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We establish strong invariance principles for sums of stationary
and ergodic processes with nearly optimal bounds. Applications to
linear and some nonlinear processes are discussed. Strong laws of
large numbers and laws of the iterated logarithm are also obtained

under easily verifiable conditions.

1. Introduction. Strong laws of large numbers (SLLN), laws of the iterated logarithm (LIL),
central limit theorems (CLT), strong invariance principles (SIP) and other variants of limit the-
orems have been extensively studied. Many deep results have been obtained for independent and
identically distributed (iid) random variables. With various weak dependence conditions, some
of the results obtained under the iid assumption have been generalized to dependent random
variables. See Ibragimov and Linnik (1971), Stout (1974), Hall and Heyde (1980), Lin and Lu
(1996), Doukhan (2003) and the collection by Eberlein and Taqqu (1986) among others.

The primary goal of the paper is to establish a SIP for stationary processes. To this end, we
shall develop some moment and maximal inequalities. As our basic tool, a new version of martin-
gale approximation is provided. The martingale method was first applied in Gordin (1969) and
Gordin and Lifsic (1978) and it has undergone substantial improvements. For recent contributions
see Merlevede and Peligrad (2003), Wu and Woodroofe (2004) and Peligrad and Utev (2005),
where the central limit theory and weak convergence problems are considered. The approximation
scheme acts as a bridge which connects stationary processes and martingales. One can then apply
results from martingale theory [Chow and Teicher (1978), Hall and Heyde (1980)], such as mar-
tingale central limit theorems, martingale inequalities, martingale law of the iterated logarithm,
martingale embedding theorems etc to obtain the desired results for stationary processes.

To implement the martingale method, one needs to know how well stationary processes can
be approximated by martingales. In other words, an approximation rate should be obtained. In
this paper we shall provide simple sufficient conditions for the existence of L? (¢ > 1) martingale
approximations as well as approximation rates. A random variable Z is said to be in L? (¢ > 0)
if || Z] := [E(]Z]9)]"/7 < oo. Tt is convenient to adopt the following formulation. Let (&i);ez, be

a stationary and ergodic Markov chain with values in the state space X’; let g : X — R be a

AMS 2000 subject classifications: Primary 60F05; secondary 60F17
Keywords and phrases: Short- and long-range dependence, strong convergence, nonlinear time series, martingale,

linear process, law of the iterated logarithm, strong invariance principle

1
imsart-aop ver. 2005/10/19 file: SIP-0ct26-06.tex date: October 26, 2006



2 W. B. WU

measurable function for which E[g(&)] = 0; let the the filtration Fr, = (..., k—1,&k), k € Z.
Write S, = Sn(g) = >y Xi, Xi = ¢(&). This formulation allows stationary causal processes.
Let &, be iid random elements; let &, = (...,en—1,6,) and X,, = g(&,). Then (X,,) is a causal
process and it naturally falls within our framework. As an important category, causal processes
have been widely used in practice. Asymptotic results on S,, are useful in the related statistical
inference. The LY martingale approximation, roughly speaking, is to find a martingale M,, with
respect to the filter F,,, such that M,, has stationary increments (martingale differences) and the
approximation error ||S, — M,||, is small.

The paper is structured as follows. Section 2 presents an explicit construction of the approxi-
mate martingale M,, and a simple and easy-to-use bound of the approximation error ||Sy, — M,||4.
Using those basic tools, we establish in that section various strong laws of large numbers and
invariance principles. Some of the results are nearly as sharp as the corresponding ones devel-
oped under the iid assumption. Applications to stationary causal processes are given in Section
3. An interesting feature of the limit theorems in Section 2 is that, besides the necessary moment
condition g(&p) € LY, they basically rely on the magnitude of 6, ; = [|E[g(&,)]€0] —E[g(&n)I€=1]ll¢,
n > 0. For stationary causal processes 0, 4 is closely related to the physical and predictive depen-
dence measures proposed in Wu (2005a). It is shown in Section 3 that, for causal processes, those
conditions can be easily checked. Applications to linear processes with dependent innovations are
discussed in Section 3.2. Proofs are given in Section 4.

We now introduce some notation. Recall Z € LP (p > 0) if || Z||, = [E(|Z|")]'/? < oo and write
| Z]| = || Z]|2- For ease of reading we list the notation that will be used throughout the paper:

o (&);c7: a stationary and ergodic Markov chain.

o S, =Su(9) =1 Xi, where X; = g(&) and g is a measurable function.
o Fir=(,&-1,%)-

e Projections PpZ = E(Z|Fi) — E(Z|Fi_1), Z € L.

o Let Dy =3 22, Prg(&) if the sum converges almost surely.

o My, =" D Ry= Sy — My, k>0.

® Ong = [Pog(&n)llg, m > 0.

o Apg=> 1" biq Let b0 =0= Ay, 4 if m <O.

e Define the tail Oy, g = D> o0 0,4 if Ao g = limyy o0 Ay g < 00.

e B,=18¢2(q—1)"%if g€ (1,2) U(2,00) and B, = 1 if ¢ = 2.

e IB: the standard Brownian motion

By the Markovian property, for n > 0, Pog(fn) = E[Q(fn”&)] - E[Q(én)’f—l]-

2. Main results. Basic tools and some useful moment inequalities are presented in Section

2.1. Sections 2.2 and 2.3 contain LIL, Marcinkiewicz-Zygmund and other forms of laws of large
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STRONG INVARIANCE PRINCIPLES 3

numbers. These results will be useful in proving SIP in Section 2.4.

2.1. Inequalities and martingale approrimations. Theorem 1 provides moment inequalities

and an LY martingale approximation for S, = > ; g(&;). The theorem is proved in Section 4.

THEOREM 1. Assume that E[g(§o)] = 0 and g(&§) € LY, ¢ > 1. Let ¢ = min(2,q). Then (i)

(1) I1Sulld < BE D (Ning — Aig)”

i=—n
(ii) Assume additionally that
o
@ Ong = 0y < .
i=0
Then Dy, = Y .2, Prg(&), k € Z, are stationary and ergodic LY martingale differences with
respect to (Fy) and the corresponding martingale My, = Zle D; satisfies

! ! q/
(3) 1Sn — M, ||7 <3BZ > 0 .
j=1

(111) Let S} = maxy<y, |Sk|. Then under (2),
B /
(4) 83l < =2/ @0,

Theorem 1 has two interesting features. First, it provides simple moment bounds for S,,. Mo-
ment bounds for sums of random variables play an important role in the study of their convergence
properties. Second, it presents an explicit construction of approximating martingales as well as
the approximation rate (3) under the natural condition (2). The latter condition basically in-
dicates short-range dependence. Hannan (1979) proposed condition (2) with ¢ = 2 and proved
invariance principle under mixing. Dedecker and Merlevede (2003a) showed that (2) with ¢ = 2
implies the invariance principle without the mixing assumption. McLeish (1975a) obtained an
inequality of type (4) for mixingales with ¢ = 2. McLeish’s result was improved by Dedecker and
Merlevede (2002). With the error term (3), we can quantify the goodness of the approximation
and then apply martingale limit theorems. There is a well-developed martingale limit theory and
many results established under the independence assumption have their martingale counterparts.
These two features are useful in studying the strong convergence of stationary processes.

We now discuss the issue of the uniqueness of the approximation. Observe that (2) and (3) imply
1S — M, ||, = o(n/9). Tt is easily seen that, if ¢ > 2, then such a martingale construction is unique
in the sense that if there is a martingale M), = > | D} with stationary and ergodic martingale
differences D} with respect to the filter F; such that ||.S,,— M}, ||, = o(y/n), then we necessarily have
D; = D; almost surely. To this end, note that || M), — M,||q < [|M,, — Snllq+ S0 — My|lq = o(v/1).
Then | M/ — M, || = o(y/n) since ¢ > 2. Consequently || Dy — D} ||v/n = o(y/n) and |D; — D}|| = 0.
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4 W. B. WU

REMARK 1. In the case of ¢ = 2, the construction of the approximating martingale (M} )x>o also
appeared in Hall and Heyde (1980, p. 132), Woodroofe (1992) and Volny (1993). To the best of
our knowledge, the rate of approximation (3) with a general ¢ > 1 is new. Inequality (3) with
g > 2 is needed in our derivation of the laws of the iterated logarithm and strong invariance

principles; see Theorems 2, 3 and 4. &

REMARK 2. Yokoyama (1995) considered a related problem. The basic assumption imposed in his

paper is that there exists a martingale M,, with stationary and ergodic increments such that
1S = My |lq = O{(nlogy n)?/*[(logn) . .. (log,,, n) 0]}

for some § > 0 and m > 1. Here logy n = loglogn and log,, n = log(log,,_;n). Under such an
assumption, Yokoyama obtained a LIL for .S,,. For linear processes with iid innovations, due to the
special linearity structure, approximating martingales can be easily constructed; see Section 3 in
his paper. However, the latter paper did not address the issue of how to construct approximating
martingales for general stationary processes. For nonlinear processes, it is not straightforward
to construct such approximating martingales with the desired rate. The explicit construction in

Theorem 1(ii) overcomes such restrictions. Some examples are presented in Section 3. &

REMARK 3. In the special case ¢ = 2, Wu and Woodroofe (2004) studied the existence of triangular

stationary martingale approximations. Such a martingale approximation scheme means that, for

each n, there exists stationary martingale differences D)1, Dyo, ... such that
— M.l =
(5) e (18 = Ml = 0[50

where M, = Zle Dy;. Wu and Woodroofe (2004) showed that (5) is equivalent to ||E(S,|Fo)| =
o([|Sx ). Under the latter condition, ||S,|| has the form \/nh(n), where h is a slowly varying
function. We say that a function ¢ is slowly varying if for any A > 0, limg_.o ¢(Az)/l(x) = 1
(Feller, 1971, p. 275). Their L? martingale approximation leads to a necessary and sufficient
condition for conditional central limit theorems. The martingale approximation (3) differs from
(5) in that it allows a general ¢ > 1 and that the single-array sequence (My)i>o itself is a

martingale with stationary increments. &

REMARK 4. Inequality (1) is applicable to cases in which 6, , decays slowly. For example, if
Ong = (1+n)78 1/¢ < 3 < 1, then (1) gives ||Sp|l; = O(nY/9+1=8). In this case (ii) and (iii)
are not applicable since (2) is violated. Corollary 3 contains an application of (1) to strongly

dependent processes. O

Inequalities concerning maxy<y, |Sk| are important devices in establishing limit theorems for
Syn. Proposition 1 provides simple maximal inequalities which are useful in the study of strong

convergence of stationary processes. Corollary 1 presents an almost sure version of the martingale
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STRONG INVARIANCE PRINCIPLES )

approximation. Similar maximal inequalities appeared in the literature; see Menchoff (1923),
Doob (1953), Billingsley (1968), Serfling (1970a), Moricz (1976) and Lai and Stout (1980).

ProposITION 1. (i) Let ¢ > 1 and Z;, 1 <i < 24, be random variables in L7, where d is a positive
integer; let Sy, = Z1 + ...+ Z, and S}, = max;<y, |Si|. Then

od—r

(6) 155allq < Z > l1S2rm = Sar(m-1) I8

r=0 | m=1

(ii) Let {(Yrg)pez: @ € ®} be a class of centered stationary processes in L,q > 1; namely for
each ¢ € ®©, (Yy ¢)1ez is stationary and Yo 4 € L9; let Spy = Y14+ -+ Yy, 4. Then

1/q d 1/q
} < Zg(d—j)/q {E* } ,
=0

where E* is the outer expectation: E*Z = inf{EX : X > Z X is a random variable}. (iii) Let
(Zi);cz, be a stationary process and Zo € L4, ¢ > 0. Then for all § > 0,

(7) E* | max sup | Sk, ¢|?
k<n gco

sup |Sa; |
peD

(8) SB(Sy > 2495) < 20 IATY, where Ay = 3 (27|, 12) /@,
k=0 j=0

REMARK 5. Menchoff (1923) and Doob (1953) considered the special case of (6) with ¢ = 2 and
uncorrelated random variables. A maximal inequality for stationary processes with ¢ = 2 is given
in Wu and Woodroofe (2004). The current form (6) allows a general ¢ > 1 and non-stationary
processes. Inequality (7) is a useful variant of (6) and it is applied in Wu (2005b). &

CorOLLARY 1. Let g(&1) € LY, q¢ > 1, E[g(&1)] = 0 and assume (2). Let Ry, = Sy — My, where
My = Y5 Di and Dy = 3232, Prg(&:). Then Ry, = 0as.(n'/9) under
9) Zk— min[l,(q+4)/(2q+2)}@Z{(J(q+1) < o0,

k=1

Proof. If 1 < g < 2, since ©,, 4 is non-increasing in n,

o0 2 1/(g+1) 1/(g+1)
Z 2-J Z of, < Z 9—3/(a+1) (Z kgt o, q)
j=0 =1 =0 ’
< ZQ j/(a+1) ZQk/ g q+1)
< ZZQ 3/(a+1)9k/( q+1)@fI/(q+1)

k= O] k
- Zo @‘éi,;’“ =Y " ntoOY) < 00
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6 W. B. WU

By Theorem 1(ii), Z;’io@_jHRyHg)U(ﬁl) < o00. By Proposition 1(iii) and the Borel-Cantelli

lemma, we have R, = oa_s,(nl/ 7). The other case ¢ > 2 similarly follows. O
REMARK 6. If ©,, , = O[n™™0:1/a=1/2)(1og n)7], 7 < —1 — 1/q, then (9) holds.
REMARK 7. Let ¢ > 1. As in Gordin and Lifsic (1978), we have ||R, |, = O(1) if

(10) ZE[Q(&')EO] — H(&) (say) in L9.

=0
by letting D; = H(&;) —E[H (&)|Fi—1]. By Proposition 1(iii) and the Borel-Cantelli lemma, R,, =
0as.(n'/9). The two sufficient conditions (9) and (10) have different ranges of applicability. Let
9(&n) = 302, i %en—i, where g, € L7 are iid random variables with E(g,,) = 0 and E(|e,|") = oo
for any r > ¢. If @ > 1, then 6,,, = O(n™%), O, , = O(n'~®) and (9) holds, while (10) requires
a > 1+ 1/q. On the other hand, however, let g(&,) = Zioil(—l)ii*ﬁen_i, 1/q < B < 1, then (9)
is violated while (10) holds.

2.2. Laws of large numbers. The ergodic theorem is probably the best known result on strong
convergence of stationary processes. Let (X}) be a stationary and ergodic process with E(|Xo|) <
oo and X, = Yo, Xi/n, then X, — E(Xp) — 0 almost surely. However the convergence of
X, —E(Xg) — 0 can be arbitrarily slow even if X, is bounded (Krengel, 1985). Here we consider
the rate of X,, — E(Xp) — 0 under conditions on the decay rates of 6, ,. Corollaries 2 and 3 are

easy consequences of Theorem 1 and Proposition 1.

COROLLARY 2. Let g(&1) € L4, ¢ > 1, E[g(&)] = 0 and ¢ be a positive, nondecreasing slowly
varying function. (i) Assume ©, , = O(logn)~*], 0 < a < 1/q, ¢ > 2, and

> —oq
(11) > [22,9)](1 < 00

k=1
Then Sy, = 0a5.[v/nl(n)]. (i) Assume (2) with 1 < q < 2 and Y o, ¢79(2%) < co. Then S,, =
0as.[nV/9U(n)]. (iii) Let 1 < q < 2 and assume (9). Then S, = 045.(n'/9).

REMARK 8. Let § > 0. Then (11) holds if £(n) = (logn)'/4~(loglogn)1+9/4, The function
ly(n) = (logn)'/9(loglog n)1+9)/4 satisfies (ii). By (ii), if g < 00, then S,, = 045 [v/nla(n)]. &

REMARK 9. Let 1 < ¢ < 2. By the martingale Marcinkiewicz-Zygmund SLLN [cf Corollary 3
in Tien and Huang (1989) or Woyczynski (1982)], (10) implies S,, = 0a.5.(n'/%); see Remark 7.
Dedecker and Merlevede (2003b) considered Banach valued random variables. &

Proof of Corollary 2. (i) Let M, = Zle D; and Ry = Sy — Mj,. By (3) of Theorem 1, ||R,||q =

O[nl/Q(log n)~%]. By (11) and Proposition 1,
q

00 [e's) k
1 1 ,
- 19 - - E (k—=3)/q ,
Z 2kq/2£q(2k>E[?i%§ ’Rz| } < Z 2kq/2£q(2k) : 2 HRQJ ||q
k=1 - k=1 7=0
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STRONG INVARIANCE PRINCIPLES 7

N 1 k/2,—avq
(12) = ; WOKQ k)] < oo,
which by the Borel-Cantelli lemma implies max;<or |R;| = 0a.5.[2F/20(2%)], and consequently

|Ry| = 0as.[v/nf(n)] since £ is slowly varying. By (11) and since ¢ is nondecreasing,

B~ kT omlT ]
2 i@ 2 ,; [e2m]e " 1= aq ()]s

k=1 1

So (logn)Y/9=® = O[f(n)] and (i) follows from Stout (1970)’s martingale LIL
(13) li + M,
imsup + ————— =
n—»oop v2nloglogn
(ii) By Theorem 1(iii), [|Sk|[h = O(n). So Y rey 2*kq/2€*q(2k)HS;kH£ < 00. By the Borel-Cantelli

lemma, since / is slowly varying, S, = 0. [n'/9(n)]. (iii) By Corollary 1 and the martingale
Marcinkiewicz-Zygmund SLLN, S, = R,, + M, = 0,5 (n/9). o

[ D1]]-

REMARK 10. Let ¢ = 2 and ¢*(n) = Z?zl[ig(i)]_l, where £ be a positive, slowly varying, non-
decreasing function. Zhao and Woodroofe (2006) proved that R,, = 0,5 [\/n¢*(n)] under

oo

(14) S 2\Ji(0) tog ) [B(5:1 7)) < oo

i=1
Hence S, = 0as.[v/nl*(n)] if loglogn = o[¢*(n)]. Their result does not cover our Corollary 2(ii).
On the other hand, however, Corollary 2(ii) does not allow functions like £(n) = y/logn.

We now give an example where (14) is violated while ©g 2 < oco. Let ¢; be iid with E(eg;) = 0
and E(¢?) =1 and X,, = Y ois Gi€n—i, where (a;)i>0 are real coefficients. Let F; = (..., gi_1,¢;).
Then ||E(S;|Fo)|? = doiolaji + .+ aivj)? Let a; = k32 if i = 28 k € N, and a; = 0
if otherwise. Since a; are nonnegative, ||E(S;|%o)|| is nondecreasing. Note that ||E(Sq|Fo)||? >
2k ad > 2FE72 /2. S0 300 i3/2|[E(S;|Fo)|| = oo since 352, 27F/2(2Fk=2)1/2 = oo, Clearly
©Op,2 < 00. &
COROLLARY 3. Let ¢ > 1 and ¢' = min(2, q). (i) Assume ||E[g(&n)|Folllq = O(n™"), 0 < n < 1. Let
v = max(1-n,1/q"). (i1) If 1-n # 1/¢, then ||S% ||, = O(n") and Sy, = 045 (n"?(logn)/9(loglog n)?/7).
(i) If 1 —n = 1/¢, then ||Si|l, = O(nlogn) and S, = 0as.(n?(logn)'*1/9(loglogn)?/9).
(ii) Let 0,4 = O[n~Pl(n)], where 1/¢ < B < 1 and { is a slowly varying function. Then
1S%]l = O[n(n)] and Sp, = 0as.[n"¢(n)logn], T =1/¢' +1 —f.

Proof. (i) We shall apply the following inequality: there exists a constant ¢, > 0 such that

d
155allg < 27 | Ng(éo)lq + Y 279V IE(S | Fo)llg
5=0
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8 W. B. WU

Peligrad, Utev and Wu (2006) proved the above inequality when ¢ > 2 (see Inequality (10)
therein), while Wu and Zhao (2006) proved it under 1 < ¢ < 2. Note that [|E(Sy;|Fo)|lq <
Z?il O(i™") = O(j +2779"). (i1) Let 1 —n # 1/¢'. Elementary calculations show that [|S3, [, =
O(2%). Hence ||S}|l; = O(n”). Using the argument in the proof of Corollary 2(ii), the almost
sure bound of S, follows. (i2) It can be similarly dealt with.

(ii) By Karamata’s Theorem and Theorem 1(i), A, , = O[n'~?4(n)], and

n

(HSan/Bq)q, < Z (Aigng — Ai,q)q, + Z (Aign,g — Nig)?

1=—n i=14n

/

/

= nO(AY, ) + D" Ot P = n A f(n)] 7
i=14+n

By Proposition 1(i), [|S5.ll = 0[297¢(2%)]. By the Borel-Cantelli lemma, (ii) follows. &

REMARK 11. If (11) holds with o > 1/¢, then there exists a law of the iterated logarithm, a more

precise form of strong convergence. See Theorem 2(i). &

REMARK 12. Let ¢ > 1 and ¢’ = min(2, ¢). Roughly speaking, since O, < oo, Corollary 2
deals with short-range dependent processes. The order of magnitude of S, is roughly n'/ ¢ up
to a multiplicative slowly varying function. Corollary 3 allows long-range dependent processes.
For example, if ¢ = 2 and X,, = > 22 a;en—;, where ¢, are iid with E(g,,) = 0, E(c2) = 1 and
an =n"",1/2 < § < 1, then |E(X,|F0)|| = O(n/?>7?) and S, = 0a5.(n*/> Plogn). &

REMARK 13. With the help of the maximal inequality (6), Corollary 2 can be generalized to
non-stationary processes. Let (X;), N satisfy E(X;) = 0 and E(|X;]|?) < oo for all i € N; let
S, =X1+ ...+ X, forn € N, Sg =0 and S} = maxj<y|5;|. Assume that there exists a
nondecreasing function f such that f(0) = 0, liminf, . f(n)/f(2n) > 0 and S, — Sp||d <
f(n) — f(m) for all integers n > m > 0. By (6), ||S5.llq < d[f(2%)]'/4. If there exists a positive,
nondecreasing slowly varying function £(-) such that >3 [k/£(2¥)]9 < oo, then the argument
in the proof of (ii) of Corollary 2 yields S, = 0as.[f'/9(n)f(n)]. In the special case ¢ = 2 and
f(n) =n%, o >0, let £(n) = (logn)3?(loglogn), then S, = 0.5 [n7/?¢(n)]. The latter result is
slightly better than the Gaal-Koksma SLLN (Philipp and Stout, p. 134, 1975), which states that
Sy, = Oas. [nU/Q(log n)3/2+5] for each 6 > 0. O

2.3. Laws of iterated logarithm.

THEOREM 2. (i) Assume that g(&1) € LY for some q¢ > 2, E[g(&o)] = 0 and

1=2
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STRONG INVARIANCE PRINCIPLES 9

Then for o := || 372y Pog(&)|| < oo, we have, for either choice of sign, that

Sn
16 li =
(16) lglsogp v2nloglogn 7

almost surely. (ii) Let g(€1) € L? and E[g(&1)] = 0. Then (16) holds under (9) with q = 2.

LIL for stationary processes has been studied by Philipp (1969), Reznik (1968), Hall and Heyde
(1980), Stout (1974), Rio (1995), Volny and Samek (2000) and Zhao and Woodroofe (2006) among
others. An interesting feature of Theorem 2 is that the conditions (15) and (9) only involve 6,, 4
and they are easily verifiable for causal processes; see Proposition 3(ii).

Theorem 2 is proved in Section 4. The key idea is to show that R,, = 0,5 (v/nloglogn). Using
the martingale version of Strassen’s functional LIL (cf. Heyde and Scott (1973) or Basu (1973)),
we can easily obtain the functional LIL: let 1, (), t € [0,1], be a function obtained by linearly
interpolating S;/v/2nloglogn at t =i/n, i =0,1,...,n; let ¢ be a continuous map from C[0, 1]
to R. Then under conditions in Theorem 2, ¢(n,,) is relatively compact and the set of its limit
points coincides with ¢(F'), where F' be the set of absolutely continuous functions f satisfying
F(0)=0and [j[f/(t)?<1.

Both (i) and (ii) of Theorem 2 concern LIL. They have different ranges of applicability. The
former imposes ¢ > 2 while in the latter ¢ = 2. On the other hand, in some cases, (15) is weaker
than (9) with ¢ = 2. Let g(&n) = Y i @i€n—i, where &, are iid L? (¢ > 2) random variables and
an =n"t(logn)~% n > 2, where a > 1. Then ©,,5 = O[(logn)'~?] and ©,,, = O[(logn)'~*]. It
is easily seen that (9) needs o > 5/2, while (15) only needs o > 1+ 1/q.

REMARK 14. Zhao and Woodroofe (2006) obtained a LIL by letting £(i) = logi in (14). Their
result refines earlier ones by Heyde and Scott (1973) and by Heyde (1975) in the adapted case.
Their LIL and Theorem 2(ii) have different ranges of applicability. Consider the linear process
example in Remark 10. Now we let a; = k™3 if i+ = 2, k € N, and a; = 0 if otherwise. So
(9) with ¢ = 2 since Ogr 5, = O(k™2). Note that [|[E(Sq|Fo)||* = 283772, agl > 2kE=5/5. Since
S99 27k 23122k k512 = oo, (14) is violated (recall (i) = logi). On the other hand, let
a; = i~ Y(logi)~%/?(loglogi)®, i > 10. Elementary calculations show that Zhao and Woodroofe’s
LIL requires a < —1 while our Theorem 2(ii) requires oo < —3/2. o

REMARK 15. A simple sufficient condition of (15) is ©f , = O(log ™! n), which is weaker than the
one in Yokoyama (1995) even in the special case of linear processes. Let g(&,) = D72 aicn—i,
where ¢, are iid and a, are real coefficients. For a, = O[n"'(logn)~®] and ey € L4, q > 2,

Yokoyama’s result requires o > 1 + 2/q whereas a > 1 + 1/q is enough to ensure (15). &

2.4. Strong invariance principles. The strong invariance principle studied here means the

almost sure approximation of partial sums of random variables by Brownian motions. With such
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10 W. B. WU

approximations, asymptotic properties of partial sums can be obtained from those of Brownian
motions. Strong invariance principles are quite useful in statistical inference of time series and
have received considerable attention in probability theory. Strassen (1964, 1967) initiated the
study for iid random variables and stationary and ergodic martingale differences. Komlés et al
(1975, 1976) considered approximating sums of iid random variables by Brownian motions and
obtained optimal results. Motivated by the usefulness of such approximation scheme, researchers
have established many results concerning mixingales and strongly mixing processes of various
types; see Berkes and Philipp (1979), Bradley (1983), Eberlein (1986), Shao (1993), Rio (1995),
Lin and Lu (1996), Dedecker and Prieur (2004) and Philipp and Stout (1975) among others.
Philipp (1986) gave an excellent review.

Here we shall apply the moment and maximal inequalities and SLLN developed in Sections
2.1 and 2.2 to study strong approximations of partial sums of stationary processes. To state such
results, one often needs to enlarge the underlying probability space and redefine the station-
ary process without changing its distribution. For brevity we simply say that there is a richer
probability space and a standard Brownian motion IB such that the partial sum process can be
approximated by IB with certain rates.

It seems that our method is quite effective and it leads to nearly optimal approximation rates.
Let x4(n) = n'/9(logn)'/? if 2 < ¢ < 4 and x,4(n) = n'/*(logn)'/?(loglogn)/* if ¢ > 4; let
Lg(n) = n'/9(logn)/2+1/4(loglog n)?/. Recall Theorem 1 for Dy, = > 32, Prg(&).

THEOREM 3. Let g(&y) € L9, ¢ > 2, E[g(&o)] = 0 and o = || Dg||. Let ¢* = min(q,4). (i) Assume
On.qg = O =2(logn)~ 1] and

(17) D IE(DRIF0) = 02lge 2 < o0
k=1

Then on a richer probability space, there exists a standard Brownian motion IB such that
(18> ‘Sn - B(UQn)’ = Oa.s.[XQ(n)]'

(ii) Assume Oy 4 = O(n'/T=12) and

(19) > IPo(DR)llg= 2 < oo
k=1

Then on a richer probability space, there exists a standard Brownian motion IB such that
(20) |Sn = B(0°n)| = Oas.[tgr (n)].

REMARK 16. In Theorem 3, conditions (17) and (19) involve the decays of |E(DZ|Fo) — 02|42
and || Py(D3)||4+ /2- Interestingly, it turns out that for stationary causal processes both quantities

have simple and easy-to-use bounds; see Proposition 3 in Section 3. &
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STRONG INVARIANCE PRINCIPLES 11

THEOREM 4. Let g(&) € L7, 2 < q < 4, and E[g(&)] = 0. Assume ©, 4 = O(n™") and
[E(D2|Fo) — 02|lg/2 = O(n™"), n > 0. Then on a richer probability space, there exists a standard
Brownian motion IB such that |S, — B(c?n)| = 0as.[n/?(logn)3/?], where v = max(1 —n,2/q).

Theorems 3 and 4 give explicit approximation rates. It is interesting to note that, when 2 <
g < 4, the rates (18) and (20) are optimal up to multiplicative logarithmic factors. Komlds et
al (1975, 1976) showed that, if (X}), .7 are iid random variables with mean 0 and gth moment,
q > 2, then the approximation rate is o(n'/?) and it cannot be improved to o(n°) for any § < 1/¢.
Strong invariance principles with the rates n'/2=9 or o[(nloglogn)'/?] are widely considered in
the literature; see Philipp and Stout (1974), Philipp (1986) and Eberlein (1986).

SIP plays an important role in statistical inference. For change-point and trend analysis see
Csorgé and Horvath (1997). Wu and Zhao (2005) considered statistical inference of trends in
time series and constructed simultaneous confidence bands for mean trends with asymptotically
correct nominal coverage probabilities. Shao and Wu (2006) studied asymptotic properties of
the local Whittle estimator of the Hurst (long-memory) parameter for fractionally integrated
nonlinear time series models. In the latter two papers we applied the SIP of the form (20) and
the rate Oy [tg-(n)] is needed to control certain error terms.

It is unclear whether a bound of the form O[n'/2¢(n)], where £ is a slowly varying function,
can be obtained when ¢ > 4. The arguments in Komléds et al (1975, 1976), which heavily depend
on the independence assumption, can not be directly applied to stationary processes. In our
proof of Theorem 3 we apply Strassen’s (1967) martingale embedding method. The best bound
that Strassen’s method can result in is y4(n). In the special case of linear processes, since the

approximate martingales are sums of iid random variables, sharp bounds can be derived.

ProrosiTION 2. Let X,, = Z?io Qi€n—i, where e, € L1, q > 2, are iid with mean 0 and the real

coefficients a, are square summable. Assume that A; := Zfij a;, j >0, exists and

(21) i 2” ]Hq 1/ ) < oo, where =, = ZA2 i (A; — A;i_p)2.

7j=1 i=n+1

Then on a richer probability space, there exists a standard Brownian motion IB such that
(22) S, — B(c*n)| = oa_s.(nl/q), where o = | Ag|||eo]|-

In particular, (21) holds under (9), or > 50, A? < oo, or
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12 W. B. WU

Proof. Let M, = Ag Zle €k. Then —R, = M, — S, = 21021(142 — Ai—n1i>n)5n+1—i- By
Rosenthal’s inequality, ||Ry|lq; < C||Ry|| for some constant C' < oco. Since ||R,|| = E,]eo]|, by
Corollary 1, (21) implies R, = 0a5.(n'/?) and hence (22) by the Hungarian construction of
Komlés et al. Clearly > 22, A? < oo implies =, = O(1). Under (23), >_°° (E(X,|Fo) converges
in L2, we have as in Remark 7 that ||R,|| = O(1) and then (21). &

Phillips (1999) studied the consistency problem of log-periodogram regression. A key tool in
the latter paper is a SIP for linear processes with the rate o0, (n¢), ¢ € (2/¢,1/2) under

oo
(24) > ilai] < oo
=1

and g; € LY, g > 4. We now compare Phillips’ result with our SIP (22). First, our result requires
g > 2 while ¢ > 4 is needed in Phillips’ result. Second, Phillips’s condition (24) implies ©,, , =
O(n~') and hence (9). Our conditions are much weaker. Third, our bound o, (n'/9) is optimal
and is sharper than Phillips’ 0, (n¢). Akonom (1993) obtained a bound op(n'/?) under (24).

3. Applications. Let (¢,),c7 be iid random variables and let X,, = g(&,), where &, =
(...,en—1,€n) and g is a measurable function such that X, is a proper random variable. We can
view the random variables ¢;,7 < n, as the input to a system, g as a filter and X,, = ¢g(&,) as the
output of the system. The class of causal processes is huge and it includes a variety of nonlinear
time series models [Priestley (1988), Tong (1990), Stine (2006)].

In this section we shall apply the results in Section 2 to stationary causal processes. Due to the
structure of &,, the filter F,, can be naturally defined as the sigma algebra generated by &,. Write
E(Z|F,) = E(Z|¢,). To apply the moment inequalities and limit theorems presented in Section
2, one needs to verify the conditions therein [cf. (2), (9), (15), (17) and (19)] which are based on
the quantities |Pog(&n)llg, IE[9(6)|Fo0lllgs |Po(D2)|lq and ||E(D2|Fo) —o?||4- It turns out that for
causal processes such quantities can be effectively handled by the coupling method. Let (¢,),,c7
be an iid copy of (ey),c7 and let &, = (...,e,,_q,€y,). For k > 0 let & = (&y,€1,- -+, €k—1,€k)
and &, = (£_1, €0:€1s - - -1 €k—1,€k)- In & the whole ”past” &g is replaced by the iid copy &, while
& only couples a single innovation eg. Let him (&) = Elg(&k+m)|Ek] be the m-step conditional
expectation, m > 1, and write h(§;) = h1(&). For k > 0 define

a = [h(&) — hElles o = (&) — A&y
(25) B = No(&) = 9@lar 5= lg(&) — 9(&0) o

The input/output viewpoint provides another way to look at the dependence. Wu (2005a) intro-
duced the physical dependence measure Bk, which measures how much the process will deviate,
measured by the L7 distance, from the original orbit (¢g(&x))k>0 if we change the current input
g0 to an iid copy ). By (27), |Pog(€n)ll4 has the same order of magnitude as ||y (£0) — hn(€0)|lq-
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STRONG INVARIANCE PRINCIPLES 13

Note that hy, () = E[g(€n)|€0] is the n-step ahead predicted mean. So wy, = ||hn(&0) — hn (o)l
measures the contribution of g¢ in predicting future values. In Wu (2005a) w;, is called predictive
dependence measure. The short-range dependence condition ©¢ , < co means that the cumulative
contribution of €y in predicting future values is finite. Dedecker and Doukhan (2003) proposed
Elg(&) — g(...,0,€1,...,€x)|, a similar version of ;. See Wu (2005a) for more discussions on
input/output dependence measures.

Proposition 3 provides bounds for ||Pog(&n)llq. I[E[g(€n)lFo]llg, Po(D7)lq and [[E(DZ]Fo) —
02|, based on the quantities in (25). Despite the fact that the martingale differences D,, are

constructed from g(¢;) in a complicated manner, there exist simple bounds for |Po(D2)||, and
IE(DZ Fo) = o2 lg-

PropPoSITION 3. Let g(&) € L7, ¢ > 1, ¢ = min(2,q), and E[g(&)] = 0. (i) Let k > 0. Then
an < 2041 and ay <267, (ii) For n > 1 we have

(26) %th(éo) — hn(&)llg < IE[g(&n)l0]llq < min([|hn(80) — ha(&o)llg, 1]
and
(27) %Ilhn(fo) — hn(€0)lg < [Pog(én)llg < min([[2n(£0) = hn(€0) g n-1]-

(iii) Let ¢ > 2 and > 2, &; < 0o. Then Dy = > "2, Prg(&) € L1. Additionally, for k € N,

(28) IE(DRI€0) — 02llq/2 < 8cgBi +8cq Y min(af, &),
i=k

where 0 = || Dy|| and c¢g = || Dyllq, and

(29) 1Po(D}) /2 < 8cqfi + 8cg . .
i=k

REMARK 17. In Proposition 3(iii), the results are expressed in terms of the one step conditional

expectation h(&g) = E[g(&k+1)|€k]. It is straightforward to generalize them to the m-step condi-
tional expectations h, (&x) = E[g(§k+m)|Ek)- &

CoROLLARY 4. Let g(&y) € L9, 2 < ¢ <4, and E[g(§o)] = 0. Assume
(30) 3" (B + k) < .
k=1

Then (20) holds. In particular, (30) holds if

(31) S ki < oo
k=1
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14 W. B. WU

Corollary 4 is an easy consequence of (ii) of Theorem 3 and Proposition 3 in view of ©, , <
S0 a1 = O(n~1), by (27) and (30). By Proposition 3(i), ax < 2811, so (31) implies (30).
Corollary 4 provides simple sufficient conditions for strong invariance principles. The quantities

ap and Bk are directly related to the data-generating mechanisms.

3.1. Transforms of linear processes. Let X, = > 2 a;en—i, where ¢ are iid, e, € L9, ¢ > 1,
and (an)n>0 is a real sequence. Let K be a Lipschitz continuous function, namely there exists a
constant C' < oo such that |K(z)—K(y| < Clz—y| forall z,y € R. Let g(&,,) = K(X,,)—E[K(X5,)].
Then 6,4, < Bn = O(|lan(co — €5)llq) = O(lan]). So (31) holds if S°°° ifa;| < occ.

3.2. Linear processes with dependent innovations. Let (ex),c7 be iid random elements and

let (an)n>1 be a sequence of real numbers; let

00
(32) X, = Zamn_i, where 1, = G(...,en—1,6n)
i=0

and G is a measurable function. Linear processes with dependent innovations have attracted
considerable attention recently. Models of such type have been proposed in econometric time
series analysis. See Baillie, Chung and Tieslau (1995), Romano and Thombs (1996), Hauser and
Kunst (2001) and Lien and Tse (1999), Wu and Min (2005) among others. Appropriate conditions
on the innovations are needed for the asymptotic analysis of (X,,). Let ¢ > 2. Assume that there
exist C' > 0 and r € (0,1) such that for all n € N,

(33) E[|G(&) — G(&)|7] < Cr",
where & = (§,€1,--.,en). The property (33) is called the geometric-moment contraction con-
dition [Hsing and Wu (2004), Wu and Shao (2004)] and it is satisfied for many nonlinear time

series. In particular, for the iterated random function [Elton (1990), Diaconis and Freedman
(1999)] np, = R(Np—1,¢€n), let

. /
L. - aup 2.6 = B )
r#x! |ﬂ? - |
be the Lipschitz coefficient. Then (33) is satisfied if E(LZ) < 1 and E[|R(xo,€)]?] < oo for some
xo. Wu and Min (2005) showed that (33) holds for GARCH processes.

COROLLARY 5. Let 2 < ¢ < 4 and assume (33). (i) Assume Y 2 |a;| = O(log™'n). Then the
LIL (16) holds. (ii) Assume S5 |a;| = O(n*/971/2/logn). Then the SIP (18) holds.

4. Proofs. Proof of Theorem 1. (i) Consider two cases 1 < ¢ < 2 and g > 2 separately. For

1< q <2, since PpSy, k=...,n—1,n, form martingale differences, by Burkholder’s inequality,
q/2
(ISnllq/Bg)* < E(Z |7’k5|> < Z (IPrSn|?)
k=—00 k=—o00
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STRONG INVARIANCE PRINCIPLES 15

n

< Z (Anfk,q - Afk,q)q7

k=—00

where we have applied the inequalities (Ja|+|az|+...)¥? < |a1|92 +|az|9? +. .. and ||PeSnll, <
Apn—k,q— A4 Clearly By can be chosen to be 1if ¢ = 2. If ¢ > 2, then || - ||,/2 is a norm and by
Burkholder’s inequality

Z |7Dk5n|2

k=—o00

(I1ulla/Bo)* < < 5 PSP lyo

q/2 k=—o0

Z ”PkSan < Z (An—k,q - A—k,q)Q'

k=—00 k=—00

(ii) By (2), Dy, € L?. Let Ry = S, — Mj,. By the triangle inequality, for 1 < j < n, |P;R,]lq <
Ont1—jq and, for j <0, ||PjRyllq < ©O1—jq — Ont1—jq- We first consider the case ¢ > 2. Since
R,=>" j=—oo PjRn and the summands form martingale differences and P;P, = 0 if j # k, again
by Burkholder’s inequality,

q/2
n

(34) E(|Ral") < BIE | > (PiRa)?|

j=—o00

which together with the triangle inequality || 3°7__  Zjllg/2 < 227 [ Z;llq/2 yields

IRl
o < Z PR H2+ZH7>R 17
q j=—o0
“n 0

< Z (@1*j,q_@n+1fj,q)2+ Z (@lfj,q Ont1- Jq Z@nﬂ -39
Jj=—00 j=—n+1

< Y (O1 = Oni1 )0 +2) 00,
j=—00 7j=1

< ne? +22@n+1 M<3Z@

The other case in which 1 < ¢ < 2 is similar and it follows from (34) and

q/2
E| Y (PiRa)?| < ) E[(PjRy)’17? < Z (IPjRal?)
j=—00 Jj=—00 j=—00
0
< Z (©1-j.g = Ont1-jq q+Z®n+1—Jq —SZ@
j=—00 j=1
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16 W. B. WU

Combining the two cases and we have (3).

(iii) For j > 0 let Zj,, = > )1 Pe—j9(&k). Let p = q/(q — 1). We apply McLeish’s (1975a)
argument. Again we consider two cases 1 < ¢ < 2 and ¢ > 2 separately. Let ¢ > 2. Notice that
for a fixed j, Pr—;g9(&) form stationary martingale differences in & = 1,...,n. By Burkholder’s

inequality and the triangle inequality,

1Zinl; < Be||D_[Pr_jg(&))?
k=1 q/2
(35) < BIY Pe-j9(&)Pllgs2 = BanlPog(&)]l5-
k=1

If1 < q <2, then

n q/2 n
(36) E|> !Pk—jg(fkﬂzl <> E[|Pr_jg(&)I?1? = n|Pog (&)

k=1 k=1

By Doob’s inequality [cf Theorem 2.2, Hall and Heyde (1980), p. 15], || maxi<n, | Z; k|llq < Pl Zjnllq-
By (35) and (36), | Zjully < Bgn'/?[|Pog(&))llq. Since Sy = 3232 Zj . and

<> pBn'? | Pog(€))llq = pBan'/7 00,
q 7=0

we have (4). &

157allq <

7
max |Z; |

Proof of Proposition 1. (i) Let p=¢q/(qg—1) and A = Zfzo Ar P, where

—1
2d—r p+q

> 11S2rm = Szl
m=1

For the positive integer k < 2%, write its dyadic expansion k = 2" + ... + 27, where 0 < rj <
.<ry <d,and k(i) = 2™ + ...+ 2". By Holder’s inequality,

[ J

q
|Sk|? < Z|Sk(z’)—5k(il)\]

Li=1

o alp
< ZW’] !Z AL ISk — 5k(z’—1>|‘1]
Li=1 ;
2d T
< Aq/pz)\q Z |Sorim — Sari(m—1)|?
2d r
< Aq/pz)\q Z |Sorm — Sar(m-1)|%,
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STRONG INVARIANCE PRINCIPLES 17

which entails ||}, (| < A9/P S0 AN PT9 = A9 and hence (6).
(ii) It easily follows from the argument in (i) since supy |Sk o] < Z{Zl supg | Sk(iy,0 — Sk(i—1),0-
(iii) Tt suffices to prove (8) with A, < oo. Let 7; = (277||Sy |1/ @+ /A,, j > 0. Then
> i=o7j = 1. By the argument in (i), we have

oo d

> P(Sp 2% < Y N [ max [ Syim — S2im-1)| 2 2k 15y,

d=0 d=0 j=0
o0 oo

DN 24IR(|Sy | = 2% 6r)

=0 d=j

(o @] (o) )

DD 2FP27]Sy19(6ry) " > 2"
§=0 k=0

<) R[Sy |4(0ry) Y = 26T 1AL,
=0

IN

IN

where the inequality Y o, 28P(|Z| > 2%) < 2E(]Z|) is applied. &

Proof of Theorem 2. (i) Recall Dy = > 72, Prg(F;), My = Zle D; and Ry, = S}, — M. Let
p=q/(¢g—1),a=1/2-1/¢>0, \; = 209/2 and iy, = Ogr 4 Note that ©,, 4 is non-increasing in
n. By (3) of Theorem 1,

i 1/2 j 1/2 j
IRylly<C | ) ©4| <cC (Z 2%?) <Y 2y,
m=1 =0 =0

where C' is a constant that does not depend on j and it may vary from line to line. So

C zk: o(k—35)/q EJ: Qi/Qwi
=0 i=0

k 0o k
C Z 21124, Z olk=i)/a < okl Z 2%4)..
i=0 j=i =0

2914 Ry g

IA

k
J=0

IN

By Holder’s inequality,

k k Va / k
o < (Yowwr) (L)
1=0 1=0 =0

Hence by (15) and Proposition 1,

1/p

k 1/q
< (Z A?W) C)y.
=0

q
00

00 k
1 1 ;
E [max ]Ri|q] < — E 2k=0)/9|| Ry |
k=3 j=0

— \/2Flogk' Li<2t V2Flog k
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18 W. B. WU

0 akq
< CZafgw (Z Wq) X
< CZ)\QW i 27(1]“1
= : i Vi e (log k)Q/2
< C+CZAW 27 < 0.
- (log)1/2

By the Borel-Cantelli lemma, max;<or [Ri| = 0a5.(1/2Flogk), which completes the proof by
Stout’s martingale LIL. (ii) By Corollary 1, R,, = 045 (1/n). So the LIL easily follows. O

Proof of Theorem 3. (i) As in Theorem 1, let M, = Z,’f:l D; and Ry, = S — M. If 2 < g < 4, by
(3) of Theorem 1, |R,|| = O[n'/9(logn)~']. By Proposition 1,

<

max | Ry| 2719 Ry

k<2d

M-

<
Il
o

o 1/2

200 |14+ 3?1 logi) 2| = 0(2¥7logd).
=2

M-

Il
o

J

Hence we have maxy <od | Ri| = 0a.s. [Xq(2d)] and, by the argument following (12), R, = 0as.[Xq(7)].
The case in which ¢ > 4 similarly follows.

Now we shall deal with the martingale part and show that (18) holds with S,, replaced by M,,.
To this end, we apply Strassen’s (1967) martingale embedding method. Let

n
Jn = [E(Dﬂfk_l) — 02].
k=1

If2 < g < 4,let g(F) = E(DZ, | Fx)—0?, then g(Fy) € L9/2 and (17) implies J,, = 0.6 (n?/9); see
Remark 7. By the martingale version of the Skorokhod representation theorem [Strassen (1967),
Hall and Heyde (1980)], on a possibly richer probability space, there exist a standard Brownian
motion IB and nonnegative random variables 71, 79, ... with partial sums T} = Zle T; such that,
for k > 1, My = B(Ty), E(1|Fy—1) = E(D?|Fj—1) and

(37) E(r{/| Fjo1) < C4E(|Dy|"| Fi—1)

almost surely, where Cy is a constant which only depends on ¢. Let Q,, = >"}_; 7% — E(7%| Fr—1)].
Since E(19/2) < 0o and 1 < ¢/2 < 2, by the martingale Marcinkiewicz-Zygmund SLLN, Q,, =
0a.s.(n?/). Notice that

T =10 = Qn+ Y _[E(7k|Fr—1) — E(D}| Fp—1)] + Ju
k=1
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STRONG INVARIANCE PRINCIPLES 19
Therefore T,, — no? = 0, (nz/q), and

max |B(Ty) — B(c?k)] < max sup |B(z) — B(c?k)|

k<n k<n .. |z—02k|<n2/4

(38) = 045 [n"(logn)/?

If ¢ > 4, by (ii) of Theorem 2, (17) implies the LIL

J (o] o0
limsup £ = ||} " PoE(D}|Fr—1)|| = || D PoDi| < o0,
n—oo ln k=0 k=1

where t, = v/2nloglogn. By the martingale LIL (Stout, 1970), @, = Oas.(t,). So there is a
constant C' < oo such that |T,, — na2\ < C't, almost surely and similarly

max |B(T;) — B(c’k)|] < max sup |B(z) — B(o?k)|

- k<n g, |z—02k|<Ctp

= O[ty/*(logn)"/?] = O[xa(n)]

holds almost surely.

(ii) As (12), we have by Proposition 1 that the condition ©,, ,+ = O(n'/? ~1/2) implies R,, =
Oas.[tg*(n)]. By Corollary 2(ii), let £(n) = (logn)?/?" (loglogn)(?T9)/4" (see also Remark 8), (19)
entails .J,, = 0,6 [n%/7 £(n)], which yields the desired result in view of the proof of (i). &

Proof of Theorem 4. Without loss of generality let 0 < n < 1—2/¢. By (3), || Ryn||2 = (n'~*"+logn),
which entails R,, = 0a..(n7/2) by the argument in (12). We now deal with M,,. By Corollary 3(i),
the condition |[E(DZ|F) — 0?||,/2 = O(n™") implies

Jn =Y [E(D}|Fr-1) — 0°] = 0as.[n" (logn) T*/9(loglog n)*/7].
k=1

So the desired result follows from the argument of (38) in the proof of Theorem 3. &
Proof of Proposition 3. (i) Let i > k + 1. Then we have the identity

Eh(E-1)|é&] = ER(Ei-1)|é-1,e5,1 < j <K ~
(39) = E[h(&-1)|6-1,65,1 < j < k] =E[h(§-1)|8k]-

Hence by Jensen’s inequality,

ar = [E[g(&kr1)I€k] — ]E[g(f:k-i-l)‘gkmq ) o
< |Elg(&rr)l&r] = Elg(&er)l&r]lla + [[Elg(Er+1) 18] — Elg(€r+1)[E]llq
< 19(k+1) = 9(€ka1)llg + E[9(Err1)IEk] — Elg(Erv1) €kl < 28811
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The inequality o} < 23;,, can be similarly proved.

(ii) We only consider (27) since (26) can be similarly established. Observe that E[g(&,)|&] =
E[h(&n—1)|€o] and E[g(€n)[¢-1] = E[h(En—1)|0]. By Jensen’s inequality, | Pog(én)lly = E[(6n—1)—
h(En-1)l€olllg < Gn1. Since E[hy(€0)l€0] = Elhn(%0)[E-1],

1Pog(€n)lly = I1hn(€0) — Elhn(E0)léolllg < 1hn(€0) — hn(Eo)llq-

On the other hand,

HhN<fO) - hn(gO)Hq < th(§0) n+1( )Hq + ”hn-I—l ) hN@O)”q = QHPOQ(&L)HQ'

Combining the preceding inequalities, we have (27).

(iii) Under the proposed conditions, Dy = > -2, Prg(&) € L by (i). Write Dy = D(&) and
Prg(&) = Hi—k(&k), where D(-) and H;_i(-) are measurable functions. We first show (29). Note
that for k > 1, E(D7[¢_1) = E[D(Ek)z\fo]. Since ¢/2 > 1, by Jensen’s and Schwarz’s inequalities,

1Po(DR) 472 IE[D (&) — D) [0l 42

< [|D(&)? D(Ngk) llq/2 )
< [ID(&) — D(&)lgID(Ek) + D (&) llq
< 2¢4|[D(&) — D(&k)llq-

Notice that D(&) = > o p Hi—k(&k). Then

(40) ID(E) = D(Elg < 1Ho(&k) — Ho(Sw)llg + Z [ Hi—k (&) — Hi—k (&) llg-
i=k+1
Clearly, we have by (i) that
I Ho (&) — Ho(éx)llg < l9(&k) — g(étk)\tq + 1A (k1) — h(Ek-1)lq
= Bk + ag-1 < 30k

To show (29), it remains to verify that ||H; (&) — H; r(&)|ly < 4@;_1 holds for i > k + 1.
To this end, since Hi (&) = E[R(&-1)|&] — E[R(&-1)|&-1] and H; (&) = E[R(&-1)|&] —
E[R(&i-1)|8k-1],

|Hi—e(&k) — Hick(C)llg < IE[R(&-1)I8k] — E[h(f}fgﬂfkwq
(41) +  E[R(&i-1)[§k—1] — E[A(&§i—1)|Ek-1]l4-

Since i > k + 1, by (39) and Jensen’s inequality, we have E[h(&_1)|¢x] = E[h(&i—1)|€] and

IE[A(&i-1)I6k] — E[A(Gi-1) &l < H]E[h(é:ifl”fk] - E[h(ﬁ}l)lé}]llq
+  NER(Ei—1)I8k] — E[A(&i-1)IEk] llq
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< @it + [E[R(EG-1)16k] — E[R(E-1) 18R] llq
(42) < 2q;-1.

Similarly, [E[2(&-1)|&k-1] — E[A(&i-1)|Ge-1]ll < 3&i—1. By (41), [[Hi—x (&) — Hir(&k)llq < 4631
and (29) follows.

The same argument also applies to (28). We need to replace éi, a; and @ by the * versions
i, i and . Then [|Ho(&) — Ho(§p)llg < 26, and [|Hi g (&) — Hir(§)llq < 4aj_, hold for

7

37 > k + 1. Notice that we also have

[Hi—r(&k) = Hik () llg < [1Hik () llg + [1Hik(Ep)llg < 201

So (28) follows from (40). &

Proof of Corollary 5. (i) By Theorem 2, it suffices to verify (15). Observe that (33) implies
| Ponnllq < Cr™. Therefore,

o0 o0 m ) o0 o0 )
Z [PoXmllg < Z Z |am—i| CT" < CZ Z | @i
m=n m=n :0

=0 m=max(i,n)

— (o] ) [o¢] o ]
Z |t _i|7" + C Z Z [

= C
(43) = rlO[log YVan — i) + Z O(r') = O(log™"9n),
=0 i=n

~1n) and consequently (15). (ii) Under the condition on (ay,), we have

which implies ©7 ; = O(log
Ong = O =12(logn)~1 in view of the argument in (43). So the corollary follows from (i)

of Theorem 3 and Lemma 1. O
LEMMA 1. For the process (32), assume Y .= |ai| < oo and (33), 2 < q < 4. Then (17) holds.

Proof of Lemma 1. For n > k, let Piny, = Ly (&x). Similarly as (42), we have

In—r(&k) = Ln-r(&R)lle < NE(mIER) — B(Rl&0) [lg + IE(nlék—1) — E(1,/€5-1)llq
< Al —millg = O™

in view of (33). Let p = /9. Since Prg(£,) = > 520 a5 Priin—j = Z;:é“ a;Ly—j—1(&§) and Dy, =
D(&k) = 2onz Prg(&n);

oo oo ||n—k

ZHD &) = DE)llg < ZZ > ailLnjoi(€r) = Lu—j—1(&0)]

=1n=k || j=0
n=k || j= q

oo oo n—k

DD lagle"

k=1n=k j=0

IN
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[o.¢] (o]
< Y A=Y eyl < oo,
§=0

=1

which entails (17) since [|E[D?(&x)[€0] — o2[lq/2 < 2] Dillgll D (&) — D(&) lg- ¢
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