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Abstract

We consider asymptotic behavior of partial sums and sample covariances for linear
processes whose innovations are dependent. Central limit theorems and invariance principles
are established under fairly mild conditions. Our results go beyond earlier ones by allowing a
quite wide class of innovations which includes many important nonlinear time series models.
Applications to linear processes with GARCH innovations and other nonlinear time series
models are discussed.
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1. Introduction

Let {&},c7 be independent and identically distributed (i.i.d.) random elements and
F be a measurable function such that

a=F(..,e_1,&) (1)

is a well-defined random variable. Then {a,},7 is a stationary and ergodic process.
Assume throughout the paper that @, has mean 0, finite variance and that {i;};5,
is a sequence of real numbers such that 227:0 Y E(aoai—j)| <oo. Then the
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linear process

o0

X = Z l//iarﬂ' (2)

i=0

exists almost surely and E(X ,2)<oo. Our goal is to obtain a limit theory for the
partial sum process S, = > i, X; and the sample covariances §, = > /_; X, X ,1/n,
h>=0. We will establish an invariance principle for the former and a central limit
theorem (CLT) for j,. Such results are needed in the related statistical inference.

In the classical time series analysis, the innovations «, in the linear process X, are
often assumed to be i.i.d.; see for example [7,9]. In this case asymptotic properties of
the partial sums have been extensively studied. It would be hard to compile a
complete list. We only mention some representatives: Davydov [14], Gorodetskii
[19], Hall and Heyde [20], Phillips and Solo [42], Yokoyama [52] and Hosking [29].
See references therein for further background. There are basically two types of
results. If the coefficients /, are absolutely summable, then the covariances of X, are
summable and we say that X, is short-range dependent (SRD). Under SRD, the
normalizing constant for the sum > %, X; is y/n, which is of the same order as that in
the classical CLT for i.i.d. observations. We generically say that {X} is long-range
dependent (LRD) if its covariances are not absolutely summable. A particularly
interesting example is that y, = é’(k)/kﬁ, k=1, where %<[3<1 and ¢ is a slowly
varying function, namely lim,_  €(An)/¢(n) =1 for all 2>0 (cf. [17, p. 275]).
Fractional autoregressive integrated moving average model (FARIMA, [28]) is an
important class for LRD processes. Asymptotic normality for sample covariances
has also been widely discussed; see for example, [7,9,18,20,22,29,42].

The asymptotic problem of partial sums and sample covariances becomes more
difficult if dependence among «, is allowed. Recently, FARIMA processes with
GARCH innovations have been proposed to model econometric time series. The
former feature allows LRD and the latter one allows that the conditional variance
can change over time, namely heteroscedasticity. Financial time series often exhibit
these two features. Hence, FARIMA models with GARCH innovations provide a
natural vehicle for modelling processes with both features; see [2,25,32,34].

Romano and Thombs [43] point out that the traditional large sample inference on
autocorrelations under the assumption of i.i.d. innovations is misleading if the
underlying {a,;} are actually dependent. Results so far obtained in this direction
require that g, are m-dependent [16] or martingale differences [24]. Recently, Wang et
al. [45] considered invariance principles for i.i.d. or martingale differences a,.
However, it seems that the proof in the latter paper is not rigorous; see Remark 3.
Chung [13] and He [26] considered linear processes with martingale difference
innovations having constant conditional variance [cf. (16)], which is a quite
restrictive assumption that excludes the widely used ARCH models.

The paper has two goals. The first goal is to obtain asymptotic distributions of S,
and $,, while the second one is to introduce another type of dependence structure
which is useful for asymptotic problems in econometrics time series analysis. With
our dependence structure, martingales can be constructed to approximate the
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original sequences so that martingale theory can be applied; see [51]. The proposed
dependence structure only involves the computation of conditional moments and it
is easily verifiable. This feature is quite different from strong mixing conditions
which might be too restrictive and hard to be verified. Our results go beyond earlier
ones by allowing a large class of nonlinear processes, which substantially relaxes the
ii.d. or martingale differences assumptions. In particular, our conditions are
satisfied if {a,} are GARCH, random coefficient AR, bilinear AR and threshold AR
models etc under suitable conditions on model parameters. Recently, Wu and
Mielniczuk [49], Hsing and Wu [30] and Wu [47,48] apply the idea of martingale
approximations to some asymptotic problems.

The paper is organized as follows. Main results are presented in Section 2 and
proved in Section 4. Applications to some nonlinear processes are given in Section 3.

2. Results

We first introduce some notation. Let { X} be the linear process defined by (2) and
recall E(a,) = 0; let #, = (...,&_1,¢) be the shift process. For a random variable &
write ¢ € £ (p>0) if ||§||,,:=[E(|£|”)]1/P<oo and || - || = || - |l,. Define the projections
P, oy P =EE|\F,)—ECEF ), e %' For two sequences of real numbers {c,}
and {d,}, we write ¢, ~ d,, if lim, . ¢,/d, = 1. For n>0 let 4, =3 7, ¥, =
YoV By =05 W7 and

oo
oy =3 (Wupi— V), where ¥, =0 if k<0. (3)
I=—n

A weak dependence condition based on #, is introduced in Section 2.1. Section 2.2
presents invariance principles of the partial sum Sj, = Zf.;l X;. In particular, it deals
with the asymptotic behavior of the random function W,(7),0<t<1, which is
continuous and piece-wise linear such that W, () = Si/||Sqll att = k/n, k= 0,...,n,
and W, (1) = S/IISull + (nt — k)X 11/ 1| Sull when k/n<t<(k + 1)/n. A central limit

theorem for sample covariances n='Y ) X, X4, is given in Section 2.3.

2.1. %P weak dependence

The ¥? weak dependence condition is given in Definition 1. Unlike strong mixing
conditions, it only involves conditional moments. In Section 3, we argue that many
nonlinear time series models satisfy this condition. It provides a natural vehicle for
the central limit theory for stationary processes; see [21,46].

Definition 1. The process Y, = g(%,,), where g is a measurable function, is said to be
PP weakly dependent with order r (p=1 and r=0) if E(]Y,|P)<oo and

o0

> W21 Y, <oo. )

n=1

If (4) holds with » = 0, then Y, is said to be ¥ weakly dependent.
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The intuition of ¥ weak dependence is that the projection of the “future” Y, to
the space M1 © .Hy={Z<c L. Zis & measurable and E(Z|#() =0} has a
small magnitude, namely the future depends weakly on the current states. If Y,
are martingale differences, then (4) is automatically satisfied if Y, € #”. Verification
of (4) for nonlinear time series is discussed in Lemma 2 and Proposition 2. Hannan
[21, p. 159] discussed the special case r=0 and p =2 which implies that
n 123" Y — E(Y1)] = N(0,0%) for some o¢°<oo. Condition (4) together with
the causality structure of {a,} and the linearity structure of {X,} provide a natural
vehicle for the central limit theory.

Lemma 1. Assume that {a,} defined by (1) is £* weakly dependent and
> il <oo. (5
i=0

Then Y52, | 21X, | <00 and 31, X, //n = N(O, |E|1%), where & = >0, 21X,
Proof of Lemma 1. Since 2,a; = 0 for k<0, by (5),

o0 o0 oo o0 oo
STI2XAN<D D WillZwacil =Y Wil Y I121aill < oo.
t=1 t=1 i=0 i=0

t=i+1

By Theorem 1(i) in Hannan [21], the lemma follows. [
2.2. Invariance principles

Invariance principle is a useful tool in statistical inference of econometric time
series such as unit root testing problems, and it enables one to obtain limiting
distributions for many statistics. It has a substantial history. The celebrated
Donsker’s theorem asserts invariance principles for i.i.d. sequence of X,. For
dependent sequences, see the survey by Bradley [8] and Peligrad [41] for strong
mixing processes, McLeish [37,38] for mixingales. Other contributions are given in
Billingsley [3] and Hall and Heyde ([20, abbreviated as HH hereafter]). In the
classical theory of invariance principles for linear processes, it is often assumed that
innovations {a,} are i.i.d. or martingale differences; see also the works of Davydov
[14], Gorodetskii [19], HH [20, pp. 146] and Wang, Lin and Gulati ([45, abbreviated
as WLG hereafter]) among others. Here our goal is to establish invariance principles
for linear processes with innovations being weakly dependent in the sense of (4).

Let %[0, 1] be the collection of continuous functions on [0, 1]. For f, g € 4]0, 1]
define the distance p(f,g) = supy<,<1 [f(¥) — g(9)|. Billingsley [3] provided a
convergence theory on %[0, 1]. Recall ¥, =", for =0, ¥, = 0 for n<0 and
B,% = 27;01 'P,Z Theorems 1 and 2 show two quite different asymptotic behaviors of
the normalized processes W,. Denote by W the standard Brownian motion and
WH = {(WH(t): t=0} the fractional Brownian motion (fBm) with Hurst index H €
(0,1), which is a Gaussian process with zero mean and covariance function
E[WH@oyw ()] = (1127 + |s]* — |t — 51*7), 5,1>0. See [36] for more details.
Theorem 1 shows that, under (6), W, = W in (%[0,1],p) with the norming
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sequence ||S,||having the form ¢*(n)s/n for some slowly varying function £*(n). In
Theorem 2 we assume that the coefficients have the form v, = €£(n)/n® for n>1,
where 1 3<B<1and {is a slowly varying function. Then (6) is violated, the norming
sequence ||S, | ~ csn¥>~P(n) and W, = W*, which no longer have independent
increments, while Brownian motions do have.

Theorem 1. Assume that {a,} is L* (o> 2) weakly dependent with order 1,
o0
D (Wi — i) = o(BY) (6)
i=0

and B, — oo. Then €*(n)=|S,||/</n is slowly varying, B,//n ~ €*(n) ~ |31, Ly, |/n
and W, = W in (€]0, 1], p).

Theorem 2. Let , = {(n)/n® for n>1, where L<p<1. Assume that a, is 4
weakly dependent with order 1. Then W, = Wﬁ in (¥[0,1],p) with Hurst index
H:——ﬁ and ||S, || ~n3/2 ﬁf(n)cﬁH Yoo Piagll, where cg = {f [x'# — max(x —
1,0) PP dx} 2/ (1 —

Remark 1. In the case that {@,} is a stationary sequence of martingale differences
with respect to the filter #,, Wu and Woodroofe [51] show that (6) with B, — ocoisa
necessary and sufficient condition for the conditional central limit theorem

E{A[®, P(S, < - |70} = 0,

where @ is the standard normal distribution function, S; = S,/|IS,|l and 4 is the
Levy distance between two distribution functions (see Example 1 therein).

Remark 2. The moment condition a, € #* with &> 2 cannot be weakened to a, € #>.
The following example is constructed based on Example 3 in [51]. Let a;, be i.i.d.
symmetric innovations with P(a,>y) ~ y~2(log y)™>/* as y — oo and E(a?) = 1; let
po=¢, =0, ¢p,=1/log2 and ¢, = l/logk— I/log(k—1), k=3; let X, =
SomoWia—; and X, =a,—a;-1 + X5 let S) = Z, X}, and W, be W, withX,
replaced by X; let T, = 4/n/log n. Elementary calculatlons show that (6)
holds, ||S,ll ~ t, and |S, — S,| = O(1). W, and W, cannot both converge to W.
If so, then maxy<,|Sk| = Op(t,) and maxx<,|S;| = Op(z,). Hence maxy<, |ax —
ao| <maxi<, (|Sk| + |S;) = Op(z,,), which contradicts the fact that maxy <, lax|/t, —
oo in probability.

Remark 3. WLG attempted to generalize previous results on invariance principle
and wanted to establish {Sk, /0., 0<t<1} = W in 2[0, 1], where ¢, in X, are i.i.d.
with E(a?) = 1, Z[0, 1] is the collection of right continuous functions with left limits
on [0,1] and k,(¢) = sup{m<n : B2, <tB2} (cf. Theorem 2.1 in [45]). It seems that
their derivation has a gap. Their key step is to apply their distributional equality (36),
namely

k(1) kn(t)
{Zak'ffk,m o 0<z<1} {Zam L 0<z<1} ()

k=1 k=1
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to establish the invariance principle
{Sk t)/Bm O<t<l}:> w (8)

via {B; 'S0 @ Wi 1, 0<t<1} = W. It turns out that their claim (7) holds only for
a single t and it fails to be valid jointly for 0<t<1. To see this, choose #; and #; such
that k,(¢;) = 1 and k,(¢;) = 2. Then (7) fails since the random vectors (a1, a1(, +
V) +apy) and (ayg, anyy + ax(fy + 1)) generally have different distributions
(even though the marginal distributions are the same). The invariance principle
certainly requires the joint behavior over 0<¢<1.

Remark 4. It would be interesting to compare our result with previous ones
including HH and WLG even though the argument in the latter paper is not
rigorous.

Our Theorem 1 differs from HH (p. 146) and WLG in several important aspects.
Firstly, we allow a fairly general class of @, which includes many nonlinear time
series models. If a,, are i.i.d. or martingale differences, then a, are automatically #*
weakly dependent if @y € #*. Our moment condition is slightly stronger since o> 2 is
required (cf. Remark 2). HH and WLG assumed that a, are i.i.d. or martingale
differences with E(a2) < oo.

Secondly, WLG imposed the following condition on

1 n
3 1n<1ja<xn ¥l — 0 and Z A}/z = o(B,), )
n -

which is stronger than (6). To see this, let {a,} be 211d with ||la,|| = 1. Then
IESa | FI> =Y (Wi — ¥i)? and || EQX;|F0)| = 4], j>0. Since [ E(S| 7o)l <
Zj EXG1F o), (9) implies (6). HH showed that the invariance principle holds
if either

o0
> 4 <o0 (10)
j=1

or

o0 o0 2
> <Z w,) <00. (11)

n=1

See Theorem 5.5, Corollary 5.4 and conditions (5.38) and (5.37) in HH. WLG’s (9)
weakens (10). However (11) cannot be derived from (9). For example, let ¥, =
(=1)"'n=23, n>1 and 1//0 = 1. Then |72, ¥l = Cf(n_z/%) and (11) holds, while (9)
fails since 4, =Yy, s ~ 30~ and Y 4; 2 < 1.24/305/°. Interestingly, (11)
does imply our condition (6) since ¥, ; — '1’ Yo W — Yo i 1an - Thus (6)
unifies (9)—(11).

Thirdly, WLG posed the open problem whether B, can be replaced by a,.
Theorem 1 provides an affirmative answer. Let {a,} be i.i.d. with ||a,|| = 1. Since
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E(S,|%) and S, — E(S,|%) are orthogonal, by (6),
o0
o2 = |ESuZ 0> + 1Sy — ESZ)IP = > (Puri — P + B2 ~ B2

As a step further, our Theorem 1 asserts that g, necessarlly has the form ¢*(n)/n and
reveals the inner relations B, //n ~ £*(n) ~ |Y1=) ¥il/n.

Finally, the form of our result W, = Wisa typlcal one for invariance principles.
It is slightly different from the one in WLG’s (8), which involves the function k,(-)
that is difficult to deal with. Our form seems more convenient for application and it
actually implies the latter. To see this, we apply the strong approximation technique.
Since W, = W in the metric space (%[0, 1], p), there exists a probablhty Space on
which we can define processes W, and W such that W,1 =W, WZW and
p(Wn, W)— 0 almost surely (cf. [31, p. 79]). So SUPg< /<1 |\ W, [n 'k, ()] —
Wnk,(1)]] = 0 almost surely. Let 7 € (0,1). For every 0<o< min(z, 1 — ¢), since
B2 /n is slowly varying in n, we have BLn(r+5)J > B >BU” 5, for sufficiently large n,
where | z]| denotes the integer part of z. Note that k,l(t) <m if and only if 32 > ZB2 So
[n~k,(t) — t] <9, which implies lim,,_, o, n~'k,(f) = ¢ since  can be arbltrarlly small.
Since k,(-) is nondecreasing, it is easily seen that the uniform convergence
SUpg<,<1 In” Y%, () —t] = 0 holds and consequently SUPo</<1 |W[n e (0] —
W(#)] — 0 in probability since W has a version with continuous path. Therefore
SUPp< /<1 W, [n 'k, ()] — W(t)| — 0 in probability and the invariance principle of
WLG follows.

Remark 5. Hannan [23] considered invariance principles for Y ;_, 0,,;a;, where 0, is
a sequence of sets of constants and {a;} is #? weakly dependent; see condition (9)
therein. Let 7; = 3V_, a; and W,(¢) = Tr,»/IITull, 0<t<1, where k(1) = sup{]
Tt T} If 0,; = 1, Hannan’s theorem (p. 284) asserts W, = W in D[0,1]. I
our setting we consider linear processes of the form (2) with @, as innovations. The
linear processes are not necessarily %> weakly dependent even though a, are. They
can actually be long-range dependent, which may lead to fBm as limits. Hannan’s
result does not imply Theorem 1 either: X, satisfying conditions of Theorem 1 may
not be #? weakly dependent.

Example 1. Let , = €(k)/k,k>1, where ¢ is a slowly varying function such that
> Wl = oo By Lemma 4, ¥, is slowly varying, |, ~ > i _o Wl, 0 ~ n‘l’2 and
lim,_ o a; j:n (¥, — ¥;- .)° = 0. Hence (6) is satisfied.

2.3. Sample covariances

For a fixed integer #>0 let the column random vector X,; = (X,_h,...,X,)T,
where T stands for transpose and I'(h) = E(XoX ;) = (9(0), ..., y(h)).

Theorem 3. Assume that {a,} is L* weakly dependent,

> Wil A <oo (12)
i=0
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and
> 121 (@ia))| < oo. (13)
i,j=0
Then
1 n
—= Y XX ons — ()] = N(O, Zp), (14)
Vi

where Xy = E(&4&)) and &y = Y200 21X X ipnn) € L7
Proposition 1. A4 sufficient condition for (12) is

> i< (s)
t=1

Proof of Proposition 1. By Schwarz’s inequality, the proposition follows from

o0 2 o0 o0
[Z W VA | < [Z \/;lp,z‘| Z At+ltl/2]
=1 =1 =1
oo i—1
lplgt—l/2‘|
- Z

t=1

1

grﬁﬁl
=1

in view of Y1 r1/2<2ifor iz2. O

Example 2. In Section 3.1, we will show that (13) holds for GARCH models. Note
that (12) and (15) allow some nonsummable sequences ,, for example, ¥, =
k=Pe(k), where ¢ is slowly varying and %< p<1. Consider the FARIMA(0,d,0)
model (1 —B)dX,, = a,, where B is the back-shift operator (BX, = X,_;) and
—l<d<l. Then X, =(1-B)“a, =Y Van; and ¥, = I'G+d)/[T(HI(d)]~
j471/Ir(d) as j — oo. If 1/4>d>0, then (15) holds. Asymptotic distribution for
sample correlations can be easily obtained from Theorem 3.

Remark 6. Theorem 6.7 in HH (p. 188) asserts asymptotic normality of sample
correlations under the condition (15) for martingale differences a, for which

[E(a?|.?f (~1) = a positive constant. (16)

In the literature the above condition is widely used; see, for example, [13,22,26].
However, (16) appears too restrictive and it excludes many important models.

Among them the most interesting case is the ARCH model. To see this, let a;, =

81\/9% + Ogaf_l be the ARCH(1) model, where {¢},.7 are i.i.d. with mean 0 and

variance 1 and 0, and 0, are parameters. Then E(a?|#, ) = 07 + 03a>_,, which
cannot be almost surely constant unless 6, = 0. Thus, limit theorems by He [26],
Chung [13] and HH cannot be directly applied to linear processes with ARCH
innovations. Our results avoid this limitation.
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On the other hand, since we are dealing with stationary causal processes, the filter
(7 1);c7 1s naturally chosen to be sigma algebras generated by the vectors (g, &-—1, . . .).
Such a structural assumption is not imposed in [13,20,26].

Remark 7. If a, are martingale differences, then the #” weak dependence condition
trivially holds if a, € #”. Since #1a,a; = 0 for i>j>1, condition (13) is reduced to

o0
> 12iafl<oo.
i=1

On the other hand, if (16) holds, then for i>2, E(a?|7 ) = E[E(a}|F;_1)| 7 1] is
almost surely a constant and hence 2a? = 0 almost surely.

3. Applications

To apply Theorems 1-3, an important issue is to verify #? weak dependence
conditions. Proposition 2 below provides easily verifiable and mild conditions for a
huge class of time series models that (1) represents. An important special class of (1)
is the so-called iterated random functions. Let G(-,-) be a bivariate measurable
function with Lipschitz constant L, = sup, .. |G(x,¢) — G(x',¢)|/|x — x| and Z,, be
defined recursively by

Zy = G(Zy—1,¢n). 17)
Diaconis and Freedman [15] show that {Z,} has a unique stationary distribution if
E(log L,)<0,E(LY)<oo and E[|zo — G(zo,¢)|"] <00 (18)
hold for some o >0 and z.
Example 3. Threshold autoregressive models (TAR, Tong [44]). Let the TAR(1)

a, = ¢ max(ap—1,0) + ¢, max(—a,—1,0) +¢,. Then (18) is satisfied if L, =
max(|¢,], |¢,) <1 and E(]ey|*) <oo for some o> 0.

Example 4. Bilinear models [39]. Let a, = (o) + f,&,)au—1 + €1, Where o; and 8, are
real parameters and E(]gy|*)<oo for some o>0. Then the Lipschitz constant L, =
loy + B¢l and (18) holds if E(LY)< 1.

Example 5. Random coefficient autoregressive models (RCA, [40]). Let a, = (¢, +
W,)an—1 + &, where 5, are i.i.d., then the Lipschitz constant L, = |¢, + n,| and (18)
holds if E(LY)<1.

Lemma 2. (i) Assume (18). Let a, = F(...,&_|,&,¢1,...,8&,), where {&},c7 is an i.i.d.
copy of {&},cz. Then there exists C,a>0 and p € (0, 1) such that for all n=0,
E(la, —a,|") < Cp". (19)

1) Assume that (19) holds for some 0.>0. Let a, € ¥4, g>0. Then for every o €
q Y
((), q), there exist C,>0 and P, € ((), l) such that (19) holds.
o
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Proof of Lemma 2. (i) follows from Lemma 3 in [50]. (ii) Let 4, = p"/® and
0<p<gq. By (19), P(la, — a,| > /,) < CA,. By Holder’s inequality,

Ellay, — a ' (N,—a 157, + Viay—ay <21 < 1@y — a;||Z[E(1\ara,’,\>An)]l_p/q + 4.

Hence E(|a, — a,|”) = O 7#/9 4 jP) since a, € #7. O

We say that {a,} is geometrically moment contracting (GMC) if (19) holds. Besides
(17), it also holds for GARCH models; see Section 3.1. The GMC property implies
that the process {a,} forgets the past & exponentially fast in terms of the Euclidean
distance between a, and its coupled version a),. It is easily verifiable since it is directly
related to the data generating mechanism of the process {a,}. Recently, Hsing and
Wu [30] obtained an asymptotic theory for U-statistics of processes satisfying (19). It
turns out that (19) implies #” weak dependence, and moreover, || 21ay||, decays to 0
exponentially fast.

Proposition 2. (i) If (19) holds with some o> 1, then ||E(a,| %), = O(p") and hence
|21a,)l,, = O(p") for some p € (0,1). (ii) Assume that a, € £* and (19) holds with
o = 4. Then there exist C>0 and p € (0, 1) such that for all t, k=0,

121 (@@l < o' (20)
Hence {a,} satisfies (13).

Proof of Proposition 2. In the proof let C>0 and p € (0, 1) denote constants may
vary from line-to-line. (i) Since E(a,|Z¢) =0, |E(a,|Fo)l, = |E(a, — a,|F)
||oc< lan — a;,”a- So ||E(an|371) - E(an|970)”x< ”E(an71|f0)”o< + ||E(an|3j0)”oc implies
121aull, < Cp".

(ii) Let ¢,k>0. Observe that y, = E(aa;x) = E(a,d, ;| F o),

IE(@arklF o) — vicll = 1 E(ararsr — a;a;+k)|,970|| < ek — a;a;+k||
<llaacek — di)ll + @ — day |l
<lladlsllai — apyplls + llac — agllallay, ;lls
<Cpt+k + Cpt<Cpt,
which, combined with a similar inequality |E(aa k|7 1)— 7l <Cp’, yields

|21aa,|| < Cp' via the triangle inequality. On the other hand, by Cauchy’s
inequality,

lECaarik| F o)l = | ECE(aari| F ) F )l < | E(aak| F )l
7 — T k
= | E(aoar| Z o)l = | E(ao(ar — @)l Fo)ll < llagllsllax — ajlls < Cp"™.

Similarly || E(@a,x|71)|<Cp*. Thus | 21aa,14]| <Cp* and  consequently
|2 1a:a,.1 ]| < C min(p*, p )< Cp*k+0/2. O
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3.1. GARCH models

Let ¢, t € Z, be i.i.d. random variables with mean 0 and variance 1; let
a; = /e and hy = ag +onal |+ -+ ogad By o+ B, (21)

be the generalized autoregressive conditional heteroscedastic model GARCH(p, ¢),
where a9 >0, ¢; >0 for 1<j<g and ;>0 for 1<i<p. Then {a,} is stationary if

p

S+ pi<l, (2)
=

i=1

See [5]. Notice that a, form martingale differences. Hence 21a, = 0 for t =2, #1a; =
a; and (4) holds for any r>0 if a; € ¥”. The existence of moments for GARCH
models has been widely studied; see [11,27,33,35] and references therein.

Let Y, =(af,...,affq bl )t b= (22,0, .., 0,00,0,...,0)"  and
0= (u,...,0pB,...,8,) ; let e; =(0,...,0, 1,0,...,0)! be the unit column vector
with ith element being 1, 1 <i<p + ¢. It is well known that GARCH models admits
the following representation [6]:

Y, =M,Y,_ +b, where M, = (68,2,81, s, 0, egq,. ..,e,,+q_1)T. (23)

For a square matrix M let p(M) be its largest eigenvalue of (MTM)I/Q. Let ® be

the usual Kronecker product; let |Y| be the Euclidean length of the vector Y.
Assume E(ef)<oo. Ling (1999) shows that if p[E(M?z)]<1, then {a,} has a
stationary distribution and E(a')<oco. Ling and McAleer [35] argue that
the condition p[E(M‘?z)]<1 is also necessary for the finiteness of the fourth
moment. Our Proposition 3 asserts that the same condition actually implies (19)
as well.

Proposition 3. For the GARCH model (21), assume that ¢, are i.i.d. with mean 0 and
variance 1, E(e})<oo and p[E(M‘?z)]< 1. Then E(|a, — aj1|4)< Cp" for some C<oo
and p € (0,1). Therefore (19), and consequently (20) hold.

Proof of Proposition 3. Let Y} ,independent of {¢,, ¢ € Z}, be an i.i.d. copy of Y, and
define recursively Y, = M,Y, |+ b, t=1;let Y; =Y, —Y,. Then Y, =M,Y,_,.
Note that M, are i.i.d. (p + ¢q) x (p + ¢) matrices. Using (4B) @ (CD) = (4 ® C)(B®
D), we have
* Q2 * *
Vi€ = MOyl = = MO MPYRR

Hence E(Y*®%) = [E(M®)]"E(Y;®?) and (19) easily follows since p[E(M®?)]<1. O

Under the conditions of Proposition 3, it is clear that Proposition 2 and hence
Theorem 3 are applicable since | Za;a; and ||Zya;|| decays to zero exponentially
fast. To derive asymptotic distributions related to stationary processes, traditional
approaches normally require strong mixing conditions. However, it is difficult to
show that GARCH processes are strong mixing; see [10] for an recent attempt. If ¢,
has a discrete distribution, then the results in the latter paper are not applicable and
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it is unclear whether {a,} is strong mixing. Andrews [1] showed that AR processes

with Bernoulli innovations are not strong mixing. Our approach, however, provides
a framework that completely avoids strong mixing conditions.

4. Proofs

In this section, we shall prove Theorems 1-3. Recall 4, =32 2, ¥, =31 ¥,
and B2 = "/ ‘I’2 and (3) for o2

Lemma 3. Let {D;, i € N} be a martingale difference sequence and D; € ¥* for some
p=2. Then |32, Dill, < Cp [ 1D:21Y2, where C, = 18932 /(p — 1)'72.

Proof of Lemma 3. It is a straightforward consequence of Burkholder’s inequality
(cf. Theorem 11.2.1 in [12]) and Minkowski’s inequality

o p o p/2 00 r/2?
Y Di|| <CE (Z Df) <D 1DV,
i=1 » i=l

i=1
since || - [|,» becomes a norm when p/2>1. [

(i) of Lemma 4 is also used in [45]. For the sake of completeness, we provide
a proof here. (ii) is well-known and it is an easy consequence of Karamata’s
theorem [17].

Lemma 4. Let £ be a slowly varying function. (i) Let W, = €(k)/k, k>1 and assume
that Y72, Wil = oo. Then ), is slowly varying, {(n)/ ¥, — 0, |¥, | —o lWil, o2 ~
n¥,, and im0 6,252, (V) — ¥, )7 = 0. (ii) Let = Lk) /K k=1 and l</3<1
Then v, ~n" ﬂl’(n)/(l — [f) and o, ~ w3/*~Pl(n)cg, where cg is given in Theorem 2.

Proof of Lemma 4. (i) Since ¢ is slowly varying, there exists Ny € N such that either
£(n)>0 for all n= N, or £{(n) <0 for all n= N,. Without loss of generality we assume
the former. So Y 77, Y| = oo implies [¥,| ~ >_}_, Y| Forany 0<d<1and G>1,
¥y
0< lim sup — — 1< lim sup Zm]; ‘15" Wil
n— 00 on n—»00 Zk:&n/G'lrbk'

DI s 1/k_log 07"
O3 g 1/k - log O
which approaches 0 as G — oo. Thus by definition ¥, is a slowly varying function.

The same argument also implies lim,,_, o, €(n)/¥, = 0.
By Karamata’s theorem, a,%;z]'-:ol %2 ~ n¥2. For any fixed 6>0,

1 [}
lim sup — Z (¥; — ¥j_,)" = lim sup e Z @(fllﬁ,‘)2 =0

n—oo N ilj (I+om n— 00 n j=(1+o)n
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since £(n)/ ¥, — 0 and both £(n) and ¥, are slowly varying. Thus

(1+0)n
lim sup Z(?’ Y 2 = lim sup Z (¥; - &1’_/_,,)2
n—0o0o n ] —n n— o0 }’l / —n

(1+0)n
<limsup —s >~ 2(¥] + ¥} ) <49,

n—oo NI, i=n

which completes the proof of (i) since 6 >0 is arbitrarily chosen. O

Lemma 5. Let y>0 and {(n) be a slowly varying function. Then
lim max (k/n)'|C(k)/€(n) — 1] = 0. (24)
n—o00 1<k<n

In particular, lim,_, oo max; <x <, (k/n) €(k)/t(n) = 1.

Proof of Lemma 5. Let £(m) have the representation £(m) = c,, o n/udu [4] with
¢m — ¢>0. Choose Ky € N be sufficiently large such that i~7/* <€(z)<z’/4 holds for
all i=K,. Then

lim sup mkax (k/n)\E(k)/t(m) — 1] = 0, (295
(k) T e
li —) |=—==1|=1i WAp/4 = 2
s () iy 1= mmswe () =0 o
and for any J € (0, 1),
L(k) L(k)
— _— < _— =
im swp s, () [y~ 1| <1im o s 7251 =o. @

For sufficiently large n, we have max j;<,<s,n(1)<y/2, and consequently by
(25)-(27),

lim sup max (k/n) [(k)/t(n) — 1| < llm sup fm/ilx (k/n)'|t(k)/t(n) — 1]
<" +lim sup max (k/n)’ ck/c,,ef )/ du

n—o00 n<k<on

<& +limsup max (k/nyem e [ ndn iy i/,

n—oo J/n<k<on

Thus the lemma follows since ¢ is arbitrarily chosen. [

Lemma 6. Let y;, = {’(k)/kﬁ,k> 1, where %<[)’<1 and € is a slowly varying function;
let {n,,keZ) be a stationary and ergodic process with mean 0 and A4, =
0,320 (W — Win)ny. Then lim,, o E|4,] = 0.
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Proof of Lemma 6. Let T, = ZZ;(I) n, and O = sup,>; E|T,|/n. By the ergodic
theorem, 0y | 0. For any fixed M >1 write

n—1 (1+M)n 00

Z Z Z %('P lIlj 71) 7]/ nl+-QnM+—an (28)
=0 p

Jj=n j=(1+M)n+1

In the sequel we will show that lim,_, E|4,,| = 0 and hm,,_>OO E|Q, | = 0. Using
the Abelian summation technique, 4, = o, 2¥2_, T, + Sl oW — )T So

LIWF — ¥ LEIT)|

E
lim sup E|4,1|< lim sup M+ lim sup Z
g2

o2
n—00 n—00 n n—o00 iz n

(29)

Since E|T,| = o(n) and, by Lemma 4, nY’ifl = ((d?), the first term in the preceding
display vanishes. For the second one, let K>1 be a fixed integer. Then

LIWE — W LEIT)| %7 — w7 |
lim sup E|4,,|< lim sup E J2 ! + 0k lim sup E ]71 .
n—o00 n—oo T g, Iy O'n
(30)

Observe that as j — oo, |¥7 — ¥} || = [Y;|12%)-1 + ;| ~ 2/~ £3())/(1 — B). Hence

o2 A a2 - a2 = o) (31

"z-':jwf VLl S PPeG) o e m)
Jj=1 Jj=1 n n

by Karamata’s theorem. By (30), lim,_ £]4,1| = 0 since K is arbitrarily chosen
and limg_, o dx =0. The claim lim, . E|€,3]| =0 can be similarly proved.
Actually, by the same arguments in (29) and (30), it suffices to show the analogy
of (31):

- Zﬂ(m L= W) = (W — P91 = O(1). (32)
ﬂ j
Simple algebra shows that, for 1 <j<nM,
(Prijot — Pio1)’ — (P — )| L2 = Vil 1 Wnrj1 — Wit + Wy — ‘//j|2
= Wy — W10 e + 1, — w2 (33)
Note that Z 1 1W;] = O[n'Pe(n)]. So the left-hand side of (32) is bounded by

it — Pio) — (g — P5)°)

nM
Z W0 = Y1001 ()] = O(1).

Let M >1. Since ¢ is slowly varying, there exists a constant ¢, >0 such that for all
sufficiently large n, |¥; — ¥;_,|<c.njPL(j) holds for all j=j, = (1+ Mn+ 1.
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Therefore by (28) and Karamata’s theorem,

lim sup E|4,|< lim sup E|4,,|+ lim sup E|Q, | + lim sup E|Z, yu|
n—o00 n—o00 n—oo n—oo
o0

. 1 By
< lim sup Z — lesnj PLGHPEln, |
0 =1+ M+l T

—2pp2
. .1)1 (]Vl
= lim sup &—% F =)o

for some ¢; <oo. Hence lim,_, » E|4,| = 0 by letting M — oo. [

) GEIn | =M™

Lemma 7. Assume that {a,} is £? (p=2) weakly dependent with order 1. Then for
S, = Z;’:l X, there exists a constant C, independent of n, such that for all n € N,

1Sull, < Cop. (34)
Proof of Lemma 7. Observe that E(a,| %) = Zzz_m Pra;. Then

00 00 0
STIE@IZ),<Y] Y 12, = Z Z 1214, = Ztn%aznp@o
t=0

=0 k=—o0 =0 j=t+1
(35)

Hence bi:=) o, E(a,|7 ) € £F and the Poisson equation by = ay + E(bxs17 k)
holds. Let dy = by — E(br|# x_1), which by definition are stationary and ergodic
martingale differences. Let X7 =Y yd,j, X{ =X, — X}, S; =) X7 and
S*=35"" | X¥ Then '

Sp=> (¥ — Vi )duyand S§ = WIEDBF ) — E(busi|F 0]
= J=0

(36)

The essence of our approach is to approximate S, by Sy, which admits martingale
structures. By (35), |d0||p<2||bo||p<oo By Lemma 3, |IS;|,<Cyouldoll,. To
establish (34) it then remains to verify that Z oW E(D1 |7 ;) € P, which
entails ||S |, = 0(1). To this end, for k>0 let Vi = Z(.)_f V_; }, kb1i.
Then Z;:O WEbj|F ) = > veo V. Since 2;_yb14; forms martingale differences
in i, by Lemma 3,

0 00
WVilp<Co > IW_iZixbisilly = G, <Z

i=—00 Jj=0

wf) 121bosl-
Therefore,

E1-17 )

o o
1/2
< Wil <CoA)? S 121bradl,
» k=0 k=0
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which is finite in view of

oo
> 12ibrll, < 121 E(ar F i),
k=0 1

0
121al, = 121, <oc.
1 t=1

e e
e 20

=~
Il

0

~

Here we have applied 2E(a|Fjy1)=PPa, for t=k+1=1. Thus
IS5, = o). O
Proof of Theorem 1. By the weak convergence theory of random functions, it suffices
to establish (i) finite-dimensional convergence and (ii) tightness of W,,.

For (i), let by =Y, E(a/|7 ) and dj = by — E(bx|Z k-1). By the proof of
Lemma 7, by, dy € &2. Recall (36) for Sf and S;. By (6), |E(S;|Z o)l = o([.S; 1) and
[Sull ~ Bylldi]l — oo. By Theorem 1 in [S1], €1(n) = ||S;||/«/n is a slowly varying

. 7 7 21
function, and moreover for H,; = ¥,d;, where ¥,, = 2;1:0 ¥;/n, we have

k

St—Y_ Hy

i=1

max
I1<k<n

= o([IS, - (37

Then |51 ~ 130, Huill* = nl|Hy |I* and since ||S7]| = ¢(1),
ISl 1S3l

*(n)= = = f(n) ~ [P
(n) N 1(n) ~ ¥,
So the finite-dimensional convergence follows from (37) since
St _ Doiet Ho > di 2
= == )==—— 1) = N(0,z)|d|I?), O<t<].
N2 + op(1) NG + op(1) 0, zlld1 1)

For the tightness, by Theorem 12.3 in [3], we need to show that there exists a
constant C<oo and t> 1 such that for all 1<k<n,

E[|Wu(k/n)"]< Clk/n)". (33)
We claim that (38) holds for © = (2 + «)/4> 1. By Lemma 7, (38) is reduced to

: ISkl n\ % Nkt (k)

fm sup max ()" oy = tim sup max, () 70T <o

By Lemma 5, the limit in the preceding display is actually 1. [

Proof of Theorem 2. As in the proof of Theorem 1, we need to verify the finite-
dimensional convergence and the tightness of WW,,.

Since {a,} is #* weakly dependent with order 1, from the proof of Lemma 7, we
can define by = > o, E(a,|F k) € #?* and dy = by — E(bx|F «_1). Recall (36) for Sf
and S’. Note that ||Sf|| = ((1), it suffices to show that S} /o, = N(0, ||d, I%). To this
end, we shall apply the martingale central limit theorem. Let {,; = (¥; — ¥i_,)/0.



Wei Biao Wu, Wanli Min | Stochastic Processes and their Applications 1 (11l1) 1111 17

Then Y7, X7 /0y = 0% Luidn—i and 33 ;= 1 for each n. Note that

i=0 i>2n 0<i<2n j=n

sup [, < sup 1Cnil + sup |Gl —n@<sup W, I/an>

+ 0Py /o) = O~'?).

Then the Lindeberg condition is satisfied. Let n,; = E(d AFi21) —E(difi). By
Lemma 6, lim,_,o E|>_ OCmnn,| = 0. So the convergence of conditional variance
follows.

For the tightness, we shall show that (38) holds with . =2 and 1 = H + % By (ii)
of Lemma 4, *(n) = ¢, /n'! is slowly varying. Then (38) is equivalent to

H=1/2[ (k)]
im sup max ()" [F0| <o

which is an easy consequence of Lemma 5. [
Lemma 8. Under the conditions of Theorem 3, {X f} is £ weakly dependent.

Proof of Lemma 8. Let z,; = >'_ y,a,_; and z,o =Y ¥a,;. Then X, =% +
z,- Since z, is measurable with respect to #, 712, o = 0. By the triangle inequality,

||@1X2I|<||J1? I|+2||ZIOJ1211|I<II<7‘1? I+ 2lz0lla121Z01 |l
Let ; = 0 if j<0. Note that %% W, <Ay [0 w212 < 4p. By (13),

2Z||ﬂlzll|| oY WallZiaa

=1 0<1’<z<t

3

=0 i=i' t=i+l1
o0 o0 o0 o0 o

= > 3 Wi 121akar 1< Y Aol 21axall < oo.
k=1 j=0 i=0 k=1 j=0

By (12), it remains to show ||z, < Cy/4, for some constant C >0 in view of

o) o] t—1
D EAY P EZEA PR Z CVAD " Wil 21als
=1 t= j=0

=CY N VAl lI12a4
Jj=0 t=j+1
o

<CY WiV A (Z 121, ,||4>
Jj=0 1=j+1

To prove ||z,olls < Cv/4;, define Uy = Z [x//E(a,_jl —j—k)» k=0. Then Ug = z,,
and Uy — Uy = Z, P jkan = Z o V_i?P:yi—kayi. Observe that the
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summands V_;2yi—kar+i of Ux — Uryr form martingale differences in i. By
Lemma 3,

—t 1/2
Uk = Uil SCad S W Pricianill p = Cady* |1 Poclls.
i=—00
S0 lizilla = O(41?) since z,0= 3720 (Ux — Ug1) and {a} is £* weakly
dependent. [

Proof of Theorem 3 We first consider & = 1. Let Yy = ¥, ¥} = Y + Yy for k=1
and A4, =37, Since >0 0(//k<oo by (12) implies Y =, Wil l+1<oo
Hence by Lemmd 8 st ||J7’1(X, + X,11)%| < oo since X, + X1+1 = Z"z oW ir1—k-
Similarly, Y2, [|121(X, — X1)?<oo. Using 4uv = (u+v)* — (u—v)>, we have
S I21(X X )l <oo. So 2 12 1(X X inp)ll<oo and (14) holds by the
Cramer—Wold device. [
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