STAT 24400 Lecture 17
Section 9.1-9.4 Testing Hypotheses

Yibi Huang
Department of Statistics
University of Chicago
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Introduction to Hypothesis Testing
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Can Dogs Smell Cancer?

Dogs Can Smell Cancer | Secret Life of Dogs | BBC
P https://youtu.be/eOUK6EkkSO_M
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https://youtu.be/e0UK6kkS0_M

Case Study: Can Dogs Smell Bladder Cancer?

P A study! by M. Willis et al. considered whether dogs could be trained to detect if
a person has bladder cancer by smelling his/her urine.

P 6 dogs of varying breeds were trained to discriminate between urine from patients
with bladder cancer and urine from control patients without it.

P The dogs were taught to indicate which among several specimens was from the
bladder cancer patient by lying beside it.

P> Once trained, the dogs’ ability to distinguish cancer patients from controls was
tested using urine samples from subjects not previously encountered by the dogs.

1Qlfactory detection of human bladder cancer by dogs: proof of principle study, British Medical
Journal, vol. 329, September 25, 2004.
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Case Study: Can Dogs Smell Bladder Cancer?

P> The researchers blinded both dog handlers and experimental observers to the
identity of urine samples.

P Each of the 6 dogs was tested with 9 trials. In each trial, one urine sample from a
bladder cancer patient was randomly placed among 6 control urine samples.

P Outcome: In the total of 54 trials with the 6 dogs, the dogs made the correct
selection 22 times.

P The dogs were correct for 22/54 ~ 41% of the time,
P not fabulous

P If the dogs just guessed at random, they were only expected to be correct for
1/7 ~ 14% of the time

P s this difference (41% v.s. 14%) surprising?
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Two Competing Hypotheses

Let p be the probability that a dog makes the correct selection on a given trial.

» Null hypothesis (H,): p =1/7
“There is nothing going on.”

The dogs just guessed at random.
P “null” means “nothing surprising is going on".
P The dogs were just lucky to make more correct selections than expected.
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Two Competing Hypotheses

Let p be the probability that a dog makes the correct selection on a given trial.

» Null hypothesis (H,): p =1/7
“There is nothing going on.”

The dogs just guessed at random.
P “null” means “nothing surprising is going on".
P The dogs were just lucky to make more correct selections than expected.

B Alternative hypothesis (H, or H): p > 1/7
“There is something going on."
Dogs can do better than random guessing.
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Weighing Evidence Using a Test Statistic

The next step of hypothesis testing is to weigh the evidence
— how likely the observed data could have occur if H, was true?

P> If the observed result was very unlikely to have occurred under the H, then the
evidence raises more than a reasonable doubt in our minds about the H.

7/46



Weighing Evidence Using a Test Statistic

The next step of hypothesis testing is to weigh the evidence
— how likely the observed data could have occur if H, was true?

P> If the observed result was very unlikely to have occurred under the H, then the
evidence raises more than a reasonable doubt in our minds about the H.

The test statistic is a summary of the data that best reflects the evidence for or
against the hypotheses.

P> For this study, the test statistics we choose is
X = the total number of correct selections in the 54 trials

P A larger X value is a stronger evidence for H; and against H,
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Distribution of the Test Statistic Under H,,
For the “Dogs Smell Cancer” study, if H is true, then

X ~ Bin(n =54, p=1/7) (Why?)

which implies

540 71N 76N\ P4F
P(X=k) = = = , k=0,1,2,...,54.

x=n=G)() (3)

evidence for H, evidence for H;
D >

Observed
X=22

| T | \|/ T T |
0 10 20 30 40 50

X = Number of Correct Selections in 54 Trials
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Test Procedure & Rejection Region
A test procedure is specified by the following:

1. a test statistic
2. a rejection region

The null hypothesis H, will be rejected if and only if the test statistic falls in the
rejection region.
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Test Procedure & Rejection Region
A test procedure is specified by the following:

1. a test statistic
2. a rejection region

The null hypothesis H, will be rejected if and only if the test statistic falls in the
rejection region.

E.g., for the “Dogs Smell Cancer"” study, as the strength of evidence for the two
hypotheses are reflected by the test statistic

X = # of correct guesses in the 54 trials.

A sensible rejection region is of the form

X >k for some cutoff k.

and the test procedure is ‘ reject Hy if X > k|.
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Test Procedure & Rejection Region
A test procedure is specified by the following:

1. a test statistic
2. a rejection region

The null hypothesis H, will be rejected if and only if the test statistic falls in the
rejection region.

E.g., for the “Dogs Smell Cancer"” study, as the strength of evidence for the two
hypotheses are reflected by the test statistic

X = # of correct guesses in the 54 trials.

A sensible rejection region is of the form

X >k for some cutoff k.

and the test procedure is ‘ reject Hy if X > k|.

How to choose the cutoff value k for the rejection region?
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Type | and Type Il Errors

In a hypothesis test, we make a decision about which of H, or H; might be true, but
our decision might be incorrect.
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our decision might be incorrect.

Decision
fail to reject H,

reject H,

H, true

Truth H, true
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Type | and Type Il Errors

In a hypothesis test, we make a decision about which of H, or H; might be true, but

our decision might be incorrect.
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fail to reject H,  reject H,,

H, true

Truth H, true
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Type | and Type Il Errors

In a hypothesis test, we make a decision about which of H, or H; might be true, but

our decision might be incorrect.

Decision
fail to reject H,  reject H,,
H, true v
Truth
! H, true v
> A is rejecting the Hy when it is true.
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Type | and Type Il Errors

In a hypothesis test, we make a decision about which of H, or H; might be true, but

our decision might be incorrect.

Decision
fail to reject H,  reject H,,
H, true v
Truth
! H, true v
> A is rejecting the Hy when it is true.
> A is failing to reject the H, when it is false.
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Significance Level o = P(Type | error)

The significance level v of a test procedure is its probability to reject the null
hypothesis H, when H is true.

a = P(Type | error) = P(reject H, | Hy, is true)
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Significance Level o = P(Type | error)

The significance level v of a test procedure is its probability to reject the null
hypothesis H, when H is true.

a = P(Type | error) = P(reject H, | Hy, is true)

For the “Dog Smell Cancer” Study, if the test procedure is ‘ rejecting Hy if X > 15 ‘
the significance level would be

a = P(Type | error) = P(H, is rejected when Hy (p = 1/7) is true)
=P(X > 15 when X ~ Bin(n =54,p = 1/7))
54—k

SRIONORE
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Significance Level o = P(Type | error)

The significance level v of a test procedure is its probability to reject the null
hypothesis H, when H is true.

a = P(Type | error) = P(reject H, | Hy, is true)

For the “Dog Smell Cancer” Study, if the test procedure is ‘ rejecting Hy if X > 15 ‘
the significance level would be

a = P(Type | error) = P(H, is rejected when Hy (p = 1/7) is true)
=P(X > 15 when X ~ Bin(n =54,p = 1/7))
54—k

SRIONORE

If we reject Hy when X > 15, there is a chance of 0.0073 to falsely reject a correct H,,
(Type | error).
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P(Type | Error) — Dogs-Smell-Cancer Study
For the test procedure: ‘rejecting Hy when X >k ‘

P(Type | error) = P(H,, is rejected when H,, (p = 1/7) is true)
= P(X > k when X ~ Bin(n = 54,p = 1/7))

. o4 0.076
-y (54) (1)”” (6) " J0.038
= NEINT) T ~]0.017
L 0.007

critical
value =12

Reject Hy: p=1/7 : Not Reject Hy: p=1/7

< Bin(n=54, p=1/7)
[}

[l

I T I I I
0 1012 20 30 40

X = Number of Correct Selections in 54 Trials

if k=12
if k=13
if k=14
if k=15
>
R
50 54
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P(Type | Error) — Dogs-Smell-Cancer Study
For the test procedure: ‘rejecting Hy when X >k ‘

P(Type | error) = P(H,, is rejected when H,, (p = 1/7) is true)
= P(X > k when X ~ Bin(n = 54,p = 1/7))

54 54 0.076 if k=12
- (54) (1)96 (6) J0.038 if k=13
=Nk AT Y0017 ifk=14
it 0.007 if k=15
critical
value = 13
Reject Ho: p=1/7 : Not Reject Hy: p=1/7
< Bin(n=54, p=1/7) : >
\P(Type | error) = 0.0379
[}
I ) ' ' l 1
0 10 13 20 30 40 50 54

X = Number of Correct Selections in 54 Trials
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P(Type | Error) — Dogs-Smell-Cancer Study
For the test procedure: ‘rejecting Hy when X >k ‘

P(Type | error) = P(H,, is rejected when H,, (p = 1/7) is true)
= P(X > k when X ~ Bin(n = 54,p = 1/7))

. o4 0.076
-y (54) (1)”” (6) " J0.038
= NEINT) T ~]0.017

o 0.007
critical
value =14

Reject Hy: p=1/7 : Not Reject Hy: p=1/7

< Bin(n=54, p=1/7) !
|

|
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X = Number of Correct Selections in 54 Trials
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P(Type | Error) — Dogs-Smell-Cancer Study
For the test procedure: ‘rejecting Hy when X >k ‘

P(Type | error) = P(H,, is rejected when H,, (p = 1/7) is true)
= P(X > k when X ~ Bin(n = 54,p = 1/7))

54 54 0.076 if k=12
- (54) (1)96 (6) J0.038 if k=13
=AY XAV AN ~¥40.017 ifk=14
iti 0.007 ifk=15
critical
value = 15
Reject Ho: p=1/7 : Not Reject Hy: p=1/7
< Bin(n=54, p=1/7) : =
| P(Type | error) = 0.0073
|
I T T T T T | :
0 10 15 20 30 40 50 54

X = Number of Correct Selections in 54 Trials
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Setting Rejection Region Based on the Significance Level

For the dogs study,

P(Type | error) =

0.076
0.038
0.017
0.007

if rejecting Hy when X > 12
if rejecting Hy when X > 13
if rejecting Hy when X > 14
if rejecting Hy when X > 15

13/46



Setting Rejection Region Based on the Significance Level

For the dogs study,

0.076 if rejecting Hy when X > 12
0.038 if rejecting Hy when X > 13
0.017 if rejecting Hy when X > 14
0.007 if rejecting Hy when X > 15

P(Type | error) =

To determine the cutoff value & for the rejection region {X > k}, we can first choose
a significance level v , which is the maximal P(Type | error) we can tolerate, and then
choose the cutoff value so that P(Type | error) does not exceeds the significance level
.
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Setting Rejection Region Based on the Significance Level

For the dogs study,

0.076
0.038
0.017
0.007

P(Type | error) =

To determine the cutoff value & for the rejection region {X > k}, we can first choose
a significance level v , which is the maximal P(Type | error) we can tolerate, and then
choose the cutoff value so that P(Type | error) does not exceeds the significance level

Q.

P If we can tolerate a av = 5% chance of Type | error, the test procedure can be

“rejecting H, if X > 13"

P If we can tolerate a @ = 1% chance of Type | error, the test procedure can be

“rejecting H, if X > 15"

if rejecting Hy when X > 12
if rejecting Hy when X > 13
if rejecting Hy when X > 14
if rejecting Hy when X > 15
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Reducing Significance Level Would Increase P(Type Il Error)

One might want to avoid a Type | error as much as possible by setting a tiny
significance level. However,

smaller significance level = smaller P(Type | error)
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Reducing Significance Level Would Increase P(Type Il Error)

One might want to avoid a Type | error as much as possible by setting a tiny
significance level. However,

smaller significance level = smaller P(Type | error)

= less likely to reject H
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Reducing Significance Level Would Increase P(Type Il Error)

One might want to avoid a Type | error as much as possible by setting a tiny
significance level. However,

smaller significance level = smaller P(Type | error)
= less likely to reject H

= more likely to make Type Il error

14 /46



Reducing Significance Level Would Increase P(Type Il Error)

One might want to avoid a Type | error as much as possible by setting a tiny

significance level. However,

smaller significance level =
=
=
=

smaller P(Type | error)
less likely to reject H,,
more likely to make Type Il error

higher P(Type Il error)
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Reducing Significance Level Would Increase P(Type Il Error)

One might want to avoid a Type | error as much as possible by setting a tiny
significance level. However,

smaller significance level = smaller P(Type | error)
= less likely to reject H
= more likely to make Type Il error
= higher P(Type Il error)

Suppose the sample size is fixed and a test statistic is chosen, choosing a rejection
region with a smaller P(Type | error) would lead to a larger P(Type Il error).
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P(Type Il Error) & Power — Dogs-Smell-Cancer Study
Using the rejection region X > 13, then

P(Type Il error) = P(not Reject H, | H is false)
12
=P(X<13|p#1/T) =)

54 z —z
o () a=p)™

Power = 1 — P(Type Il error).
Both P(Type Il Error) and power are functions of p.

critical
value =13

|
Reject Hy: p=1/7 | Not Reject Hy: p=1/7
<

Bin(n=54, p=l/7):

P(Type Il error) | - 1Bin(n=54, p=0.2)
=0.726 ﬂ\=:$_ . Power = 0.274
I [ | I I I
0 10 13 20 30 40 50

X = Number of Correct Selections in 54 Trials
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P(Type Il Error) & Power — Dogs-Smell-Cancer Study
Using the rejection region X > 13, then

P(Type Il error) = P(not Reject H, | H is false)
12
=P(X<13|p#1/T) =)

54 z —z
o () a=p)™

Power = 1 — P(Type Il error).
Both P(Type Il Error) and power are functions of p.

critical
value =13

|
Reject Hy: p=1/7 | Not Reject Hy: p=1/7
<=

Bin(n=54, p=l/7):

P(Type Il error) \ L _
201348 Bin(n=54, p=0.3)

j\ Power = 0.8652

I I I I I
0 10 13 20 30 40 50

X = Number of Correct Selections in 54 Trials

15/46



P(Type Il Error) & Power — Dogs-Smell-Cancer Study
Using the rejection region X > 13, then

P(Type Il error) = P(not Reject H, | H is false)
12
=P(X<13|p#1/T) =)

54 z —z
o () a=p)™

Power = 1 — P(Type Il error).
Both P(Type Il Error) and power are functions of p.

critical
value =13

|
Reject Hy: p=1/7 | Not Reject Hy: p=1/7
<=

Bin(n=54, p=l/7):

P(Type Il error) '
=0.0046 Bin(n=54, p=0.4)
j Power = 0.9954
T T T T
0 10 13 20 30 40 50

X = Number of Correct Selections in 54 Trials
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Failing to Reject H, # Accepting H,

In the conclusion of a hypothesis test,

P we only say “we reject the H," or “we fail to reject the H,"
P we do NOT say “we accept the H;" or “we accept the H,"

P When we fail to reject the H,, we might have made a Type Il error
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In the conclusion of a hypothesis test,

P we only say “we reject the H," or “we fail to reject the H,"
P we do NOT say “we accept the H;" or “we accept the H,"
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P P(Type Il error) can be large as it's not controlled.
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Failing to Reject H, # Accepting H,

In the conclusion of a hypothesis test,

P we only say “we reject the H," or “we fail to reject the H"
P we do NOT say “we accept the H;" or “we accept the H,"

P When we fail to reject the H,, we might have made a Type Il error

P P(Type Il error) can be large as it's not controlled.

P> Recall so far we've only controlled P(Type | error) by the significance level but
haven't taken any measure to control P(Type Il error)
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Conclusion of the Dogs Smell Bladder Cancer Study

P> There is strong evidence that dogs have some ability to smell bladder cancer,

P However, the dogs were only correct 40% of the time, too low for practical
application

P Another study (M. McCulloch et al., Integrative Cancer Therapies, vol 5, p. 30,
2006.) considered whether dogs could be trained to detect whether a person has
lung cancer by smelling the subjects’ breath. In one test with 83 Stage | lung
cancer samples, the dogs correctly identified the cancer sample 81 times.
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Summary: Hypothesis Testing

o

We start with a null hypothesis (H, ) that represents the status quo.

. We also have an alternative hypothesis (H, ) that represents our research question,

i.e. what we're testing for.
We then collect data and often summarize the data as a test statistic, which is
usually a measure gauging whether H, or I 4, are more plausible

. We then determine the sampleing distribution of the test statistic assuming Hy, is

true.

P If the test statistic is too far away from what the H,, predicts, we then reject the H,
in favor of the H;.

We choose a significance level o« = maximal P(Type | error) that we can tolerate
we set the rejection region based on the significance level

we reject H if the test statistic falls in the rejection region, and do not reject
otherwise
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Likelihood Ratio Tests
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Simple & Composite Hypotheses

For X ~ f(z | 0), a hypothesis is called a simple hypothesis if it completely specifies
the distribution f(z | 6) of X; otherwise it is called a composite hypothesis.
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Simple & Composite Hypotheses

For X ~ f(z | 0), a hypothesis is called a simple hypothesis if it completely specifies

the distribution f(z | 6) of X; otherwise it is called a composite hypothesis.

Ex. for Xy, ..., X, < f(z | 0)
» Hy: 0=1vs Hi: 6=2
P Hy 0=1vs Hi: 0+#1
> Hp: 0 <1lvs Hi:0>1

= Hy & H; are both simple
= H is simple; H; is composite
= Hy & H; are both composite
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Simple & Composite Hypotheses

For X ~ f(z | 0), a hypothesis is called a simple hypothesis if it completely specifies
the distribution f(z | 6) of X; otherwise it is called a composite hypothesis.

Ex. for Xy, ..., X, < f(z | 0)

» Hy: 6=1vs Hy: 6=2 = Hy & H; are both simple
» Hy: 6=1vs Hi: 61 = H, issimple; H, is composite
» Hy: 6<1lvs Hi:0>1 = Hy & H; are both composite

In some cases, hypotheses might not be about parameters.
e.g., observing i.i.d. pairs (X,,Y;) from some joint distribution

» Hy: X & Y are independent
P H;: X & Y are NOT independent

In this case, both Hy & H; are composite
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Likelihood Ratio Tests (LRT)

If Hy: 0 =60, & H;: 6 = 0, are both simple, one can test H, v.s. H; by comparing
their likelihood.

P Higher values of likelihood of 6, +» H, seems more plausible
P Higher values of likelihood of 8, <+ H; seems more plausible

A reasonable test statistic is the ratio of their likelihood

_ Likelihood of 6,

LR = .
Likelihood of 6,

We will need to set some threshold c:

P If LR < c then reject H,
P If LR > ¢ then not to reject H,

(Or use < ¢ and > ¢, for discrete cases.)
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Example — Normal Likelihood Ratio Tests

Given X,..., X,, are i.i.d. N(u,o?) with known o2, recall the likelihood of p for
normal is

L(p) = (2m0?)~ % exp (2;12 Z:ZZI(Xi - ,U)Q)
= (2m02)7% exp (2;12 [le (X, — X)2 +n(X — M)Q])

The LR statistic for testing

Hy: p=py vs. H{: p=p whereps<p.

is
LR = Llto) _ (5 (X = 110)*) o (%2 (K

= — €20

L(py)  exp(5%(X — pq)?)

As j1g < piq, LR < c if and only if X > some constant.
Using LR is equivalent to using X as the test statistic.
We would reject Hj if X > some critical value z.

— ez (2X(po—pa)+ni—pf)
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As X ~ N(jig, 0% /n),

P(Type lerror) = P(X >z | Hy: p=p) =1—® (xo—/io>

o/\/n
P(Type ll error) = P(X <@y | Hy: p=py) = To— M
o/\/n
critical
value x0

Not Reject Hp: u=Ho 1 Reject Hg: =W

o2 | o?
N(Ug, — N(Uy, —
(Uo n) : (Hl n)

1

P(Type Il error) P(Type | error)

| |
Ho Xo M1

Sample Mean X
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As X ~ N(jig, 0% /n),

P(Type lerror) = P(X >z | Hy: p=p) =1—® (xo—/io>

o/\/n
P(Type ll error) = P(X <@y | Hy: p=py) = To— M
o/\/n
critical
value x0

Not Reject Hp: u=Ho 1 Reject Hg: =W

o2 | o?
N(Ug, — N(Uy, —
(Uo n) : (Hl n)

1

P(Type Il error) Power

| |
Ho Xo M1

Sample Mean X

23 /46



Generalized Likelihood Ratio Tests

How to perform likelihood ratio test if H, or H; or both are composite?

General framework: for Data ~ f(- | 6), we test
Hp: 0 €9y, Hi: 0eQ

where (2, 2, are sets of possible parameter values.
P Ex1: for N(u, 1), testing Hy: p=0vs Hy: p#0
> qu,QOf{O} Q, = (—00,0) U (0, 00)
P Ex2: for N(u, 0?), testing Hy: t =0 vs Hy: p # 0, 02 is unknown
P 0= (1,07), Q= {0} x (0,00), 2 = ((—00,0) U (0,00)) x (0,00)
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Generalized Likelihood Ratio Tests

How to perform likelihood ratio test if H, or H; or both are composite?

General framework: for Data ~ f(- | 6), we test
Hp: 0 €9y, Hi: 0eQ

where (2, 2, are sets of possible parameter values.
P Ex1: for N(u, 1), testing Hy: p=0vs Hy: p#0
> 0= M QO = {0}' Ql = (_0070> U (Ov OO)
P Ex2: for N(u, 0?), testing Hy: t =0 vs Hy: p # 0, 02 is unknown
P 0= (pn,0%), Qy={0} x (0,00), 2; = ((—00,0) U (0,00)) x (0, 00)

P Ex3: for Exponential(\), testing Hy: A=1vs Hi: A # 1
P o=X Qy={1}, Q =(0,1) U (1,00)
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Generalized Likelihood Ratio (GLR) Tests

One might intend to define the generalized likelihood ratio test statistic to be

maxgeq Lik(0) < max likelihood under H,

A=
maxgycq L|k<9) <— max likelihood under H;
1
However, it's mathematically easier to calculate

maxgeq, Lik(0) 4+ max likelihood under H
MaXge (U0, ) Lik(f) ¢ max likelihood under Hq or H;

Using A* or A makes no difference:

P Usually we reject H,, only if A* is small
P Note A = min(A*,1). A # A* only when A* > 1, and we won't reject H, when
A >1
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Example — Normal LRT (Two-Sided, 0 Known)

For X4, ..., X, S N(u,02) with known o2, we want to test

Ho: 1= po, against Hy: pis pg.
Recall the likelihood of w for normal is
n n
Lip) = (2n0%) % exp(—gks Y (X, — p)?)

Under Hy, the max L(u) is simply L(p).
Under H,, or Hy, the max L(u) is L(X). The GLR is thus

_ Lpo) _ exp(agr 2oy (X; — 11)%) — exp (_H(X— u0)2>
LX) exp(5 2 (X; = X)?)
Rejecting Hy if A < k is equivalent to rejecting H,, if

X —
|Z’: Mo

o/\/n
This is the usual two-sided z-test.

> some constant.
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Example — Normal LRT (Upper One-Sided, o® Known)
For X4, ..., X, ™ N(u,02) with known o2, we want to test

Ho: 1= pg, against Hy: g > pg.
Under H,, the max L(u) is again L(p).
max L(p) = L=
L(po) it X < pq.

W g

The GLR is thus o o
A = dep(=n(X —pg)?/20%) i X = pg
1 if X < o

Rejecting Hy if A < k is equivalent to rejecting H,, if
_ X — pg
a/\/n

This is the usual upper one-sided z-test.

A > some constant.
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Example — Normal LRT (Lower One-Sided, o> Known)

Similarly, one can show that the GLR test for
Ho: 1= pg, against Hy: p<py.
is the usually lower one sided z-test that rejects H if

_Y—Mo

4=l

< some constant.
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Example — Normal LRT (Two-Sided, o Unknown)
For X4, ..., X, N(u,02) with unknown o2, we want to test

Ho: =g, against Hy: p p.

Recall the likelihood of (i, 02) for normal is
n n
L(1,0%) = (20%) % exp(—3ts 3 (X, — )
Under H,, the likelihood L(u,o?) is maximized when

~ I
W= pg, 0°=05= *Zizl(Xi — ho)*.

and thus

L(sy,83) = (2753) % exp (= 542 >
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Under H, or Hy, the likelihood L(y,0?) is maximized when
_ 1 & _
w=2X, UQZ&QZ—Z(Xi—X)Q.

and thus ng?

L(X,5?%) = (2162) 7% exp(—42s 27_109. —X)2) = (2r62) e 2.

The GLR is thus

~ ~ n ~ n n 7“/2
A Llpo,68) _ (2n53) Fe? _ (33) % _ (2“<Xi—uo>2)
.=

L(X,52) (2n62)"ze ™2  (52)”
and consequently

ZL(XZ- — pip)? _ Z:'L:l(Xi — X)?+n(X — pp)? _
S (X, —X)? S (X —X)? S (X —X)2
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A2/ =1+ n(X — pp)? 1+ n(X — pp)? 14 T?
L -xE st T e
where
"X, —X)?
S? = 21:1( Zl ) is the sample variance, and
n_
X — pg

is the usual t-statistic

Rejecting Hy if A < k is equivalent to rejecting H,, if

X —
|T| = ‘ ol > some constant.

V/S?%/n

The GLR test is equivalent to the usual two-sided ?-test.
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Example — Binomial LRT
For X ~ Bin(n,p), we want to test

Ho: p =py, against Hy: p#p,.
Recall the likelihood of p for Binomial is
n
L — T(1 — p)n—=T,
(p) (x)p (1—p)

Under H, the max L(p) is simply L(p,).
Under Hy, or H;, L(p) is maximized when p is the MLE p = X /n. The GLR is thus

Lpe)  p¥(L—pe)™ X (app\¥ (n(l—py)\" "
A=T5 = i - (%) <n_§>

The GLR statistic is different from the typical one-sample z-stat for proportions:

b — Do

7 = .
po(1 —po)/n
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Example — Two Sample Problems

Consider two normal random samples of size n; and n, respectively

X1 X X S Ny, 02
119 3129 =0 s A lny i <'u1’ 02> — indep., same 02.
X217X227 ...... 7X2n2 ~ N(,U/270- )

The parameters /i, fi5, and o2 are unknown.
We want to test whether the two means are equal

Ho: g = po  against Hy: gy # pg.

using GLR as follows.

1. Find the MLE's for ji, ji5, and o2 and the max likelihood under HyU H;
2. Find the MLE's for jiy, j15, and 0% and the max likelihood under H,,
3. Take the ratio of the two max likelihood
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The likelihood and log-likelihood of (i, i5, 0?) based on the two samples are

L(p 13:0%) = (2m0%) 5% exp (g Ky = )2+

ny+n
Z(M17M2,0'2> =12 IOg

(2mo?) —
To solve for the MLE

)
0= a;fl = 712 E::l(Xu — py)
1

0= 6852 = o2 Z;Zl(Xzi — Ha)
0= % = _(7121;”2) + 2(012)2 [ijll(Xu —p1)? + E?jl(X% — fig)?]

The first two equations immediately gives

~ 1 ny def == ~ 1 g def ==
M1 = nTZi:l X=X, and iy = @ijl Xy = Xo.
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Plugging 1; = X, and u, = X, into the 3rd equation, we get the MLE for o2

S (X = X)2 4 2 (X — X)?

ny + Ny

8.2_

Plugging the MLEs back to the Likelihood, we get

=(n,+ny)o?
ny
L(R, X.6%) = (2m%) 5 exp (24D (X, —X +Z Xy~ X))
=1
= (2m5%) T e
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Under Hy: 11, = py, the problem reduces to the MLE and max likelihood with 1y 4+ n,

observations
X117""X1TL17 X21’..-7X2n2.

The MLE'’s for 11 and o2 are respectively

n n P R
21‘211 X1i+2j:21 X2j anl + n2X2 def

ﬂ p— p— p— ?’
ny + Ny ny + Ny
5_2 . Z?:ll(Xli_Y)Q+Z;‘L:21(X2j_y>2
0 ny + ngy '
and the max likelihood under H, is
=(ny+ny)o3

L(X,X,5%) = (2062)~""% exp (%[ Z(Xli—x>2+§:(x2j—x>2 ])

=1

_mjtng _ mitng
[ 2

= (2mo5)” 2
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The GLR is thus

~9 7n142»'n.2 771142."2 _nitng

7§7 g) _ (27'('0'0 e _ <5_g> =
L(yhyg 5'2) (27.[.6_2)7%2"267% =

and consequently

Ak o2 Z?Ll(Xu—YV+Z?21(ij—y)2
nitng — = — —

Using the useful identity

2?:11 (Xli_X)Q = 2?:11 (Xli_yl>2 + ”1(Y1 - @2
Z;Zl(ij—YF = Z;L:l(Xm_Yz)Q + ny (X, — X)?

we get
At = 14 K T X ny(Xy — X7
Zz’:ll(Xli_Xl>2+Zjil<X2j_X2>2
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As

ny +ny ny +ny
y2_§:n1(x2_x1)
ny + Ny
we get
¢ 2 ¥ 32 nny = 2
nq (X — X)? +ny(Xy — X) = nin 1— X5)
1 2
and thus - )
Afﬁzl—l— Mo (X4 t2X2>
ny + ng o

Rejecting Hy when GLR= A is small is equivalent to rejecting H, when
(X, — X,)?/5% is large.
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Distribution of the Two-Sample T-Statistic (Equal %)

The two-sample 'T'-statistic is defined to be

— — n < \2 n < \2

T X, - X, where §% — Doy (X = X)7 42002 (Xy; — Xy) _ mtny o,
(LJFL)Sz’ ny +ny—2 ny+ny—2
nq Ty

which is proportional to (X; — X,)?/52.
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Distribution of the Two-Sample T-Statistic (Equal %)

The two-sample 'T'-statistic is defined to be

_ J— n ~ \2 n ~ \2
T X, — X, where §2 — Doy (X = X)7 42002 (Xy; — Xy) _ ity
(LJFL)Sz’ ny +ny—2 Ny + Ny — 2
ny 2

which is proportional to (X; — X,)?/52.

L X, — X2~y —2)52
G % EXM Xl))2 X721171 }indep. - V= (ny+n,—2)
0—2 27 2

Moreover, under Hy: = piq,

- 2 g2 X, X
XI—X2~N<O,U+U> = Z=—21_22_ . N(,1).
ny Ny (5o + )02
Putting everything together, we have
Z

= Ntn MNo—2°
VV/(ny +ny —2) e
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Example — Exponential

Data: Xy,..., X, v Exponential(\).

P likelihood:

L) =[] re X = Amexp(=A D X;) = Ane X
i—1 i=1
P Under H,, max L(\) = L()\,)
P Under Hy or Hy, L(\) is maximized when X is the MLE \ = 1/X.
P The GLR is thus

L) Age X
L(1/X) X "en

= " (N X)"e "o X
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Null Distribution of GLR

To use the GLR as a test statistic for testing Hy vs H; ..

P> A <1 always
P If A ~ 1, data are consistent with Hy
P no reason to reject H,,

P A « 1is evidence for H,

How small does A need to be to reject H,? Our goal:
P(A < (the threshold we choose) | Hy, is true) ~ «

We need to know the (approximate) null distribution of A
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Null Distribution of GLR

Under some regularity conditions, the large sample distribution of GLR is
d = dimension of ) U ),

—2log(A) ~ x?_, , where
B(A) Xd—d, o = dimension of €2,

Part of the conditions: () is interior to €2, U £};, not at the boundary

» Data: X;,..., X, = N(u,1)

testing Hy : p=0vs Hy : 0 F 0 oo valid
P Data: X,,..., X, ’ N(u,0%) where o2 is unknown

testing Hy :p=0vs Hy : n#F=0 oo valid
» Data: X,,..., X, 'S Exponential()\)

testing Hy: A=1vs Hy : A F 1 oo valid
» Data: Xq,..., X, X N(u,0?) where o2 is known

testing Hy : p=0vs Hy : >0 ..o NOT valid

42/46



How to Determine d & d?
» Data: Xy,..., X, i N(p,0?), with unknown g & known o
test Hy: p=0vs H; : p#0

» Data: X,,..., X, ~ N(p, 0?)with 1 & o unknown,

test Hy: u=0vs Hy : p#0
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How to Determine d & d?

» Data: Xy,..., X, i ~ N(u,0?), with unknown 1 & known o2
testHO:,u—OvsH1 w0
» Data: Xy,..., X, X ~ N(u,o0?)with & o unknown,
test Hy: u=0vs Hy : p#0
» Data: X,,...,X,, ~ N(u, ) with u & o2 unknown,
test Hy + (1.0°) = (0,1) vs Hy ¢ (. 0%) £ (0,1)
» Data: X;,..., X, ~ Exponential(}),
test Hy: A=1vs Hj : A #1
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Back to the GLR for Exponential

Data: X4,..., X, 1 Exponential()),
testing Hy : A = A\g vs Hy : A # .

Recall the GLR is o -
A= en()\OX)nefn)\oX

Then
—2log(A) = 2nlog(A\gX) — 2n(X\oX — 1) ~ X3.

At the o = 0.05 significance level, we reject Hy: A = A if

—2log(A) > 3.84.
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Back to Normal LRT w/ Known o
For X4, ..., X, 'S N(u,0o2) with known o2, we want to test

Ho: = pgy, against Hy: pn# pg.
Recall the GLR is

B 9T ) ()

L(X) exp(7712 > (X —X)?) 202
Observe _ )
X
—210g(A) — n( 2”’0)
o
Under H,
— X — X — 2
X ~ N(ugy,02/n) = VX = o) N(0,1) = w ~ 2
o o

In this special case, the asymptotic approximation is the exact distrib.
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Back to Normal LRT w/ Unknown o
For X,..., X, ’ N(p,0?) w/ unknown o2,

testing Hy: 1o = g, against Hy: o # py. Recall the GLR is
n(X — Moi _ (X — Mo)j
Zizl (Xz - X>2 Zizl (Xz - X)Q/TZ

A:(l—i—T)_n/Q, where T' =

and consequently
—2logA =nlog(14+1T).

Under Hy, X — p, and Z?:1<Xi — X)?/n — 02 as n — oo, we know
(X — MOX
Zizl <Xz - X>2/n
and log(1 + x) ~ x when = &~ 0, we have

(X — Mol2 N n(X — pg)? ~ 2.
S XX P 1

T =

— 0 in prob. as n — oo.

—2logA ~n-
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