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We study asymptotic properties of the local Whittle estimator of the long memory
parameter for a wide class of fractionally integrated nonlinear time series models.
In particular, we solve the conjecture posed by Phillips and Shimotsu (2004, An-
nals of Statistics 32, 656-692) for Type I processes under our framework, which
requires a global smoothness condition on the spectral density of the short mem-
ory component. The formulation allows the widely used FARIMA models with
GARCH innovations of various forms and our asymptotic results provide a theo-
retical justification of the findings in simulations that the local Whittle estimator
is robust to conditional heteroskedasticity. Additionally, our conditions are easily
verifiable and are satisfied for many nonlinear time series models.

1 INTRODUCTION

Since the seminal work of Robinson (1995a,b), semiparametric estimation of the
long memory parameter of time series has been an active area of research. Let
d € (—1/2,1/2) be the order of integration. Consider the I(d) process { X;} defined
by

(1-B)4X; —p)=u;, te, (1)

where p is an unknown mean, B is the backward shift operator and {u;}icz is a
mean zero, covariance stationary short-memory process. Let fx(-) and f,(-) be
the spectral density functions of {X;} and {w;}, respectively. Then (1) implies

Fx(N) =1 =72 fu (). (2)
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The process {X;} has long memory if d € (0,1/2), short memory if d = 0 and
anti-persistent if d € (—1/2,0). A non-stationary process {X;} can be defined
when d > 1/2. For example, if d € [1/2,3/2), we can write X; as the sum of an
I(d — 1) process, i.e.

t
Xp=Xo+ Y Y, (1-B)"Y=u; (3)
j=1

where X is a random variable whose distribution does not depend on ¢. The case
for d > 3/2 can be similarly defined by the repeated use of partial summation
(Velasco 1999a,b). An alternative definition of an I(d) process is given by

(1= B)(X; — Xo) = us1(t > 1). (4)

Equivalently, letting ¢y(d) = [Tr_, ((d+j — 1)/4), k > 1, ¢o(d) = 1, we have

t—1
Xp=Xo+(1-B) ul(t>1)=Xo+ Y ép(d)uy. (5)
k=0

Clearly (5) is well-defined for any d € R. Under the formulation (4), the process
{X.} is non-stationary when d > 1/2 and only asymptotically stationary when
d € (—1/2,1/2). The main distinction between Type I processes [(1) and (3)] and
Type II processes (4) lies in the presample treatment. These two definitions of
I(d) processes could lead to different asymptotic behaviors for various statistics.
For example, the normalized partial sum of X; when d > 1/2 converges to two dis-
tinct fractional Brownian motions (Marinucci and Robinson, 1999a,b). A detailed
discussion of their differences can be found in Robinson (2005) and Shimotsu and
Phillips (2006).

Two popular semiparametric frequency domain approaches to estimate d have
been extensively studied in the literature: log periodogram regression (LP, Geweke
and Porter-Hudak, 1983) and local Whittle estimation (LW, Kiinsch, 1987). LP is
easy to compute since it only involves least squares regression, but it is less efficient
than LW which is constructed based on the likelihood principle (Robinson, 1995b).
The asymptotic properties of LP have been investigated by Robinson (1995a),
Velasco (1999a, 2000) among others for Type I processes and by Kim and Phillips
(1999), Phillips (1999b) for Type II processes. Regarding the asymptotic theory of
LW estimator, Robinson (1995b) and Velasco (1999b) dealt with Type I processes.
For Type II processes, see Phillips and Shimotsu (2004) (PS hereafter), Shimotsu
and Phillips (2006) (SP hereafter). PS (2004) and SP(2006) nearly completed



the study of asymptotic properties of LW estimator for Type II processes in that
they characterized the asymptotic distribution for d € [-1,—1/2) U (=1/2,1/2) U
(1/2, M], where M is a fixed constant. Their asymptotic analysis was facilitated
by an exact representation of the Fourier transform of Type II fractional processes
(Phillips, 1999a). PS (2004) conjectured that their asymptotic results are still
valid for Type I processes with different constants in the asymptotic distributions.
See the review article by Moulines and Soulier (2003) for other semiparametric
methods of estimating d in the frequency domain.

So far, it seems that most asymptotic analysis of LW estimator has been lim-
ited to linear processes, i.e. Xy = pu+ > poyarl—r [cf. Robinson (1995b), Velasco
(1999b)] or ur = Y poy axCe—k [cf. PS (2004), SP(2006)], where the ¢; are martin-
gale differences with constant conditional variance, i.e.

ol = E((ﬂff_l) = a positive constant. (6)

Here ]-'f = o(--+,(-1,(). To obtain the asymptotic distribution of the local
Whittle estimator, it is often additionally assumed that E(Cf|.7-'f_1), k = 3,4, are
also constants [Velasco (1999b), PS(2004), SP(2006)]. As mentioned in Robinson
and Henry (1999), it is a drawback not to allow conditional heteroskedasticity,
which is an intrinsic feature for ARCH and GARCH models in financial time
series. Robinson and Henry (1999) attempted to relax the constant conditional
variance condition (6) for LW estimator in the case of Type I processes when
d € (—1/2,1/2). For general nonlinear processes, Dalla et al. (2006) proved
the consistency of LW estimates and also discussed the convergence rate. Their
results indicate that LW estimator might have a non-Gaussian limit distribution.
No distributional theory was provided in their paper.

This paper has two goals. First, we attempt to solve the conjecture posed
in PS (2004) for Type I processes when d € [3/4,3/2). Second, we consider the
asymptotic distribution of LW estimator for a wide class of nonlinear processes

ut:F(...,€t,1,€t), (7)

where ¢; are independent and identically distributed (iid) random variables and
F' is a measurable function such that u; is well-defined. Then wu; is a stationary
causal ergodic process. The framework (7) is very general. Wiener (1958) claimed
that, for every stationary and ergodic process (u;), there exists iid random vari-
ables ¢; and a measurable function F' such that u; = F(---,&;-1,¢;). Rosenblatt
(1959,1971) showed that Wiener’s assertion does not hold in general and asked
whether the distributional equality, i.e. (u;,i € Z) =p (F(---,&i-1,€4),1 € Z)



holds. For more detailed descriptions of the Wiener-Rosenblatt conjecture, see
Kallianpur (1981) and Tong (1990, page 204). As in Wiener (1958), Priest-
ley (1988) and Wu (2005b), (7) can be interpreted as a physical system with
(...,€t—1,€¢) being the input, F' being a filter and u; being the output. Our de-
pendence measures on the process {u;} basically quantify the degree of dependence
of outputs on inputs (cf Remark 2.3). The class (7) includes the linear process
ur = Y. aict—; as a special case. It also includes general GARCH (Bollerslev,
1986) and ARMA-GARCH (Ling and Li, 1997) processes. Together with (1), the
widely used FARIMA-GARCH model is also within this framework; see Section
4. Our theoretical results confirm the findings from finite sample simulations in
Robinson and Henry (1999), Henry (2001) and Nielsen and Frederiksen (2005) that
the local Whittle estimator is robust to conditional heteroskedastic innovations if
the bandwidth is appropriately chosen.

The following notation will be used throughout the paper. For a random
variable ¢, write £ € LP (p > 0) if ||€]|, := [E(|€|P)]/P < oo and let || - || = || - ||2. For
¢ € L£! define projection operators Pp& = E(&|Fn) —E(&|Fp1), Fr = (..., x_1,€k)-
Let C > 0 denote a generic constant which may vary from line to line. Denote by
= and & convergence in distribution and in probability, respectively. The symbols
Op(1), op(1) and 045 (1) signify being bounded in probability, convergence to zero
in probability and in the almost sure sense respectively. Let N(u,0?) be a normal
distribution with mean p and variance o?.

The paper is organized as follows. Section 2 introduces the local Whittle es-
timator as well as some notation and assumptions. Section 3 provides a distri-
butional theory of LW estimates for Type I processes when d € (—1/2,1/2) U
(1/2,3/2). Applications are given in Section 4 and conclusions are made in Sec-
tion 5. We leave the technical details to the appendix.

2 LOCAL WHITTLE ESTIMATION

Let ¢ = v/—1 be the imaginary unit. For a process {Z; };cz, define the periodogram
1 n
I7(\) = |lwz(W)?, where wz(\) = wz,(\) = —— Zie'
20 = [wz (V)| 20 = wzal) = =3

Let A\j = 2mj/n,j = 1,---,n, be the Fourier frequencies. Denote the true value
of d by dy. Given the observation X1, ..., X,, the local Whittle estimate for dj is
defined as the minimizer of the local objective function R(d), i.e.

d = argmindE[Al,AQ]R(d)?
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where

B m 2d m
R(d) =log | m™ > MIx(x;) | — — > log ;. (8)
j=1 j=1

Throughout the paper, we assume m = m(n) satisfies m~! +m/n — 0, A; and
Ay satisfy —1/2 < A1 < Ag < o0 and dg € [Aq1, As].
Let E(u;) = 0 and 7, (k) = E(ugugyy) be the covariance function of (u;); let

1 .
FaN) = 52> (k) exp(ik))
keZ
be the spectral density. Assume throughout the paper that Gy = f,,(0) > 0. We
make the following assumptions.

AssuMPTION 2.1. Cy := ") o [7u(k)] < 0.

REMARK 2.1. Assumption 2.1 indicates that u; has short memory. Under this
assumption, the spectral density f, is continuous and bounded.

ASSUMPTION 2.2. 72 k||Poug|| < oo.

REMARK 2.2. The quantity ||Poug|| is closely related to the predictive dependence
measure introduced by Wu (2005b); see Remark 2.3 for more discussion. Fol-
lowing Wu and Min (2005), Assumption 2.2 is called £? dependent with order 1.
Assumption 2.2 implies ), , [kyu (k)| < oo [cf Lemma 6.1], thus f,(-) is continu-
ous differentiable over [—m, 7].

REMARK 2.3. Let {€}}icz be an iid copy of {&;}icz and, for k > 0, u), = F(F}),
where F} = (F_1,€(,€1,...,¢k). Interpreting (7) as a physical system, Wu (2005b)
introduced the physical dependence measure

0q(k) = llur — ullq

and the predictive dependence measure wq(k) := ||gx(Fo)— gk (F))lq, where gi(Fo) =
E(ug|Fo). Intuitively, d4(-) quantifies the dependence of uy on g9 by measuring the
distance between uy, and its coupled version uj.. For wy(k), since gi(Fo) = E(ug|Fo)
is the k-step ahead predicted mean, wy(k) measures the contribution of €y in pre-
dicting future expected values. By Theorem 1 in Wu (2005b), ||Poug|| < wa(k) <
2||Pyug||. So Assumption 2.2 is equivalent to > ;- kwa(k) < co. In many applica-
tions physical and predictive dependence measures are easy to use since they are
directly related to data-generating mechanisms.



ASSUMPTION 2.3. Zk1,k2,k‘3€z lcum (ug, Up, , Ugy , Uty )| < 00.

REMARK 2.4. Summability conditions on joint cumulants are widely used in spec-
tral analysis. It is an important problem to verify such conditions. For a linear
Process uy = )iz a;&r—j with £; being iid, Assumption 2.3 holds if 3 ;7 |a;| < oo
and 1 € £*. For nonlinear processes (7), it is satisfied under a geometric moment
contraction (GMC) condition with order 4 (Wu and Shao, 2004). The process {u;}
is GMC with order «, o > 0, if there exists a C' = C'(«) and p = p(a) € (0, 1) such
that

E(|’LL;’; - un|a) S Cpnv ne Nv (9)

where uy, = F(---,¢"4,€0,€1, -, &) is a coupled version of u,. Here {e}}cz is
an iid copy of {&;}tez. The property (9) indicates that the process {u,} forgets its
past exponentially fast and it can be verified for many nonlinear time series models
[Wu and Min (2005), Shao and Wu (2005a)]. Define the 4th cumulant spectral
density

3

1 )
fa(wr, wa, ws) = @n)? Z cum(ug, Ug, , Uk, , Uks ) EXP —szjk:j
k1,ko,k3€Z j=1

Under Assumption 2.3, fy(:,-,-) is continuous and bounded. Section 4 provides
another sufficient condition for the summability of joint cumulants.

ASSUMPTION 2.4. Assume uy € L9 and Y po i kdg(k) < 0o, ¢ > 4.

REMARK 2.5. For the linear causal process uy = > 2% ajer—j, 0q(k) = |ag|lley —
€ollq- So Assumption 2.4 holds if Y 7° j klay| < co and €1 € £9. Assumption 2.4
implies Assumption 2.2 since E[(ux — u},)|[Fo] = Pouy and ||[Pouk| < |[Poukllqy <

[ur — uillq-
ASSUMPTION 2.5. For some 3 € (0,2], fu(A) = (1 +O(N\)Go as X | 0.

REMARK 2.6. Assumption 2.5 is commonly made in the study of local Whittle
estimation [PS(2004), SP(2006)]. For the popular FARIMA(p, d, q) or FARIMA-
GARCH processes (see Section 4), = 2. Our Assumptions 2.2 and 2.4 imply the
continuous differentiability of f,(-), thus g > 1.

AssuMmPTION 2.6. Assume for 3 > 1,
(logn)® = o(m) and m = o(n?/3), (10)

and for 3 =1, (logn)® = o(m), m?(logm)?/n? — 0.



REMARK 2.7. Previous work by Robinson (1995b) and PS (2004) requires

28+1 2

% TR UL n‘;ggm ~0. (11)
Note that for § > 1, Assumption 2.6 is stronger than (11). We are unable to relax
Assumption 2.6 which is needed for us to apply Corollary 2 in Wu and Shao (2006)
to obtain asymptotic distributions of d. Under (11), the variance of d dominates its
bias. In terms of choosing the bandwidth which minimizes the mean square error,
the optimal order for m is n?%/(26+1) [¢f. Henry and Robinson (1996)]. On the
other hand, Assumption 2.6 does not seem to be overly restrictive: Assumption
A4’ in Robinson and Henry (1999) requires m = o(n'/?/logn) in an early attempt
to establish central limit theorem for LW estimator without imposing (6).

3 MAIN RESULTS

Four cases, dy € (—1/2,1/2), dy € (1/2,1), dp € (1,3/2) and dy = 1 are dealt with
in Sections 3.1, 3.2, 3.3 and 3.4 respectively.

3.1 dye(—1/2,1/2)

Under the Type I formulation (1), we write

[o.¢]
Xp=p+(1—B) ®u=p+> ¢i(do)ur;. (12)
§=0
Since Ix(Aj),j =1,---,m, which is used in the local Whittle estimation, is invari-

ant to the mean, we can and do assume p = 0.

PROPOSITION 3.1. For the process (12), let us € L*. Then under Assumption 2.2,
we have d 5 do and

2(d — do) = —Fn(1 + 0p(1)) 4+ Op(log m/m),
where Fp, = m™1 Py sj)\idOGO_lIX()\j) and s; =log(j/m) + 1.
THEOREM 3.1. For the process (12), under Assumptions 2.3-2.6, we have

Vvm(d — dy) = N(0,1/4). (13)



Robinson (1995b) first obtained the asymptotic distribution of the LW estima-
tor in the setting of linear processes under the assumption that the innovations
are martingale differences with constant conditional variance. Robinson and Henry
(1999) attempted to relax the latter restriction (see (6)) under the following frame-

work:
Xt:,u_‘_zajctfjv ZCL?<OO,
§=0 §=0
where
E(GIF) =0, of =wo+ Y 9}, %o >0, 9;>0,j€N. (14)
j=1

The widely used ARCH and GARCH models are included in this framework; com-
pare (22) in Section 4. The asymptotic normality was obtained under quite restric-
tive conditions. For example, they require max;cz E(¢}) < oo, IE(CELFEA) =E(¢})
almost surely and for ¢t > u > v,

E(¢¢uCo-1) =0, E(Cféu!fﬁ_l) = E(Cfﬁgﬁy\fg_l) =0 almost surely.

In the GARCH case (22), we only need to assume a ¢-th moment condition (¢ >
4) and allow various forms of conditional heteroskedasticity; see Section 4 for
more discussion. Note that the existence of higher order moments requires more
restriction on the parameter space in the GARCH type models. On the other hand,
our formulation excludes possible long memory in conditional variance, which is
included in their framework.

REMARK 3.1. The short memory conditions on u; (such as Assumptions 2.2 and
2.4) imply the continuous differentiablitity of f,(-) over the full band [—m, 7],
while in previous work (see Robinson (1995b), Robinson and Henry (1999) and
SP (2004)), only local smoothness of f,(-) or fx(-) around a neighborhood of
zero frequency is imposed. In particular, our assumptions on u; exclude the so-
called Gegenbauer process [Gray, Zhang and Woodward (1989)], in which the
spectral density function has a pole at a nonzero frequency [see SP (2004) for more
discussion]. These global smoothness assumptions together with the stronger rate

condition on m are the prices we pay for allowing nonlinear processes.



3.2 dye(1/2,1)
Recall (3) for the definition of X;. Write

n 00

Xn=Xo=)» Y=Y Ajntn_j (15)
t=1 j=0

where Ajﬂ = (I)j - (I)j,n, (I)j = Zg:O Qsl(d() - 1) = ¢J(d0) lf] >0 and <I>j =0 if

7 < 0. Further write

n

n t n
wX()\s) _ (27_‘_”)71/2223/]'6#)\5 _ (27_‘_”)71/2 Y}Zeit)\s
1

t=1 j=1 Jj= t=j
ei)‘s (Xn — Xo) wy()\s)

= T e T (16)

For a complex number z let Re(z) be its real part and Z its conjugate. Then

(X, — Xo)? Iy () 2(X,, — Xo)

= ; : R As)e ). (17
2l =P T I— e T Vamal e oY) (D

PROPOSITION 3.2. Suppose that X, is generated by (3) with dy € (1/2,1). Assume
u € L* and Assumption 2.2, we have d do and 2(62 —do) = —F(1+o0p(1)) +
Op(logm/m).

IX(AS)

REMARK 3.2. Under Type I formulation, Velasco (1999b) showed that d is consis-
tent for linear processes when dy € [1/2,1). For Type II processes, the consistency
was established by PS (2004). At dy = 1/2, we conjecture that the consistency of
d still holds for nonlinear processes.

THEOREM 3.2. Let X; be defined in (3) with dy € (1/2,1). (i). Under Assump-
tions 2.3-2.6, we have

m'2(d—dy) = Uy/2, do € (1/2,3/4),
m?720(d —dy) = J(do)U2,  dy € (3/4,1),
where
T 2do—2(1 _ 00
J(do) = (1?(620)2(2 6501_ 1d)02) {(Qdol_ 3 + /1 (yhL — (y — l)dol)2dy} (18)

and Uy and Uy are iid N(0,1) random variables.
(ii). Let up = Y 220aici—i, Y peoklar] < oo, Y2pa; # 0, Ee? = 1 and
g1 € LY. Then under Assumptions 2.5 and (11), for dy = 3/4, we have

m'2(d — do) = U1 /2 + J(do)UZ.



PS (2004) dealt with Type II processes and conjectured that if dy € [3/4,1),
then their asymptotic results still hold for Type I processes possibly with different
J(dp). Here, we prove the conjecture in the framework of fractionally integrated
nonlinear processes. In comparison with the asymptotic distribution in the Type
IT case, the extra term [ (y%~1 — (y — 1)%~1)2dy in (18) is due to the so-called
prehistorical influence. At dy = 3/4, the first two terms in (17) are of the same
stochastic magnitude. In this particular case, it seems very hard to obtain asymp-
totic results for nonlinear processes.

3.3 dye (1,3/2)

TureoreM 3.3. Suppose {X;} is generated from (8) with dg € [1,3/2) and u; € L*.

Then under Assumption 2.2, we have d51.

REMARK 3.3. Theorem 3.3 confirms the conjecture posed by PS (2004) (see Remark

3.3 therein), which says that d £ 1 for Type I processes if dg € (1,3/2). More
refined structures exist if dy = 1; see Section 3.4 below.

3.4 d(] — 1

THEOREM 3.4. Suppose {X.} is generated from (3) with dy = 1. Assume that
req kda(k) < 00 and m = my, — oo satisfies

(m*?logm)x(n) = O(1), where x(n)=n""*log(n). (19)
Then under Assumptions 2.3 and 2.5, we have

—W1 +V2Wo W3
20+ W2) 7

vm(d — do) = (20)

where Wy, Wa, W3 are iid N(0,1).

The condition Yy~ kds(k) < oo in Theorem 3.4 is related to Assumption 2.4
with ¢ = 4. Assumption 2.4 is stronger.

The limit distribution in (20) is equivalent to the form stated in Theorem 4.2
of PS (2004), who obtained the asymptotic distribution of d for Type II processes
with dg = 1. It suggests the interesting dichotomous phenomenon: the asymptotic
behaviors in the three cases dy < 1, dg = 1 and dy > 1 are very different. In
addition, the condition on the bandwidth m is quite stringent here. Basically we
require m = O(n'/%(logn)=4/3).

10



In summary, for fractional nonlinear processes [(1) and (3)], the LW estimator
is consistent when dy € (—1/2,1/2) U (1/2,1] and is inconsistent when dy > 1.
When dy € (—1/2,1/2) U (1/2,3/4), the asymptotic distribution is normal with
asymptotic variance independent of the true value dy. For Type II processes, SP
(2000) proposed a modified LW estimator, which basically replaces Ix(\;) in R(d)
(see (8)) by I%();), where

es X, — Xo

I* N — * N2 * ) — s i
X(A) = [wx (M7, wx(A) = wx(As) + 1 — eits o

The modified LW estimator is shown to be consistent for dy € (0,2) and is asymp-
totically normally distributed with variance 1/4 for dy € (1/2,7/4). We would
expect that this result still holds for Type I processes in our setting in view of
(16), although the boundary case dy = 3/2 is hard to handle. We shall not pursue
this generalization in this paper.

4 APPLICATIONS

In this section, we shall show that our main technical Assumptions 2.3 and 2.4
are satisfied by a number of widely used models in financial time series analysis.
The so-called FARIMA(p, d, q)-GARCH(r, s) model [Ling and Li (1997), Li, Ling
and McAleer (2002)] has been used by Baillie et al. (1996), Hauser and Kunst
(1998a,b) and Lien and Tse (1999) among others to model both long memory and
conditional heteroskedasticity. It admits the following form

O(B)(1 = B) Xy — ) = (B)G, (21)
T S
G=ew0r, of =ag+ > ol + Y Biot (22)
i=1 i=1
where {¢;} are iid with zero mean and unit variance, ¢(B) = 1 — > | ¢; B,

Y(B) = 14 >4, ¢;B’. Assume that all the roots of ¢(z) = 1 — > 7, ¢;2" and
P(z) =1+ 3% ;2" are outside the unit circle, ¢, # 0, ¥, # 0 and ¢(z) and ¥(z)
have no common root. Rewrite (21) into the form of (1) with u; = ¢(B) 19 (B)(,
where u; is an ARMA-GARCH process. For a GARCH process, the necessary
and sufficient conditions for the existence of 4-th moments have been investigated
by Ling and McAleer (2002a,b). Wu and Min (2005) showed that ¢; is GMC(4)
[cf eqn (9) with a = 4] provided that (; € £*. Since an ARMA process with
GMC(4) innovations is still GMC(4) [cf. Theorem 5.2 in Shao and Wu (2005a)],
the process u; is GMC(4) if ¢; € £*. Therefore, our Assumption 2.3 is satisfied

11



since GMC(4) implies the summability of 4th cumulants [cf. Proposition 2 of Wu
and Shao (2004)].

In the literature, various forms of GARCH have been proposed to model con-
ditional heteroskedasticity. An important class is the asymmetric GARCH(r, s)
models [Ding et al. (1993)]. Interestingly, for general asymmetric GARCH(r, s)
models (which include (22) as a special case), Shao and Wu (2005a) showed that
they satisfy GMC(q), ¢ € N under the g-th moment condition. Another popular
asymmetric GARCH model is so-called EGARCH(p, ¢) model proposed by Nelson
(1991), which admits the following form:

h(B
G = avee, ogo?) =0 + £ 0(e ), glen) =2+ 9l - B
where ap, 6 and  are constants, ¥(B) = 1+ 6B + --- + 3,B9 and ¢(B) =
1—o1B — -+ — a,BP are polynomials with zeros outside the unit circle having

no common factors. Robinson and Henry (1999) also considered the above model
in their finite sample simulation. However, they mentioned that the EGARCH
model is not included in their theoretical framework (14). If ¢, are iid N(0,1),
Min (2004) showed that (; is GMC(q) for any ¢ € N.

For other types of nonlinear time series models such as bilinear models [Subba
Rao and Gabr (1984)], threshold autoregressive models [Tong (1990)] and signed
volatility models [Yao (2004)], the GMC property has been verified by Wu and Min
(2005) and Shao and Wu (2005a) under certain contraction conditions. Regarding
our Assumption 2.4, it holds if the process u; is GMC(q) for some ¢ > 4 [see Wu
(2005a) for a rigorous proof].

A common assumption in spectral analysis is the summability of joint cumu-
lants up to certain orders [Brillinger (1975), Rosenblatt (1985)]. The following
proposition gives a sufficient condition under which the summability of joint cu-
mulants is true. It generalizes Proposition 2 in Wu and Shao (2004).

THEOREM 4.1. Assume u; = F(---,ei_1,6¢) € LF, k> 2, k € N. Then

Z |cum(uo, tm, +- -, umk—1)| <00 (23)

mi, - mr_1€%
provided that 300 nF=2(320°_ 6, (m)?)Y/? < oo, where §(m) = ||um — &

REMARK 4.1. Since (32°°_ 0x(m)?)V/2 < 3% §(m), (23) holds if

> nFl(n) < o0, k2. (24)
n=0

12



Therefore > o0 ;n3d,(n) < oo, ¢ > 4 implies our Assumption 2.3,2.4 and 3 =2 in
Assumption 2.5.

ExampLE 4.1. ARCH(c0) [Robinson (1991)]:

0o
G=e01, of =to+ D iy, Yo =0, ¥; >0, jEN, (25)
j=1
where ¢; are iid mean zero random variables having suitable moments. Note that
(25) is a special form of (14). Both general ARCH(p) and GARCH(r, s) models
fall into this framework when the weights v; either vanish for j > p or decay
exponentially to zero. This property implies the exponential decay rate of the
autocorrelation of (?. Giraitis et al. (2000a) gave a sufficient condition for the
existence of a stationary solution and found that the autocorrelation of (? can
decay slowly like a power function, but no long memory structure of ¢? is allowed.
Further development can be found in Zaffaroni (2004). We shall show that our
condition can be satisfied with hyperbolically decaying coefficients ;.

PROPOSITION 4.1. For (25), let e1 € £5. Assume that H6%||§/2 PRFERC

> i w;/2j3 < 00, then we have

1/2

j <1 and

Z |Cum(C0a<k17Ck2ka‘3)’ < oo and ZkHCk - CIQ:HG < 00, (26)

k1,k2,k3€Z k=1
where (. is the coupled version of ¢ as in Assumption 2.4.

ExampLE 4.2. LARCH (“Linear ARCH”) [Robinson (1991)]:

o0
(=01, oy=a+ Yy biGj, tEL, (27)
j=1
where a and b;, j € N are not constrained to be nonnegative. Giraitis et al. (2000b)
provided a sufficient and necessary condition for the existence of a stationary
solution and demonstrated that ¢? could have long memory autocorrelation unlike
the ARCH(o0) case. The following proposition covers part of the short memory
case where b; is allowed to have a hyperbolic decay.

PROPOSITION 4.2. For (27), let 61 € L£5. Assume that ||e1|5 > |bjl < 1 and
P b2 < 0o. Then

Z ‘Cum(COaCkUCkaCks)’ < oo and ZkHCk - Cl/cH5 < 0.

k1,k2,k3€Z k=1
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9 CONCLUSIONS

This paper presents an asymptotic theory for the local Whittle estimator of a class
of fractionally integrated nonlinear processes. The theory we develop here matches
the empirical evidence found in finite sample simulations by Robinson and Henry
(1999), Henry (2001) and Nielsen and Frederiksen (2005), which suggest that the
local Whittle estimator is robust to conditional heteroskedasticity. Recently, long
memory in volatility has received a lot of attention in the literature [cf. Hurvich
et al. (2005) and references therein]. Robinson and Henry (1999) showed that
the local Whittle estimator of long memory parameter in the level is unaffected
by long memory in volatility. Our framework excludes this interesting case in
that the conditional heteroscedastic models included are all of short memory type.
However, our framework is general enough to allow various kinds of short memory
GARCH models.

Under the current framework, it is certainly worth investigating the asymptotic
properties of the local Whittle estimator for Type II processes and also the exact
local Whittle estimator [SP (2005)]. These topics are beyond the scope of this
paper and will be studied in the future.
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6 TECHNICAL APPENDIX AND PROOFS

For the convenience of notation, write Ix; = Ix()\;), I; = I.()j), Iy; = Iy (})),
Fxj = Ix(N), fuj = Fu(Ny), frg = 1= 2720 f5 Tng = Ixjfx), Loy = uijfjl,
Iy] = Iy]fyj, wx;j = wx(Aj), wyj = wyu(Aj) and wy; = wy (N;), 7 =1,-

Let g; = wx;/+/fxj and hj = wy;j/+/fuj- Denote D(w) = Dy (w ):Etzle
a(N) = 32, di(do)e™ = (1 — e?)~% and a; = a();). When dy € (—1/2,1/2),
it is easy to see that «(-) satisfies the following condition: «(A) is differentiable in
a neighborhood of the origin (0,¢) and also &/(A) = O(Ja(A\)|A"1) as A | 0. Let
K(w) = (27n)~!|D(w)|? be the Fejér’s kernel. We introduce the following working

assumption:
AssumpPTION 6.1. f,(+) is differentiable at (0,€) for some e >0 and
£V =01 asALo. (28)
The following lemma describes the relationship between 7, (k) and ||Pouy]|.

LEMMA 6.1. For u; in (7), Y _poq k| Pouk|| < oo implies "o |k9vu(k)| < o0 for
q > 0.

Proof of Lemma 6.1. Since P; and Pj are orthogonal if j # j’,

vu(k:) uouk ZP UuQ Z P Uk = ZE(PJUOPJUk)

JEZ YUY/ JEZ

Therefore, by the Cauchy-Schwarz inequality,

SRR < YIRS IPjuollIPiukll =Y I1Pjuoll D k| Pous—ll

keZ keZ JEZ JEZL keZ
2
o0
< max(29,2) | Y il/Powl | < oo
j=0

o

REMARK 6.1. By Lemma 6.1, Assumption 2.2 leads to ), ., |vu(k)k| < oo, which
implies that f](-) is continuous on [—m,7]. So Assumption 6.1 is satisfied. Since
[Pour|] < d2(k), we have Y72 k902(k) < oo implies >, [k%7u (k)| < oo for
q > 0.
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LEMMA 6.2. Suppose {X;} is from (1) with dy € (—1/2,1/2). Under Assumptions
2.1, 6.1, the following expressions hold uniformly over 1 <k < j <m = o(n):

[E{g;g;} — U + [E{hjh;} — 1] + [E{g;h;} — a(=A;)/les]| = Olog j/5);  (29)

E{gjg;} = O(logj/j), E{gjgr} = O(logj/k), B{g;gr} = O(logj/k);
E{hshi} = O(log /), E{hshu} = Ollog j/k), E{hhi} = Ollog j/k);
E{g;h;} = O(log j/j), E{gjhi} = O(log j/k), E{gjhr} = O(logj/k).
Furthermore, if Assumption 2.8 is satisfied, then we have

cov(Lyj, Luk) = fi;1(5 = k) + O(log(j V k) (j A k) ™) (30)
uniformly over j,k=1,---,m. Here aV b =max{a,b}, a A b= min{a,b}.
Proof of Lemma 6.2. Since the cross spectral density fx,(A) = (1 —e™)79% f,())
when do € (—1/2,1/2), it is easily seen that (28) implies |f,(A)] = O(A~1~%)

and |fi (N)| = O(A717240) as X | 0. Then the lemma is a direct consequence of

Robinson (1995a); see Theorem 2 and its proof therein. Regarding (30), we have

cov(lyj, Iyk) = cum(wyj, Wyj, Wyk, Wyk) + COV(Wyj, Wyk ) COV(Wyj, Wyk)
+COV(Wyj, Wy ) COV(Wy 5, Wy )
= O(1/n) +O(log(j V k)i AR)™) + fi1(5 = k)
uniformly over j = 1,---,m in view of Assumption 2.3 and the first assertion. <

REMARK 6.2. To show (29), we only need to use the equation (4.1) in Robinson
(1995a), whose proof does not require the rate of convergence of f,(\) as A | 0.
For the remaining nine statements, our assumptions suffice. See Velasco (1999b)

for a similar result when dy € [1/2,1).

The next two lemmas (Lemmas 6.3 and 6.4) are useful for the consistency and

the asymptotic normality of cz, respectively.

LeEMMA 6.3. For the process (12) with dy € (—1/2,1/2), suppose Assumption 2.1
holds. Then

E|lx; — Lj| = O ~2) uniformly over j =1,---,m. (31)
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Proof of Lemma 6.3. Write ¢, = ¢r(dp). By (12),

an = wyj— wuj(l o ei/\j)—do — \/%ZXWMJ o wu](l - 6 ) —dp
1 & . n . .
— Z ¢kezk)\]' {Zutelt)\j + de} - wu](l o e?)\j)—do
V2 oG =1
1 o, ik
- V2mn Z dre™ Vg
k=0
where Vj, ; = Z?:_fi pureti =3 ettt After straightforward calculations, we
get
2
o0
|1 o ei/\j|2d0E|an|2 — ’1 _ ei)\j ’2d0 27rn Z Zk‘)\j de
k=0
™ ( ) 2
= [ LVEO+N) — 1] dx
- ( ])
i a(N) 2 .

< C KMA—X)|——= -1 dA=0(1

< Co | KO-n)| 5 (1/9)
uniformly over j = 1,---,m. The last equality above is due to Lemma 3 of

Robinson (1995b) in view of the properties of a()). Finally, (31) follows from the
Cauchy-Schwarz inequality and the fact that El,; = f,; + o(1) uniformly over

j=1,---,m under Assumption 2.1 [cf. Proposition 10.3.1 in Brockwell and Davis

(1991)]. &

LEMMA 6.4. For the process (12) with dy € (—1/2,1/2), suppose Assumptions 2.1,
2.8, and 6.1 hold. Then

E Z(ij — L) <OV A +logr)Y? + 120V <m = o(n),
j=1

where C' is a generic constant independent of r, m and n.

Proof of Lemma 6.4. The proof is a generalization of the argument in Robinson
(1995b, pages 1648-1651) to the nonlinear case. Let [ = 1+ |r!/?logr|. By Lemma
6.3, E| le(ij — Lj)| < CI'2. Tt then suffices to consider [ +1 < j < r. Write
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E{Z;H(ij - iuy‘)}z = (2m)%(a1 + ag + by + ba), where

a = > {2Elg*)?+ EgD)I* - 2/E(g;hy)[* — 2[E(g;h;)]?
I+1
—2E|g;|*E|h;|* + 2(E|h; |*)? + [E(R3)|*},

ay = Y {cum(gj,g;,95,9;) — 2cum(g;, hy, G, hy) + cum(hy, by, hy, by},
I+1

b= 23 D {(Elgl — Elhy*)Elgi” — Bl )
J=l4+1 k=j+1

+E(g590)1° + [E(g5a0) 1 — [E(g5h) [ — [E(gshw) |
—|E(grhj)|* = [E(grh;)|* + [E(hihe)[* + [E(hjhi) P},
b2 = 2 Z Z {Cum(gjagk7§j’gk) - Cum(gjv hkagja Ek)

j=l4+1 k=j+1

_Cum(hj7 9k, B]vgk) + Cum(hj’ hka Ejv Bk)} =:2 Z Z S(ja k;)
J=l+1k=j+1

By Lemma 6.2, we have |a1] < C Y/, (logj)/j< C(logr)? and

b < C Z Z {(logj)(logk) N (1ogk)2} SCM,

] 2
j=lr1 k=1 ik J !

Since the summand in ao is the summand in by with j = k, we shall derive the

order of the summand in by first. After a straightforward calculation [cf. Brillinger

(1975)], we can write (27n)? fu; furs(j, k) as

R RN S "
I3

]2

where II3 = [—7, 7] and

dFji (w1, we,w3) = fa(wi, w2, ws)Ejp(wi, wa, ws)dw dwadws,
Ejk(wl, wa, w3) = D()\J — W] — Wy — wg)D()\k + wl)D(’UJQ — /\j)D(’w;g — )\k)

Under Assumption 2.3, f4(+,-,-) is bounded. Following Robinson (1995b, page
1649), (32) is a sum of three types of components. The first type is

L S
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x{a(_wl)—l} {C“(‘W_l}dfyk<w1,w2,w3>. (33)

Qg ag
By the Cauchy-Schwarz inequality, Lemma 3 of Robinson (1995b) and the period-
icity, (33) is bounded in absolute value by Cn?P; Py, where

2
K\ = X\j)dX\ = O(j71) uniformly over 1 < j < m.

™
Pj =

—T

a(N)

-1

So [(33)] < Cn?j~1k~L. A typical second type of component is

/H {a(w1 +wy +wz) 1} {O‘(_wl) _ 1} {a(—’w3) N 1}dij(w1,w2,w3).(34)

(&7} Qe Qe

Again, by the Cauchy-Schwarz inequality and the periodicity, we have |(34)| <
C’???le/zP/z€ < Cn?j~1/2k~1 since fjﬂ K(M\)dX = 1. Tt is easily seen that other com-
ponents of second type can be bounded either by Cn?j =12k~ or Cn2j~1k~1/2.

We proceed to show that the third type of component is bounded in magnitude
by Cn3/25=1/21=1/2 An example of the third type component is

/H {Oé(wl +wy +wz) 1} {a(_wl) _ 1}dij(w1,w2,w3)

Qa; oy,
0 _
:/ {a()—l} {a(wl)—l}Ejk(wl,H—wl—wg,wg)
I3 Oéj (657
><f4(w1, 60— w1 — ws, W3)dw1d0dw3

_ /112 {0‘(9) _ 1} {O‘(_“’l) _ 1} D(A; — )D(A + w1)G (6, w1 )dOdwr , (35)

Q; af

where IIy = [—7, 7]? and
s

ij(é?,wl) = D(9 — w1 — w3 — )\j)D(wg — /\k)f4(w1, 9 — w1 — w3, wg)d’w3.

—Tr

Then we have |(35)] < Cn3/213]}/2pl€1/2 < On®/2j=12k=1/2 by the Cauchy-Schwarz

inequality if the following relation holds:
Q= / Gy (8, w1) [2d8dwy < Cn. (36)
I

To show (36), let c(k1, k2, k3) = cum(uo, Uk, , Uk, , Uk, ) and rewrite G (6, w1) as

Gjr(f,w1) = 2n) Z Z C(k1,k27k3)/ etwske—ka—titt2) gy
ﬂ- —

ki ,ka,ks€Z t1,t2=1 i

23



X eXp{i[—’LUlkl — kg(e — wl) + t1((9 — w1 — )\j) — tg)\k]}

1
= T 2 Z (ki k2, ks)L(1 <t — ko + ks <)
k1,k2,ks€Z t1=1

X exp{i[—wlk:l — (9 — w1 — )\k)k‘g — ks + t1(9 — w1 — )\j — )\k)]}

By a similar argument as above, we have

e = | >N Z (1, ko, ks)e(ky, Ky, k)

k1,k2,k3€Z k/ k/ k/ EZ t1,t 1—1
XL(1 <ty —ko+ ks <n)1(1 <t — Ky + Kk, <n)x
1(ky — Ky —ko+ ky+t1 —t] = 0)1(kh — ky +t; — t] = 0)

x exp{i[(t] —t1)\j + (8] —t1 + k2 — kS — k3 + k3)\p]}

< n Y, > lelk, ko, ks)|le(k], Ky, K3)],

k1,k2,k3€Z k! k) kL€
which entails (36) under Assumption 2.3. Finally, we deduce that

ay < CY (G724 +n7t2h) <,
1

b2 < C Z Z 1k _|-j 1k 1/2+] 1/2k +n” 1/2 '71/2k71/2)
Jj=l+1k=j5+1

C{(1 +logr)? + r'/2logr 4+ rn~1/2}.

1210g 7). &

LEMMA 6.5. For the process X in (8) with dy € (1/2,3/2), under Assumption 2.1,
E(X, — X0)2 < Cn?®~1 n e N, where C only depends on dy and Cy.

IN

The conclusion follows since [ =1+ |r

Proof of Lemma 6.5. Recall D(w) = Y1, €. By (3), we have

™

E(X, — Xo)® = / D)1 — 62200 £, (X)dA

—T

< CU/ 11— ™1 — e 20\ = Cy [ Gn(\, do)dA.

Fix a 6 € (0,1), let h, = §/n. Then on [0, h,], Gn(A,do) < C(n\)?A=2%. On
(hn,0), Gn(X, do) < CA™20 and G, (A, dg) < C on [§,7]. Hence

™ hn
/ Gn(\, do)d) < / Cn?\* 7200 g\ 4 C)\ 2og) + / Cd < Cn?d~1,
0 0

hn
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The constant C' above only depends on dy and Cy once we fix §. Thus the con-
clusion follows since G, (A, dy) = Gr (=, dp). &

LEMMA 6.6. Let u; = F(---,ei_1,¢1) and Spy = n~ /2 Z;?:l uj, k= 1,---,n.
Suppose that Buy = 0 and y po kds(k) < oo, then on a richer probability space,

there exists a standard Brownian motion IB such that

max |Sp, — /27GoB(k/n)| = 0a.s (x(n)), (37)

0<k<n

where x(n) = n~/*log(n). Consequently,

max |wy(As) — &s| = 0a.5.(mx(n)), (38)

s=1,....m
where & = Gy/* S {IB(k/n) — B((k — 1)/n)}ei**.

Proof of Lemma 6.6. By Theorem 3 and Corollary 5 in Wu (2005a), we have (37).

Since

n—1 kA _ ilktDAs g\ onGoIB(1)
€ € nn o

w(Ns) — & = Sk — V 21GolB(k +

wy(As) — & kE_l( k —\/21GoB(k/n)) NG Vor

n—1
= 04.s.(x(n)) Z 11— ei>\s| + 04.5.(x (1)) = 04.5.(mx(n))
k=1

uniformly over s = 1,---,m, (38) follows. &

REMARK 6.3. The strong approximation (38) is used to obtain the asymptotic
distribution of d when dy = 1. A similar result for linear processes has been used
by Phillips (1999b) to derive the asymptotic distribution of the estimator from

log-periodogram regression at dy = 1.

LEMMA 6.7. For (3) with dy € (3/4,3/2), assume Y oo ||Pouklly < oo, where
q>2/(2dy — 1) for dp € (3/4,1) and ¢ =2 for dy € [1,3/2). Then
Xn—Xo

A0 N(o,1), 39

ndo—l/QK(dO) ( ) ( )
where

1 o0
K(dg)? = 2mGol(do)~? +/ (y* ' = (y -1 ") dy
2 —1 " J;

= J(do)(2m)372% (2dy — 1)2Go(1 — do) ™! for dy € (3/4,1).
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Proof of Lemma 6.7. When dy € (3/4,1)U(1,3/2), the result follows from Theorem
2.1 in Shao and Wu (2006), who proved a functional central limit theorem. When
do =1, it follows from Theorem 1 in Hannan (1973). O

Proof of Proposition 3.1. Let n; = )\JQ.dOIXj/Go. By Theorem 2.1 in Dalla et al.
(2006), it suffices to prove that
;L

E(n;) < C,j=1,---,m, and Trm] ; n; LN 1, for any 7 € (0, 1]. (40)
The former assertion is a direct consequence of Lemma 6.3 and the fact that
El,; = fuj+o(1) uniformly over j = 1,---,m under Assumption 2.1 [cf. Brockwell
and Davis (1991), Proposition 10.3.1]. For the latter, let 7,,, = |7m]. By Lemma
6.3,

Tm Tm

I 2d, do
Tmlznj = G()T ZIXJfXJ/\ O—GOTmZIquX])\ ° + op(1)

1
= G ;Iuj +o0p(1) := Jy + op(1).

We shall adopt a martingale approximation approach to prove J, = 1+ op(1).
Let di, = Zfik Prus be stationary martingale differences and we approximate
S we™ by Yo | die™. By Lemma 4 in Wu and Shao (2006), || Y70 (ur —
d)e || < C(v/n|l —e™™| + 1), where C is independent of n and \;. Therefore,

Z d elt)\

t=1

—‘y-O[p 1)

J p—
" 27mG07'm Zl
n k—1

= 27TnG Z 2 ﬂ— G ;dedk/an ]{7 k‘)+0[[1>( )
1)

2 k=1
=: Jip+ J2n + op(

where a,(l) = 7,1 >_imycos(lA;). Note that zp = dy 227:11 dpan(k — k') forms
martingale differences with respect to Fj and dj, € £* under u; € £* (see Lemma
4 in Wu and Shao (2006)), we have var(Ja,) = O(n™2) Y 1_,E(22) = O(1/m) by
Burkholder’s inequality [Hall and Hedye (1980), page 23] and Lemma 5 in Wu
and Shao (2006). Thus the conclusion follows since ||do|* = 217Gy [Wu and Shao
(2006)] and, by the ergodic theorem, Ji, — 1 = 04.5.(1). &
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REMARK 6.4. In Dalla et al. (2006), their d is twice the d used in our paper.
Also they set A = —1/2 and Ag = 1/2 since they only consider the case dy €
(—1/2,1/2). A detailed check of their argument shows that their Theorem 2.1 is
still applicable to our case as long as dy € [Aq, Asg].

Proof of Theorem 3.1. By Proposition 3.1, it suffices to show /mF,, = N(0,1).
Since fx;Gy lA?dO =1+ O()\]ﬁ- ) holds uniformly over j = 1,---,m under Assump-
tion 2.5 and 377", |sj|E(.fXj))\§} = o(m!/?) under (11), we can write /mF,

I + I + op(1), where

m m
Il = m_1/2 Z Sj(IXj — Iug) and IQ = ’I?’L_l/2 Z Squj-
=1 '

For I, by summation by parts, we get from Lemma 6.4 that

T m

m—1
m~ /2 Z log(1+1/r)E Z(ij — -fuj) +m V2K Z(—fXj - juj)

j=1 j=1

E([1])

IN

< Cm™1/? Z 341 4 1ogr) V2 + r7 V20714 40(1) = 0(1).

Let Is = m 1/22- 1 5;1,jGy ! and we have E|I — Ll =m 1/22- 1 s]O()\@) =
o(1) under (11). By Corollary 2 in Wu and Shao (2006), under Assumption 2.4
and (10), Io —E(I3) = N(0,1). The conclusion then follows since E(I3) = o(1). ¢

Proof of Proposition 3.2. A careful investigation of Theorem 2.1 of Dalla et al.
(2006) and its proof suggests that their argument still apply if dy € (1/2,1).
Let n; = )\?dOIXjGal. It suffices to show (40). By Lemma 6.5, )\]2.‘10||Xn -
Xo|l2(27n) "1 — |72 < Cn2d°_2)\§d°_2 < C, 1< j <m, where we have applied
the fact that |1 — e™|72 = A72(1 4+ O(A?)) over a neighborhood of A = 0. Lemma
6.3 and the fact that El,,; = fy,j+0(1) uniformly over j = 1,---,m [cf. Proposition
10.3.1, Brockwell and Davis (1991)] imply that A?dOE{Iy(/\j)}jl — |72 < C for
j=1,---,m. By the Cauchy-Schwarz inequality, the third term in (17) multiplied
by A?do is bounded uniformly over j. So En; < C,5 = 1,---,m. Next, for any
€ (0,1], let 7, = [T ],

Tm )\2d0 X _ X0)2 1 Tm
i — 2dp—2\ 2(10—2 _
27mG0|1 — |2 Op(n )Tm ; A op(1)-
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By Lemma 6.3 and the argument in the proof of Proposition 3.1,
T 2d, T
1 <& )\j Oij 1 <& ~
— —_— = — Iy + op(1
Tm;GoHeMJ’P ij; vi+or(l)

1 K-
= — > I+op(l)=1+op(1).
Tm ©

Finally we need to show that

1 &N 2(X — Xg)As® .
— 0 J_Re(wy e M) = op(1). 41
Tm; 0 V2|l — eti|2 (wy; ) p(1) (41)
Applying Lemma 6.2 to {wy;}, we get
2d0 2 Tm . . . .
P e I e }E{Re(wyje_”\j)Re(kae_Z/\’“)}
m 7,k=1
C Tm C Tm k—1
< Y e SN e gk = of0)
Tin j=1 m k=2 j=1

Thus (41) holds since X,, = Op(n®~1/2) (see Lemma 6.5). The conclusion follows.
¢

Proof of Theorem 3.2. (i). By Proposition 3.2, 2(d — do) = —F,,(1 + op(1)) +
Op(logm/m). In view of (17), we first show that

(X, — Xo) . »
2d 0 _ —
e e e ) ool (8

Since (X, — Xo)/v2mn = Op(n®~1) (see Lemma 6.5), it suffices to show

(Wy ;€N + wy je"™)
Ty, := no~ WZSJWO J o2 = op(1). (43)
7=1
Summation by parts yields Ty, = n®~'m=12{3""" (s, — 5,41)D(r) + D(m)},
where D(r) := Z] " /\?do(wy] A wy e )1 — ”\J\ 21 <r < m. Note that

|1 — |2 = Ay 2(1 + O()\?)) uniformly over j = 1,---,m. By Lemma 6.2, we
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have

IDr)* < Z AFOTEND L+ OO)) (L + O(A7))

J,k=1

X ’E(ﬁ)y ‘ei)‘j + wy ~67i)‘f)(if)y;€ei)"“ + wy]fefi)\k”

r k—1
< CZ)\ (do—1) —I—C’ZZ)\CIO 1)\d0 110gk<0 2- 2do?“dologr
Jj=1 k=2 j=1 J
Since dp < 1,
m—1
E(|Tm|) < ndo_lm_l/z{zISr—Sr+1|||D(7“)||+||D(m)||}
r=1
m—1
< C’m_l/Q{Zr_lrdo/Q 1ogr+md°/2\/@}:o(l),

r=1
hence (43) holds. When dy € (1/2,3/4), by the argument in the proof of Theo-
rem 3.1 (where the role of A?dOIXj is replaced by A?dO_Qij),

Vin(d = do) = —m V23" 5030 2Ty j(2G) T+ 0p(1) = N(0,1/4).
j=1

When dy € (3/4,1),

(X5 — Xo)?
m2—2do 1 —2do 2dy—2 0 2
(d — do) E AT 1mnGo + op(1) = J(do)U;

in view of Lemma 6.7 and the fact that m!=2d0 1" 5,5240-2 = (2dy — 1)~2(2dy —
2) +o(1).

(ii). Denote by a(e) = > 2o aje ¢, Recall (15) for the expression of X,, — Xj.
We first claim that

Xn—Xo—a(1) Y Ajnen_j = op(n®=1/?). (44)
j=0

Let Q; = (27)%%0=2(2dg — 1)72(1 — dyp), ye = n'/> D A,y ney = n/>~ Db, 4(do)es,
1<t<nand P, =n'/270 3" A} e, k. By (17) and (42), we have /mF,, =
I + Iy + op(1), where

m 2
o —1)2 1, y2doyy v —2 (Xn — Xo)
L = m El Gy sjA; |1 — e s e
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m o0 2
= (2mn)"'m 72N Gits A a(1)? <Z Ak,nénk) (1+op(1))
1 k=0

n 2
= —20 (Zyt—{—Pn> (1+0P(1))7
1

and

m
o= w72 sy ()G L = e
1

= m Y NPT L ()G +op(1) =m V2D s Gt + op(1).
1 1

The validity of the last equality above follows from Lemma 6.4 and the argument in
the proof of Theorem 3.1. Under the assumption Z;’io Jlaj| < oo, it is easy to see
that a(e*) is differentiable in a neighborhood of zero and %a(ei/\) =0
as A — 0+4. Based on the above properties of «(-), Robinson (1995b, page
1644) showed that 37" s;1,;Gg' = 37 2ms;1.()\;) + op(m!/?). Therefore I =
m~1/2 Sorrsi2nl(Aj)+op(1) = >0 2 +op(l), where 21 =0, 2z, = & Zi;ll E5Ci—s
for t > 2. ¢ = 2n~'m /231" 55 cos(s);). Letting Qo = T'(do)~2(2dp — 1)~! and
Q3 = D(do) 2{ [ (y% = — (y — 1)%~1)2dy}, we shall show that

(Z Zt, Yt, PTL) = (Ula Q;/2W17 Q§/2W2)7 (45)
1 1

where Uy, Wi, Wy are iid N (0, 1). Notice that P, is independent of (37 v, > 1 2t),
it suffices to show that P, = Qé/QWQ, since PS (2004, page 687) has shown that
(Z? Zt, Z? yt) = (Ul, Q§/2W1) Write

n?—1 o0
1/2—d 1/2—d
P,=n / 0 Z Ak,ngnfk +n /2=do Z Ak,ngnfk =: K1n + Kop.
k=n k=n?2

Note that |Ay,,| < r:=> 72, |dj(do — 1)| < oo for all k > n. Then for any € > 0,
the following Linderberg condition holds:

n?2—1
> E{A} 0! e 1(n! 2| Ay eni| > )}
k=n
n?2—1
=0(n' %) 3" [k — (k- n)* 1 x E{e}1(les| > n® " 2e/k)} — 0,
k=n+1
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which entails that Kln[var(Kln)]*l/2 = N(0,1). Since K1, and Ko, are indepen-

dent of each other, the convergence of P, follows from the fact that var(Ks,) =

O([2(y™™ — (y — 1)~ 1)2dy) = o(1).

Combining the results above, we apply the continuous mapping theorem and

get /m(d—do) = —Uy/2+ Ql(Q;/QWl + Q:].i/ZWQ)Q, where the limit has the same

distribution as Uy /2 + J(do)U3.

It remains to show (44). By B-N decomposition (Phillips and Solo (1992)),

o0 [e.9]
uj =a(l)e; +é;_1 — &5, & = g Ai€j—i, U = E ay
i=0 k=i+1

Letting Bj, = Ajn — Ajt1n, then we have
(o] oo
Xn—=Xo—a(1)Y Ajneny = O Ajn(Enj1—En )
j=0 j=0

oo
= E Bjnén—j—1 — Aonén,
j=0

where || Ap nén| < oo and

2

o
Y Bjnén—j1
=0

2

T |2 g s g 1
/ ZBj’ne”)\ Z&je”)‘ —d\
= = 27

IN

2

4 ldildo— DI lagl | < oo
i=0 =0

Thus (44) holds and the proof is completed.

IN

o

REMARK 6.5. As we can see from the proof of Theorem 3.2, the third term of
(17) is negligible for all dy € (1/2,1). The first term of (17) becomes dominant
when dy € (3/4,1), while the second term is dominant when dy € (1/2,3/4). At

dp = 3/4, the first two terms have the same stochastic order and the asymptotic

distribution is a mixture. This phenomenon has been observed by PS (2004) in the

Type II case and our result for the Type I case is consistent with their observation.
When dy € (3/4,1), Assumption 2.4 can be replaced by > ;2 k||Poukllq < oo,

q > 2/(2dy — 1); compare Lemma 6.7 and Assumption 2.2.
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Proof of Theorem 3.3. The proof follows the argument in PS (2004) for the Type
IT case, Lemma 6.2, 6.3, 6.5 and 6.7. For the details, see Shao and Wu (2005b).<$

The following lemma is used in proving the asymptotic distribution of d when
do = 1.

LEMMA 6.8. Let the nonnegative random variables 1; = 1jm, j = 1,---,m satisfy
En; < C,1 < j <m, where C is a finite constant. Suppose the random variables
Qm(x,d),m > 1 satisfy that for any b € (0,1), d € [dy,d2] C R,

sup  sup |@Qn(x,d)| =op(l), asm — oo (46)
b<z<1 dE[dl,dz]

and for some vy € (0,1),

sup  |Qm(z,d)| < Cx™7|log(z)[log(x) + 1]|, z € [0,b]. (47)
deldy,da)

Then as m — oo,

1
sup |—
deldy,dg] | T

> Qu(i/m, d)n;| = op(1).
j=1

Proof of Lemma 6.8. Let b,, = |bm], then we have

m bm
LS Qulifmod| < >+ 'Qm (G dyn| = Tun(d) + Lo ().
j=1 j=1 m4-1

Y (46), SuPge(a, 4y Tom(d) < SUPp<y<1 SUDGe(ay ay] |Qm(x, d)m™ 3770, ;=
0p(1). Under (47), Esupge(g, ay) Tim(d) < Cm= 325, (j/m) | log(j /m) (log(j /m)+
1)] = 0 as b | 0. The conclusion follows. &

Proof of Theorem 3.4. The following argument is a variant of the one used by
Dalla et al. (2006) in their proof of Theorem 2.1. Again, we assume Xy = 0 for the
convenience of presentation. Let v; = logj—m ™=t > ", logk and n; = )\?do Galij.
Recall (8) for the objective function R(d). Note that R'(d) = 2T,,(d)/Sy(d), where

m

1 1 «
Tn(d) = — — 3 (j/m)* v, and S ( = > (G/m)* o
j=1 J=1
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Fix an € € (0,1/4). On Qy,, := {|d — do| < €}, we have

R 1 ijen, 1 m j2€ X2 1
Sp(d) > — L= — 1 2 1) > —— 1
n()_m — m> mzlzm2€< +27TnG0>+OP()_2 +1+ o(L),

which yields T},(d) = R'(d)Sn(d)/2 = 0 on Qi N Qop, where Qy, = {S,(d) >
1/(2¢ +2)} and P(Q9,) — 1 as n — co. By the mean-value theorem, there exists
a d which lies in between d and dy such that T},(d) — T,(do) = (d — do)T".(d) on
Q1n N Qayy, where T),(d) = 2m~1 3 (j/m)2(d—do) log(j/m)vjn;. Assume that

T!(d) — 2[1 + X2/(27nGp)] = op(1) on Qy,, N Q. (48)
The proof of (48) is given in the end. Recall (38) for the form of £;,1 < j < m.
We apply Lemma 6.5 and (17) and get

VAT(do) = ——= v,

1

1 & v ) X2 2X,Re(wyje ™)
= —» L1 A9)) 9 Luj -

mzlz 0[( +0( ])){ ]+27m 2mn
ol Ky  2X,Re(wyzem™) 5/2, —2
= TG {I“f VTR R

v;]&51? - v —iNi | £ i\

_ e "N e +op(l).

\ﬁz o 21: Ve &e T e Fel)

The last equality above is due to Lemma 6.6 and (19). By Theorem 3.3, (cf —
do)(1 + op(1)) = (d — do)1(Q1n N Qay). Since X2/(27n) = GoIB(1)2 + op(1),

~ 23 + B1)ZY + 08(1)

2{1+ B(1)?} +op(1) ’

where Z{") = m~1/2 ST v)1€12Gy t and 73 = 12 S (& +gjei>‘j)Gal/2.
We shall show that (ZS)7 Z,(IQ)) = (W1,v2W3). By the Cramer-Wold device, it
suffices to show that, for any o € (0,1),

vm(d = do)(1+ op(1)) =

m71/2 Zijj = aWi + \@(1 - OK)W% (49)
1

where z; = aGy'l¢? + (1 — )G _1/2(§ e”N + &etN), j = 1,---,m are inde-

pendent random variables. Note that Y ["v; = 0, m~ !> vjz- =14 o(1) and
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var(m™Y2 3 v;z;) — o +2(1 — )2, Then the convergence (49) follows from

the obvious Lindeberg condition, i.e. for any § > 0,
1 & 1 &
— > WIE{Z1(|vjz] = 5v/m)} < — > WIE{1(|2] > 6v/m/(21ogm))} — 0.
j=1 j=1

It is easily seen that IB(1) is independent of §;, j = 1,---,m, thus independent of
qul) and Zq(f). Applying the continuous mapping theorem, we get

—Wi +V2Wo W3
20+ WwW2)

\/E(dA — dg) = (50)

It remains to show (48). To that end, write
T,(d)/2 = Hin+ Hay,
= ;i log(j/m)vjn; + % i[(j/m)z(&d“) — 1]log(j/m)v;n;.
1 1
Since vj = log(j/m) + 14 O(logm/m) uniformly over j =1,---,m [see Lemma 2
in Robinson (1995b)] and X2/n = Op(1) (see Lemma 6.5), we have

X

Hy,—1-
In 2mnGy

§1 0og < ) Uj (77] X, (2mnGo) ™) + op(1)

= H\)+HY +HY +op(1),

1n

where by (17),

1 j .
H&) = Zlog <7Z~L> 0 X2 (2mnGo) TH A1 — €72 — 1),
1

H® _ izmjlo FAY L] 1
In m < S\m) " Go|l — €2 ’
1 & i\ 20:\2ZRe(w, e X,
—Zlog<‘7> I (w4 )
m m

HP = . .
In 11— e |2Gy 21

1

By Lemma 6.5, Hl(il) = op(1). Regarding Hfi), we have

HY = op(1) +m™ Y log(j/m)v;(Lu; — EL;)Gy Y,
1
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where the variance of the latter term is o(1) by (30) of Lemma 6.2. Hfi) = op(1)
follows from Lemma 6.2 and a similar argument as before; compare the proof of
Theorem 3.3.

By Lemma 6.2 and Lemma 6.5, there exists a finite constant C such that
En; < C, j=1,---,m. Therefore, on Qy, N Qsy,, Hyy = %ZT[(j/m)Q(CI—dO) —
1]1og(j/m){log(j/m)+1}n;+op(1) = op(1) follows from Theorem 3.3 and Lemma 6.8
by setting Q,,(x,d) = [22(4=%) —1]log(z){log(z) + 1}, di = dy — € and dy = dp + €.
Thus the conclusion holds. &

Proof of Theorem 4.1. Let J = cum(ug, wm,,- -, Um,_,), where 0 = my < my <
-++ < mg_1. Denote by n; = m;y —my_1, 1 <1 <k — 1. Define the random vector
Yo = Yo, = (Wmo—my_15° s Umy_y—m;_y, Uo). Further let (],)nez be an iid copy of
(en)nez, Q= (-, _1,¢l,) and define uf = F(Qo,e1,---,&), t > 0. Following
Proposition 2 in Wu and Shao (2004), by the stationarity and the additivity of

cumulants,

J = cum(Yp, Umg—my_1> Umyy—my_15° " " umk—lfml—l)

k—Il—1
. * . * _ *
- 2 : Cum(YO’uml—ﬂn—N ’umz+j—1—mz—1’uml+j—mlfl uml+j_ml—1’

Jj=0

k—1—1
Umygjpr—my_1> """ s Uy —mmy_y) = § : B;.
J=0

Denote by (j = [lu; — uj[[x and Sj = S; ) == > 72, 8% (i)%. Proposition 2 of Wu and
Shao (2004) asserts that |B;| < C1Gmyy;—my_,» where C1 only depends on k and
the moments E|ug|®, 1 < i < k. Therefore, by Proposition 2 of Wu (2005a),

k—I1-1 k—1-1

1/2 1/2

J S Cl Z le+j—ml,1 S 02 Z SmH»j*mlfl S Cgsnl/ )
=0 =0

where Cy = 18k3/2(k — 1)*1/201, C3 = Csk. Since the above holds for any [,
1<1<k—1,wehave J < Csminj<j<x_1 Sn/°. Finally,

Z lcum (ug, Uy -+ s Uy, )| < k! Z lcum (ug, Uy« -+ Uy, )|
miy,,my_1€Z 0<m1<--<my_q

o (o)

< K i 1/2
c US> o min s

n1=0 ng—1=0
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< Gkl nF?S% < oo
n=0

by our assumption. O

Proof of Proposition 4.1. Write (25) into the following form

1/2 1/2 o
Note that HE%H3/ P 1/)/ < 1 implies Hafﬂz;’;l ®; < 1. By Theorem 2.1
of Giraitis et al. (2000a), there exists a unique strictly stationary solution and
pt € L2 Denote it by ¢; = G(-++,et—1,&¢) and let (] = G(-++,e_1,¢0,€1," "+,
for ¢t € N. Note that

. 3
ppo= et Yo+ D vip
=1
2 3
o0 o0 o0
= e QUGB ipi—j +3%0 | D ip—g | + | D Yipi
=1 =1 =1

By the Cauchy-Schwarz inequality, we have Ep} < [1 — Es?(Z?il wj)?’]_lIEetG [8 +
33 > o1 Vipe + 3vo(3252, V;)*Ep7] < oo, ie. p € L3. For k € N, let p} :=
(Gh)* = ej{woo + oy (G ) + 5241 %GR} Thus we get

k
ok — Pk =22 Y _Wilpr—j — Ph_jl-
j=1

Let sg := ||pr — plll3, @j = ¥;[|€3]|5, then i, < > j—1 @;Sk—j, which implies /s <
14/ /Sp—_i. 1t sullices to show _ S < oo since 1t 1mplies
Sy /@ y/Fig- Tt suffices to show Y32, ksy/* < oo since it impll

[ee) o0
STRIG-Glls < Y ksy? <0
k=1 k=1

and

o0 o0 (oo}
SRIG—CGlla < Y Kllon - plV? < 3K < oo, (51)
k=1 k=1 k=1
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where the latter implies the first assertion of (26) in view of Remark 4.1. In the
above we have applied the fact that (¢, — (})? = €2 (o) — 0},)? < ex|or — (0},)?| =
|pr — p},|, where ;. is the coupled version of o}, with g replaced by €. Let 59 = s
and /5, = Z?Zl V@j\/3k—j, then s < 5. Define g(z) = 3372, /a2’ and
h(z) =372 \/3;27, then h(z) = s0/(1—g(z)). Note that g(1) < 1. Let hP)(z) be
the p-th derivative of h(z). A simple calculation shows that h(®)(1), p = 1,2, 3 are
all finite under 32, 7301/* < oo. Thus 3252, k%\/5r < 352, k3V/3) < co. The
conclusion follows. &
Proof of Proposition 4.2. Note that |le1]|s Y72, [b;] < 1implies |le1[[{>252, bjz}l/2 <
1. Tt follows from Theorem 2.1 of Giraitis et al. (2000b) that there exists a strictly
stationary solution (; = G(---,&;_1,&¢) and ¢; € £2. By the same argument as in
the proof of Proposition 4.1, (; € £>. For k € N, (, — ¢}, = i 2?21 bj(Cr—j —C,’C_j).
The conclusion follows from a similar argument as in the proof of Proposition 4.1

and we omit the details. O
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