Fourier transform the family of operators ξ → Ĥ(ξ). The eigenvalues Ej(ξ) of Ĥ(ξ) may
typically be chosen continuous and for H = D, we have Ĥ(ξ) = ξ = E(ξ) with one branch.

The spectral flow of H, denoted by SF(H), is the number of times the branches Ej(ξ) cross a
given value, say E = 0, with crossing counted positively when E′

j(ξ) > 0 and counted negatively
when E′

j(ξ) < 0. We assume that no Ej(ξ) has 0 as a critical value (i.e., at those values of ξ such
that E′

j(ξ) = 0, then Ej(ξ) ̸= 0). The spectral flow is easily seen to be topological insofar as it is
independent of continuous deformations of the branches Ej(ξ) so long as the limits at ±∞, which
are assumed different from 0, are kept constant during the deformation.

We recall that û(ξ) = ei2πφ(ξ) since Ĥ ≡ ξ for H = D with φ(E) a continuous function of E
going from 0 at −∞ to 1 at +∞. The winding number of û may thus be identified with the spectral
flow of H.

For H = D so that E(ξ) = ξ the unique branch of spectrum, we clearly observe that SF(D) = 1,
which is also the winding number of û.

Winding number and edge current. Let us come back to the observable modeling edge
current:

σI [D] = Tr i[D,P ]φ′(D).

We now have to assume that P (x) is a smooth(er) function with P (x) = θ(x) outside of a com-
pact domain, say, so that P ′(x) is defined and compactly supported. Then A = i[D,P ]φ′(D) =
P ′(x)φ′(D) and the trace-class criterion (A.5) applies provided P ′(x) ∈ L2

δ and φ′(ξ) ∈ L2
δ as well

for δ > 1
2 . When both functions are smooth and compactly supported, these assumptions clearly
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hold and A is indeed trace-class. Moreover, since the kernel of A is smooth, we may apply (A.2)
to obtain, using the notation ψ̌(x) for the inverse Fourier transform of φ′ that

2πσI = 2πTrA = 2π

∫
R
P ′(x)ψ̌(0)dx = 2πψ̌(0) =

∫
R
φ′(h)dh =

1

2πi

∫
R
e−2πiφde2πiφ = 1.

So, the asymmetric transport associated to D is again obtained as a winding number associated to
φ(ξ) (more precisely the winding number of û = ei2πφ). This also shows, for this specific example,
that 2πσI = Index PUPRanP . Note, however, that we have different notions of P (x) in these two
cases: a smooth version to construct 2πσI and a more singular version to construct Index PUPRanP

since P needs to be a projector. When P is a smooth approximation of P̃ (x) = θ(x) the Heaviside
function, we have to replace Index PUPRanP by IndexPUP + I − P , which is defined and equal
to Index P̃UP̃ . The reason is that P − P̃ has compact support and as one verifies (P − P̃ )W is a
compact perturbation (and even trace-class applying (A.5)). So, in summary,

2πσI = 2πTr i[D,P ]φ′(D) = IndexPUP + I − P = Index P̃UP̃RanP̃ = w1[û] = 1.

This is also given by Tr(Q̃ − P̃ ) = Tr[U, P̃ ]U∗ = Tr[U,P ]U∗ as one verifies. However, there does
not seem to be a direct relation between IndexPUP + I − P and Tr[U,P ]U∗ when P is a smooth
function.

Summary. For U = I+W such that [P,U ] = [P,W ] is Hilbert-Schmidt, we have that PUPRanP is
a Fredholm operator. Approximating w by w̃ sufficiently smooth, we obtain that Index PUPRanP =
IndexPŨPRanP by stability of the index. We next obtain that [P, W̃ ] and hence [P, Ũ ]Ũ∗ is trace-
class with trace given by the integral along the diagonal of the operators’ Schwartz kernel. That
integral is then shown to equal the winding number of ˆ̃u, and hence by stability of the winding
number, also that of û = ei2πφ.

This provides a method to show that the index associated to U = iD+1
iD−1 equals 1 even though

P −Q may not be trace-class.
When P is a smoother function, we may define 2πσI = 2πTri[H,P ]φ′(H) and obtain that the

latter quantity also equals the winding number of û, which is 1.

7 Lecture 7.

Dirac operator and asymmetric transport. We now consider asymmetric transport proper-
ties for the specific example of two dimensional Dirac operators. Since a regularization η∆ is not
needed here and would complicate a number of calculations, we assume η = 0 and consider the
model

H = D · σ +m(y)σ3.

As we did in the first lecture, it is convenient to consider the operator QHQ, still called H and
given by

H = Dxσ3 −Dyσ2 +m(y)σ1 =

(
Dx a

a∗ −Dx

)
, a = ∂y +m(y), a∗ = −∂y +m(y)

with a∗ a formal adjoint to a. Since H is invariant by translation in the x variable, we consider the
partial Fourier transform Ĥ = Fx→ξHF−1

ξ→x with

Ĥ = Ĥ(ξ) =

(
ξ a

a∗ −ξ

)
, Ĥ2(ξ) =

(
ξ2 + aa∗ 0

0 ξ2 + a∗a

)
.
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More precisely, we define the direct sum H = F−1
∫ ⊕
R Ĥ(ξ)dξF over the direct sum L2(R2;C2) =∫ ⊕

R L2
ξ(R;C2)dξ where L2

ξ(R;C2) is the space of functions eixξf(y) with f(y) ∈ L2(R;C2) and Ĥ(ξ)

acts on a domain in L2
ξ(R;C2) with range in the latter space.

We saw in the first lecture that when e−M(y) ∈ L2(R) for M(y) =
∫ y
0 m(z)dz, then we could

construct modes that were localized close to the axis x = 0. To construct U(H), we need more
information on the spectrum of H and the family Ĥ(ξ).

To simplify derivations, we assume that m(y) is a bounded Lipschitz function equal to m+ when
y > L and equal to m− when y < −L for some m0 = min{|m+|, |m−|} > 0 and some L.

Let now φ be a smooth non-decreasing function such that φ′(h) is supported in (−m0,m0) while
φ(−m0) = 0 and φ(m0) = 1. As in the preceding lecture, we denote

U [H] = ei2πφ(H), W [H] = U [H]− I.

Let P be the operator of multiplication by p(x, y) = θ(x) the Heaviside function independently of
y. The objective of this lecture is to show the following.

Theorem 7.1 Let H and φ be as described above. Then PUPRanP is a Fredholm operator and

Index PUPRanP =
1

2

(
sign(m−)− sign(m+)

)
.

Note that this is the same index as Index a introduced in the first lecture.

Remark 7.2 This is a bulk-edge correspondence: The edge asymmetric transport given by the index
is quantized and given by the difference of bulk properties of the two bulks y > 0 and y < 0.

The rest of this lecture is devoted to a proof of this result.
By spectral calculus recalled in the appendix, F−1f(H)F = f(F−1HF) for f ∈ C∞

c (R) so that

W [H] = F−1

∫ ⊕

R
W [Ĥ(ξ)]dξ F .

Note that W has compact support in (−m0,m0) by construction of φ. It is therefore sufficient to
identify the spectrum of Ĥ(ξ) in that range and from the expression for Ĥ2, the spectrum of a∗a.

Lemma 7.3 The part of the spectrum of a∗a in the interval [0,m2
0) is discrete and composed of

a finite number of distinct J eigenvalues 0 < λj ≤ m2
0 for 1 ≤ j ≤ J plus a one-dimensional

contribution λ0 = 0 when the index ε in the above theorem is ε = ±1.
Associated are eigenvalues of Ĥ(ξ) given by

Em(ξ) = ±(λj + ξ2)
1
2 , m = (±, j) (7.1)

and rank-one projectors Πm(ξ) = ψm(ξ, y) ⊗ ψm(ξ, y). The eigenvectors ψm(ξ, y) decay rapidly as
|y| → ∞ and are real-analytic in ξ in the interval (−m0,m0). Associated to λ = 0 is an eigenvalue
E0(ξ) = εξ for |ξ| < m0 and an eigenvector ψ0(y) independent of ζ and exponentially rapidly
decaying as |y| → ∞.

This lemma is proved in [2, Lemma 3.10] for the above Dirac operator as well as the modified one
when η ̸= 0. In the latter case, ψ0 also depends on ξ. We avoid these complications by assuming
that η = 0. The proof is based on an analysis of the standard Sturm-Liouville operator a∗a. We
sketch it here.
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Proof. Assume |m+| = |m−| = m0 to slightly simplify the presentation. The positive operator

a∗a = −∂2y +m2
0 + v(y) = (−∂2y +m2

0)(I + (−∂2y +m2
0)

−1v(y))

with v(y) = m2(y)−m2
0−m′(y), has essential spectrum in [m2

0,∞) and discrete spectrum in [0,m2
0)

since v(y) is a bounded function compactly supported and (−∂2y+m2
0)

−1v(y) is a compact operator.
We use here the fact that by Weyl’s theorem (see below), the essential spectrum of an operator
is stable with respect to compact perturbations. So, the spectrum of a∗a is necessarily discrete
in [0,m2

0). (The discrete spectrum is the spectrum composed of isolated eigenvalues with finite
multiplicity. The essential spectrum is the complement of the discrete spectrum in the spectrum.)

We denote by 0 < λj < m2
0 for 1 ≤ j ≤ J the eigenvalues in that range of energies. It is a

standard property of Sturm-Liouville operators that the eigenvalues are simple (although this is
not really used in the proof). It is well known that the positive eigenvalues of a∗a and aa∗ are the
same. We already identified the vanishing eigenvalue of a when ε = −1 or of a∗ when ε = 1 in the
first lecture. This gives the branches (7.1). For the Dirac equation, the spectrum is characterized
by

ξψ1 + a∗ψ2 = Em(ξ)ψ1, aψ1 − ξψ2 = Em(ξ)ψ2.

Since |E| > |ξ| for n ̸= 0, this gives a unique normalized eigenvector ψm(ξ, y) = (ψm1, ψm2)
t(y, ξ),

for instance a normalized version of aa∗ψ2 = (E2 − ξ2)ψ2 while ψ1 = (ξ − E(ξ))−1a∗ψ2.
Since we are in a one-dimensional setting, it is a classical result that Em(ξ) and ψm(ξ, y) are

analytic in ξ [29, Theorems VII.1.7 and VII.1.8]. The exponential decay in y comes from the
ordinary differential equation (−∂2y +m2

0)ψ2 = 0 satisfied outside of a compact interval.

Theorem 7.4 (Weyl criterion) Let A and B be self-adjoint operators such that (A+ i)−1−(B+
i)−1 is compact. Then

σess(A) = σess(B).

We can replace i above by any C ∋ z ̸∈ R. We use it above for a∗a + i = a∗0a0 + i + v so that
(a∗0a0 + i)−1 = (a∗a + i)−1(I + v(a∗0a0 + i)−1) and the above applies to A = a∗a and B = a∗0a0 =
−∂2y +m2

0.
The above lemma gives us the expression

W [H] = F−1

∫ ⊕

(−m0,m0)

∑
m

W (Em(ξ))Πm(ξ)dξ F .

We then have:

Proposition 7.5 For H and φ as described above, [P,W ] is Hilbert-Schmidt and hence PUPRanP

is a Fredholm operator.

Proof. The above sum over m is finite and hence it is enough to show that each term in [P,W ]
contributes a HS term. Let the operator corresponding to one such m have a Schwartz kernel
valued in 2× 2 matrices

w(x− x′, y, y′) =

∫
R
W (E(ξ))ψ(ξ, y)ψ∗(ξ, y′)

1

2π
ei(x−x

′)ξdξ

so that the contribution in [P,W ] has Schwartz kernel

k(x, x′, y, y′) = (p(x)− p(x′))w(x− x′, y, y′).
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We wish to show that trk∗k is integrable in (x, x′, y, y′). As in the one dimensional setting, changing
variables to x, x − x′ shows that integration in the first variable gives a contribution |x − x′|. It
remains to integrate the remaining terms in the x − x′, y, y′ variables using the regularity results
recalled in the preceding lemma to conclude that k is indeed in L2(R4;C2×2). We leave the details
to the reader.

It now remains to compute Index PUPRanP . As in the one-dimensional case, this requires
showing that [U,P ]U∗ is a trace-class operator and then use the above spectral decomposition to
show that Index PUPRanP is given by the sum of the winding numbers of the various branches of
absolutely continuous spectrum. The proof involves a combination of results in [2] and [4].

Step 1: Trace-class estimate. The first step is to show that [P,W ] is trace-class. We have

Lemma 7.6 Assume that W has a Schwartz kernel of the form

w
(1
2
(x+ x′), x− x′, y, y′

)
that is sufficiently smooth in all variables and rapidly decaying in the last three variables, say faster
than polynomially.

Then [P,W ] is trace class for P = θ(x − x0) a Heaviside function. Moreover (A.2) holds for
the operators [P,W ] and [P,W ]U∗.

Proof. For concreteness we assume x0 = 0. Note that for the problems considered in this
section, w depends only on x − x′ and not on 1

2(x + x′). The more general result proves useful
when we consider operators that are no longer invariant by translation in x. The proof is exactly
the same as that of Lemma 6.1 in the one dimensional setting since the smoothness assumptions
in the remaining variables (y, y′) allows one to apply Lemma A.4 in the appendix as well.

Step 2: Winding number estimates. (i) Assume we are given a Hamiltonian H such that the
operator W (H) has the following Schwartz kernel:

w(x− x′; y, y′) =
∑
m

∫
R
W (Em(ξ))ψm(y, ξ)ψ

∗
m(y, ξ)

ei(x−x
′)ξdξ

2π
(7.2)

for W (h) smooth and compactly supported and for finitely many m with Em(ξ) and ψm(y, ξ)
smooth in ξ and rapidly decaying in y (faster than polynomially for concreteness).
(ii) Assume further that [P,W ] = [P, I +W ] and [P,W ](I +W ) are trace-class with corresponding
traces given by (A.2).

Hypothesis (i) implies that H on the support of W (h) is decomposed as a finite number of
smooth branches of absolutely continuous spectrum. The operator W [H] is therefore not trace-
class (or compact). Hypothesis (ii) states that [P,W ] now properly localizes in the x−variable
so as to be trace-class. Since I +W is bounded, [P,W ](I +W ) is trace-class as well. The final
assumption (A.2) is that these traces may be computed as integrals of Schwartz kernels along their
diagonal. Then the following result states that the index of PUP is given as the sum of the winding
numbers of the spectral branches.

Theorem 7.7 (Index and Spectral flow) Under hypotheses (i) and (ii) above, we have that

Index PUPRanP =
∑
m

w1[e
i2πφ◦Em ].
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We recall that w1 is the winding number

w1[f ] =
1

2πi

∫
R
f∗(ξ)df(ξ).

Proof. The trace of [P,W ] is seen to vanish since (p(x)− p(y))|y=x = 0. The Schwartz kernel of
W is given by (7.2). The kernel of W ∗ is given by w∗(x′ − x; y′, y) with w∗

ij = w̄ji. The kernel of
[P,W ]W ∗ is thus given by

t(x, x′; y, y′) =

∫
Rd+1

(χ(x)− χ(x”))w(x− x”; y, y”)w∗(x′ − x”; y′, y”)dx”dy”,

with d = 1 here where P corresponds to multiplication by χ(x). Therefore, T := Tr[P,W ]W ∗

is computed by T =
∫
Rd+1 t(x, x; y, y)dxdy. Using the change of variables (x, x”) → (z, x”) =

(x− x”, x”) with dxdx” = dzdx”, and computing
∫
R(χ(x” + z)− χ(x”))dx” = z, we obtain

T = tr

∫
R2d+1

zw(z; y, y′)w∗(z; y, y′)dzdydy′.

Using the Fourier transform from z to ξ yields by Parseval

T =
−tr

2πi

∫
R2d+1

∂ξŵ(ξ; y, y
′)ŵ∗(ξ; y, y′)dξdydy′,

where ŵ(ξ; ·) is the component-wise Fourier transform of w(x; ·) given by

ŵ(ξ; y, y′) =
∑
j

W (Ej(ξ))ψj(y, ξ)ψ
∗
j (y

′, ξ).

If we were in one space dimension, this would be the winding number of w. Here, we have the
additional difficulty that the eigenvectors possibly depend on ξ as well as on the spatial variable y.

The derivation ∂ξ applies to W ◦ Ej and to ψj(y, ξ)ψ
∗
j (y

′, ξ). Consider the latter contribution
at fixed ξ, which is

τ(ξ) :=

∫ ∑
j,k

tr∂ξ[ψj(y, ξ)ψ
∗
j (y

′, ξ)]ψk(y
′, ξ)ψ∗

k(y, ξ)dydy
′.

We show that τ(ξ) = 0. Indeed, we distribute ∂ξ over the product, exchange y and y′ in the second
contribution to get (dropping the ξ-dependence to simplify notation)

tr

∫ ∑
j,k

[∂ξψj(y)ψ
∗
j (y

′)ψk(y
′)ψ∗

k(y) + ψj(y
′)∂ξψ

∗
j (y)ψk(y)ψ

∗
k(y

′)]dydy′.

Applying traces to these products of rank-one matrices yields (with ψ̄ as a column vector)

τ(ξ) =

∫ ∑
j,k

[∂ξψj(y) · ψ̄k(y)ψ̄j(y′) · ψk(y′) + ∂ξψ̄j(y) · ψk(y)ψj(y′) · ψ̄k(y′)]dydy′.

By orthogonality of the eigenvectors, only the terms j = k survive the integration and then τ(ξ) =∫ ∑
j

∂ξ|ψj(y)|2dy =
∑
j

∂ξ

∫
|ψj(y)|2dy = 0 since we assume our eigenvectors normalized.
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As a consequence,

T =
−tr

2πi

∑
j,k

∫
∂ξW ◦ Ej(ξ)ψj(y, ξ)ψ∗

j (y
′, ξ)W ∗ ◦ Ej(ξ)ψk(y′, ξ)ψ∗

k(y, ξ)dydy
′dξ.

Taking traces again and integrating in y and y′ yields

T =
−1

2πi

∑
j

∫
∂ξW ◦ Ej(ξ)W ∗ ◦ Ej(ξ)dξ = −

∑
j

w1[W ◦ Ej ].

This concludes the derivation.

Finalizing the proof of the main Theorem. We have seen that for the Dirac operator,
PUPRanP satisfies the above estimates and in particular [U,P ]U∗ is trace-class. It then remains to
compute the winding number of each branch of spectrum, or equivalently the spectral flow of H,
to observe that each branch Em in (7.1) for m ̸= 0 has a vanishing spectral flow corresponding to
a vanishing winding number. For m = 0, we observe that the branch simply does not exist when
m+ and m− have the same sign, while the branch is linearly decreasing when m− < 0 < m+ and
linearly increasing when m+ < 0 < m−. This concludes the proof of the theorem.

Remark 7.8 (i): The proof applies to operators that are invariant with respect to spatial transla-
tions in x. (ii): The operator needs to have a sufficiently explicit spectral decomposition so that the
winding numbers of their branches of absolutely continuous spectrum (i.e., the spectral flow of the
family Ĥ(ξ)) can be estimated.

We will address (i) in the next lecture, where we show that Index PUPRanP is stable against a
large class of perturbations.

The issue (ii) is more challenging. While an explicit spectral decomposition (in the range
(−m0,m0)) is rather explicit for Dirac operators, such diagonalizations are still significantly more
challenging than for bulk operators, where Ĥ(ξ, ζ) becomes a matrix whose diagonalization is of-
ten much simpler. How one may compute the index of PUPRanP or other invariants associated
to asymmetric transport from simpler bulk properties is the objective of bulk-edge correspondences.
We will develop such a correspondence in a later lecture and show that some calculations indeed
tremendously simplify when asymmetric transport invariants may be written in terms of bulk prop-
erties.

Edge invariant and spectral flow. The above calculations relating spectral flows and edge
invariants generalize in the following way.

Let L2
ξ be a space of functions u(x) with values in a fixed Hilbert space H′, for instance

L2(Rd−1
y ;Cp) and locally L2 in x ∈ R and such that u(x+ 1) = eixξu(x). We then have

L2 =

∫ ⊕

R
L2
ξdξ

as the space H = L2(R;H′).
We assume a Hamiltonian H commuting with translations in x such that

H = F−1

∫ ⊕

R
Ĥ(ξ)dξ F
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with Ĥ(ξ) acting as an unbounded operator on H′. We assume the spectral decomposition

H = F−1
∑
j∈Z

∫
R
Ej(ξ)Πj(ξ)dξF

with ξ → Ej(ξ) smooth branches and Πj(ξ) a rank-one operator in the sense that its Schwartz
kernel is

Πj(ξ;x, x
′) = ψj(ξ)ψ

∗
j (ξ)

1

2π
ei(x−x

′)ξ = Π̃j(ξ)
1

2π
ei(x−x

′)ξ

with ψj(ξ) ∈ L2
ξ . More precisely, we have that the projector acts on f ∈ L2 as

Πj(ξ)f(x) = ψj(ξ)
1

2π
eixξ

∫
R
e−ix

′ξ
(
ψj(ξ), f(x

′)
)
L2
ξ
dx′ = ψj(ξ)

1

2π
eixξ

(
ψj(ξ), f̂(ξ)

)
L2
ξ

with f̂(ξ) =
∫
R e

−ixξf(x)dx the Fourier transform.
In fact, all we need is to assume the above decomposition locally in the spectral variable. More

precisely, for I a fixed energy interval, we assume that for Φ ∈ C∞
c supported in I, we have

Φ(H) =
∑
j∈J

∫
R
Φ ◦ Ej(ξ)Πj(ξ)dξ

for J a finite number of branches crossing the interval I. In particular, this implies

Φ̂(H)ψj = FΦ(H)F−1ψj = Φ ◦ Ej ψj .

Assuming all traces below defined and obtained as integrals along diagonals of Schwartz kernels,
we want to compute

2πσI = Tr 2πi[H,P ]φ′(H) = Tr 2πi[Ψ(H), P ]φ′(H)

for Ψ(h) = h on the support of φ′(h), as we easily see by cyclicity of the trace. In fact, we can
start with the latter definition for the invariant with Ψ compactly supported since H = Ψ(H) on
the energy range I of interest.

Note that as for earlier derivations in this Lecture, we have to assume that i[Ψ(H), P ]φ′(H) is
indeed a trace-class operator. Sufficient conditions are given in Lemma A.4 in the appendix.

Using the above spectral decomposition, we find the following expression for the Schwartz
kernels in the x-variables:

2πi[Ψ(H), P ](x, x′) =
∑
j

∫
R
2πiΨ ◦ Ej(ξ)[Πj(ξ), P ](x, x′)dξ

=
∑
j

∫
R
2πiΨ ◦ Ej(ξ)Π̃j(ξ)

1

2π
(P (x′)− P (x))ei(x−x

′)ξdξ,

as well as

φ′(H)(x′, x′′) =
∑
k

∫
R
φ′ ◦ Ek(ξ′)Π̃k(ξ′)

1

2π
ei(x

′−x′′)ξ′dξ′.
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Therefore, using Tr′ for trace on L2
ξ and Tr for trace on L2, we compute as earlier

Tr 2πi[Ψ(H), P ]φ′(H)

= Tr′
∑
j,k

∫
R2

2πiΨ ◦ Ej(ξ)Π̃j(ξ)φ′ ◦ Ek(ξ′)Π̃k(ξ′)
1

2π
(P (x′)− P (x))ei(x−x

′)ξ 1

2π
ei(x

′−x)ξ′dξdξ′dx′dx

= Tr′
∑
j,k

∫
R2

2πiΨ ◦ Ej(ξ)φ′ ◦ Ek(ξ′)Π̃j(ξ)Π̃k(ξ′)
1

(2π)2
(P (x′)− P (x′ + z))eiz(ξ−ξ

′)dξdξ′dx′dz

= Tr′
∑
j,k

∫
R2

Ψ ◦ Ej(ξ)φ′ ◦ Ek(ξ′)Π̃j(ξ)Π̃k(ξ′)
−iz
2π

eiz(ξ−ξ
′)dξdξ′dz

since ∫
R
(P (x+ z)− P (x))dx = z from the derivative in z being equal to 1.

Thus,

Tr 2πi[Ψ(H), P ]φ′(H) = Tr′
∑
j,k

∫
R2

Ψ ◦ Ej(ξ)φ′ ◦ Ek(ξ′)Π̃j(ξ)Π̃k(ξ′)
−1

2π
∂ξe

iz(ξ−ξ′)dξdξ′dz

= Tr′
∑
j,k

∫
R
∂ξ
(
Ψ ◦ Ej(ξ)Π̃j(ξ)

)
φ′ ◦ Ek(ξ)Π̃k(ξ)dξ

after integration by parts in ξ an integration in z yielding a term δ(ξ − ξ′).
We now observe that

∂ξΠ̃jΠ̃k + ∂ξΠ̃kΠ̃j = 0, Tr′∂ξΠ̃jΠ̃j = 0.

Indeed the first one directly comes from ∂ξ(Π̃kΠ̃j) = 0 when j ̸= k. The second one comes from

∂ξΠ̃
2
j = ∂ξΠ̃jΠ̃j + Π̃j∂ξΠ̃j = ∂ξΠ̃j

so that
0 = Tr′(I − Π̃j)Π̃j∂ξΠ̃j = Tr′Π̃j∂ξΠ̃j(I − Π̃j) = Tr′Π̃2

j∂ξΠ̃j

and hence the result.
This implies, since Π̃j is assumed to be rank-one,

Tr 2πi[Ψ(H), P ]φ′(H) =
∑
j

∫
R
∂ξ
(
Ψ ◦ Ej(ξ)

)
φ′ ◦ Ej(ξ)Tr′ Π̃j(ξ)dξ

=
∑
j

∫
R
∂ξ
(
Ψ ◦ Ej(ξ)

)
φ′ ◦ Ej(ξ)dξ.

Thus, replacing φ′ by Φ, we have obtained that, generally,

Tr 2πi[Ψ(H), P ]Φ(H) =
∑
j

∫
R
∂ξ
(
Ψ ◦ Ej(ξ)

)
Φ ◦ Ej(ξ)dξ. (7.3)

When Ψ(H) = H on the support of Φ(H) = φ′(H), we find

Tr 2πi[Ψ(H), P ]φ′(H) =
∑
j

∫
R
E′
j(ξ)φ

′ ◦ Ej(ξ)dξ =
∑
j

φj(+∞)− φj(−∞).
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This shows that the edge current 2πσI is given by the sum of the spectral flows of each individual
branches of absolutely continuous spectrum.

The above result is more general. Assuming for instance Ψ(h) = 1
2πiU(h) and Φ(h) = U∗(h)

for U(h) = ei2πφ(h), we retrieve the result of Theorem 7.7. It is straightforward to observe that the
two quantities are the same and therefore that, generally,

2πσI = Tr2πi[H,P ]φ′(H) = Tr[U,P ]U∗.

We will revisit this equality in more general settings in Lecture 9.
The relation between 2πσI and the spectral flow of H in an given energy interval is therefore

quite general for Hamiltonians that commute with respect to translations in the x-variable.

8 Lecture 8.

Stability under perturbations. We now consider in more detail the stability of topological
invariants under perturbations of the Hamiltonian. In particular, we wish to understand for which
perturbations V do we have that indices associated to H and H + V agree. We focus on the
invariant P (x)U(H)P (x). We thus need a method to address perturbations U(H + V ) in the
spectral calculus. A useful framework to do so is the Helffer-Sjöstrand formula; see (C.7) in the
Appendix and [18, Chapter 8].

Let W be a smooth function with compact support as used in earlier sections and W̃ an almost
analytic extension. Let H be a self-adjoint operator and V be H−bounded with bound α < 1 so
that H + V is also self-adjoint (see Appendix). Then,

W (H + V )−W (H) =
−1

π

∫
Z
∂̄W̃ (z)

(
(z −H − V )−1 − (z −H)−1

)
d2z,

where Z is a compact domain.

We now prove the following abstract stability result:

Proposition 8.1 Let H and H + V be self-adjoint operators such that for each ε, there is Vε such
that ∥V −Vε∥ ≤ ε (or more generally ∥(V −Vε)(z−H)−1∥ ≤ ε|ℑz|−1) and Vε(z−H)−1 is compact
in Ip for some p < ∞ with ∥Vε(z −H)−1∥p ≤ Cε|ℑz|−q uniformly for z ∈ Z for some q ∈ N. We
assume that P (x)U(H)P (x) is a bounded Fredholm operator on the range of P (x) (in an underlying
Hilbert space H).

Then U(H + V ) − U(H) is compact and P (x)U(H + V )P (x) is a Fredholm operator on the
range of P . Moreover, we have the stability:

Index P (x)U(H + V )P (x) = Index P (x)U(H)P (x).

Proof. We look at the difference of operators P (x)U(H+V )P (x)−P (x)U(H)P (x) = P (x)(W (H+
V ) −W (H))P (x) (defined on the range of P ) which are defined by spectral calculus since all op-
erators are self-adjoint. We recall the formula

B−1 −A−1 = B−1(A−B)A−1 = A−1(A−B)B−1 (8.1)

for A and B invertible, which we may apply for B = z −H − V and A = z −H to find

W (H + V )−W (H) =
−1

π

∫
Z
∂̄W̃ (z)(z −H − V )−1V (z −H)−1d2z.

46



We approximate V by Vε as above. The above term is therefore by assumption the uniform limit
(i.e., the limit in operator norm) of

W̃ε =
−1

π

∫
Z
∂̄W̃ (z)(z −H − V )−1Vε(z −H)−1d2z.

To obtain this result, we assume N ≥ q+1 for the smooth almost analytic extension W̃ and recall
the standard estimate on resolvent operators:

∥(z − H̃)−1∥ ≤ C|ℑz|−1,

which holds for any self-adjoint operator H̃. With the above assumptions, W̃ε is compact (whereas
neither W (H + V ) nor W (H) is) and in the Schatten class Ip with

∥W̃ε∥p ≤ C

∫
Z
|∂̄W̃ (z)||ℑz|−q−1d2z ≤ Cε <∞.

As a uniform limit of W̃ε, we have that W (H + V ) −W (H) is indeed compact. This shows that
PU(H + V )P = PU(H)P +K with K compact is Fredholm and the equality of the indices.

Applications in one-space dimension. We assume: (a) H is an unperturbed (matrix-valued)
differential operator with constant coefficients with Ĥ(ξ) = FHF−1 for ξ ∈ Rd with R̂(z, ξ) =
(z − Ĥ(ξ))−1 in Lp(Rd) with |ℑz|∥R̂(z)∥p ≤ C uniformly for z ∈ Z. We also assume: (b) Let V
be the operator of multiplication by V (x). (We can look at more general perturbations but this
is the one we consider here.) Moreover, V ∈ L∞

ε (Rd) (i.e., a bounded function converging to 0 at
infinity). Finally, we assume: (c) P (x)U(H)P (x) is a Fredholm operator on the range of P (x).

The applications are typically to be found for d = 1, where (c) above is typically verified but
the result is independent of dimension otherwise. With this we can prove the following stability
result:

Corollary 8.2 Let H and H + V be self-adjoint with assumptions (a), (b) and (c) above holding.
Then U(H + V )− U(H) is compact and P (x)U(H + V )P (x) is a Fredholm operator on the range
of P , with moreover, the stability

Index P (x)U(H + V )P (x) = Index P (x)U(H)P (x).

Proof. We use the criterion on operators of the form f(x)g(D) showing that the operator is in Ip
when both f and g are in Lp(Rd). By assumptions (a) and (b) this is the case for Vε(x)(z−H(D))−1

with q = 1. We may now apply the above proposition.
The above result does not directly apply for Dirac operators since the unperturbed Dirac operator
with domain wall is not invariant by translation in both variables. But the above result directly
applies for general one-dimensional operators and after some modifications to higher-order operators
with confinement.

Lemma 8.3 Let H = F−1ĤF be an operator invariant by translation with symbol Ĥ(ξ) for ξ ∈ Rd
such that all eigenvalues λ(ξ) of Ĥ(ξ) satisfy |λ(ξ)| ≥ C|ξ|α for C > 0, α > 0, and |ξ| ≥ ξ0. Then
for αp > d, we have |ℑz|∥R̂(z)∥p ≤ C uniformly for z ∈ Z. This applies to H = D and immediate
generalizations such as for instance H = D ⊕D ⊕ (−D).
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Proof. Above, |Ĥ(ξ)| is any norm on finite dimensional matrices. We find the bound, with
z = λ+ iµ,

|z − Ĥ|−p ≤

{
C|µ|−p |ξ| ≤ ξ1,

C|ξ|−αp |ξ| > ξ1.

This uses the self-adjointness of Ĥ so that Ĥ is diagonalizable. Moreover, the bound is independent
of λ in a compact set. As soon as αp > d, the above function is integrable with integral bounded
by C|µ|−p so that |ℑz|∥R̂(z)∥p ≤ C uniformly for z ∈ Z. The theory applies for D with α = 1.

Consider for instance the operator

H = D ⊕D ⊕ (−D)

acting on H1(R) ⊕ H1(R) ⊕ H1(R). This is an operator such that P (x)U(H)P (x) has index
1 + 1 − 1 = 1. Now, let V (x) be a 3 × 3 matrix-valued multiplication operator such that all
components tend to 0 at infinity. Then H + V is a self-adjoint operator as one verifies and the
index of PU(H+V )P is also equal to 1. Note that the latter operator is non-trivial in the sense that
the perturbation V generates scattering unlike the scalar case D + V , which may be transformed
to D by gauge transformation (integrating factor in a Lie group U(1) exponentiating a Lie algebra
iR when one looks at it carefully).

The result is also (somewhat) surprising. For a topologically trivial (and time-reversal symmet-
ric) operator such as D ⊕ (−D) + V , we have the phenomenon of Anderson localization, stating
that the transmission through a slab where V is supported is exponentially small as V increases (if
the above model comes from a wave equation, then V admits off-diagonal terms coupling the two
components of the equation). However, IndexPUP = 1 implies quantized asymmetric transport
from left to right independent of the level of randomness V . In other words, the nontrivial topology
acts as a quantized obstruction to Anderson localization. See [3, 36] for references on this topic.

Dirac operator with domain wall. Let us come back to

H = D · σ +m(y)σ3.

We assume that m(y) converges to m± at ±∞ with m′(y) compactly supported and |m+| = |m−| =
m0 > 0. For V a perturbation, we still would like to show that W (H + V )−W (H) is compact. It
remains to show that Vε(z − H)−1 is in Ip to apply the above proposition. We can in fact bring
ourselves to the setting of a constant-coefficient operator by writing H = H0 + m(y)σ3 knowing
that m(y)σ3 is a bounded operator. Then

(z −H)−1 = (z −H0)
−1 + (z −H0)

−1m(y)σ3(z −H)−1

We have m(y)σ3(z − H)−1 bounded by C|ℑz|−1 so that V (z − H)−1 = V (z − H0)
−1B with B

bounded by C|ℑz|−1. We thus apply the above Lemma for H0 with α = 1 and d = 2 to get that
Vε(z −H)−1 satisfies the hypotheses of the above proposition for p > 2 with q = 2. Therefore the
proposition gives the:

Corollary 8.4 (Stability of Dirac operator with domain wall.) Let H = D ·σ+m(y)σ3 and
assume that V ∈ L∞

ε (R2;C2 ×C2) is Hermitian. Then H + V has an invariant given by the index
of the Fredholm operator P (x)U(H + V )P (x) equal to 1

2( sign(m−)− sign(m+)).

The same type of derivation provides stability against variations in the domain wall. Note that
such variations are not in L∞

ε (R2).
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Let m1(y) be a Lipschitz switch function in S(m−,m+) as used in the derivation of Proposition
7.5 for instance. We assume |m−| ≥ m0 and |m+| ≥ m0 for m0 > 0.

Let m2(y) be another Lipschitz switch function in S(m−,m+). Then we have the result:

Corollary 8.5 (Stability of Dirac operator against domain wall perturbations.) Let Hj =
D · σ +mj(y)σ3with mj Lipschitz switch functions in S(m−,m+) with |m−| ≥ m0 and |m+| ≥ m0

for m0 > 0. Let φ a smooth switch function in S[0, 1;−m0,m0]. Then PU(Hj)P are Fredholm
operators on RanP and their indices agree.

Proof. Define Ut = U(Ht) with Ht = D · σ +mtσ3 for mt = (1 − t)m1 + tm2, t ∈ [0, 1]. We
know that PUtP is Fredholm from Proposition 7.5. We write

U(Ht)− U(Hs) = − 1

π

∫
Z
∂W̃ (z)(z −Ht)

−1(Ht −Hs)(z −Hs)
−1d2z. (8.2)

Since Ht −Hs = (mt −ms)σ3 is an operator bounded by C|t− s| in the uniform sense, we deduce
that U(Ht)−U(Hs) is also bounded by C|t−s|. Thus, t 7→ PUtP is a continuous family of Fredholm
operators. Their index is therefore independent of t.

This completes the analysis of the asymmetric transport associated to Dirac equations with
domain wall. We obtained an invariant, the index of P (x)U(H)P (x), and showed that it was
stable against a large class of perturbations V and variations in the domain wall m(y). We have
assumed that the domain wall was Lipschitz to simplify the diagonalization of a∗a. Such results
may be extended to less regular functions m(y). An alternative method is as follows.

Let m(y) be a function in Lp(R) for p > 2 so that m(y) maps H1(R2) to L2(R2) by Sobolev
imbedding. Then H = D · σ + m(y)σ3 remains a self-adjoint operator with domain H1(R2;C2)
since H ± i is still invertible from L2(R2;C2) to H1(R2;C2). Now consider a sequence of Lipschitz
functions mk(y) that converge to m(y) in Lp(R) knowing that m and mk agree outside of a compact
interval independent of k. Then, defining Uk as the unitary constructed with m replaced by mk,
we have

U − Uk = − 1
π

∫
Z
∂̄W̃ (z −H)−1(H −Hk)(z −Hk)

−1d2z

= − 1
π

∫
Z
∂̄W̃ (z −H)−1(m−mk)σ3(z −Hk)

−1d2z.

The uniform error U − Uk is therefore bounded by (m − mk)σ3(z − Hk)
−1. Since (z − Hk)

−1

regularizes from L2 to H1 (with a bound that blows up in a power of |ℑz|) and m −mk is small
as an operator from H1 back to L2, we obtain that U −Uk converges to 0 uniformly, and hence so
does [P,U − Uk]. Since [P,Uk] is compact, we obtain that [P,U ] is compact as well so that PUP
is a Fredholm operator. Moreover, the index is clearly the same as that of PUkP . This shows
that the index is defined and stable against perturbations of the domain wall in Lp(R) for p > 2.
In particular, the domain wall may be chosen arbitrarily in L∞(R) so long as it takes prescribed
values outside of a compact interval.

Summary of topological classification for Dirac operators. Consider the Dirac operator

H = D · σ +m(y)σ3 + V (x, y) (8.3)

with m(y) a domain wall given by a switch function in S(m−,m+) with min(|m−|, |m+|) = m0 > 0
and with V (x, y) ∈ L∞

ε . We assume m(y) ∈ Lploc for p > 2.
Step (i): Self-adjointness. We first observe that H is an unbounded self-adjoint operator

on L2(R2;C2) with domain D(H) = H1(R2;C2). This is because m(y)σ3 + V (x, y) maps H1 to L2

using the above assumptions.
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Let now φ be a smooth switch function in S(0, 1,−m0,m0).
Step (ii): Fredholmness of PUP . Let us first assume V = 0. We may then approximate

m(y) by a sequence of smooth domain walls mk(y) in S(m−,m+) and obtain that U(Hk) converges
to U(H) uniformly, with an obvious definition for Hk. We proved that [P,U(Hk)] was compact in
Proposition 7.5. Therefore, [P,U(H)] is also compact and PU(H)P is thus a Fredholm operator.
As in the proof of Corollary 8.5, we have thatm(y)σ3(λ−H)−1 is a bounded operator on L2(R2;C2)
with the above assumptions on m(y). Note m(y) is not necessarily bounded as a function but is
bounded as an operator from H1 to L2 while (λ−H)−1 is bounded from L2 to H1 with a bound
C|ℑz|−1. Therefore Lemma 8.3 applies to D · σ and we then use Proposition 8.1 to show that V
generates a relatively compact perturbation so that PU(H + V )P is Fredholm.

This shows that for H in (8.3) we have that PU(H)P is a Fredholm operator. We now compute
its index. We know that m(y) may be replaced by a smooth approximation mk without changing
the index. We then use Corollary 8.5 to obtain that IndexPU(H)P = IndexPU(H0)P , where
H0 = D · σ +m0(y)σ3 for m0 any smooth switch function in S(m−,m+).

Step (iii): Trace-class property of [P,U ]. The next step is to relate the index to the
computation of a trace given as an integral (A.2). This is done using Lemma 7.6.

Step (iv): Computing the index as a winding number. We may finally choose m0 to
be a monotone function switching from m− to m+ on a compact interval. It remains to compute
the index of PU(H0)P . Based on the material introduced, at this stage we need to appeal to the
explicit diagonalization of the operator as shown in an earlier lecture. One advantage of assuming
thatm′(y) has a constant sign is that is directly shows that aa∗ does not admit an discrete spectrum
in [0,m2

0]. So, the only relevant part of the spectrum is the mode E0(ξ) = εξ that appears when
sign(m−) sign(m+) = −1.

Remark 8.6 [Stability using Fredholm operator P (x)U(H)P (x)]. The procedure presented in this
section extends to a large class of problems with the following important caveats.

Steps (i), (ii), and (iii) are functional-analytic and adapt to large classes of problems once we
know that the kernel w(x − x′, y, y′) of W is sufficiently smooth. However, proving this result
requires a fair amount of information on the spectrum of H = D ·σ+m(y)σ3, and in particular on
its branches of absolutely continuous spectrum that cross the energy interval of interest (−m0,m0).

Step (iv) is also typically quite problem-dependent as it requires us to understand the winding
number of each of the aforementioned branches of ac spectrum.

Steps (ii)-(iii) will be bypassed using pseudo-differential calculus in lecture 9. Step (iv) will be
bypassed when we will have access to a bulk-edge correspondence, whose derivation remains quite
technical and is presented in detail in Lecture 10.

Remark 8.7 [Stability using edge conductivity σI(H)]. We showed heuristically that the index of
PUP was related to the edge conductivity σI in (1.5). We can also ask oneself whether σI [H+V ] =
σI [H]. We will show that this is indeed the case but only for a more limited class of perturbations
V . Indeed, we always need to show that [H + V, P ]φ′(H + V ) is trace-class, and this is more
constraining than showing that W (H + V )−W (H) is compact.

There are two methods showing the stability of σI . One is to relate σI to the index of PUP .
This is done for example in [5, 4]. The other method is to directly show stability by, first showing
that the operator is indeed trace-class, and then showing that the difference of traces may be written
somehow as the trace of a commutator of trace-class operators. This is the strategy followed in
[37].

Remark 8.8 [Stability using bulk conductivity σB(H)]. In two space dimensions x = (x1, x2),
when we considered the magnetic Schrödinger operator or the bulk regularized Dirac operator,
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we directly looked at the Fredholm operator P (H)U(x)P (H). Instead, we can introduce a bulk
conductivity

σB = Tr iP (H)[[Λ1, P (H)], [Λ2, P (H)]] (8.4)

assuming the above operator is trace-class. Here, Λj are switch functions of the variable xj , i.e.,
smooth functions such that Λj(xj) = 0 for xj < −M and Λj(xj) = 1 for xj > M for some M > 0.
The above is defined as an adiabatic curvature in [1, Section 6]. When H satisfies a covariance
against magnetic translations (this is the case when V = 0 and B is constant), then it is shown in
that reference by an explicit calculation that σB is given by the index of P (H)U(x)P (H).

Remark 8.9 [Stability using Fredholm operator P (H)U(x)P (H)]. Let us finally comment on the
stability of the Fredholm operator P (H)UP (H) in two space dimensions with U multiplication by
u(x) = z/|z| where z = x1+ ix2. To prove stability when H is perturbed to H +V , one first has to
be careful about domains since the range of P (H) and that of P (H + V ) do not need to coincide.
We therefore consider

T [HV ] := P (HV )UP (HV ) + I − P (HV )

with HV = H+V or H since now both operators are posed on the whole Hilbert space constructed
after L2(R2), for instance H1(R2;C2) for the domains of definition of H and H +V . We then wish
to show that P (H + V ) − P (H) is compact as this clearly implies that T [HV ] is Fredholm when
T [H] is and that they have the same index.

Under general hypotheses, we can show that H + V has discrete spectrum in the bulk gap, as
we did for the Dirac problem with domain wall. So, possibly up to a small shift, we can also define
Pε(H + V ) = P (H + V ) where Pε(h) = P (h) on the spectrum of H + V and on the spectrum of H
(for this, we may use the spectral theorem recalled in the appendix).

A main remaining issue is then that P does not decay at infinity (as a function) so that the
Helffer-Sjöstrand formula does not apply. However, we verify that P (h) = 1

2(1− sign(h)) depends
only on the sign of h and not its magnitude. We may therefore replace P (h) by P (h/⟨h⟩) since
P (h) = P (h/⟨h⟩). We then replace P (h/⟨h⟩) by a function Pη(h) that is smoothed out at h = 0
since H and H + V have a spectral gap at 0, is equal to P (h) = P (h/⟨h⟩) on [−1, 1], and is
compactly supported. In other words,

Pη(H)− Pη(H + V ) = P (H)− P (H + V )

while at the same time Pη ∈ C∞
c (R). We may now apply the Helffer-Sjöstrand formula for the

function Pη.

Following the last remark, we apply the stability results to the bulk Dirac operator HV =
D · σ + (m− η∆)σ3 + V and obtain the following:

Lemma 8.10 For the regularized bulk Dirac operator H = D · σ + (m− η∆)σ3 with V ∈ L∞
ε , we

find that P (H+V )−P (H) is a compact operator on H. As a consequence, P (H+V )U(x)P (H+V )
on Ran(H + V ) is Fredholm with the same index as the unperturbed operator.

We leave the proof as an exercise. The first need to show that Ĥ0 = ξ · σ+ (m+ η|ξ|2)σ3 is elliptic
(this is the case both when η = 0 as we already saw and for η ̸= 0 for different reasons) so that
Lemma 8.3 applies.

A different proof needs to be developed for the magnetic Schrödinger operator H = (D+A)2+V
since the ‘unperturbed’ operator (D + A)2 is not invariant by translation. It is however covariant
with respect to magnetic translations. See [24] for stability results in this context.
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9 Lecture 9.

Hamiltonians modeled as pseudo-differential operators. We would like to define the op-
erator P (x)U(H)P (x) and the conductivity σI for a large class of models and obtain an explicit
description of their associated invariants. A convenient tool to do so is to use algebras of pseudo-
differential operators. The reason is that many tools are then available to consider questions such
as self-adjointness, functional calculus, trace-class criteria, composition of operators, invertibility
of operators, and so on. Moreover, we will see that the semi-classical calculus is quite useful in the
computation of indices of Fredholm operators.

We will be concerned with two-dimensional problems with one domain wall. The theory essen-
tially extends, albeit with a number of technical difficulties, to higher d-dimensional problems with
d − 1 domain walls. This finds applications in a field sometimes called Higher-Order Topological
Insulators (HOTI), which are relatively easy to classify once one presents them with domain walls.
See [5] for background and results.

Weyl quantization and symbols. We refer to section C in the Appendix for notation on pseudo-
differential operators. We consider Hamiltonians written in terms of a so-called Weyl quantization,
i.e., in the form

Hf(x) = (Opwa)f(x) =

∫
R2d

ei(x−y)·ξ

(2π)d
a(
x+ y

2
, ξ)f(y)dξdy.

The (matrix-valued) function a(x, ξ) is the symbol of the (pseudo-differential) operator H = Opwa.
It is defined on phase space (x, ξ) ∈ R2d in d space dimensions. The symbol a is assumed to be a
smooth function in C∞(R2) satisfying appropriate bounds under differentiation. Of particular use
to us is the class of symbols a ∈ Sm defined by the infinite number of constraints

|∂αξ ∂βxa|(x, ξ) ≤ Cα,β⟨ξ⟩m−|α|.

The best coefficients Cα,β serve as bounds on seminorms for a. This allows one to define a Fréchet
topology on Sm affording us to compose such operators. In order to invert such operators (modulo
compact perturbations) and to obtain an appropriate functional calculus, we assume that our
operators are elliptic. For symbols in Sm, this means that

|amin(x, ξ)| ≥ C⟨ξ⟩m − 1

where amin is the minimal singular value of the symbol a.
Examples of operators include −∆ = Opw(ξ2) with ξ2 ∈ S2 or more generally −∇ · A(x)∇ =

Opw(ξ · A(x)ξ) with symbol also in S2 (Exercise: check). An advantage of the Weyl quantization
(with a = a(12(x + y), ξ) rather than the left- a(x, ξ) or right- a(y, ξ) quantizations) is that H is
symmetric when a(x, ξ) is a Hermitian-valued (real-valued when scalar) function.

For elliptic and symmetric symbols in appropriate symbol classes (such as Sm), we obtain that
H is self-adjoint, that the resolvent R(z) = (z − H)−1 whenever defined is a pseudo-differential
operator (with symbol in S−m), and that f(H) is also a pseudo-differential operator (with symbol
in S−∞ for f is smooth and compactly supported).

Pseudo-differential operators and the associated calculus thus offer a natural framework to
construct operators such as [H,P ]φ′(H) and prove for instance that they are trace-class; see section
C in the Appendix for additional details.
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Example of Dirac operator. Consider the Dirac operator H = D · σ+m(y)σ3 + V (x, y) for m
and V smooth and bounded. Then H = Opwa with a = ξ · σ+m(y)σ3 +V (x, y) as 2× 2 Hemitian
matrices. Then H ∈ OpwS1 and f(H) ∈ OpwS−∞ since H is clearly elliptic (Exercise: prove this).
Note that this does not require any specific form of a domain wall for m(y).

The above result does not imply any trace-class property. If we use the order function m(X) =
⟨ξ⟩, then we deduce that f(H) ∈ S−∞(⟨ξ⟩), i.e., an operator with symbol that decays faster than
algebraically as |ξ| → ∞. However, we do not have any information regarding decay of the symbol
in the spatial variables.

Let us assume that V (x) is a function that belongs to S−∞(⟨x⟩). The PDO calculus indi-
cates that V (x)f(H) belongs to S−∞(⟨x⟩⟨ξ⟩) with now (⟨x⟩⟨ξ⟩)−d−1 integrable. As a consequence,
V (x)f(H) is trace-class with trace given by the integral of its symbol thanks to (C.10). This should
be compared with operators of the form f(x)g(D) except that f(H) is a more general operator with
non-constant coefficients. The PDO calculus combined with the above functional calculus provides
a very efficient tool to verify trace-class properties.

We finally remark that the ellipticity condition (C.8) is crucial in the derivation. While non-
elliptic symbols may be invertible, their inverse will no longer map L2 to Hm as is the case for
elliptic operators.

Trace-class estimates. Let us focus on the two-dimensional setting. The spatial variables are
now called (x, y) and the Fourier variables (ξ, ζ). We want to look at asymmetric transport for a
large class of problems. To do so, we consider an elliptic operator with spectral gap at |y| sufficiently
large. We then want to show that [ψ(H), P ]ϕ(H) is trace-class where ψ is bounded and ϕ ∈ C∞

0 (R).
The Helffer-Sjöstrand formula (C.7) again plays an important role. So do resolvent identities

of the form

(z −H1)
−1 − (z −H2)

−1 = (z −H1)
−1(H1 −H2)(z −H2)

−1 = (z −H2)
−1(H1 −H2)(z −H1)

−1.

Assume that Hj ∈ OpwSm for j = 1, 2 are elliptic operators. Then as we saw above (z −Hj)
−1 ∈

OpwS−m and hence (z −Hj)
−1 ∈ OpwS(1), which is a larger class. Now assume T ∈ OpwS(mT ).

Using the functional calculus, we obtain that (z − H1)
−1T (z − H2)

−1 =: Opwτ ∈ OpwS(mT ) as
well. Moreover, using (C.9) we obtain that for some CN and MN ,

CN (τ) ≤ CN |ℑz|MN (9.1)

uniformly on z ∈ Z compact subset of C. This is all we need to apply the Helffer-Sjöstrand formula
(C.7) to control functionals of H1 and H2.

There is one ingredient missing before we can obtain trace-class estimates of operators of the
form [ψ(H), P ]ϕ(H). If H is elliptic, then ϕ(H) ∈ S−∞(⟨ξ, ζ⟩). Here as elsewhere, ⟨a, b⟩ =√

1 + |a|2 + |b|2. This handles the Fourier variables. It remains to obtain decay in the spatial
variables as well in order to use the criterion (C.10). We will show that decay in the spatial variable
x comes from the commutator [ψ(H), P ]. WhenH is the Dirac operator, then i[H,P ] = P ′σ3, which
is indeed in S(⟨x⟩−∞).

Operators with domain walls. It remains to obtain decay in y. This is the role of the domain
wall. As in the definition of σI , we will then need to choose ϕ(H) with ϕ supported inside the bulk
gap generated by the domain wall. To set this up, we introduce the hypothesis:

[H1] Let H = Opwσ ∈ OpwSm with m > 0 be an elliptic operator, i.e., (C.8) holds. We assume
the existence of H± = Opwσ± ∈ OpwSm elliptic and with symbols σ±(ξ, ζ) independent of (x, y).
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Moreover, we assume the existence of L > 0 such that σ(x, y, ξ, ζ) = σ+(ξ, ζ) when y > L and
σ(x, y, ξ, ζ) = σ−(ξ, ζ) when y < −L. Finally, we assume the existence of a bulk spectral gap
[E1, E2] in the sense that E − σ± is invertible for each E ∈ [E1, E2]. This is equivalent to the fact
that [E1, E2] is a spectral gap from H±.

The hypothesis m > 0 is important as we will see. Ellipticity is also necessary as the above
functional calculus would not hold without it. Ellipticity is also crucial to establish any type of
Fredholm property. We then prove the main result of this lecture:

Proposition 9.1 Assume H satisfies the above hypothesis [H1]. Let ϕ ∈ C∞
c (R) with compact

support in (E1, E2) and ψj be either a polynomial or a bounded function in C∞(R) for j = 1, 2.
Finally, let P be a smooth switch function from 0 to 1. Then

ϕ(H) ∈ OpwS(⟨y, ξ, ζ⟩−∞) and ψ1(H)[ψ2(H), P ]ϕ(H) ∈ OpwS(⟨x, y, ξ, ζ⟩−∞).

Moreover, [ϕ(H), P ] and ψ1(H)[ψ2(H), P ]ϕ(H) are trace-class with traces given by (C.10). Finally,
Tr [ϕ(H), P ] = 0.

Proof. We first show that [ψ2(H), P ] ∈ OpwS(⟨ξ, ζ⟩s⟨x⟩−∞) for some R ∋ s < ∞. Indeed, we
write using 1 = P + (1− P )

[A,P ] = (1− P (x))AP (x)− P (x)A(1− P (x)),

with P (x) ∈ Opw(⟨x−⟩−∞) while 1−P (x) ∈ Opw⟨x+⟩−∞). As a consequence using the composition
rule, we find that if A ∈ OpwS(mA), then [A,P ] ∈ OpwS(mA⟨x⟩−∞). Since we may choose
mA = ⟨ξ, ζ⟩s for some s <∞ by assumption on ψ2, this proves this first step.

Now, sinceH is elliptic, we obtain from the paragraph following (C.8) that I+H2 = (i+H)(−i+
H) is invertible and that moreover, (I+H2)−1 ∈ S−2m with −2m < 0. Let ϕt(H) = (1+H2)tϕ(H)
with ϕt ∈ C∞

c (R) for any t ∈ R+.
Consider the operatorsH±. By assumption, they have a gap in [E1, E2]. Indeed, H± = F−1σ±F

so that the (necessarily absolutely continuous) spectrum of H± is the same as that of σ± (seen as
a multiplication operator), i.e., σ(H±) = Ranσ±, which does not intersect [E1, E2] by assumption.

As a consequence, ϕ(H±) = ϕt(H±) = 0. Choosing L large enough that P (y) is constant on
each connected component of |y| > L, we have

ϕ(H) = P (y)(I +H2)−t(ϕt(H)− ϕt(H+)) + (1− P (y))(I +H2)−t(ϕt(H)− ϕt(H−)).

The above first term is

T+ = − 1

π

∫
Z
∂̄ϕ̃(z)P (y)(I +H2)−t(z −H)−1(H −H+)(z −H+)

−1d2z.

Using (9.1), we observe that P (y)(I+H2)−t(z−H)−1(H−H+)(z−H+)
−1 is a PDO in OpwS(m) with

m = ⟨ξ⟩−2mt⟨y+⟩−∞⟨y−⟩−∞ with bounds on the seminorms of the symbol given by CN |ℑz|−MNm.
For each N , the above integral is then defined since |∂̄ϕ̃(z)| ≤ CM |ℑz|M for every M ≥ 0. Thus
T+ ∈ OpwS(⟨ξ, ζ⟩−2mt⟨y+⟩−∞⟨y−⟩−∞) for every t > 0 and hence in OpwS(⟨y⟩−∞⟨ξ, ζ⟩−∞). The
same result applies to the second component T− so that ϕ(H) ∈ OpwS(⟨y, ξ, ζ⟩−∞).

Collecting the bounds for ϕ(H) with symbol in S(⟨y⟩−∞⟨ξ, ζ⟩−∞) and [ψ2(H), P ] with symbol
in S(⟨x⟩−∞⟨ξ, ζ⟩s) for some s < ∞ while ψ1(H) ∈ Opw⟨ξ, ζ⟩s for some s < ∞ as well, we get
the result for ψ1(H)[ψ2(H), P ]ϕ(H) by composition. It is then clear that ψ1(H)[ψ2(H), P ]ϕ(H) is
trace-class with trace given by an integral of the symbol as given in (C.10).
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The operator [ϕ(H), P ] has symbol in S(⟨x, y, ξ, ζ⟩−∞) and is thus trace-class for the same
reasons. Let w(x, x′, y, y′)(P (x) − P (x′)) be its Schwartz kernel. We know from (C.10) that the
trace is given as the integral of the Schwartz kernel along the diagonal, which clearly vanishes.

Let H satisfy [H1]. Applying the above proposition to a switch function φ(E) ∈ C∞(R) in
S(0, 1;E1, E2) (see (1.6)), we obtain that i[H,P ]φ′(H) and [U(H), P ]U∗(H) are both trace-class.
Here, U(h) = ei2πφ(h) so that U = I +W with W compactly supported in (E1, E2).

We may apply this result to a Dirac operator of the form

H = D · σ +m(y)σ3 + V (x, y)

for V (x, y) an arbitrary smooth, bounded Hermitian-valued multiplication operator that vanishes
for |y| ≥ L. There is also no difficulty in replacing D · σ by Γij(x, y)Diσj for Γ(x, y) a uniformly
invertible matrix with bounded coefficients such that Γ(x, y) = Γ± constant invertible matrices on
each connected component of |y| > L.

Edge invariants. Recall that asymmetric transport has been quantized using two objects: one
is σI = Tr i[H,P ]φ′(H) in (1.5). The other one is the Fredholm operator PUPRanP whose index
is given by Tr[U,P ]U∗. Note that the two spatial profiles P (x) are different in these two cases. In
the former case, P has to be a smooth function for the commutator to be defined as a bounded
operator. In the latter case, P has to be a projector P 2(x) = P (x) and hence not a smooth function.
In fact, we have not proved that [U,P ]U∗ was trace-class for P a projector. Yet, this is the case
and the two invariants are in fact equal to one-another.

Theorem 9.2 Let H be an operator satisfying [H1]. Let P1(x) be a smooth switch function in
S(0, 1) and P (x) be a projector in S(0, 1). Let φ be a smooth non-decreasing switch function in
S(0, 1;E1, E2). Let U(h) = ei2πφ(h) = I +W (h).

Then [U(H), P ]U∗(H) is a trace-class operator. Moreover, P (x)U(H)P (x)|RanP is a Fredholm
operator and we have

2πσI = Tr2πi[H,P1]φ
′(H) = Tr[U(H), P1]U

∗(H) = Tr[U(H), P ]U∗(H) = Index PUPRanP . (9.2)

Proof. The above proposition shows that i[H,P1]φ
′(H) is trace-class and the first equality is

then a definition. The proposition also implies that [U(H), P1]U
∗(H) is trace-class. We now first

prove that [U(H), P ]U∗(H) is trace class and the third equality above.
By hypothesis P − P1 is compactly supported. Let χ(x) be a smooth compactly supported

function such that χ(x) = 1 on the support of P − P1. Then

[U(H), P ] = [U(H), P1]+[U(H), P−P1] = [W (H), P1]+W (H)χ(x)(P−P1)(x)−(P−P1)χ(x)W (H).

We know from the above proposition that [W (H), P1] is trace-class. SinceW (H) ∈ OpwS(⟨y, ξ, ζ⟩−∞)
and χ(x) ∈ OpwS(⟨x⟩−∞), by composition calculus, the operators W (H)χ(x) and χ(x)W (H) are
also trace-class. Since multiplication by P −P1 is a bounded operator, we conclude thatW (H)(P −
P1)(x) and (P −P1)(x)W (H) as well as [U(H), P ] are trace-class and so is [U(H), P ]U∗(H). Now,

TrW (P − P1) = TrW (P − P1)χ = TrχW (P − P1) = Tr(P − P1)χW = Tr(P − P1)W.

where we use that TrAB = TrBA when A is trace-class and B is bounded. Thus, Tr[U,P −P1] = 0
and so

Tr[U,P − P1]U
∗ = Tr[W,P − P1]W

∗ = TrW (P − P1)W
∗ − Tr(P − P1)WW ∗

= Tr(P − P1)W
∗W − Tr(P − P1)WW ∗ = 0.
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Indeed UU∗ = U∗U = I = I+W+W ∗+W ∗W = I+W+W ∗+WW ∗ so thatWW ∗ =W ∗W . This
shows that Tr[U(H), P1]U

∗(H) = Tr[U(H), P ]U∗(H) = Index PUPRanP , the last equality coming
from the Fedosov formula and more precisely Lemma B.6 since P −Q = [P,U ]U∗ is trace-class.

It remains to show the second equality, namely that the two invariants are really one and the
same when σI is defined (the index is defined in much greater generality as we saw).

Using the results of Proposition 9.1, [Hn, P ]ϕ(H) is trace-class and, using only TrAB = TrBA
when A is trace-class and B bounded, we get

Tr[Hn, P ]ϕ = TrHn−1[H,P ]ϕ+Tr[Hn−1, P ]Hϕ

= Tr[H,P ]Hn−1ϕ+TrHn−2[H,P ]Hϕ+Tr[Hn−2, P ]H2ϕ = Tr[H,P ]nHn−1ϕ,

where the last step is obtained by induction. So, for any polynomial Q(H), we have

Tr[Q(H), P ]ϕ(H) = Tr[H,P ]Q′(H)ϕ(H). (9.3)

Let ψ be a compactly supported smooth function equal to 1 on the supports of W and ϕ. We have

[(W −Q)ϕψ, P ] = (W −Q)ϕ[ψ, P ] + (W −Q)[ϕ, P ]ψ + [(W −Q), P ]ϕψ.

By Proposition 9.1, all terms are trace-class and the left-hand side has a vanishing trace. Thus

Tr[(W −Q), P ]ϕ = Tr(W −Q)(ϕ[P,ψ] + [P, ϕ]ψ) = Tr(W −Q)ϕ[P,ψ] + Tr(W −Q)ψ[P, ϕ].

We use the cyclicity of the trace and that two functionals of H commute. Let Wp be a polynomial
approximation of W such that (W −Wp)ϕ and (W ′−W ′

p)ϕ go to zero uniformly as operators. The
same holds when ϕ is replaced by ψ. Therefore using (9.3),

Tr[W,P ]ϕ− Tr[H,P ]W ′ϕ = lim
p→∞

(Tr[Wp, P ]ϕ− Tr[H,P ]W ′
pϕ) = 0.

We now choose ϕ =W ∗ and use Tr[W,P ] = 0 to obtain

Tr[U,P ]U∗ = Tr[W,P ]W ∗ = Tr[H,P ]W ′W ∗ = Tr[H,P ]U ′U∗ − Tr[H,P ]W ′ = 2πσI − Tr[H,P ]W ′,

where we used U ′(H)U∗(H) = 2πiφ′(H). So, it remains to show that Tr[H,P ]W ′ = 0. Let
ψ2
1 + ψ2

2 = 1 with ψ1 = 1 on the support of W . Since [W,P ] is trace-class,

Tr[W,P ]ψ2
2 = Trψ2[W,P ]ψ2 = Tr(ψ2WPψ2 − ψ2Pψ2) = 0

since Wψ2 = 0. Now, since W ′ψ2
2 = 0,

Tr[H,P ]W ′ = Tr[H,P ]W ′ψ2
1 = Tr[W,P ]ψ2

1 = Tr[W,P ]− Tr[W,P ]ψ2
2 = 0.

This concludes the proof.

Stability of the edge invariant. The above result provides a strong stability property for σI .
We now know that it is quantized with 2πσI ∈ Z. It is therefore immune to a very large class
of perturbations once it is defined, i.e., once [H,P ]φ′(H) is indeed a trace-class operator. Let us
mention again that Index PUPRanP only requires P −Q to be compact to be a Fredholm operator.
It therefore enjoys stronger stability than σI .

However, when i[H,P ]φ′(H) is trace-class, both indices are defined and agree as we showed
above. We therefore want to use the stability of the Fredholm operator PUP to obtain that of the
edge invariant 2πσI .

Let a0 and a1 be two elliptic symbols in Sm. For t ∈ [0, 1], we define at = (1 − t)a0 + ta1 =
a0+ t(a1−a0) and Ht = Opwat. We thus have Ht−Hs = Opw(at−as) = (t− s)Opw(a1−a0). We
wish to show that the index PU(Ht)P is independent of t. This will imply 2πσI [H1] = 2πσI [H0].
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Proposition 9.3 (Stability of σI) Let Ht be defined as above for t ∈ [0, 1]. Assume that [H1]
is satisfied for each Ht, t ∈ [0, 1] with (E1, E2) chosen uniformly in t. Assume φ in Theorem 9.2
chosen with support in [E1, E2]. Then 2πσI [Ht] = IndexPU(Ht)P is independent of t ∈ [0, 1].

Proof. We verify that Ht −Hs = (t− s)(H1 −H0). We now write as before

U(Ht)− U(Hs) = −(t− s)
1

π

∫
Z
∂̄W̃ (z)(z −Ht)

−1(H1 −H0)(z −Hs)
−1d2z.

We now use (z−Hs)
−1 = (i−Hs)

−1(1 + (i− z)(z−Hs))
−1. We know that ∥(z−Ht)

−1∥ ≤ |ℑz|−1

and have ∥(1 + (i− z)(z −Hs))
−1∥ ≤ C|ℑz|−1 on Z as well.

Assume ∥(H1−H0)(i−Hs)
−1∥ bounded uniformly in s. Then from the above integral, ∥U(Ht)−

U(Hs)∥ ≤ C|t− s| from the usual properties of the almost analytic extension W̃ (z) (showing that
|∂̄W̃ (z)| is bounded by C|ℑz|q for q = 2 here). This implies that t→ PU(Ht)P is a continuous path
of Fredholm operators since [H1] holds for each t. The results recalled in the Appendix then show
that the index is independent of t ∈ [0, 1]. The result on the stability of σI is then a consequence
of Theorem 9.2.

It remains to find a bound for N = ∥(H1−H0)(i−Hs)
−1∥. This is a consequence of a Calderón-

Vaillancourt theorem (see [18, Theorem 7.11] and [28] for details and proofs for this central result)
stating that the latter operator is bounded by a seminorm of its symbol in S(1). This in turn
is implied by bounds on the seminorms of the symbols of H1 − H0 and (i − Hs)

−1 according to
(C.6). By assumption, H1−H0 has symbol bounded in each seminorm of Sm. Thanks to (C.9), the
operator (i−Hs)

−1 has symbol bounded in any seminorm in S−m. Moreover, the bound is clearly
continuous in s and hence uniformly bounded in s ∈ [0, 1]. Thus, the symbol of (H1−H0)(i−Hs)

−1

is bounded in any seminorm of S(⟨ξ⟩−m⟨ξ⟩m) = S(1) uniformly in s. This shows that N above is
bounded and concludes the proof of the proposition.

We consider the following applications of the preceding result. Let a be an elliptic symbol
(possibly matrix-valued) in Sm such that [H1] holds. We denote by b an arbitrary symbol in Sm−1

compactly supported in (x, y). Then we have

Corollary 9.4 Let a ∈ Sm be elliptic as above and b ∈ Sm−1 have compact support in (x, y). Let
at = a+ tb. Then [H1] holds for Ht = Opw(a+ tb) and σI [H1] = σI [H0].

Let a be as above and a0(x, y, ξ, ζ) = a(0, y, ξ, ζ). Then σI [H1] = σI [H0] where H0 = Opwa0
satisfies [H1].

Let 0 < h1 ≤ 1 and 0 < h2 ≤ 1 and define ah(x, y, ξ, ζ) = a(x, y, h1ξ, h2ζ) while Hh = Opwah.
Then for every multi-index h as above, Hh satisfies [H1] and σI [Ht] is independent of t.

Proof. For the first result, we observe that a + tb satisfy [H1] with a possible redefinition of L
since a + tb remains elliptic for each t ∈ [0, 1]. It remains to apply the above Proposition. This
result shows that the edge conductivity is stable with respect to compact perturbations b that are
negligible for large (ξ, ζ) compared to a.

For the second result, we define at = (1 − t)a0 + ta. Such a symbol clearly satisfies [H1] for
each t ∈ [0, 1] and the result follows from the proposition. This result shows that we may replace
a(x, y, ξ, ζ) by a symbol that is independent of x. The resulting operator H0 = Opwa0 is therefore
invariant by translation, which tremendously simplifies expressions for φ′(H0) for instance.

For the last result, we observe that the symbols are elliptic for each h1 > 0 and h2 > 0.
Moreover, the operators σ±(h1ξ, h2ζ) have the same collective gap independent of (h1, h2) since
they are independent of (ξ, ζ). Assume h2 = 1 for concreteness. We have that the symbol is
elliptic for all h1 > 0. We slightly modify the proof of the above proposition and assume that
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Ht = Opwa(x, y, tξ, ζ) for h0 ≤ h ≤ 1. Then U(Ht)− U(Hs) is bounded by ∥(Ht −Hs)(i−Hs)
−1∥

as before. The latter is bounded by a seminorm of a(x, y, tξ, ζ)− a(x, y, sξ, ζ). We have

a(x, y, tξ, ζ)− a(x, y, sξ, ζ) = (t− s)

∫ 1

0
∂ξa(x, y, [ut+ (1− u)s]ξ, ζ)du.

This is clearly bounded in any seminorm in Sm. This shows that U(Ht)−U(Hs) is bounded. The
same result applies to h1 fixed and h2 varying.

This final result shows that the index is independent of rescaling of the dual variables. In
particular, the result still holds when h = h2 is arbitrarily small. This is the semiclassical limit.
In that limit, we have an asymptotic expansion of the resolvent (z −Hh)

−1 in powers of h. This
allows us to better understand the non-commutativity in φ′(H). This will be a crucial step in the
next lecture when we tackle the bulk-edge correspondence.

Going back to the Dirac operator (8.3). We already know how to classify such an operator.
The above PDO calculus allows one to bypass the verification that [P,U ] is trace-class as we did
using Lemma 7.6. Indeed, we may continuously transform the operator in (8.3) to the operator
H with a smooth domain wall m(y) and with V = 0; see discussion following (8.3). It remains to
compute the index of H with a smooth domain wall. We thus replace Lemma 7.6 in Step (iii) there
by Theorem 9.2 to obtain that [P,U ] is trace-class. The computation of the index in Step (iv) is
still unmodified and appeals to an explicit diagonalization of H in the appropriate energy range
and computing the winding number of each branch of absolutely continuous spectrum. Bypassing
this step is one of the objectives of the next lecture.

What we have gained with the PDO calculus is the identification of the index of PU(H)P with
the edge conductivity 2πσI [H]. Note that such a result only holds for sufficiently smooth operators
H, albeit ones that do include perturbations V . For general Dirac operators (8.3) for which PUP
is indeed a Fredholm operator, it is unlikely that [H,P ]φ′(H) is trace-class.

10 Lecture 10.

Classification by Domain Walls. This lecture introduces a classification of partial differential
operators by means of domain walls. We construct another Fredholm operator F (H) (affine in H)
whose index is shown to admit an explicit expression as an integral of its symbol. This is a Fedosov-
Hörmander formula implementing an Atiyah-Singer index theory in Euclidean space. Moreover, it
turns out that the index of F (H) and that of PU(H)P agree. This is a bulk-edge correspondence
whose derivation is everything but simple.

The bulk-edge correspondence is useful in the sense that the computation of the index of F
is often significantly simpler than that of PU(H)P . We will see several methods to perform such
computations in subsequent lectures.

One dimensional setting. We saw in an earlier lecture that H = D was the ultimate model for
asymmetric transport along an interface. We also obtained that P (x)U(H)P (x) was a Fredholm
operator with index equal to 1 for a large choice of profiles φ ∈ S(0, 1) by spectral flow computation.
Indeed, the spectral flow associated to E(ξ) = ξ equals 1. We now introduce the following operator

F = H − ix =
1

i
a, a = ∂x + x.

We already know that the annihilation operator a is topologically non-trivial. It is a Fredholm
operator on D(F ) to L2(R) with D(F ) the space of square integrable functions such that Df and
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xf are square-integrable as one readily verifies. The claim is that the index of F is easy to compute
from its symbol. We observe that F = Opwa with a(x, ξ) = ξ − ix. Thus da = dξ − idx and we
observe that

IndexF =
1

2πi

∫
|x,ξ|=R

a−1da = 1. (10.1)

This result is independent of R > 0. This formula is one of the simplest Fedosov-Hörmander
formulas [27, Theorem 19.3.1]. What is remarkable in the above formula is that the analytical
index of F , given by the difference of dimensions of kernels and co-kernels of F , may be computed
simply from the symbol a(x, ξ) of F . This is conceptually simpler than evaluating a spectral flow,
which requires an entire diagonalization of H on the support of φ′(h).

The curve of integration {|x, ξ| = R} may be replaced by any (non-self-intersecting) curve C
winding once around the origin. Indeed, we verify that

d(a−1da) = da−1 ∧ da+ a−1d2a = −a−1daa−1 ∧ da+ 0 = 0

so that we can integrate d(a−1da) on the volume separating two such curves C and obtain that the
integrals of a−1da along each curve agree as an application of the Stokes theorem. [Exercise: check
details].

So we might as well assume that C = {|x, ξ| = 1} the unit circle in the (x, ξ) plane. Restricted
to that circle and introducing polar coordinates (x = R cos θ, ξ = R sin θ), we find that (dξ −
idx)|C = i∗(dξ − idx) ≡ dξ − idx = Reiθdθ = eiθdθ where i : C → C is the inclusion and i∗ is
the measure pullback, which effectively restricts a measure on C to one on S1 = C. We also have
a−1 = (ξ + ix)/(x2 + ξ2) = ie−iθ on C (i.e., possibly somewhat pedantically but these notions are
very useful, i∗a−1 = a−1 ◦ i = ie−iθ; as is often the norm we denote by i both inclusion and

√
−1).

Thus a−1da = idθ whose integral along C is 2πi and hence the above result.
Rather than an unbounded domain wall x, we may in fact introduce the operator

F = D − im(x) = −ia, a = ∂x + m(x),

with m(x) a smooth non-decreasing switch function in S(−2, 2) such that m(x) = x for |x| ≤ 1 (to
simplify). The operator F is now self-adjoint with domain D(F ) = H1(R). The symbol of F is
a(x, ξ) = ξ − im(x) which is invertible as soon as x ̸= 0. The integral (10.1) still equals 1 since
m(x) = x on the support of C. We can then show that F is a Fredholm operator and that the index
is also given by (10.1) (simply by estimating both sides and verifying they are equal). This may
also be deduced from a modified version of [27, Theorem 19.3.1].

Two-dimensional classification. Consider now a bare operator H0 = D · σ = Dxσ1 + Dyσ2.
As it stands, the operator is not insulating. However, we use the structure of Pauli matrices
(two-dimensional Clifford algebra) σiσj + σjσi = 2δij to add a first domain wall m(y)σ3 and define

H1 = H0 +m(y)σ3 = Dxσ1 +Dyσ2 +m(y)σ3.

We saw how to classify such an operator in the preceding lectures by means of a Fredholm operator
P (x)U(H)P (x) and an edge conductivity σI = Tr i[H,P ]φ′(H).

Another classification is based on the same confinement as in the one-dimensional case. Adding
a second domain wall, we define

F = H1 − im2(x) = Dxσ1 +Dyσ2 +m(y)σ3 − im(x).
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Here, m(x) is chosen as above. Thanks to the choice of ‘matrices’ (σ1, σ2, σ3, i), we can verify that
F is indeed a Fredholm operator from H1(R2;C2) to L2(R2;C2). Moreover, defining

a(x, y, ξ, ζ) = ξσ1 + ζσ2 +m(y)σ3 − im(x),

we have that (at least when m(y) = y and m(x) = x [27, Theorem 19.3.1])

IndexF =
1

24π2

∫
S3R

tr(a−1da)∧ 3 (10.2)

where S3R is the sphere of radius R in phase space (x, y, ξ, ζ) ∈ R4 (oriented such that dξ∧dx∧dζ ∧
dy > 0) where R is chosen large enough that a−1 is defined for |(x, y, ξ, ζ)| ≥ R. We wil verify that
d(tr(a−1da)∧ 3) = 0 as a volume form so that we may apply the Stokes theorem and obtain that
the integral is independent of R for R sufficiently large (in fact any R > 0 suffices for the Dirac
operator since the topological charge of the operator is concentrated at (x, y, ξ, ζ) = 0). This is a
Fedosov-Hörmander formula [27, Theorem 19.3.1] generalizing the above one-dimensional formula.

So again, we observe that the index of F may be computed from an explicit integral of an
explicit symbol a. This raises three questions:

(i) is the index stable ?

(ii) is the integral easy to compute?

(iii) is the index interesting physically?

The answer to (i) is yes in great generality as in the preceding lecture. We have that Index (F+V ) =
IndexF for a large class of perturbations V to H. However, the current existing derivations of such
a result require that the mass terms tend to infinity at infinity in an appropriate way [27, Theorem
19.3.1]. This problem is also considered in [5] and we will not develop it further in this lecture.

The answer to (ii) is also yes. It is reasonably straightforward to compute the explicit integral
numerically. In many settings of interest, the integral further simplifies although there does not
seem to be an explicit rule to compute it for general operators. For instance, the computations sig-
nificantly simplify for operators with a Clifford structure (i.e., Dirac-type operators). In particular,
assume that

H0 = h1(D)σ1 + h2(D)σ2 and define h(ξ, ζ, x, y) = (h1, h2,m(y), m(x))(ξ, ζ, x, y).

Then it turns out that the index of F is equal to the topological degree of the map h/|h| from the
sphere S3R to the unit sphere S3. Indeed, |h| does not vanish on S3R by assumption on the domain
walls. There are reasonably explicit formulas for the topological degree of a map from S3 to itself.
Such maps are classified by π3(S3) ∼= Z. This will be analyzed in greater detail in the next lecture.
For operators without any Clifford structure, the computations are less immediate. We will see
general methods to compute these indices in a subsequent lecture as well.

Finally, the answer to (iii) is also positive as an application of a bulk-edge correspondence. The
latter says that IndexF = 2πσI(H1), at least when E1 < 0 < E2, i.e. energy 0 is in a bulk band gap.
So IndexF captures asymmetric transport along the x-axis before we impose the last confinement
using m(x). Following [5, 46], we call the index of F a topological charge and the deformations
leading to the above formula a topological charge conservation.

The above classification extends to arbitrary dimensions [5].
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Bulk-Edge Correspondence. We do not address the theory of the above operator F directly.
The reason is that formula (10.2) applies to operators F with symbols in appropriate classes that
in particular have symbols that become constant as (x, y, ξ, ζ) become infinite. This is not the case
for F when the domain walls are bounded. For instance for (y, ξ, ζ) large, we still have that x may
not be large and the symbol therefore varies in x. One way to ‘fix’ this issue is to assume that the
domain walls are linear in (x, y). In this setting, the inverse of the symbol is small in all variables
(x, y, ξ, ζ) and hence does satisfy the hypotheses that allow one to derive (10.2). See [5] for more
details.

However, what we really want is to show that 2πσI [H] is given by the right-hand-side in (10.2).
This is a topological charge conservation (TCC) leading to a bulk-edge correspondence that relates
σI to an integral that involves only the symbol of H and, as we will see, in fact only the symbols
of H±, which are bulk invariants. We do not need that (10.2) represent the index of F , even if
morally this is the case and this is why we presented it that way.

The main result of this section is:

Theorem 10.1 Let a1 be a symbol in Sm with H = H1 = Opwa1 and let [H1] and the assumptions
of Theorem 9.2 hold. Let α ∈ (E1, E2) and define F = H1 − α− ix = Opwa with a = a1 − α− ix.
Then

2πσI [H] =
1

24π2

∫
S3R

tr(a−1da)∧ 3 ∈ Z. (10.3)

Here, R is large enough that a−1 is defined for |(x, y, ξ, ζ)| ≥ R.

Proof. The proof is long and split into several parts. A number of computational details are
left to the reader. We first part uses a time honored method in the identification of invariants:
continuously deform the invariants on each side of an equality to an expression that is sufficiently
simple that the identification is possible. The first part makes such preliminary calculations.

Part 1. Let a1 be the symbol given above and a0(x, y, ξ, ζ) = a1(0, y, ξ, ζ) with H0 = Opwa0.
We have seen in Corollary 9.4 that the edge conductivity was the same for both operators. Now
the right-hand side is also a topological invariant classifying invertible (matrix-valued) functions a
mapping the sphere S3R to GL(C), the space of invertible matrices. Such mappings in π3(GL(C)) ∼=
Z (an element of the Bott periodicity result) are classified by homotopy classes. From the index
theorem [27, Theorem 19.3.1], we know that the right-hand-side of (10.3) is an integer. That
integer is therefore independent of continuous deformations of a on S3R, for instance the deformation
(1− t)a0 + ta. This shows that we may replace H and a by H0 and a0 in establishing (10.3).

We therefore assume that a1 = a1(y, ξ, ζ) does not depend on the variable x. Still using
Corollary 9.4, we know that we may continuously deform a(y, ξ, ζ) to a(y, ξ, hζ) for 0 < h ≤ 1 and
that σI [Hh] is independent of h. For the same reason as above, the right-hand side in (10.3) is
also independent of h but this is in fact a property we will not need. The main reason for using
the invariance in h is that as h → 0, we approach a semi-classical regime, where computations of
functionals of operators such as φ′(H) become more explicit.

Part 2. We now define a(x, y, ξ, ζ) = a1(y, ξ, ζ) − α − ix. Since H is invariant by translations in
x, we have

H = F−1

∫ ⊕

R
Ĥ(ξ)dξF , Ĥ(ξ) = Opwa1(y, ξ, ζ).

Here, ξ is a parameter and the Weyl quantization (C.2) operates only in the variables (y, ζ). We
know that 2πσI [H] may be written as an integral of the Schwartz kernel of 2πi[H,P ]φ′(H) along
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the diagonal. Using the Fubini theorem, and denoting by Try the integration in the (y, y′) variables,
we have

2πσI = 2πTry

∫
R
i[H,P ](x, x′)φ′(H)(x− x′)dx′dx

= 2πTry

∫
R
−x′H(x′)φ′(H)(x− x′)dx′ = Try

∫
R
∂ξĤ(ξ)φ′(Ĥ(ξ))dξ,

where we have used as before
∫
R(P (x − x′) − P (x))dx = −x′ first and the Parseval equality

second. Here [H,P ](x, x′) denotes the (distribution-valued) Schwartz kernel of the operator [H,P ].
The above duality product (written as an integral) is defined since φ′(H) has a smooth Schwartz
kernel. Alternatively, we may replace [H,P ] by [Φ(H), P ] with Φ compactly supported, smooth,
and Φ(h) = h on the support of φ′(h). This may be verified by cyclicity of the trace using a function
ϕ such that ϕφ′ = φ′ and ϕΦ = Hϕ. The above derivation applies with ∂ξΦ(Ĥ) = ∂ξĤ eventually.

Note that formally, ∂ξĤ(ξ)φ′(Ĥ(ξ))dξ = d(φ ◦ Ĥ(ξ)). This reflects the fact that 2πσI may be

computed as a spectral flow of branches of spectrum of Ĥ. However, we do not pursue that route
to prove (10.3).

Part 3. Define the symbol s = s(Y, ξ) such that Opw(s) = ∂ξĤφ
′(Ĥ). Here Y = (y, ζ) are the

variables in the Weyl quantization and ξ acts as a parameter. We know from results of the last
section that ∂ξĤφ

′(Ĥ) is indeed a PDO with symbol in S(⟨ξ, Y ⟩−∞).
We now wish to use the invariance of 2πσI with respect to the rescaling ζ → hζ. Sending h→ 0

means considering the semi-classical regime, where non-commutating operators almost commute
since i[hDx, x] = h is small when h is. See below for the notation we use on semi-classical calculus.

We then define Hh and Ĥh so that ζ is replaced by hζ in the symbols; i.e., Ĥ = Opwa1(ζ) while
Ĥh = Opwa1(hζ) = Opwh a1(ζ) using the convenient semiclassical Weyl quantization notation

Opwh (a)ψ(y) =
1

2πh

∫
R2

ei
1
h
(y−y′)·ζa(

y + y′

2
, ζ;h)ψ(y′)dy′dζ.

Compared to the standard Weyl quantization with h = 1, the semi-classical version is defined after
change of variables ζ → ζ/h while the resulting symbol is allowed to depend on h more generally.
Note that Opwh (1) = Id the identity operator. See section D in the appendix for notation.

With this notation, we thus have Opwh (s) = ∂ξĤhφ
′(Ĥh) with now s(Y, ξ;h). We observe that

the symbol of ∂ξĤhφ
′(Ĥh) depends non-trivially on h.

In this setting, the trace is given by the following formula:

2πσI =
1

2πh

∫
R3

tr s(Y, ξ;h)dY dξ.

We know from Corollary 9.4 that 2πσI is independent of h > 0. We will be using the Helffer-
Sjöstrand formula to represent φ′(Ĥh) in terms of the resolvent of Ĥh. We thus introduce (yet
another) convenient symbol

σz = z − a1(y, ξ, ζ), σα+iω = −a(ω, y, ξ, ζ)

where we parametrize the complex plane by z = λ + iω. Note that the role of x in the definition
of a the symbol of the Fredholm operator F is now played by the imaginary part ω of the complex
number z.

We have ∂ξĤh = −Opwh (∂ξσz) by definition of σz. Define the symbol ς(Y, ξ;h) so that φ′(Ĥh) =
Opwh ς. Then s = −∂ξσz♯hς by composition calculus recalled in (D.3). What is needed from this
calculus here is

a♯hb = ab− i

2
{a, b}h+O(h2) (10.4)
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where {a, b} = ∂ζa∂yb − ∂ya∂ζb is the Poisson bracket. Here O(h2) is in the sense of S(m1m2) if
a ∈ S(m1) while b ∈ S(m2).

We know from the semiclassical functional calculus ([18, Proposition 8.7] and following para-
graph there) that s and ς admit the semiclassical expansion

s = s0 + hs1 +O(h2), ς = ς0 + hς1 +O(h2),

where O(h2) is in the sense of S(⟨y, ξ, ζ⟩−∞) in both cases. Thus, using Proposition D.4,

2πσI =
1

2π

∫
R3

tr s1(Y, ξ)dY dξ = lim
R→∞

2πσIR, 2πσIR :=
1

2π

∫
(−R,R)3

tr s1(Y, ξ)dY dξ.

For any ε > 0 and any R ≥ R0(ε) large enough, then |2πσI − 2πσIR| < ε.
We thus focus on an integral approximation of 2πσIR. Using (10.4), we have

s1 = −∂ξσzς1 +
i

2
{∂ξσz, ς0}.

Applying the Helffer-Sjöstrand formula, we have

ς = − 1

π

∫
Z
∂̄φ̃′(z)tr rzdY dξd

2z

where Opwh rz = (z−Ĥh)
−1 is the symbol of the resolvent operator. Writing rz = rz0+hrz1+O(h2),

we have from Proposition D.4 a corresponding expansion for ς with components

ςj = − 1

π

∫
Z
∂̄φ̃′(z)tr rzjdY dξd

2z (10.5)

for j = 0, 1. We observe that (z − Ĥh)
−1(z − Ĥh) = I so that by the composition calculus,

rz♯hσz = 1. Using (10.4) (see also Proposition D.3) yields:

rzσz +
h

2i
{rz, hz}+O(h2) = 1, rz = σ−1

z +
ih

2
{σ−1

z , σz}σ−1
z +O(h2).

We remain formal in the above asymptotic expansions since we use the precise results obtained in
Propositions D.3 and D.4 based on the estimate (D.4) for the symbol of the resolvent operator.

Thus, keeping terms that are independent of h, we have

2πσIR =
−1

2π2

∫
(−R,R)3×Z

∂̄φ̃′(z) tr
(
− ∂ξσz

i

2
{σ−1

z , σz}σ−1
z +

i

2
{∂ξσz, σ−1

z }
)
dY dξd2z.

Since 2πσIR converges to 2πσI , we obtained so far that

2πσI =
i

4π2

∫
R3×Z

∂̄φ̃′(z) tr τ dY dξd2z, τ = ∂ξσz{σ−1
z , σz}σ−1

z − {∂ξσz, σ−1
z }.

We recall that φ̃′(z) vanishes outside of Z ⊂ C. Let Z = Z+ ∪Z− with Z± = Z ∩ {±ω > 0}. Since
z → τ(z) is analytic, ∂̄φ̃′(z)τ(z) = ∂̄(φ̃′(z)τ(z)). Thus after integration by parts on Z± (Stokes
theorem) using ∂̄ = 1

2(∂λ + i∂ω) and using that φ̃′(λ) = φ′(λ), we find that

2πσI =
1

8π2

∫
R3×R

φ′(λ)tr
[
τ(z)

]λ+0i

λ−0i
dY dξdλ = lim

R→∞

1

8π2

∫
(−R,R)3×R

φ′(λ)tr
[
τ(z)

]λ+0i

λ−0i
dY dξdλ.
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Here [τ(z)]λ+i0λ−i0 = limω↓0 τ(λ+ iω)− τ(λ− iω). Since σ−1
z is defined for (Y, ξ) sufficiently large, we

obtain that [τ(Y, ξ, z)]λ+i0λ−i0 = 0 there. A Poisson bracket is in divergence form since

∂ζa∂yb− ∂ya∂ζb = ∂ζ(a∂yb)− ∂y(a∂ηb).

The integral of such terms over (−R,R)3 thus involves only boundary terms where |(Y, ζ)| ≥ R is
chosen large enough. This shows that the term {∂ξσz, σ−1

z } in the definition of τ is in divergence
form and hence does not contribute to 2πσI . As a consequence,

2πσI =

∫
R
φ′(λ)I(λ)dλ, I(λ) = lim

R→∞

1

8π2

∫
|(Y,ξ)|≤R

tr
[
σ−1
z ∂ξσz{σ−1

z , σz}
]λ+0i

λ−0i
dY dξ.

Part 4. We will obtain that I(λ) is independent of λ so that 2πσI = I in fact. We now use

{σ−1
z , σz} = σ−1

z ∂yσzσ
−1
z ∂ζσz − σ−1

z ∂ζσzσ
−1
z ∂yσz,

to obtain that

σ−1
z ∂ξσz{σ−1

z , σz}dY dξ =
1

3
(σ−1
z dσz)

∧3,

with the orientation dξ ∧ dy ∧ dζ > 0. Since d(tr(σ−1
z dσz)

∧3) = 0 where σz is seen as a function of
(ω, ξ, y, ζ) and since σ−1

z is defined for (Y, ξ) large, we may close together the two discs at ω = ±0
to obtain a closed surface in R4 and then by Stokes’ theorem deform the closed surface to a sphere
SR with sufficiently large radius in (ω, ξ, y, ζ). We then obtain that

I(λ) =
1

24π2

∫
S3R

tr(σ−1
z dσz)

∧3

with positive orientation dω∧dξ∧dy∧dζ > 0. This is a winding number that is stable with respect
to continuous changes of σz, and in particular is independent of λ so long as σ−1

z is defined. This
shows that I(λ) is independent of λ and that

2πσI =
1

24π2

∫
S3R

tr(σ−1
z dσz)

∧3 =
1

24π2

∫
S3R

tr(σ−1
α+iωdσα+iω)

∧3

This concludes the proof of the theorem since a(ω, y, ξ, ζ) = −σα+iω(y, ξ, ζ).

Bulk-invariant formulation. We now recast (10.3) to a bulk-edge correspondence form. We
verify that d(tr(a−1da)∧3) = 0 so that as an application of the Stokes theorem, we have

2πσI [H] =
1

24π2

(∫
y=−R

tr(a−1da)∧3 −
∫
y=+R

tr(a−1da)∧3
)
, (10.6)

deforming the sphere into an integral in (x, ξ, ζ) over the planes y = ±R. Note that a depends
directly on the symbols of the bulk operators H± on these planes, and more precisely a± = α −
iω − σ±(ξ, ζ), where σ± are the symbols of the bulk operator H±. This shows that the topological
charge conservation (10.3) may also be interpreted as a bulk-edge correspondence with the edge
conductivity σI directly related to the properties of the bulk Hamiltonians H±. This is a striking
reduction in complexity. The next lectures present tools to compute the invariant explicitly.
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11 Lecture 11.

Computation of Bulk-difference invariants. This lecture leaves the realm of Fredholm op-
erators in non commutative geometry (what is meant by this is that the algebras of operators we
considered were generated by operators of multiplication by x and differentiation Dx and they do
not commute [x,Dx] = i) and focuses on the computation of invariants in commutative geometry
(what is meant now is that we are dealing with algebras generated by the coordinates of manifolds
such as ξ1 and ξ2 and those commute [ξ1, ξ2] = 0; there will still be plenty of matrices involved and
those obviously still do not commute).

The invariants we are interested in classify manifolds and objects constructed on top of them
such as vector or principal bundles. Our base manifold is in fact R2, which is topologically trivial
according to most classifications. The domain R2 models the dual Fourier variables (ξ1, ξ2) in
applications to (two-dimensional) topological insulators. However, R2 may be compactified in a
number of ways. One way is one-point compactification where R2 ∪ {∞} ∼= S2: we add a point
at infinity and identify the union with the sphere by stereographic projection. It turns out that
this compactification is not always useful. Another compactification looks at two copies of R2,
concretely corresponding to the two insulating phases of interest, above and below an interface
separating them. We can then wrap each copy of the plane around a half sphere and glue them
together along the equator; see figure below. The point of these compactifications is that we may
define continuous objects on the resulting sphere, which now has an interesting non-trivial topology
π2(S2) ∼= Z. We consider this construction of bulk-difference invariants in more detail now and show
how they are related to invariants we presented in past lectures and how we may compute them.

Bulk-difference invariant. We saw above how 2πσI is related to the difference in (10.6). Each
integral

∫
y=±R is defined in terms of bulk quantities but may not be a bulk invariant. Indeed, for

the Dirac operator, each term is of the form 1
2 sign(m) ̸∈ Z.

However, the difference of the above bulk quantities (not quite invariants) is indeed an invariant:
the bulk-difference invariant. We now formalize this notion of bulk-difference invariant and relate
it to (10.6) so the latter may be computed explicitly.

Consider a Hamiltonian H acting on a domain D(H) ⊂ L2(R;Cn) and invariant by translation
H = F−1Ĥ(ξ)F with ξ ∈ R2. The Hamiltonian is therefore represented by the family ξ → Ĥ(ξ)
with Ĥ(ξ) an n× n Hermitian matrix. It may therefore be diagonalized

Ĥ(ξ) =
n∑
j=1

Ej(ξ)Πj(ξ)

where Ej(ξ) is the jth branch of (absolutely continuous) spectrum and Πj(ξ) is the corresponding
one-dimensional eigenspace. For the Dirac problem with constant mass term m, we find that n = 2
and E±(ξ) = ±

√
|ξ|2 +m2. We leave it as an exercise to find the projectors Π±(ξ).

We will assume to simplify that all projectors are rank-one and the eigenvalues simple (and
hence not crossing).

Let J be a subset of {1, . . . , n} and define Π(ξ) ≡ ΠJ(ξ) =
∑

j∈J Πj(ξ). Then ξ 7→ RanΠ(ξ)

defines a (trivial) vector bundle over R2 diffeomorphic to R2 × CJ . If we now ‘replace’ R2 by a
closed manifoldM of dimension two and ξ parametrizesM , then ξ 7→ RanΠ(ξ) may be a non-trivial
vector bundle in the sense that it cannot be written globally as M × V for V a vector space of
dimension J . Topological invariants are able to capture such obstructions to triviality. One such
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invariant is the Chern number we already encountered, which may be written as

c̃[Π] =
i

2π

∫
M

trΠdΠ ∧ dΠ =
i

2π

∫
M

trΠ[∂iΠ, ∂2Π]dξ ∈ Z. (11.1)

When M is not compact, for instance M = R2, then the above integral may still be defined but
may not be an integer anymore. We already observed this for the Dirac problem, where we found
that c̃[Π1] =

1
2 sign(m). The reason is that the behavior of the integrand as |ξ| → ∞ depends on

the direction of ξ.
As a standing hypothesis, we assume that the integral in (11.1) is defined as a Lebesgue integral.

For the Dirac problem, we observe that the integrand decays as |(ξ, ζ)|−3 at infinity so that the
above integral indeed converges absolutely.

One-point compactification. The simplest way to compactify R2 is to add the point at infinity
S2 ∼= R2 ∪ {∞}. While the compactification is always defined, it is useful to define topological
invariants if Π(ξ) mapped to S2 remains continuous. This is the case when Π(ξ) is independent
of ξ/|ξ| as |ξ| → ∞. This applies to the regularized Dirac operator Dxσ1 + Dyσ2 + (m + η∆)σ3
with symbol ξσ1 + ζσ2 + (m − η|ξ|2)σ3 (with |ξ|2 = ξ2 + ζ2) where the term η|ξ|2 dominates for
|ξ| large and is independent of ξ/|ξ|. This explains why we were able to compute a Chern number
associated to a bulk phase for the regularized Dirac operator. When η = 0, it turns out that Π
strongly depends on ξ/|ξ| and the one-point compactification yields a non-continuous object on the
sphere. We do not expect any stable topological classification in such a setting.

Circle compactification. The notion of bulk-difference invariant is one way to restore the inte-
grality of the Chern number when the one-point compactification fails in the cases that interest us
here, namely the computation of edge currents. In this setting, we actually have two Hamiltonians
Ĥ±(ξ) corresponding to the two half spaces (say north and south of an interface given by the
x−axis). Both Hamiltonians may be diagonalized

Ĥ±(ξ) =

n∑
j=1

E±
j (ξ)Π

±
j (ξ).

For J fixed, we may again define Π±(ξ) =
∑

j∈J Π
±
j (ξ). We now have two families of projectors

parametrized by ξ ∈ R2. The bulk-difference invariant is constructed by projecting Π+ onto the
northern half sphere, Π− onto a southern half sphere, and both projectors being glued along the
equator. If the resulting object may be continuously defined in the vicinity of the equator the
sphere, then we have a continuous family of projectors on the closed manifold S2 = M and (11.1)
now becomes an integer (although we have not proved that yet).

Constrution of bulk-difference invariant. More precisely, decompose ξ = |ξ|ξ̂ and assume
that

lim
|ξ|→∞

Π+(|ξ|ξ̂) = lim
|ξ|→∞

Π−(|ξ|ξ̂), ∀ξ̂ ∈ S1. (11.2)

We assume that both limits exist and agree for each ξ̂ on the equator S1. Let us now consider the
stereographic projections mapping ϕ = (x, y, z) ∈ S2 ⊂ R3 to the two planes P± ∼= R2 as

(x, y) =
ξ√

1 + |ξ|2
, z =

±1√
1 + |ξ|2

, ξ ∈ P±
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and then defining S2 ∼= (P+⊔P−)/ ∼ where the equivalence relation ∼ identifies the points (x, y, z =
±0) for (x, y) along the equator S1. We denote by π the inverse map from S2 to the two planes P±.
We then define the pulled-back projectors π∗Π(ϕ) = Π(π(ϕ)) (still called Π(ϕ) to simplify). By
naturality of the pullback, we also have π∗(dΠ) = d(π∗Π) in their respective coordinates so that
we may define the bulk-difference Chern invariant:

c[Π] =
i

2π

∫
S2
trΠdΠ ∧ dΠ =

i

2π

∫
R2

tr
(
Π−[∂1Π

−, ∂2Π
−]−Π+[∂1Π

+, ∂2Π
+]
)
dξ. (11.3)

Note that the orientation on the two planes is inherited from that on the sphere with the bottom
(blue) plane having the same orientation as the sphere.

For the Dirac problem, we find that

c[Π1] =
1

2
( sign(m−)− sign(m+))

as obtained earlier. In other words, while the ‘Chern number’ on each plane may not be defined as
an invariant with integral value, the difference of two such ‘Chern numbers’ is indeed a topological
invariant, the Chern bulk-difference invariant. This reflects the fact that it is easier to define phase
transitions than absolute phases.

Additivity of Chern numbers. For Ĥ(ξ) as above, we define ci = c[Πi] the (first) Chern
number associated to the ith projector when J = {i}.

An important property of these numbers is their additivity:

c[Πi +Πi+1] = c[Πi] + c[Πi+1]. (11.4)

This property is not entirely immediate since ci depends non-linearly on Πi. More generally, if J
and K are disjoint subsets of {1, . . . , n}, then c[ΠJ +ΠK ] = c[ΠJ ] + c[ΠK ]. A proof is as follows:

Proof. Let P and Q be two orthogonal projectors with PQ = QP = 0. Differentiating P 2 = P
and PQ = 0 yields PdP = dP (I − P ) while PdQ = −dPQ. We want to compute

tr(P +Q)d(P +Q)d(P +Q) = trPdPdP +QdQdQ+PdPdQ+QdQdP + (PdQ+QdP )d(P +Q).

Using the above and dPdQ = d(PdQ), we find

trPdPdQ = trdP (I − P )dQ = dtr(PdQ) + trdPdPQ = dtr(PdQ) + trQdPdP.

Therefore, with η = tr(PdQ),

trPdPdQ+QdQdP = trQd(P +Q)dP + dη.

67



Now,

trQd(P +Q)dP = trQd(P +Q)dPQ = trQd(P +Q)(−P )dQ = tr[Q(P − I) +Q]dPdQ = 0

trPdQd(P +Q) = trPdQd(P +Q)P = tr(−dP )Qd(P +Q)P = trdPdQ[P − (I −Q)P ] = 0.

It remains to integrate over the sphere with
∫
S2 dη = 0 by Stokes’ theorem to obtain

∫
tr(P +

Q)d(P +Q)d(P +Q) =
∫
trPdPdP +

∫
trQdQdQ as was to be demonstrated.

From the definition of the numbers, we observe that c[In] = 0 so that
∑n

j=1 cj = 0. Note that
the integrality of the Chern numbers was neither established nor necessary in the above derivation.

For the Dirac operator, this means that c2 = c[Π2] = −c1: projection onto the energies above a
gap results in a Chern number opposite to that obtained from projections onto energies below the
gap.

Green function bulk-difference winding number. While the above Chern number already
appeared in the analysis of the asymmetric transport associated to the Dirac operator, in the last
lecture, we obtained a topological charge conservation involving a seemingly different invariant
associated to a map a : S3 → GL(C). We now show that these two invariants are in fact very much
related.

Let z = α+ iω ∈ C and define the Green function

G = Gα(ω, ξ) = (z − Ĥ(ξ))−1 =
n∑
j=1

(z − Ej(ξ))
−1Πj(ξ), (11.5)

as an application of the spectral theorem (for matrices). In other words, G is the symbol of the
resolvent operator in the Fourier variables. This is a map from R3 to GL(C) the space of invertible
matrices.

We can also define a bulk-difference invariant based on G± corresponding to two insulators.
Unlike the case of projectors, we observe that Gα tends to 0 as ω → 0 as well as when (ξ, ζ) → 0
for elliptic operators. We therefore need to normalize G before it may be glued at infinity along
an equator for otherwise we would obtain an extension of G on S3 that would be singular on the
equator (and no longer in GL(C)). We thus define

G̃(ω, ξ) =

n∑
j=1

( z − Ej(ξ)

|z − Ej(ξ)|

)−1
Πj(ξ). (11.6)

We observe that G̃ ∈ U(C) is now a unitary matrix.
As we did for the projectors, we assume that

lim
|ω,ξ|→∞

G̃+(|ω, ξ|θ) = lim
|ω,ξ|→∞

G̃−(|ω, ξ|θ), ∀θ ∈ S2. (11.7)

We then define S3 ∼= (V+⊔V−)/ ∼ for the two spaces V± ∼= R3 with the equivalence relation ∼ iden-
tifying the two spheres at infinity parametrized by θ ∈ S2. We may then define the corresponding
invariant, which we will call a bulk-difference generalized winding number

Wα =
1

24π2

∫
S3
tr(G̃−1dG̃)∧3

=
1

24π2

∫
S3
tr(G−1dG)∧3 =

1

24π2

∫
R3

tr
(
((G−)−1dG−)∧3 − ((G+)−1dG+)∧3

)
.

(11.8)
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Note that Wα is defined with an opposite sign convention compared to [4]. Note, however, that
(11.8) is equivalent to

−Wα =
1

24π2

∫
S3
tr(GdG−1)∧3. (11.9)

The latter expression, which may easily be verified, is more convenient in practice since G−1 =
z − Ĥ(ξ) is easily differentiated when the Hamiltonian is known. Note also that ∂ωG

−1 = i.
Proof. We now justify the equalities in (11.8). The last equality comes from the change of

measure from S3 to R3 given by the stereographic projections. As for the projectors, we assume
that the above integrals over R3 converge absolutely. This is again the case for the Dirac operator
for instance.

The second equality is based on the following homotopy invariance showing that the above
integral, which is the same as the one that appears in the Fedosov-Hörmander formula, is homotopy
stable. This is based on the fact that ω = tr(A−1dA)∧3 is a closed three-form on GL(n,C); i.e.,
dtr(A−1dA)∧3 = 0. This was used to apply the Stokes theorem in a deformation of the Fedosov-
Hörmander formula. More generally, let at mapping [0, 1]× S3 to GL(n,C). Then

tr(a−1
t dat)

∧3 = a∗t tr(A
−1dA)∧3

is closed on [0, 1]× S3 for the same reason; see remark below showing that in cohomology, a∗0 = a∗1,
which means that for the above three-form ω, we have a∗1ω = a∗0ω+dη for a two-form η. Therefore,
as an application of the Stokes theorem, we find that∫

S3
tr(a−1

1 da1)
∧3 =

∫
S3
tr(a−1

0 da0)
∧3.

Alternatively, we may consider a being equal to at on the sphere of radius R+ t and apply Stokes’
theorem on the annulus between S3R and S3R+1. We can then consider a being given by a1 on the
whole annulus and apply Stokes’ theorem again. This clearly implies that a0 and a1 are homotopic.

It remains to define at =
∑n

j=1

( z−Ej(ξ)
|z−Ej(ξ)|1−t

)−1
Πj(ξ) with a0 = G while a1 = G̃. This shows the

equality in (11.8).

Remark 11.1 Let a0 and a1 homotopic smooth maps from M to N with M and N smooth closed
manifolds. Above, M = S3 and N = GL(n,C). For t ∈ [0, 1], it : M → M × [0, 1] defined by
it(x) = (x, t). Let a :M × [0, 1] → N be the homotopy map such that aj = a ◦ ij for j = 0, 1.

For each p, there exists by [30, Lemma 17.9], a homotopy operator h : Ωp(M×[0, 1]) to Ωp−1(M)
such that for each ω̃ ∈ Ωp(M × [0, 1]), then

h(dω̃) + d(hω̃) = i∗1ω̃ − i∗0ω̃.

Now let ω ∈ Ωp(N) be a closed p−form. In the above application, this is ω = tr(A−1dA)∧3. Then
we have that ω̃ = a∗ω is a closed p−form on M × [0, 1] since da∗ω = a∗dω = 0. Using the above
homotopy operator, we thus have

a∗1ω − a∗0ω = i∗1a
∗ω − i0 ∗ a∗ω = dha∗ω + hda∗ω = dη

is an exact p−form on M with η = ha∗ω here. By the Stokes theorem, this means that for a
top-degree form, ∫

M
a∗1ω =

∫
M
a∗0ω.
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Relation among the invariants. Both c[Π] and Wα are based on the same Hamiltonian Ĥ(ξ).
It turns out that they are directly related as follows:

Proposition 11.2 Let α be a global spectral gap and Gα be the bulk-difference invariants con-
structed as above. Let ci = c[Πi] be the bulk-difference Chern invariants. Then

Wα =
∑
Ei<α

ci = −
∑
Ei>α

ci. (11.10)

Proof. A direct proof of the above result is shown in detail in [4]. The proof shows that the equal-
ity holds at the level of the integrands, in the sense that

∫
Rω

tr(G−1dG)3 = 12πi
∑

hi<α
trΠidΠidΠi

as an equality of two-forms after integration in ω.
To slightly simplify the proof, we first use the homotopy invariance of the Chern and winding

numbers as follows. First, up to a shift in the Hamiltonian from Ĥ to Ĥ − α, we may assume that
α = 0. Let then Π−(ξ) =

∑
Ej<0Πj(ξ), which is defined unambiguously since 0 is in a spectral gap

of Ĥ. The projector Π− is not affected by the transformation from Ej(ξ) to sign(Ej(ξ)). Let us
now define (recall α = 0 where we have a global spectral gap)

Gt =
n∑
j=1

(iω − |Ej(ξ)|−tEj(ξ))−1Πj(ξ), G1 = (iω + 1)−1Π−(ξ) + (iω − 1)−1Π+(ξ)

for t ∈ [0, 1] with Π+ = I − Π−. We verify that Gt ∈ GL(C) for all t ∈ [0, 1] and that using the
proof of (11.8), we have ∫

S3R
tr(G−1

1 dG1)
∧3 =

∫
S3R

tr(G−1
0 dG0)

∧3.

Let us relabel G = G1, with now a modified Hamiltonian with normalized eigenvalues |Ej(ξ)| = 1.
This result underlines the fact that the topological character of Ĥ is all encoded in the projectors
Πj so long as a spectral gap is maintained for all ξ, i.e. Ej(ξ) bounded away from 0.

Consider in (11.8) the partial integral in ω of the term involving G− (called G below) and giving
the two-forms:

I =

∫
Rω

tr(G−1dG)3 = −
∫
Rω

tr(GdG−1)3

with now G−1 = iω − σ with σ = Π+ −Π− so that ∂ωG
−1 = i. Thus

−I = 3i
(∫

R
tr(iω − σ)[(iω − σ)−1∂ξσ, (iω − σ)−1∂ζσ]dω

)
dξdζ.

For α and β in {−1, 1}, we have∫
R
(iω − α)−2(iω − β)−1dω =

π

4
( sign(α)− sign(β)).

With (iω − σ)−j = (iω − 1)−jΠ+ + (iω + 1)−jΠ−, we find

−I =
3πi

2
tr
(
[Π+∂ξσ,Π−∂ζσ]− [Π−∂ξσ,Π+∂ζσ]

)
dξdζ.

Now Π2
± = Π± so that Π±∂xΠ±Π± = 0. This shows

[Π+∂ξσ,Π−∂ζσ]− [Π−∂ξσ,Π+∂ζσ] = Π+[∂ξσ, ∂ζσ]−Π−[∂ξσ, ∂ζσ] = σ[∂ξσ, ∂ζσ].
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Finally ∂xσ = ∂xΠ+ − ∂xΠ− = 2∂xΠ+ so that

−I = 12πi tr Π+[∂ξΠ+, ∂ζΠ+]dξdζ.

It remains to divide by 24π2 and integrate in the (ξ, ζ) variables to obtain the components in (11.10)
involving the lower plane in (11.3). The integral over the upper plane is treated similarly. This
concludes the derivation.

Bulk-edge correspondence. We may now come back to (10.6). Assume the hypotheses of
Theorem 10.1 and the gluing conditions (11.2) for the bulk operator H± = Opwσ± that appear in
[H1]. Then, for α in a spectral gap,

2πσI [H] =Wα =
∑
Ej<α

cj (11.11)

where the Chern numbers cj are constructed from the bulk operators H± as shown earlier.
This is one of the most important result of these lecture notes. It states that for a large class

of perturbed elliptic partial differential models with domain wall, the asymmetric transport 2πσI
is not only quantized but also given by an explicit expression involving only the Chern numbers
associated to the bulk operators H±.

For the Dirac operator, this is again

2πσI =
1

2
( sign(m−)− sign(m+)).

The derivation now entirely bypasses the need to diagonalize the operator H and compute
the winding number of each branch of absolutely continuous spectrum. This is an important
simplification in Floquet Topological Insulators and in gated twisted bilayer graphene models where
the bulk invariants can be computed explicitly while a diagonalization of the interface Hamiltonian
seems totally hopeless; see [6, 8].

12 Lecture 12.

A rapid survey of several topological invariants and their computations. We now look
at a number of ways to compute the Chern numbers and winding numbers that appear in the
preceding lectures. We already saw a way to compute a Chern number by estimating an integral of
the form

∫
R2 trΠdΠdΠ. In the calculation of that integral, we found a way to write the integrand

in divergence form so as to relate it to boundary terms that were easier to estimate. We will see
that this is not a coincidence. To motivate the explicit results that we obtain, we now go over a
tour of several classical objects that were introduced to classify topologically various spaces and
maps between them. The spaces we consider are all smooth manifolds; for instance Lie groups such
as GL(n,F) with F = R or F = C and their subgroups, homogeneous spaces such as the spheres
S2, or Euclidean spaces R2. The maps involve maps among such spaces as well as sections of fiber
bundles, i.e, mappings from the base manifold to vector spaces or Lie groups.

The presentation below is based on material in [30], [20], [33], and [34]. See also [13].

Homotopy theory. Classification of manifolds or maps means identifying ‘similar looking’ man-
ifolds or maps. For manifolds, this may mean finding a smooth map between them that is bijective
and with smooth inverse. It turns out that this is often difficult to achieve. A method that has
shown great success is homotopy theory.
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In what follows, M and N will always denote smooth manifolds.
Two continuous maps f and g from M to N are said to be homotopic if there is a continuous

map h fromM× [0, 1] to N so that h(0) = f and h(1) = g. In other words, the images of f and g in
N can be continuously deformed from one to the other. We may then introduce homotopy classes of
equivalence with f and g belonging to the same class if they are homotopic. Symmetry, transitivity,
and reflexivity of the notion of equivalence are readily verified. The classes of equivalence from M
to N are denoted by [M,N ] while the class associated to f is denoted by [f ].

Two spaces M and N are then homotopic if we can find f :M → N and g : N →M such that
both f ◦ g and g ◦ f are homotopic to the identity on N and M , respectively. As an important
example, Rd is homotopic to the point 0 with f mapping x to 0 and g mapping 0 to 0 ∈ Rd. Then
f ◦ g is identity on the point while g ◦ f : x → 0 is homotopic to identity on Rd using the map
h(t, x) = tx. Spaces may therefore be homotopic even though they are far from diffeomorphic. This
generates a more flexible and easier to compute classification.

Fundamental group. Deciding whether two spaces are homotopic is still not easy. A fruitful
way to garner information on a manifold N is to look at functions defined on or with images in N .
In the latter case, consider maps from the unit circle S1 to N with a base point p ∈ N such that the
loop parametrized by S1 starts and ends at p. This forms a group on the classes of equivalences [f ]
of maps from S1 to N . Indeed, we identify maps with images in N that are homotopic. Moreover,
we have a group structure by concatenation: the map [f ][g] first loops from p to p according to g
followed by the loop associated to f . This forms indeed a map from p to p and one verifies that it
is [fg].

The group π1(N) is called the fundamental group. It is not necessarily abelian (commutative).
Consider the figure 8 (although this is not quite a manifold). Then looping around the upper or
lower circle of the figure generates non homotopic loops. Moreover, going around the top circle first
and the bottom circle second is not homotopic to the reverse operation.

We can show that π1(S1) ∼= Z counting the number of times the loop winds around the origin.

Higher-order homotopy groups. We can similarly look at maps from Sn to N . Seeing the
sphere as a cube with all boundary points identified to a base point p, we may see that homotopy
classes of equivalences of such maps also form a group. If ΩN is the space of loops on N , then
the space of loops on ΩN may be identified with π2(N) and so on recursively, so that the group
structure is clear.

The groups πn(N) are always abelian (commutative) for n ≥ 2 as may be (relatively easily)
verified. We have that πm(Sm) = Z essentially by construction. We observe that πn(S1) = {0} for
n ≥ 2 since any loop can be continuously deformed to the point p. More generally, we find that
πm(Sn) = {0} for m < n as well. However, πn+1(Sn) = Z2 for n ≥ 3 and πn+2(Sn) = Z2 for n ≥ 2.
These are difficult results to obtain.

For tori, we have π1(Tn) = Zn for the n−dimensional torus. Each loop around the one-
dimensional holes defines an independent generator. The order in which these loops are covered
does not matter and the group is abelian. We have πm(Tn) = {0} for m ≥ 2 so that there are no
holes of higher-order than one in tori. Note that even though the cardinality of Z is that of Zn, as
groups they are not isomorphic when n ≥ 2 (the latter requires n generators).

Of interest to us are the elements in the Bott periodicity theorem stating that

πk(U(n)) ∼= πk(SU(n)) ∼=

{
{0} k even

Z k odd
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for n ≥ 1
2(k + 1) (stability) while in the real case

πk(O(n)) ∼= πk(SO(n)) ∼=


{0} k = 2, 4, 5, 6 mod 8

Z2 k = 0, 1 mod 8

Z k = 3, 7 mod 8

for n ≥ k + 2.
While we do not really consider the real case in detail here, it is important in general classifi-

cations of topological insulators based on symmetries satisfied by Hamiltonians. Of importance to
us is the fact that π3(GL(n,C)) ∼= π3(U(n)) ∼= Z for n ≥ 2. This encodes the Chern numbers and
non-trivial indices we have encountered so far, and in particular in the form of an integral over a
sphere in the Fedosov-Hörmander formula.

Differential forms. While the above groups provide topological information regarding relevant
maps such as those in π3(U(n)), computing the invariant of a class [f ] is difficult. It turns out that
differential forms acting on a given manifold X also offer fruitful information. While the above
groups are maps from spheres to the manifold of interest, we now consider a dual notion mapping
the manifold of interest X to Λ∗T ∗M , the space of (alternating tensor valued) differential forms on
M .

We may want to recall some properties of differential forms and of pullbacks here. Following
[30], for M a manifold and T ∗

pM the cotangent space space of M at p, we denote by ΛkT ∗M the

alternating k−tensors given as the union over all points p ∈M of Λk(T ∗
pM). A section of ΛkT ∗M

is a continuous tensor field which to each point p ∈ M associates an alternating tensor Λk(T ∗
pM).

The vector space of such smooth k−forms is then denoted by Ωk(M) = Γ(ΛkT ∗M). The union
over 0 ≤ k ≤ d of these vector spaces is called Ω∗(M). We verify that ΛkT ∗M = {0} when k > n.

The wedge product (exterior product) on alternating tensors extends to a pointwise product on
Ω∗(M) with (ω∧ η)p = ωp ∧ ηp a k+ l form if ω is a k− form and η is a l−form. In a smooth chart,
any k−form may be written

ω =
∑
I

ωIdx
I , ωI = ω(∂xi1 , . . . ∂xik )

for I = {i1 < . . . < ik} a subset of {1, . . . , d} of cardinality k.

Pullback. Let f :M → N be a smooth map with ω a differential form on N . Then the pullback
f∗ω is defined as the differential form on M such that

(f∗ω)p(X1, . . . Xk) = ωf(p)(df(X1), . . . , df(Xk)),

where dfp(X) is the differential of f at p applied to the vector field X. For f : M → N smooth,
we have that f∗ is a linear map from Ωk(N) to Ωk(M) that commutes with the wedge product
f∗(ω ∧ η) = f∗ω ∧ f∗η. In any smooth chart, we have

f∗(ωIdy
I) = ωI ◦ f df I .

For a map f : Rx → Ry, we have for zero forms (functions) f∗u(x) = u ◦ f(x) and for one-forms
f∗(u(y)dy)(x) = u(f(x))df(x) = f∗u(x)df(x). The latter is also f∗u(x)f ′(x)dx, a formula we now
generalize.
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Pullback formula for top-degree forms. We will mostly need the notion of pullback on volume
(top-degree) forms, which is important in the definition of a topological invariant called the degree
of a map. Let f : M → N be a smooth map between d−manifolds with coordinates xi and yj on
U and V . Then on U ∩ f−1(V ), we have

f∗(udy) = u ◦ f(detDf)dx = f∗u(detDf)dx,

where Df is the Jacobian matrix of f in these coordinates. This comes from the change of variables
dy = (detDf)dx whereas the function u(y) is pulled back to f∗u(x) = u◦f(x). Note that pullbacks
reverse the direction of the map.

Exterior derivative. The exterior derivative d is defined on functions in a coordinate patch
as df =

∑
i ∂xifdx

i or for a smooth vector field X by df(X) =
∑

i ∂xifXi. This generalizes to
differential forms on a smooth manifold M with or without boundary as follows. There are unique
linear exterior differentiation operators d from Ωk(M) to Ωk+1(M) for all k such that

(i): If ω ∈ Ωk(M) and η ∈ Ωl(M), then d(ω ∧ η) = dω ∧ η + (−1)kω ∧ dη;
(ii): d ◦ d = 0;

(iii): For f ∈ Ω0(M) = C∞(M), df is the differential of f such that df(X) = Xf for X a vector
field.

(iv): For f :M → N smooth and ω ∈ Ωk(N) , then f∗(dω) = d(f∗ω) ∈ Ωk+1(M).

The last property is called the naturality of the pullback, which was essentially designed to commute
with differentials. In coordinates, we have with compact notation

f∗(d(udxI)) = f∗(du ∧ dxI) = d(u ◦ f) ∧ d(xI ◦ f) = d(u ◦ f ∧ d(xI ◦ f)) = d(f∗(udxI)).

Recall that in three dimensions, the gradient, curl, and divergence operators may be identified
with exterior derivation from functions to one-forms, one-forms to two-forms, and two-forms to
three-forms identified with functions so that d2 = 0 implies curl◦grad= 0 and div◦curl = 0.

Stokes’ theorem [30, Theorem 16.25]. LetM be an oriented smooth n−manifold with corners
and let ω be a smooth compactly supported (n− 1)−form on M . Then∫

M
dω =

∫
∂M

ω. (12.1)

This far-reaching generalization of the fundamental theorem of calculus implies that the integration
of exact forms (those of the form dω) only involves boundary data.

De Rham cohomology groups. A differential form ω is said to be closed when dω = 0. It is
said to be exact when ω = dη for some differential form η.

Consider the equation dω = 0. Such equations appear naturally in many systems of partial
differential equations such as Maxwell’s equations. As such, the above equation admits a lot of
solutions since any exact differential form dη is in the kernel of d: d2η = 0. Are there other
solutions? The answer depends on the topology of the manifold M over which the differential
forms are defined. While a differential form is always exact locally, topological obstructions exist
to have globally exact forms. The de Rham cohomology groups capture these obstructions.
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Let M be a smooth manifold with or without boundary. Recall that d : Ωp(M) → Ωp+1(M) is
a linear operator so that we may define

Zp(M) = Ker
(
d : Ωp(M) → Ωp+1(M)

)
= {closed p-forms on M}

Bp(M) = Ran
(
d : Ωp−1(M) → Ωp(M)

)
= {exact p-forms on M}.

These are vector spaces and we may now define their quotients of closed forms modulo exact forms:

Hp(M) = Zp(M)/Bp(M). (12.2)

This quotient is in fact a real linear space called the pth de Rham cohomology group. We have
Hp(M) = {0} when 0 < p or p > n. The above definition means that Hp(M) = 0 iif every closed
p−form is exact.

For ω a p−form, we denote by [ω] its cohomology class of p−forms ω′ such that ω−ω′ = dη for
some (p− 1)−form η. Then ω and ω′ are said to be cohomologous.

The above groups in fact admit a ring structure using the wedge product, which maps Hp(M)×
Hq(M) to Hp+q(M). Indeed the wedge product maps differential forms according to the above
grading. Moreover, one verifies that the wedge product of exact/closed forms is still exact/closed
so the product descends to cohomology with [a] ∧ [b] = [a ∧ b].

Induced cohomology. For any smooth map f : M → N , we observe that the pullback f∗

maps Zp(N) to Zp(M) by naturality and linearity 0 = f∗0 = f∗dω = df∗ω as well as Bp(N)
to Bp(M) also by naturality f∗ω = f∗dη = df∗η. It therefore induces a cohomology map from
Hp(N) to Hp(M) also denoted by f∗ and defined by f∗[ω] = [f∗ω]. With this notation I∗ denotes
the identity map on Hp(M) while (g ◦ f)∗ = f∗ ◦ g∗ for composition. From these properties,
we deduce that diffeomorphic smooth manifolds have isomorphic de Rham cohomology groups.
However, the cohomology groups, as the homotopy groups, are shared by manifolds that are far
from diffeomorphic as we now see.

Useful corollaries are as follows. The cohomology of a disjoint union of spaces is given by the
direct product space of the individual cohomologies so that we can focus on connected components.
The cohomology in degree zero of a connected manifold is H0(M) ∼= R the space of constant
functions (since there are no −1−forms and df = 0 on a connected manifold implies that f is
constant).

Homotopy operator. We start with a very useful map called a homotopy operator. For t ∈ [0, 1],
define it(x) :M →M × [0, 1] by it(x) = (x, t). Note thatM × [0, 1] is a manifold with corners when
M is a manifold with boundary. All results presented here apply to such manifolds. At any rate,
M and M × [0, 1] are homotopic manifolds and i∗0 and i∗1 are homotopic maps from M to itself.
The following lemma relates the pullbacks i∗0 and i∗1 on differential forms as follows:

Lemma 12.1 [30, Lemma 17.9]. For any smooth manifold M , there exists a homotopy operator
h : Ω∗(M × [0, 1]) → Ω∗−1(M) between the two maps i∗0, i

∗
1 : Ω

∗(M × [0, 1]) → Ω∗(M) such that

h(dω) + d(hω) = i∗1ω − i∗0ω.

In fact, the operator is defined as in a Poincaré lemma by hω =
∫ 1
0 i

∗
t (∂s⌟ω)dt with ∂s the vector

field of differentiation in the variable t.
This shows that for ω closed (i.e., dω = 0), we find that i∗1ω − i∗0ω = d(hω) is exact. Therefore,

in cohomology, as operators from Hp(M × [0, 1]) to Hp(M), we have i∗1 = i∗0.
As a consequence, if f, g : M → N are homotopic smooth maps, then in cohomology from

H∗(N) to H∗(M), we have f∗ = g∗. Indeed if h is the homotopy linking f and g, then f∗ =
(h ◦ i0)∗ = i∗0h

∗ = i∗1h
∗ = (h ◦ i1)∗ = g∗.
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Homotopy invariance. An important consequence is that cohomology groups are homotopy
invariants in the following sense.

Theorem 12.2 [30, Theorem 17.11]. If M and N are homotopy equivalent smooth manifolds with
or without boundary, then the de Rham cohomology groups are isomorphic: Hp(M) ∼= Hp(N) with
isomorphism induced by any smooth homotopy invariance f :M → N .

Indeed, for f :M → N and g : N →M smooth, the above states that in cohomology, f∗ ◦g∗ = (g ◦
f)∗ = (IM )∗ by using the above equality in cohomology, which is IH∗(M). Similarly, g∗◦f∗ = IH∗(N)

so that for instance f∗ : H∗(N) → H∗(M) is an isomorphism with inverse g∗.
As a consequence, we obtain that any manifold M contractible, i.e, with an identity map

homotopic to a constant map, has trivial cohomology Hp(M) = {0} for p ≥ 1. In particular the
Poincaré lemma states that for U star shaped open domain in Rn (or a half space) thenHp(U) = {0}
for p ≥ 1. As a consequence, any point p in a smooth manifold M has a neighborhood on which
each closed form is exact. Since Rn (as well as half spaces) is star-shaped, then Hp(Rn) = {0} for
p ≥ 1.

Examples of cohomology groups [30]. Cohomology groups are easier to compute than ho-
motopy groups. In particular, there is a strong relationship between the cohomology groups of
manifolds and of unions and intersections. Of importance for us is the cohomology of spheres,
which is entirely understood (unlike homotopy groups) and given by

Hp(Sn) ∼=

{
R p = 0 or p = n

{0} 0 < p < n.
(12.3)

In particular, any smooth orientation form (of top degree n) is a basis for Hn(Sn) ∼= R. As a result,
ω ∈ Ωn(Sn) is exact if and only if

∫
Sn ω = 0. Indeed [ω1] = [ω2] iif ω1 − ω2 = dη which by Stokes

means
∫
Sn ω1 =

∫
Sn ω2 so that [ω1] = 0 iif ω1 is exact iif

∫
Sn ω1 = 0.

For punctured Euclidean space, we find that Hp(Rn+1/{0}) ∼= Hp(Sn) as above by (homotopi-
cally) retracting the punctured space to the corresponding sphere.

Compactly supported cohomology. It is interesting to observe that for non-compact mani-
folds, the behavior of differential forms at infinity have an influence on the cohomology groups. This
shows the importance of appropriately compactifying non-compact domains whenever possible.

We have the following modified Poincaré lemma: Let ω be a compactly supported closed n−form
on Rn for n ≥ 1 such that

∫
Rn ω = 0. Then there exists η compactly supported such that dη = ω.

The novelty compared to the standard Poincaré lemma is that η may be chosen with compact
support. We may then define a different cohomology, namely the pth compactly supported de
Rham comology as

Hp
c (M) = Ker

(
d : Ωpc(M) → Ωp+1

c (M)
)
/ Ran

(
d : Ωp−1

c (M) → Ωpc(M)
)

where Ωpc(M) denotes the compactly supported smooth p−forms on M . Then we have

Hp(Rn) ∼=

{
R p = 0

{0} 0 < p ≤ n
Hp
c (Rn) ∼=

{
{0} 0 ≤ p < n

R p = n.
(12.4)

This shows that the two cohomology groups based on arbitrary or compactly supported differential
forms do not agree in general for non-compact manifolds. Of course, the two notions are identical
on compact manifolds. Note that the top cohomology groups Hn

c (Rn) ∼= Hn(Sn) ∼= R, which are
relevant for us here, are non-trivial and agree for Rn and Sn. This is a general phenomenon:
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Top cohomology and integration. Assume that M is an oriented smooth n−manifold (with
n ≥ 1). Then there is a linear map I : Ωnc (M) → R given by

I(ω) =

∫
M
ω. (12.5)

Then in cohomology, I : Hn
c (M) → R is an isomorphism [30, Theorem 17.30]. In particular,

Hn
c (M) ∼= R.
The result therefore applies to compact orientable smooth manifolds.
For orientable connected non-compact smooth n− manifolds, we can show as for Rn that

Hn(M) = {0}. For non-orientable manifolds, one can show that Hn(M) ∼= Hn
c (M) = {0} as

well. So, orientation is necessary to obtain a top-degree non-trivial topology in cohomology.

Regular values and Sard’s theorem. We first recall the Sard theorem. If f : M → N is a
smooth map, a point p ∈M is a regular point of f if its differential dfp : TpM → Tf(p)N is surjective
(maximal rank). It is a critical point otherwise.

A point c ∈ N is a regular value of f if every point of the pre-image f−1(c) of c is a regular
point of f , and a critical value otherwise.

The Sard theorem states that critical values of a smooth map form a set of measure zero in N .
If M and N have the same dimension, the result holds for C1 functions.

Consequences of Sard’s theorem include the Whitney embedding theorem stating that every
smooth n−manifold with or without boundary admits a proper smooth embedding into R2n+1.
Following this is the Whitney approximation theorem stating that a continuous map from M to
Rk can be approximated by a smooth one. To generalize this to maps from M to N there is
the difficulty that a smoothed out version of f may not longer map to N . To fix this, we may
construct a tubular neighborhood of a manifold using the embedding theorem and the notion of
normal bundle NM . With this, there is then the Whitney approximation theorem for f : N →M
with M smooth without boundary. Then f is homotopic to a smooth map.

Degree Theory. We arrive at an important tool in the explicit computation of topological in-
variants associated to some (but not all) maps of interest in topological insulators.

Theorem 12.3 Suppose M and N are connected oriented smooth n−manifolds and let f :M → N
be a smooth map. Then there is a unique integer deg f called the degree of f such that both
conditions hold:
(i) For every smooth n−form ω on N we have∫

M
f∗ω = deg f

∫
N
ω.

(ii) If y ∈ N is a regular value of F , then

deg f =
∑

x∈f−1(y)

sign(Jf (x))

where Jf (x) is the Jacobian determinant of f at x, i.e., the determinant of the differential dfx.

It is useful to recall the main steps of the derivation of such a result. We saw above that two
smooth n−forms on either M or N are cohomologous iif they have the same integral. Let

∫
N θ = 1
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and k =
∫
M f∗θ. For ω arbitrary, then [ω] = [aθ] with a =

∫
N ω. Thus [f∗ω] = [af∗θ] so that

ak = k
∫
N ω so that (i) holds for a unique real number k independent of ω.

Now let q ∈ N be a regular value of f with f−1(q) = {x1, . . . , xm} isolated points inM (possibly
m = 0). By the implicit function theorem, there are open Ui ∋ xi such that F is a diffeomorphism
from Ui to f(Ui) and the Ui are disjoint. On the closed K = M\(∪iUi), f|K is closed in N and
disjoint from q. Shrinking and adapting Ui if necessary, we have a map f from ⊔iUi to W a
connected neighborhood of q such that each restriction f|Ui

to W is a diffeomorphism.
Now take ω a n−form on W ⊂ N such that

∫
W ω = 1. Thus from above

deg f =

∫
M
f∗ω =

∑
i

∫
Ui

f∗ω =
∑
i

sign((Jf )Ui)

∫
W
ω =

∑
i

sign((Jf )Ui) =
∑

x∈f−1(y)

sign(Jf (x)),

where the third equality comes from a change of variables formula.
The three main arguments are: (i) the fact that compactly supported n-forms are cohomologous

when they share the same integral; (ii) the Sard theorem stating that almost every value is not a
critical value of a map f ; and (iii) the construction of measures with supports that localize in the
vicinity of points of interest. This remarkable result shows that the top cohomology invariant in
fact takes integral values in a very natural way.

Let us mention important corollaries. LetM , N and P be compactly connected oriented smooth
n−manifolds. If f and g are smooth maps then deg f ◦ g = deg g deg f . If f is a diffeomorphism,
then the degree of f is 1 if f is orientation preserving and −1 if it is orientation reversing. Finally,
if two maps f0 and f1 are homotopic, then they have the same degree.

For the converse, let us mention the Hopf theorem, stating that maps from a closed oriented
compact n-manifold to Sn are homotopic if and only if they have the same degree. The degree
therefore completely classifies such maps topologically. However, this is not true in general for
compact orientable manifolds. For instance maps from T2 to itself given by f(w, z) = (w, z) and
g(w, z) = (z, w̄) share the same degree but are not homotopic.

Let us also mention that we can define the degree of any continuous map by letting the degree
be the degree of any smooth map homotopic to F . The Whitney approximation theorem guarantees
the existence of such maps. The above results then also apply to continuous maps.

We finally mention the following extension with its own caveats: For f a proper map on non-
compact connected oriented smooth n−manifolds, a degree may be defined as above for smooth
compactly supported n−forms as a finite sum of signs of Jacobians. Since properness implies that
F is infinite at infinity, this is reasonable. However, the degree of a proper map is no longer a
homotopy invariant. For instance, f, g : C → C given by f(z) = z and g(z) = z2 have different
degrees although they are homotopic. So the notion of a degree is a lot less powerful than in the
compact case.

Degree at regular and critical values. Consider the situation of M an open subset of a
smooth n-manifold M0 with M̄ = M ∪ ∂M , f a map from M to another smooth n-manifold N
and q ∈ N\f(∂M) a regular value of f . The above result then defines the degree of such a map
f from M to N . To emphasize the role of q, we call as in [34] such an integer deg(f,M, q). Now,
even if q is a critical value, we can find regular values q′ in any neighborhood of q. Moreover, we
verify that deg(f,M, q′) is then independent of the choice of q′ sufficiently close to q. As a result,
we define deg(f,M, q) as this integer deg(f,M, q′). Of course, (ii) above needs to be estimated at
such a regular value.

If K ⊂ M̄ such that q ̸∈ f(K), then we verify from the expression of the degree as an integral
the excision result deg(f,M, q) = deg(f,M\K, q).
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Also immediate from the integral formulation of the degree is the following result. Assume M
and N of dimension n and M ′ and N ′ of dimension m. Assume f and f ′ with degrees at q ∈ N
and q′ ∈ N ′. Then

deg(f × f ′,M ×M ′, (q, q′)) = deg(f,M, q) deg(f ′,M ′, q′). (12.6)

This result is a direct consequence of∫
M×M ′

(f × f ′)∗µ · µ′ =
∫
M
f∗µ

∫
M ′
f ′∗µ′.

It is for instance reasonably straightforward to apply when M and M ′ are cubes (rather than
spheres).

Gauss-Bonnet theorem. ForM a compact smooth oriented surface (i.e., n = 2) without bound-
ary and N = S2, we may define the Gauss map f which to p ∈ M associates its unit normal at p.
We then have that for µ the area measure on S2, then f∗µ(p) = K(p)A with K(p) the Gaussian
curvature and A the area element in M . Therefore

deg(f,M, S2) =
∫
M f∗µ∫
S2 µ

=
1

4π

∫
M
K(p)dA.

This is the Gauss-Bonnet formula stating that the integral of curvature on a closed surface is 4π
times an integer. We verify that this integer is 1 when M is (homotopic to) a sphere and 0 when
it is (homotopic to) a torus. More generally, the integer equals 2− 2g when M is a sphere with g
handles (with genus g).

Index of Gauss map. Let f be continuous from the unit ball B̄ to Rn with f(∂B) ∈ Rn\{0} so
that deg(f,B, 0) is defined. Consider the Gauss map ψ : ∂B → Sn−1 defined by ψ(x) = f(x)/|f(x)|.
Then we have the result

degψ = deg(f,B, 0). (12.7)

See [34] for a proof.

Index of a vector field. We now want to express the degree of a vector field as an explicit
integral. Let Q ⊂ U ⊂ Rn with Q a closed smooth hyper-surface. Let ξ(x) = (ξ1(x), . . . ξn(x)) be
a vector field on U . We denote by Q ∋ x → ψ(x) = ξ(x)/|ξ(x)| ∈ Sn−1 the Gauss map associated
to the vector field ξ|Q restricted to the hyper-surface Q.

Let now Ω denote the natural normalized volume (n− 1)-form on Sn−1. Then we have degψ =∫
Q ψ

∗Ω by definition. We would like to obtain a more explicit expression. For this, we assume that

Q is locally given by the equations xi = xi(u1, . . . , un−1) for 1 ≤ i ≤ n and define at each point
in Q the n × n matrix L with entries L1j = ξj for the first row and Lkj = ∂uk−1ξj for the rows
2 ≤ k ≤ n. With this, we have [20, Section 14]

degψ = degQ ξ =
1

γn

∫
Q

1

|ξ|n
detLdu1 ∧ . . . ∧ dun−1. (12.8)

Here, γn is the volume of Sn−1. In dimensions n = 2 and n = 3, the above formula simplifies to

degQ ξ =
1

2π

∮
Q

dt

|ξ|2
(
ξ1
dξ2

dt
− ξ2

dξ1

dt

)
, degQ ξ =

1

4π

∫
Q

du ∧ dv
|ξ|3

(ξ, [∂uξ, ∂vξ]),

respectively. These formulas, written in terms of vector fields, find applications for Hamiltonians
of the form h · Γ with Γ generators of a representation of a Clifford algebra.
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Principal bundle notation. The degrees of vector fields find applications in topological in-
sulators modeled by operators of the form h(x, ξ) · Γ with Γ a vector of matrices that appear
in representations of Clifford algebras. Dirac operators and several operators in super-conductor
theory belong to this class.

However, the class of operators that may be classified using the Fedosov- Hörmander formula are
more general than those representable in a Clifford algebra. They are more generally maps from a
sphere of dimension 2d− 1 in a cotangent bundle of dimension 2d to a group of invertible matrices
GL(n,C) with a dimension that is typically not 2d − 1 (although it is for operators h(x, ξ) · Γ
explaining why top degree cohomology is useful). Similarly, the Chern numbers involve a map from
a dual space of dimension d to a space of projectors onto vector spaces of dimension Cn.

We now collect useful information mostly from [33]; see also [11, Chapters 1 & 2] for an intro-
duction to principal fiber bundles, connections, and curvature forms.

Manifold. A smooth n−manifold is a topological space locally diffeomorphic to a subset of Rn.
It is characterized by a finite family of open sets {Ui} covering M (i.e. ∪iUi = M) and homeo-
morphisms φi from Ui to φi(Ui) ⊂ Rn. When Ui ∩ Uj ̸= ∅, the transition maps ψij = φi ◦ φ−1

j are
smooth from φj(Ui ∩ Uj) to φi(Ui ∩ Uj).

Here, Ui is a patch, (Ui, φi) a chart while the family over i is an atlas. Any other atlas such
that the union with the first one is still an atlas is called compatible. The equivalence class of such
atlases is a differentiable structure, here a smooth one since all transition functions are assumed
smooth.

The same notion generalizes to manifolds with a boundary with Rn above replaced by Hn the
half space with last component xn ≥ 0.

Fiber bundle. This is a manifold that looks locally like a product of topological spaces. A fiber
bundle is an object (E, π,M,F,G) with M a base manifold, π : E → M a surjective projection
onto the base manifold, F a manifold called the fiber, and G a Lie group called the structure group
and acting on F on the left. Finally, for Ui an open cover of M , we need the existence of local
trivializations which are diffeomorphisms ϕi : Ui ×F → π−1(Ui) with π ◦ ϕi(p, f) = p. (This shows
that locally E looks like the direct product Ui × F .)

Finally, we need the following compatibility conditions. Let ϕi,p(f) := ϕi(p, f). Then ϕi,p : F →
Fp is a diffeomorphism. When Ui ∩ Uj ̸= ∅, we require the transition functions tij(p) = φ−1

i,p ◦ φj,p
from F to F to belong to the structure group G. This means that tij : Ui ∩ Uj → G implies
ϕj(p, f) = ϕi(p, tij(p)f).

There are many examples of fiber bundles and many operations on them that we do not review
here. An important class of fiber bundles is that of vector bundles where F is a vector space. The
tangent space is a vector bundle with structure group G = GL(R, n) for instance.

Principal bundle. We need another piece of structure. A principal bundle is a fiber bundle
where F ∼= G and is often denoted by P

π−→ M or P (M,G). In addition to the left action defined
by the above transition functions, we also add a structure of right action Rgu = ug of G on
π−1(Ui) ∼= Ui × G. This action may be defined locally but is globally defined, transitive (i.e. for
any u1 and u2 in π−1(p), there is a such that u1 = u2a), and free (i.e., if ua = u for u ̸= e then
a = e).

Example: The Magnetic monopole. This is a relevant example of a principal bundle for us.
Let M = S2 and G = U(1) ∼= S1. We denote by UN and US an open covering of S2 and to simplify
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assume the overlap along the equator (as opposed to an open neighborhood of it to conform to the
above hypotheses; things are easily adaptable to that case). Then UN is parametrized by 0 ≤ θ ≤ π

2
and 0 ≤ φ < 2π while US is parametrized by π

2 ≤ θ ≤ π and 0 ≤ φ < 2π.
The local trivializations are given by ϕ−1

+ (u) = (p, eiα+) on UN and ϕ−1
− (u) = (p, eiα−) on US

with eiα± ∈ G = U(1). The transition function t+−(θ = π
2 , ϕ) along the equator may be chosen

arbitrarily in U(1). Choosing t+−(ϕ) = einϕ for n ∈ Z defines a principal bundle.
Note that the right action is multiplication by g = eiΛ at each point p so that ϕ−1

± (ug) =

(p, ei(α±+Λ)). The right action may be interpreted as a U(1)−gauge transformation.
Moreover, the choice of n has topological implications. When n = 0, we obtain that P = S2×S1

a trivial product bundle. As soon as n ̸= 0, the bundle P is twisted and what comes next is to a
large extent material necessary so that we can classify such bundles topologically.

Connection. An important piece of structure we need to add on principal bundles is that of a
connection. This plays two roles. The first important one is that as the name indicates it helps to
connect fiber elements at different points of the base manifold M . In the absence of a Euclidean
structure, it is indeed not possible to compare fiber elements at different points on M in a natural
way. A second motivation is that the connection is a one-form, i..e, a differential form. This will
help us to construct a two-form, the curvature form, as well as higher-order forms until we get a
top-order forms. We have seen such forms were useful in the definition of topological degrees. They
are also useful in the definition of Chern numbers, which is our main object of interest.

Unfortunately, the notion of connection is rather technical as it involves Lie algebra-valued
differential forms. We first recall some aspects of Lie theory. The left and right actions are defined
on G by Lgh = gh while Rgh = hg. Lg induces a pushforward Lg∗ (the differential of Lg) on
tangent spaces Th(G) → Tgh(G) and the left-invariant vector fields Lg∗Xh = Xgh form a vector
space g called the Lie algebra of G. Since X ∈ g may be specified by its value at the unit e,
we have g ∼= TeG the space of tangent vectors to G at e. Associated to a Lie algebra is a Lie
bracket [·, ·] (the commutator) under which it is closed. There is a set {Tα} of generators of the
(finite dimensional) Lie algebra and then [Tα, Tβ] = fγαβTγ for fγαβ the structure constants of the
Lie algebra. For G = U(1), then g ∼= iR for instance and there is a unique generator 1. On G, we
have a natural g-valued one-form, the Maurer-Cartan one form, defined by ω = g−1dg (when G is
a matrix Lie group). This is a map from TgG to TeG defined more explicitly by ωg(v) = (Lg−1)∗v.
We then verify that L∗

gω = ω while R∗
gω = Adg−1ω = g−1ωg.

Let P (M,G) be the principal bundle and Gp = π−1(p) the fiber at p = π(u) for some u ∈ P .
Then TuP is the tangent space of P at u. The vertical subspace VuP of TuP is the subspace tangent
to Gp at u. Heuristically, VuP is the space of tangent vectors pointing in directions that leave the
base point p ∈M invariant, whence the name vertical where M is supposed to be horizontal. The
union of the TuP is TU = ker(dπ) the kernel of the tangent mapping dπ : TP → TM .

Now TuP = VuP⊕HuP for various complements HuP called horizontal subspaces. The role of a
connection is precisely to identify one such HuP . It takes the form of an element ω ∈ Ω1(P )⊗ g =
C∞(P, T ∗P ⊗ g), i.e., a one-form on P with values in the Lie algebra g of the Lie group G. It
needs to satisfy the following compatibility conditions. First, Adg(R

∗
gω) = ω where Adgh = ghg−1.

Second, if ξ ∈ g and Xξ is the vector field on P differentiating the G action on P by ξ, then
ω(Xξ) = ξ. The latter states that the range of ω is V P the union of the vertical spaces VuP . Thus,
ω determines a bundle map v : TP → TV with v a projection onto TV . Its kernel is identified as
the horizontal complement HV such that TP = TV ⊕TH. Note that when X is a point {x}, then
the above Maurer-Cartan form is the unique connection on {x} ×G.
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Local expression. A local section σ : M ⊃ U → P provides a local trivialization of P . In this
trivialization, we may consider the pullback s∗ω of the connection to obtain a one-form on U with
values in g. If g : U → G is a smooth map, then sg(x) = s(x)g(x) is a new section. One then
verifies that

(sg)∗ω = g−1s∗ωg + g−1dg (12.9)

with d the exterior differentiation, and that ω is uniquely determined by the above family of
g−valued one-forms. Similarly, if Ai = σ∗i ω ∈ Ω1(Ui)⊗ g for a trivialization on Ui, then on Ui ∩Uj
and with Aj = σ∗jω ∈ Ω1(Uj) ⊗ g, then ω is a connection if and only if we have for all such (i, j)
that

Aj = t−1
ij Aitij + t−1

ij dtij . (12.10)

Conversely, if we can define local connections that satisfy the above covariance under change of
local section, then a global connection ω may be constructed with s∗ω equal to the given set of local
connections. See [33, Chapter 10].

Parallel transport. The connection allows us to transport fiber elements along a curve as follows.
Let γ(t) for t ∈ [0, 1] be a curve on M with p = γ(0). Let u = (p, f) ∈ π−1(p). Then there exists
a map Γ : [0, 1] → P such that Γ(0) = (p, f) and Γ(t) = (γ(t), f(t)) for f(t) in the fiber π−1(γ(t)).
This map Γ is a lift of the curve γ from the base manifold M to the principal bundle P . It is given

by solving the (uniquely solvable) systems of ordinary differential equations ω(
d

dt
Γ) = 0 with initial

condition Γ(0) = (p, f). The transport from (p, f) to (γ(t), f(t)) is called parallel transport.

In a local expression A = σ∗ω, the equation for the lifted curve is
df

dt
= −A(

d

dt
γ, f) = A(

d

dt
)f ,

which provides a differential equation for the fiber component f(t). See [33, Theorem 10.2].

Curvature form. The curvature form of a principal bundle with group structure G is the g-
valued two-form defined by

Ω = dω +
1

2
[ω ∧ ω] = dω + ω ∧ ω ∈ Ω2(P )⊗ g.

Here, d is exterior derivative on the bundle P (not only on the base M). We note in passing that
parallel transporting along a closed curve (loop) generates a subgroup of G called the group of
holonomies. This holonomy is captured by the integral of the curvature two-form over the surface
generated by the loop. See references for details.

In a local form where A = σ∗ω, we may define F = σ∗Ω and obtain that

F = dA+A ∧A, (12.11)

where d is now the exterior derivative on M . The above also means that for X and Y vector fields
on TM , then

F(X,Y ) = dA(X,Y ) + [A(X),A(Y )]

where [·, ·] is the Lie bracket on g. More precisely, on a chart U with coordinates xµ = φ(p), we
have the relations

A = Aµdx
µ, F :=

1

2
Fµνdxµ ∧ dxν , Fµν = ∂µAν − ∂νAµ + [Aµ,Aν ].

For two overlapping charts Ui ∩Uj with Fi and Fj the curvatures on these charts, then on Ui ∩Uj
they need to verify the compatibility conditoin

Fj = t−1
ij Fitij = Adt−1

ij
Fi. (12.12)
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A connection ω written locally as A = g−1dg is called pure gauge. In that case, F = 0. Conversely,
when F = 0, then A may be chosen locally as g−1dg.

Covariant derivative. Associated to the one-form A, we may also introduce a (local) covariant
derivative ∇ = d+A. We then verify that F = ∇2. Indeed

(d+A)2 = d2 + dA+Ad+A ∧A = (dA) +A ∧A = F ,

since A is a one-form so that as operators dA+Ad = (dA).

Example: U(1) gauge theory and magnetic monopoles. When G = U(1), which is Abelian
with scalar Lie algebra u(1) = iR, then F = dA since A ∧ A = 0 then. We deduce the Bianchi
identity dF = 0 (more generally, the Bianchi identity is DF := dF + [A,F ] = 0). Consider again
the magnetic monopole with M = S2 and P (S2, U(1)) a U(1)−bundle. We defined the charts
S2+ = UN and S2− = US above. Consider a general transition function t+−(ϕ) =: t(ϕ) = eiφ(ϕ) with
φ : S1 → R. This is the most general transition function on the equator with values in S1. Such
maps are classified in π1(U(1)) = Z by their degree deg t, which here takes the form of the winding
number 1

2π

∫ 2π
0 t−1(ϕ)t′(ϕ)dϕ.

Assume A± defined on UN and US . The above compatibility condition is

A+ = t−1A−t+ t−1dt = A− + idφ, dφ = −i(A+ −A−).

If we choose A± = ±ig(1 ∓ cos θ)dϕ, then the only compatible choice for t(ϕ) is dφ = 2gdϕ.
Since t(ϕ) is globally defined on the equator, then

∫ 2π
0 φ′dθ = φ(2π) − φ(0) ∈ 2πZ. Then so is∫ 2π

0 2gdϕ = 4πg.
This implies that 2g ∈ Z. Thus the above choice of A± is compatible as a connection with

the fiber bundle structure only if 2g ∈ Z. If A represents a magnetic potential and F = dA the
corresponding magnetic field, then the total flux is

Φ =

∫
S2
F =

∫
S2+
dA+ +

∫
S2−
dA− =

∫
S1
A+ −A− = 4πg.

In this model (this is a model; nobody forces anyone to believe the principal bundle structure),
the flux is quantized in integer multiples of 2π. If g is interpreted as an electric charge, this shows
that if a magnetic monopole exists (with the integer then not vanishing), then electric charge is
quantized. Magnetic monopoles do not seem to have been convincingly detected.

Characteristic classes. Let M(k,C) be the k × k complex matrices and Sr the vector space
of symmetric r−linear functions on M(k,C). Let S∗ be the formal sum over r. The product of
two symmetric functions may be defined by symmetrization. For G a Lie group with algebra g, we
define Sr(g) as the restriction of the above to g. Then P is said to be invariant if for each g ∈ g,
P is invariant against replacing Ai ∈ g by g−1Aig.

The symmetrized trace is such an invariant. Let Ir(G) denote such invariants. Then P (A)
means P (A, . . . , A) and is an invariant polynomial of degree r in A. For example, trAr is such an
invariant polynomial. We may retrieve the multi-linear object by polarization.

On a principal bundle P (M,G). We extend the invariant polynomials from g to g-valued p-forms
on M by

P (A1η1, . . . , Arηr) = η1 ∧ . . . ∧ ηrP (A1, . . . , Ar)
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for multi-linear objects and P (Aη) = η ∧ . . . ∧ ηP (A) for polynomials.
In particular, we may consider P (F) since we have seen that F was transformed into g−1Fg

when changing local trivializations and P is invariant under such changes. Then we have

Theorem 12.4 (Chern-Weil) For P an invariant polynomial and F a curvature, then dP (F) =
0 and for F and F ′ corresponding to different connections A and A′, we have P (F) − P (F ′) is
exact. More precisely, if P̃ is the multilinear form associated to P , then

Pr(F ′)− Pr(F) = d
[
r

∫ 1

0
dtP̃r(A′ −A,Ft, . . .Ft)

]
with Ft = dAt+At∧At for At = A+t(A′−A). The object under brackets is called the transgression
TPr(A′,A).

The invariant polynomial is closed and its integral over M is independent of the connection A and
thus depends only on P . For E a principal bundle or associated vector bundle, we denote by χE(P )
the characteristic class defined by the polynomial invariant P .

We have a (Weil) homomorphism P → χE(P ) from I∗(G) to H∗(M). We also have naturality
χf∗E = f∗χE of bundle pullbacks. This implies that characteristic classes of trivial bundles are
trivial. Characteristic classes are therefore subsets of the cohomology classes. Their main interest is
that the invariants associated to such classes may be computed explicitly as integrals of differential
forms.

We can then define several examples of polynomials such as the Chern classes and Chern
characters, whose explicit expressions simplify specific calculations.

Chern classes. For some groups such as GL(n,C), we can show that the above invariant poly-
nomials are the only topological invariants respecting the symmetries used to construct them. A
convenient form of polynomials is that of Chern classes, for E

π−→ M a complex vector bundle or
P (M,G) a principal bundle with structure group G ⊂ GL(k,C), then we define the total Chern
class

c(F) = det
(
I +

iF
2π

)
= 1 + c1(F) + c2(F) + . . . (12.13)

where cj(F) ∈ Ω2j(M) is called the jth Chern class. Such classes vanish for 2j > m so that the
above is a finite sum. From the Chern-Weil theorem, cj(F) is closed so that [cj(F)] ∈ H2j(M) the
de Rham cohomology groups. The first two Chern classes are given by

c1(F) =
i

2π
trF , c2(F) =

−1

8π2
[trF ∧ trF − tr(F ∧ F)].

Chern number. For M a closed compact manifold of dimension 2n and G a Lie group, the nth
Chern class is a 2n-form and we define the nth Chern number as

cn =

∫
M
cn(F) ∈ R.

This number is a topological invariant ofM (for a fixed group G) in the sense that it is independent
of the connection A that generates it. Moreover, the chosen normalization makes that it takes
integral values as we now see for c1 in a specific case.
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Example: Chern number for P (S2, U(1)). We come back to the setting of the magnetic
monopole. We find

c1 =
i

2π

∫
S2
F =

i

2π

∫
S2+∪S2−

F =
i

2π

∫
S1
A− −A+ =

1

2πi

∫
S1
t−1dt = degφ =

∑
ϕ∈φ−1(0)

Jφ(ϕ)

(12.14)
with t = t+− = eiφ(ϕ) ∈ U(1) so that A+ − A− = t−1dt and assuming that 0 is a regular value of
φ(ϕ). We thus obtain that c1 is indeed an integer.

The data required to compute the first Chern number is therefore the topological class of the
transition function t. We recall that the Lie algebra of U(1) is represented by iR so that A is a
standard one-form on S2 (with complex-valued coefficients). We saw that for A± = ±ig(1∓cos θ)dϕ
on S±, then we needed 2g ∈ Z for the above to define a connection and then the degree of t is 2g
as well.

Hamiltonians with rank-one projectors. This result generalizes to several settings of interest
in topological insulators. A Chern number appeared in the computation of the bulk-difference
invariant for the Dirac operator represented by the family of Hamiltonians Ĥ± = ξσ1+ζσ2+m±σ3.
We found a Chern number equal to 1

2( sign(m−)− sign(m+)).

More generally, consider a family of Hamiltonians Ĥ(ξ) =
∑

j Ej(ξ)Πj(ξ), where ξ ∈ S2 after
circle compactification. Assume that Π(ξ) := Πj(ξ) is rank-one, i.e., Ej(ξ) is a simple eigenvalue
for all ξ ∈ S2. We defined the Chern number associated to Π as

c[Π] =
i

2π

∫
S2
trΠdΠ ∧ dΠ.

We now show that c[Π] is in fact c1 above for an appropriate connection.

Adiabatic connection. Since Π(ξ) is rank-one, it may be expressed as Π(ξ) = ψ(ξ) ⊗ ψ(ξ) for
ψ(ξ) a normalized vector in some space Cn. The normalized eigenvector ψ(ξ) is defined up to a
phase g(ξ) ∈ U(1). However, we may not be able to construct a continuous phase globally on
S2. This is why the notion of a principal bundle P (S2, U(1)) is the right one for us here. Note
that Π(ξ) is defined uniquely as the one-dimensional eigenspace of a smoothly varying energy level
associated to a smooth Hamiltonian Ĥ(ξ). While ψ(ξ) may be defined continuously locally, there
may be topological obstructions to a global construction. The Chern class and the Chern number
precisely characterize this obstruction.

Assume ψ(ξ) given smoothly on S+ for instance. This is always possible as S+ is contractible.
For the constant σ(ξ) = e ≡ 1 and all other sections σg(ξ) = g(ξ), define

Ag = (ψg, d(ψg)) = (ψg, dψg + ψdg) = (ψ, dψ) + g−1dg = Ae + g−1dg

where (·, ·) is the standard inner product on Cn and where we used that g(ξ) ∈ C (in fact ig ∈ R)
and that ∥ψ(ξ)∥ = 1 for all ξ ∈ S+. We thus observe that (12.9) holds for any section on S+, as
well as on S− similarly. As a result, a global connection exists in Ω1(S2)⊗ (iR) ∼= Ω1(S2) if we can
glue these objects on S1 = S2+ ∩ S1−.

Assume ψ±(ξ) to be continuous eigenvectors on S± and define t : S1 → U(1) by ψ+ = tψ−.
The existence of t is guaranteed by the fact that ψ±(ξ) solve the same (simple) eigenvalue problem
and are therefore defined up to a multiplicative phase in U(1). As a consequence, our definition
of Ag defines a connection on P (S2, U(1)) and (12.14) applies with A = Ae. This is the adiabatic
connection, although we will not comment on the terminology here.
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Computation of the Chern number. It remains to relate this number to c[Π]. Using that
Ae = ψ∗dψ = −dψ∗ψ, we verify that

Fe = trΠdΠdΠ = trψψ∗d(ψψ∗)d(ψψ∗) = (ψ, [ψψ∗d(ψψ∗)d(ψψ∗)]ψ)

= dAe + 2Ae ∧ Ae −Ae ∧ Ae = dAe +Ae ∧ Ae = dAe = (dψ, dψ),

since Ae ∧ Ae = 0 for scalar 1-forms, so that indeed c1 = c[Π].
So the recipe to compute a two-dimensional bulk-difference Chern number is: (i) construct

ψ±(ξ) a continuous family of normalized eigenvectors of Π(ξ) = Πm(ξ); (ii) construct the transition
function t ∈ U(1) on S1; and (iii) compute the winding number of t as in (12.14).

Remark 12.5 We see sometimes the definition of a ‘connection’ A = ΠdΠ that may provide a
curvature on a different fiber bundle than P (S2, U(1)). Note that we do not take traces here. Indeed,
trΠdΠ = trΠ2dΠ = trΠdΠΠ = 0 since ΠdΠΠ = for Π a projector. This comes from Π2 = Π so
that ΠdΠ+ dΠΠ = dΠ or dΠΠ = (I −Π)dΠ so the result follows. Now

F = dA+A ∧A = d(ΠdΠ) + ΠdΠΠdΠ = dΠ ∧ dΠ+ 0.

This is not quite ΠdΠdΠ and so trF = 0 in many problems of interest such as the Dirac operator.
We can also define Ã = ΠdΠ−dΠΠ = [Π, dΠ] and obtain that F̃ = dÃ+Ã∧Ã = 2dΠ∧dΠ−dΠ∧dΠ =
dΠ∧ dΠ as well. Note that the above A is defined globally since Π is defined globally. When such a
connection can be defined globally on S2 rather than the bundle P , we deduce that P is trivial. See
[35] for constructions of adiabatic connections and curvatures for larger groups than U(1).

Bulk-difference Chern number for the Dirac operator. Consider the Dirac operator Ĥ =
ξσ1 + ζσ2 +mσ3. Define z = ξ + iζ so that

Ĥ(z) =

(
m z̄

z −m

)

admits two eigenvalues E1,2 = ±
√
|z|2 +m2. Eigenvectors of Ĥ(z) solve

(m− E)ψ1 + z̄ψ2 = 0, zψ1 − (m+ E)ψ2 = 0.

We thus have two different choice of phases

ψ+ =
1√

|z|2 + (E −m)2

(
z̄

E −m

)
, ψ− =

1√
|z|2 + (E +m)2

(
m+ E

z

)
.

In order for ψ associated to E = E1(z) = −
√
|z|2 +m2 to be continuously defined for z ∈ C, we

choose the phase ψ+ when m > 0 (since then |E − m| ≥ 2|m|) and the phase ψ− when m < 0
(since then |E +m| ≥ 2|m|) . This ensures that the normalization constant never vanishes and is
continuously defined on C.

When m > 0 in the northern hemisphere and m < 0 in the southern hemisphere, we thus have
ψ = ψ− in the southern hemisphere and ψ = ψ+ in the northern hemisphere. In the limit |z| → ∞,
using z = |z|eiϕ, we deduce that

ψ−(ϕ) =
1

(2|z|2)
1
2

(
|z|
z

)
=

1√
2

(
1

eiϕ

)
, ψ+(ϕ) =

1√
2

(
e−iϕ

1

)
.
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Thus t(ϕ) = e−iϕ so that the bulk-difference Chern number is found to be c1 = c[Π1] = −1. We
would similarly find that c1 = c[Π1] = +1 if m was negative in the northen hemishere and positive
in the southern hemisphere. In both cases, we have c2 = c[Π2] = −c1.

Note that when m is the same mass term in both hemispheres, we choose ψ− = ψ+ and the
bundle is trivial, with then c1 = 0 as expected.

This provides a simpler computation of the invariant than an estimate of the integral of the
curvature. It also explains why said integral can always be written in divergence form since the
curvature form is exact.

Computations for Hamiltonians with Clifford algebra structure. We generalize the above
computation to

Ĥ(ξ) = h(ξ) · σ

with eigenvalues E(ξ) = ±|h(ξ)|. We will see another general method to compute invariants for such
Hamiltonians. The spectral gap assumption means that |h| ≥ h0 > 0 on S2. Above, h is obtained
either from a single Hamiltonian with point compactification or from a pair of Hamiltonians with
circle compactification. Using the notation z = h1 + ih2, the eigenvectors are solution of

(h3 − E)ψ1 + z̄ψ2 = 0, zψ1 − (h3 + E)ψ2 = 0

and hence given by

ψ+(ξ) =
1√

(h3 + E)2 + |z|2

(
E + h3
z

)
, ψ−(ξ) =

1√
(h3 − E)2 + |z|2

(
z̄

E − h3

)
Note that we could exchange the roles of the different components hj .

If z never vanishes, then ψ+ is defined globally on S2 and the resulting Chern class [c1(F)] = 0.
In the vicinity of those points where z = 0, then |h3| ≥ h0 > 0 is bounded below so that either
E + h3 or E − h3 is bounded away from 0. Assume to simplify that |E + h3| ≥ h > 0 on S2+
and |E − h3| ≥ h > 0 on S2−. We may then define the connection A with A± = (ψ±, dψ±) and
a transition function t = eiφ along the equator as in preceding problems. Then c1 = degφ. In
practical problems, we need to identify the transition function t in order to compute the invariant.
For many problems, this is relatively straightforward.

Let us implement this for the single Hamiltonian Ĥ = ξσ1 + ζσ2 + (m − η|(ξ, ζ)|α) for α > 1
(for instance α = 2 as in an earlier lecture) and η ̸= 0. Denote z = ξ + iζ. Thus, h1 = ξ, h2 = ζ,
and h3 = m − η|z|α. The parameter belongs to the base manifold S2 with point compactification
of R2 so that z = 0 corresponds to the north pole and |z| → ∞ to the south pole. In this setting
with α > 1, we observe that ψ+ converges to (1, 0)t as |z| → ∞ while ψ− converges to (0, 1)t. We
thus have continuous functions near the north and south poles on the sphere.

Assume mη < 0. Then we verify that one of the vectors ψ+ or ψ− is globally defined on S2 so
that [c1(F)] = 0 in that case.

Assume E, m, and η all positive. We then choose ψ± on S2±. The equator is reached for
|z| = z0 > 0 where h3 is constant. There, we observe that t = eiθ with a winding number equal
to c1 = 1. More generally, we find c1 = 1

2( sign(m) + sign(η)). For E < 0, we would obtain
c1 = −1

2( sign(m)+ sign(η)) this is the opposite sign of the Chern number we obtain in Lemma 5.6.
The reason is that the orientation on R2 and on S2 are opposite with the above convention that 0
in the plane is mapped to the north pole. Accounting for this orientation mismatch, we retrieve
the result in Lemma 5.6. In order for the orientations to match, we would need to equate the point
0 in the plane to the south pole.
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Computations for higher-order differential operators. Let z = ξ+iζ again and consider the
two Hamiltonians Ĥ± = ℜznσ1 +ℑznσ2 ±mσ3. We could similarly consider the single regularized
Hamiltonian replacing m by m − η|z|n+1. The calculations obtained above when n = 1 apply
verbatim and we get that the Chern number c1[Π+] = n while c1[Π−] = −n when m > 0.

We may introduce the corresponding Hamiltonian

H = F−1ℜznFσ1 + F−1ℑznFσ1 +m(y)σ3 + V

with m(y) a domain wall and V (x, y) compactly supported. We then verify that hypothesis [H1] is
satisfied for such an elliptic problem and that by the bulk-edge correspondence, the edge invariant
2πσI [H] = −n when m± = ±|m|. When n = 2, the leading term in the operator is (D2

x −D2
y)σ1 +

2DxDyσ2.

Topological fluid wave model Consider now the Hamiltonian

H =

 0 Dx Dy

Dx 0 if(y)

Dy −if(y) 0

 , Ĥ±(ξ) =

0 ξ ζ

ξ 0 if±
ζ −if± 0

 (12.15)

The left Hamiltonian is written with a domain wall f(y) while the right Hamiltonians correspond
to two bulk Hamiltonians with term f±. Physically, f(y) is a (real-valued) Coriolis force that takes
a different sign in the northern and southern hemispheres. A reasonable assumption for the above
flat-earth with spatial coordinates (x, y) model is f(y) = y. The operator applies to three-vectors
(h, u, v) with h atmosphere thickness (in a linearized setting) and (u, v) velocity field.

We are interested in computing the bulk-difference invariant associated to the above families
Ĥ±(z), where again z = ξ + iζ. Let us assume f± = ±f . Then, diagonalizing Ĥ+ gives three
eigenvalues E0 = 0, E± = ±

√
|z|2 + f2. Associated to the non-vanishing and vanishing eigenvalues

are respective eigenvectors

ψ+(z) = c(z)

 |z|
|z|−1Eξ + if |z|−1ζ

|z|−1Eζ − if |z|−1ξ

 , ψ+
0 =

1√
|z|2 + f2

 if

ζ

−ξ


with c(z) normalizing constants. We have ψ−(z) defined similarly with f replaced by −f . As it
stands, the above eigenvector is continuous except at z = 0. Let us write z = |z|eiϕ as usual.
We verify the following: when f > 0, then e−iϕψ+ is continuous at z = 0, where it is equal to
2−

1
2 (0, 1,−i)t. When f < 0, however, we find that e−iϕψ+ is continuous at z = 0, where it equals

2−
1
2 (0, 1, i)t.
Consider the branch E > 0 first. Assume f+ = f > 0 so that f− = −f < 0. We thus choose

ψ+ = e−iϕψ+ on S2+ and ψ− = eiϕψ− on S2−. Since both ψ+ and ψ− converge to 3−
1
2 (1, cosϕ, sinϕ)t

as |z| → ∞ along the equator, we observe that t = e−2iϕ and in fact t = e−2iϕ sign(f) if f < 0 is
also taken into account. This shows that c1[Π+] = −2 sign(f) for the branch with positive energy.

When E < 0, we find similarly that c1[Π−] = 2 sign(f) since in the vicinity of z = 0, E now
converges to −|f | rather than +|f |.

It is a general property that the sum of Chern numbers over all separated energy bands should
vanish. This implies that c1[Π0] = 0. This may be verified directly from the expression of ψ±

0 ,
which both converge to (0, |z|−1ζ,−|z|−1ξ) as |z| → ∞ so that ψ± glued together on S2 along the
equator for a continuous globally defined eigenvector on S2. This implies that the corresponding
Chern number c1[Π0] = 0.
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Let us finish this section by a remark: The above operator H is not elliptic in H1(R2;C3) since
Ĥ admits a full branch of flat spectrum at 0. As a consequence, we are not allowed to apply the
bulk-edge correspondence equating 2πσI with the above bulk-difference invariant equal to 2 when
sign(f) > 0, say. It turns out that 2πσI(H) can indeed be shown to equal 2 when f(y) = y, at least
in the absence of any perturbation. This is based on a diagonalization of the above Hamiltonian
and a computation of the spectral flow of each branch of absolutely continuous spectrum. The
derivation mimics the one we developed for the Dirac operator. The same derivation based on
spectral flows shows that 2πσI = 1, and not 2, when f(y) = sign(y). The presence of essential
spectrum at 0 is a sufficiently strong deviation from our ellipticity assumption that the bulk-edge
correspondence fails in some cases. It is not clear for which profiles of the Coriolis force f(y) the
bulk-edge correspondence 2πσI = 2 applies or not.

Chern numbers and degree theory for Clifford algebra Hamiltonians. We revisit the
computation of the Chern numbers for Hamiltonians of the form Ĥ(ξ) = h(ξ) · σ with σ1,2,3 the
standard Pauli matrices. We presented above a computation for such a number with a choice
of phase based on the sign of E + h3. We now look at a more explicit, different, form of the
computation. It may be useful to recall the Fedosov-Hörmander formula. There, the symbol a
maps S3 to GL(n,C). For the above hamiltonians, n = 2 and we have seen that a ∈ GL(n,C)
may be homotopy-transformed to a matrix in U(2). An additional homotopy transformation would
bring the determinant of a to 1 and hence to an element in SU(2), which has (real-)dimension 3,
as does S3. In such a setting, a maps a sphere to a manifold of the same dimension. Maps from
manifolds of the same degree have an invariant defined by their degree. Since a is naturally related
to h, it is reasonable to expect that the degree of h will play a direct role in the computation of
the Chern number.

To carry out this derivation we recall that for the above Hamiltonian and P̂ = 1
2(I − Ĥ/|h|),

i

2π
trP̂ dP̂ ∧ dP̂ =

i

2π

−1

8|h|3
trĤ[∂1Ĥ, ∂2Ĥ]dξdζ

with |Ĥ(ξ)| = |h(ξ)|. The above derivation only uses the fact that P̂ = 1
2(I − Ĥ/|h|) and the

cyclicity of the trace, as well as the fact that (Ĥ)2 = |h|2I2 . Now

[∂1Ĥ, ∂2Ĥ] =
∑
i,j

∂1hi∂2hj [σi, σj ] =
∑
i,j,k

∂1hi∂2hj2iε
ijkσk

so that, using that Pauli matrices have vanishing traces,

trĤ[∂1Ĥ, ∂2Ĥ] =
∑
i,j,k

4iεijk∂1hi∂2hjhk.

This is
i

2π
trP̂ dP̂ ∧ dP̂ =

1

4π

dξdζ

|h|3
h · (∂1h ∧ ∂2h).

In this we recognize the integrand in (12.8) that appears in the computation of the degree of the
vector field h(ξ) or the degree of the Gauss map h(ξ)/|h(ξ)|. This shows that for the projection
onto negative energies,

c1[Π−] = degS3 h = deg h/|h|

For the Dirac operator with h = (ξ, ζ,m±) and h/|h| = (ξ, ζ,m±)/
√

|z|2 +m2
± in S2± glued

along S1 by continuity since m± is irrelevant there.
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It remains to compute the index. When m± have the same sign, then one of the points (0, 0,±1)
is never attained while the other one is attained twice with a Jacobian having a different sign. The
index therefore vanishes. When m± have different signs, then (0, 0, 1), say, is attained only once.
Estimating the Jacobian there, which is proportional to identity, then provides (with our orientation
conventions) c1[Π−] = sign(m−) = − sign(m+). This is consistent with earlier calculations.

From (ξ, ζ,m) · Γ to h · Γ. We saw in earlier paragraphs two methods to compute the Chern
numbers of operators of the form h · σ for σ the Pauli matrices. We also saw how to compute the
Chern numbers (there is one for each energy band) when Γ are the Gellmann matrices in (12.15).
Let F = trΠdΠdΠ the curvature obtained for h0 = (ξ, ζ, f). Consider now a more general vector
h = h(ξ, ζ, f). Then Πh = Π ◦ h with Π = Πh0 . As a consequence, Fh = h∗F with F = Fh0 . Since
F is a two-form on the sphere after compactification, we find that

c1[h] =

∫
S2
Fh =

∫
S2
h∗F = deg h

∫
S2
F = deg h c1[h0].

Thus computing the Chern numbers for h0 is sufficient to obtain them for all vector fields h by
applying degree theory. In other words, the generalization from h0 to h applies not only for Clifford
algebra structures but rather for all Hamiltonians based on a matrix structure for which c1[h0] may
be computed.

Bulk-difference invariant and isotropic Hamiltonians. Consider the Hamiltonian h0 · Γ
given above with h0 = (ξ, ζ,m). We know that F = d(ψ, dψ) so that dF = 0. As a consequence,
rather than integrating it along the two planes generating the bulk-difference invariant, we can use
Stokes’ theorem and obtain that ∫

P+∪P−

F =

∫
S2
F

where F is not π∗F (with π stereographic projections) anymore but rather the curvature obtained
directly from the operator h0 · Γ.

Combining the two preceding remarks, we observe that the Chern numbers of h ·Γ are given by
the degree of the vector field h times the Chern numbers of the Hamiltonian h0 · Γ, and that the
latter can be obtained by integration along the two-sphere ξ2 + ζ2 +m2 = 1. The operator h0 · Γ
is therefore more symmetrical in the three variables (ξ, ζ,m). The case Γ = σ1,2,3 are the spin 1/2
matrices on C2. The case Γ in (12.15) corresponds to the spin 1 matrices on C3.

Spin s Hamiltonians. Following [39], we may now compute the Chern number when H = h0 ·Γ
with Γ the spin-s spin matrices on C2s+1. When s = 1

2 , then Γ = σ1,2,3 the Pauli matrices. When
s = 1, we may choose the matrices in (12.15). More generally, Γ1,2,3 may be chosen with Γ3 a
diagonal matrix Diag(s, s − 1, . . . ,−s). We then observe that (dψ, dψ) is invariant by rotation so
that it is sufficient to compute it for ψ an eigenvector of Γ3. In the vicinity of such a point, we
have H = zΓ− + z̄Γ+ + Γ3 up to O(|z|2) terms. This then involves the commutator [Γ1,Γ2]|m⟩
where |m⟩ is the eigenvector of Γ3 corresponding to eigenvalue m. Since [Γ1,Γ2] = 2iΓ3, we deduce
as in [39] that the curvature is −im. Integrating over the sphere and multiplying by i/2π gives
c1[Πm] = 2m.

We retrieve the invariants (−1, 1) for the Dirac problem with s = 1
2 and the invariants (−2, 0, 2)

for the geophysical problem with s = 1.
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13 Lecture 13.

Asymmetric transport, scattering theory, and integral formulations. This lecture looks
at the relation between asymmetric transport and a general scattering theory that more quantita-
tively models transport along the interface. The material follows closely [7].

Dirac operator with linear domain wall. We consider exclusively the Dirac operator

H = Dxσ3 −Dyσ2 +m(y)σ1

with a domain wall m(y) = y and perturbations HV = H + V for V a Hermitian-valued multipli-
cation operator by V (x, y) which we assume smooth, bounded, and with compact support in the
x-variable.

Both the perturbed and unperturbed operators may be shown to be unbounded operators from
D(H) to L2(R2;C2) where D(H) = {ψ ∈ L2 such that yψ ∈ L2 and ∇ψ ∈ L2}. In this setting
H0 is self-adjoint and elliptic. The pseudo-differential calculus we presented for m(y) a bounded
domain wall extends to this setting. This is done in detail in [5], where generalizations to higher-
dimensional problems are also presented. We thus obtain the same classification as in the setting
of bounded domain walls and find that

2πσI [H] = 2πσI [HV ] = −1.

This may be obtained by applying a bulk-edge correspondence relating the edge invariant to the
topological charge IndexF where F = HV − ix. The latter is then a Fredholm operator in an
appropriate topology and its index is easily found to equal −1 by an application of the Fedosov-
Hörmander formula. Alternatively, one may explicitly diagonalize H0 and compute the invariant
IndexP (x)U(H0)P (x) by spectral flow as we did in an earlier lecture. Note that we did not say
anything about the support of φ′ defining σI . In fact, since the domain wall m(y) = y has infinite
range, it turns out that all energies are not allowed to propagate into the bulk and are confined
in the vicinity of y = 0. Therefore, φ′ may be chosen arbitrarily (still integrating to 1 and for
concreteness with compact support).

Integral formulation. While the topological classification of operators is useful in practice, then
so is a more quantitative description of transport and how the asymmetry materializes in concrete
examples. In particular, we wish to understand the quantitative effect of the perturbation V on
transport properties. This explains the choice of H above: it is topologically nontrivial and yet
admits a relatively explicit inversion.

Let E ∈ R. What we mean by inversion is that

(H − E)−1 := lim
ε↓0

(H − (E + iε))−1 (13.1)

exists and admits an explicit kernel (Green’s function), at least for all energies E that avoid a bad
set of measure 0.

Note that the self-adjoint operator H admits (purely) absolutely continuous spectrum in the
whole of R. Invertibility of (H −E) thus requires some care, which we address below in detail. Let
us assume (H − E)−1 available. Let ψin be a (plane wave in x) solution of (H − E)ψin = 0. We
wish to compute a solution ψ of (H + V − E)ψ = 0. Decomposing ψ = ψin + ψout, we obtain

(H + V − E)ψout = −V ψin.
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This is solved as follows. Define ρ = (H − E)ψout so that ψout = (H − E)−1ρ according to (13.1).
Then

ρ+ V (H − E)−1ρ = −V ψin.

We have replaced solving for ψ by an integral equation for ρ. From the above equation, it is
obvious that ρ, if defined, has support on the support of V . If the latter has compact support for
instance, then so does ρ. This is an important simplification with practical signification. Instead
of inverting H +V −E on an infinite domain, we can now discretize the above equation on a finite
domain to obtain numerical approximations of ψout. We will see that this will eventually provide
approximations for σI [H + V ] = −1 as well.

Spectral decomposition. We write in the partial Fourier domain

H = F−1

∫ ⊕

R
Ĥ(ξ)dξF , Ĥ(ξ) = ξσ3 −Dyσ2 + yσ1 =

(
ξ a

a∗ −ξ

)
, a = ∂y + y.

We recognize in a a standard representation of the annihilation operator while a∗ := −∂y+ y is the
creation operator. It is useful in this context to realize that

Ĥ(ξ)2 =

(
ξ2 + aa∗ 0

0 ξ2 + a∗a

)

is block-diagonal. Since (Ĥ − z)(Ĥ + z) = Ĥ2 − z2, we observe that

(Ĥ − z)−1 = (Ĥ − z)(Ĥ2 − z2)−1.

In other words, if we can compute the Green’s function of the scalar operators in (Ĥ2 −E2), then
applying Ĥ − E gives the Green’s function of Ĥ − E. More generally, we observe that Ĥ2 has a
compact resolvent and hence discrete spectrum for each ξ ∈ R. This property thus also holds for
Ĥ.

The quantum harmonic oscillator. This is the operator a∗a = −∂2+y2−1. Define the family
of Hermite functions

φ0(y) = π−
1
4 e−

1
2
y2 , φn(y) = an(a

∗)nφ0(y) (13.2)

with an chosen so that ∥φn∥L2(R) = 1. Then we have

a∗aφn = 2nφn, aφn =
√
2nφn−1, a∗φn =

√
2n+ 2φn+1.

Absolutely continuous spectrum of H. Let M be the union of the following indices m. For
n = 0, we define m = (0,−1) while for each n ≥ 1 and ε = ±1, we define m = (n, ε). With
this convention, (0, 1) ̸∈ M while any other pair (n,±1) ∈ M . Define next for each ξ ∈ R and
m = (n, ε) ∈M ,

Em(ξ) = ε
√
ξ2 + n2, ϕm = cm

(
aφn

(Em − ξ)φn

)
, c−2

m = 2n+ |Em − ξ|2, n ≥ 1 (13.3)

and

E0(ξ) = −ξ, ϕ0 =

(
o

φ0

)
, m = (0,−1). (13.4)
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We verify that the above family of eigenvectors ϕm(ξ) forms a basis of L2(R;C2). More precisely,
for M ∋ m = (ε, n) and M ∋ q = (η, p), then (ϕm, ϕq)L2(R;C2) = 0 when n ̸= q while they span the
same two-dimensional space as φn−1(0, 1)

t and φn(1, 0)
t when n = p while ε ̸= η. The spectrum of

H is therefore composed of one branch of simple absolutely continuous spectrum for each m ∈M .

Propagating and evanescent modes. The above combination of Hermite functions provides
a spectral decomposition of Ĥ for each ξ ∈ R. What we are interested in now is solving Ĥ − E at
a fixed value of E ∈ R. We therefore introduce for m = (n, ε) ∈M ,

ξm(E) = ε(E2 − 2n)
1
2 = ε

{ √
E2 − 2n, E2 ≥ 2n

i
√
2n− E2, E2 ≤ 2n.

Associated to ξm(E) is the same eigenvector ϕm = ϕm(y;E) as defined in (13.3), which in the
physical domain provides a generalized eigenvector

ψm(x, y;E) = eiξmxϕm(y;E),

solutions of (H − E)ψm = 0. We observe that for each E ̸=
√
2n, there is a finite number of real-

valued solutions ξm(E) corresponding to propagating modes and a countable number of imaginary
solutions ξm corresponding to evanescent modes. Figure 2 presents the branch E0(ξ) = −ξ and the

-2 2

1

2

E

Figure 2: Three branches of absolutely continuous spectrum ξ → Em(ξ).

branches Em(ξ) for m = (1, 2;+1). For energies 0 < E <
√
2, only E0 corresponds to a propagating

mode while five propagating modes exist for 2 < E <
√
6. The group velocity ∂ξEm indicates the

direction of propagation of the corresponding mode. For all energies E2 ̸= 2n, we observe that
there is always one more mode going to the left than to the right. This reflects the asymmetric
transport 2πσI(H) = −1 and its interpretation as a spectral flow.

In the presence of a perturbation V , the propagating and evanescent modes become coupled.
Far away from the support of V , however, only propagating modes are present since exponentially
growing solutions are not allowed and exponentially decaying solutions negligible.
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Outgoing conditions. We saw that H admitted a countable number of branches of single-
valued absolutely continuous spectrum. Inversion of (H − E) is therefore not guaranteed since
R ∋ E ̸∈ ρ(H) the resolvent set of H. With appropriate outgoing conditions, however, the problem
is indeed well posed.

Consider first the Laplace operator in one space dimension D2, which admits two branches of
simple absolutely continuous spectrum on (0,∞) (and a bad point at E = 0 where the two branches
meet). Consider the problem (D2 − z)u = 0 for z ∈ C and the corresponding time-dependent
Schrödinger equation (D2 + Dt)v = 0. Let z ∈ C\R+. We observe that v(t, x) = e−iztu(x)
generates solutions to both equations when u(x) = e±i

√
zx where

√
z is defined with a branch cut

along R+ = [0,∞), the spectrum of D2, and with the convention that
√
z ± i0+ = ±

√
z + i0+ for

z ∈ R+.
Any above plane wave solves the partial differential equations. Any linear combination of the

form u(x) = e±i
√
z|x| also solves the equation for |x| ≥ R > 0. This corresponds to v(t, x) =

ei
√
z(±|x|−

√
zt). So, for z real-valued, v+(t, x) = ei

√
z(|x|−

√
zt) is outgoing, since it is written as

a function of (|x| − ct) with c > 0 while v−(t, x) = ei
√
z(−|x|−

√
zt) is incoming, as a function of

(|x|+ ct) still with c > 0.
Consider the solution with outgoing conditions u+(x) = ei

√
z|x|. Such a solution makes sense

physically if and only if
√
z =

√
z+ i0+ =

√
z + i0+ so that the above plane waves remain bounded

as |x| → ∞. This shows that a choice of outgoing conditions consists in choosing plane waves with
positive vanishingly small imaginary component. One could similarly choose ingoing conditions
by choosing a negative vanishingly small imaginary component. This choice, called a limiting
absorption principle needs to be made in order for the Green’s function of a problem to be uniquely
defined.

For z ∈ C\R+, the Green’s function of the problem (D2 − z)G = δ0 is given by G(x, z) =
(2
√
z)−1iei

√
z|x|. For z ∈ R+, two possible solutions are obtained by limiting absorption as z

approaches the positive real axis. The Green’s function with outgoing radiation condition is given by
the same expression G(x, z) = (2

√
z)−1iei

√
z|x| but now with z ∈ R+. It is the limit limε↓0G(x, z+

iε). An equally valid solution mathematically would be the solution with incoming radiation
condition (2i

√
z)−1e−i

√
z|x|, obtained as the limit limε↓0G(x, z− iε) for z ∈ R+. Note that at z = 0,

the problem becomes even more degenerate and we may choose the Green’s function to be −1
2 |x|

up to the addition of any linear solution. In this limit, we no longer have any notion of incoming
or outgoing solutions. In what follows, we avoid such bad points.

For Klein-Gordon equations (or wave equations with m = 0), it is more natural to look at the

problems (D2+m2−z2)u = 0 and (D2+m2−D2
t )v = 0 with u = ei

√
z2−m2|x| since ℑ

√
z ≥ 0 for all

z ∈ C in our convention and v± = e±izt+i
√
z2−m2|x| solutions away from x = 0. It is in the sign in

v± that we select incoming or outgoing planewaves, which has no effect on the stationary solution

u. The corresponding outgoing Green’s function is therefore (2
√
z2 −m2)−1iei

√
z2−m2|x|, obtained

for instance as the limit limε↓0G(x, z + iε) for z ∈ R and z2 ≥ m2. This is the choice of outgoing

conditions we made in (13.1). Alternatively, we could choose incoming solutions u− = e−i
√
z2−m2|x|

or equivalently use a convention of the square root such that ℑ
√
z ≤ 0.

Green’s function. To compute the effect of the perturbation V , we first need to invert the
unperturbed operator (H−E) or more precisely as recalled above (H−(E+i0+))−1. Alternatively,
each time we have a choice between plane waves of the form e±iξ|x|, we make the choice of outgoing
conditions such that ±ξ > 0.

The explicit construction of the Green’s function with outgoing conditions solution of

(H − E)G = δ(x− x0)δ(y − y0)I
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goes as follows. We first observe that by translation, the Green’s function is a function of x − x0
and thus set x0 = 0. Next, we observe that

G = (H + E)(H2 − E2)−1δ(x)δ(y − y0)I = (H + E)Diag(G+, G−)

where G± are Green’s functions of

(−∂2x + ∂2y + y2 ± 1− E2)G± = δ(x− x0)δ(y − y0).

In other words, it is sufficient to construct the outgoing Green’s functions for the above scalar
problems. Expanding G− in the basis of Hermite functions φn(y) gives

G− =
∑
n

G−,n(x)φn(y), (D2
x − E2 + 2n)G−,n(x) = δ(x)φn(y0).

The latter are given by solutions of the one-dimensional Laplace operator we mentioned above:

G−,n(x) =
φn(y0)

2
√

|E2 − 2n|

{
e−

√
2n−E2|x| 2n > E2

iei
√
E2−2n|x| 2n < E2

where we assume E2 ̸= 2n for an n ∈ N and choose the solution with outgoing radiation conditions.
Define θn = i(E2 − 2n)

1
2 for convenience. Then

G−(x, y; y0) =
∑
n≥0

−eθn|x|

2θn
φn(y)φn(y0), G+(x, y; y0) =

∑
n≥0

−eθn+1|x|

2θn+1
φn(y)φn(y0)

the latter being obtained replacing 2n by 2n+ 2 throughout.
The Green’s function ofH−E with outgoing radiation conditions (since applying the differential

operator H + E does not modify what solution is outgoing or incoming) is thus given by

G(x, y; y0) =

(
(Dx + E)G+ aG−

a∗G+ (−Dx + E)G−

)
(x, y; y0).

Numerical illustrations of the components of this 2×2 matrix for different values of the energy level
E are presented in [7]. The solutions G± display logarithmic singularities in the vicinity of (x0, y0)
as one expects from the Green’s function of a Laplace-type problem in two space dimensions. What
is striking is that G is essentially supported in a wave guide in the vicinity of y = 0 and that it is
asymmetric in x. In particular, for 0 < E2 < 2, where only one propagating mode is present, the
Green’s function is essentially supported along the negative axis x < 0; see [7].

Integral equation for the density ρ. Assume E ∈ R with E2 ̸= 2n for n ∈ N and consider
the perturbed problem (H + V −E)ψ = 0 decomposing ψ = ψin + ψout, where ψin is a plane wave
solution of (H − E)ψin = 0. Defining G = (H − E)−1 with Schwartz kernel the above Green’s
function, we write ψout = Gρ and find the integral equation

ρ+ V Gρ = (I + V G)ρ = f (13.5)

with source term f = −V ψin. There is no reason a priori for the operator I + V G to be invertible.
However, by ellipticity of H, we find that G maps the Sobolev space Hk(R2;C2) to Hk+1(R2;C2).
Assuming V smooth, bounded, and compactly supported, we therefore obtain that V G is a compact
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operator on Hk(R2;C2) for any k ≥ 0. In fact, by (faster than) exponential decay of the Green’s
function in y, compact support of V in x (and not in y) is sufficient to obtain the same result. We
thus have the following result.

Theorem. The integral equation (13.5) with f ∈ L2(R2;C2) admits a unique solution as soon as
−1 is not in the spectrum of the compact operator V G. This is the case for all energies E except
for a possible set of measure 0.

We already showed that V G was compact. Since H + V is self-adjoint, V G cannot have −1 as an
eigenvalue as soon as E is purely imaginary. Since E → V G is analytic away from the set E2 = 2n
by inspection of the above Green’s function, by the analytic Fredholm theory, −1 can only be an
eigenvalue of V G for a discrete set of real-valued energies E.

We showed in [7] the existence of non-trivial solutions of (I + vG)ρ = 0 for an appropriate class
of perturbations of the form V (x) = V0χ[0,L] with V0 and L appropriately chosen. Thus, −1 can
indeed be in the spectrum of V G. This corresponds to eigenvalues (normalized in L2(R2;C2)) of
the differential problem (H + V )ψ = 0. See [7] for details.

Unperturbed Edge conductivity. Let us come back to the computation of σI(H) and σI(H+
V ), which we know from past analyses equal −1.

We start with σI(H) with H the unperturbed Dirac operator. Then

φ′(H) = F−1

∫ ⊕

R
φ′(Ĥ(ξ))F =

∑
m∈M

F−1

∫ ⊕

R
φ′(Em(ξ))Πm(ξ)F

thanks to the above spectral decomposition, where the sum over m is finite for an compactly
supported function φ′(E) and Πm(ξ) = ϕm(ξ)⊗ ϕm(ξ) is a rank-one projection operator.

For the Dirac operator, i[H,P ] = P ′(x)σ3 with therefore a Schwartz kernel given by P ′(x)σ3δ(x−
x′)δ(y − y′). Thus

2πσI = 2πTrP ′(x)σ3φ
′(H) =

∑
m

∫
φ′(Em(ξ))2π(ψm(x, ξ), P

′(x)σ3ψm(x, ξ))dξ

where (·, ·) is inner product on L2(R2;C2). Here, we used the explicit expressions of the Fourier
and inverse Fourier transforms (this is where a factor 2π cancels out) and the expression ψ(x, ξ) =

(2π)−
1
2 eixξϕm(ξ). Thus

2πσI =
∑
m

∫
φ′(Em(ξ))

∫
R
P ′(x)j̃m(x, ξ)dξdx,

where j̃m(x, ξ) := 2π(ψm(x, ξ), σ3ψm(x, ξ))y = (ϕm(ξ), σ3ϕm(ξ))y with (·, ·)y the standard inner
product on L2(Ry;C2). The current j̃m(x, ξ) is obviously independent of x for plane waves ψ(x, ξ) =
eixξϕm(ξ) so that, since P ′(x) integrates to 1, for any x0 ∈ R,

2πσI =
∑
m

∫
R
φ′(E)j̃m(x0, ξm)

∣∣∣∂ξm
∂E

∣∣∣dE
where we used the change of variables ξm(E) = ε

√
E2 − 2n for m = (n, ε). Note that the sum

involves only propagating modes since ξ is real valued. We define the normalized currents

jm(x,E) =
∣∣∣∂ξm
∂E

∣∣∣j̃m(x, ξm) = ∣∣∣∂ξm
∂E

∣∣∣(ψm(x, ξ), σ3ψm(x, ξ))y.
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The conductivity then takes the form

2πσI =
∑
m

∫
R
φ′(E)jm(x0, E)dE =

∑
m

jm(x0, E0)

again independent of x0 ∈ R as well as independent of E since φ′(E) may be chosen with support
arbitrarily close to any energy E0 outside of a bad set where ∂ξm/∂E is not defined (infinite).

Perturbed Edge conductivity. In the presence of a perturbation V , the generalized eigenvector
ψm(x, ξ) is replaced by ψVm(x, ξ) solution of (H +V −E)ψVm = 0. Note that ψVm = ψin+ψout for an
appropriate ψin and a ψout = Gρ with ρ solution of the above integral formulation.

For V compactly supported, we expect (a proof for such results is currently being finalized)
that the absolutely continuous spectrum of H, at least away from a set of bad points, is unitarily
equivalent to that ofH+V . This implies the existence of a unitary operator U such that ψVm = Uψm.
In addition to the absolutely continuous spectrum, we expect H + V to have discrete spectrum
with a countable number of eigenvalues with finite multiplicity and only accumulation point at
infinity. Assuming the absence of singular continuous spectrum (proof being finalized), this implies
the decomposition

σI =
∑
m

∫
φ′(Em(ξ))(ψ

V
m(x, ξ), i[H + V, P ]ψVm(x, ξ))dξ +

∑
p

φ′(Ep)(ψ
V
p , i[H + V, P ]ψVp )

where ψVm(ξ) are the generalized eigenvectors associated to the same generalized eigenvalue Em(ξ)
as ψn(ξ) in the unperturbed case (this is what the unitary operator U provides) and where ψVp
corresponds to point spectrum of (H + V − Ep)ψ

V
p = 0.

We first show that the point spectrum does not contribute to the edge conductivity. Indeed,
the current is

(ψVp , [H + V, P ]ψVp ) = ((H + V )ψVp , Pψ
V
p )− (ψVp , P (H + V )ψVp )

= E(ψVp , Pψ
V
p )− E(ψVp , Pψ

V
p ) = 0

Therefore, we find that

2πσI =
∑
m

∫
φ′(E)

∣∣∣∂ξm
∂E

∣∣∣(ψVm(ξm), 2πi[H,P ]ψVm(ξm))dE. (13.6)

Since the edge conductivity is independent of the choice of φ ∈ S[0, 1] and P ∈ S[0, 1], we obtain
that for E0 outside of a set of measure 0 and for any x0 ∈ R, we have

2πσI =
∑
m

jm(x0, E0), jm(x,E) =
∣∣∣∂ξm
∂E

∣∣∣(ψVm(x0, ξm(E)), 2πσ3ψ
V
m(x0, E)). (13.7)

This is a formula that can be tested numerically. For several choices of E, x0, and V , we obtained
that jm(x,E) depended on the choice of (E, V ) (though not on x0 since the problem has a current
conservation law; see below). However, the sum over all components m provided a numerical
verification that 2πσI(H + V ) was equal to −1 within an error of 10−12. Indeed, an advantage of
the above variational formulation is that it allows us to use accurate quadratures to estimate the
application of G with essentially arbitrary accuracy.
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Far Field Scattering matrix formalism. Assume V (x, y) a potential compactly supported on
(−L,L) in x. Let E be a fixed energy outside of E2 = 2n and E = Ep the discrete eigenvalues
Ker(H+V −Ep) ̸= {0}. For x < −L and x > L, only propagating modes solutions of (H−E)ψ = 0
are allowed. For k = k(E), we find k+1 modes ψin propagating from right to left and k modes ψin

propagating from left to right; see Figure 2. Each solution (H + V −E)ψ = 0 with ψ = ψin + ψout

for ψin one of the incoming modes (satisfying incoming radiation conditions) generates a scattered
component ψout with outgoing conditions.

We can then define a scattering matrix

S =

(
R+ T−
T+ R−

)

with R+ a k × (k + 1) matrix of reflection coefficients of modes from left to left, R− a (k + 1)× k
matrix of reflection coefficients of modes from right to right, T+ a (k + 1) × (k + 1) transmission
matrix of modes from left to right, and finally T− a k× k transmission matrix of modes from right
to left.

The scattering matrix is a unitary matrix. We then verify that trT ∗
+T+ corresponds to the total

amount of current propagating from left to right and trT ∗
−T− the current propagating from right

to left. In the absence of scattering V = 0, then obviously trT ∗
+T+ = k while trT ∗

−T− = k + 1.
The main result of this section is that the edge conductivity is given, both in the presence and

in the absence of fluctuations, by

2πσI = trT ∗
+T+ − trT ∗

−T− = −1.

In the presence of strong fluctuations, Anderson localization ensures that trT ∗
+T+ converges to 0,

so that asymptotically no transmission from left to right occurs. In the same regime, we have
trT ∗

−T− converging to −1. This is therefore an obstruction to Anderson localization, albeit one
that is quantized. Out of the k + 1 modes that may transmit from right to left in the absence of
fluctuations, only one mode, a linear combination of the above k + 1 modes that depends on V , is
guaranteed to transmit. In such a setting, asymmetric transport is topologically protected, as we
have demonstrated many times, while backscattering is not. Only when k = 1, i..e, for |E|2 < 2 in
our example, do we have that backscattering is suppressed.

See [7] for additional details of the derivation. This part will be made more explicit and more
rigorous once the spectral analysis of the problem is complete.

14 Lecture 14.

This lecture looks at applications of the above theoretical results to models of transport in gated
twisted bilayer graphene.

Twisted Bilayer graphene (tBLG). To model transport in a gated tBLG, we start from the
following macroscopic Bistritzer-MacDonald 4× 4 bulk model

Hη :=

(
Ω+Dxσ1 + ηDyσ2 εV ∗

εV −Ω+Dxσ1 + ηDyσ2

)
. (14.1)

This a model for low-energy transport of wavenumbers close to K when η = 1 and close to K ′ when
η = −1. Here, η is valley number. The top 2×2 system corresponds to the top layer of the bi-layer
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system while the bottom 2× 2 system corresponds to the bottom layer. We assume a electrostatic
potential difference between the two layers due to vertical gating equal to 2Ω ∈ R. When the two
layers are far apart, they do not interact and ε = 0. When they are closer to one-another, they
interact in a complicated manner. Then V ∈ {A,A∗} models an interlayer coupling term with

strength 0 ̸= ε ∈ R, where A =

(
0 1

0 0

)
. Here, A∗ and A correspond to whether the triangle has

AB or BA stacking geometry respectively. We do not consider the derivation of this model from a
periodic Schrödinger equation or from a tight-binding model. Such derivations have been obtained
elsewhere in the literature.

Our objective here is to analyze the topological properties of the above Hamiltonian H. We
will assume η = 1. It turns out that the topology of the valley η = −1 is opposite that of the valley
η = 1. As a consequence, when inter-valley coupling is present and strong, the overall system is
topologically trivial. We assume here no coupling between valleys.

A macroscopic moiré structure appears in tBLG and generates transitions from the BA to the
AB configuration. We focus on this transition by introducing a domain wall m(y) ∈ S(0, 1,−y0, y0)
and a transition coupling matrix

V (y) = m(y)A+ (1−m(y))A∗.

We then consider the edge Hamiltonian

H :=

(
Ω+Dxσ1 + ηDyσ2 εV ∗(y)

εV (y) −Ω+Dxσ1 + ηDyσ2

)
. (14.2)

For y > 0 large, the system is in a BA configuration while it is in an AB configuration for −y > 0
large.

The main objective of this lecture is to establish the following:

Theorem 14.1 Assume Ωε ̸= 0. Then for φ′(H) supported in the interval (−E0, E0) for E0 =
|Ωε|√
4Ω2+ε2

, we have that [H,P ]φ′(H) is trace-class and that moreover, the following bulk-edge corre-

spondence holds:
2πσI = −2 sign(ηΩ). (14.3)

The above invariant is independent of the sign of ε ̸= 0. The support of φ′ depends on (ε,Ω) in a
non-trivial manner. The outcome of this results is that if inter-valley coupling is neglected, then
the transition between the AB and BA insulating phases generates asymmetric transport with two
topologically protected modes; see right panel in Fig. 3.

This result will be obtained by applying the theories of Lectures 10 and 11. To apply the results
of Lecture 10, we first need to show that the operator satisfies hypothesis [H1]. That the operator
is elliptic with a symbol in S1 is clear. This is true for any value of (ε,Ω) and η = ±1. We also need
to verify that when m = 0 and when m = 1, the bulk operators have a spectral gap in the vicinity
of E = 0. This will be confirmed in the next result. Applying the results of Lecture 11 and in
particular Theorem 10.1, we obtain that the invariant (14.3) is given by the integral that appears
in the Fedosov-Hörmander formula. We know using the notion of bulk-difference invariants that
this term may be computed as an integral of a curvature corresponding to the two bulk phases.
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Figure 3: Asymmetric transport in gtBLG. Left: Region 1 in a moiré pattern models the transition
between BA and AB stakings. Middle: bulk dispersion relation ξ → Ej(ξ) for j = 1, 2, 3, 4 in the
presence of a spectral gap at E = 0. Right: dispersion relation of the edge Hamiltonian (14.2) with
2 non-trivial branches of absolutely continuous spectrum crossing E = 0 downward when Ω > 0 as
expected from Theorem 14.1.

Bulk curvature integral. We consider first the case Ω > 0 and ε > 0 while η = 1 and observe
that the bulk Hamiltonian for y > y0 is given in the Fourier domain by

Ĥ+(ξ) =


Ω ξ̄ 0 0

ξ Ω ε 0

0 ε −Ω ξ̄

0 0 ξ −Ω

 .

We identify here ξ = (ξ1, ξ2)
t with its expression as a complex number ξ = ξ1 + iξ2 so that

ξ̄ = ξ1 − iξ2. When ξ = 0, we observe that ±Ω are two eigenvalues associated to the eigenvectors
e1 and e4 while ±

√
Ω2 + ε2 are the remaining two eigenvalues with eigenspaces supported on the

span of (e2, e3). The constraint det(H − E) = 0 on the eigenvalues is given explicitly by

(|ξ|2 − (E − Ω)2)(|ξ|2 − (E +Ω)2) = ε2(E2 − Ω2).

The four eigenvalues Ej for 1 ≤ j ≤ 4 come in pairs with opposite signs, are all different, and are
given explicitly via

E2
± = (Ω2 +

1

2
ε2 + |ξ|2)±

√
(4Ω2 + ε2)|ξ|2 + 1

4
ε4,

where to simplify notation we denote −E+ = E1, −E− = E2, E− = E3 and E+ = E4. We observe
that E2

− is large for |ξ| large while E = 0 implies (|ξ|2 − Ω2)2 + ε2Ω2 = 0 which is impossible, and
hence the presence of a spectral gap. More precisely, we obtain that |ξ|2 → E2

− is a convex function
with a minimum equal to

E2
min =

Ω2ε2

4Ω2 + ε2
and attained at |ξ|2 = 2Ω2(2Ω2 + ε2)

4Ω2 + ε2
.

The spectral gap about energy E = 0 (this is the only existing gap) is thus indeed of size 2|Ωε|√
4Ω2+ε2

.

Note that the spectral gap is ‘large’ only when both ε and Ω are ‘large’.
The corresponding equations for the eigenvectors for E = Ej are

(Ω− E)u1 + ξ̄u2 = 0 ξu1 + (Ω− E)u2 + εu3 = 0
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εu2 − (Ω + E)u3 + ξ̄u4 = 0, ξu3 − (Ω + E)u4 = 0.

We focus on j = 3, 4 since we are interested in computing the Chern numbers of the branches above
the spectral gap. Associated to uj is a projector Πj+ = uj ⊗ uj (where + here refers to the half
space y > y0). We recall that the Chern number we wish to compute is

W j
+ =

i

2π

∫
R2

(duj , duj) =
i

2π

∫
R2

d(uj , duj) =
i

2π
lim
R→∞

∫
RS1

(uj , duj).

as an application of the Stokes theorem, with RS1 the circle centered at the origin with radius equal
to R. With Aj = (uj , duj) the connection associated to uj , we observe that we need to integrate it
over a ‘circle at infinity’. However, in order for the Stokes theorem to apply, we also need to ensure
that uj(ξ) is continuously defined and continuously differentiable for ξ ∈ R2. The construction is
different for j = 3 and j = 4.

For j = 4, we construct

u4+(ξ) = c4

( ξ̄

E4 − Ω
(Ω + E4 −

|ξ|2

Ω+ E4
), (Ω + E − |ξ|2

Ω+ E4
), ε,

εξ

Ω+ E4

)t
.

The reason is that E4 = E+ > Ω so that (E4 − Ω)−1 is uniformly bounded as one easily verifies.
Thus, u4+ and du4+ are clearly continuously defined. Moreover as |ξ| → ∞, and decomposing

ξ = |ξ|ξ̂, we observe that u4+ converges to

u4+(ξ̂) = c∞( ˆ̄ξβ, β, ε, εξ̂), β = 2Ω +
√
4Ω2 + ε2, c∞ = (2ε2 + 2β2)−

1
2 .

We use the same notation for vectors uj±(ξ) and their limits uj±(ξ̂) as |ξ| → ∞ to simplify notation.

This results from the expansion 0 < E2
± = |ξ|2 ±

√
4Ω2 + ε2|ξ|+O(1). We leave the details to the

reader. We also observe that du4+(ξ) converges to du
4
+(ξ̂) in the same limit so that

W 4
+ =

i

2π
c2∞

∫
S1

(
(βe−iθ, β, ε, εeiθ), (−iβe−iθ, 0, 0, iεeiθ)

)
dθ =

i

2π
c2∞(−iβ2 + iε2)2π =

β2 − ε2

2(ε2 + β2)
.

This is a somewhat surprising result: If the curvature integral was computed over a compact
domain, it would take integral values. For the Dirac operator, we obtained an integral given by half
integers. Here, we observe that the curvature integral takes a continuum of values as (Ω, ε) vary.
An explanation comes from the fact that the energy branches ξ → E3,4(ξ) satisfy E4(ξ) − E3(ξ)
bounded as ξ → ∞ and thus remain intertwined in that limit.

Let us look at the second positive eigenvalue E3 = E− > 0. The (smooth) function ξ →
E−(ξ)− Ω vanishes at ξ = 0 (and in fact at two other values of ξ). Thus we may no longer divide
by (Ω−E) in the construction of u(ξ), which we want to be smooth. However, it is easy to verify
that ξ−1(E3(ξ)−Ω) is a smooth function. Eliminating u2 and u4 from the above system for u, we
obtain

u3+(ξ) = c3

(
ε,
E3 − Ω

ξ̄
ε,−(ξ − (Ω− E3)

2

ξ̄
),

−ξ
Ω+ E3

(ξ − (Ω− E3)
2

ξ̄
)
)
.

We verify that ξ → u3+(ξ) is a continuous and continuously differentiable function. This converges
as |ξ| → ∞ to

u3+(ξ̂) = c∞(ε, εξ̂,−βξ̂,−βξ̂2).
Following the same procedure as above, we deduce after application of the Stokes theorem to
compute the curvature integral that

W 3
+ =

−ε2 − 3β2

2(ε2 + β2)
, W+ =W 3

+ +W 4
+ = −1.
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So, the sum of the curvature integrals corresponding to both positive energy branches equals −1.
This −1 would equal −1/2 for the Dirac case and nothing guarantees that W+, which is a half of
a bulk-difference invariant, takes integral values.

Consider now the second bulk Hamiltonian for y < −y0, which in the Fourier domain is

Ĥ−(ξ) =


Ω ξ̄ 0 ε

ξ Ω 0 0

0 0 −Ω ξ̄

ε 0 ξ −Ω

 .

We observe that the equation for the eigenvalues E is the same as in the previous case. For the
largest positive eigenvalue, one finds an associated eigenvector

u4−(ξ) = c4

(
Ω+ E4 −

|ξ|2

Ω+ E4
,

ξ

E4 − Ω
(Ω + E4 −

|ξ|2

Ω+ E4
),

ξ̂

Ω+ E4
ε, ε
)
.

In the limit |ξ| → ∞, we have

u4−(ξ̂) = c∞(β, βξ̂, ˆ̄ξε, ε), so that W 4
− =

ε2 − β2

2(ε2 + β2)
.

For the eigenvalue 0 < E3 = E−, we find

u3−(ξ) = c3

(E3 − Ω

|ξ|
ε, ε

ξ̄

Ω+ E3

((Ω− E3)
2

ξ
− ξ̄
)
,
(Ω− E3)

2

ξ
− ξ̄
)
.

In the limit |ξ| → ∞,

u3−(ξ̂) = c∞
( ˆ̄ξε, ε,−β ˆ̄ξ2,−β ˆ̄ξ) so that W 3

− =
ε2 + 3β2

2(ε2 + β2)
and W− =W 3

− +W 4
− = 1.

An application of the bulk-edge correspondence then states that

2πσI =W+ −W− = −2

and this proves the theorem for ε, Ω, and η positive since hypothesis [H1] of Lecture 9 is now
satisfied and hence Theorem 10.1 applies.

Symmetries and bulk curvature computations. To address how W changes depending on
system parameters Ω, ε and η, define

Ĥ±(ξ; Ω, ε, η) = Ωσ3 ⊗ I2 + I2 ⊗ (ξ1σ1 + ηξ2σ2) +
ε

2
(σ1 ⊗ σ1 ± σ2 ⊗ σ2),

and the following symmetry operators

S1 = σ1 ⊗ I2, S2ψ(ξ) = ψ(−ξ), S3 = σ1 ⊗ σ1.

We let W (Ω, ε, η) denote the above bulk-difference invariant so that for Ω, ε, η > 0, by the above
calculation we have W (Ω, ε, η) = −2. We verify the relations

S1Ĥ±(ξ; Ω, ε, η)S1 = Ĥ∓(ξ;−Ω, ε, η),

S2Ĥ±(ξ; Ω, ε, η)S2 = −Ĥ±(ξ;−Ω,−ε, η),
S3Ĥ±(ξ; Ω, ε, η)S3 = Ĥ±(ξ;−Ω, ε,−η).
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Since (Sjψ, d(Sjψ)) = (Sjψ, Sjdψ) = (ψ, dψ) for j ∈ {1, 3}, and likewise
∫
(ψ, dψ) =

∫
(S2ψ, dS2ψ),

the connection is invariant to the symmetry operations. However, when the sign of the Hamiltonian
changes, i.e. if SjHSj = −H̃, the invariant of H is minus the invariant of H̃ as the order of the
bands is reversed, and the sum of the four connnections (including positive and negative energies)
is zero. We thus conclude

W (Ω, ε, η) = −W (−Ω, ε, η) =W (Ω,−ε, η) =W (−Ω, ε,−η) = −W (Ω, ε,−η).

This concludes the proof of theorem 14.1.

Bulk-difference invariant. While not necessary to apply Theorem 10.1, we would like to recast
the above computation of 2πσI as a bulk-difference invariant. Following Lecture 11, we wish to glue
projectors from the upper half space + with projectors from the lower half space − continuously
along the ‘circle at infinity’. Upon inspection, we observe that the vectors uj+(ξ̂) and u

j
−(ξ̂) are not

defined up to a multiplicative phase in U(1) for j = 3, 4. However, defining vj−(ξ) = σ2 ⊗ I2u
j
−(ξ),

we obtain in the limit |ξ| → ∞ that

v3−(ξ̂) = σ2 ⊗ I2u
3
−(ξ̂) = ic∞

(
β ˆ̄ξ2, β ˆ̄ξ, ε ˆ̄ξ, ε

)
= i ˆ̄ξc∞

(
β ˆ̄ξ, β, ε, εξ̂

)
= i ˆ̄ξu4+,

v4−(ξ̂) = σ2 ⊗ I2u
4
−(ξ̂) = −ic∞

(
ε ˆ̄ξ, ε,−β,−βξ̂

)
= −i ˆ̄ξc∞

(
ε, εξ̂,−βξ̂,−βξ̂2

)
= −i ˆ̄ξu3+.

Defining the projectors Πj+(ξ) = uj+ ⊗ uj+ and Π̃j−(ξ) = vj− ⊗ vj− = σ2 ⊗ I2(u
j
− ⊗ uj−)σ2 ⊗ I2, we

observe that Π3
+ and Π̃4

− have the same limits for each ξ̂ ∈ S1 as |ξ| → ∞. Of course, the curvature

trΠdΠ ∧ dΠ associated to Π̃j−(ξ) is the same as that associated to Πj−(ξ) = uj− ⊗ uj− (equivalently,

invariants are the same for the Hamiltonian Ĥ− and the (same) Hamiltonian (written in a different
basis) σ2 ⊗ I2(Ĥ−)σ2 ⊗ I2.

With these constructions, the results of Lecture 11 guarantee that

W 3
+ −W 4

− ∈ Z, and W 4
+ −W 3

− ∈ Z.

We verify that both equal − sign(ηΩ) and that their sum equals −2 sign(ηΩ) as stated in the
theorem.

It is a peculiar result that the higher (positive) energy of the BA stacking (where y > y0)
may be glued with the lower (positive) energy of the AB stacking (where y < −y0) to provide an
integral-valued bulk-difference invariant while the lower energy of the BA stacking may be glued
with the higher energy of the AB stacking.
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Appendix

Below we collect some of the results on functional analysis, operator theory, spectral theory, pseudo-
differential calculus and semiclassical calculus we need in the text.

A Linear operators and compact operators

We collect some information on linear operators, bounded operators, and trace-class operators.
The material is taken mostly from [27, Chapter 19] and [18].

Schwartz Kernel. LetX and Y be open sets in Rd. LetD(Y ) = C∞
c (Y ) be the set of smooth test

functions with compact support and D′(X) the dual space of D(X), i.e., the space of distributions
on X. Then for every linear map A from D(Y ) to D′(X), there is a distribution a ∈ D′(X × Y )
called the Schwartz kernel of the operator A such that

⟨Au, v⟩D′(X),D(X) = ⟨a, u⊗ v⟩D′(X×Y ),D(X×Y ).

Any such kernel a also defines a corresponding operator A. When the distribution a is sufficiently
smooth, we write

Au(x) =

∫
Y
a(x, y)u(y)dy.

We also use this notation when a is an arbitrary distribution, knowing that the above relation is
then meant by the notation.

Bounded operators. For H a Hilbert space, we denote by B(H) the algebra of bounded (linear
continuous) operators. This is in fact a C∗−algebra since A ∈ B(H) implies that the adjoint
A∗ ∈ B(H), where A∗ is defined thanks to the Riesz representation, and for the uniform norm we
have ∥AA∗∥ = ∥A∥2. It is an algebra since it is stable under operator multiplication.

Banach spaces of compact operators. Let Hj be separable Hilbert spaces.

Definition A.1 The space I2(H1, H2) of Hilbert-Schmidt operators is defined as bounded oper-
ators T such that

∥T∥22 =
∑

∥Tei∥2 <∞

for {ei} complete orthonormal basis of H1. The norm is independent of the choice of bases.
The space I1(H1, H2) of trace-class operators is defined as T = T ∗

2 T1 with Tj ∈ I2(Hj , H0),
or equivalently as the space of operators with norm below finite

∥T∥1 = sup
∑

|(Tej , fj)| = inf ∥T1∥2∥T2∥2

with supremum taken over all orthonormal systems ej and fj in H1 and H2.
When H1 = H2 = H, and T ∈ I1(H,H) we define the trace as

Tr (T ) = Tr (T |H) =
∑

(Tej , ej).

The trace is uniquely defined and a linear form of norm 1 on I1(H,H).
If T1 ∈ I1(H,H) and S is a continuous bijection from H to H2 then T2 = ST1S

−1 ∈ I1(H2, H2)
and Tr (T1|H) = Tr (T2|H2).
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For H = H1 = H2 a Hilbert space and T a compact operator on H, we define λi as the
singular values of T , i.e., the non-negative real numbers such that λ2i are the eigenvalues of the
(diagonalizable) compact operator T ∗T . The singular values λi → 0 as i → ∞. We can introduce
a more refined structure.

Definition A.2 Let 1 ≤ p < ∞. We denote by Ip(H) the space of compact operators T bounded
for the following Schatten p−norm

∥T∥p :=
(∑

i

λpi

) 1
p
<∞.

The space Ip(H) is a Banach space for this norm. Moreover, it is an ideal in the space of bounded
operators in the sense that if T ∈ Ip(H) and S ∈ B(H), then ST and TS belong to Ip(H).

We may denote by I∞(H) the space of compact operators, which is also an ideal in the space
of bounded operators (TS and ST are compact if one is compact and the other is bounded).

The space I2(H) is the space of Hilbert-Schmidt operators. The space I1(H) is the space of trace-
class operators. This is consistent with earlier definitions. Moreover, if T ∈ Ip and S ∈ Iq for
1
p +

1
q = 1 and 1 ≤ p ≤ ∞, then TS and ST are in I1 with Hölder inequality

∥TS∥1 ≤ ∥T∥p∥S∥q.

Criteria for trace-class and other Schatten-class operators. For H a Hilbert space, we
defined Ip(H) the Schatten class of compact operators with singular values in lp(N). We consider
here only H = L2(Rd).

It is useful to have criteria for when an operator is in Ip. For Hilbert-Schmidt operators from
X ⊂ Rd to Y ⊂ Rd, we have the criterion that A with Schwartz kernel a(x, y) is a Hilbert-Schmidt
operator if and only if

∥A∥22 =
∫
X×Y

|a|2(x, y)dxdy <∞.

For p > 2, we have the following criterion of [38] modified in[25] to remove an unnecesary L2

constraint:

Lemma A.3 (Russo’s criterion) Assume T bounded on L2(Rd) for d ≥ 1 with integral kernel
t(x, y) while t∗(x, y) is the kernel of the adjoint operator T ∗. Let p > 2 with conjugate q = p

p−1

(1p +
1
q = 1.) Assume ∥t∥q,p and ∥t∗∥q,p are bounded, where

∥t∥q,p =
(∫

Rd

(∫
Rd

|t(x, y)|qdx
) p

q
) 1

q
.

Then T is a compact operator in the Schatten class Ip of operators such that the singular values

belong to lp. Moreover, ∥T∥p ≤ ∥t∥
1
2
q,p∥t∗∥

1
2
q,p. For n ≥ p an integer, we have that Tn is trace-class

with ∥Tn∥1 ≤ ∥t∥
1
2
q,p∥t∗∥

1
2
q,p as well.

Moreover, if Tn has integral kernel k(x, y), then the trace of Tn is obtained as the following
integral along the diagonal

TrTn =

∫
Rd

k(x, x)dx.
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Trace-class operators. For 1 ≤ p < 2, the above criterion does not apply. We present a
number of estimates allowing us to show that operators are trace-class and obtain estimates on the
corresponding traces.

A general strategy to obtain trace-class properties is as follows:

(i) For rank-one T with kernel ϕ(x)ψ(y), we have ∥T∥1 = ∥ϕ∥∥ψ∥ ;
(ii) For µ(ξ) a non-negative measure on Ξ, we have that for t(x, y) =

∫
Ξ t(x, y; ξ)dµ(ξ) that ∥T∥1 ≤∫

Ξ ∥T (ξ)∥1dµ(ξ) since I1 is a Banach space. Here, t(x, y; ξ) is the Schwartz kernel of the operator
T (ξ).

For instance, we may decompose R2d into cubes by applying a partition of unity to get operators
with Schwartz kernels ϕm(x)t(x, y)ϕn(y). With ψm(x) smooth compactly supported and equal to
1 on the support of ϕm(x), then further decompose ϕm(x)t(x, y)ϕn(x) into rank-one operators, for
instance by using a Fourier transform to get the expression ψm(x)ψn(y)e

iζxeiτyα(ζ, τ), which is the
kernel of a rank-one operator. Then dµ(ξ) above integrates in n, m, ζ, and τ . If the integral is
controlled, then the initial operator T is trace-class.

The criterion from [18, Chapter 9] follows the above decomposition for operators with kernels
that are sufficiently smooth. Consider an operator A with Schwartz kernel a(x, y) for x, y ∈ Rd.
Then for a(x, y) sufficiently smooth in the following sense, we have A trace-class and

∥A∥1 ≤ C
∑

|α|≤2d+1

∥∂αx,ya∥L1(R2d). (A.1)

Moreover, we have

TrA =

∫
Rd

a(x, x)dx. (A.2)

An application of the above result to several operators that appear in these notes is the following.
We use the notation x = (x′, xd).

Lemma A.4 Let A be an operator with Schwartz kernel a(x, y) = b(x′, y′, xd, yd − xd, yd) with
b ∈ C2d+1(R2d+1), bounded, with the estimates for |α| ≤ 2d+ 1,

Aα := sup
(xd,yd)∈R2

∫
R2d−2

⟨xd − yd⟩γ |∂αb|(x′, y′, xd, yd − xd, yd)dx
′dy′ <∞ (A.3)

for some γ > 2 and such that b(x′, y′, xd, yd− xd, yd) = 0 when xd ≥ x0 and when yd ≤ y0. Then A
is trace-class with ∥A∥1 ≤ C sup|α|≤2d+1Aα and trace given by the integral of a along its diagonal.

When d = 1, the above estimates are Aα = sup(x,y)∈R2⟨x− y⟩β|∂αb|(x, y − x, y) < ∞. We re-

call that ⟨x⟩ =
√

1 + |x|2. The same result holds when instead of the above condition, we have
b(x′, y′, xd, yd − xd, yd) = 0 when xd ≤ x0 and when yd ≥ y0.

Proof. The proof is based on the criterion (A.1). We observe that ∂βa involves a sum of terms
of the form ∂αb with |α| = |β|. Now

∥∂αb∥L1(R2d =

∫
R2d

⟨xd − yd⟩γ |∂αb|(x′, y′, xd, yd − xd, yd)⟨xd − yd⟩−γdxdy

≤
∫
xd≤x0

∫
yd≥y0

Aα⟨xd − yd⟩−γdxddyd ≤ CAα

when γ > 2. We may then apply criterion (A.1) to conclude.
For an operator T ∈ I1(Rd), a criterion allowing us to compute the trace as an integral is given

in [14]. For instance, (A.2) holds when a(x, y) is jointly continuous in (x, y). This requires that we
already know that the operator is trace-class. When the operator is known to be positive definite,
then criteria to show that it is trace class are also given in that paper.
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Operators of the form f(x)g(D). Let x ∈ Rd and D = −i∇x. We consider operators of the
form A = f(x)g(D) with f and g bounded so that A is bounded on L2(Rd). The kernel of A is
f(x)ǧ(x− y) with g the Fourier transform of ǧ. We follow [40, Chapter 4].

For α ∈ Zd, let ∆α be the unit cube centered at α and χα its indicatrix function. Define lq(Lp)
as the set of functions for which

∥f∥p,q =
(∑

α

∥fχα∥qp
) 1

q
<∞

with ∥ · ∥p the Lp(Rd) norm here (not a Schatten-class norm). In other words, we assume that f is
in Lp(∆α) for each cube and the Lp norms are q−summable. Then we have the following results:

• Assume f ∈ Lp(Rd) and g ∈ Lp(Rd) with 2 ≤ p <∞. Then A = f(x)g(D) is in Ip and

∥A∥p ≤ (2π)
− d

p ∥f∥p∥g∥p.

Here, we use ∥ · ∥p both for the operator Schatten norm and for the Lp norm of functions.

• A partial converse is this: If f and g are non-zero and A ∈ I2, then f ∈ L2(Rd) and
g ∈ L2(Rd).

• Assume f and g are in lp(L2) for 1 ≤ p ≤ 2. Then A ∈ Ip and

∥A∥p ≤ Cp∥f∥2,p∥g∥2,p. (A.4)

• A partial converse is: If f and g are both non-zero and A ∈ I1, then both f and g are in
l1(L2(Rd)).

• A criterion obtained from the previous one (e.g., Hilbert Schmidt) and the fact that the
uniform limit of compact operators is compact is as follows.
Let L∞

ε (Rd) be the space of L∞(Rd) functions such that for all ε > 0, there is some R(ε) > 0
such that |f(x)| ≤ ε for all |x| ≥ R (bounded functions converging to 0 at ∞). Assume then
that f(x) ∈ L∞

ε and g(ξ) ∈ L∞
ε . Then f(x)g(D) is compact.

• Let f and g belong to L2
δ(Rd) for δ >

d
2 . Then A ∈ I1 with

∥A∥1 ≤ C∥f∥L2
δ
∥g∥L2

δ
. (A.5)

Here, L2
δ = {f ; ⟨x⟩δf ∈ L2} with as usual ⟨x⟩ =

√
1 + |x|2. We have L2

δ ⊂ l1(L2)

These results hold for specific operators of the form f(x)g(D) but are otherwise extremely precise.

B Fredholm operators

Taken mostly from [27, Chapter 19]. See also [32] for relatively straightforward proofs of several
results.

Definition B.1 A bounded linear operator T from B1 to B2 Banach spaces is Fredholm when dim
Ker T is finite and TB1 (is closed and) has finite codimension. Then

Index T = dim Ker T − dim Coker T.
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Let F(B1, B2) the space of Fredholm operators in B(B1, B2), the space of bounded operators, and
K(B1, B2) the space of compact operators in B(B1, B2).

Recall that CokerT = B2/RanT the quotient space, which is a vector space defined as the
space of [ϕ] for ϕ ∈ B2 where [ϕ] is the space of ψ ∼ ϕ in B2 where the latter relation holds iif
ϕ−ψ ∈ TB1 = RanT . By assumption, CokerT is finite dimensional and hence closed and this may
be used to show that TB1 is closed as well.

Theorem B.2 The set of Fredholm operators F(B1, B2) is open, dim Ker T is upper semi-continuous
(i.e., for S small enough, dim Ker (T + S) ≤ dim Ker T ), and Index T is constant in each com-
ponent.

If T1 ∈ F(B1, B2) and T2 ∈ F(B2, B3) then T2T1 ∈ F(B1, B3) and we have the logarithmic law

IndexT2T1 = IndexT1 + IndexT2

The latter can be obtained by continuity (in t) of the Fredholm operators(
I2 0

0 T2

)(
I2 cos t I2 sin t

−I2 sin t I2 cos t

)(
T1 0

0 I2

)
.

Theorem B.3 For T ∈ F(B1, B2) and K ∈ K(B1, B2) compact, then T + K ∈ F(B1, B2) and
Index (T +K) = Index T .

If T ∈ B(B1, B2) and Sj ∈ B(B2, B1) with TS2 = I2 +K2 and S1T = I1 +K1 for Kj compact,
then T and Sj are Fredholm and Index T = −Index Sj, j = 1, 2.

More generally, if t ∈ I is compact and StTt − I and TtSt − I are uniformly compact (i.e.,
they send the unit Ball in B1 to the same relatively compact subset of B2), then Tt and St are
Fredholm, dim Ker Tt and dim Ker St are upper semi-continuous and Index Tt = −Index St is
locally constant and constant on connected components of I.

Index of Fredholm operator as a trace. We now state some results recasting the index of
Fredholm operators as a trace. This is often referred to as a Fedosov or Calderón-Fedosov formula.

Theorem B.4 (Index-Trace relation) Let T ∈ B(H,H) and S ∈ B(H,H) with

R1 = I − ST, R2 = I − TS.

Assume RN1 and RN2 trace-class for N > 0. Then T and S are Fredholm and

Index T = −Index S = Tr RN1 − Tr RN2 .

When N = 1, then

Index T = Tr R1 − Tr R2 = Tr (TS − ST ) = Tr [T, S]

where the cyclicity of the trace does not apply as TS and ST are not trace-class. When N > 1, we
construct S′ = S(I2 + R2 + . . . RN−1

2 ) and show that TS′ = I2 − RN2 while S′T = I1 − RN1 using
that S(TS)kT = (ST )k+1 and a few more tricks, so that the proof reduces to the case N = 1.

Remark B.5 An operator T is Fredholm if and only if we can find S such that ST = I +K1 and
TS = I +K2 with K1 and K2 compact operator. The above result shows that S (possibly replaced
by S′) may be chosen so that K1 and K2 are trace-class. In this case, IndexT = −IndexS =
Tr[T, S] = Tr(R1 −R2).
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Moreover, an operator T is Fredholm with index 0 if and only if we can find K such that T +K
is invertible.

So, in some sense, Fredholm operators with index 0 and operators invertible modulo a compact
operator and Fredholm operators with arbitrary index have left and right inverses modulo different
compact operators. This is Atkinson’s criterion for Fredholm operators. We (relatively easily)
verify that the compact operators may be replaced by finite rank operators. We sometimes see the
terminology: T is Fredholm if and only if it admits a partial inverse.

We can in fact show (see [32]) that the partial inverse S may be chosen so that TST = T ; in this
case I−ST and I−TS are finite rank projectors. In the same vein of results, if T is Fredholm and
T = U |T | is its polar decomposition (with U a partial isometry), then we verify that I − U∗U and
I −UU∗ are projections onto kernels of T and T ∗ respectively and that IndexT = Tr(UU∗−U∗U).

In other words, the index is independent of |T | = (T ∗T )
1
2 .

Let P be an orthogonal projector and U a unitary operator defined on a Hilbert space. We will
often use the above result with T = PUP + (I − P ) and S = PU∗P + (I − P ). Indeed, we find

TS = PUPU∗P + (I − P ), ST = PU∗PUP + (I − P ),

so that

R1 = P (I − U∗PU)P = −P [U∗, P ]UP, R2 = P (I − UPU∗)P = −P [U,P ]U∗P.

Therefore, as soon as [U,P ] is a compact operator, we find that T and S are Fredholm as recalled
in the above remark.

Lemma B.6 Let U and P be defined as above and assume [U,P ] and [U∗, P ] trace-class. Then,
we have:

IndexPUP|RanP = −IndexPU∗P|RanP = Tr[U,P ]U∗. (B.1)

Proof. Indeed, we deduce from the Fedosov formula that

IndexPUP|RanP = IndexPUP + I − P = TrR1 −R2.

For A and B bounded, we have the cyclicity TrAB = TrBA when at least A or B is trace class
and TrA+B = TrA+TrB when both A and B are trace-class. Therefore, since P 2 = P ,

TrR1 −R2 = Tr(−[U∗, P ]UP + UPU∗P − P ) = Tr(−[U∗, P ]UP + UP [U∗, P ] + UPU∗ − P )

The first two terms cancel by cyclicity and by additivity, this is Tr(UPU∗ − P ) = Tr[U,P ]U∗.

C Pseudo-differential calculus

Fourier transform. We use the convention for the d−dimensional Fourier transform

f̂(ξ) = Fx→ξf(ξ) =

∫
Rd

e−ix·ξf(x)dx, f(x) = F−1
ξ→xf̂(x) =

1

(2π)d

∫
Rd

eix·ξ f̂(ξ)dξ. (C.1)

Thus, the Fourier transform of f ∗ g(x) =
∫
Rd f(x− y)g(y)dy is f̂(ξ)ĝ(ξ) and the Parseval relation

may be written as (2π)d
∫
Rd f(−x)g(x)dx =

∫
Rd f̂(ξ)ĝ(ξ)dξ. The latter also hold for matrix-valued

functions f and g component-wise.
In the Fourier domain, Djf becomes ξj f̂(ξ) while xf(x) becomes −Dj f̂(ξ) = i∂ξj f̂(ξ).
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Pseudo-differential operators. Let us start with a partial differential operator with constant
coefficients P (D) with P a polynomial. We may then write in the Fourier domain

P (D)f(x) = (F−1P (ξ)f̂(ξ))(x) =

∫
R2d

eix·ξ

(2π)d
P (ξ)e−iy·ξf(y)dydξ.

Now, let us assume that P (x,D) is a polynomial in D with coefficients that depend on x, i.e., a
partial differential operator with possibly non-constant coefficients. Then as above,

P (x,D)f(x) = (F−1P (x, ξ)f̂(ξ))(x) =

∫
R2d

eix·ξ

(2π)d
P (x, ξ)e−iy·ξf(y)dydξ.

Here P (x, ξ) is the symbol of the operator P (x,D). We observe that the above expression is not
symmetrical in (x, y). The operators are sums of terms of the form a(x)P (D). But the differential
operator may also be written as a sum of terms of the form P (D)a(x), which would have a symbol
P (ξ, y). We define a symmetrized version called the Weyl quantization and defined by

(Opwa)f(x) =

∫
R2d

ei(x−y)·ξ

(2π)d
a(
x+ y

2
, ξ)f(y)dξdy. (C.2)

Such integrals are defined as standard Lebesgue integrals when a and f decay sufficiently rapidly
in their respective variables, which is not the case for differential operator. For such well defined
integrals, we may formally perform an arbitrary number of integrations by parts and define the
resulting integrals as oscillatory integrals even when they no longer make sense as Lebesgue integrals.
See [26] for the details.

Now, as important as differential operators are, their inverses (when these exist) are not differ-
ential operators. We would like to define classes of operators that include such inverses (whenever
defined). When P (D) is a differential operator such as 1−∆ on Euclidean space with symbol 1+|ξ|2,
the inverse is easily seen to be (1+ |ξ|2)−1 in the Fourier domain. So we observe that if we we accept
to have symbols a(x, ξ) that are no longer polynomial in ξ, then (C.2) may be seen as a definition
of a quantization, which in our context is a map from a space of symbols (classical observables) to
a space of operators (which when restricted to bounded domains with appropriate boundary condi-
tions admit discrete, quantized spectra unlike the continuously defined symbols; whence the name
quantization). Operators constructed by (C.2) are called pseudo-differential operators (PDOs)

There is a large literature on algebras of symbols giving rise to algebras of operators and their
applications to partial differential equations. In our context of analysis of Topological Insulators
using PDE models, these classes of PDOs are useful as they allow us to define composition (mul-
tiplication) of operators, construct approximate inverses for elliptic PDOs, obtain criteria for the
functional calculus, and finally obtain criteria of compactness, and in particular being trace-class,
which are relatively straightforward to manipulate.

We introduce a number of classes of symbols and their associated PDOs that allow us to analyze
the asymmetric transport associated to topological insulators. We primarily follow [18, 26].

Classes of symbols. Note that any operator A defined on S(Rd) the space of Schwartz function
and with range in S ′(Rd) the space of Schwartz distributions may be written in the form (C.2).
Indeed such an operator admits a Schwartz kernel KA(x, y) as a distribution in S ′(Rd × Rd). We
assume A and KA scalar-valued to simplify notation but the same results hold for matrix-valued
operators with KA in S ′(Rd × Rd)⊗Mn(C). The Weyl symbol of A may then be defined as

a(x, ξ) =

∫
Rd

e−iy·ξKA(x+
y

2
, x− y

2
)dy ∈ S ′(Rd × Rd). (C.3)
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With such a choice, we verify that A = Opwa.
However, arbitrary distributions a(x, ξ) generate too large a class of symbols for, e.g., the

composition of operators to be possible. The choice of class of symbols is problem-dependent even
if some classes appear quite frequently. We define a few classes that will be useful for our purposes.

Class of symbols Sm. We first start with functions such that a(x, ξ) ∈ C∞(Rd ×Rd)⊗Mn(C).
We say that a ∈ Sm when for each multi-index α = (α1, . . . , αd) ∈ Nd and β = (β1, . . . , βd) ∈ Nd,
we have the following bound on the semi-norm

|∂αξ ∂βxa|(x, ξ) ≤ Cα,β⟨ξ⟩m−|α| (C.4)

for some constant Cα,β. Here |α| = α1 + . . .+ αd, and | · | is a norm on Mn(C).
We observe that if a(x, ξ) is the symbol of a partial differential operator of order m with smooth

coefficients, then indeed a ∈ Sm. The class of operators associated to symbols in Sm by (C.2) is
called OpwSm. Again, any partial differential operator of order m with smooth coefficients is in
OpwSm. In particular, the Dirac operator with smooth coefficients is in S1 while the Laplace
operator (and the modified Dirac operator involving the term η∆) is in S2.

We define by S∞ the union of all Sm over m ∈ N and by S−∞ the intersection of all Sm over
m ∈ N. We observe that S∞ is a graded algebra in the sense that if a ∈ Sm and b ∈ Sn, then ab
and ba are in Sm+n. Similarly, we have an algebra of operators OpwS∞. The class of symbols Sm

may be assigned a Fréchet topology by taking the best constants Cα,β above. We refer the reader
to [18, 26] for additional information on the topology of these classes of symbols.

Order functions and associated symbols. We will also need the notion of order function
m : R2d → [0,∞) such that there exists constants C0 and N0 such that for all X = (x, ξ) ∈ R2d and
all Y ∈ R2d, we have

m(X) ≤ C0⟨X − Y ⟩N0m(Y ).

Here ⟨X⟩ =
√
1 + |X|2. Examples of order functions include ⟨X⟩p for p ∈ R, X+ = max(X, 0)

(defined element-wise on each coordinate), orX− = −(−X)+. When m1 and m2 are order functions,
then so is m1m2.

Associated to an order function is a class of symbols S(m) defined as all a(x, ξ) ∈ C∞(Rd ×
Rd)⊗Mn(C) such that for all α ∈ N2d,

|∂αa(X)| ≤ Cαm(X) ∀X ∈ R2d. (C.5)

Again, choosing the best constants Cα provides a Fréchet topology for S(m). We use S−∞(m) =
∩m∈ZS((m)m) as a convenient notation.

The operators constructed by (C.2) from a ∈ S(m) are denoted by OpwS(m). Such operators,
as well as those in OpwSm, are called pseudo-differential operators (PDO). These families include
partial differential operators but are much larger and have better composition and invertibility
properties as we will see.

Composition calculus. One major advantage of defining such operators is the following com-
position property. Let a ∈ S(m1) and b ∈ S(m2). Then the composed operator OpwaOpwb ∈
OpwS(m1m2) and there is c ∈ S(m1m2) such that OpwaOpwb = Opwc. In light of (C.3), we can
always define c such that (C.2) holds for OpwaOpwb. The interesting result is that we also obtain
that c ∈ S(m1m2). There is also an explicit formula for c; see [18].
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A similar result holds for a ∈ Sm and b ∈ Sn with c ∈ Sm+n then and is a generic property
satisfied by all interesting classes of PDOs.

In both cases of calculus above, an important stability property for us is the following. Let
n count the multi-indices (α, β) (living in a countable space) appearing in the above descriptions
of the seminorms and let Cn(a) and Cn(b) be the corresponding constants for the symbols a and
b. Let CN (a) = maxn≤N Cn(a) and the same expression for CN (b). Then for each N , there exists
Na = Na(N) and Nb = Nb(N) and CN independent of (a, b, c) such that

CN (c) ≤ CNCNa(a)CNb
(b). (C.6)

In other words, the mapping from (a, b) to c is continuous in the Fréchet topologies. This control of
the seminorms also applies when a ∈ Sm and b ∈ Sn with control of c ∈ Sn+m or when a ∈ S(m1)
and b ∈ S(m2), in which case we have control of the seminorms of c ∈ S(m1m2).

Helffer-Sjöstrand formula. A very useful framework to compute and estimate functionals of a
given operator is to recast it in terms of resolvent operators. This is the objective of the following
Helffer-Sjöstrand formula; see [18, Chapter 8] for details and background.

Let f ∈ C∞
0 (R) be a smooth function vanishing at infinity. Then we have the existence of a

smooth almost analytic extension f̃(z) for z ∈ C such that

f̃(λ) = f(λ), λ ∈ R, |∂̄f̃(z)| ≤ CN |ℑz|N , ∀N ∈ N,

where for z = λ+ iµ

∂̄ =
1

2
(∂λ + i∂µ), ∂ =

1

2
(∂λ − i∂µ)

is the Cauchy-Riemann operator. The extension may be chosen with compact support (arbitrarily
close to the real axis) in C and smooth. The extension is not unique. Since we will not need
its explicit form beyond the aforementioned properties, we refer to [18, Chapter 8] and [16] for
additional details. The advantage of introducing this extension is that it allows us to describe the
functional calculus in terms of resolvent operators. More precisely, we have for H an unbounded
self-adjoint operator the Helffer-Sjöstrand formula

f(H) =
−1

π

∫
C
∂̄f̃(z)(z −H)−1d2z (C.7)

where d2z = dλdµ is Lebesgue measure on C.
Note that for a C1

c (R2;C) function, we have Pompieu’s formula

f(z) =

∫
C

−1

π(ζ − z)
∂̄f(ζ)d2ζ,

or in other words 1
πz is the Green’s function of the Cauchy-Riemann operator ∂̄. The almost

analytic extensions of a real-valued functions f allow us to write the similar-looking formula (C.7)
with an extension that remains close to f(λ) for |ℑz| small (with ∂̄f̃ arbitrarily small near the real
axis) while vanishing for |ℑz| large.

Ellipticity, Self-adjointness, Resolvents and Functional Calculus. We now cite results
from [12] and [18] to define an appropriate functional calculus. We are asking the following question.
Assume a ∈ S(1) or a ∈ Sm and f ∈ C∞

0 (R). Then is f(Opwa) a PDO and if so in which class?
We saw above the Helffer-Sjöstrand formula (C.7) showing that f(Opwa) may be written in terms
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of the resolvent operator (z −Opwa)−1. So, a first question that needs answer is what we can say
of the latter operator.

It turns out that (z − Opwa)−1 is indeed a PDO. This comes as an application of a Beal’s
criterion, which relates stability properties of a to stability properties of Opw∂αXa. In particular, if
the latter is a bounded operator on L2(Rd) for |α| ≤ 2d+1, then ∥a∥∞ is bounded [18, Proposition
8.2].

To apply such a result to the resolvent, we need good invertibility properties. For a ∈ Sm with
m > 0, we assume that a is Hermitian-valued and elliptic. The latter means that if amin(x, ξ)
denotes the smallest singular value of a(x, ξ), then we assume that

|amin(x, ξ)| ≥ C⟨ξ⟩m − 1 (C.8)

for some constant C > 0. In other words, a is invertible as soon as |ξ| is sufficiently large and all
its singular values are of order ⟨ξ⟩m.

Then [12] shows that Opwa is a self-adjoint operator with domain Hm(Rd), the Sobolev space
of order m, and that moreover, the resolvent Rz(a) = (z −Opwa)−1 defined for z ∈ C with ℑz ̸= 0
is itself a PDO with symbol in S−m, i.e., Rz(a) = Opwrz with rz ∈ S−m. For later use, we also
need bounds that are uniform in z. Let N again count multi-indices and CN (rz) be the constant of
the Nth seminorm associated to rz. Then there exist MN and CN such that

CN (rz) ≤ CN |ℑz|−MN , (C.9)

uniformly in z on a compact domain Z ⊂ C (with the constant CN possibly depending on Z). The
choice of MN may be made a bit more explicit. But such a bound is sufficient for the moment. We
may then use the Helffer-Sjöstrand formula (C.7) for f ∈ C∞

0 (R) to show that f(Opwa) ∈ OpwS−∞;
see [12]. The proof requires that the almost analytic extension satisfy |∂̄f̃ | ≤ CN |ℑz|−N for each
N ≥ 0.

We recall that for m ∈ R, Hm(Rd) is the space of functions such that the Fourier transform f̂
(defined as a distribution when m < 0) is in an appropriate weighted L2 space, namely ⟨ξ⟩mf̂(ξ) ∈
L2(Rd). When Opwa is matrix-valued, we mean that each operator-valued component of the matrix
is an element in Hm(Rd).

These results are not easy to derive. And they are quite powerful. We know from the spectral
theorem that f(H) is a bounded operator. The above results shows that it is in fact an operator
in OpwS−∞. The symbol of f(H) is a complicated functional of that of H. But such a symbol
exists and belongs to S−∞. These results are unfortunately not entirely standard; see [12, 18] and
references cited there for background and details.

Trace-class criterion. Another important result for us is a trace-class criterion modeled after
(A.1) and (A.2) [18, Chapter 9]. Assume that m ∈ L1(R2d) and that |∂αa(x, ξ)| ≤ Cαm(x, ξ) for
all |α| ≤ 2d+ 1. Then Opwa is a trace-class operator and

Tr Opwa =
1

(2π)d

∫
R2d

tr a(x, ξ)dxdξ, ∥Opwa∥1 ≤ C max
|α|≤2d+1

Cα ∥m∥L1(R2d). (C.10)

In other words, all symbols in S(m) with m integrable generate trace-class operators.

D Semiclassical calculus

Semi-classical calculus. In these lectures, we use a number of results from semiclassical calculus
presented in detail in [18, 47]. We collect the ones we need here. Several results are presented for
scalar symbols for concreteness. They all extend to the matrix-valued case.
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Semiclassical operators are pseudodifferential operators with symbols of the form a(x, hξ;h),
which depend on a semiclassical parameter 0 < h ≤ 1. We are primarily interested in understanding
the behavior of such operators as h → 0. To do so, it is convenient to introduce semi-classical
pseudo-differential operators as follows. See [18, Chapter 7] for details.

Semi-classical Weyl quantization, symbol classes and calculus. Given a parameter h ∈
(0, 1] and a symbol a(x, ξ;h) ∈ S ′(Rd×Rd)⊗Mn, we define the semiclassical Weyl quantization of
a as:

Opwh (a)ψ(x) :=
1

(2πh)d

∫
R2d

ei(x−y)·ξ/ha(
x+ y

2
, ξ;h)ψ(y)dydξ, ψ ∈ S(Rd)⊗ Cn. (D.1)

We have Opwa = Opw1 a for h = 1.
Let m be an order function and k and δ real numbers. We say that a ∈ Skδ (m) if for every

α ∈ N2d, there exists Cα > 0 such that

|∂αa(X;h)| ≤ Cαm(X)h−k−δ|α| (D.2)

uniformly for all X ∈ R2d and h ∈ (0, 1]. We write S(m) for S0
0(m) and S(m−∞) to denote the

intersection over s ∈ N of S(m−s).
By [18, Chapter 7], we know that if a ∈ S(m1) and b ∈ S(m2), then Opwh (c) := Opwh (a)Opwh (b)

is a pseudo-differential operator, with

c(x, ξ;h) = (a♯hb)(x, ξ;h) :=
(
ei

h
2
(∂x·∂ζ−∂y ·∂ξ)a(x, ξ;h)b(y, ζ;h)

)∣∣∣
y=x,ζ=ξ

(D.3)

and c ∈ S(m1m2). We write A ∈ Opwh (S(m)) to mean that A = Opwh (a) for some a ∈ S(m).

Resolvents and functional calculus. See [12] and [18, Chapter 8]. By [12], we know that if
a ∈ Sm is Hermitian-valued and satisfies |amin(x, ξ)| ≥ c⟨ξ, ζ⟩m − 1 for some c > 0, then for all
ℑ(z) ̸= 0, Rz := (z − Opw(a))−1 is a bijection of L2(Rd) ⊗ Cn onto Hm, and Rz = Opw(rz) with
rz ∈ S−m. This result applies for h = 1 and by simple rescaling uniformly in h0 ≤ h ≤ 1 for any
fixed h0 > 0.

We want a more detailed expression for rz in the semiclassical regime as h → 0, i.e. for rz(h)
defined as (z − Opwh (a))

−1 = Opwh (rz). Defining z =: λ + iω, we apply [18, Proposition 8.4] to
obtain that in the semiclassical regime, the kernel of the resolvent operator satisfies

|∂αx ∂
β
ξ rz(x, ξ;h)| ≤ CZ0,α,β

(
1 +

√
h

|ω|

)2d+1
|ω|−(|α|+|β|)−1, z ∈ Z0 (D.4)

for any compact set Z0 ⊂ C. This result applies for 0 < h ≤ h0 sufficiently small.
Let 0 ≤ δ ≤ 1

2 . Then we observe that rz ∈ Sδδ (1) uniformly in z on a compact domain such that
|ω| = |ℑz| ≥ Chδ.

Semiclassical functional calculus. We now write an asymptotic expansion for functions of op-
erators in the semiclassical regime. We start with the following result for exponentials of quadratic
functions.

Proposition D.1 Suppose u ∈ Skδ (m) for some 0 ≤ δ < 1
2 and k ≥ 0. Let A(ξ) = 1

2⟨Qξ, ξ⟩ be a

non-degenerate real quadratic form on Rd. Then for d
2 < s ∈ N and all N ∈ N, we have∣∣∣eihA(D)u(x)−

∑
j≤N−1

(ihA(D))j

j!
u(x)

∣∣∣ ≤ ChN−k−δ(2N+s)m(x).
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This is an adaptation of [47, Chapters 3 &4].
Let σ ∈ S(m) and Hh := Opwh (σ). For λ + iω = z ∈ C \ {ω = 0}, define as above the symbol

rz = rz(x, ξ;h) such that (z − Hh)
−1 := Opwh (rz). We have seen above that rz ∈ Sδδ (1) for h

sufficiently small uniformly in z ∈ Zδ, where Zδ is the intersection of a compact domain with
{z; |ω| ≥ Chδ}. Finally, we define σz := z − σ so that rz♯hσz = σz♯hrz = 1. This equation allows
us to obtain an asymptotic expansion for rz in powers of h.

Since (ei
h
2
(Dξ·Dy−Dx·Dη)σz(x, ξ)rz(y, η))|y=x,η=ξ = σz♯hrz = 1 and D commutes with eihA(D),

the above proposition directly yields:

Proposition D.2 Suppose σz ∈ S(m) and rz ∈ Sδδ (1) for 0 ≤ δ < 1
2 . For N ∈ N, define

bz,h,N (x, ξ) := 1−
∑

j≤N−1

((ih(Dξ ·Dy −Dx ·Dη)/2)
j

j!
σz(x, ξ)rz(y, η)

)
|y=x,η=ξ.

Then bz,h,N ∈ S−ℓN
δ (m) uniformly in z ∈ Zδ with ℓN := N − 2δ(N + d + 1). In particular,

|bz,h,N (x, ξ)| ≤ CNh
N−2δ(N+d+1)m(x, ξ) uniformly in (x, ξ) ∈ R2n and z ∈ Zδ .

We now obtain an approximation of rz to arbitrary order in h.

Proposition D.3 For z ∈ Zδ and h ∈ (0, 1], define qz,h,N recursively by qz,h,1 := σ−1
z and

qz,h,N = σ−1
z

(
1−

N−1∑
j=1

((ih(Dξ ·Dy −Dx ·Dη)/2)
j

j!
σz(x, ξ)qz,h,N−j(y, η)

)
|y=x,η=ξ

)
, N ≥ 2.

Then under the hypotheses of Proposition D.2, we have rz − qz,h,N ∈ S−ℓN+δ
δ (m).

The result is obtained by induction. We finally obtain the following asymptotic result.

Proposition D.4 Let ϕ ∈ C∞
c (R) with ϕ̃ an almost analytic extension and h ∈ (0, 1]. Let σ ∈ S(m)

for m an order function and Hh = Opw(σ). Let ν = ν(x, ξ;h) ∈ S(m−∞) be the symbol such that
ϕ(Hh) = Opwν. Let qz,h,N be defined as above for z ∈ Z = ∪δ>0Zδ. Assume that for m(x, ξ)
sufficiently large, then the eigenvalues of σ are all outside of the support of ϕ. Then for all N ∈ N,
we have

ν +
1

π

∫
Z
∂̄ϕ̃(z)qz,h,Nd

2z ∈ S−N+ 1
2 (m−∞). (D.5)

Proof. We know that for an order function m, then ν ∈ S(m−∞) is given by the Helffer-Sjöstrand
formula

ν = − 1

π

∫
Z
∂̄ϕ̃(z)rzd

2z = − 1

π

∫
Zδ

∂̄ϕ̃(z)rzd
2z − 1

π

∫
Z\Zδ

∂̄ϕ̃(z)rzd
2z.

We choose 0 < δ < 1
2 . Then using the bound (D.4) and the property of almost analytic extensions

|∂̄ϕ̃(z)| ≤ CM |ℑz|M , we obtain that the integral over Z\Zδ as well as any derivative in (x, ξ) is of
order hp for any p ≥ 0.

We observe that z 7→ qz,h,N is analytic on Zδ and is in fact analytic on Z̄ when m(x, ξ) is
sufficiently large since then by assumption σ−1

z (with σz = z − σ) is analytic. This shows that∫
Z ∂̄ϕ̃(z)qz,h,N (x, ξ)d

2z = 0 for m(x, ξ) sufficiently large. Using (D.4) and |∂̄ϕ̃(z)| ≤ CM |ℑz|M

again, we also observe that
∫
Z\Zδ

∂̄ϕ̃(z)qz,h,Nd
2z is of order hp for any p ≥ 0.

It thus remains to address the integral of ∂̄ϕ̃(z)(rz − qz,h,n) over Zδ where rz ∈ Sδδ (1) now, still
using (D.4). This is arbitrarily small by Proposition D.3.
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Trace-class operators. See [18, Chapter 9] for a trace-class criterion in the semi-classical regime.
Suppose m ∈ L1(R2d), and |∂αa(x, ξ;h)| ≤ Cαm(x, ξ) for all α ∈ N2d and h ∈ (0, 1] (meaning that
a ∈ S(m)). Then Opwh (a) is trace-class with ∥Opwh (a)∥1 ≤ Cmax|α|≤2d+1Cα∥m∥L1 and

TrOpwh (a) =
1

(2πh)d

∫
R2d

tr a(x, ξ;h)dxdξ, (D.6)

where C depends only on d and tr is the standard matrix trace [18, Theorem 9.4] .

E Unbounded operators and spectral theory.

The results below are mostly taken from [18, Chapter 4] as well as [41, 43].
We assume H is a complex separable Hilbert space and S : D(S) ⊂ H → H is an unbounded

operator with domain D(S). The graph of S is

graph(S) = {(x, Sx), x ∈ D(S)} ⊂ H ×H with norm ∥(u, v)∥ = ∥u∥2 + ∥v∥2.

S is closed if graph(S) is closed.

Proposition. Let S be closed unbounded with dense domain D(S). Then there is an adjoint
unbounded operator S∗ given by

D(S∗) = {v ∈ H; ∃C(v) ≥ 0 s.t. |(Su, v)| ≤ C(v)∥u∥, u ∈ D(S)}
(Su, v) = (u, S∗v), ∀u ∈ D(S), v ∈ D(S∗).

If J : H×H is given by J(u, v) = (−v, u) then J∗ = −J and J is unitary. Moreover, graph(S∗) =
(J(graph(S)))⊥ is closed, and then so is S∗. The closure of graph(S) = (graph(S))⊥⊥ so that if
D(S∗) is dense, then S∗∗ is the closure of S.

If the closure of the graph of S is the graph of an operator, then we say S is closable and then
S̄ corresponding to that closed graph is the closure of S. It is the case when the domains of S and
of S∗ are dense. We have as for bounded operators

Ran(S)⊥ = Ker(S∗).

Definition: A ⊂ B if D(A) ⊂ D(B) and Bu = Au on D(A). If D(A) is dense and A ⊂ B, then
B∗ ⊂ A∗.
Definition: A is symmetric if A ⊂ A∗ and self-adjoint if A = A∗. A symmetric is called essentially
self-adjoint if Ā is self-adjoint; then Ā is the only self-adjoint extension of A.

Theorem [Criterion of Self-adjointness]. Let A be symmetric. Then (1) A self-adjoint is equivalent
to (2) A closed and Ker(A∗ ± i) = {0} for both sign is equivalent to (3) Ran(A± i) = H for both
signs. Also, (1) A essentially self-adjoint is equivalent to (2) Ker(A∗ ± i) = {0} for both sign is
equivalent to (3) Ran(A± i) is dense in H for both signs.

Above ±i may be replaced by z+ and z− with ±ℑz± > 0.
Assume A densely defined. The resolvent set of A is ρ(A) = {z ∈ C; (z − A) : D(A) →

H bijective with bounded inverse}. This is an open set. Define R(z) = (z − A)−1. Then the
spectrum of A is σ(A) = C\ρ(A) a closed set. We have

R(z)−R(w) = (w − z)R(z)R(w).

For A self-adjoint, ∥R(z)∥ ≤ |ℑz|−1.
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Theorem [Friedrichs extension]. Let q(u, u) ≥ ∥u∥2 a closed and densely defined quadratic form
with domain D(q). Then there is a unique self-adjoint operator Q with domain D(Q) ⊂ D(q) such
that (Qu, u) = q(u, u) for u ∈ D(Q).

Let S be symmetric semi-bounded from below, i.e., (Su, u) ≥ −M∥u∥2 for u ∈ D(S). Then
there is a unique self-adjoint extension A of S with D(A) ⊂ D(q) with q quadratic form associated
to S + (M + 1)I. A is the Friedrichs extension of S.

From Simon Chapter 7.

Definition. Let A and B be densely defined on H. We say that B is A−bounded (or relatively
bounded w.r.t. A) if and only if: (1) D(A) ⊂ D(B); (ii) For some α, β > 0 and all ϕ ∈ D(A), we
have ∥Bϕ∥ ≤ α∥Aϕ∥+ β∥ϕ∥. The infimum of such α is called the A−bound for B.

Theorem [Kato-Rellich]. Let A be an operator on H and B be A− bounded with bound α < 1.
Then A+B defined on D(A) is closed iif A is closed. Let A be self-adjoint and B Hermitian. Then
A+B as an operator on D(A) is self-adjoint.

Here is a criterion for the computation of the A− bound: Suppose A is self-adjoint and B relatively
bounded w.r.t A. The A-bound for B is given by

lim
λ→+∞

∥B(±iλ−A)−1∥.

If A is bounded below, we can replace ±iλ by −λ above.

Spectral Theorems. The first one is a multiplication theorem:

Theorem [Multiplication spectral theorem]. Let A be SA on separable H. Then there exists a
measure space (M,M, µ), where µ is a finite measure, a measurable function a : M → R and a
unitary operator U : H → L2(dµ) such that
(1) A vector ψ ∈ H belongs to D(A) iif aUψ ∈ L2(dµ)
(2) If ψ ∈ D(A), then UAψ = aUψ.
(3) We have L2(dµ) = ⊕jL

2(R, dµj) with µj finite Borel measure on R so that the above function
a(x) = x.

We have
σ(A) = Raness(a) = {λ ∈ R;µ(a−1[λ− ε, λ+ ε])) > 0, ∀ε > 0}.

The second theorem addresses functional calculus. If h : R → C is a bounded Borel function,
and U and a are as above, we define h(A) = U−1(h ◦ a)U . We have

Theorem [Functional calculus spectral theorem]. Let A be SA on H separable. Let Bb(R) be the
set of bounded Borel functions. Then there is a unique map Bb(R) ∋ h→ h(A) ∈ B(H) such that
(1) h(A)∗ = h̄(A), h(A) + g(A) = (h+ g)(A), h(A)g(A) = (hg)(A).
(2) ∥h(A)∥ ≤ supR |h|σ(A).
(3) If Bbhn(x) → x as n→ ∞ with |hn(x)| ≤ |x|, then hn(A) → A strongly on D(A).
(4) hn → h pointwise and |hn(x)| ≤ C, then hn(A) → h(A) strongly on H.
(5) If Aψ = λψ ∈ D(A), then h(A)ψ = h(λ)ψ.
(6) If h ≥ 0, then h(A) ≥ 0.

Spectral measures. For ϕ ∈ H, there is a unique finite Borel measure µϕ (spectral measure) such
that for each Borel function g, (g(A)ϕ, ϕ) =

∫
g(λ)µϕ(dλ). By polarization, we construct µϕ,ψ. We

have that µϕ = a∗(|ϕ|2µ) push-forward by a with a and µ as in the above spectral theorem:∫
g(λ)(a∗(|ϕ|2µ)dλ =

∫
g(a(m))|ϕ(m)|2µ(dm) = (g(A)ϕ, ϕ) =

∫
g(λ)µϕ(dλ).
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where the first equality is the definition of the push-forward, the second equality is the unitarity of
U , and the last equality the definition of µϕ.

Measure decomposition. Every Borel measure on R has a unique decomposition

µ = µpp + µac + µsc

mutually singular (carried on disjoint sets) where µpp =
∑
ajδxj pure point with countable sum;

µac is absolutely conditions with respect to the Lebesgue measure, i.e., there is a locally integrable
function f (Radon-Nikodym derivative) such that µac = fdx; µsc is singular continuous carried by
a set of measure zero such that nonetheless µsc({x}) = 0.

We then have the decomposition

H = Hpp ⊕Hac ⊕Hsc

such that each closed subspace is invariant by (A + i)−1 and such that for ϕ ∈ Hxx, then µϕ is of
the type xx. Every eigenvector of A belongs to Hpp, which has an orthogonal basis of vectors.

σ(A) = σpp(A) ∪ σac(A) ∪ σsc(A), the spectra of A restricted to the Hxx.
The third form of the spectral theorem is given in terms of spectral projectors PΩ = 1Ω(A) for

Ω Borel subset of R with 1Ω the characteristic function of Ω. Then PΩ is a spectral family: (a) PΩ

is an orthogonal projection; (b) P∅ = 0; (c) If Ω ⊃ Ωj → Ω when j → ∞, then PΩj → PΩ strongly;
(d) PΩPX = PΩ∩X .

Define Pλ = P(−∞,λ]. Then for ϕ ∈ H, λ→ (ϕ, Pλϕ) is bounded increasing and d(ϕ, Pλϕ) = µϕ.
For g a complex-valued Borel function on R, we define

D(g(A)) = {ϕ ∈ H,
∫

|g(λ)|2d(ϕ, Pλϕ) <∞}

dense in H and then g(A) as

(g(A)ϕ, ψ) =

∫
g(λ)d(Pλϕ, ψ), ∀ϕ, ψ ∈ D(g(A)).

Formally, we write

g(A) =

∫
g(λ)dPλ.

In the multiplication spectral theorem, ϕ ∈ D(g(A)) iif (g ◦ a)ϕ ∈ L2(dµ) so g(A) is identified with
the multiplication by g ◦ a in L2(dµ). When g(λ) = λ, we get g(A) = A so that

Theorem [Spectral Projectors]. We have

A =

∫
λdPλ, (µ−A)−1 =

∫
(µ− λ)−1dPλ.

Moreover, if f, g are Borel functions, ϕ ∈ D(g(A)) and g(A)ϕ ∈ D(f(A)) then ϕ ∈ D(fg(A)) and
(fg)(A)ϕ = f(A)g(A)ϕ.

Stone Formula. For ε > 0 and −∞ < a < b <∞, we have

1

2
(P[a,b] + P(a,b)) = stronglimitε↓0

1

2πi

∫ b

a
((A− λ− iε)−1 − (A− λ+ iε)−1)dλ.
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This comes from that for [a, b] ∋ λ→ gλ ∈ Cb(R), then by additivity∫ b

a
gλ(A)dλ =

(∫ b

a
gλdλ

)
(A),

and then
1

2πi

∫ b

a
((t− λ− iε)−1 − (t− λ+ iε)−1)dλ =

1

2π

∫ b

a

2εdλ

(t− λ)2 + ε2
.

Essential Spectrum. A SA. Then λ ∈ σ(A) iif P(λ−ε,λ+ε) ̸= 0 for all ε > 0. Then Definition:
λ ∈ R belongs to the essential spectrum σess(A) iif P(λ−ε,λ+ε) ̸= 0 is of infinite rank for each ε > 0.
The discrete spectrum is σ(A)\σess(A), in other words the union of all eigenvalues of A of finite
multiplicity isolated from the rest of the spectrum.

Weyl criterion. Let λ ∈ C. Then
(1) λ ∈ σ(A) iif there exists ϕn ∈ D(A), ∥ϕn∥ = 1 for n ≥ 1 such that (A− λ)ϕn → 0;
(2) λ ∈ σess(A) iif there exists ϕn ∈ D(A), ∥ϕn∥ = 1 for n ≥ 1 orthonormal such that (A−λ)ϕn → 0;

Theorem [Weyl]. Let A,B self-adjoint such that (A+ i)−1− (B+ i)−1 is compact. Then σess(A) =
σess(B).

Definition A SA, C with D(A) ⊂ D(C) is relatively compact w.r.t. A if C(A+I)−1 is compact.

Theorem [Weyl]. Let A self-adjoint and C symmetric and relatively compact w.r.t A. Then
D(A+ C) = D(A), A+ C is self-adjoint and σess(A) = σess(B).

Example. Let V ∈ L2
loc(Rn,R) bounded below and c = lim|x|→∞V (x). Then σess(−∆ + V ) ⊂

[c,∞). When c = ∞, we can thus prove that −∆+V has purely discrete spectrum with eigenvalues
of finite multiplicity that tend to infinity.

Stability of spectra. We saw that compact perturbations do not modify the essential spectrum.
Here are other relevant stability results

Theorem [Kato-Birman]. Let A, B, C bounded with A = B + C and C trace-class. Then
σac(A) = σac(B). Moreover, A and B restricted to their ac spectrum are unitarily equivalent.
Let A and B unbounded self-adjoint bounded from below. Suppose R ∋ λ ̸∈ σ(A) ∪ σ(B) and
(A+ λ)−1 − (B + λ)−1 trace-class. Then σac(A) = σac(B).
We say A is subordinate to B if there is a continuous f(x) → ∞ as |x| → ∞ and a function g(x)
so f(A) ≤ g(B). If A is subordinate to B and vice-versa and if PI(A)(A − B)PI(B) is trace-class
for all bounded intervals I (with PI spectral projections), then σac(A) = σac(B).

This should be contrasted with

Theorem [Weyl-von Neumann-Kuroda]. Let B be bounded self-adjoint. Then there exists C in
every Ip fpr p > 1 so that A = B + C has only point spectrum with an orthonormal basis of
eigenvectors. For any p > 1 and any ε > 0, we can choose ∥C∥p < ε so the perturbation to render
any bounded operator A with pure point spectrum may be arbitrarily small in any norm by I1.

Theorem. [Spectral mapping theorem]. (a) Let A be unbounded self-adjoint and F bounded
continuous function on σ(A) ∪ {∞}. Then

σ(F (A)) = F [σ(A) ∪ {∞}].

(b) Suppose there is k ∈ N such that for all λ ∈ R, ♯[(F−1[|λ]) ≤ k. Then

σess(F (A)) = F [σess(A) ∪ {∞}].
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(c) Suppose F a C1 function in a neighborhood of σ(A) sup{∞} and suppose {x ∈ σ(A);F ′(x) = 0}
is finite. Then

σac(F (A)) = F (σac(A)).
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