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Abstract

A central limit theorem is established for additive functions of a Markov chain that can
be constructed as an iterated random function. The result goes beyond earlier work
by relaxing the continuity conditions imposed on the additive function, and by relaxing
moment conditions related to the random function. It is illustrated by an application to a
Markov chain related to fractals.
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1. Introduction

An iterated random function is a sequence of the form

Xn = F(Xn−1, θn) (1)

for n = 1, 2, . . . , where X0, θ1, θ2, . . . are independent random elements for which θ1, θ2,
· · · ∼ind H are i.i.d. with common marginal distribution H , say. Here Xn take values in a
complete separable metric space X, endowed with its Borel sets; θ1, θ2, . . . take values in a
second measurable space 
; and F : X × 
 → X is a jointly measurable function. Then
X0, X1, X2, . . . is a Markov chain with a stationary transition function

Q(x;B) = H {θ : F(x, θ) ∈ B}
for x ∈ X and Borel sets B ⊆ X. Under quite general conditions, Markov chains of this form
are ergodic and have unique proper stationary initial distributions. To state simple sufficient
conditions, let Fθ(x) = F(x, θ) and

Lθ = sup
x′ �=x

ρ[Fθ(x), Fθ (x
′)]

ρ(x, x′)
≤ ∞

for θ ∈ 
. Thus, Fθ is a θ -section of F , and Lθ is the Lipschitz constant of Fθ . Sufficient
conditions for the existence and uniqueness of a stationary initial distribution are that∫




log(Lθ )H {dθ} < 0, (2)
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and that there are x0 ∈ X and α > 0 for which∫



Lα
θH {dθ} < ∞ (3)

and ∫



ρ[x0, Fθ (x0)]αH {dθ} < ∞. (4)

The integral in (2) may be −∞. Clearly, if (3) and (4) hold for some α > 0, then they hold for
all smaller positive α.

Theorem 1. If (2), (3), and (4) hold, then there is a unique stationary distribution π for the
Markov chain (1), and the stationary processes obtained by letting X0 ∼ π is ergodic.

Results of this nature have a substantial history. See Theorem 5.1 in Diaconis and Freedman
(1999) for a proof. The latter paper also contains examples and references.

Now let X0 have the stationary distribution π ; let g ∈ L2
0(π) be a square integrable function

on X with mean 0; that is,∫
X
g dπ = 0 and ‖g‖2

2 =
∫

X
g2 dπ < ∞;

and let
Sn(g) = g(X1) + · · · + g(Xn).

Under what conditions on g and Fθ is Sn(g)/
√
n asymptotically normal as n → ∞? Benda

(1998) showed that the desired conclusion holds if (4) holds with α = 2,∫



L2
θH {dθ} < 1,

and g is Lipschitz continuous; that is,

sup
x′ �=x

|g(x′) − g(x)|
ρ(x, x′)

< ∞. (5)

In the proof Benda (1998) constructed a solution h ∈ L2(π) to Poisson’s equation

h = g + Qh, (6)

where

Qh(x) =
∫

X
h(y)Q(x; dy) (7)

for almost every x. It is then possible to write Sn(g) in the form Sn(g) = Mn +Rn, where Mn

is a martingale and Rn is stochastically bounded, as in Gordin and Lifsic (1978), and normality
follows from the martingale central limit theorem. See Corollary 1 below for more detail.

Here it is shown that by strengthening the moment condition g ∈ L2(π) slightly (to the
existence of pth moments for some p > 2), the continuity conditions on g and the moment
conditions on ρ[x0, Fθ (x0)] and Lθ can be relaxed. Our conditions do not even require that
g be continuous and are satisfied by the indicator functions of most balls. The main result is
stated in Section 2 and proved in Section 4. In Section 3, the main result is illustrated by a
Markov chain that is closely related to fractals. Since the nature of the extension is to allow
discontinuous g, indicator functions are emphasized in the examples.
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2. Main results

To state the conditions, let � be the collection of non-decreasing, concave functions ψ :
[0,∞) → [0,∞) for which ψ(t) > 0 for all t > 0 and

∫ 1

0

√
ψ(t)

t
dt < ∞. (8)

For such ψ and g ∈ L2(π), let

K(g,ψ; x) = sup
x′:0<ρ(x,x′)≤1

|g(x′) − g(x)|√
ψ[ρ(x, x′)] ,

where the supremum of the empty set is understood to be zero, and

κ(g, ψ)2 =
∫

X
K(g,ψ; x)2π{dx}.

Examples of ψ ∈ � that satisfy (8) include ψ(t) = |t |α for any 0 < α ≤ 1, and any concave
ψ for which ψ(t) = 1/[logα(1/t)] for 0 < t ≤ e−(α+1), where α > 2. (The latter function
may be continued linearly beyond e−(α+1).) If g is uniformly Lipschitz continuous, as in (5),
then K(g,ψ; x) is bounded in x for any ψ ∈ �. The definition of K does not require g to be
continuous, however. For example, if g = 1B is the indicator function of a Borel set B, then

K(1B,ψ; x) ≤ 1√
ψ[ρ(B, x) ∨ ρ(B ′, x)] , (9)

where a ∨ b is the larger of a and b, ρ(C, x) = inf{ρ(x, y) : y ∈ C}, and the infimum of the
empty set is understood to be ∞. If X is a convex subset of Euclidean space, then it is easily
seen that ρ(B, x) ∨ ρ(B ′, x) = ρ(∂B, x), where ∂B is the boundary of B.

Theorem 2. Suppose that (2), (3), and (4) hold, and denote the stationary distribution by π .
If g ∈ L2

0(π) ∩ Lp(π) for some p > 2, and if there is a ψ ∈ � for which κ(g, ψ) < ∞, then
there is a solution h ∈ L2(π) to Poisson’s equation (6).

The proof of Theorem 2 is presented in Section 4.

Corollary 1. As n → ∞, Sn(g)/
√
n is asymptotically normal with mean 0 and variance

σ 2(g) = ‖h‖2
2 − ‖Qh‖2

2.

Proof. As in Benda (1998), the normality follows directly from the existence of a solution
to Poisson’s equation and the martingale central limit theorem. For

Sn(g) = Mn + Rn,

where

Mn =
n∑

k=1

[h(Xk) − Qh(Xk−1)],

Rn = Qh(X0) − Qh(Xn),
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for n ≥ 1. Here h(Xk) − Qh(Xk−1), k ≥ 1, form a stationary sequence of square integrable
martingale differences (with respect to σ {X0, . . . , Xn}), and Rn = Qh(X0) − Qh(Xn) is
stochastically bounded in n. The corollary follows easily.

The same proof delivers even more. Let Px denote conditional probability given X0 = x;
and let An(0) = Bn(0) = 0,

An(t) = 1√
n
M�nt� and Bn(t) = 1√

n
S�nt�

for 0 < t ≤ 1, where �x� is the least integer that is greater than or equal to x. Further, let
B denote a standard Brownian motion, and let Qσ denote the induced distribution of σB in
D[0, 1], the space of right continuous functions on [0, 1] with left limits on [0, 1).

Corollary 2. For almost every x(π), the conditional distribution of Bn inD[0, 1] givenX0 = x

converges weakly to Qσ as n → ∞.

Proof. The sequence M1,M2, . . . is a martingale with respect to Px for almost every x(π).
To verify the conditions for the martingale central limit theorem, simply observe that

lim
n→∞

g(X1)
2 + · · · + g(Xn)

2

n
= ‖g‖2

2

with probability 1 (P ) and, therefore, with probability 1 (P x) for almost every x(π), by
the ergodic theorem. That the conditional distribution of An given X0 = x converges to
Qσ for almost every x then follows from Theorem 2.3 of Durrett and Resnick (1978). For
Bn observe that Qh(X0), Qh(X1), Qh(X2), . . . is a square integrable stationary sequence.
So, Qh(Xn) = o(

√
n) with probability 1 and therefore, max1≤k≤n |Rk|/√n = o(1) with

probability 1.

To illustrate how Theorem 2 relaxes the continuity condition in Benda (1998), consider the
indicator functions of balls. For a given x0 ∈ X (not necessarily the same x0 as in (4)), let

Br = B(x0, r) = {y ∈ X : ρ(x0, y) ≤ r}.
Further, let ψ(t) = √

t, 0 ≤ t < ∞, and write Kr(x) and κr for K(1Br , ψ; x) and κ(1Br , ψ).

Theorem 3. For each x0 ∈ X, κr < ∞ for almost every r (Lebesgue).

Proof. From (9), Kr(x) ≤ [ρ(Br, x) ∨ ρ(B ′
r , x)]−1/4 for x ∈ X. By considering the

cases ρ(x0, x) < r and ρ(x0, x) > r separately, it is easily seen that ρ(Br, x) ∨ ρ(B ′
r , x) ≥

|ρ(x0, x)− r|. For example, if x ∈ Br and y ∈ B ′
r , then r ≤ ρ(x0, y) ≤ ρ(x0, x)+ρ(x, y), so

that ρ(x, y) ≥ r − ρ(x0, x) and, therefore, ρ(B ′
r , x) ≥ r − ρ(x0, x); and a similar inequality

may be obtained for x /∈ Br . So, if 0 < r < c < ∞, then

κ2
r ≤

∫
{x:ρ(x0,x)≤c+1}

1√|r − ρ(x0, x)| π{dx} + 1 ≤ ∞

and ∫ c

0
κ2
r dr ≤

∫
{x:ρ(x0,x)≤c+1}

[∫ c

0

1√|r − ρ(x0, x)| dr

]
π{dx} + c

≤ 2
∫

{x:ρ(x0,x)≤c+1}
[√ρ(x0, x) + √|c − ρ(x0, x)|]π{dx} + c,

which is finite. So, κr < ∞ for almost every r , and the theorem follows.
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3. Fractals

Suppose that 
 is a finite set, say 
 = {1, . . . , m}, m ≥ 2, that X is a Euclidean space, say
X = R

d , and that each Fθ is an affine function, say

Fθ(x) = Aθx + bθ ,

where Aθ are non-singular d × d matrices with operator norms ‖Aθ‖ < 1 and bθ ∈ R
d . Then

π has a simple description. Let N = {1, 2, . . . } and let 
N denote the product space consisting
of lists i = (i1, i2, . . . ), where 1 ≤ ij ≤ m for all j . Then

φ(i) = lim
n→∞Fi1 � · · · � Fin(x)

exists for each i ∈ 
N and x ∈ R
d and is independent of x; and π = HN � φ−1, where

HN is the product measure. Let pi = H {i}. If pi > 0 for all i ∈ 
, then the support of π
is K = φ(
N) and K = ∪m

i=1Fi(K). For the remainder of this subsection we suppose that
pi > 0 for all i and the strong separation condition: Fi(K) ∩ Fj (K) = ∅ for all i �= j . Then
φ is a homeomorphism from 
N, endowed with the product topology, onto K . See Hutchinson
(1981). If x = φ(i), then i is called the code for x.

Lemma 1. Let λ2
i be the minimal eigenvalue of A′

iAi (λi > 0), where ′ denotes transpose, and

γ = min
i≤m

log(pi)

log(λi)
.

Then there is a constant C for which π{B(x, r)} ≤ Crγ for all x ∈ K and r > 0.

Proof. Let d0 be the minimum distance between Fi(K) and Fj (K) for i �= j , and λ∗ =
mini≤m λi . Then d0 > 0, by compactness, and λ∗ > 0 because each Ai is assumed to be
non-singular. Let x ∈ K have code i and let 0 < r < λ∗d0. Then there is a unique integer 4
depending on x and r for which

d0λi1 × · · · × λi4+1 ≤ r < d0λi1 × · · · × λi4 . (10)

If y ∈ B(x, r) has code j , then it is easily seen that jk = ik for k = 1, . . . , 4 (cf. Falconer
(1990), Proposition 9.7). So,

π [B(x, r)] ≤ pi1 × · · · × pi4 = pi1 × · · · × pi4

(λi1 × · · · × λi4)
γ
(λi1 × · · · × λi4)

γ .

Then the second factor on the right is at most [r/(d0λ∗)]γ , by (10), and the first is at most one,
because its logarithm is

4∑
k=1

[
γ log

(
1

λik

)
− log

(
1

pik

)]
≤

4∑
k=1

log

(
1

λik

)[
γ − log(pik )

log(λik )

]
≤ 0.

The lemma follows directly.

If ∅ �= A ⊆ R
d , let N(A, ε) be the minimal number of balls of radius ε required to cover

A. Then

c(A) = lim sup
ε→0

log[N(A, ε)]
log(ε−1)

is called the capacity of A. By convention, c(∅) = 0.
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Theorem 4. If B is a Borel set for which c(∂B) < γ , then there is a ψ ∈ � for which
κ(1B,ψ)2 < ∞.

Proof. Let β = c(∂B), so that β < γ ; let β ′ = (β + γ )/2 and 0 < α < γ − β ′; and let
ψ(r) = rα . Then K(1B;ψ; x) ≤ 1/ρ(∂B, x)α/2, and

κ2(1B,ψ) ≤
∫ ∞

0
π{x : ρ(∂B, x)−α > y} dy

≤ 1 +
∫ ∞

1
π{x : ρ(∂B, x) < y−1/α} dy

≤ 1 + α

∫ 1

0
π{x : ρ(∂B, x) < r} 1

r1+α
dr.

By Lemma 1 and the definition of capacity, π{x : ρ(∂B, x) < r} ≤ CN(∂B, r)rγ ≤ Crγ−β ′

for all sufficiently small r . That κ2(1B;ψ) < ∞ follows.

Example 1. The condition of the theorem is satisfied if ∂B has capacity 0, in particular, if
d = 1 and B is an interval.

Example 2. If each Fi is a similitude, so that λ2
i is also the maximum eigenvalue of A′

iAi ,
then the Hausdorff dimension of K is the solution to the equation λD1 + · · · + λDm = 1. If also
pi = λDi , then γ = D.

4. Proof of Theorem 2

To prove Theorem 2, it is necessary to recall a little of the proof of Theorem 1. If Xn are as
in (1), then Xn = Fθn � · · · �Fθ1(X0). Let Zn(x) = Fθ1 � · · · �Fθn(x) for x ∈ X and n ≥ 1 and

Yn = Zn(X0) = Fθ1 � · · · � Fθn(X0).

Then the conditional distributions of Xn and Yn given X0 = x are the same, because the
distributions of θ1, . . . , θn are the same. The proof of Theorem 1 consists of showing that

Y∞ = lim
n→∞Zn(x)

exists with probability 1 simultaneously for all x and is independent of x. The stationary
distribution π is the distribution of Y∞. The following two lemmas are implicit in the proof of
Theorem 1. For completeness, their proofs are sketched.

Lemma 2. If (2) and (3) hold, then

rα :=
∫



Lα
θH {dθ} < 1 (11)

for all sufficiently small α > 0.

Proof. The derivative of the left side of (11) at α = 0 is the integral in (2), which is negative.
So, the left side of (11) is less than 1 for sufficiently small α > 0.

Lemma 3. Suppose that (2), (3), and (4) hold and that X0 ∼ π has the stationary distribution.
Then, for sufficiently small α > 0, there are 0 < Cα < ∞ for which

E[ρ(Yn, Y∞)α] ≤ Cαr
n
α . (12)
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Proof. Let α ∈ (0, 1) be so small that rα < 1, and let Cα = 2Iα(x0)/(1 − rα), where Iα(x0)

is the integral in (4). Then, using the independence of X0, θ1, θ2, . . . and properties of the Lp

spaces for p < 1 (Dunford and Schwartz (1964), p. 171),

E{ρ[x0, Y∞]α} ≤
∞∑
n=0

E{ρ[Zn(x0), Zn+1(x0)]α}

≤
∞∑
n=0

E

{ n∏
j=1

Lα
θj

× ρ[x0, Fθn+1(x0)]α
}

= 1
2Cα.

Clearly,

ρ(Yn, Y∞) ≤ ρ[Yn, Zn(x0)] + ρ[Zn(x0), Y∞]

≤
n∏

j=1

Lθj × ρ(x0, X0) +
∞∑

k=n+1

k−1∏
j=1

Lθj × ρ[x0, Fθk (x0)].

So, using (4), (6), the independence of X0, θ1, θ2, . . . , and X0 ∼ π, Y∞ ∼ π ,

E[ρ(Yn, Y∞)α] ≤ rnαE[ρ(x0, X0)
α] +

∞∑
k=n+1

rk−1
α E{ρ[x0, Fθk (x0)]α}

≤ Cαr
n
α,

as asserted.

Proof of Theorem 2. Suppose that (2), (3), and (4) hold; let X0 ∼ π have the stationary
distribution; and denote conditional expectation given X0 = x by Ex . Let g and ψ be as in the
statement of the Theorem and write K(x) and κ for K(g,ψ; x) and κ(g, ψ). The solution to
Poisson’s equation will be h = g +Qg +Q2g + . . . , where Qn denote the iterates of Q. It is
necessary to show that the sum converges in L2(π). To begin, observe that Ex[g �Z∞(x)] = 0
for all x, since θ1, θ2, . . . are independent of X0. So,

Qng(x) = Ex[g � Zn(x)] = Ex[g � Zn(x) − g � Z∞(x)], (13)

for all n and x. Thus,

|Qng(x)| ≤ Ex{K[Z∞(x)]√ψ � ρ[Zn(x), Z∞(x)]1[0,1] � ρ[Zn(x), Z∞(x)]}
+ Ex{|g[Zn(x)] − g[Z∞(x)]|1[0,1]′ � ρ[Zn(x), Z∞(x)]}.

So,
|Qng(x)|2 ≤ In(x) + IIn(x),

where

In(x) = 2Ex{K[Z∞(x)]2}Ex{ψ � ρ[Zn(x), Z∞(x)]1[0,1] � ρ[Zn(x), Z∞(x)]}
and

IIn(x) = 2Ex{|g[Zn(x)] − g[Z∞(x)]|21[0,1]′ � ρ[Zn(x), Z∞(x)]}.
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In In(x), ψ(ρ) ≤ ψ(ρα) for any 0 < α < 1 when 0 ≤ ρ ≤ 1, and Z∞(x) ∼ π for all x,
so that Ex{K[Z∞(x)]2} ≡ κ2. Let 0 < α < 1 be so small that (11) and (12) hold. Then
In(x) ≤ 2κ2Ex{ψ(ρ[Zn(x), Z∞(x)]α)} and

∫
X
In(x)π{dx} ≤ 2κ2E{ψ(ρ[Yn, Y∞]α)}

≤ 2κ2ψ{E[ρ(Yn, Y∞)α]} ≤ 2κ2ψ(Cαr
n
α)

for all n, by Jensen’s inequality and Lemma 3. For IIn(x), let p > 1 be a value for which
g ∈ L2p(π) and let q be the conjugate value, 1/p + 1/q = 1. Then

∫
X
IIn(x)π{dx} ≤ 2[E|g(Yn) − g(Y∞)|2p]1/pP {ρ(Yn, Y∞) > 1}1/q

≤ 8‖g‖2
2pC

1/q
α rn/qα

for all n, where ‖g‖r denotes the norm in Lr(π). It follows that

‖Qng‖2
2 ≤ 2κ2ψ(Cαr

n
α) + 8‖g‖2

2pC
1/q
α rn/qα

and
‖Qng‖2 ≤ 2κ

√
ψ(Cαrnα) + 4‖g‖2pC

1/2q
α rn/2q

α . (14)

The second term on the right side of (14) is clearly summable over n ≥ 1. For the first, let
tn = rnα . Then tn − tn+1 = (1 − rα)tn, and since ψ is non-decreasing,

(1 − rα)

√
ψ(Cαr

n+1
α ) =

√
ψ(Cαtn+1)

tn
(tn − tn+1) ≤ 1

rα

∫ tn

tn+1

√
ψ(Cαt)

t
dt

for n ≥ 0. So,

rα(1 − rα)

∞∑
n=1

√
ψ(Cαrnα) ≤

∫ 1

0

√
ψ(Cαt)

t
dt =

∫ Cα

0

√
ψ(t)

t
dt,

which is finite. It follows that ‖g‖2 + ‖Qg‖2 + ‖Q2g‖2 + · · · < ∞ and, therefore, that
h = g + Qg + Q2g + . . . converges in L2(π).
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