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Abstract-An algorithm for generating sample paths of linear fractional stable
motion (LFSM) is introduced. It is based on the approximation of LFSM
by a linear process and exhibits a low computational complexity. A detailed
analysis of the error term involved in the approximation is provided, which in

turn guides the user on selecting the size of the generated sequence.
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1. INTRODUCTION

The extreme complexity of modern communication and computer networks, coupled
with their traffic characteristics -heavy tails, self-similarity and long-range dependence
-[27, 35] makes the characterization of their performance through analytical models an
extremely difficult task. Under such circumstances, simulations become one of the most
promising tools for understanding the behavior of such networks [26, 34]. One then must
be able to generate traffic that exhibits the necessary temporal behavior over large time
scales [24, 25].

One of the simplest models exhibiting long-range dependence is fractional Brownian
motion (fBm) introduced by Kolmogorov [19] and further developed by Mandelbrot and
Van Ness [22]. It is a Gaussian, non-stationary, self-similar process indexed by a pa-
rameter H. The self-similar nature of fBm has made it particularly attractive for using

it as an input process when simulating queueing networks [28]. However, several traffic
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measurement studies do not show an agreement with the Gaussian marginal distribution
assumption. There exists empirical evidence supporting a heavy tailed assumption [27]
backed by theoretical work that explains how the former assumption induces through an
appropriate mechanism long-range dependence in the aggregate traffic [20, 33, 23]. There-
fore, researchers have focused their attention on a more general process that exhibits in a

natural way both the necessary scaling behavior, coupled with heavy tails.

Linear fractional stable motion, (LFSM, also known as fractional Levy motion) a process
exhibiting such characteristics, is defined next. A random variable 7 is called symmetric
stable with index a € (0,2] (SaS) if n =4 oe, where ¢ > 0 is the scale coefficient and &
is a random variable with characteristic function Eexp(1le) = exp(—|A|%) [31] (2 = /=1
represents the imaginary unit). Write ||n||, = o for the scale parameter o. Let {M,(s), s €
R} denote a Levy a-stable motion; namely, M, (+) is a stochastic process that has stationary
and independent SaS increments (M, (s+h)—M,(s) is SaS) with scale parameter || M, (s+
h) — My (s)|la = RY*, b > 0. Let M,(ds) be the corresponding Sa:S random measure with
control measure ds. When o = 2, the rescaled version {v/2M,(s), s € R} corresponds
to standard Brownian motion. Let —1/a < 8 < 1 — 1/, x4 = max(0,z) and z_ =
max (0, —x). For by,by € R, define the LFSM 51}}7’22 = {52}7’22 (t), t € R} via the stochastic

integral representation
(1) Ha () = /R{bl[(t —8)% = (=)} + ba(t = 8)2 — (=9)2]} Ma(ds).

The resulting process 5?},’22 has stationary increments and is self-similar in the sense that
for ¢ > 0, {5?}”22(015), t € R} has the same distribution as {cHgfi;;f (t), t € R}, with the
self-similarity parameter given by H := 1/a + . The LFSM can be thought of as the
generalization of fBm [31] and is characterized by two parameters: the Hurst parameter
H that measures the degree of the long-range dependence of the process and the Levy
parameter « that measures the heaviness of the tails of the marginal distributions. When
a = 2 (i.e. the marginal distributions are Gaussian) we recover fBm. Over the last few
years there have appeared several studies of queuing performance under a self-similar stable
motion input [13, 14, 15, 17].

The purpose of this paper is to introduce a new efficient algorithm to simulate sample
paths of LESM. The proposed method is based on approximating the LFSM through a

linear process. The literature over the last decade has focused on methods for simulating
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sample paths for fBm (the special case for a« = 2). For example, there are methods
that are based on the properties of fBm, such as through its stochastic representation
[22], or the fractional integration of Gaussian white noise [1], or through matching its
covariance function; other methods attempt to first synthesize the increments process and
then generate a realization of fBm by calculating the cumulative sums process of fractional
Gaussian noise, such as those of Levinson [7] and the fast and exact method of Wood and
Chan [11, 36]. These methods take advantage of the fact that the increment process is a
stationary one and its covariance matrix is a Toeplitz matrix. Finally, there are methods
that rely on approximations of fBm; for example, the method of Flandrin [12] involves
computing the wavelet coefficients of the wavelet transform of fBm and then synthesize
fBm through the inverse wavelet transformation, while the random midpoint displacement
method [21] progressively subdivides the interval over which a sample path is generated
and at each subinterval a Gaussian displacement is used to determine the value of the
process at the midpoint. Other approximate methods use queueing models and renewal
processes to generate fBm as the limiting process [35]. Unlike fBm, there have been hardly

any proposals for efficiently generating sample paths of LESM.

One major potential difficulty is that covariances can no longer be defined for LFSM
since the variances are infinite for a < 2. Thus those simulation techniques for fBm which
are based on matching covariances cannot be directly applied to simulate sample paths of
LFSM. Nevertheless, we can resort to other approaches such as stochastic integral repre-
sentations. In their book, Samorodnitsky and Taqqu [31] provide an algorithm (further
developed in Stoev and Taqqu (2003)) that approximates sample paths of LESM based on
the discretization of the stochastic integral representation given in (1). The Stoev-Taqqu

version of the algorithm is compared to the proposed one in Section 3.

Our approach allows one to generate a LFSM efficiently, since it has linear memory
requirements and a competitive time complexity (for details see Section 2), similar to the
efficient algorithm proposed in [36]. The paper is organized as follows: in Section 2, the the-
oretical development and the proposed algorithm are given, while the corresponding proofs

are presented in Section 4. Finally, some concluding remarks are drawn in Section 3.2.



2. THE ALGORITHM AND A LIMIT THEOREM

2.1. Preliminaries. Let by =1 and b, = 0 in (1) and write g, = f}fa. The general case
with by, by € R is discussed in Section 2.5. Let {g;}iez be a sequence of independent and
identically distributed (iid) standard (namely the scale ||g;||o = 1) SaS random variables,
with a € (0,2]. Define the sequence {a,}nez, with a; = 1 and a, = n® — (n — 1)? for
n > 2, and the partial sum s, = > a; = n® for all n > 1.

Define the one-sided linear process (or MA(oo) process [3])
(2) Xn = QA1€p—1 + @2Ep_2 +A3EQR_3 + ... = Z Ai€pn—i-
i=1

Under the condition ».°, |a;|* < oo, which is equivalent to H = 1/a+ [ < 1, the process
exists almost surely [3] by Kolmogorov’s Three Series Theorem. Moreover, by the definition
of SaS distributions, X, has the same distribution as (350, |a;|*)/% and in addition
we have that [ Xulla = (35, |ai®)"/*. Let Su(t) = XM X5 = 2 XX ay),
0 <t <1 be the partial sum process of X, and let S,, = S,,(1).

Under an appropriate set of conditions on the coefficients a;, a properly normalized
version of S, (t) converges in the sense of finite dimensional distributions to the LFSM
Ema(t) [3, 4, 5]. In the case where the innovations {¢;} have moments higher than 2,
Davydov [10] considers the weak convergence problem and shows that the limiting process
corresponds to fBm. Using the algorithm described in Section 2.6 with m = 2,000, 000 and
n = 10,000, sample paths of LFSM for different values of the Hurst and Levy parameters
(H and «) are shown in Figure 1. It is known that for smaller H, the sample paths are
discontinuous (cf Chapter 10, Samorodnitsky and Taqqu (1994)) due to heavy tails. The
heaviness of the tails of the marginal distribution induces very large bursts, especially for

a < 1.

[Insert Figure 1 about here]

In what follows we will make use of (2) and give an efficient algorithm for simulating
the sample paths of LESM. However, in principle the linear process has an infinite number
of terms. Therefore, in practice we are forced to use a finite number of terms, which

leads to using a truncated version of the linear process. Moreover, in order to speed up
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calculations we embed the coefficients a; in a circulant matrix (an idea also used in [11]) as
shown below. The main issue then becomes to decide on the number of terms to be used
in order to achieve a satisfactory approximation and to provide an estimate of the error

term.

2.2. Asymptotic Results. Recall that M,(ds) denotes an SaS random measure with
control measure ds. Then, for each n > 1 we have that

®) o =M () = M ()], ke z

are iid standard SaS random variables. Define next the following variables

L _
) Viw =t [ 15 = o) = (FoF 92101, (as).
R n
Then, for each n, the process (Xj. ,)rez has the same distribution as (X )kez-

TueoreM 1. For Xy, and Yy, defined in (4) and (5) respectively, we have that

K
(6) max | Y (X — Yea)la = O(1).
=T k=1

Notice that {31 Vin/n', 0 < K < n} =4 {€ga(K/n), 0 < K < n}. The main
thrust of Theorem 1 is that, by defining ¢, in (3), the partial sum of the linear process
Xk can be used to approximate {Zle Yin/nfl, 0 < K < n} on the same probability
space. Therefore, by generating sample paths of linear processes and then computing their
partial sums, we are able to synthesize sample paths of LESM. The proof of the Theorem

is given in Section 4.

2.3. Approximations. Since there are infinitely many terms in the representation given
in (2), for simulation purposes based on such linear processes, it is necessary to adopt
an appropriate truncation scheme. We assume throughout that the sequence m = m,
satisfies m/n — oo as n — oo. The first step is to approximate the tail processes ¥y m.n =
Z?imﬂw arti€—j, 1 < k < n by ¢ mn (cf Lemma 1), which can be easily generated

and does not depend on k. This observation is crucial since it is difficult to quickly
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and accurately generate the tail processes. Next the “main part” of the linear process
Z;’:{ik ap+;€—; is approximated by a process W, , with a circulant representation (cf

(12)) whose computation can be carried out in a sufficiently fast manner (cf Section 2.4).

Lemma 1. Assume m, n — oo and m/n — oo. Then, for the truncated process

(7) wk,m,n = Z A+5€—7,
j=m+1l—n
we have that
K
- _ 2 B—2+1/a

(8) max | ;@/}k,m,n K1 malla = O(n*m )
Proof of Lemma 1. Observe that

K o]

1D Ykmn = Eimalla = Y (K +5)° =" = K[(1+ )" = /]|
k=1 j=m+1l-n

Note that n/j — 0 since n/m — 0. By Taylor’s expansion, we have (1+§)” = 1+63+0(5?)
as 0 — 0, and therefore [(K +j)” — j7 = K[(1+ )" = j°]| /77 = O(n?/j?). Hence, we get
that

oK+ = = K[A+5)° =" = ) om)e
j=m+1l—-n j=m+1l-n
— (9[nZoc,,,n1—|—(ﬁ—2)oz]7
which establishes the lemma. &

Lemma 2. Define

Ul,m,n Um—n+2 Am-n+3 .. Am-1 Qmpy 0 En—1
U27m7n Am—n+3 Om—n+d - Am 0 0 En_29
(9) = 0 0 0
Un—1,mn m, 0 0 0 £1
Unmn 0 0 0 0 €0

Then

K
(10) max || > Umalla = O mP ).
k=1

1<K<n



Proof of Lemma 2. Since Y 7\ a; = mP — (N —1)% for m > N > 2, (10) follows from

n—1 1
IS Ul =37 [m® = (m = §)°* = O(n(nm®)*)
j=1

k=n—I

in view of |m® — (m —01)?| = O(Im?~1), 0 <1 <n and n/m — 0. &

Lemma 3. Let {e,, n € Z} be a sequence of iid standard SaS random variables; further let
{cn, n € Z} and {d,, n € Z} be two sequences of real numbers such that >, _,(|ca|* +
|dn|®) < 0c0. Finally, define ny =3, cpcne—p and 9y = Y, dne_,. We then have that

(11) I+ m2llo < max(2,2) (Il + [I72]la).

Proof of Lemma 3. Using |z +y|* < co(|2]|* +|y|*), where ¢, = max(2*~1,1), we have that

I+ 2 = lew + dal® < oY (leal® + 1dal®) = calllmlle + )12,

neL neZ
which yields (11) since [|m[[§ + [[n2]l8 < 2(lmlla + [I72/la)®. %
THEOREM 2. Let
(12)
Wl,m,n Am—n42 Am—n+3 R A ai a2 s Am—n41 En—1
WZ,m,n Um—n+3 Am—n+4 s a1 a2 as s Am—n+2 En—2
anl,m,n A, aj S ap—1 Qnp, QAp1 s Am—1 En—m+1
Womn ay .. p—1 Qp  Qpi1 oo Qi Am Enem
Then
K
(13> 1211[?2{ || Z(Wk,m,n + 77/}1,m,n - Xk)HOé - O<n1/a+1mﬁ_1 + n2mﬁ_2+1/a)'
n
- k=1

Proof of Theorem 2. Observe that

m—n

Xk - 2pk,m,n = E Ap4;€E—5 = Wk,m,n - Uk,m,n-

j=1—k

Hence (13) follows from Lemmas 1, 2 and 3. &
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RemArk 1. The inclusion of the term )y ,,, in (8) of Lemma 1 significantly improves the
accuracy of the approximation. The intuition is clear since as n/m — 0, aps;/a14; — 1
uniformly over k = 1,...,nas j > m+1—n — oo and hence ¢y, , is close to ¥y, p.

Without subtracting the term )y ,, , the error bound would be

K n
max | D kmnlle = 11D Yemnlla-
k=1 k=1

The latter has the same order of magnitude as

e}

nle,m,nHa = n( Z ‘a1+j|a)1/a > Cnm,@flJrl/a,
j=m-+1l-n

for some constant ¢ > 0, in view of

n n
n||¢1,m,n”a < 21/a(|| Z¢k,m,n - nwl,m,n”a + || Z¢k,m,n||cx)
k=1 k=1

due to (11). Clearly, n?mP=2+1/* = o(nmP~1*1/%) since n/m — 0. Thus, the error bound

is substantially improved by subtracting 1 ,,, in (8).

We now apply Theorems 1 and 2 to obtain an error bound. Let ¢, = €, be defined as

in (3), namely we embed ¢, into the Levy a-stable motion M,(+).

ProrosiTioN 1. Let S*(t), 0 < t < 1 be a stepwise constant function such that Sk (t) =
S Wimm + k1 mn when k/n <t < (k+1)/n, 0 <k <n. Then

(14) sup S} (u) = Ema(w)a = O~ + (n/m)mnE i Y],
0<u<1
Proof of Proposition 1. Observe that &y (K/n) =n"" & | Yi.,,. Define

K K
m = Z(Wk,m,n + wl,m,n - Xk:,n) and e = Z(Xk,n - Yk,n)-

k=1 k=1

Then by using relationship (11), and Theorems 1 and 2 we get

max |[n 83 (K/n) — Ex.a(K/n)||la = O + (n/m)mn@-H. 1=H+1/o)]

1<K<n

since H = f+ 1/a and n/m — 0. By the stationarity of the increments of the LFSM
processes, we have that {{g o (u) — Epal(nul/n), k/n <u < (k+1)/n} =4 {€na(v), 0 <



v<1/n} for all k =0,1,...,n — 1. Therefore,

SUp &0 () = Srallnul/n)lla = o I€ma(@)lls = n~"(l€na (DG = OR"),

where in the second equality above, we used the self-similarity of the process 4. &

ReEMARK 2. In Lemma 2, we introduce additional dependence artifacts to ensure the circular
representation (12). In our FFT-based algorithm (cf Section 2.4), such a circular structure
is needed for a fast implementation. The additional dependence yields the error term
(n/m)'=H*+1e in (14). Notice that if 0 < a < 1, the term (n/m)'"H#+Y/* is dominated
by (n/m)*H since 1 — H + 1/a > 2 — H. On the other hand, if 1 < o < 2, then
the overall error rate is On=H + (n/m)!~H+1/2]
that n(1F1/e)/U=H+1/2) — 4(m) then (n/m)'~H+Y/* is dominated by n~. In summary,
the overall order of approximation is negatively affected by the introduced dependence if
1 < a <2 and m = o[piti/e)/(U=H+1/a)] &

. Finally, if m is sufficiently large such

Samorodnitsky and Taqqu (1994, Proposition 3.5.1) showed that the stochastic inte-
grals [, fn(s)M,(ds) converge in probability to [, f(s)Ma(ds) if and only if || [5[f(s) —
f($)IMa(ds)||2 = Jg|fu(s) — f(s)|*ds — 0, where f, and f are real-valued measurable
functions. Hence by Proposition 1, we get that n~.S*(-) converges in the sense of finite
dimensional distributions to the LFSM &g ,(-), and the bound (14) can be interpreted as

the rate of convergence.

The error bound provides a theoretical justification on how to select the parameters
m and n. Given an error level 6 > 0 and parameters o and H, a simple way (up to a

multiplicative constant) to choose m and n is given by
(15> ’I’L_H + (n/m)min(2—H, 1-H+1/a) < 5

Let p=p(a,H) =min(2—H, 1 — H+1/«a) and L = m/n denote the over-sampling rate.
The expression in equation (15) can be used in the following two ways to determine the
sample size n and the embedding dimension m. If one specifies first a sample size n that
satisfies n > 0~Y# then m is naturally given by m = Ln with L = (§ — n=H)~'/?, If on
the other hand, one specifies first the over-sampling rate L that satisfies L > §~ /7, then n

—1/H -1/H

is given by n = (0 — L7P) and as before m = Ln. Observe that L — oo asn — ¢

whereas n = (0 — L™?)"Y# — o0 as L — §~'/P. Thus, these expressions capture the
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trade-off between L and n that is necessary for making the procedure computationally

tractable. We elaborate next on this trade-off.

Since 0 < H < 1 and p > 0, it is easily seen that the function f(u) = u= + (u/m)P
reaches its minimum at uy = (H/p)Y/H+P)mp/(H+P) which solves df /duly—,, = 0. Let

f(ug) = 0. Then we obtain
(16) m(8; e, H) = {5 [(H/p) /W) 4 (H fp)r/ P,

Thus, m and n can be chosen to be [m(8; o, H)] and [(H/p)Y/ HFP)mp/(H+P)] respectively,
where [z] is the smallest integer no less than z. For example, for H = 0.8, « = 1 and
0 = 0.005, we obtain the following values for m = 252779 and n = 1425. The quantity
m(J; o, H) provides a lower bound for the embedding dimension m. We believe that

m(0;a, H) is a good choice in the sense that it reaches the minimal memory complexity
(cf Section 2.4).

2.4. The Algorithm. Observe that {Wj ., 1 < k < n}and ¢y, defined in (12) and (7)
respectively are independent. Thus, by simulating {Wj p,», 1 < k < n} and ¢4 ,, , indepen-
dently, the partial sum process S%(+) defined in Proposition 1 can be obtained by combining
the above two quantities. The former can be easily computed by the fast Fourier trans-
forms (FFT), while the latter is identically distributed to (3_72, ., , la15]1%) Y 1.
Elementary manipulations show that

(17) (. > laagg)Ve = ﬁ(m —n) 7L+ O(m™Y)]

since a; = 39711 + O(j7')) as j — oo. For generating the SaS variates one can use the

algorithm proposed in Chambers et al. [8, 9].

For m > 1 let a,,, = (aq,...a,,) and define its m X m circulant matrix by
ap as ... Qm-1 A
as as ... a a
(18) A |2 @ m 1

Qyy, aq oo Q-2 Q-1
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Let the random vector e, = (e1,e2,...,€,) be such that e; =e1_; for 1 <j<m—n+1

and e; = e1_j4m for m —n+1 < j <m. Then

Wl,m,n
WZ,m,n
(19) . = Aer,
Wm—l,m,n
Wm,m,n
where T stands for transpose. Let w; = 27j/m. In Matlab, the Discrete Fourier Transform
of the vector u,, = (uy,...,uy) is given by v,, = (v1,...,v,) = DFT(u,,), with
(20) v =Y wexp[—ut—Dwj_q], 1<j<m.
t=1
The Inverse Discrete Fourier Transform w,, = IDFT(v,,) satisfies
1 «— .
(21) U= ;’ut exp[e(t — Dwjq], 1<j<m.

Using the celebrated fast Fourier transforms (FFT) algorithm, one can obtain DFT'(u,,)
and IDFT(v,,) with time complexity O(mlogm) steps and O(m) memory complexity.
Let b,, = DFT(ay,) = (b1,...,bm), fm = DFT(e1,em,€m—1,--.,€2) = (f1,..., fm) and
Pm = (b1 f1,- - b fm). Then due to the fact that the m x m matrix A is circulant [11],

we have
(22) Aner = IDFT(p,,).

Actually, by (21), the ¢th (1 < ¢ < m) element in IDFT(p,,) is

1
— Z bi fi expu(k — 1)wp—1]
m
k=1
1 m m
= ;tﬂz_l A€[(m+1-') mod m]+1 €XP[—2(t — Dwi—1 — 2(t' — Dwi—1 + 1(k — D)we—_1],

where ¢ mod m € {0,1,...,m — 1} is the remainder of ¢ when divided by m. Notice
that (k — Lwe—y = (£ — Dwy—1 and Y-, exp[—e(t — Dwy—1 — 2(t' — Dwy—1 +2(£ — 1)wy_1]
is nonzero if and only if —(t — 1) — (# — 1) + (¢ — 1) mod m = 0, in which case the
sum is m. Hence, the /th element is equal to Zzt, a¢€[(m+1—t') mod m]+1 Which is exactly

Wemn, where the summation is taken over all pairs 1 <¢ <m and 1 < ¢ < m such that
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(=t —t'+ ¢+ 1) mod m = 0. We refer to [11] for more details. We next summarize the
proposed algorithm.

AvrcoriTaM 1.

Step 1: Use the FFT to compute the DFT of a,,. Let b,, = DFT(a,,) = (b1,...,bm)

Step 2: Generate a m-dimensional random vector e,, whose elements are iid SaS random
variables employing the algorithm of Chambers et al. [8]

Step 3: Use the FFT to compute the DFT of a,,. Let f,, = DFT(e,,) = (f1,..., fm)

Step 4: Let pp = (b1 f1, -+, b fm)

Step 5: Use the FFT to compute the IDFT of p,,. Let (W4,..., W,,) = IDFT (pn)

Step 6: Compute the cumulative sum of the W; + c¢*ej, 1 < j < n and rescale it by nf,
where ¢* = |B|[a(1 — H)]7Y*(m —n)#~! and £7 is a standard SaS random variable

independent of (Wy,..., W,,).

Proposition 1 ensures that the obtained sample path converges in the sense of finite
dimensional distributions to the LFSM {{go(t), 0 < ¢t < 1} with error bound given by
(14). It is important to note that this algorithm requires O(m) memory space and has

O(mlogm) time complexity (as a result of the use of the FFT).

Another interesting feature of this algorithm is that it allows one to simultaneously obtain
L = |m/n] sample paths of LESM, thus significantly reducing the cost for producing input

traces for network simulations. Actually, the L vectors
Vi=W;+ce, 1+l —-1)n<j</tn), {=12,...,L

are identically distributed by appropriate permutations of ¢;, where ¢ are iid and are
independent of {g;}icz. Then L identically distributed LESM are obtained by taking
cumulative sums of each block. However, it is important to note that these vectors are not

independent.

ReMARK 3. The dependence between the various blocks being generated is difficult to char-
acterize. Nevertheless, as the next calculation shows, the entry-wise dependence is in a

certain sense weak. Let Wi + c¢*¢; and W,, + c*s9 be the first elements in V; and V5.
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Elementary but tedious manipulations (that are omitted) show that as n — oo,

sup [Eexplr(M (Wi + c*e1) + Ao(Wy + c'e2))]
A1,A2€R

—Eexp[u(A (W1 4 ¢"e1))] x Eexple(Ao(Wn + ¢"e2))]]
< sup |Eexple(M W1 + Mo W,)] — Eexp(eA 1) X Eexp(eAW,)| — 0.

A1,A2

2.5. Two-sided Linear Processes. In the Gaussian case (o = 2), for a given H € (0, 1)
there is essentially a unique, in the sense of finite-dimensional distributions, self-similar
process with stationary increments, which up to a multiplicative scale factor corresponds
to the fBm with Hurst’s index H. However, there are infinitely many essentially different
such processes when 0 < a < 2; see Samorodnitsky and Taqqu [31]. For example, if
b1bly, — biby # 0, then the LFSM {bl’b and §b1’b2 are different.

A slightly modified algorithm can be used to generate 5?}7’22 for all by,bo € R. To this

end, we introduce the coefficients a], = ba,, and a’,, = bea, for n > 1, aj = 0. As in
(3), (4) and (5), let ex, = n'/*[Mo(k/n) — Mo((k — 1)/n)] Xim = 2oieoo i€k—imn and
Vi, =nf L o[- )7 — (52— 5)0] 4 by[(E —5)7 — (EL — 5)7| M, (ds). A similar version

of Theorem 1 implies that max,<x<y || Sr (X =Y )lla = O(1). As in Lemma 1, we
approximate the tail ¥y, = >77% .~ nakﬂs_]n by ¢} ,,, and the other tail ¢} , = =
Z_;l—inool Wt j€—jn DY D - Then maxi<g<y || Zk:l R R O(n*mf=+1/e)
and maxi<x<y, || Zk L Premin — 1mn|| = O(n*mP~?*Y/*). As in Theorem 2, the “main
part” Xy — Vi = Ghmn = 2 jonom Gy j€—jms L < k < m, can be approximated by

WY m.n With approximation error O(n /a#1mf=1Y) in view of Lemma 2. Here, as in (19), w

can write the vector (W7{,, .,.... W}, ...)* = Ae; . ,, where A] is a circulant matrix
generated by the vector a’ = (a’,,,a’,,,,...,a],) and ey 1 is a 2m + 1-dimensional

random vector with iid standard SaS random variables as elements. Thus, Algorithm 1

can similarly be applied to generate the random vector (W, ,.,..., W, . ).

In summary, let {e }iez, {€i}icz and {€} }icz be iid sequences, ¢; = ¢*by and ¢} = c*by.
Then the cumulative sum of n*H(bgc* # 4 W; + bic*ey), 1 < j <n converges in the sense
of finite dimensional distributions to the LESM {gbl’bz( t), 0 <t < 1} with error bound
given by (14).



14

2.6. Matlab Code. In this section we provide a Matlab program that generates L versions
of LFSM. The Matlab program salphas(alpha,nbp) generates N iid standard SaS ran-
dom variables (cf Chambers et al [8, 9]), while the program LFSM(H,alpha,m,n) returns
L = |m/n| identically (however not independently) distributed sample paths of LFSM
with number of grids n. On a Pentium IIT 1G Hz machine with 1.5GB of memory, the
running times for LFSM(.75,1.5,4000000,50000) and LFSM(.75,1.5,20000000,50000)
are about 30 and 300 seconds respectively. In the latter case 20000000,/50000 = 400 sample
paths are generated by the proposed algorithm

function r = salphas(alpha,nbp)

if alpha > 2 error(’alpha must be less than or equal to 2!°’)
r =0;

elseif alpha ==

r = sqrt(2) *randn(nbp,1);

elseif alpha ==

r = tan(pi*(rand(nbp,1)-0.5%ones(nbp,1)));

elseif alpha > O

u = pi*(rand(nbp,1)-0.5%ones(nbp,1));
w = -log(rand(nbp,1));
r = ((cos((1-alpha)*u) ./ w)."(1/alpha -1) .x sin(alpha * u) ./ cos(u)."(1/alpha));

else error(’alpha must be positive!’)

end r = real(r);

function X = LFSM(H,alpha,m,n)
AC1)=1;

for j=2:m
A(j)=j"(H-1/alpha)-(j-1)"(H-1/alpha);
end

L

C

floor(m/n);

(m-n)” (H-1) *abs (H-1/alpha) * (alpha* (1-H) )" (-1/alpha) ;
salphas(alpha,m);

real (ifft (fft(transpose(A)).*xfft(r)));

psi = stabrnd(alpha, O, 1, 0, L, 1);

r
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X = zeros(n,L);

YY = reshape(Y,[n 1]);

YY = YY’ * c*psi*ones(1l,n);
X = cumsum(YY’); X = X/n"H;

3. COMPARISON WITH A STOCHASTIC INTEGRAL APPROXIMATION PROCEDURE

3.1. A Simple Approximation Algorithm. By discretizing the stochastic integral rep-
resentation of the stationary increment process €g.0(j) —€pa(j—1), 1 < j < T, Samorod-
nitsky and Taqqu [31] proposed the following two-step approximation procedure to simulate
LFSM (cf Chapter 7.11, pp 370-376). Let Kgz(x) = 2 — (z — 1)7. Then the fractional
stable noise can be written as

y, — /RKg(j 1= a)Ma(de) ~ 3 Kp(+ 1 — k/D[M((k + 1)/1) — Mo (k/0)

kEZ

(23) = D Kp(w/D[Ma(j+1—ufl+1/1) = Mu(j + 1 = u/l)],

UEZ
where 1/[ is the mesh corresponding to the discretization of the integral. In the second

step of the approximation, the latter sum is truncated to 1 < u < Li:

(24) Y= Ks(u/D[Ma(j+1—u/l+1/1) — Mo (j + 1 —u/l)],

where L is the cutoff in the limits of integration, which defines the memory (cf Equation
(7.11.1) in [31]). Notice that n;_,; =1*M(j+1—u/l+1/1)=M(G+1—-u/l)], 1 <j < T,
1 <u < Llare (T+ L —1) iid S,(1,0,0) random variables. One can then generate
(T+L—1)iid S,(1,0,0) random variables and use the partial sum ZJLZJ Y;/TH, 0<t<1
to obtain an approximated LFSM path; see the description of the algorithm in [31] for
additional details.

The proposed procedure in this paper differs from Samorodnitsky and Taqqu’s two-step
approximation approach in several important aspects. The first step in both approaches
is based on discretizing the stochastic integral representation of the process; see our The-
orem 1 where an error bound is given for approximating stochastic integrals Y}, by lin-
ear processes Xj,. The roles of m and n in our approximation procedure correspond
to Ll and [, respectively, in Samorodnitsky and Taqqu’s algorithm. In the second step
of the Samorodnitsky-Taqqu approximation (24), the two tails > ., Kz(u/l)e;_w, and
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Y ousr Kp(u/l)e;j_yy are discarded. As discussed in our Remark 1, the accuracy of our

procedure is substantially improved by approximating ¥k m n by V1 m.n-

For the computation of f/j, noticing its convolution structure between the kernel Kg(u/l)
and €;_,/;, one can also use the FFT algorithm. Recently Stoev and Taqqu (2003) pur-
sued this idea and proposed an analogous algorithm to the one presented in this paper,
by padding a significant number of zeroes to the vector of values of the kernel Kz(u/l)
so that the FFT algorithm becomes applicable. The Stoev-Taqqu algorithm has com-
putational complexity O[(Ll)log(Ll)] and the order of the approximation error is given
by Q[i~Hmin(le) 4 f-(=-H)min(Le)]. see Corollary 2.1 therein. Let p; = H min(1,«) and
pa = (1 — H)min(1, ). In order for Stoev-Taqqu algorithm to reach a pre-assigned accu-

racy level 6 > 0 in the sense of (14) and (15), one requires
(25) 7P+ L7P2 <6

Let C(p1,p2) = (p1/p2) P/ ®P1FP2) - (py /py)P2/(P14P2) and J = LI. Similarly to the derivation
of (16), we have the inequality 77t + (J/1)7P2 > C(py, p2)J P22/ P1+P2) which due to (25)
implies that

(26) J > [071C(py, po)] /P /P2

and the corresponding computational complexity is given by O(J log J) = O[(671)Y/P1H1/P2 Jog 5]
as 0 — 0. For the same level of accuracy § > 0, Proposition 1 and (16) show that the pro-
posed algorithm has computational complexity O(mlogm) = O[(§~1)V/HF1/p(@H) |og §5-1].
Since 1/H + 1/p(a, H) < 1/py + 1/po, our algorithm is computationally less costly. Table
1 gives the values of m, J and p = (mlogm)/(JlogJ) for a few selected values of the
Levy parameter o = .5, 1.5, the approximation error 6 = .1, .01 and the Hurst index
H =1, 3, .5, .7, .9. The ratio p reflects the reduction in computational complexity. As
shown by the entries of Table 1, the gains of our algorithm become more prominent for

larger values of H and/or « is small.

[Insert Table 1 about here]

In summary, the inclusion of the correction term 1)y ,, , enables the efficient computation,

and Proposition 1 provides a theoretical justification for the obtained accuracy.
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Remark 4. In a recent paper Stoev et al [29] present an excellent treatment of the estima-
tion problem of the self-similarity parameter H for sample paths of LESM. In particular,
two estimators are proposed: the first one is based on the finite impulse response transfor-
mation (FIRT) (Hprr) and the second one on a Wavelet transformation (WT) (Hpw). In
their simulation study, the Samorodnitsky-Taqqu algorithm is used and the bias, standard
deviation and asymptotic distributions of Hgrr and Hwr are discussed. It is interesting
to note that based on the sample paths generated by our algorithm, the estimator of H
based on the FIRT (or WT) method has the same distribution as Hprr (or Hwr) if the
number of zero moments ) > 2 (cf [29]). Actually, approximating ¢ . by ¥1,mn re-
sults in a linear trend in the partial sum process, which vanishes under the FIRT and the
WT. Hence, our algorithm improves in accuracy in the sense of (14), but does not offer

improvements in estimating H.

3.2. Discussion and Concluding Remarks. An efficient method is proposed for gen-
erating sample paths of LEFSM. One of the main points of our study is that it provides a
detailed estimation of the error bound obtained by the proposed finite approximation of the
infinite term linear process. This derivation provides the user with practical guidelines on
how to select the appropriate embedding dimension m when one is interested in generating
a sample path of size n with a given degree of accuracy d. The proposed method allows one
to generate multiple identically distributed traces, that can be used in parallel simulation

scenarios of queueing systems, thus leading to additional computational savings.

Several additional research threads are currently being pursued, including the use of
similar ideas in the generation of higher dimensional processes which are of interest to

geophysicists and environmental scientists.

4. PROOFS

Proof of Theorem 1. Let f(s) = fxm(s) = (K/n — )7 — (=) and a; = 0 for i < 0.

Then Z,ﬁil Yin = nt fR f(s)M,(ds) and Zszl Xin = ZieZ(Zszl ai—i)€in- Let gi(s) =

— K . a rk/n
f(s) —n=P> ap. Since gy, = nt/ f(k/_l)/n M, (ds),

Z(Yk’” — Xpp) =nt Z/( gi(s) M, (ds).

k=1 icz Y (i=1)/n
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Observe that g;(s) = 0 when i > K + 1. To prove (6), it thus suffices to establish
(27) > / 0s)7ds = 3 / i(5) s = O,
icz ¥ (i=1)/n i<K
If i =0, then for —1/n<s<0and1 <K <n, |(K/n—s)?—(K/n)?| = O[|s|(K/n)’~!] =
O[|s|(1/n)?] and [° 1 I (—s)7 |*ds = O(n=M). Using |¢1+¢2|® < cal|d1]*+|2|®), where

Co = max(2%~ 1, 1), we have

[ s = [ 10/ o)t - (o)~ s

—1/n —1/n

=< Ca/ [[(K/n — )} = (K/n)’|* + |(=s)2]*)ds = O(n=").

—-1/n

Ifi = K, then 3.0 ax_; = 0 and when (K —1)/n < s < K/n, gi(s) = (K/n — s)}. So
K/n o —a
S lgi(5)|ds = O(m=).

For i < —1, notice that Zszl ar_i = (K —4)? — (—i)® and when (i —1)/n < s < i/n,

[(=s) — (=i/n)?| = O[(—i/n)?~|s —i/n]]. Thus
i/n ; _;
> / s < S [ 1) = (P G =) = (s
) i/n
< 200(' /(41)/ [(—s)? — (=i/n)?|*ds
= QCO‘Z/ (—i/n) s —i/n|]%ds = O(n~*).

1<—1

Now it remains to verify (27) when 1 <i < K — 1. In this case, Zszl ap_; = (K —1i)?

and hence |g;(s)| = O[|(K —1i)/n|*t|s — @/n|] Therefore
i/n i
> / |9i(s)]ds = )/ s — L|ods = O(nH),
1<i<k—1Y(-1)/ 1<i<K—1 (i-1)/n n
&
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4.3 x 104
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3.6 x 108
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4.4 x 10*

2.2 x 10%
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2.5 x 108
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53 x 1071
1.5 x 1078
2.5x 1078
1.3 x 10710
1.8 x 1072

1.1 x 10726
3.8 x 10714
1.2 x 10713
6.3 x 10718
1.1 x 107

4.8 x 10"
7.8 x 104
4.1 x 10?
1.5 x 10°
1.3 x 103

2.1 x 10%
9.1 x 108
2.9 x 106
4.5 x 10°
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6.1 x 10%
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1.6 x 10°
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6.1 x 10%

9.3 x 1072
6.0 x 1072
1.7 x 1072
7.7 %1074
7.1 x 1071

3.2 x 1072
1.2 x 1072
1.3 x 1073
3.8 x 1076
1.3 x 1071
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TABLE 1. The values of m, J and p = (mlogm)/(Jlog J) are given by (16) and (26),
for the Levy parameter a = .5, 1.5, the approximation error § = .1, .01 and the Hurst
index H = .1, .3, .5, .7, .9.
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LFSM

LFSM

LFSMm

F1GURE 1. Top, middle and bottom panels: realizations of linear fractional
stable motions for « = 1.8, @« = 1.2 and a = 0.6. In all cases, the left panel
corresponds to H = .2, the middle panel to H = .5 and the right panel to
H = .8. The x—axis represents time (t = k/n, k=0,1,2,--- ,n), while on

the y—axis the values of the LEFSM process are given.
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