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Abstract: We establish the Bahadur representation of sample quantiles for linear and some
widely used non-linear processes. Local fluctuations of empirical processes are discussed.
Applications to the trimmed and Winsorized means are given. Our results extend previous
ones by establishing sharper bounds under milder conditions and thus provide new insight

into the theory of empirical processes for dependent random variables.

1 Introduction.

Let (ex)pez be independent and identically distributed (iid) random elements and let G

be a measurable function such that
X, =G(...,en1,€n) (1)

is a well-defined random variable. Clearly X,, represents a huge class of stationary pro-
cesses. Let F(x) = P(X,, < z) be the marginal distribution function of X,, and let f be its
density. For 0 < p < 1, denote by §, = inf{z : F(x) > p} the pth quantile of F'. Given a
sample X1, ..., X, let &,, be the pth (0 < p < 1) sample quantile and define the empirical

distribution function
Fo.(x) = —1 En 1
n x - Y A
n £ X;<

For simplicity we also refer to &, , as the pth quantile of F,. In this paper we are interested

in finding asymptotic representations of &, ,. Assuming that (X;),cz are iid and f(§,) > 0,
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Bahadur (1966) first established the almost sure result

Enp = &p + ]in(gb) + O, [n_3/4(10g n)1/2(log log n)1/4], (2)

f(&p)

where a sequence of random variables Z,, is said to be O, (r,) if Z,/r, is almost surely
bounded. Refinements of Bahadur’s result in the iid setting were provided by Kiefer in a
sequence of papers; see Kiefer (1967, 1970a, 1970b). In particular, Kiefer (1967) showed
that, if f* is bounded in a neighborhood of ¢, and f(,) > 0, then

. Snp — & — [0 — Ful&)]/F(&)  25/4373/4p1/2(1 — p)1/2
H s g log mpt (&)

(3)

almost surely for either choice of sign. Recent contributions can be found in Einmahl
(1996) and Deheuvels (1997).

Extensions of the above results to dependent random variables have been pursued in
Sen (1968) for m-dependent processes, in Sen (1972) for strongly mixing processes, in Hesse
(1990) for short-range dependent (SRD) linear processes and in Ho and Hsing (1996) for
long-range dependent (LRD) linear processes. The main objective of this paper is to
generalize and refine these results for linear and some nonlinear processes.

Sample quantiles are closely related to empirical processes, and the asymptotic theory
of empirical processes is then a natural vehicle for studying their limiting behavior. There
is a well-developed theory of empirical processes for iid observations; see for example the
excellent treatment by Shorack and Wellner (1986). The celebrated Hungarian construction
can be used to obtain asymptotic representations of sample quantiles (cf Chapter 15 in
Shorack and Wellner (1986)).

Recently there have been many attempts towards a convergence theory of empirical
processes for dependent random variables. Such a theory is needed for the related statistical
inference. Ho and Hsing (1996) and Wu (2003a) considered the empirical process theory for
LRD sequences and obtained asymptotic expansions, while Doukhan and Surgailis (1998)
considered SRD processes. Instantaneous transforms of Gaussian processes are treated in
Dehling and Taqqu (1989). Further references on this topic can be found in the recent
survey edited by Dehling, Mikosch and Sorensen (2002).

For dependent random variables, powerful tools like the Hungarian construction do not

exist in general. To obtain comparable results as in the iid setting, we propose to employ



a martingale based method. The main idea is to approximate sums of stationary processes
by martingales. Such approximation schemes act as a bridge which connects stationary
processes and martingales. One can then leverage several results from martingale theory,
such as martingale central limit theorems, martingale inequalities, the martingale law
of iterated logarithm, etc to obtain the desired results. Gordin (1969) first applied the
martingale approximation method and established a central limit theory for stationary
processes; see also Gordin and Lifsic (1978). Wu and Woodroofe (2004) present some
recent developments. Several of its applications on various problems are given in Hall and
Heyde (1980), Wu and Mielniczuk (2002), Wu (2003a), Wu (2003b), Hsing and Wu (2004).

Historically, many limit theorems for dependent random variables have been established
under strongly mixing conditions. On the other hand, although the martingale approxima-
tion based approach imposes mild and easily verifiable conditions, it nevertheless may allow
one to obtain optimal results, in the sense that they may be as sharp as the corresponding
ones in the iid setting.

In this paper, for some SRD linear processes, we obtain the following asymptotic rep-

resentation of sample quantiles

— p - Fn(gp) _3/4 3/4
Enp =&+ —f(ﬁp) + Oas.[n"*(loglog n)**|

(cf Theorem 1), which gives an optimal bound n~=3/4(loglog n)%/*

in view of Kiefer’s result
(3) for iid random variables. Sample quantiles for LRD processes and some widely used
nonlinear processes are also discussed and similar representations are derived. In estab-
lishing such asymptotic representations, we also consider the local and global behavior of
empirical processes of dependent random variables.

We next introduce the necessary notation. A random variable ¢ is said to be in L%, ¢ >
1, if ||€l, = [E(1€]9)]Y9 < 0o. Write || - || = || - ||2- Let the shift process Fy, = (..., er_1,¢x)
and the projection operator Pr¢ = E(&|Fy) — E(§|Fk_1), k € Z. For a sequence of random
variables Z,, we say that Z, = 0,5 (r,) if Z,/r, converges to 0 almost surely. Write
an, ~ by if lim, . a,/b, = 1.

The rest of the paper is structured as follows. Point-wise and uniform Bahadur’s
representations for SRD linear processes are presented in Section 2 and proofs are given

in Section 6. LRD processes and nonlinear time series are discussed in Sections 3 and 4,



respectively. Applications to the trimmed and Winsorized means are given in Section 5.

Section 7 contains proofs and some discussions of results presented in Section 3.

2 SRD processes.

A causal (one-sided) linear process is defined by Xy = >~ a;c4—;, where g, are iid random
variables and a; are real coefficients such that X exists almost surely. The almost sure
existence of X,, can be checked by the well-known Kolmogorov three-series theorem (cf
Chow and Teicher, 1978). Let f. and F. be the density and distribution functions of
g, respectively. Recall that F' and F,, are the distribution and the empirical distribution
functions of X,, and §, is the pth quantile of F'. Without loss of generality let ap = 1. Define

the truncated process by X,, , = S

j=n—k @j€n—; and the conditional empirical distribution

function by

ZE1X<x|~7:zl ZF r— Xii1)

Throughout the section we assume that
suplf. () + | f1(2)]] < oo. (1)

It is easily seen that (4) implies sup,[f(z) + |f'(z)|] < oo in view of the relation F(z) =
E[F.(x — Y .2, aier—;)] and the Lebesgue dominated convergence theorem. Define the
function ¢,(n) = (loglogn)/? if ¢ > 2 and £,(n) = (logn)*?(loglogn) if ¢ = 2.

TueoreM 1. Let Xj, = > a;ex—; and assume (4), f(&,) > 0 and E(|ex]|*) < oo for some
a>0. [a] If

3 Jai /e = O(log /1) (5)

for some q > 2, then (i) there exists C' > 0 such that 6, , = Cly(n)/[f(&,)v/n] satisfies
Fo(& 4 0ng) > 0 > Fo (& — 6nyg) almost surely (6)

and &, — &p| < 0nq almost surely and (ii) the Bahadur representation holds:

(fp) n=3/(1oo loa n) /2042 (n,
np =&p + f(g,,) + Oas | (loglogn)/=¢,/*(n)]. (7)



[b] If

Z |m1n (a/2,1) < oo, (8)

=1

then (i) and (ii) in [a] hold for q = 2.

Remark 1. If @ = 2, then the process (Xj)icz has finite variance, and (8) implies that

(X&) ez is short-range dependent since its covariances are summable. &

Revark 2. If o > 2 and there is a ¢ > 2 such that (5) holds, then 3% |a;| = O(log™"/*n).
The implication is clear if ¢ < a. If ¢ > «, then >°°° [a;[¥7 > (352 |a;])*/? and we also
have 3°°° |a;] = O(log™"/*n). Therefore, in the case o > 2, it suffices to check (5) for
the special case ¢ = a instead of verifying it for a whole range of ¢ > 2. The condition
S lail = O(log™"/*n) is fairly mild for a linear process being short-range dependent.
For example, it is satisfied if a,, = O(n "' log™'""%n). &

Assuming that E(|ex|*) < oo for some « > 0 and that |a,| = O(n™") with kK > 1+2/a,
Hesse (1990) obtained the representation

p— Fn(ép)
f(&)

where v > [@?(8x — 5) + 2a(10k — 9) — 13]/(4ak — 2a — 2)?. In comparison to Hesse’s

bnp =& + + Oy (n73447), (9)

result, our condition (5) only requires £ > max(1,2/a). If ¢ > 2, then the error term (7) is
Oas.[n~3*(loglog n)V205/*(n)] = O, [n~3*(oglogn)¥4], which gives an optimal bound:
see Kiefer’s relationship (3). The bound is much better than the one in (9). For example,
if « =1 and k = 3.01, then Hesse’s result (9) gives the error bound O, (n=2%31). On

the other hand, in Hesse’s result, €; does not need to have a density.

ReEMARK 3. It is unclear whether Kiefer’s law of iterated logarithm (3) can be extended to
SRD processes. Our result only provides an upper bound. Kiefer (1967)’s proof involves
extremely meticulous analysis and it heavily depends on the iid assumption. It seems that

Kiefer’s arguments can not be directly applied here. &

ExampLE 1. Suppose that ; is symmetric and its distribution function F.(z) = 1—L(z)/z?,

x > 0, where 0 < o < 2 and L is slowly varying at co. Here a function L(z) is said to be

5



slowly varying at oo if, for any A > 0, lim, ., L(Ax)/L(z) = 1. Notice that ¢; is in the
domain of attraction of symmetric a—stable distributions.

Assume that |a,| = O(n™") for some r > 2/a. Then for ¢ € (2,7a), (5) holds. In this
case, E(|e|*) = 2o [~ 7' L(x)dz may be infinite. However, there exists a pair (o, ¢') such
that E(|e|*) < oo and (5) holds for this pair. Actually, one can simply choose o/ < «
such that 2 < ra’ and let ¢ = (2 + ra’)/2. Then Y2 |a;|™n(/4"D) = O(n!=/7) with
ra//¢ > 1 and E(le|*) < 1+ [[TP(|e|* > w)du = 1+ 2/ [[T2* " 'L(z)dz < cc.
By Theorem 1, we have the Bahadur representation (7) with the optimal error bound
Oas.[n?*(loglogn)3/4]. %

Theorem 1 establishes Bahadur’s representation for a single p € (0,1). The uniform
behavior of &, , — &, over p € [po,p1], 0 < po < p1 < 1, is addressed in Theorem 2. Such
results have applications in the study of the trimmed and Winsorized means; see Section
5. Let ¢,(n) = (logn)(loglogn)?? if ¢ > 2 and 15(n) = (logn)*?(loglogn).

TueoreM 2. Let Xy = > 0 aiep—;. Assume (4), infp<p<p, [(&p) > 0 for some 0 < py <
p1 <1 and

sup | f2/(x)] < oo. (10)

In addition assume that there exist o > 0 and q¢ > 2 such that E(|ex|*) < oo and

o0

D Jag e/l < oo, (11)

i=1
Then (i) SUp,,<p<p, [$np—Epl = 0as.[tq(n)//n] and (ii) the uniform Bahadur representation
holds:

— F,(&,
G =6 =" f(ép()f |

ReEMARK 4. Generally speaking, (12) cannot be extended to pp = 0 and/or p; = 1. The

sup = Oas. [ (14(n)log n)'/?. (12)

Po<p<p1

quantity &, , —&, exhibits an erratic behavior as p — 0 or 1. The extremal theory is beyond

the scope of the current paper. &

Remark 5. If €p has finite moments of any order, then under the condition >~ |a;| < oo,
(12) gives the bound n=3/*(logn)'/**" for any 7 > 0. &
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REMARK 6. The Kiefer-Bahadur theorem asserts that, for iid random variables, the left-hand
side of (12) has the optimal order n=%/(logn)'/?(loglogn)'/*; see Chapter 15 in Shorack
and Wellner (1986). Our bound n~%4(s,(n)logn)*/? is not sharp. The reason is that we
are unable to obtain a law of iterated logarithm for sup,.,«;, [F,(z) — F(7)|; see (54) in
the proof of Theorem 2 in Section 6.6 where the weaker result sup,,<, [Fi.(z) — F(2)| =
0as.[tq(n)/+/n] is proved. On the other hand, in proving Theorem 1, we are able to establish
a law of iterated logarithm for F,,(x) — F(x) at a single point x (cf. Proposition 1 and (i)
of Lemma 10), by which the optimal rate O, 4 [n~3/*(loglogn)*/4] in (7) can be derived. <

3 LRD processes.

Let the coefficients ag = 1, a,, = n"?L(n), n > 1, where 1/2 < 3 < 1 and L is a slowly
varying function at infinity; let X, = Z;’io a;€,_;, where g, are iid random variables
with mean zero and finite variance. By Karamata’s Theorem, the covariances v(n) =
E(XoX,) ~ Cgn'2PL2(n), where Cy = E(}) [~ «7?(1 + ) Pdx, are not summable and
the process is said to be long-range dependent. The asymptotic behavior of LRD processes
is quite different from that of SRD ones. We shall apply the empirical process theory
developed in Wu (2003a) and establish Bahadur’s representation for long-range dependent

processes.

Let ¥, = /n> 1 _, kY?725L%(k) and

Cs
(1-5)3-20)
By Karamata’s Theorem, ¥,, ~ n?>"26L2(n)/(3/2 — 20) if 8 < 3/4, ¥,, ~ /nL*(n) if
B = 3/4, where L*(n) = Y ._, L*(k)/k is also a slowly varying function, and ¥, ~
VR o KYVERBLA(E) if B> 3/4. Let A, (B) = Pi(logn)(loglogn)? if B < 3/4 and
A, (B) = ¥2(logn)3(loglogn)? if 3 > 3/4.

n* =28 L%(n). (13)

Op1 = [nXal* ~

TuroreM 3. Assume infpy<p<p, f(E,) > 0 for some 0 < py < p1 < 1, E(e}) < oo and

2
S sup 19 (x)| + /R () du < co. (14)
=0



Let b, = 0,,1(logn)'/?(loglogn)/n. Then

Vbologn  buy/Au(B)
Vi

The three terms in the O, bound of (15) have different orders of magnitude for

= Oa.s.

p— Fa(&p) o ﬁf/(gp)
2

3
i ot

sup  |&np —&p — . (15)

Po<p<p1 f(fp)

different § and correspondingly the term that dominates the bound is different. If G >
7/10, since 3/2 — 38 < —3/2 — 1/4 and —8 < —(3/2 — 1/4, it is easily seen that b> +
bur/An(B) /1 = o[\/ (b, logn)/n] in view of W,, = O[y/nL*(n)+n> 2’ L%(n)] and \/A,(B) <
¥, (logn)*?(loglogn). Hence the dominant one in the bound of (15) is O, 4 [/ (b, logn)/n].
On the other hand, if 8 < 7/10, then \/(b,logn)/n = o[b,\/An(B)/n], bur/An(B)/n ~
Cin3072=0) 3 (n)(log n)(loglog n)? and b3 ~ Con3(/2=8) [3(n)(log n)*/?(loglog n)? for some
0 < C1,Cy < 00. S0 byy/An(B)/n = o(b?). For the boundary case 3 = 7/10, the situation
is more subtle since the growth rate of the slowly varying function L is involved. In

summary, noting that ¥,, = O[\/nL*(n) + n?"?/L?(n)|, the error bound of (15) is

O{[nP/20) 4 (22012 /2 4 22812 4 p2720) In] Ly (n)}
— O[B4 323 () (16)

for some slowly varying function L;. This bound is less accurate than the one for the
SRD or the iid counterparts since max(—3/2 — 1/4, 3/2 —35) > =3/4if g < 1. If
3/4 < < 1, then the bound is O, 4 [n 2714 L;(n)]. See Section 7.2 for more discussion
on the sharpness of (15) and (16).

In comparison with Bahadur’s representations (2) for iid observations or (7) for short-
range dependent processes, (15) has an interesting and different flavor in that it involves the
correction term %XEL 1(&)/ f(&,). More interestingly, this correction term is not needed
if 5 > 5/6, which includes some LRD processes. Actually, by Lemma 16 in Section 7,
| X,,|? = 044.(b2). Noting that b2 = o(v/b,logn//n) if 3 > 5/6. Then the correction term
SX2f(&)/ f(&) can be absorbed in the bound /b, logn/y/n.

If the dependence of the process is strong enough, then we do need the correction
%Xﬁf’(gp)/f(gp) for a more accurate representation. Specifically, if § € (1/2,5/6), then
Vb logn//n = o(o? 1 /n?), b2 +b,+/An(B)/n = 0(c2, /n?) and as the central limit theorem

nX,/on1 = N(0,1) holds, the correction term has a non-negligible contribution.



4 Nonlinear time series.

In the case that G may not have a linear form, we assume that GG satisfies the geometric-
moment contraction (GMC) condition. On a possibly richer probability space, define
iid random variables €, &%, 7,j,k € Z, which are identically distributed as ey and are
independent of (¢;),cz. The process X,, defined in (1) is said to be geometric-moment
contracting if there exist a > 0, C' = C(a) > 0 and 0 < r = r(a) < 1 such that for all
n >0,

E[|G(...,6-1,€0,€1,---,6n) — G(. .., 1,€0,€1,---,en)|%] < Cr™. (17)

The process X! = G(...,¢" |,€(,€1,...,6,) can be viewed as a coupled version of X,, with
the "past” Fy = (...,e_1,&0) replaced by the iid copy F| = (...,&"4,&;). Here we shall
use (17) as our basic assumption for studying the asymptotic behavior of nonlinear time
series. Since (17) only imposes the decay rate of the moment of the distance | X,, — X[,
it is often easily verifiable. In comparison, the classical strong mixing assumptions are
typically difficult to be checked. Recently Hsing and Wu (2004) adopted (17) as the
underlying assumption and studied the asymptotic behavior of weighted U-statistics for
nonlinear time series.

Condition (17) is actually very mild as well. Consider the important special class of

iterated random functions (Elton, 1990), which is recursively defined by
X, =G(Xy-1,6n), (18)

where G(-, -) is a bivariate measurable function with the Lipschitz constant

Ga,2) — Gl o) _

L. = 19
N )

satisfying
E(log L.) < 0 and E[LZ + |29 — G(9,€)|?] < o0 (20)

for some @ > 0 and z(. Diaconis and Freedman (1999) showed that, under (20), the
Markov chain (18) admits a unique stationary distribution. Wu and Woodroofe (2000)

further argued that (20) also implies the geometric-moment contraction (17); see Lemma



3 in the latter paper. Some recent improvements are presented in Wu and Shao (2004).
Under suitable conditions on model parameters, many popular nonlinear time series models
such as TAR, RCA and ARCH etc satisfy (20). Our main result is given next.

TueoreMm 4. Assume (17), sup,[f(z) + |f'(z)|] < oo and inf, <,<p, f(&) > 0 for some
0<po<pr <Ll Then

sup |6y — & — LI it 10ghi ), (21)

Po<p<p1 f(gp)

PRrOOF. For a fixed 7 > 2 let m = |wlogn|, where w = w; is given in Lemma 1 and

|t] denotes the integer part of ¢; let

Xk =G(. .. Ehm—2k> Ek—m—1,ks Ek—mik> Ek—m+1> Ek—m42, - - - » Ek—15Ek)- (22)

Our strategy is to replace the "past” Fr_, = (..., €k—m—1,Ek—m) In X by the iid copies
(«o o) Ehmm—2k, Ekmm—1ks Ek—mk) SO that (Xk)keZ is an m-dependent process. When X,
is a linear process, Hesse (1990) adopted a truncation argument which forgets the past
Fr—m and approximates X by G, (ex—m+1,---,Ex—1,Ex) for some measurable function G,.
Clearly the distribution function of G,,(ek—m+1, - - -, €k—1, €x) may be different from F. Our
coupling argument has the advantage that the marginal distribution function of X is still

F.Forj=1,2...,m, let

An(j) n
. 1 ~ 1

where A, (j) = |n/m] for 1 < j < n—m|n/m| and A,(j) = |[n/m] — 1 for 1 +n —
m|n/m| < j <m. Let A= A, =n/m and b, = cy/Tog A//A, where the constant ¢ will
be determined later. Let M, ;(z) = F,;(z) — F(z) and M,(z) = E,(z) — F(z). Since
| M, () — M, (y)| < max, << | M, () — M, ;(y)|, by Lemma 2, there is a d, > 0 such that

. - 5,(by log A)Y/?
P [ sup | M, (z) — M,(y)| > A2
lz—y|<bn

u - - 57 (by log A)'/2
< E P M, i(x) — M, ; _
= [312”' 4(@) s> Al/2

= mO(A™) (24)

and similarly P[sup, |M,(z)| > 6,v/Iog A/vVA] = mO(A™7). Since 7 > 2, mA™ =

O[n~"(logn)™™!] is summable over n. By Lemma 1 and the Borel-Cantelli lemma, we

10



have

- - 2C, logn
swp |[Fu(z) = F(2)] — [Fuly) — F@)ll < sup | My(2) = My(y) + =20
lz—y|<bn lz—y|<bn p n
5, (b, log A)? 20, logn
- A1/2 n (25)

and sup, |F,(z) — F(z)] < 6.vTog A/vVA + C,(n"'logn) almost surely. Now in b, =
cy/Tog A/v/A we choose ¢ = (2 + 6,)/[infpy<p<p, f(£,)]. Then we have

inf [Fn(§p+bn)_p] > inf [F<€p+bn)_p]_ sup |Fn(€p)_p|

po<p<p1 po<p<p1

- s (R~ P = (R - F))
2 by pogp}gm f(&) +0(;) — [6,4/log A/\/Z +Cr(n""logn)]

—[0:1/bnlog AJVA +2C,(n" ogn)] > /log A/V A

almost surely. Similarly sup, < <, [Fn(§ — bn) — p] < 0 almost surely. Hence for A, ,, =

Enp — Eps SUDp <p<p, |Bnp| < by almost surely since F, is non-decreasing. Since |F,(&,,,) —
pl < 1/n, by (25),

sup HFn(fn,p) - F(gn,p)] - [Fn<€p) - F(fp)”

Po<p<p1
= sup |[p— F(&p)l — [Fu(&) — F(&)] +O(1/n)
Po<p<p1
5, (bylog A2 2C. logn B
= Oy, ( i/ ) + - +0(1/n) = Ons (n™3/*10g*? n).

which entails (21) in view of inf, <,<,, f(&§,) > 0 and, by Taylor’s expansion, F(¢, ) —
F(&) = Anpf (&) + O(A ) since sup, | f(w)] < oo. ¢

Lemmva 1. Assume (17) and sup, f(z) < co. Then for any T > 1, there exist w,,C; > 0
such that for m = |w,logn], we have

P |sup |F,(z) — F,(2)| > Con~tlogn| = O(n™"). (26)

PROOF. Let p = 7/ w_ = —(1+a ) (7 +2)/logpand C, =1 — (1 +a )(7 +
1)/log p; let R, be the set "™ {|X; — X;| < p™} and R/, be its complement. Then
B(R,) < nB(|X; = Xi| > p") < np™"B(|X; - Xi|7)
< np MmCr™ =nCp*™ =o(n"").

11



Let K = C; — 1. By the triangle inequality, to establish (26), it suffices to show that
P |sup |F,(z) — F,(z)|1g, > Kn~tlogn| = O(n™"). (27)

Notice that sup, |F,(z) — F,(2)|1g, < sup,[Fu(z + p™) — F,(z — p™)]. Clearly, the event
{sup,[F(z + p™) — Fo(x — p™)] > Kn~'logn} implies that there exist two indices i and
J with j —i > | K'logn| such that both X; and X; are in the interval [x — p™, x + p™] for
some x € R. Therefore,

P |sup[F,(z + p™) — Fu(z — p™)] > Kn 'logn
| |

T

n—|Klogn .
<P [UizlL g n Uit (K togn) 11X — X5 < 2p }]
n—| K logn] n
< > P(Xi— X, <2p™)
i=1  j=i+|Klogn)]

n

<n Y P(IXo— X, <20™).

j=|Klogn]

Recall (17) for X} = G(...,€",&p,€1,-..,€;). Then

P(|Xo — X5 <2p™) < P(|Xo = X;] < 20", |X; — Xj| < ) +B(IX; = X]| > p)
< P(|Xo — Xj| < 20"+ p)) + p O,

Observe that Xy and X} are iid, P(|Xo — X}| < 0) = E[P(| Xy — X| < 0]X7)] < 2¢d, where
¢ =sup, f(x) < co. Thus

n

P [sup |E,(z) — F(z)[1g, > Knllogn} < n Z [2¢(2p™ + o) + p™ O]
v j=IKlogn]

— nO(,npm + pKlogn) + nO(paKlogn)7
which ensures (27) by the choice of K and w;. o

LemMa 2. Let (Zg)pez be did random variables with distribution and density functions Fy
and fz for which sup, fz(z) < oo; let F, 7(z) = 23" | 1z<.. Then for all 7 > 1, there
exists C; > 0 such that

Cy(logn)'/?
ni/2

P sup |Fh.z(x) — Fz(x)] > =0(n™) (28)

12



and

Bl s |Fuse) — Fo@) — (Fasly) — Fa)} > 08 0n (o)

1/2
|z—y|<bn n /

where (by)n>1 1s a positive, bounded sequence of real numbers such that logn = o(nb,).

Lemma 2 easily follows from classical results for iid uniform random variables under
quantile transformations; see the Dvoretzky-Kiefer-Wolfowitz inequality and Inequality
14.0.9 in Shorack and Wellner (1986). The lemma is needed in the proof of Theorem 4 and
it is a special case of Lemma 7 in Section 6.2. We purposefully state Lemma 2 here also
for the sake of comparison: the martingale based method may yield comparable results as

those obtained under the iid assumption.

5 Trimmed and Winsorized means.

Let &uam < &na/m -+ < & be the order statistics of Xy,..., X,,. Then the trimmed and
Winsorized means are of the forms Zfz(z)(n)ﬂ &n,ifn/18(n) — a(n)] and n a(n)&n a(m)/n +
(n — B(n))&ngm)fnt1/m + Zfz(z)(n)ﬂ &ni/n] respectively, where a(n) = |npo| and f(n) =
[np1].

Stigler (1973) studied the asymptotic behavior of trimmed means for iid random vari-
ables. Here we shall apply Theorems 2 and 4 to obtain a central limit theorem for some
dependent random variables. SRD linear processes and casual processes satisfying (17)
are considered in (i) and (ii) of Theorem 5 respectively. Denote by N(u,0?) a normal

distribution with mean p and variance o2.

TueoreM 5. (i) Let ¢ = 2 and assume that the conditions of Theorem 2 are satisfied. Then

there 1s a o < 0o such that

Vvn

Zzﬁ:(:;)(n)-i-l 5”71/” 1 /p1

B(n)—am)  pi—po §udu] = N(0,%). (30)

Po

(i) Assume that the conditions of Theorem 4 are satisfied. Then the central limit theorem

(30) holds.

13



PROOF. (i) Since &, ,, is non-decreasing in u, nfl 1y /m St < &pipm <10 ﬁ (i+1)/n Enudu
holds for 1 < i < n — 1. Hence

B(n)/n psn) [1+8(n)]/n
a(n)/n i—a(m)+1 [1+a(n)]/n

It is easily seen that, under the conditions of Theorem 2, (12) also holds over the ex-

panded interval [py — 7,p1 + 7| for some sufficiently small 7 > 0. Therefore, we have

SUDq(n) fn<u<14+8(n)/n [Snul = Oas (1) and consequently

Z fnz/n_ / énudu— as() (31)

+

By (12) of Theorem 2,

/ pud — / udu /p:lu‘f@u(f“) u = Opafn ¥4 (ia(m) log )2 (32)

Lemma 11 in Section 6.4 asserts that {/n[F,(z) — F(x)], &, <z <&, } = {W(x), &, <
x < &, } for some centered Gaussian process W in the Skorokhod space D[, &,,] (Billings-
ley, 1968). By the continuous mapping theorem, (30) follows from (31) and (32).

(ii) By Theorem 4 in Wu and Shao (2004), under the conditions (17) and sup, f(z) < oo,
we also have the functional central limit theorem {\/n[F,(x) — F(2)], &, <z < &, } =
{W(x), &, < x < &, } for some Gaussian process W. So (30) holds in view of the

argument in (i). o

ReMARK 7. Using the same argument, it is easily seen that for the Winsorized mean

e (n)Enagmym + (0 — B(0))&n8n) /nt1/n + Zf:(?(n)ﬂ &ni/n), We also have the central limit
theorem (30) with the asymptotic mean (p1—po) =" [ £udu replaced by po&p, +(1—p1)&p, +

pI; ' &udu. Other forms of linear functions of order statistics can be similarly handled.

6 Proofs of Theorems 1 and 2.

We first introduce our method. Recall Fy = (...,e5-1,6x) and Ff(z) = > " | F.(v —
Xiiz1)/n. Write F,(z) — F(x) = M,(x) + Ny(z), where M,(z) = F,(x) — F;(z) and
Ny(z) = Fi(z) — F(x).

14



Notice that under (4), the conditional empirical distribution function F is differen-
tiable with the uniformly bounded derivative f(xz) = n~'>"" | f.(x — X;;—1) and hence
dN,(x)/dx = f}(x)— f(x) is also uniformly bounded. The differentiability property greatly
facilitates the related analysis. In comparison, F}, is a step function and hence discontinu-
ous. On the other hand, nM,,(x) forms a martingale with bounded, stationary and ergodic
increments 1y,<, — E(1x,<,|Fi—1). Therefore, results from martingale theory are applica-
ble.

The martingale part M, and the differentiable part N, are treated in Sections 6.2
and 6.3 respectively. Section 6.4 discusses the oscillatory behavior and some asymptotic
properties of empirical processes, which are needed for the derivation of Bahadur’s repre-

sentations. Proofs of Theorems 1 and 2 are given in Sections 6.5 and 6.6 respectively.

6.1 Some useful results.

The following Proposition 1 is needed in proving Theorems 1 and 2. See Wu (2004) for a

proof.

Prorosition 1. Let S, (g) = >, g(Fi), where g is a measurable function such that g(Fy) €
L9 for some q¢ > 2, E[g(Fo)] = 0 and

Onq =Y Pog(Fi)lly < 0. (33)
1=0

Let B, = 18¢*%*(q¢ — 1)Y? if ¢ > 2 and B, =1 if = 2. Then

192(9)llg < Byv/n©o4- (34)
Furthermore, if O 4 =Y oo | Pog(Fi)|ly = Ol(logm)~Y4] for some q > 2, then
lim sup + Sn(9) (35)

n—oo  V2nloglogn -7
almost surely for either choice of sign, where o = || 3.2, Pog(F;)|| < oo.
In order to apply Proposition 1 to S,(g) = n[F,(x) — F(x)] or n[fi(z) — f(x)], one
needs to estimate ||Polx,<z|| or ||Pofe(x — X;;-1)||. The following Lemma 3 provides a

simple upper bound if the innovation g, satisfies certain moment conditions. In particular,

the innovations are allowed to have infinite variance.

15



Lemva 3. Let Xy = Y o0 aigp—i, where g are iid with E(|eg|*) < oo for some o > 0.
Then under (4), ||Pog(Fu)llq = Ollan|™™/eV] holds for g(F,) = 1x,<. and g(F,) =
fe(x— Xy no1). If additionally (10) is satisfied, then the same bound also holds for g(F,) =
fllx — Xpn-1).

PROOF. Let (£)),c7z be an iid copy of (€;);cz and X = X,, — a,co + anel; let G,
be the distribution function of X, — X, o = Z?;ol ajen—;. Since ¢ = sup, f-(r) < oo,
it is easily seen that the density g,(x) = G/ (z) is also bounded by c. Observe that
P(X} < z|Fy) = P(X,, < x|F_1), by Jensen’s inequality,

[Pog(Fu)lly < [[P(Xn < 2]Fo) — P(X,, < 2|F0)llq
|E[Gn(z — Xpo) — Gn(z — Xpo + ango — angy)| Folllq

< |IGo(z = Xpo) — Gu(x — Xpo + ango — angy)|lq
< |Imin(cfango — anggl, 1l
< [E(clangy — anep|)mn 0

OHalnlmin(oz/q,l)].

Here the elementary inequality [min(|b|,1)]? < |b|™™®® is applied. The other cases
9(Fn) = f-(x — X, n—1) and g(F,) = fl(x — X, n—1) can be similarly proved. O

£

To establish a uniform Bahadur representation for &,, — &, over p € [po,p1], 0 < py <
p1 < 1, we need the following version of maximal inequality, which will be used to obtain
an almost sure upper bound of supg, <,<¢, |F,.(z) — F(zx)|. Similar versions appeared in
Billingsley (1968), Serfling (1970), Moricz (1976) and Lai and Stout (1980). For a proof of
Lemma 4 see Wu (2004).

LemMa 4. Let (Yig, k € Z)peo be a class of centered stationary processes in L£9,q > 1.
Namely for each 0 € ©, (Yig)nez is a stationary process in L9 and E(Yyg) = 0. Let
Spo =Yg+ -+ Yo and let d = d(n) be an integer such that 2471 < n < 2%. Then

1/q d ‘ 1/q
{]E* {max sup |Sk79|q} } < Z 2(d=i)/a {E* {sup |ng79|‘1] } , (36)
=0

k<n gco O

where B* is the outer expectation: E*Z = inf{EX : X > Z, X is a random variable}.
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6.2 The martingale part M,,.

Lemmva 5. Let (by,)n>1 be a positive, bounded sequence of real numbers such that log®n =
o(nby,). Assume sup, f.(x) < oo. Then for any T > 1, there exists a constant C; > 0 such
that

]P’{ sup  max n|M,(z+u) — M,(z)] > C-\/2%bye log k‘} =0(k™). (37)

Ju|<b,y 28~ <n<2F

PROOF. Let ¢ = sup, f-(z) < oo. Foragiven u > 0, since P(x < X; < z+u|F;_1) < cu,

we have

n

Z[E(1x<X¢§x+u‘Efl) - E2<11<X«;§m+u’f‘i71>] S ncu.
=1

Here without loss of generality we restrict u to be nonnegative. Let ¢, = +/2Fby log k.
Since 1< x,<ztu — E(lpex,<otulFio1), 1 < i <n, form bounded martingale differences, by
Freedman’s inequality (cf. Theorem 1.6 in Freedman (1975)) we get that

IP’{ max n|M,(x +u) — M,(x)| > C’tk} < 2exp[—C?2/(2Ct, + 2 x 2%cu)]  (38)

2k—1n<2k

for all C > 0. Let ax = box/k, u; = iy, i = 0,1,....k — 1 and v,, = mba /(k2F),
m=0,1,...,2% — 1. Since t;, = 0(2"byx /k), we have for sufficiently large k that

IP’{ max  max n|M,(z+u;) — M,(z)| > C’tk}

0<i<k—12k—1<n< 2ok

kiﬂ“’{ max n|Mn(x+Uz‘)—Mn($)|>C’tk}

<
i—0 2k—1n<2k
—C?%logk
< 2kexp | 8%
= SRexb { 2+ 1 } (39)

and similarly

IP’{ max max  n|M,(x +v,) — M,(x)| > Ctk}

0<m<2k—1 2k—1<p<k
2k_1

< Z 2exp[—C?2/(2Ct, + 2 x 2Fcv,,)]

m=0
2k_1

<) 2exp[-C2H3/ (20t + 2 x 2¥ vy )]

m=0
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12
SQkHexp[ C klogk;]'

2c+1

(40)

For any v, v, < v < Upq1, observe that 0 < F*(z + V1) — Ff (2 + v,) < cbor /(k2F),

My (z +v) — My(2) < Myp(2 + Vpgr) — My () + cbor /(k2F)

and similarly, M, (z + v) — M, (z) > M,(x + v,,) — M, (x) — cbyr /(k2%). So (40) yields

0<v<ay 2F~1<n<2k

IP’{ sup max n|M,(x+v)— M,(z)| > (C + 1)tk} < 2" exp [

—C?%klog k

1 . (41)

Since (41) holds for all x € R, by the triangle inequality, (41) together with (39) imply

]P’{ max  max n|M,(z+ u) — M,(z)| > (2C + 1)tk}

0<ub, g 2k—1<n<2k

< }P’{ max  max n|M,(z+u;) — M,(z)| > C’tk}

0<i<k—12k—1<n<2k

k-1
—i—Z}P’{ sup  max n|M,(x+v+w) — M,(z+w;)| > (C’+1)tk}
i=0

0<v<ay 2F~1<n<2k
—C?%log k

§2kexp{ el
c

2
] + &k x 25 exp {—C klng}

2c+1
Therefore (37) follows by letting C, = 14 2(7 + 1)/2(2¢ + 1)/2.

&

LemMa 6. Assume that the conditions of Lemma & are satisfied and in addition assume that

there is a p > 1 such that for all sufficiently large n we have that

b .
2 < min bj < max b; < pby,.

P n<j<2n n<j<2n
Then for each fized x € R,
Vb, logl
sup |M,(z +u) — M, (z)| = Oas. VO 08081
vn
PROOF. Observe that due to (42), for all sufficiently large n, we have
max \/ESUPMgbn |-]\4n<'r + U) - Mn(‘r>|
2k—1<n<2k Vb, loglogn
M, - M,
< sup  max n| M, (x + u) ()]
Jul <pbyy 2671 <n<2k v/nb, loglogn
M, - M,
< sup  max n| My (z + u) (z)]
lul<pb,y, 2871 <n<2 | /2k=15=1p,, Jog log 2k—1

[u|<bn

Hence (43) follows from Lemma 5 via the Borel-Cantelli lemma.
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Lemma 7. Assume (4) and that E(|X1]|%) < oo for some a > 0. Then for all T > 1, there
exists Cr > 0 such that

C-(logn)'/? .
e [sup a4, 0] > OB — 0) (4)
and
bi/2 logn)/2
P [l Su|8b |Mn(y> - Mn(l’)| > CT%] = O(n_T)J (45)
T—Y|S0n

where (by)n>1 is a positive, bounded sequence of real numbers such that logn = o(nb,,).
PROOF. We only prove (45) since (44) can be similarly proved. Let ¢ = sup, f.(z) < oo,

v, = /nbylogn, t, = v,/n, J =n"/* and Y;(r) = 1x,<, — E(1x,<.|Fi_1). Then

I, = P [ sup |M,(y) — M, (z)| > Ct,

lz—y|<bn,z<—J

nP

IN

sup  |Yi(y) = Yi(x)| > Cty

lz—y|<bn,z<—J

|lz—y|<bp,x<—J

< n(C’tn)_lE[ sup  |[Yi(y) — Yi(z)]

— O(mﬁ;l)E{ sup |Y1(90)|}

r<—J+bn

= O(n*v;")(J = by) "E(|X1|*) = O(n™'77),

where Markov’s inequality is used in the second inequality. Similarly,

i, .=p [ sup  |M,(y) — M,(z)| > Ct,| =O(n*7).

lz—y|<bn,z>J

Let x; = ib,/n,i=—N —1,...,N + 1, where N = | Jn/b,], and

I, =P [ sup M, (y) — M, (z)| > C’tn] .

|z—y|<bp,—J<x<J

Again by Freedman’s inequality, for |z — y| < b,, and sufficiently large n,
P[n|M,(y) — M,(z)| > Cv,] < 2exp[—C0?/(2Cv, + 2ncb,)] < 2n~ ¢/ e+,
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Thus

P max n|M,(z;) — My(z;)| > Cu, | = O(N2)n—02/(2c+1)'
1,j=—N—1,..,N+1: |z;—z;|<byn

For any z,y with |x —y| < by, x| < J and |y| < J, choose i and j such that z; <z < ;44
and z; <y < xjq;. Then

n[M(2;) — Mp(wip1)] — 2¢by < n[My(y) — My ()] < n[Mp(2j41) — M (2:)] + 2¢by.

Therefore (45) follows by choosing C? = (2¢ + 1)[(8 + 27)/a + 7 + 5], given that
IE”{ sup |M,(y) — M, (z)| > (C, + 1)25”} <I,+ I, + 111,
lz—y|<bn

by the triangle inequality. &

ReEMARK 8. In Lemmas 5-7 it is not required that b, — 0. We shall use this fact to derive

(54), which is a key step in proving Theorem 2. O

ReEMARK 9. It is worth noting that Lemmas 5-7 also apply to LRD processes. In Section 7
we will use them to prove the Bahadur representation for LRD processes. For iid random

variables, the increments of the empirical and quantile processes are discussed in great
detail in Deheuvels and Mason (1992). &

6.3 The differentiable part N,.

Lemmva 8. Let b, — 0. Assume (4) and E(|ex|*) < oo for some oo > 0. Further assume (5)
if g >2or (8)ifq=2. Then

] fa®) :
|ts‘1§1£)n |Nn(2 4 t) — Ny ()] Jn Oas.(bn) + Oas.(by). (46)

PROOF. Let ¢y = sup, |f.(z)| and recall f}(z) = dF}(x)/dz. Clearly |f'(z)| < ¢y since
f'(z) = E[f.(x — X;;-1)]. Using Taylor’s expansion, we get
. by ‘
sup [No(w + 1) = Nu(2) = tlfn (@) = f(2)]] < 7 sup |d[f3(x) = f(2)}/dz] < beo.
t|<bn T
Let S, (z) = n[fi(z) — f(z)]. If ¢ > 2, by (50) of Lemma 10, there exists C' < oo such that
limsup,, . |Sn(z)|/v/2nloglogn < C' < oo almost surely. Hence (46) follows. The case

that ¢ = 2 similarly follows from (ii) of Lemma 10. &
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Lemma 9. Assume (4), (10) and (11). Then for any —oco < | < u < 00, we have

B { e (1N, ()7 + [N} (0)l7)| = O(~0") (47)
and
Sel[ll%]HNn(fvﬂ + [N (2)]] = 0as.[tq(n)/v/n]. (48)

Proor. We only consider ¢ > 2 since the case ¢ = 2 can be similarly handled.
By Lemma 3 and (34) of Proposition 1, (11) entails max;<,<, || N,(2)||, = O(1/y/n) and
max;<,<y || N}, (2)|lq = O(1/y/n). Since N, (z) = N,(I) + [" N, (t)dt,

| max V| = ot +0{s | [Nl |
_ O(n_q/2)+0{(u—l) /l N (2 )|qu}—0(n_q/2).

Similarly, E[max;<,<y | N/ (2)|9] = O(n~%?). Then (47) follows. Let G,(x) = n[F*(z) —
F(z)]. By Lemma 4, (47) implies that

2(k=3)/a23/2)a
qu/2 17 (2F)

> E [max,,«or Max;<g<y |Gn(z)|? - O[Z
ZE[ < <o<u |Gn(2)]] T

27252

k=4 k=4

= ok -9y = [ Sl
> 0@ = 3 foghp <
k=4 k=4
Then by the Borel-Cantelli lemma, max;<,<y |G ()| = 0as.[tq(n)y/n], which in conjunction

with the similar claim max;<,<, |G} ()| = 0as.[tq(n)y/n] entail (48). o

6.4 Limit theorems for F, — F.

Lemma 10. (i) Assume (4) and (5) for some ¢ > 2. Then for every x, there exist 0 <

01,09 < 00 such that

lim sup £+ =0

n—00 v2loglogn

and

:0’2

Vilfz (@) - /(@) 0

limsup +

n—oo v2loglogn
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almost surely for either choice of sign. (ii) Assume (4) and (8). Then for every x,

|[Fo(2) = F(2)] + [ f5(2) = f(@)] = 0as[la(n)/vn]. (51)

Proor. (i) It is a direct consequence of (35) of Proposition 1 and Lemma 3. (ii) Let
R,(xz) = n[F,(z) — F(z)]. By (8) and (34) of Proposition 1, |R,(z)|| = O(y/n). Then by

Lemma 4,

i Elmastcp | ()] _ § O 2" DPURE &8 O(k?2")

2 (2(2F) Hlogh)? 2 2k3(logh)z ~

=4 k=4

which entails |R,(x)| = 0.5 [¢2(n)y/n] by the Borel-Cantelli lemma. That |f(z) — f(z)| =
0as.[l2(n)/+/n] similarly follows. O

Lemva 11. Let ¢ = 2 and assume that the conditions of Theorem 2 are satisfied. Then
{Vn[F.(z) — F(x)], &, <ax <&} = {W(x), &, <z <&} for some centered Gaussian
process W in the Skorokhod space D[y, &p, |-

Proor. It suffices to verify the finite dimensional convergence and the tightness
(Billingsley, 1968). By Lemma 3, ||Polx,<.| = O[|a,|™"/3Y], which is summable in
view of (11) since ¢ = 2. Then by the Cramér-Wold device, the finite dimensional conver-
gence easily follows from Lemma 3 in Wu (2003a).

Write | = &, and u = &,,. Recall F,(x)—F(z) = M, (z)+ N, (z). To show the tightness
of {\/n[F,(z) — F(x)], | <x < u}, it suffices to show that both {y/nN,(z), | <z < u}
and {y/nM,(z), | <z <u} are tight. The former easily follows from

E sup  n|N,(z) - Nn(y)!2] < O°nE {Sup £2(0) = f(O)]*| < O

lz—y|<é, I<z,y<u 1<6<u

= =y

in view of (47) of Lemma 9 with ¢ = 2. For the latter, let d; = 1,<x,<y — E(1p<x,<y|Fiz1),
| <z <y <wu. Then by (4), E(d?|F;_1) < C(y—z). Here C denotes a constant which does

not depend on n, z and y and it may vary from line to line. By Burkholder’s inequality
(Chow and Teicher, 1988),

E[n*| My (2) — Ma(y)l*
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n 2

S (2~ E(&]F)

=1

C

n2

C
+ 5 [ Fo) [

C

< | — B + Oy — o)
C

< Zly-a)+Cy-a?

See inequality (48) in Wu (2003a) for a similar claim. Therefore, by the argument of
Theorem 22.1 in Billingsley (pages 197-199, 1968), the process {/nM,(z), | <z < u} is
tight. %

Remark 10. Under conditions of the type given in (8), Wu (2003b) obtained a central
limit theorem for S,,(K)//n, where S, (K) =Y, [K(X;) — EK(X;)], K is a measurable

function and &; may have infinite variance. &

Lemma 120 Let Xy = Y20 aiep—; and assume (4) and E(|eg|*) < oo for some a > 0.
Further assume (42) and log®n = o(nb,). (i) If (5) holds with q > 2, then for every fired
',1;7

sup |Fy(z +u) = Fo +u) — [Fy(x) — F(2)]]

|u|<bn

_ Oas.(V/byloglogn) N Oas.[bnly(n)]
N vn Vn
(i) If (8) holds, then we have (52) with q = 2.

+ Oas. (b)) (52)

Remark 11. The second term O, [b,0,(n)]/+/n in the bound of (52) is needed only when
q=2. o

Lemma 12 follows from Lemmas 6 and 8 and it provides a local fluctuation rate of
empirical processes for linear processes. The last two terms of (52) are due to the presence
of dependence, in the sense that they disappear if X are iid. Actually, if X, are iid, then
F* = F and hence N,, = 0.

Lemma 13. Assume (4), (10) and (11). Then under the conditions of Lemma 7, we have
for any —oo <l < u < oo that

su r)—1(x)] — — — Vo logn  bute(n)
|x7y|§bmli’y€[l’u}|[Fn() F(z)] = [Fo(y) — F(y)]| = Ons. v N al

(53)



PrOOF. By Lemma 7, it suffices to show that

sup |[F(2) = F(2)] = [F,(y) = F@)]] < ba sup |f7(0) — f(6)]

|Z—y|§bn, x,ye[l,u] Ge[l,u]

= bpOas. [Lq (n)/\/ﬁ] )

which is an easy consequence of Lemma 9. &

6.5 Proof of Theorem 1.

We only consider ¢ > 2 since the case ¢ = 2 follows along similar lines. (i) Let b, = 0y, 4.

Then (42) holds. By Lemma 12, there exists a constant C; < oo such that

[[Fa(& + bn) = F(& + ba)] = [Fu(&) = F(&)]] < Civ/(bnloglogn)/n.

almost surely. Observe that F'(§,+0b,) = F(&,) +bnf (&) +O(b2) in view of (4) via Taylor’s
expansion. By (i) of Lemma 10, there exists a constant Cy < oo such that n|F,(¢,) —

F(&,)] < Cay/nly(n) almost surely. Choose C' > 0 such that C' — Cy — C1/C/f(&,) > 1,

namely C' > [C1/\/f(&) + /CP/f(&) +4(1 + C)]*/4. Then for b, = Cly(n)/[f (&) v/nl,
F,.(& + b,) > p holds almost surely. The other statement that p > F,(§, — b,) almost

surely similarly follows. Let A, =&, , —&,. Since F, is non-decreasing, by (6), |A,| < b,
almost surely.
(ii) The argument for Theorem 4 can be applied here. Applying Lemma 12 with z = ¢,

we have

| F(6np) — F(§p + An) — [Fu(&p) — F(§)] = Oa-s.[\/(bn loglogn)/n.

Notice that |F,(&,,) — p| < 1/n and, by Taylor’s expansion, F(§, + A,) = p+ Anf(&,) +
O(A?) since sup, |f'(z)] < oco. Then

Anf(fp) =p— Fn(fp) + Oa.s.[\/(bn loglogn)/n]

and it entails (7). &
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6.6 Proof of Theorem 2.

Let | = ¢, and u = &,,. By Lemma 6 and (48) of Lemma 9, we have

sup |[Fu(z) — F(z)] < sup |Fu(z) — F(z)] + sup |[F(x) — F(z)|

z€(lu] z€|[l,u] z€(lu]
log 1
_ o, |Voglogn| fu)) o Tw)| g
NG NG NG

Let b, = ¢,(n)//n. (i) By Lemma 13,

inf [F,(z+b,) — F(x)] > inf [F(x+b,) — F(z)]

<z<u T I<z<u
— sup |F,(z) — F(z)| - sup [Fn(z) = F(2)] = [Fu(y) = F(y)]|
I<z<u le—y|<bn, I<z,y<u

2 by il (&) + O(07) + 0as.(bn) + Ous [Von(logn) /r + buty(n) /V/n].

Hence inf{F,(z +b,) — F(z) : | <z < wu} > 0 almost surely, which implies (i) together
with a similar claim that sup{F,(z — b,) — F(z) : | <z < u} < 0 almost surely. The
representation (12) then follows from Lemma 13 by using the same argument as in the

proof of (ii) of Theorem 1. &

7 Proof and the sharpness of Theorem 3.

In the study of LRD processes, the asymptotic expansion of empirical processes plays an
important role [Ho and Hsing (1996), Wu (2003a)]. Let U, = > oo o ;. ey @j.8n—i,,
Uno = 1. For a nonnegative integer p, similarly to equation (4) in Wu (2003a) let

n p

Sa(yip) =Y |1(X; <) =D (1) FO Ui | 5

i=1 r=0
see also Ho and Hsing (1996). The quantity S, (y;p) can be viewed as the remainder of
the pth order expansion of F),(y). In our derivation of Bahadur’s representation for LRD
processes, we only deal with p = 1 and do not pursue the higher order case p > 2 since it
involves some really cumbersome manipulations.

As in Wu (2003a), let 0, = |a,_1|[Jan_1]| + oo, a2+ (302, [ ah)P?], ©, =

i=n—1 "1 i=n—1 "1

S b Z = nO2 4+ Y (O — 0% Since p = 1, 6, = Olla,1[(XF,, a2).

i=n—1"1

Recall that W, = /nY p_ kY*25L2(k), A,(8) = ¥2(logn)(loglogn)? if B < 3/4 and
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A (B) = Wi (logn)*(loglogn)® if 8 > 3/4. Let H,(y) = n[F,(y) — F(y) + f(y)X,] and
ha(y) = dHy(y)/dy.

Levva 14, Assume E(e}) < oo and

sup £-@)| +sup £ + [ 1720 < o (55)

Then

sup 1,0 + sup 01| = (). (56)

PROOF. Let I = [, |f/(u)|*du and Ko(z) = [f.(0 — x) — f-(0)]/VI. Then ko(z) =
OKy(x)/0x = — f1(0 — x) /1 satisfies [ k3(x)dx = 1. Hence for all 6,

Koe k)= {K@0) = [Cai: [ 20<1fs
0 R
see Wu (2003a) for the definition of the class K. By Theorem 1 in Wu (2003a), for
1 n
Sn(Kg,1) = —= Z[fe(g = Xii-1) = f(0) + f1(0) Xii1],
VI
we have

E

sup S2(Ky, 1)] = 0(E,).
9eR

Notice that S,(Ke, 1)VT — ha(8) = —f'(8) 20, &i. Then || sup, [ha(y)]|| = O(Zx/?) since
supg | f/(0)] < oo and || D7, X1 — nX,| = O(y/n). By Karamata’s Theorem, it is
easily seen that =, = O(V2) (cf Lemma 5 in Wu (2003a)). Similarly, ||sup, |H,(y)||| =
O(21/*) holds under the condition [ f2(u)du < co. The last inequality trivially holds
since sup,, f:(u) < oo. o

Lemva 15. Assume E(e}) < oo and (55). (i) Let (0,)n>1 be a positive, bounded sequence
such that logn = o(nd,). Then

sup  [Sp(y;1) — Sp(x;1)] = Oas.[v/n, logn + 6, AY2(5)]. (57)

|z—y|<dn

(i4) For any —oo < < u < 00, SUpj<, <, |Sn(y; 1)| = oa_s_[Ai/Q(ﬁ)].
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PROOF. (i) By Lemma 7, since E(XT) < 00, /nsupj,_, <5, |Mn(y) — My(z)| =
Oas.(V0nlogn). To show (57), notice that supy,_, <5, |Hn(y) — Hu(7)] < 6, supy [hn(0)], it
suffices to verify that supy |, (0)] = 0as. [Al/ (6)] in view of

Sn(y; 1) - Sn(17a 1) = n[Mn(y) - Mn(*r)] + [Hn(y) - Hn('rﬂ (58)

By Karamata’s Theorem, Zj:o 24=9)/2,; = O(V,a4) if B < 3/4 and Z?:o 2=D/2p,; =
O(dWV,) if B> 3/4. So it follows from Lemma 14 that

d MAY2(3
(d—j)/2 (d—35)/2 —od VP
;02 J sup|h21 ]H E 24=D2O(Wy,) = I logd
which in conjunction with Lemma 4 implies
h( E O(d™'1 ) < o00.
{Iﬁa?i( sgp | } og? 00

d=3

Hence sup,, i, (y)| = 0as.[v/An(B)] via the Borel-Cantelli lemma.

(ii) Notice that S,(y;1) = nM,(y) + Hu(y). By Lemma 7, v/nsup,c,<, |M.(y)| =
Oas.(vIogn). Using the argument in (i), (56) implies sup, |Hy,(y)| = 0as.[v/An(5)]. Hence
(ii) follows in view of v/n = O(¥,,) and /nlogn = o[\/A,(3)]. %

Levnva 16. Assume E(e}) < oo and (55). Let B, = 0,1(logn)Y?(loglogn), b, = B,/n
and A, = Enp — & Then (i) X, = 0a5.(bn) and (ii) if, in addition, inf,,<p<p, f(&) >0
for some 0 < py < p1 < 1, we have

sup |An,p| - Oa.s.(bn> (59)
Po<p<p1
and
sup |An,p - Xn| = Oa-S-(bi) + Oass. [n_lArlz/Q(ﬁ)]- (60)

Po<p<p1
PROOF. (i) Let S, = >_" | X;. Since 0,1 = ||Su|| ~ Cn**7PL(n), by Lemma 4,

d

Z 2((1-7’)/20_27‘71

r=0

2

2
By7 %55?;54 < By} = O(d*log 2 d).
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Again by the Borel-Cantelli lemma, X,, = 0, (by).

(ii) Similarly as in the proof of Theorem 1, it suffices to show that, due to the mono-
tonicity of F,,, inf, <p<p, [Fn(§,+bn) —p] > 0 holds almost surely since the other inequality
SUP,<p<py [ En(§p — bn) — p] < 0 can be similarly derived. By Lemma 15,

inf [F,(§ +0,) —p] 2> inf [F(&p +bn) — [(& +b0) X — p+ 50(&p; 1) /7]

po<p<p1 po<p<p1

— sup [Sn(y;1) — Sp(x;1)|/n=: L, + II,

|z—y|<bn

Since sup, | fi(x)| < oo, by Taylor’s expansion, sup, [F(&, + b,) — p — b f(&)| = O(b2)
and sup, [f(§, + bn) — f(&)] = O(bn). Let | = &, and u = §,,. By (ii) of Lemma 15,
SUP < gy [Sn (5 1)| = 04, [A(B)]. By (i), X, = 0as.(by). Therefore,

I, = inf f(fp)(bn - Xn) + O(bi + bn|Xn|) + Oas. [A’}L/2(ﬂ)/n:|

> inf  f(&)bn

2 po<p<p:

almost surely. By (57) of Lemma 15, II,, = 0,5.(b,) and hence (59) holds. Relation (60)
follows by letting y = &,, = &, + A, in (ii) of Lemma 15 in view of

sup, |f'(x
s [F(& + Auy) —p— F(E)A] < POy a2 o )

Po<p<p1 Po<p<p1
and SUPp,<p<p; |f(§p +Anp) — f(fp)| = 0a5.(bn)- ¢

ReMARK 12. Under the stronger condition that f. is 4 times differentiable with bounded,

continuous and integrable derivatives, Ho and Hsing (1996) obtained

sup |Ap,, — )_(n| = Ops. (n_l_’\an,l) (61)
Po<p<pi1

for all 0 < A < min(1 — 3,8 — 1/2); see Theorem 5.1 therein. The result (61) is very
interesting in the sense that A, , can be approximated by X,,, which does not depend on
p. Consequently the asymptotic distribution of the trimmed and Winsorized means easily

follows from that of X,,. After elementary calculations, it is easily seen that our bound
(60) is slightly sharper. O
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7.1 Proof of Theorem 3.

By (59), sup,,<p<p, |Qnp| = 0as.(bn). Applying Lemma 15 with # = &, and y = &,
po < p < p1, we have
n sup |p - F(gp + An,p) + f(én,p)Xn - [Fn(gp) - F(&p) + f(fp)XnH

Po<p<p1

= Oas.[v/nbylogn + b, AYV2(5)]. (62)

Since sup,[|f'(z)| + | f"(x)|] < oo, by Taylor’s expansion,

S<u[<) |F(§p + Anp) = — Dppf(&p) — A?’L,pf’(ﬁp)/2| = Oa-S-(bi)
and
sup | f(§p + Anp) — f(&) — An,pfl(gpﬂ = Oa-s.(bi)-

Po<p<p1

After some elementary calculations, (62) implies

1 |68y + L2 (80, - X - €)X~ - Fu(e)

= 04s.(02) + 071045 [/ by log n + bnA}/Q(ﬁ)].

Observe that ¥, = O[y/nL*(n) + n2>2#L2(n)] and AY?(8) < ¥, (logn)*?(loglogn) =
o(nby). Thus (15) follows from (60) and

sup (An, — Xn)? = o0as|b2 + AYV2(B)/n)

po<p<p1

= Oas. [bi + An(ﬁ)/nQ] = Oa.s.[bi + bnA}zﬂ (8)/n].

7.2 The sharpness of Theorem 3.

It is challenging to obtain a sharp bound for the left hand side of (15) in Theorem 3. We
now comment on the sharpness of Lemma 15, which describes the oscillations of F,(z) —
F(z)+ f(x)X,. Recall that in the SRD case, the sharp oscillation rate of F},(x) — F(z) at
a fixed z in Lemma 12 leads to the Bahadur representation with optimal bound by letting
b, = cy/(loglogn)/n for some ¢ > 0. Here we claim that, the bound in (57) of Lemma
15, which is a key ingredient for the derivation of (15), is optimal up to a multiplicative

slowly varying function.

29



Lemva 17, Assume E(e}) < oo, (14) and [g |f/(u)]Pdu < co. Let 6, = n"Ly(n) for some
slowly varying function Ly, —1 < v < 0, and 0,5 = n*2PL%(n). (i) If 43 — 3 > =, then
[Sn(@ + 003 1) — Sp(x;1)]/vno, = N[O, f(x)]. (i) If 48 — 3 <y, then
Sh Oni 1) — Sp(z; 1
(@ 40,41 = Sy(a:) _

Un,25n

r@es | . / (0 — ) (v — )] Pod By )dB ) (63)

for some constant Cg > 0, where IB is a standard two-sided Brownian motion and z, =
max(z,0). In particular, if v = 1/2 — 3, then (i) [resp. (ii)] holds if 7/10 < 3 < 1 [resp.
1/2 < g < 7/10].

RemArK 13. The limiting distribution in (63) is called the Rosenblatt distribution, a special
case of multiple Wiener-It6 integrals [Major (1981)]. &

PRrROOF OF LEMMA 17. Observe that
Sp(x + 0p; 1) — Sp(x; 1) = n[M,(x + 6,) — My (x)] + [Hu(z + 0,,) — Hp(2)].

Write n[F,(z + d,) — Fu(z)] = > i K[(z — X;)/6,], where the kernel K(u) = 1_j<u<o.
By Lemma 2 in Wu and Mielniczuk (2002), n[M, (z + 6,) — M,(x)]/v/nd, = N|0,c%(z)]
with 0?(z) = f(z) [g K*(u)du = f(z). By Lemma 14,

|Ho (e +6,) — Ho(a)| < 4,

s \hn@)\H
= 0(5,9,) = 6,0[vnL*(n) + n*"2°L*(n)).

If 43 — 3 > 7, then §,¥,, = o(v/nd,) and (i) follows.

On the other hand, if 45 — 3 < ~, then § € (1/2,3/4) and h,(x)/0, 2 converges to the
Rosenblatt distribution in (63); see Lemma 4 in Wu and Mielniczuk (2002) and Corollary
3 in Wu (2003a). Under the conditions (14) and [ |f/(u)|*du < oo, by the argument of
Lemma 14, we have ||sup, |h,(u)|]| = O(V,). Then ||H,(x + d,) — Hp(z) — dphn(x)]] <
162| sup, | Al (u)|]] = O(62W,,) and (ii) follows in view of v/néd, + 62¥,, = 0(8,0y2).

If vy =1/2— 3, then 45 — 3 > ~ if and only if 7/10 < . &

Lemma 17 asserts the dichotomous convergence of S, (x 4+ d,;1) — S, (x;1) at a fixed
point x. Notice that X,,/[n'/2~?L(n)] = N(0,0?) and, by (60), (&, —&)/[nV/*PL(n)] =
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N(0,0?) for some 02 < co. For 6, = n*/?>7PLy(n), Lemma 17 shows that, up to a mul-
tiplicative slowly varying function, the optimal bound of [S,(z + 0,;1) — S, (z;1)]/n is
pmax(=0/2=1/4, 3/2=36) " This bound indicates that (15) or (16) is optimal up to a multiplica-
tive slowly varying function. It also explains why there is a boundary § = 7/10 in (15) or
(16); see the discussion of the three terms in the O, bound of (15) in Section 3.
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