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We consider quadratic forms of martingale differences and establish a central limit theo-
rem under mild and easily verifiable conditions. By approximating Fourier transforms of
stationary processes by martingales, our central limit theorem is applied to the smoothed
periodogram estimate of spectral density functions. Our results go beyond earlier ones by
allowing a variety of nonlinear time series and by avoiding strong mixing and/or summa-

bility conditions on joint cumulants.

1 INTRODUCTION

Let (Xk)pez be a real stationary process with mean 0 and finite covariances y(k) =
E(XoXk), k € Z. Assume that the covariances are absolutely summable. Then the spec-

trum or spectral density function

FO = % S (k) cos(kA), A € [0, 2] (1)

keZ

exists and is continuous and finite. A fundamental problem in time series analysis is to

estimate f. Given the observations Xi,..., X, let the periodogram
1 2 o owST
In(A) = —[Su (M, where S,()) = ;Xte . (2)

Here S,,()) is the Fourier transform of the sample X, ..., X, and v/—1 is the imaginary

unit. It is well-known that 7,()) is an asymptotic unbiased but inconsistent estimate of
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f(A) [Anderson (1971), Brillinger (1975), Brockwell and Davis (1991), Hannan (1970),
Priestley (1981) among others|. Denote by A\; = \;,, = 27j/n, j € Z, the Fourier frequen-
cies. Under suitable conditions on the underlying process (Xj), I,(\;) are asymptotically
independent at different Fourier frequencies. To obtain a consistent estimate of the spec-
tral density at a given frequency 6 € [0, 7|, one can naturally smooth the periodograms
over Fourier frequencies near 6. Namely, the following weighted periodogram estimate can

be used:

=7 Z (k/m) L (Netio)s (3)

"M f=—m
where kg = [n6/(27)|, K is a nonnegative kernel function and K,, = >/_  K(k/m).
Here || denotes the integer part of the real number z, namely |z] = max{k € Z: k < x}.
Generically (3) is called the smoothed periodogram spectral density estimate. See Robinson
(1983) for a review of various approaches to spectral density estimation. The smoothing

parameter m = m,, is chosen such that
m, "t +mynt — 0. (4)

Under appropriate conditions on (X}), (4) ensures that f, is a consistent estimate of f.
As a significant merit, fn can be quickly computed via the fast Fourier transforms. On
the other hand, however, it has been a notoriously difficult problem to establish a central
limit theorem of the estimate under the natural bandwidth condition (4). Such asymptotic
results are certainly needed in the related statistical inference in the frequency domain,
such as hypothesis testing and the construction of confidence intervals. In previous results
the process (X}) is assumed to have very special structures. For example, Lomnicki and
Zaremba (1959) and Hannan (1970) deal with linear processes; Brillinger (1969) assumes
that X} has finite moment of all order, and the joint cumulants of the process are summable
of any order; also see Dahlhaus (1985). Rosenblatt (1984) considers strong mixing pro-
cesses. See also Bentkus and Rudzkis (1982) for Gaussian processes and Henry (1999) for
linear processes with martingale difference innovations.

An important problem in econometrics is to estimate the long run variance, which ba-
sically corresponds to the spectral density evaluated at zero frequency. A closely related
problem in the multivariate case is to study the so-called heteroskedasticity and auto-

correlation consistent (HAC) covariance matrix estimate. Asymptotic results have been
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obtained by Andrews (1991), Hansen (1992), de Jong and Davidson (2000) and Jansson
(2002) among others. The HAC estimation plays an important role in various econometrics
problems, such as unit root tests, robust hypothesis testing, and cointegration estimation.
For recent developments see Phillips et al. (2006a,b).

In this paper we obtain a central limit theorem of fn for a very general class of sta-
tionary processes under conditions stronger than (4) [see (38) and (39)]. In particular, our
results allow linear processes and nonlinear processes including threshold, bilinear, expo-
nential autoregressive processes among others. The imposed condition on (X}) is directly
related to the data-generating mechanism of the process and hence is easily verifiable. Ad-
ditionally, we do not need the summability conditions on joint cumulants and/or strong
mixing conditions. Conditions of the latter two types do not seem to be tractable in many

applications. We shall study asymptotic properties of the quadratic form

= Z an (t, 1) X Xy, (5)

=1
where the weights a,(t,t'), 1 <t,t' <n,n=1,2,..., are (deterministic) real coefficients.
The form of @, is very general. An important special case of (5) is the smoothed peri-
odogram spectral density estimate (3). Elementary calculations show that (3) is of the
form (5) with a,(t,t') = a,(t — t'), where

m

an(j) = 27rnK Z (k/m) cos(j At )- (6)

It would certainly be impossible to obtain limit theorems for (),, without imposing suitable
conditions on a,(t,t") and (X;). In Section 2 we assume that the process (X}) is a stationary
martingale difference sequence. Using the idea of martingale approximation, we show in
Section 3 that, for stationary processes (X;) which may not necessarily be martingale
differences, the smoothed periodogram spectral density estimation (3) can be approximated
by the quadratic form (5) of martingale differences under mild conditions.

The asymptotic problem of @, has a long history. See Whittle (1964), de Wet and
Venter (1973), ten Vregelaar (1990), Varberg (1966), Mikosch (1991), Basalykas (1994),
Gotze and Tikhomirov (1999) and references cited therein. Results of this sort have many
applications in statistics. In all those work X} are assumed to be iid and/or the weights

a,(t,t') do not depend on n. Both assumptions are violated in our setting. In particular,
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in our problem the independence assumption is too restrictive and we have to resort to
other powerful and more versatile methods.

In a series of recent papers [see Wu and Mielniczuk (2002), Wu (2005a, 2005b), Wu and
Woodroofe (2004) and Hsing and Wu (2004) among others|, we argue that the method of
martingale approximation is quite useful in a variety of asymptotic problems. In particular,

Hsing and Wu (2004) established an asymptotic theory for the weighted U-statistics

n

Up = apvG(Xs, Xy) (7)
tt'=1

for a quite general class of stationary processes including linear processes and many widely
used nonlinear time series. However, even though the bivariate function G(u,v) in (7) can
be particularly chosen to be the product uwv, the results in Hsing and Wu (2004) is not
directly applicable to @,. The major difficulty is that the weights a,(t,¢') in (5) depend
on n. The dependence of a,(t,t") on n makes the asymptotic problem of @,, considerably
more challenging. Nonetheless the method of martingale approximation used in Hsing and
Wu (2004) sheds new light on asymptotic properties of @,,. In this paper we shall apply a
modified version of the method in Hsing and Wu (2004).

Throughout the paper let = denote convergence in distribution and N (u, 0?) the Gaus-
sian distribution with mean p and variance o2. The notation C stands for a generic con-
stant which may vary from line to line. For a random variable £ write £ € LP (p > 0) if
1€]l, = [E(|€]P)]P < oo and ||€]| = ||€]|2. Denote the real part of a complex number a by
R(a).

Suitable structural assumptions on the process (Xj) are certainly needed. Here we

assume that (X}) is a stationary causal process of the form

Xk:g(~~->5k—175k)7 (8)

where ¢, k € Z, are independent and identically distributed (iid) random variables and g
is a measurable function for which X, is a properly defined random variable. The class of
processes that (8) represents is huge. The Wiener-Rosenblatt conjecture says that, for every
stationary and ergodic process (X}), there exists a measurable function ¢g and iid random
variables e such that the distributional identity (Xx, k € Z) =p (g(...,ex-1,6k), k € Z)
holds. See Rosenblatt (1971), Kallianpur (1981) and Tong (1990, p. 204). The stochastic
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realization theory concerns the problem of constructing g and e based on (Xj),cz. See
Borkar (1993) and references cited therein for more details of the stochastic realization
theory.

Let the shift process Fr = (...,ex_1,€x). For £ € L' define the projection operator

P& =E(|F) —E(|Fimr), i€z (9)

The projection operator plays an important role in the study of @),,. Clearly P&, @ € Z,
are martingale differences, and hence are orthogonal in £? if ¢ € £2.

The rest of the paper is structured as follows. Section 2 presents a central limit theorem
for @, for martingale differences. Applications to the smoothed periodogram spectral

density estimate (3) is given in Section 3. Some proofs are collected in the Appendix.

2 QUADRATIC FORMS FOR MARTINGALE DIFFERENCES

In this section we assume that Xy, k € zZ, are martingale differences, namely E(X|Fy_1) =

0 almost surely. We are interested in the asymptotic distribution of the quadratic form

n t—1
Tn - Z an(j,j,)Xij/ = ZXtZt—l,m Zt—l,n - Z an(j7 t)Xj (10)
1<j<j’<n t=2 j=1

where, for each n, the weights a,(j,j'), 1 < j < j' <n, are real numbers. A particular
interesting special case is that the bivariate function a, (-, -) can be written in the univariate
way, namely a,(7,7) = a,(j — j'). For smoothed periodogram spectral density estimates,
we present in Section 3 a martingale approximation scheme and show that (3) can be
reduced to the form (10) even though the process (X}) itself may not be a martingale
difference sequence. Martingale approximations of this type act as a bridge which connects
general stationary processes and martingales (Wu and Woodroofe, 2004).
Let

t—1 n n
A= a2(j,t), Bin= > al(j.t)and op =Y A, (11)
j=1 t=1+j t=2

The following Theorem 1 concerns the asymptotic distribution of 7},/o,, under easily veri-

fiable and mild conditions on a,(7,7"), 1 < j < j <n.



Tureorem 1. Let the process Xy of (8) be a martingale difference sequence and X, € L7 for
some q > 4. Assume (i)

_ 2.
Tnax A = 0(0}); (12)
(ii) for any fived J € N,
n—J
ap(j,j +J) = o(oy); (13)
j=1
(iii)
n—1
WS B, — 0(a)) (1)
=1

and (iv)

n—1 k—1 n 2
3 )] okt 15
Then we have the asymptotic normality

1,
= N(O, X1, (16)

n

We now briefly discuss conditions (12)-(15) of Theorem 1. Condition (12) is basically
the Lindeberg-type condition. In the important special case a,(t',t) = a,(t' — t), we have
Ay < A,y for 2 <t < nand then (12) indicates that A, , does not dominate o2. In
this case, (12) is equivalent to the following claim: there exists a 6 € (0,1) such that
A|(1=syn|n > 0A,,, for all sufficiently large n. Condition (13) means that the contribution
of a,(j,7)X;X; to T, is negligible if j/ — j is small. Note that o2 = Z;:ll B; ., by the
Cauchy-Schwarz inequality, ”ZZ: BtQ’,n > o). So (14) indicates that the magnitudes of
n> ot Bj,, and o, are comparable.

Condition (15) is needed to exclude sequences a,(+,-) which may lead to non-Gaussian
limiting distributions. For example, if a,(j,7") = 1, then A4;,, =t —1, 02 = > ,(t —
1) = n(n — 1)/2 and (12)-(14) are fulfilled, while (15) is violated. In this case, if Xj
are iid standard normal random variables, then 7, /o, has the non-Gaussian asymptotic
distribution (W? — 1)/4/2, where W is the standard Gaussian random variable. For a
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more general case for which (15) is violated, we let a,(k,j) = K|[(k — j)/n], where K is
a kernel function with support [—1,1]. This case is closely related to the spectral density
estimation without truncation where the bandwidth is equal to the sample size. Kiefer and
Vogelsang (2002) considered estimators of such type and obtained a non-Gaussian limiting
distribution. See also Phillips, Sun and Jin (2006a, 2006b) for more discussion. We are
unclear as to what conditions on a,(-,-) are needed such that T, /o, has a non-Gaussian
limiting distribution.

With trigonometric identities, it is easy to verify (12)-(15) for a,(j) with form (6); see
Section 3.2.

Proof of Theorem 1. Without loss of generality we assume || Xy|| = 1. Note that
XiZi—1n, t € Z, are martingale differences with respect to the filter F;, we shall apply
the martingale central limit theorem (MCLT, Chow and Teicher, 1988). By Lemma 1,
1 Ze-10ll? < CZA;n]| Xo||2. By the Cauchy-Schwarz inequality, the Lindeberg condition is

satisfied since
n n
2
SIXZiall 22 < STIXY Zimr
t=2 t=2

4
<1 Xol| 208 X |2 ALY = o(0¥?).
t=2

The last step is due to (12) and ¢ > 4. Applying Lemmas 2 and 3 with W, = E(X?|F;_;),

it is easily seen that the convergence of conditional variance

1 n
5 D 21 B Fi) = | Xl (17)

n =2
in probability. By the MCLT, (16) holds. &
Levmmva 1. Let Dy, ..., D, be a martingale difference sequence for which D; € LP, p > 1.

Let p' = min(2,p). Then

>0
i=1

pl
n
/ /
<c/ ST IDiY
D =1

where C, = 18p*/%/(p — 1)1/2,

Lemma 1 is a simple consequence of the Minkowski and the Burkholder inequalities
(Chow and Teicher, 1988). The details of the proof are omitted.
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Lemma 2. Assume that the process Wy = w(...,e1_1,&;) € L% for some q > 4. Further
assume that a,(7,j') satisfies (12) and (13). Then

n

L (W, —E(Wo)| 271, — 0 in L' (18)

oS

Proof. Without loss of generality let E(Wy) = 0. For integer I > 1 introduce the

truncated process Z;_1, 1 = E(Z;_1,|Fi—1). Then Z;_1,; = 0if ¢t < [ and Z;_,; =
Zj Ilan(j, t)X;. For 1 <t <mn, by Lemma 1,

t—1

1 Zrms = Zican2 < CHIXOl2 > a2(50)

j=max(1,t—I+1)

Let L,(I) = Z{,zl 0,(J), where £,,(J) is the quantity at the left hand side of (13). Let

Vo(l) = 722Wt t—1n,1 and T,(1) = 722EWt|ft I) t—1,n,I"

t=2 t=2

By the Cauchy-Schwarz inequality, (12) and (13),

EVa(1) = VaD)l < 0,2 ) BIW(ZE 0, — 28100

t=2
< 0,7 Z IWillll Ze—1nr = Zi—1nllall Zi—1,m,0 + Zi-1,nll4
t=2
= 0(c,?) Zuzt ot = Zicvlla ALY
t=2
n 1/2 n 1/2
o (z ||zt_1,n,f-zt_mnz) (z A)
t=2 t=2
= O(o,")[La(D]'? =0 (19)

asn —o00. For 0 <j<TIT—1let

n

Un(j) =0, Z(Pt JWt) t—1,n,1

t=2

Then V,,(I) = T,(I) = Zj;é Un(j). Note that the sequence (P,_;Wy)Z7 |, 1, t=2,...,n,
form martingale differences. By Lemma 1 and (12), since ||Pi—jWillq/2 < 2||Wil|q/2,

_ A\ (1a/4
hgl_)solipHUn(.])HZ% = Cg//4

hmsupa ‘”22” (P W) Z- 1nI||Q/4

q/4
t=2



4
< Cg/ hmsupa 92| W | |Z§2Z|]Zt 17””‘1/2

= limsupO(o,, a/2 ZAq/4—O

Since [Vo ()] < [Va(1) = Va(D)| + [V (1) = Tu(D)] + [T (1)}, by (19),

limsupE|V,(1)] < limsup [Vo(1) = T(D) gy + lim supE| T, (1)

n—oo n—oo n—oo

< thUPZHU ||q/4+hmsup0 ZHE Wil Fe)1 Ze-1,01113

n—oo

< H]E(Wo\}_— I Xollg:
Therefore (18) follows since ||E(Wy|F_;)|| — 0 as I — oc. O

Lemva 3. Assume that (Xy) defined in (8) is a martingale difference sequence with Xy € £
Then under (14) and (15), we have

—ZZE 1 = [ Xoll* in £2. (20)

”t2

Proof. For notational convenience we omit the subscript n in a2 (¢, t), B, and Z;_1 .
Write 0; = |PoX7 ||, then 3722 67 = || X7 — E(XF)||* < co. Recall By = 37" ., a*(t',1),

Jj=0 J
1 <t <n-1, and let 5, = > 1132 To show (20), we shall apply the martingale
decomposition method. By the orthogonality of Py, k = ...,n — 2,n — 1, and since

PeZ2, =0if 1<t <k,

2 0 n 2 n—1 n 2
ol Xoll?ll = D0 [Pz D0 |1Pe D 2 (21)
k=—o00 t=2 k=1 t=1+k

Then it remains to show that both terms in the preceding display are of the order o(c7).
For the first one, let k be a non-positive integer. Since (X,) are martingale differences,

t—1

Pth2—1 = Z a2(t', t)IPkth,,

t'=1

which by the triangle inequality implies

t—1 t—1
IPeZEall < ) @t IPXEIl =) a®(t' )8y (22)
t'=1 t'=1



Hence by the Cauchy-Schwarz inequality and (14),

3 [zmzflu

k=—o00

0

< 2

k=—o00

= o(nZ,) = O(Gi)' (23)

Z Byly

t’l

It is slightly more complicated to deal with the second term in the right hand side of (21).
Let 1 <k <n-—1,then P,Z% , =0if t <k and

t—1 k—1
PrZiy =Y (' )PXp + 2a(k, )X Y at' )Xy =: Ii(t) + IIi(t) (say)  (24)
t'=k =1

if ¢ > k. By the Cauchy-Schwarz inequality, Lemma 1 and (15),

2

n—1 n n
> | = 15T atk e
k=1 [lt=14k t=1t'= 1+k
2
< 4Z!|Xk|\4 Z > af t') X,
t=1 t'=1+k 4
n—1 k—1 n 12
< 4 XolliCE [Z Ja(t,t')| = o(ay,).
k=1 t=1 1+k _

For the term I (t), we have

n

Z HIk H< Z ZCL t t@tl k—zet/ kBt’

t=k+1 t=1+kt'=

Let £ = |n'/*|. Then

1 e n-1-¢ / n-1 2
z(zeﬂ B> Y5 et/kBt/)

k=1 \t/

3

DO | —

IA
N
NE
a
ol
N————
N
M1
o
o
N————
+
n
~
Mz
<



00 -1
< nE, ) 0+ ELY 607 =o(nZ,). (25)
=20 =0

By (24),
1 n—1 n 2 n—1 /n—1 2 n—1 n 2
5 [Z IPeZall] <) (Zet/_kBt) +Y DD )| =oleh).  (26)
k=1 Lt=1+k k=1 \t'=k k=1 |[t=1+k
Combining (23) and (26), we have (20). O

3 SMOOTHED PERIODOGRAM ESTIMATES

The central limit theorem presented in Section 2 is only for martingale differences. To
obtain asymptotic distribution of the smoothed periodogram spectral density estimate
(3) for processes with general forms, we shall approximate S,(0) = >, XV by
martingales so that Theorem 1 is applicable. Such a martingale approximation scheme has
been proposed in Wu (2005a). An explicit construction of approximating martingales is

given in Section 3.1. Section 3.2 shows the asymptotic normality of the estimate f,(6) in

(3).

3.1 A Martingale Approximation Scheme

Lemmva 4. Assume that the process (Xy) defined in (8) satisfies

D kI PoXlly < oo (27)

k=0

for some q > 2. Then for every 8 € R, the process
Yi(0) = Y E(X, x| Fi) exp(tov/—1) (28)
t=0

exists and is in L. Let Dy(0) = PpYi(0) = Yi(0) — E[Yi(0)| Fr-1] and

M, (0,7) =Y eV D(0). (29)
k=1
Then there exists a constant C' > 0, independent of n and \, such that
sup ||, (0 + A) — M, (0, \)]| < C(Vn|1 —e V1 +1). (30)
0eR
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Proof. Let py = ||PoXk||, and ¢ > 0. Note that E(X;|Fy) = ZJ_WP X;. By Lemma

1, we have [|[E(Xy|F)||2 < CF S0 which in conjunction with (27) implies that

J——oopt J’

00 1/2
Y IEXIF), = C Z (Zm)
t=0 t= 0 =
< CqZZPk—C Zt+1pt<oo

=0 k=t
Hence Y;(f) € £ and additionally X, = Yi(0) — E[Yiy1(0)|FileY~1?. For notational
convenience write 7 = eV~ s = V104N and Z,(0) = E[Yi11(0)|Fi]. Then

Sn(0+X) — M,(0,)) = ZeWkA{Y 0)rk — "1 Z,(0)} — M, (6, )

= (1—e V" Z "2, 1(0) +120(0) — rs"Z,(0).  (31)
k=1
Since Zy,1(0) = >_72, Pi—jZk-1(0), by the triangle inequality,

n

Z Ska_l (0)

k=1

o0

<X
5

] 1

_ Z V[P Zo(0)]

n

Z skPk_jZk_l (Q)

k=1

1/2
Z||7’k iZe-1(0)]| ]

IN

= \/ﬁz [ P1—; Y1 (0)]].

Note that
Yo IPYi@)) < ZZ [P Xell < lel < 00,
j=1 7j=1 t=1
Then (30) follows from (31) with C' =232 (I + 1)p;. o

In Wu and Min (2005) the condition (27) implies that the process (Xj) is L7 weakly
dependent with order 1. It also implies ), 7 |ky(k)| < oo, thus the spectral density
function is continuously differentiable; see Lemma 6.1 in Shao and Wu (2005b). Note that
Dy(0) = Yy (0) — E[Yk(0)|Fk_1] is a martingale difference sequence and it is related to the
spectral density in an interesting way. By Wu (2005a), ||Dx(0)||> = 27 f(6). The latter

identity gives a probabilistic representation of the spectral density.
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3.2 Asymptotic Normality

Recall that \; = 27j/n, j € Z, are Fourier frequencies. Let n > 4 and m be a positive

integer with m < n/2 — 1. For a real sequence s = (s;)7_,, let xmu(s) = D7 s7,

Tin(8) = 200 55y @m(s) = 200 Isi] and win(s) = [s_m| + 3270, |85 — sj-1]. Crudely
speaking the quantity w,, measures the oscillation of the sequence s. For 6 € [0, 7] let

m

An(0) = > s;[I(0+N;) — BE{I(0 + ))}]. (32)

j=—m

Let (£});cz be an iid copy of (g;);cz. For k > 0 define
X =9(...,6.9,6.1,60,E1,---,Ek)- (33)

Then X is a coupled version of X with €y replaced by &j,. Our weak dependence condition

[cf. (34)] is expressed in terms of the distance between Xy and Xj..

TueoreEM 2. Assume that, for some q > 4,

> I Xl < oo (3)
k=1
Further assume that m = o(n*?) and the sequence (s5)7L_,, satisfies
wi(s)logn = o(xm(s)). (35)
(i) If 0 =0 and s; =0 for j = —m,...,—1, then as n — oo,
21, (0)
———= = NI[0,[|Do(0)|] (36)
Xom(8)

where Do(0) = Y 72 PoXt exp(v/—1t0) € L2 satisfies || Do(0)||> = 2w f(6). (ii) If0 € (0, ),
then (36) holds with A, (0) and Dy(0) replaced by A, (0) and Do(6) respectively.

Remark 1. In case (i), s; are assumed to be 0 for —m < j < —1. If otherwise, noting that
I.(A) = I,(—=)), we can let s} = s; +s_j, 8 ; =0for j=1,...,m and s, = so. Then the
central limit theorem (36) is still applicable.
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As in Wiener (1958) and Priestley (1988), the causal process (8) can be interpreted as
a physical system with ..., 1, e being the inputs, X} being the output and g being a
transform or a filter. If g is a linear function, then (Xj) is a linear process. Otherwise (X})
is a nonlinear process. The condition (34) has the following interesting interpretation. Note
that X is a coupled version of X}, by replacing ¢ in X by an iid copy ¢;. If the function
g(...,ek-1, ) does not depend on ¢g, then X; — X; = 0. Hence the quantity ||.X; — X[,
measures the contribution of £y to Xy, in other words, the degree of dependence of X}, on
0. In this sense (34) means that the weighted cumulative contribution of gy to all future
values Xy, k > 0, is finite, and hence (34) ensures short-range dependence. See Wu (2005¢)
for a more detailed discussion on the dependence of stationary causal processes from the
nonlinear system theory point of view. Conditions based on the quantity ||.X; — X;||, are
often easily verifiable since they are directly related to the data-generating mechanism of
the process (Xp).

Our dependence condition (34) is very different from the classical strong mixing con-
ditions which may be too restrictive in certain applications (Andrews, 1984). On the
other hand, we avoid summability conditions on joint cumulants that are commonly im-
posed in the large-sample spectral theory [Brillinger (1975) and Rosenblatt (1984)]. The
verification of the latter is not generally easy for processes that are non-Gaussian and non-
linear. In a companion paper (Shao and Wu, 2005b), we find an easily verifiable sufficient
condition for the absolute summability of ¢-th (¢ € N,q > 2) joint cumulants, which is
Yoo kX, — Xilly < oo; see Theorem 4.1 and Remark 4.1 therein. Unfortunately
the latter sufficient condition appears to be overly strong. It is an open problem whether
weaker versions such as Y, o [| Xy — X} ||, < oo suffice.

Clearly (34) implies (27) by the identity PoX), = E[(X; — X},)|Fo] and the Jensen
inequality. Theorem 2 has the following two immediate corollaries. The first corollary
gives a central limit theorem for f, (0) and the second one has an application in Shao and
Wu (2005b). The latter paper studies the local Whittle estimation of long-memory index

for fractionally integrated nonlinear processes.

CoroLLARY 1. Assume that (34) holds for some q > 4. Further assume that the kernel K
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is a nonnegative function with support [—1,1|, K has bounded variation and

m m

% Z K*(i/m) — /1 K?*(u)du =: k and% Z K(i/m) — 1 (37)

t=—m i=—m

as m — oo. Additionally assume that the m = m,, satisfies

logn m
Then mY2[f,(0) — E{ f.(0)}] = f(O)N(0, k).
Using the Cramér-Wold device, we can show that, for different frequencies wy,...,w; €

(0,7), m"2[fn(w;) — E{fn(w;)}]/f(w;), 1 < j < J, are asymptotically iid normal N (0, k).
Since the proof of the latter claim is routine and it involves really lengthy and tedious
calculations, we omit the details.

We conjecture that the central limit theorem in Corollary 1 still holds if (38) is weakened
to m~tlogn + n~'m — 0. A key difficulty towards this result is that our argument
requires m = o(n?/?) to ensure a satisfactory martingale approximation of A, () by A, (6);
see the proof of Theorem 2. If Corollary 1 were valid under m~tlogn + n='m — 0,
then we can allow m to be a multiple of n*® which minimizes the mean squares error
1£2(8) = FO? = [1£2(8) — B Fu(0)}|* + [E{fn(6)} — F(0)|? since the bias E{f,(6)} — f(6)

is of the order (m/n)? under suitable conditions on K and f.

CoroLLARY 2. Let s; =1+ log(j/m) for 1 < j <m and s; =0 for —m < j < 0. Assume
(34) for some q > 4 and

(logn)®> m

-l (39)
Then (36) holds.

Exampre 1. (Nonlinear time series) Let ex, k € Z, be iid random variables and define X,

recursively by
X, = R(X,_1,6n), n €Z, (40)

where R is a measurable function. Many popular nonlinear time series models, such as

threshold autoregressive models (TAR), bilinear autoregressive, autoregressive models with
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conditional heteroscedascity (ARCH) are of the form (40). Let

|R(z,e) = R, )|

L. = sup
atal |z — ']
Assume that
E(log L.,) < 0 and E[LZ + |R(o,€0)|%] < 00 (41)

for some o > 0 and xy. Then (40) has a stationary distribution [Diaconis and Freedman
(1999), Wu and Shao (2004)] and iterates of (40) give rise to (8). Additionally, Wu and
Woodroofe (2000) show that (41) implies that there exist 5 > 0 and r € (0,1) for which

1 X — X|lg = O(r™), where X = G(...,"1,€0,€1,---,En). (42)

The above property is called geometric-moment contraction in Hsing and Wu (2004). Fur-
thermore, if X; € L7 for some ¢ > 4, then (42) holds for all 5 € (0,q) [c¢f. Lemma 2
in Wu and Min (2005)]. It is easily seen that (42) implies ||X,, — X] || = O(r™). Hence
(34) holds. Recently, Shao and Wu (2005a) showed that GMC holds for various GARCH
models, including general asymmetric GARCH(r, s) and nonlinear GARCH(1, 1) models.
For the GMC property of EGARCH model, see Min (2004).

ExampLE 2. (Nonlinear transforms of linear processes) Let € be iid random variables with
g € L9 for some ¢ > 4; let ag,aq,... be a square summable real sequence and U; =

Z;io a;et—; be a linear process. Consider the process
Xt - |Ut| - E|Ut|

Let (&,)rez be an iid copy of (ex),ez. Then ||U| — |Uf|| < |at||eo — €p| and consequently
1 X — X{lq < U = [U{lllq < laellleo — €6llq- Under the simple sufficient condition

> jlag] < oo, (43)
7=0

since |leg|l, < 00, (34) holds. It is easily seen that, for any Lipschitz continuous function
G, (43) implies (34) for X; = G(U;) — E{G(U;)}. The classical central limit theorems
on spectral density estimates are not applicable here since they require strong mixing

conditions and summability conditions on joint cumulants. As pointed out in Andrews
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(1984), the process X; is not strong mixing if ¢ are iid with the distribution P(e, = 1) =
P(ey = —1) =1/2 and a; = 277, j € N. On the other hand, if G is a nonlinear function, it
seems very difficult to verify summability conditions on joint cumulants of X;, due to the
nonlinearity nature. The central limit theorem in Hannan (1970, Theorem 5.11) is only for
linear processes, and hence is not applicable to our X;. The argument in Hannan (1970)

does not work either since it heavily depends on the linearity structure.

APPENDIX

Proof of Theorem 2. Recall Section 3.2 for the definitions of x,,(s), Tm($), @m(s) and
wm(s). For simplicity we abbreviate them as y, 7, w and w, respectively. By Lemma 4,
condition (34) implies that the martingale M, (0, \) defined in (29) exists in £. Recall
Dy (0) = Yi(0) — E[Yi(6)|Fr-1]. Let

m

Ma(0) = D sill M8, ) — E{|M(8, 7)) }]. (44)

j=—m
Let R, (0,\) = S,(0+X) — M, (0, \). By (30) of Lemma 4, for —m < j < m, ||R,(0,\;)|| =
O(v/nm/n +1). Since m = o(n??) and Y70 |s;| < (2m + 1)Y/2x /2

j=—m

]E|An(9) - An(9)| < 2 Z |3j| X E“Mn(‘g’ )‘j)|2 - |Sn(9+ /\j)|2|

< 2 Z |55 (2118, AR, M)+ 1RO, 25)[1%)
= 2 IsOWVa(vrm/n+1) + (Vam/n + 1)

= O(m + /)iy = o(nx/?).

It then remains to show (36) with A(#) replaced by A, (0).
(i) Let # = 0. Then (44) becomes

A(0) =2 Y an(K —k)DyDy + 7Y (D} — ||Do|*) =: 2T, + 7y,

1<k<k'<n k=1

where

a,(l) = Z s;jcos(lA;).

j=—m

17



Note that PyD? = E(D?|Fy) — E(D?F,) = E[D? — (D,)?F). The second term 72, in
A, (0) is of order O(y/mx)/n = o(nx/?) since

n

> (Di = 1Dol?)

k=1

< VY _[[PoDill < v Y 1D} — (D)
k=0 k=0

IA

Vi " |IDy, = Dyllul| Dy, + Dyl (45)

= 0 SN Xk = XLyl = O(VA)

as a consequence of (34). We now shall apply Theorem 1 to T,, by verifying conditions
(12)-(15). By Lemma 5,

t—1 n
. . n

Ay = ar(t—j) < aZ(j) = Apyin = §(X + s)

j=1 Jj=1
and
2 . . 2 n’ 2 n o
o= A=) (n=Jlay(j) = - (x +s0) = 57"
2 j=1

So (12) follows since 72 = O(mx) and m = o(n*?). Note that for any I, a?(I) = O(my) =
o(n*3y), (13) easily follows. Since Y, ., a2(t — ') < Api1,, we have (14). It is slightly
more complicated to verify (15). To this end, for § € (0,1/4) let

Is={(k,t) eNXN:n<k<(1—=906n,dn<t<(l—=9)n,dn<k—t}

and ¢, (k,t) = 377, an(j — k)a,(j —t). By the Cauchy-Schwarz inequality, |c,(k,?)| <
Apjipn. Forl>1,let hy =377 cos(l\;), v > —m and h_p,—; = 0. Then sup,>_,, [hy| <
2/|1 — exp(v/—1I\1)| = O[1/sin(IA1/2)]. Using the Abelian summation technique,

j=-m

m

> silhj—hja)

j=—m

lan ()] =

< 0(n/l) [’SmH > lsj = sl | = Ofwn/l).

j=1-m

Hence |a,(l)] = O(w) uniformly over dn <1 < (1 —J)n. By (35),

SUPk rer [Cn (K, 1) < 1 max (1) max Z (s —
nx -onx 5’”Sl§(1_5)" sk o v
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as n — 00. Therefore,

n—1 k-1
1 1 1
lim su 2(k,t) < 1 — i —
msup c,(k,t) < lim sup > +lim sup >
" k=1 t=1 N ktelo—T5 "k tels
1
< limsup 4An+1 W (T —Ts) = 85 — 862,

which completes the proof of (15) since § > 0 can be made arbitrarily small.

(ii) Outline of the proof in the case 6 € (0,7). The proof for this case can be done in
an analogous way as in the case # = 0 and it does not involve additional methodological
difficulties. However, it does involve quite lengthy manipulations. Here we only provide
an outline of the arguments. Let Dy(0) = Y3 (0) — E[Y3(0)|Fr_1] = Ax + vV—1By, where
both (Ay) and (By) are real, stationary martingale difference sequences with Ay, By € L1.
Write

i s; exp[V—=11(0 + \;)] = an(1) + V—=1b,(1),

j=—m

where a,(l) and b,(l) are real numbers. The quantity A, () in (44) can be rewritten as

A(0) = 2 > R{lan(k' — k) + V=1bu(K — k)] Di(8) Die (6)} + 7

1<k<k'<n

1<k<k’<n

—|—[an(k’ k)Bk + by (K — k) Ag) By} + 7,
= 22 (Z1 (K — 1) Ap + Zop(K' — 1) Bi] + 7.

where Q, =7, |Dk(0)]? — n||Dr(0)]?,

Zyn(K = 1) = [an(k — k) Ay = bu(K' — k) By
and

Zom(K = 1) = [an(k' — k) By + by (K — k) Ay).

19



Similarly as (45), we have ||, || = O(y/n) and consequently ||78,|| = O(|7|/n) = o(nx'/?).
Since Zy (k' — 1)Ap + Zo (K — 1)By, 2 < k' < n, form martingale differences, we can

again apply the martingale central limit theorem. Following the proof of Theorem 1, it is

easily seen that the Lindeberg condition holds. It remains to verify the convergence of the

sum of conditional variance
1 n
— Z E{[Z1 (k' — 1) Ap + Zo (k' — 1) By )?| Frr_1}
n k/

nk/

+2Z1,n(k — 1) Za (K — 1)E(AgBo| F-1)} — || Do(0)||* in L.

By (ii) of Lemma 5,

n k'—1 n k'—

i 1
T}LI{EO;ZZai(k’—k)—landTLILIEOEZZbQ )= 1.
N =2 k=1 N =2 k=1
Therefore, since
K1
1Z1a (K = DIF =Y lan (K = k)| Aoll® + b (K — k)| Bo|”
k=1
—2a, (K — k)b, (K — k)E(AgBy)]
K1
1 Zon (K = DIF = lan(k = k)| Boll* + b (K = k)| Ao
k=1

+2an (K = k)bn (K — k)E(Ao Bo)]

E[Z1n(K = 1) Zon(K = 1)] = > {lap(K —k) = 0 (K' — k)]E(AoBo)

(K = B)ba (K = B)([[Aoll* = |1 Bo[12)},

and [ Do(0)|]* = [ AolI* + [| Bo|*, we have

—Z{HZM "= DIFINARIE + 1 Z2m (K = D] Be |

nk./

+2E[Zm(l« — 1) Zoy (K — D]E(Ap By)} — || Do(0)]*.

An analogue of Lemma 2 indicates that (46) follows from

—Z{Z K =Dl Aoll* + Z3,,(K = D) Bo®
nk/

20
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4221w (K — 1) Zo (K — 1)E(AgBy)} — || Do(0)||* in £

The above convergence is a consequence of (47) and a similar version of Lemma 3. &

LemMa 5. Let m be a positive integer with m < n/2 — 1; let s;,—m < j < m, be real

numbers, Tm(s) = Y00 85, @Wm(s) = 2200 Isi| and xm(s) = D70 s, (i) Assume
that s; =0 for —m < j < —1. Forl € Z let

an(l) = i 5 cos(Ly) (48)
Then o

>0 = Sl + (49
and _

S 102() = fenls) 51+ 37200 (50

(11) For a fized 8 € (0,m) and l € Z let

m m

an(l) = Y sjcos[l(A;+0)] and by(1) = > s;sin[l(A; +0)]. (51)

j=—m j=—m
Assume that m = o(n). Then
n 2 n 2
hm 2121 an(l> — hm Zl=1 bn(l) — 1 (52)
n—00 MY () n—o0 N (8) 2
and

o Sl ST )

1
= — 93
n—00 M2\ (8) n—oo nZxm(S) 4 (53)

Proof. (i) For —m < j,j" < m let

pn(g,7) = Zcos(l/\j) cos(I\;) and v, (7, j') Zlcos I\j) cos(IAy).
=1 =1

Since \; = jA;, basic trigonometric manipulations imply that p,(j, ;') = nif j = j' = 0;
(g J) = 0if § # 35 wn(G, ') = n/2if j = j' # 0; va(4,5') = n(n+1)/2if j = j' = 0;
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vn(j, 7)) =n/2if j # j and v,(j,7") = n(n+2)/4 if j = 5/ # 0. Using these trigonometric
identities, (49) and (50) easily follow. (ii) We only prove (52) since (53) can be proved in
a similar way. As in (i), let

n

(G 7:6) =3 cosli(h; + 0)] cosli(Ay + 6)]

~

Z{cos[l()\j+j/ +20)] + cos(I\;—j) }.

DN | —

Let 8 € (0,27). Then

Zcos(lﬁ)‘ < ZGXP(V _”5)‘
I=1 I=1
1

2
S T ep(/=19)] ~ [sm(B2)] (54

If j = j', since for sufficiently large n, /2 < X\; + 6 < 6 + (7 — 6)/2 uniformly over
j=—m,...,m, (54) implies that u,(j,j;0) = n/2+ O(1). On the other hand, if j # j',
we similarly have p,(j,7’;6) = O(1) uniformly over j and j'. Therefore,

Zai(l) - Z Sjsj’,un(jajl;e)
=1
— Zs,unjj, )+ 0(1 Z‘SJSJ’

j=-—m J#y
= Sxn(s)+ 3 O() + Ol (s)
= Sm(®)[1+o(1)
since @2, (s) < (2m + 1)xm(8) = o[nxm(s)]. o
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