APMA E4990 2006 Lectures Summary

Lectures 1-3. Chapter 1 in [HN].

Definition of a metric space with distance function (X, d).

Definition of a vector space (or linear space). Definition of a norm | - || and of a normed vector
space (V.|| - )-

Definition of closed and open unit ball in normed vector spaces. Definition of convex subsets.

Notion of equivalence between norms on a vector space.
Notion of convergence z,, — «
Ve > 0,3IN € N, s.t. d(zp,z) <eVn > N.
Notion of Cauchy sequence
(z,,) Cauchy if Ve, AN s.t. d(xp,xm) < eVn,m > N.
Definition 0.1 (X,d) is complete if for each x,, Cauchy, x, — z € X.

Definition 0.2 A complete normed vector space is called o Banach space.

A theorem says that every metric space has a completion. Completion is obtained by equivalence
classes of Cauchy sequences as in the construction or R from Q.

Notion of continuity and uniform continuity.

Notion of sequential continuity.
Proposition 0.3 A function f is continuous at x € X iif it is sequentially continuous at x.

Notion of upper/lower semicontinuity. Notion of limsup and liminf.

Notion of closed and open sets (topological notion). Open and closed balls B,(a) and B, (a).

Definition 0.4 G C X is open if Vo € G, 3r > 0 such that B,(z) C G.
G C X is closed if its complement G is open.

Note that the notion of openness and closedness is related to the choice of the metric.

Proposition 0.5 A metric space X is a topological space with the family of open sets generated by
the above open balls.

Very convenient characterization of closed sets:



Proposition 0.6 F C X is closed iif ©,, — = and ©,, € F implies that v € F'.

Notion of closure A = {z € X|z, € A such that z, — z}.
Note that Q = R.

Definition 0.7 A C X is dense in X if A= X.
Definition 0.8 (Separability) A metric space is separable if it has a countable dense subset.

Characterization of continuous functions:

Proposition 0.9 f:(X,d) — (Y,d') is continuous iif f~(G) is open in X for every open G in'Y.

Notion of compactness and sequential compactness.

Definition 0.10 K C X metric is sequentially compact if every sequence in K has a converging
subsequence in K.

Theorem 0.11 (Heine-Borel) A subset in R? is sequentially compact iif it is closed and bounded.
Theorem 0.12 (Bolzano-Weierstrass) Every bounded sequence in R? has a convergent subsequence.
Notion of cover, finite cover, e-net, and finite e-net.

Definition 0.13 A C X is totally bounded if it has a finite e-net for all € > 0.

We have the following characterization (hard to use in practice):

Theorem 0.14 A C X is sequentially compact iif it is complete and totally bounded.

Definition of compactness:

Definition 0.15 K C X is compact if every open cover of K has a finite subcover.

Theorem 0.16 A subset of a metric space is compact iif it is sequentially compact.

So in the future, we refer to compact subsets for the notion of sequential compactness. Sequential
compactness is often simpler to use than compactness in metric spaces. Compactness is a more general
notion (defined on topological spaces) that may be easier to use when the metric is not involved in
the proof.

A subset A of a metric soace X is called precompact (or relatively compact) if its closure in X is
compact.

Interplay between compactness and continuous functions.

Theorem 0.17 f : K — Y continuous with K compact metric and Y metric implies that f(K) is
compact.

Theorem 0.18 f : K — Y continuous with K compact metric and Y metric implies that f 1is
uniformly continuous.

Theorem 0.19 f: K — R continuous with K compact metric implies that f is bounded and that it
attains its minimum and its mazimum.

Theorem 0.20 f : K — R upper semi-continuous implies that f is bounded from above and attains
its mazimum. f: K — R lower semi-continuous implies that f is bounded from below and attains its
MINIMUM.



Lectures 4-5. Chapter 2 in [HN].
e Notion of convergence of continuous functions f: X — R.

e Notion of pointwise convergence: f,(z) — f(z) for all z € X. This convergence does not preserve
continuous functions.

e Notion of uniform continuity. Define the uniform norm

[flloc = sup [f(z)].
zeX
Definition 0.21 f, converges uniformly to f if lim ||f, — f|| = 0.

Uniform convergence is much stronger than pointwise convergence.

Theorem 0.22 Let f,, bounded and continuous on (X,d) and f, — f uniformly. Then f is continu-
ous.

So the notion of uniform convergence preserves continuity.

e Space of continuous functions.
Note that continuous functions on arbitrary metric spaces need not be bounded. However we know
they are bounded on compact domains.

Definition 0.23 We call C(K) the vector space of continuous functions on K compact.

Proposition 0.24 Let K be a compact metric space. ||-|loo is a norm on C(K) so that (C(K), || - ||so)
is a normed vector space.

Theorem 0.25 Let K be a compact metric space. Then (C(K),| - |l«) is complete so that it is a
Banach space.

e Notion of support of a function and of compact support.

e Definition 0.26 C.(X) for X metric is the space of continuous function on X with compact support.
Cp(X) for X metric is the space of bounded continuous function on X. Co(X) = C.(X) for the uniform
norm.

The latter definition is well-defined because Cy(X) equipped with the uniform norm is a Banach space
(same proof as for C(K)) and because C.(X) C Cy(X). This implies that Co(X) is also a Banach space
as a closed subset of a Banach space. We thus have

Ce(X) CCo(X) CCp(X) CC(X).

The intermediate two spaces are Banach. Cp(X) is not even a normed space since | - || is not
necessarily defined (it is when X is compact of course).

e We can show that Co(R?) is the space of continuous functions that vanish at infinity.
e Notion of approximation by polynomials p(z) = > po, arz® on (a,b).

Theorem 0.27 (Weierstrass) Polynomials are dense in C([a,b]) equipped with sup norm.



On [a,b] = [0, 1], this uses the Bernstein polynomials

Bu(a, f) = if(fj) (3)e -y

Calculations show that

£l
1Bules )= flloo < 2+ 5 5.

where §(g) is the constant coming from the uniform continuity of f on [0, 1]).

Notion of compact subsets of the space of continuous functions. Notion of equicontinuity.

Definition 0.28 F family of functions from X to'Y metric spaces is equicontinuous if

Ve e X,Ve> 0,36 >0 s.t. d(z,y) <0 = d(f(z), f(y)) <eVfeF.

Note that § is independent of f € F although it may depend on z. Yet:

Theorem 0.29 F equicontinuous on compact metric spaces implies that F is uniformly equicontinu-
ous (i.e., § independent of x in above definition).

Here is a very useful characterization of compact subsets in C(K).

Theorem 0.30 (Arzeld-Ascoli) A subset in C(K) equipped with uniform norm is compact #if it is
closed, bounded, and equicontinuous.

Notion of Lipschitz functions.
Definition 0.31 f: X — R is Lipschitz continuous on X if 3C > 0 s.t.

lf(x) = fly)] < Cd(x,y), Vz,yeX.

Definition 0.32 Lip(f) = sup ——————~
( ) THy d(x,y)

Proposition 0.33 Fy; = {f|f Lipschitz continuous on K and Lip(f) < M} is equicontinuous and
closed.

Corollary 0.34 Let
G={feC(0, Dl =M, Lip(f) = N}

Then G is compact.

Application to the solution of ODEs and the Peano existence theorem for ODEs.
(1) Using u(t + h) — u(t) ~ hf(t,u(t)), construct uy(t) by finite difference approximation.
(2) Show that up(t) is Lipschitz uniformly in h.

(3) Use above theorem to obtain convergence of a subsequence to u(t) € C(I).

(4)

4) Show that u(t) satisfies the ODE.



This proof is typical of the use of compactness theorems in the analysis of differential and integral
equations.

Notion of uniqueness theorem. The above construction provides ones solution. It says nothing about
uniqueness. Uniqueness is actually not guaranteed unless f(t, x) is Lipschitz with respect to its second
variable. How does one show uniqueness?

(1) Assume u and v solutions and construct w = u — v.

(2) Show that w(t) satisfies an estimate, here

w(t)] < C / jw(s)ds,

because f is Lipschitz.

(3) Show that the estimate implies that w = 0. This is done by using Gronwall’s lemma, which is
extremely useful in the analysis of many evolution equations. This shows uniqueness.

Lectures 6-7. Chapters 3-4 in [HN].

Notion of Contraction Mapping.

Definition 0.35 On (X,d), T : X — X is a contraction mapping if there exists 0 < ¢ < 1 such that

d(Tz, Ty) < cd(z,y), for all x,y € X.

Note that T'B,(x) C Ber(tz), so that contraction maps send balls into subsets of smaller balls. Note
also that T is Lipschitz with Lip(T) =< ¢ < 1. Here we say that f : X — Y is Lipschitz if
d(f(z), f(y)) < Cd(x,y) for some constant C' uniformly in z,y € X.

Contraction mapping

Theorem 0.36 Let T : X — X be a contraction mapping on a complete metric space. Then the
fixed point equation Tx = x admits a unique solution.

The proof is constructive: z,41 = Tz, from zo € X given. We show that z,, is Cauchy, hence
converges to x. Then x =Tz and y = Ty implies z = y.

Application to Integral equations. Fredholm integral equations of the second kind have the form

b
f(x) = / k(. 9) f(y)dy + 9(z).

b
Define T'f = / k(x,y)f(y)dy+ g(x). Then show that T is a contraction on (C([a, b]), || - ||oo) provided

a
that k(x,y) is continuous in the x variable and the integral of |k(z,y)| in the y variable is sufficiently
small uniformly in z.

Using Tf = g + K f, show that (I — K)f = g admits for solution the Neumann series expansion
f =12, K"g. Thus we can write (I — K)~! =372 K*.

Application to Differential equation of the form

Lu= [+ Qu,



plus possibly boundary conditions, where L and () are linear opeators. Sometimes, it is possible to
show that L is invertible and to replace the differential equation by an integral equation of the form

w=L"1f+ L 'Qu.
When L~!(Q is a contraction in an appropriate Banach space, then the above equation admits a unique

solution in that space.

Example:
—u + ®u+q(x)u= f(z), u€Cy(R) for f € Cy(R).

Here Cp(R) is equipped with the uniform norm so that it is a Banach space. It turns out that when
g = 0, the solution to
—G"(z;9) + *Gla;y) = 6(x — y),

where the derivatives are in the z variable, is given by

1 —a|T
G(z) = 25¢ Il

as can be verified once one knows what the delta function is. In any event, one verifies that the solution
to

Lu=—u"+ad*u=f u€Cy(R) for f € Cy(R),
is given by

u(z) = / L emala=al f(y)dy.

2a
R
Tt is clear that u € Cy(R). So the original problem is equivalent to
1 —alr—
u(@) = [ e ) - ay)utw)dy.
R 2CY
Thus provided that

L —ala—yl
sup e q(y)|dy < 1,
xE]R/]R 2a | (y)| v

we find that L=1Q with Qu = ¢(-)u is a contraction on Co(R).

Note that g(z) need not be continuous in order for L=1Q to be a contraction on Co(R). Piecewise
continuous for instance is enough. Note also that the constraint on ¢ shows that it has to go to 0 as
a — 0. Note also that there is no solution in Cy(R) to the problem —u” = f when a = 0 in general.

Application to ODEs. A function f(t,u) : I x R® — R"™ is globally Lipschitz in « uniformly in ¢ if
there exists C' such that

I|f(t,u) — f(&v)| < Cllu—v, Yu,v e R* t € 1.
Theorem 0.37 When f(t,u) is uniformly Lipschitz, there exists a unique solution to the ODE
= f(t,u(t)), u(to) = uo,
on the interval I C R, where tg € 1.
Proof: show that .
Tu(t) = up + /to f(s,u(s))ds

on an interval (tg — d,t9 + d) for 0 such that C6 < 1, where C is the constant of Lipschitzness of f.
Then cover I with a countable number of intervals of length less than 2§ and apply the result on each
inteval to conclude the proof.



We can also get a local existence result if f is only locally Lipschitz. This is the Picard construction to
ODEs. It is much more straightforward than the Peano construction. However the Peano construction
works with less strong hypotheses on f.

Topological spaces. (X,7).

Definition 0.38 A topology is a collection T of open sets in X such that ) € T, X € T; arbitrary
unions of sets in T are in T ; and finite intersections of sets in T are in 7T .

A set A is a closed set if its compementary A = X\ A is open.
A topological space (X,7) is a set X equipped with a tolopogy 7.

Examples include the metric spaces where the topology is given by the arbitrary unions and finite
intersections of open balls.

V C X is a neighborhood of r € X ifz € G CV for G € 7.

(X,T) is Hausdorff if for all  # y in X, we can find two neighborhoods V,, and V,, of = and y,
respectively, such that V, NV, = 0.

Notion of convergence. We say that x,, — x in X if for every neighborhood V of x, there is N such
that for all n > N, we have x,, € V.

Notion of Continuity of a map. A function from (X, 7) to (Y,S) is continuous if for all nbhd W of
f(x), there is a nbhd V of x such that f(V) C W.

Theorem 0.39 A function from (X,T) to (Y,8) is continuous iif for all G € S, we have f~1(G) € T.

Notion of homeomorphism. f : X — Y is a homeomorphism if it is one-to-one, onto, and f and
f~! are continuous. When such a map exists, then X and Y are homeomorphic topological spaces.
Le., as far as topology is concerned, they are the same spaces.

Notion of compactness. K C X is compact if every open cover contains a finite subcover.

Notion of comparison of topologies. Let 77 and 75 be two topologies on X. We say that 7; is
stronger, or finer, than 75 if every open set in 75 is an open set in 7y, i.e., if 75 C 7;. We then say
that 75 is weaker or coarser than 7;.

Weaker topologies are interesting because they have more compact sets. Indeed, the fewer open sets
there is, the easier (more economical) it is to cover them.

The topology coming from the distance in a metric space is called the strong topology. GBounded and
closed subsets are compact iif the metric space is finite dimensional as in the Heine Borel theorem.
It turns out that many metric spaces can also be endowed with a weaker topology, called the weak
topology or the weak-* topology in the literature. These weaker topologies have a lot more compact
subsets than the strong topology, whence their interest in analysis of PDEs.

Let f be a continuous map from (X, 7z) to (Y,;S1). Let 7; be finer than 75 and Sy be coarser than
S1. Then f is continuous from (X, 7;) to (Y, Ss).

This is an obvious consequence from the definition and the characterisation of continuous functions.
So a function from X to R, say, is continuous for the strong topology if it is continous for the weak
topology.

In the same vein, the identity map I : (X,77) — (X, 73) is continuous iif 77 is finer than 7s.

Note that the above result can be rephrased a Iy o f o I[x is continuous when f is continuous and Ix
and Iy are.



Lectures 8-13. Chapter 5 in [HN] and some extras.

Properties of Banach spaces.

Definition: normed vector space that is a complete metric space.
Example: [? of sequences (z,,)n>0 such that > |z, P < oo and equipped with norm ||z||, = (3 |xn\p)%

Example: Space of continuous functions C(K') equipped with uniform norm |||, where K is a compact
metric space; space of continuous functions vanishing at infinity Co(R?) equipped with uniform norm;
space of continuous functions with & continuous derivatives C*([a, b]) equipped with uniform norm for
all derivatives of order up to k: || fllct = [ flloo + - - + If/® | so-

Example: LP(R) spaces of functions equipped with norm

1o = ( [ Is@par)’.

This space will be defined more carefully later.

Example: Sobolev spaces W*P(R) of functions with first k derivatives in L? and equipped with norm

P
1Fllweo =D 1FD -

§=0
Again, this space requires careful definition and will be defined later.
Proof that [P is Banach.
(1) Young’s inequality
1
abgi""i/, *+*/:1
p p p p
Proof: log is concave and increasing.

(2) Holder inequality

Sabe < (@) (S8) . anbazo
n=1 n n=1

=1

Proof Using Young’s inequality, we have for each A > 0 that

oo o0 e’} _L’ ’
AaP » bP
DRI SRS prad
n=1 n=1 p n=1 p/
Choose )
= I |1|7p_/1 so that A\~ % = Hap”’il.
lallp 125

(3) Minkowski’s inequality (triangle inequality).
e +yllp < Nzl + llyllp-

Proof:
2+ yllE < 302y [on + yn P~ (20| + Jyn])
1

< (el + lglly) (S5 n + P @)

7

= (lzllp + llyllp)ll + yllp ™,



using Hoélder’s inequality. This shows the result. So (I, |.||,) is a normed vector space.

(4) Completeness. Take a Cauchy sequence (™ in [P, Then :c,(cn) is Cauchy in R and converges to

x,(coo). Now

M M oo
(c)p _ 15 (M < Jirn (M < o1 3
; e vrll—{noo kz_:l |z, P < linrrilglof’; |z, |P < C independent of M.

This implies that 2(°) € [?. Whence (> — z(") ¢ [P, Now let € > 0. Calculate

M M(e)

This is less than ¢ for all n sufficiently large so (™ converges to 2(>) in I, whence I? is complete.

A closed subset of a Banach space is a Banach space (follows from definition of closedness and of
convergence of Cauchy sequences).

Note however that many subspaces of infinite dimensional spaces are not closed. For instance C*([a, b])
is a subset of C([a,b]) that is not closed for the uniform norm (though it is dense so its closure is

C([a,b)))-
Notion of bounded linear maps. X and Y are vector spaces.

T:X — Y islinear if T(A\x + py) = \T'z + pTy VA, p € R and Vz,y € X.
T :X — X is called a linear operator on X.

T : X — Y that is one-to-one (injective) and onto (surjective) is called invertible. Then T-!:Y — X
is linear and defined by the equivalence: T 'y =z <= y = Tx.

Notion of bounded operators and of uniform norm (also called operator norm).

T : X — Y linear operator is bounded if
IM > 0s.t. |[Tzlly < Mjz||x Vz e X.

Otherwise we say that T' is unbounded.
If T is bounded, then the operator norm or uniform norm is defined as

T
IT|| = inf{M, ||Tz|| < M||z| Yz € X} = sup ITl] _ sup || Tz|.
x£0 1zl jz=1

Note that f — i f(t)dt is bounded on C([0,1]) with uniform norm. On the space C>([0,1]) of
infinitely differentiable functions equipped with the uniform norm, f — f’ is not bounded.

Representation of linear operators in finite dimensional spaces. Let A : X — Y with dimX = n and
dimY = m. Then in given bases for X and Y, A can be represented by the matrix m x n matrix
(@ij)1<istm:1<j<n- The matrix obviously depends on the choice of the bases.

Theorem 5.18. T is bounded <= T is continuous <= T is continuous at 0.

Proof. => Since T bounded, [Tz — Ty| = ||T(z — y)|| < |T||llz — y|| so T Lipschitz.

<=. T continuous at 0 and T'(0) = 0. So 3§ > 0 such that ||z]| <06 = ||Tz| < 1. Let z € X. Then
5z/||z|| has norm less than ¢ so that T§z/||z|| has norm less than 1. This is by linearity ||Tz| < 6=1||z||
so T is bounded.



Theorem 5.19 Bounded linear transformation. Let T': M C X — Y linear with M dense in X
n.v.s. and ¥ Banach. Let T' be bounded. - -

Then there exists a unique extension T': X — Y such that To = Tx on M and ||T|| = ||T|| in operator
norm.

Proof. T is defined by continuity. Let z € X and z,, € M converging to x for | - |x. Then
Tx = lim Tx,. Limit exists because x,, Cauchy and T bounded so T'z,, Cauchy and Y Banach. Also

n—oo

1Tl < lim [Tz ]| = |IT/]|z]]-

So T bounded and ||T|| < ||T||. Since Tz = Tz on M, |T|| = || T. Uniqueness of T' comes from fact
that T is sequentially continuous and so is defined uniquely by lim Tz, = limTx,, at x = lim z,,.

Typical application of the result: Definition of Adjoint operator of unbounded operators with dense
domain of definition (to be seen later).
Open mapping theorem and Closed Graph theorem.

Open mapping theorem. Let X,Y Banach and T : X — Y surjective continuous linear map. Then
3C > 0 such that T(Bx(0,1)) D By (0,¢).

i.e.: Open sets are mapped into open sets by T

Proof is involved and is based on Baire’s lemma, which says that in a complete metric space, if (X, )n>1
is a sequence of dense open sets in X, then NS, X, is still dense (though not necessarily open).

Corollary (also called Open mapping theorem). Let T be as before and be a bijection. Then 71
exists and is bounded.

Proof: ||Tz| < 1 implies that [|z|| < 1 from theorem. So ||z| < 1|Tz| so that T~! is bounded.

Corollary [Equivalence of norms|. Assume that (X, || - ||1) and (X, || - ||2) are Banach spaces. Then
II-Ilx ~ || - ll2; i-e., the norms are equivalent.
Proof: From the hypotheses, (X, || - |l1 4+ || - [|2) is a Banach space since this is clearly a norm and
Cauchy sequences converge in both norms. Now the identity map from (X, ||-]|1) to (X, |-l +1-]2)
is a continuous bijection. So its inverse is also continuous. This implies the existence of a constant
such that

-l + 11 ll2 < Cl- -

Thus || - ||2 is dominated by || - ||1. Similarly, || - ||; is dominated by || - ||2 and the proof is complete.
Notion of Graph of an operator for X and Y n.v.s. Graph(T) = Ugex[z,T2] C X X Y.
Notion of closed operator: an operator is closed if its graph is closed.

T closed means that (z,,Tx,) — (x,y) implies that y = Tx for x € X. Note that z € X is not
necessarily trivial to establish when X is a n.v.s and not a Banach space. Obviously, when T is
bounded from a Banach space to a Banach space, it is closed. The converse is also true on Banach
spaces:

Closed Graph theorem. Let X,Y Banach spaces. Let T': X — Y linear and closed. Then T is
bounded.

Proof. We show that (X, |- |lx + || - |ly) is a Banach space. Indeed z,, be such that ||z, — zm||x +
Tz, — Tzm|ly — 0. Then z, — z in X and Tz, — Tz since T is closed. This implies that

|lzn, — z||x + || Tz, — Tx|ly — 0 so that x,, — x for the norm || - ||x + |7 ||y in X.
The corollary above says that || - ||x and || - ||x + ||T - ||y are equivalent so that ||Tz|y < C||z|x for
some C.

10



For an operator 7' : X — Y linear from X to Y both Banach spaces, then [T closed <= T bounded].

Most operators one encounters in analysis are closed. However they are not necessarily bounded. This
does not contradict the above theorem because these operators will then be defined on a domain of
definition D(T) dense in X but different from X.

(Counter-)Example: Take X = (C([0,1]), ] - |le) and D(T) = C*([0,1]). Then we can define T : f
Tf = f as an unbounded operator from X D D(T) — X. We easily verify that T is closed (graph is
closed in D(T) x X for the || - ||oo norm: for f,, € D(T) such that f,, — f for || - || and T'f,, — g for
Il - |, we verify that f € D(T) and that T'f = g). Yet it is not bounded.

Notion of Range and Kernel of linear maps.

Let T : X — Y be a linear map. Its kernel or nullspace is the space Ker(T) = N(T) ={z € X, Tz =
0} € X. Itsrange R(T) = UgexTr ={ye Y,z € X,y=Tz} CY.

Theorem 5.25. Ker(T) and R(T) are linear subspaces of X and Y, respectively. When X and Y are
n.v.s. and T is bounded, then Ker(T) is closed.

T:X —Y is one-to-one (injective) if Ker(T) = {0} and is onto (surjective) if R(T) =Y.
Nullity of T=dim(Ker(T)); rank of T=dim(R(T)).

Prop. 5.30. T : X — Y bounded linear map; X, Y Banach. Then the two following statements are
equivalent.

(a) Je>0s.t. cf|z|| < ||Tz],Vz € X.
(b) R(T) is closed and Ker(T) = {0}.

The proof uses the open mapping theorem. The result is useful e.g. to show that the adjoint 7% to
an opeartor 7' is surjective.

Notion of Finite-dimensional Banach spaces

Lemma 5.32. Let (X, || - ||) be a finite dimensional Banach space. Then ||z| ~ ). |x;|, where {z;} are
the coordinates of x.

Theorem 5.36. Let (X, |- ||1) and (X, || - ||2) be a finite dimensional Banach spaces. Then |- ||z ~ || - ||2.
Theorem 5.33. Every finite dimensional n.v.s. is a Banach space.

Corollary 5.34. Every finite dimensional subspace (of a possibly infinite dimensional v.s.) is closed
(since Banach).

This corollary is useful in several applications.

Theorem 5.35. Every lineral operator on a finite dimensional space is bounded.

Proof: use action of operator on basis elements.

Notion of convergence(s) of bounded operators. There are two important notions: uniform con-
vergence and strong convergence.

Recall that B(X,Y) = L(X,Y) is the v.s. of linear continuous (equivalently bounded) operators from
X toY,nvs. (B(X,Y),| -|)is an.v.s. with the | - || the operator norm.

Theorem. T € B(X,Y) and S € B(Y, Z), then ST € B(X, Z) and ||ST|| < |IS|IIT]|. (trivial)
Commutator [S,T] = ST —TS. S and T commute when [S,T] = 0.

11



Definition of uniform convergence (or convergence in operator norm topology). T,, CV uniformly
to T if lim,,— ||T — Tp|| = 0.

Theorem 5.41. Let X n.v.s. and Y Banach. Then (B(X,Y),|| - ||) is Banach.

Proof is standard: Assume T,, Cauchy for that norm. Then T, f converges in Y since it is Cauchy and
Y is Banach. This exhibits T'f. Then show T is linear (easy) and then that T is bounded (also not
too hard) because T, is Cauchy, hence uniformly bounded.

Definition: T is compact if T(B) is precompact (i.e. its closure is compact) in Y for all bounded B
in X. Equivalently, T" is compact iif for each sequence x,, bounded in X, we can extract a subsequence
T(n) such that T'zy(,) converges in Y.

We denote by (X,Y) the space of compact operators in B(X,Y).
Proposition 5.43 (I). Let X n.v.s. and Y Banach. Then (X,Y") is a closed subset in B(X,Y).

Proof is not so simple. Proof of linearity of K(X,Y') is trivial. Proof that T,, — T uniformly im-
plies that 7' is compact is a bit more involved. We first construct subsequences x4, o...04,(n) 50 that
Tk, 0..06,(n) converges to yx because T is compact. Because Y is Banach, yj converges to y. We
then show that 4, .4, (m) is @ subsequence of x,, such that Tzy, . ¢ (m) — V-

Proposition 5.43 (IT). When dimR(T') < oo, then T is compact. When S and T' are compact, then ST
(whenever defined) is compact.

Proof of these items is trivial.

Definition of strong convergence. We say that the sequence T;, € B(X,Y) converges to T strongly
if
lim T,z =Tx, Ve € X.
Theorem. T;,, — T uniformly implies T;, — T strongly.
Proof trivial.

Uniform Boundedness Theorem (aka Banach Steinhaus Theorem). Let X, Y Banach and {7} }ies €
B(X,Y) such that sup,c; || T;z|| < oo for all € X. Then there exists ¢ > 0 such that ||T;z| < c[/z||
for all z € X and all i € I. That is, sup;¢; || T3] < c.

Proof is involved and uses Baire’s lemma.

Corollary. Let X,Y Banach and T, € B(X,Y) such that T,, — T strongly. Then ) ||T,] < oo,
T e B(X, Y), and HT”,C(X,Y) <liminf,,_ ||Tn||L(X,Y)~

Proof from Theorem relatively easy.
Application to the convergence of approximation schemes.

Consider a problem Au = f and a sequence of approximations A u. = f., where A and A, are linear
operators from X to Y Banach.

Definition. The approximation scheme is convergent if for all f. — f, we have u. — u for the
solutions to the above problems.

Definition. The approximation scheme is consistent if for all v € X, A.v — Av as e — 0.
Definition. The approximation scheme is stable if |AZ!|| < M independent of e.
Theorem (Lax equivalence). A consistent scheme is convergent iif it is stable.

proof <=: Write u — u. = AZY((Ae — A)u+ f — f-).
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proof =>: Choose f. = f so that u. = AZ'f — wu since scheme is convergent. This implies that
sup, ||[AZ1 f|| is bounded since it is convergent. Using the above corollary, we deduce that AZ! is
uniformly bounded.

Note that strong convergence does not imply uniform convergence. For instance, we can show as in
class that on the Banach space Co(R) with the uniform norm, the shift operator 7, : f(z) — f(x + h)
converges strongly to the identity operator but does not converge uniformly.

Notion of Dual Space.

In finite dimensions, we use the coordinate functions z; : RR, which to x associates z;(x) = x - e;.
In infinite vector spaces, linear forms ¢ : X — R play a similar role.

Definition[Dual space]. Let X be a v.s. The space of continuous linear functionals from X to R is
called the (topological) dual space to X.

It is often denoted by X* = L(X,R) = B(X,R). On X*, we have |p(z)| < M,|z|| for all z € X and
define

lellx- = sup 22
e#0 ||lz|x

We often use the notation (p,z)x+ x = ¢(z), which is the duality product.
Since R is Banach, then so is (X*, | - || x+).

We have (R™)* ~ R™ by showing that {z;} forms a basis of (R™)*.

The duals of Hilbert spaces are also isomorphic to the Hilbert spaces.

This is not true in general, and not true for LP spaces for p # 2.

For X = C([a,b]) with the uniform norm, the dual space is the space X* = M, ([a,b]) of Radon
measures on [a,b]. This is a much larger space than X. Note that by the Radon-Riesz representation
theorem, for each ¢ € X* there is a Radon measure in M,([a,b]) which can be represented as
pw=put —p~, where u* are Borel measures. So we have the representation

o) = (o, f) = / " faut - / .

The duality product may therefore be “seen” as an integral.

Linear functionals are often constructed on finite dimensional spaces and need to be extended to the
whole space X. The following theorem says that an extension (not necessarily unique) exists that does
not increase the norm.

Theorem 5.58 [Hahn Banach]. Let Y C X be a vectorial subspace. Let ¢ : Y — R be a bounded
linear functional with norm ||¢||y+ = M. Then there exists ¢ from X to R such that ¢ = on Y and
lpllx- = M.

Proof is quite involved and is based on Zorn’s lemma or on the axiom of choice.

Corollary. Vzo € X, 3fg € X* such that || fo||x+ = ||zollx and (fo,z0)x+,x = ||zol|*.
Proof. Choose Y = Rzg and 9(t, z¢) = t||xo]|.

Corollary. Let z € X. Then ||z|| = sup <1y | < fz > [ = maxp <y [ < foz > |.
Proof. Choose f1 = ||z|| =t fo where ||fol = ||z

Corollary. Assume that ¢(z) = ¢(y) for all ¢ € X*. Then x = y. (X* separates X).
Proof. If not, 3fo such that || fol| = ||z — y|| and < fo,z —y >= ||z — y||*.
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X** = (X*)* is a Banach space. We have X C X**.
When X ~ X** we say that X is reflexive.

Many spaces are reflexive; for instance LP for 1 < p < co. However L' and L™ are not reflexive.

Notion of weak convergence.
Definition. z,, € X converges weakly to x in X if p(z,) — ¢(z) in R as n — oo for all p € X*.

Strong convergence (for || - || in X) implies weak convergence since ¢ is continuous. The reverse is
not true. For instance f,(x) = cosnz converges to 0 weakly in L? but does not converge strongly (to
anything).

©n € X* converges weak * to o € X* if ¢, (z) — p(z) in R asn — oo for all x € X.

On X we can generate the weak topology (X, 7,) by enforcing that x — ¢(z) is continuous for all
p € X* (and (X,7,) is the coarsest topology (ie the most economical in terms of number of open
sets) to do that). Then the above definition is equivalent to (topological) convergence for the weak
topology.

Simiarly, on X* we can generate the weak topology (X*, 7,,.) by enforcing that ¢ — ¢(z) is continuous
for all z € X (and (X™*,7,.) is the coarsest topology (ie the most economical in terms of number of
open sets) to do that).

On X*, (X*,Tys) has less open sets than (X*,7,,), which itself has less open sets than (X* |- ). So
strong convergence implies weak convergence implies weak star convergence. On reflexive spaces, the
first two are equivalent since the weak and weak star topologies are the same.

The real advantage of having less open sets is that it is then easier to be compact since it is easier
to find finite subcoverings. The main reason for introducing the weak star topology is the following
extremely important result.

Theorem 5.61 [Banach Alaoglu]. The closed unit ball in X* is weak-star compact. (ie compact for
the weak star topology). This implies that for each bounded sequence in X*, there is a subsequence
that converges in X* for the weak star topology.

The proof is fairly involved and uses results on the product topology of a coutable product of spaces.

Theorem [Kakutani]. Let X be Banach. Then X is reflexive if and only if By = {z € X, ||z|| = 1}
is compact for the weak topology.

So we see that the weak topology is not making bounded domains into compact domains for spaces
that are not reflexive. In some sense, only the weak star topology is of interest in many applications.
The weak topology is only interesting when it is the same thing as the weak star topology, because
then bounded sequences automatically possess converging subsequences.
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