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Abstract

A central limit theorem is established for additive functions of a Markov chain that can
be constructed as an iterated random function. The result goes beyond earlier work
by relaxing the continuity conditions imposed on the additive function, and by relaxing
moment conditions related to the random function. It is illustrated by an application to a
Markov chain related to fractals.
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1. Introduction

An iterated random function is a sequence of the form
Xy = F(Xu—1,6h) (D

forn = 1,2,..., where Xo, 01, 62, ... are independent random elements for which 6y, 6;,

- ~d [ are i.i.d. with common marginal distribution H, say. Here X, take values in a
complete separable metric space X, endowed with its Borel sets; 61, 6, ... take values in a
second measurable space ®; and F : X x ® — X is a jointly measurable function. Then
Xo, X1, X2, ... is a Markov chain with a stationary transition function

Q(x; B)y=H{0 : F(x,0) € B}

for x € X and Borel sets B € X. Under quite general conditions, Markov chains of this form
are ergodic and have unique proper stationary initial distributions. To state simple sufficient
conditions, let Fy(x) = F(x, ) and

Fy(x), Fo(x’
LQZ Supwiw
x'#x px, x’)

for & € ®. Thus, Fy is a f-section of F, and Ly is the Lipschitz constant of Fy. Sufficient
conditions for the existence and uniqueness of a stationary initial distribution are that

/ log(Lg) H{d8} < 0, 2)
®
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and that there are xo € X and o > 0 for which
/OL‘;H{dQ} <0 3)

and
/o plxo, Fo(x0)1* H{d0} < oo. 4)

The integral in (2) may be —oo. Clearly, if (3) and (4) hold for some & > 0, then they hold for
all smaller positive .

Theorem 1. If (2), (3), and (4) hold, then there is a unique stationary distribution 1w for the
Markov chain (1), and the stationary processes obtained by letting Xy ~ m is ergodic.

Results of this nature have a substantial history. See Theorem 5.1 in Diaconis and Freedman
(1999) for a proof. The latter paper also contains examples and references.

Now let Xg have the stationary distribution 7; let g € L%(n) be a square integrable function
on X with mean 0O; that is,

/gdn:O and ||g||%=/g2d7r<oo;
X X

and let
Sn(g) = g(X1) + -+ + g(Xy).

Under what conditions on g and Fy is S, (g)/+/n asymptotically normal as n — oo? Benda
(1998) showed that the desired conclusion holds if (4) holds with @ = 2,

/ L2H{do} < 1,
)
and g is Lipschitz continuous; that is,

lg(x") — g
Sup ——————— < 0

vde Pl ©)
In the proof Benda (1998) constructed a solution & € L?(7r) to Poisson’s equation
h =g+ Qh, (6)
where
Qh(x) = /xh(y)Q(x;dy) (N

for almost every x. It is then possible to write S, (g) in the form S,(g) = M,, + R,, where M,
is a martingale and R,, is stochastically bounded, as in Gordin and Lifsic (1978), and normality
follows from the martingale central limit theorem. See Corollary 1 below for more detail.

Here it is shown that by strengthening the moment condition g € L?(xr) slightly (to the
existence of pth moments for some p > 2), the continuity conditions on g and the moment
conditions on p[xp, Fp(xp)] and Lg can be relaxed. Our conditions do not even require that
g be continuous and are satisfied by the indicator functions of most balls. The main result is
stated in Section 2 and proved in Section 4. In Section 3, the main result is illustrated by a
Markov chain that is closely related to fractals. Since the nature of the extension is to allow
discontinuous g, indicator functions are emphasized in the examples.
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2. Main results

To state the conditions, let W be the collection of non-decreasing, concave functions y :
[0, c0) — [0, oo) for which ¥/ (¢) > 0 for all t > 0 and

1
fo ”Z(t) dr < oo. ®)

For such ¥ and g € L?(r), let

K(g w .X) — sup |g(x/) _g(x)l
o x":0<p(x,x)<l Vlp(x, x")] '

where the supremum of the empty set is understood to be zero, and
€97 = [ Kig.vininian,
X

Examples of ¢ € W that satisfy (8) include ¥ (¢) = |¢|* forany 0 < @ < 1, and any concave
¥ for which ¥ (1) = 1/[log®(1/1)] for 0 < ¢t < e~ @*D where @ > 2. (The latter function
may be continued linearly beyond e~ (@*1 ) If g is uniformly Lipschitz continuous, as in (5),
then K (g, ¥; x) is bounded in x for any ¢ € W. The definition of K does not require g to be
continuous, however. For example, if g = 1p is the indicator function of a Borel set B, then

1
K(p,¥;x) < )
o Vi) = v r B ]

&)

where a Vv b is the larger of a and b, p(C, x) = inf{p(x, y) : y € C}, and the infimum of the
empty set is understood to be co. If X is a convex subset of Euclidean space, then it is easily
seen that p(B, x) V p(B’, x) = p(dB, x), where 3B is the boundary of B.

Theorem 2. Suppose that (2), (3), and (4) hold, and denote the stationary distribution by 7.
Ifg e L%(n) N LP(x) for some p > 2, and if there is a W € V for which k(g, V) < oo, then
there is a solution h € L2() to Poisson’s equation (0).

The proof of Theorem 2 is presented in Section 4.

Corollary 1. As n — oo, S,(g)//n is asymptotically normal with mean 0 and variance
o?(g) = [Ihll3 — | QA3

Proof. As in Benda (1998), the normality follows directly from the existence of a solution
to Poisson’s equation and the martingale central limit theorem. For

Sn(g) = My + R,

where

My = [h(Xx) = Qh(Xk-1)],

k=1
R, = Qh(XO) - Qh(Xn)v
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for n > 1. Here h(Xy) — Qh(Xr—-1),k > 1, form a stationary sequence of square integrable
martingale differences (with respect to o{Xo, ..., X»}), and R, = Qh(Xo) — Qh(X,) is
stochastically bounded in n. The corollary follows easily.

The same proof delivers even more. Let P denote conditional probability given X¢ = x;
and let A,,(0) = B,(0) =0,

1 1
An(t) = WM[M and B,() = ﬁS[m]

for 0 < ¢t < 1, where [x] is the least integer that is greater than or equal to x. Further, let
B denote a standard Brownian motion, and let Q, denote the induced distribution of 0B in
DIO0, 1], the space of right continuous functions on [0, 1] with left limits on [0, 1).

Corollary 2. Foralmost every x (i), the conditional distribution of B,, in D[0, 1] given X¢ = x
converges weakly to Qs as n — oo.

Proof. The sequence M|, M>, ... is a martingale with respect to P* for almost every x (7).
To verify the conditions for the martingale central limit theorem, simply observe that

gX1)?+ - +g(Xn)?

lim

n—o00

= llgli3

with probability 1 (P) and, therefore, with probability 1 (P*) for almost every x(m), by
the ergodic theorem. That the conditional distribution of A, given Xo = x converges to
Q. for almost every x then follows from Theorem 2.3 of Durrett and Resnick (1978). For
B, observe that Qh(Xg), Qh(X1), Qh(X>3), ... is a square integrable stationary sequence.
So, Qh(X,) = o(y/n) with probability 1 and therefore, maxj<i<, |Rr|/+~/7n = o(1) with
probability 1.

To illustrate how Theorem 2 relaxes the continuity condition in Benda (1998), consider the
indicator functions of balls. For a given xo € X (not necessarily the same xq as in (4)), let

B, = B(xo,r) ={y € X : p(xo,y) <r}.
Further, let ¥ (1) = +/f, 0 <t < oo, and write K, (x) and «, for Kp,,¥;x)and k(1p,, ¥).
Theorem 3. For each xg € X, k, < 00 for almost every r (Lebesgue).

Proof. From (9), K, (x) < [p(By,x) V ,()(B;,x)]_l/4 for x € X. By considering the
cases p(xo, x) < r and p(xp, x) > r separately, it is easily seen that p(B,, x) V p(B, x) >
|p(x0, x) —r|. Forexample, if x € B, and y € B}, thenr < p(xq, y) < p(x0,x)+ p(x, ), s0
that p(x, y) > r — p(xo, x) and, therefore, p(B/, x) > r — p(xo, x); and a similar inequality
may be obtained for x ¢ B,. So,if 0 < r < ¢ < oo, then

K2<

1
" /{x:p(xo,x)chr]} VN — p(xo, x)|

C c 1
/ /crzdr 5/ |:/ —dr]n{dx}+c
0 po)<c+1}LJo 17 — p(xo, )|

< 2/ V0G0 + vie — p o D)l {dx) + c.
{x:p(x0,x)<c+1}

m{dx}+1<o00

and

which is finite. So, k, < oo for almost every r, and the theorem follows.
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3. Fractals

Suppose that © is a finite set, say ® = {1, ..., m}, m > 2, that X is a Euclidean space, say
X = R?, and that each Fp is an affine function, say

Fy(x) = Agx + by,

where Ag are non-singular d x d matrices with operator norms ||Ag| < 1 and by € R?. Then
7 has a simple description. Let N = {1, 2, ...} and let ©N denote the product space consisting
of listsi = (i1, i2,...), where 1 <i; < m forall j. Then

¢@) = lim Fj o---oFj,(x)
n—00

exists for each i € ON and x € R? and is independent of x; and 7 = HN o ¢~ where
HY is the product measure. Let p; = H{i}. If p; > 0 for all i € ®, then the support of =
is K = q’)(@N )and K = U?”lei(K ). For the remainder of this subsection we suppose that
pi > O for all i and the strong separation condition: F;(K) N F;j(K) = @ foralli # j. Then
¢ is a homeomorphism from ®, endowed with the product topology, onto K . See Hutchinson
(1981). If x = ¢ (i), then i is called the code for x.

Lemma 1. Let )»1-2 be the minimal eigenvalue of A;Ai (Ai > 0), where' denotes transpose, and

log(p;)
min .
i<m log(A;)

Then there is a constant C for which w{B(x,r)} < CrY forall x € K andr > 0.

Proof. Let dy be the minimum distance between F;(K) and F;(K) fori # j, and A, =
min; <, A;. Then dy > 0, by compactness, and A, > 0 because each A; is assumed to be
non-singular. Let x € K have code i and let 0 < r < A.dp. Then there is a unique integer ¢
depending on x and » for which

dO)\h X"'X}\.ie+l §r<d())\.i] X"‘X)\.i(. (10)
If y € B(x,r) has code j, then it is easily seen that j; = iy fork = 1, ..., £ (cf. Falconer
(1990), Proposition 9.7). So,
Diy X -+ X pi,

7[B(x,r)] < piy X -+ X p;, =

o gy i X X k)T
i1 iy

Then the second factor on the right is at most [r/(do)t+)]?, by (10), and the first is at most one,

because its logarithm is

: ! 1 : 1 log(pi,)
log( — ) —tog( — )| = S tog( — )|y - _M] <0
S e ) - tee( )] = e (5 )7 - ) =

The lemma follows directly.

Ifo£AC RY, let N (A, €) be the minimal number of balls of radius € required to cover
A. Then

o logIN(A, €]
D= HP Tlogie )

is called the capacity of A. By convention, ¢(2) = 0.
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Theorem 4. If B is a Borel set for which c(0B) < y, then there is a W € W for which
k(1p, ) < oc.

Proof. Let B = c(0B),sothat B < y;let B/ = (B+y)/2and0 < a < y — B'; and let
V() =r% Then K(1p; ¥;x) < 1/p(dB, x)*/?, and

(g ) < foon{x  p(@B.x) > y}dy
0

o0
< 1—1—/ m{x:p@dB,x) <y /¥ dy
1

1
1
< 1+ot/0 {x : p(@B,x) < r}rl+a dr.

By Lemma 1 and the definition of capacity, w{x : p(dB,x) <r} < CN@OB,r)r¥ < crv=F
for all sufficiently small ». That /<2(1 B ¥) < oo follows.

Example 1. The condition of the theorem is satisfied if d B has capacity 0, in particular, if
d = 1 and B is an interval.

Example 2. If each F; is a similitude, so that Al.z is also the maximum eigenvalue of A;Ai,
then the Hausdorff dimension of K is the solution to the equation AP + ... 4+ A2 = 1. If also
pi = AiD,then y = D.

4. Proof of Theorem 2

To prove Theorem 2, it is necessary to recall a little of the proof of Theorem 1. If X,, are as
in(1),then X, = Fy, o0---0 Fp,(Xp). Let Z,(x) = Fp, 0---0 Fy,(x) forx € X andn > 1 and

Yy = Zy(Xo) = Fp, © - - - o Fg,(Xo).

Then the conditional distributions of X, and Y, given X¢o = x are the same, because the
distributions of 6y, ..., 6, are the same. The proof of Theorem 1 consists of showing that

Yoo = lim Z,(x)
n—oo
exists with probability 1 simultaneously for all x and is independent of x. The stationary

distribution 7 is the distribution of Y. The following two lemmas are implicit in the proof of
Theorem 1. For completeness, their proofs are sketched.

Lemma 2. If(2) and (3) hold, then
Ta ::/ LyH{do} <1 (11)
®

for all sufficiently small o > 0.

Proof. The derivative of the left side of (11) at @ = 0 is the integral in (2), which is negative.
So, the left side of (11) is less than 1 for sufficiently small o > 0.
Lemma 3. Suppose that (2), (3), and (4) hold and that Xo ~ 7 has the stationary distribution.

Then, for sufficiently small o > 0, there are 0 < C, < 00 for which

Elp(Y, Yoo)*1 < Carg- 12)
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Proof. Let € (0, 1) be so small thatry < 1, and let Cy = 21y (xp)/(1 —ry), where I (xg)
is the integral in (4). Then, using the independence of X, 01, 0>, ... and properties of the L”
spaces for p < 1 (Dunford and Schwartz (1964), p. 171),

E{plx0, Yool*} < Y E{plZ(x0), Zn11(x0)]*)

n=0
o0 n
=< E{l_[ng x plxo, F0n+1(x0)]a} = %Cop
n=0 j=1
Clearly,
PYn, Yoo) < pl¥n, Zy(x0)] + p[Zn(x0), Yool
n oo k-1
<[] Lo x otxo. Xo)+ Y [] Lo, x plxo. Fo (x0)1.
j=1 k=n+1 j=1

So, using (4), (6), the independence of Xg, 61, 6>, ...,and Xg ~ 7, Yoo ~ 7,

E[p(Yn, Yoo)*] < rlElp(x0, X0)*1+ Y ra™ Ef{plxo, Fg,(x0)1*}
k=n+1

S CO[ r(;l ’
as asserted.

Proof of Theorem 2. Suppose that (2), (3), and (4) hold; let Xo ~ m have the stationary
distribution; and denote conditional expectation given Xo = x by E*. Let g and ¥ be as in the
statement of the Theorem and write K (x) and « for K (g, ¥; x) and (g, ¥). The solution to
Poisson’s equation willbe h = g + Qg + Q%g + ..., where Q" denote the iterates of Q. It is
necessary to show that the sum converges in L2(). To begin, observe that EX[go Z(x)] =0
for all x, since 61, 65, ... are independent of X¢. So,

Q"g(x) = E*[g o Zy(x)] = E*[g © Zn(x) — g © Zoo ()], 13)

for all n and x. Thus,

10"g(x)] < EX{K[Zoo ()Y © pIZn(x), Zoo(X)[0,1] © I Z1(x), Zoo(x)]}
+ EN|8[Z,(x)] — g[Zoo ()] X10,17 © p[Z1(X), Zoo(x)]}.

So,
10" g(0)|? < Ly (x) + I, (x),
where
Li(x) = 2EX{K[Zoo () TYE* (Y 0 pIZn (%), Zoo(X)L[0.1] © pLZn(X), Zoo(x)]}
and

I, (x) = 2E*{181Z, ()] = g[Zeo ()11 110,17 © pIZn (%), Zoo ()]}
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In I,,(x), ¥(p) < ¥(p*) forany 0 < o < 1 when0 < p < 1, and Z(x) ~ x for all x,
so that EX{K[Zso(x)]?} = k2. Let 0 < a < 1 be so small that (11) and (12) hold. Then
Li(x) < 22 E*{Y (p[ Zn(x), Zoo(x)]*)} and

/ Lo {dx) < 22 E( (oY, Yool)
X
< 22Y{ELp(Yu, Yoo)*1} < 2629 (Cor?)

for all n, by Jensen’s inequality and Lemma 3. For II,(x), let p > 1 be a value for which
g € L?P(xr) and let ¢ be the conjugate value, 1/p + 1/g = 1. Then

[ i) < 22 - )PPV Lo Yoc) > 111
< 8ligll3, Co/arale
for all n, where ||g||, denotes the norm in L” (;r). It follows that
10" 813 < 2629 (Carl) + 8l1g13,C/ il
and

10"gll2 < 2/ (Corl) + 4llglla, CLI2a 712 (14)

The second term on the right side of (14) is clearly summable over n > 1. For the first, let
t, =r}. Thent, — t,41 = (1 — ro)t,, and since ¥ is non-decreasing,

til
(1-— FQ)W: @(fﬂ _ tn—i—l) < ri/ Vw(tcal‘) d
n o iy

forn > 0. So,

00 1 c.
ra<1—ra>Z¢w<carg)s/0 D g [0,
n=1

0

which is finite. It follows that |g|>» + ||Qgll2 + [|Q%gll2 + --- < oo and, therefore, that
h=g+ Qg+ Q%g + ... converges in L>().
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