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Section 8.3 Parameter Estimation
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Parameter Estimation

Suppose that we observe data X, X5, ..., X,, generated from a known distribution
with unknown parameter(s), e.g., the data is from

» N(p,0?), with p unknown (& o2 known)

» N(p,0?), with u & o unknown

P Exponential(\), with A\ unknown

P Binomial(n, p), with n known and p unknown

How can we estimate the unknown parameter(s)?
How can we perform inference on the unknown parameter(s)?
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General Notation

» X,,..,X, = data drawn i.i.d. from the distribution
P O = the unknown parameter(s)
P 0 lies in © = subspace of R (or R? if two parameters, etc)
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General Notation

» X,,..,X, = data drawn i.i.d. from the distribution
P O = the unknown parameter(s)
P 0 lies in © = subspace of R (or R? if two parameters, etc)

P We will write f(x | §) for the PDF or PMF of the distribution, e.g.,
P Exponential(A) «» PDF f(z | A\) = Ae ™

. AeA
P Poisson(\) 4 PMF f(z | \) = =
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Parameter Estimation (Point Estimate)

Given data X, ..., X, i.id. ~ f(z | §), would like to estimate the unknown 6

The point estimate or estimator of a parameter 0, is a function

~

9 - g(X17 “ee 7XTL>

computed from the observed data { X}, ..., X, } that is a sensible guess for the
unknown 6.

Note: any estimator § must be a function of X, ..., X, only
it cannot involve any unknown parameter, e.g.,

Z?:1<Xi - M)Q

is not a estimator since it involves the unknown .
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Examples of Point Estimates

Example 1: If X ,..., X, areiid. N(u,o?), the point estimate for the population
mean f can be

P the sample mean X = 137" X;
P the median of X,,..., X,
P the average of X, ..., X,, after excluding the minimum & maximum

2

The point estimate for the population variance o© can be

n —\2
Zi:l (Xi — X)

n—1
P> an alternative estimator would result from using divisor n instead of n — 1

n .2
52 — Zz‘:1 <Xz _X)

P the sample variance S? =

n
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Examples of Point Estimates

Example 2: If X ~ Bin(n,p) is Binomial, the point estimate for the success
probability p can be

P the sample proportion p =
X+2

P Wilson's plus-four estimate +

n+4

P adding two successes and two failures to the sample and then calculate the sample
proportion of successes

X
n
D=
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Mean Squared Error

With many possible point estimates 0's for a parameter 6, how to choose a good one
among them?

A population criterion is to compare their Mean Squared Error (MSE), defined as

Mean Squared Error (MSE) = E[(é— 0)?]
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MSE = (Bias)?+ Variance
Recall the shortcut formula for the variance of any variable Y
Var(Y) = B(Y?) — (E(Y))2,
Rearranging the terms, we get
E(Y?) = (E(Y))? + Var(Y).
Plugging in Y = 6 — 0, then E(6 — 6) = E(A) — 6, we get
E[(0—0)% = [E@)—0> + Var(d—0)

H I |
MSE = (Bias(6))2 +  Var(h)

where the bias of an point estimate 0 for 0 is defined to be the difference between the
expected value of the estimate and the true value of the parameter

~ ~

Bias(#) = E(0) — 6
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Unbiased Estimators

A point estimator 0 is said to be an unbiased estimator of 0 if
E(@) =10

for every possible value of 6.
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Unbiased Estimators

A point estimator 0 is said to be an unbiased estimator of 0 if
E(@) =10

for every possible value of 6.

For unbiased estimators, | MSE = Variance ‘
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Examples of MSE

If X,,...,X,, areiid. with population mean y and population variance o, using the

sample mean X = %Z?:l X, the point estimate for the population mean p

P the biasis E(X) —p=p—p=0
P the variance is Var(X) = /
The MSE for X is hence

2 0.2

MSE = (Bi35)2 + Variance = 02 + o _9
n n
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MSE of Sample Variance S?

In L13, we have shown that if X, X,,..., X, areiid. ~ N(u,o?), then S?is an

unbiased estimate for o2.

E[S?] = 02

To obtain the MSE, we need to calculate Var(5?). From that

(n— 1)52 2

T g 3 ~J Xn—l’

g

and the variance for '~ x2_ is 2(n — 1), it follows that

2 2 \2 954
Var(S?) = Var (;_ 1) = <n0_ 1) Var(T) = ni T
=2(n—1)
The MSE of S? is hence
204 204

MSE = (Bias)2 + Variance = 0% + =
n—1 n—1
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A Biased Estimator for o w/ a Smaller MSE

Consider an alternative estimator for o2 that using divisor n + 1 instead of n — 1

52 = Z?=1<Xi _Y>2 _ (n— 1>52
n—+1 n—+1

The expected value and variance of G2 are respectively

B(5%) = (n —1)E(S?) _ (n—1)0?
n+1 n+1 "~

)= (153) = (051) s = e

2

Hence, 62 is a biased estimator for o2 with

BiaS::E((S'Q)—O'2 = M—GQ — i0'2
n+1 n+1
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The MSE of 62 is

MSE = (Bias)? + Variance

~(=20%\" 2(n—1)*  2no
\n+1 (n+1)2  (n+1)2

4
which is lower than the MSE of

n —

for the sample variance S2.

14/53



The MSE of 62 is

MSE = (Bias)? + Variance

~(=20%\" 2(n—1)*  2no
\n+1

(n+1)2  (n+1)?

4

which is lower than the MSE of for the sample variance S2.

n —

A biased estimator might have a smaller MSE if it has a smaller variance.
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. X
MSE of the Sample Proportion p = —
n

If X ~ Bin(n,p) is Binomial, a point estimate for the success probability p is the

sample proportion p = —. As X is Binomial,
n

E(X)=np 5> Ep =X _m_,

Var(X)=np(l—p) = Var(p)— Va;gX) _ np(iﬂ_ P) _ p(ln— P)

Thus the sample proportion p is unbiased with the MSE

1-— 1—
MSE = (Bias)? + Variance = 0% + p(1—p) _ pl p)'
n n
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MSE for Wilson's “Plus-Four” Estimate for Proportions

Recall Wilson's plus-four estimate is

X +2
n+4"

D=

It's expected value and variance are respectively,

.. EX)+2 np+2 - Var(X) np(l—p)
E — = d V = = .
®) n+4 ntd ar(p) (n+4)2 (n+4)2

Its bias and MSE are respectively
np + 2 2—4p

Bias — E(7) — p — -
s =E(p)—p=" " —P=""

2 —4p\° 1—
MSE = (Bias)? + Variance = ( - f) T:l(_’_ 4;;)
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MSE's for Sample Proportion & Wilson's “PIus—)F(oug”
+

Below are the graphs of the MSE for p = X /n and p = i
n

se(p) = U2, wse(p) - (27;45)2 L w(l=p)

n= 20
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d Ay
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/ \
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MSE's for Sample Proportion & Wilson's “Plus-Four”

~ . X+2
Below are the graphs of the MSE for p = X /n and p = 14
n
2
. _p(l—p) - (2—419) np(l—p)
MSE =———= MSE = 4+ — -7
®) =" O ="vs) T rae
n= 20
0.012 — PRI R 0.0025 H
0.010 | , . 0.0020 |
" 0.008 //’—\\\\ 1y 00015 1
= 00087, . | = 00010
0.0044 , X+2 \
0.002- T ha \ | 00005
0.000 - \I T _\ - X/‘n T : 0.0000 T T T T T T
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p
X /n has a smaller MSE only when p is close to 0 or 1

% has a smaller MSE when p is NOT close to 0 or 1

he two MSE's are close when n is large

> D
> D
> T
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Sampling Distributions

The sampling distribution of a point estimate 0 is simply its probability distribution,
e.g.,

Exl. If X;,..., X,, are i.i.d. ~ N(u,0c?), the sampling distribution for i = X is
2
fi=X~N (u, U)
n

and the sampling distribution for S? is that

o2T
n—1

S% =

2
,  whereT ~ x7_;.

Note: The sampling distribution generally depends on some unknown parameter 6.

18/53



Ex2: If Xy,..., X,, are i.i.d. from some distribution with mean y and variance o2 (not
necessarily normal),

P the exact sampling distribution of ji = X would depend on the distribution of X,
P CLT asserts that

i = X is approx. ~ N <,u, ) )
n
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Standard Error

The standard error (SE) of a point estimate f refers to any estimate of the standard
deviation of 6.

Exl. If X,..., X, areiid. ~ N(u,o?),

P the standard deviation for ji = X is

SD(X) = y/Var(X) = \/f
SE(X) = ﬁ

which replaces the unknown o2 by its estimate S2.

which involves the unknown o
P the standard error for X is
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Ex2. If X ~ Bin(n,p),

P the standard deviation for p = X /n is

1—
SD(p) = y/Var(p) = u, which involves the unknown p.
n

P> the standard error for p is

p(1—p)

SE(p) = /B

which replaces the unknown p by its estimate p.

Note: The true SD may depend on 6, while SE depends on the data but not on 6
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Section 8.4 The Method of Moments
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Sample Moments

Recall the kth moment of a random variable X is E[X*].

If X,..., X, arei.id. from some distribution f(x | 6) , the kth sample moment is

defined to be
~ 1<
Hp = — ZXf
N
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The Method of Moments (MME)

The method of moments is a strategy for finding an estimator 0.
If there is only one parameter 0,

1. compute E(X) as a function of ¢
2. compute the sample mean X = + ZZ X

3. choose @ as the value of 6 so that E(X) = X
If there are k parameters 0, ..., 0,

1. compute E(X), E(X?), .., E(X*) as functions of 6,’s
2. compute the sample moments

TS e i

3. choose (51, ) ) as the value of 6, so that

E(X7) = foﬂ for 1 <j <k

(solving a system of k equations, for k unknowns)
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Examples (1 Parameter)
Exl: X,,.... X, r Poisson() for unknown A > 0

» PMF: f(z | \) =e?M\/z!, 2 =0,1,2, ...
P EX)=2)\

» The method of moment estimate (MME) for X is A = X

Ex2: X,,.... X, ’ Geometric(p) for unknown p
P PMF: f(z|p)=(1—p)"tp,2=1,23,..

> E(X)=1/p
» MME forpis p=1/X

Ex3: X,,.... X, S Exponential(\) for unknown A > 0

» PDF: f(z |A) =X 2>0
P E(X)=1/)
» MME for Ais A = 1/X.
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Example 4 — Uniform[0, 6]

X, .., X, NUnlform[

» PDF: f(z|0)=35,0<z<6
> E(X)=0/2

» MME for § is § = 2X.

, 0] for unknown 6 > 0
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Example 5 — MME for Gamma
X, X, EE Gamma(a, A) for unknown a, A > 0
(a+1)
2

> E(X) =a/)\
> Var(X) = /A = E[X?] = Var(X) + (B(X))? = &

P The MMEs for o and A must satisfy
ala+1) 1
Recall fi, = = Y X?
(Recall i, = — 2 i)

.« R
X = 3 Ho = 2
First equation = & = 2X.
Plugging in & = AX into the 2nd equation, we get
> X X X
Ho — fig = X
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Section 8.5 Likelihood &
Maximum Likelihood Estimation
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A Probability Question

Let p be the proportion of US adults that are willing to get the latest flu shot.

A sample of 20 subjects are randomly selected. Let X be the number of them that are
willing to get the latest flu shot. What is P(X = 8)7

Answer: X is Binomial (n = 20, p) (Why?)

P(X=z|p) = (2;)19““"(1 —p)"".

If p is known to be 0.3, then

20

P(X =8 p) = ('

)(0.3)3(0.7)12 &~ 0.1144.
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A Statistics Question

Suppose 8 of 20 randomly selected U.S. adults said they are willing to get the latest flu
shot.

What can we infer about the value of

p = proportion of U.S. adults that are
willing to get a flu shot?

The chance to observe X = 8 in a random sample of size n = 20 is

20
( g )(0-3>8(0.7)12 ~0.1144 ifp=10.3
(g )(0-6)%(0.4) ~ 00355 if p=0.6

It appears that p = 0.3 is more likely to be true value p than p = 0.6, since the
former gives a higher prob. to observe the outcome X = 8.

We say the likelihood of p = 0.3 is higher than that of p = 0.6.
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Maximum Likelihood Estimate (MLE)

The maximum likelihood estimate (MLE) of a parameter 6 is the value at which the
likelihood function is maximized.

Example. If 8 of 20 randomly selected U.S. adults are comfortable getting the flu shot,
the likelihood function

20 0.15-
Lp|z=28)= ( )pg(l —p)*? 0.10]
8 0.05
reaches its max at p = 0.4, 0.00— :
the MLE for p is p = 0.4 given the data X = 8. 00 02 04 06 08 10
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Maximum Likelihood Estimate (MLE)
The probability "
P(X=x|p)=( Jp"(1—p)" " =Lp|)

viewed as a function of p, is called the likelihood function,
(or just the likelihood) of p, denoted as L(p | x).

It measure the “plausibility” of a value being the true value of p.
1.0
508 |x=0
206-
904 =2 x=8 x=14

B A

0.0 T T T ] T
0.0 0.2 0.4 0.6 0.8 1.0

p

Likelihood functions L(p | ) at different values of x for n = 20.
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Likelihood functions L(p | x) for various values of  when n = 20.

1.0

g 0.8 x=0

2 0.6

2047 X2 x=8 x=14

RAVASS
0.0

I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0

p

Likelihood functions L(p | z) at various values of = when n = 200.
1.0

1§ 0.8 | x=0

< 0.6

© 0.4
J02- | x=20 x=80 x=140

0.0

0.0 0.2 0.4 0.6 0.8 1.0
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Likelihood in General

In general, suppose the observed data (X, X, ..., X,,) have a joint PDF or PMF with
some parameter(s) called ¢

flzy, 29, ..., 2, | 0)

The likelihood function for the parameter @ is

L(H) = L(9 | X17X27 7Xn> = f<X17X2a 7Xn | 9)

P Note the likelihood function regards the probability as a function of the parameter
0 rather than as a function of the data X, X,, ..., X,,.

> If
L0y |z, x,) > L0y | 24,...,2,),

then 6, appears more plausible to be the true value of 8 than 6, does, given the

observed data z4, ..., ,,.
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Maximizing the Log-likelihood

Rather than maximizing the likelihood, it is often computationally easier to maximize
its natural logarithm, called the /og-/ikelihood, denoted as

0(0) =log L(0)
which results in the same answer since logarithm is strictly increasing,
x> xy <= log(xy) > log(xy).

So
L)) > L(6,) <= logL(0;)>logL(0,).
Here, log() is always the natural log.

Notation:

P upper case L(6) = likelihood
P lower case /() = log L(#) = log-likelihood
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Example (MLE for Binomial)

If the observed data X ~ Binomial (n,p) but p isnunknown, the likelihood of p is
L = X = = r 1 — n—r
(plz)=p(X =z|p) (x)p (1—p)
and the log-likelihood is
n
((p) =log L(p | x) =log () +log(p) + (n — z)log(1 —p).

From Calculus, we know a function g(u) reaches its max at u = uy if

d d?
@g(u) =0atu=u, and wg(u) <0 at u = u.
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Example — MLE for Binomial

| 2 r n—uw T —np
—_— p r) = — — =
dp p l—p p(l—p).
equals 0 when
T—np _
p(1—p)
That is, when x — np = 0.
Solving for p gives the ML estimator (MLE) |p = % .
dd2£(|) LT forany0<p<1
-— = ran
gt =T T Y

Thus, we know £(p | x) reaches its max when p = z/n.

. X
So MLE of p is p = — = sample proportion of successes.
n
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Likelihood Based on i.i.d. Observations

Suppose X4,..., X, S f(z | 0) for an unknown parameter 6

The joint PDF or PMF of (X7,..., X,,) is the product of the marginal PDF/PMF since
they are i.i.d.

n

[IF(xi16) = flay [0)f(2y ] 6) x - x flz, | )

1=1

The likelihood is then

n

LO)=LO| X,,...X,,) = [ F(x; 1 0).

=1

The log likelihood then has the summation form

00) =logL(0 | X,, ..., X,) = log (ﬁf(XiW) Zlog (X, 10)).
1=1
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Example — MLE for Exponential
X, X, 5 Exponential(A) for unknown A > 0

P PDF: f(x | \) = de™?*
P likelihood: L(A) =[], f(X; | A) = A"exp(AY.] | X;)
P log likelihood:

L(N) =log L(\) = nlog(\) — )\Zil X, =nlog(\) —nAX
P Solve for MLE:
d n — A 1

d}\ﬁ()\) N = A < (same as )

The likelihood indeed reaches its max at A = 1/X since
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Example — MLE for Poisson
Xy X, ’ Poisson(\) for unknown A > 0

» PMF: f(z | \) = e A \*/a!
P likelihood: L(A) = [[", f(X; | A) = e AT X / I, x;!
P log likelihood:

l(N\) =log L(\) = —nA +

X;log(A) — Zlog<Xi!>
i=1 i=1
P Solve for MLE:
d Z?:l Xi TLY
0—56()\)——71—1—? ——n-i-T
= X=X (same as MME)

The likelihood indeed reaches its max at A\ = X since
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Example — Negatlve Binomial
Xy X, 5 NegBin(r,p), r is known, but p is unknown

The PMF is f(z | p) = (fjl)pru —p)* T

likelihood L(p) = [ [ £(X; | p) = [
=1 ]

The log likelihood is

n X 1 _
= Zlog ( 7‘1— ) ) + nrlog(p) + n(X —r)log(1 —p)
i=1
Solve for MLE:
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To see if log likelihood indeed reaches its max at p = /X, we check

d? _onr n(X-—r)
=T T

As X; > 7 and hence X > r, the second derivative above is indeed < 0.

This shows p = is indeed the MLE.

X
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MLE for Two Parameters

From Calculus, we know a function g(u, v) reaches its maximum at (u,v) =

the following 3 conditions are met

1 gtu,0) = < glu,) = 0 at (u,0) = (ug, o)
2
2. Wg(u,v) < 0 at (u,v) = (ugy, vy);
3. the Hessian matrix
0? 0?
Wg(uﬂ U) %Q(U, U)
0? 0?

%g(uﬂ)) wg(uv U)

has a positive determinant at (u,v) = (ug, vg).

(u07U0)if

43/53



Example — MLE for Normal

Xy X, 5 N(, 02) for unknown p, o

» PDF: f(z | p,0?) = = e~ (@z—p)?/20

V2mo?
P likelihood:
Ef (X; | p,0%) = (2m0?) "2 exp (20 2
P log likelihood:
2y _ 1 2 " 2
Up,0°) = —5105%"(27“7 )—th X n)

P Solve for MLE:

{0:£€<u,a2>=;z?1< p = (X =)
0= 502b(p,0%) = s + 5r5mz 2y (X, — 1)

0
[
|
=

N
N———
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0= %E(,u, 0?) = %(X —p)
0= 5%6(1,0%) = 55 + 5o 2y (X — 11)?

The first equation immediately gives n=X.
Plugging 1+ = X into the second equation, we get

— 1 " )2 ~2 _ i (X — X)?
0= 202+ 2(02)2 Zi:1<X" Xy} = o= n :
Note the MLE for o2 is not S? = XL:%{W
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To check the log likelihood indeed reach its max when p = X and 62 =
we calculate the second derivative of the log likelihood:
2

0 9 n

aﬂzﬁ(u,a ) — 3 <0

0? 9 n —
D02 g(:ua ) = _;( —,LL>
82 n 1 n

g 2 — _ X» _ 2
When 1 = X and 0% =52 = M the Hessian matrix is
K-
0 @y

which has a positive determinant. This shows the MLE for y and o are

o T (X=X
n

p=X and

n
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Example — MLE for Gamma
Xy X, 5 Gamma(a, A) for unknown «, A

«

I'(e)

H F(X,; | a,)) akis ?n;n (H;Xi)a LA X,

» PDF: f(z |a,\) = e x>0

P likelihood:

P log likelihood:
l(a,\) =nalog —nlogT'(a) + (a—1) Zn ) log X, — )\Zyil X;
P Solve for MLE:

0 l(a,\) =nlog\—n

0 I« n

_9 log X,
Ba () +2, los X;
)

nao ” no —
0= syllan)) =~ Z_; =
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The second equation gives

)=

>ﬁ” o}

plugging it into the first equation we get

R . F/ -~ n
nlog(a) —nlog(X) —n <?) + Z log X, =0
MNa) =

This equation cannot be solved in closed form.
Numerical tools are required to compute the value of the MLE.
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Example — Uniform|0, 6]

X,y X, NUn|form[ 0] for unknown 6 > 0
» PDF: f(z|6)=4,0<2<0

» Joint PDF:
fore { 0= X<

otherwise

This means the joint PDF is non-zero only if 6 > Xy = maxi <, X;

P Likelihood: L() =6""

P Solve for MLE: Note the smaller the value of 0, the greater the likelihood, but
cannot fall below X ,,). Thus the MLE for 6 is

~

¢ =X, (Different from MME = 2X.)
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Comparison of MME and MLE for Uniform|0, ]

MME By, = 2X:

P For each X, E(X,) = g
> E(@MME) =2E(X)=2-
» Bias(Oyye) = E(Oyme) —
P Variance:

Var(X;)

Var(fyye) = Var(2X) = 22 Var(X) = 22
n

02

» MSE = bias® + Var(fyue) = .
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Comparison of MME & MLE for Uniform|0, 0]
MLE Oy e = X (:
n—1

nr

on 7
P Bias: R 0 n—1 0
E(Oue) = / x- ne dzr = n = Bias=—
=0

» PDF of X, (from LO7): f(z) =

on n+1 n+1

P Variance:

6 _
5 nax™ 1 n92

E((éMLE)Q):/ M on dz =

=0

2

~ nb? nf n6?
Boe) = _ _
= Var( MLE) n-+2 (n 4 1) (TL + 1)2(n + 2)

262
(n+1)(n+2)

P MSE (6 g) = bias? + Var(fy, g) =

~ 62
P far smaller than MSE(Oyme) = i
n
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Properties of MLE for Exponential
For X,..., X, ’ Exponential(\):

PDF: f(z|\) =Xe ™, 2>0,
MLE = MME for X is A = 1/X.
Since Y =nX =" | X, ~ Gamma(n, \) has the PDF

fy(y) = ol

)y“’le“y, y >0,

we can find the expected value and variance for A = 1/X = n/Y as follows,

N i A™ A
E[)\] :E<ﬁ> _ / n yn—le—)\ydy: n
Y

Y oy T(n) n—1
O T A N e o e\
E[M—E(w> ‘/y_o2'r<n>y = )
~ 29 A2 — nA” m e
Var(\) = E[N?] — (E[)])? = (n—1)(n—2) B (n—l)  (n—1)2(n-2)
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The bias is ) )
Bias = E[\] — A = "N = .
n—1 n—1

The MSE of \ is

MSE = Bias” + Var(}\)
( A )2 n2\2 (n + 2)A2
(

n—12n-2) (n—1)(n—-2)

n—1
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