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Asymptotic expansions of long-memory sequences indexed by piecewise differentiable func-
tionals are investigated and upper bounds of outer expectations of those functionals are
given. These results differ strikingly from the classical theories of empirical processes of
independent random variables. Our results go beyond earlier ones by allowing wider func-
tion classes as well as by presenting sharper bounds, and thus provide a more versatile
approach for related statistical inferences. A complete characterization of empirical pro-

cesses for indicator function class is presented. Application to M-estimation is discussed.
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1 Introduction

Motivated by many findings in practice, long-memory processes have been extensively
investigated among the statistical community in recent several decades; see Beran’s (1994)
book. A distinctive feature of such processes is that their correlations decay fairly slowly as
the time lag increases. An important model is the linear process X,, = Z;’io ;€p—;, Where
{€i,i € Z} are i.i.d. random variables with zero mean and finite variance and coefficients q;
satisfy Y a7 < co. Many important time series models, such as ARMA and fractional
ARIMA, admit this form. If a,, decays to 0 at a sufficiently slow rate, then the covariances

of X,, are not summable and thus the process exhibits long-range dependence. It is clearly

needed to consider theoretical properties of S, (K) = > | K(X;) for statistical inferences
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of such processes. In the paper we will investigate the uniform asymptotic behavior of
Sy (K), where K belongs to certain classes I, and will present a complete characterization
of S, (K) when K =7 = {1,<,, s € R}, the class of indicator functions.

The theory of empirical processes for independent random variables is well developed;
see the extensive treatment by van der Vaart and Wellner (1996). Among them there are
VC and bracketing theories. Under certain conditions on bracketing numbers on the class
IC, the abstract Donsker theorem asserts uniform central limit theorems (CLT) and the
limiting distribution is the so-called abstract Brownian bridge. Results of this sort have
many applications in statistics. A huge amount of examples are given in van der Vaart
and Wellner (1996).

However, the problem of uniform convergence becomes much harder when dependence
is present. Oftentimes the dependence structure itself is of interest in time series analy-
sis. For example, the estimation of Hurst’s index is of critical importance in the study
of long-memory processes. Many previous work concerned very weakly dependent pro-
cesses; see for example, Doukhan, Massart and Rio (1995) and Rio (1998) for S-mixing
sequences. Andrews and Pollard (1994) and Arcones and Yu (1994) provided surveys for
empirical processes for mixing processes. Under suitable mixing rates, results of this sort
usually assert that empirical processes behave as if the observations were iid. For other
dependent processes, Bae and Levental (1995) considered uniform CLT for Markov chains;
Dehling and Taqqu (1989) and Arcones and Yu (1994) discussed functionals of long-range
dependent Gaussian processes and Gaussian random fields. Ho and Hsing (1996) proposed
the problem of uniform convergence for linear processes X; which may not necessarily be
Gaussian. For the indicator function class Z, Ho and Hsing (1996) successfully derived uni-
form asymptotic expansions. See their paper and the recent review by Koul and Surgailis
(2002) for further references and some important historical developments.

For long-memory linear processes we are able to establish uniform limiting distributions
of S, (K) when the class K consists of piecewise differentiable functions. In particular, K

contains the Huber-type functions Hs(z) = min[max(x —s, —1), 1], s € R which frequently



appear in robust inference. Our treatment is similar as Arcones’ (1996) work where weak
convergence properties of stochastic processes indexed by smooth functions were discussed.
The empirical processes behave significantly differently from those of independent random
variables in that the limiting distributions are often degenerated. While we impose weaker
conditions, sharper upper bounds are obtained for the special function class consisting of
indicators. Our results could be possibly extended and applied to other problems related
to linear processes.

The paper is organized as follows. Main results are presented in Section 2 and proved

in Section 4. Section 3 contains an application to M-estimation theory.

2 Main Results
Let the measure wy(dt) = (1 + [t|)*dt. For v > 0 define the class
ko) = { K@) = [Cowar: [ looPu ) <1},
For K € IC, we have
12(6) < [ laOPuosfdn) [ sl <250 )

by Cauchy’s inequality, which gives a growth rate of K. Let

I+1
K1) = {K<x> = L @Ei(@) Ko € K3, 1EKi(s)] < (14 [s)72,
=1
—OO:)\0<)\1<...<>\]<>\]+1:OO}. (2)

So KC(; I) contains piecewise differentiable functions. Denote by C? = CP(R) the class of
functions having up to p'® order derivatives. For a measurable function K let K, (z) =
E[K (X, + z)] if it exists. If K, € CP, then as in Ho and Hsing (1997) let

Su(Kp) = > K(Xi)—zp:Kéi)(U)Ui,j

Y

=1
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where U, , = Z Hajsan_js and U, o = 1. (3)

0< 1< o 5=1

We are interested in the uniform upper bound sup e (,.7) [Sn (K p)|, which may not be a

bona fide random variable since the class K is not countable. So the notion outer expectation
E*¢ =inf{E7:7isar.v. and7 > & E7exists} (van der Vaart, 1998) is adopted.

Let F, and F' = F,, be the distribution functions of Zf:ol aie_; and Xo = > ° ae_;

respectively; let F; ,ET) and F() be the corresponding r** derivatives if they exist; let )N(n =

(... ,€n—1,€n) be the one-sided shift process. Write f = F" and f;, = FJ, for the first order

derivatives. Define

n P
Sa(yip) = D> L(Xi,y), where L(X,,,y) = 1(X, <y) = > (1) FO@)U,:.  (4)
=1 1=0
Let An(k) = X0 1ail®, Onp = lan-1|llan—1| + AV (4) + AV?(2)], Onp = b, brp and

— o 2
Enp =105, ""E: ntip — Oip)

Clearly, for k > 2, A, (k) | 0 as n — oo. In Theorem 1 we do not require that a, adopt
special forms like n~=?¢(n) where throughout the paper ¢ stands for slowly varying functions.
Without loss of generality we assume hereafter that ag = 1 and there are infinitely many
7 such that a; # 0. The latter requirement is imposed to avoid the degenerated case in

which X, is reduced to m-dependent processes (Hoeffding and Robbins, 1948).

Theorem 1. Assume E(|e1|*7) < oo for some v > 0 and f., € CP for some integers r > 0

and p > 0. Further assume

Z/ £ () P, (da) < oo. (5)

Then



Relation (6) delivers the message of the wuniform reduction principle (Taqqu 1975,
Dehling and Taqqu 1989, Ho and Hsing 1997) that S,,(K) can be approximated by linear
combinations of > U;;,j = 1,...,p. Theorem 2 provides a uniform upper bound for

the special class Z consisting of indicator functions 1,(-) = 1(- < s).

Theorem 2. Assume E(|e1|*™) < oo for some v > 0, f. € CP™! for some integers k > 0

and p >0, and
p+l

> [ 1@ o) < o (")
Then

E {sup(l + \t])”[Sn(t;p)ﬂ =0 (nlog’n+Z,,) . (8)
teR

Corollary 1. Let the assumptions of Theorem 2 be satisfied and in addition let a, =

n=Pl(n), n > 1, where B € (1/2,1) and € is a slowly varying function. Then

E{ sup WAKWW}ZOMM§H+EWL )
Kek(yI)

where Z,,, = O(n), O[>~ FHVEIDEEE ()] or O(n)[ 27, 1 (1) /i) if (p+ 1)(20 ~
)>1, (p+1)28—-1)<1or(p+1)(26—1)=1 holds respectively.

Let {IB(u),u € R} be a standard 2-sided Brownian motion, S = {(u1,...,u,) € R":

—00 < U < ...<u, <1} and define the multiple Wiener-Ito integral (Major 1981)

1 r
Zyg = E(r, 5)/ {/ [ [max(v — w; 0)]%} dB(uy) ...dB(u,), (10)
S0 =1
where the norming constant £ ensures that E(Z?;) = 1. Let

02 _ TLQ_TQB_UEQT(TL). (11)

n,r

Theorem 3. Assume a, = n=Pl(n) (n > 1), E(|le1|*) < oo, f. € CP™2 for some integers

k>0 andp >0, and
p+2

Z/Ru,gﬂ(x)ﬁdm < 0. (12)
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(i) If (p+1)(26—1)>1or (p+1)(28—1) =1 and Y7, [¢FT1(n)|/n < oo, then the weak

convergence
1

vn
holds in the Skorokhod space D(R), where W (s) is a Gaussian process.
(i) If (p+1)(26 —1) < 1, then

Sn(s;p) = W(s) (13)

1

On,p+1

Sn(s;p) = (—1)p+1{f(p)(s), s e R}YZ, 11 5. (14)

If we view S, (s;p) as the remainder of the " Taylor” expansion of S, (15), then (13) and
(14) describe the interesting phenomena that the remainder has a degenerated distribution

for low order expansions and a non-degenerated Gaussian limit for high order ones.

Corollary 2. Let conditions of Theorem 3 be satisfied with p = 0 and f = 1. (i) If
S J(n)|/n < oo, then we have (13). (ii) If Y7, |€(n)|/n = oo, then

%sn@; 0) = {f(s),s € R}Z, (15)

n

where Z is standard normal and 6, = || Y, Xi|| ~ ev/n| > i, €(3)/i| for some ¢ > 0.

Interestingly, Corollary 2 gives a complete characterization of the limiting behavior of
Sn(s;0) = >0 1(X; < s) —nF(s) on the boundary § = 1. It is well-known that the
process X; is long- (or short) range dependent if 5 < 1 (or § > 1). On boundary § =1
it depends on the finiteness of >~ |¢(z)|/i. This result in some sense suggests the power
of our approach. It is unclear whether similar characterizations exist on other boundaries

B=(24+p)/(2+2p), where p > 1 is an integer.

Remark 1. Theorem 2 and Corollary 1 improve and generalize the earlier important
results by Ho and Hsing (1996) in several aspects. Consider the special case in which
v = 0. The latter paper requires that Fj, the distribution function of €q, is p + 3 times
differentiable with bounded, continuous and integrable derivatives. Our assumption (5)

is clearly weaker. Next, Corollary 1 allows a wider class (0,1) D Z. Furthermore, if a,



adopts the special form n=?¢(n),n > 1, then for b > 0, (9) gives a sharper upper bound
via Markov’s inequality:

P [sup|S,(1;p)| > b| = b2O[nlog®n + Z,.,);
teR

see Lemma 5 for upper bounds of =, , and Theorem 2.1 in Ho and Hsing (1996) for a
comparison. Consequently, applications derived in the latter paper which are based on
inequality of this type can be correspondingly improved. We do not pursue this direction

here. &

Remark 2. The quantity [g | F(2))2dz in the condition (5) with v = 0 is interestingly
related to many aspects in statistics, such as Wilcoxon’s rank test, optimal bandwidth
selection and projection pursuit. The estimation problem has been widely studied; see T.

Wu (1995) for further references. O

Remark 3. For Gaussian random fields, Arcones and Yu (1994) obtained weak conver-
gence of empirical processes under the bracket condition [;“{Nj(e, F, | - ||)}"/?de < oo,
where F is the indices set and the bracketing number Nyj(e, F, || - ||) is the minimum num-
ber of e—brackets needed to cover F under £? norm. This bracket condition does not allow

the indicator functions class Z since Nj(e,Z, || - ||) has order 1/¢* as € | 0. &

Remark 4. Recently Giraitis and Surgailis (2002) consider the uniform upper bound
SUD,seg |Sn(s;p)| for two-sided linear processes with p = 1. A reduction principle is derived.

It seems that our approach can not be directly applied to two-sided processes.

We say that K has power rank p if K&)(O) exist and vanish if 1 < i < p and Kég)(()) #0
(Ho and Hsing 1997). Power rank is reduced to Hermite’s rank if X; is standard normal.
Define the class K, = {K € K(v;I) : K € CP,K&)(O) =0, 1 <i < p}, which contains
functions with power rank at least p. Corollary 1 together with Y, _ Y, ,/0n, = Z,5

(Surgailis, 1982) immediately yields



Corollary 3. Let 1 <p < 1/(28—1) and the conditions of Corollary 1 be satisfied. Then
1
_{SH(K> B nKoo(O), K e ]Cp} = {Kg)(()), K e Icp}Zpﬂ- (16)
Tnp
The limiting distribution in (16) is degenerated in the sense that it forms a line of
multiples of Z, 3. In contrast, the empirical processes for iid sample take abstract Brownian
bridges as limits. We conjecture that if p(23 — 1) > 1, then the limiting distributions are

non-degenerated Gaussian processes.

3 M-estimators

For iid observations, van der Vaart and Wellner (1996) presented a detailed account for
various statistical applications based on convergence properties of empirical processes.
Regarding long-memory processes, our theory can likewise provide inferential bases, par-
ticularly, in the study of certain functionals of such processes with unknown parameters
which are plugged in by their estimated ones. To fix the idea, let M C R d > 1
be the parameter space and my € M be the unknown parameter to be estimated; let
H(z,m) = (H'(z,m),..., H%(x,m)), where H’, 1 < j < d are measurable functions de-
fined on the space R x R%. Then the functional A, (mg) = > - H(X}, mg) which contains
the unknown parameter my is often studied via 4, (m,,), where m,, is an estimator of my,.

An estimator m,, = m,(X7,...,X,,) of my is generically called M-estimator if it sat-
isfies A,(m,,) ~ 0. In this section we shall establish asymptotic distributions of M-
estimators. Let Ho(z,m) = EH(X; + z,m) and M(J) = {m : l/m — mg| < 6} N M,

where | - | denotes the Euclidean distance.

Assumption 1. There exist 69 > 0 and integer p > 1 such that for all m € M(dy),
H..(-,m) is p' differentiable at v = 0. Let ¢;(m) = O'Hy (2, m)/0z%|,—0 and assume that

cp(+) is continuous at my, c,(mg) # 0 and ¢;(m) =0 for all 1 <i < p and all m € M(dp).



Assumption 2. For all 1 < j < d, HJ (0,-) is Fréchet differentiable at m = my.

dd

Namely there exists a matriz Y (mg) = (OHZ (0, m)/0m");"_ |m=m, such that [H(0, m) —

H(0,my) — (m — my)X(my)| = o(jm — myg|). Suppose the matriz X(my) is non-singular.
Assumption 3. The estimator m,, — mq in probability and A,(m,) = op(o,,).

Remark 5. In Assumption 1, since ¢,(-) is continuous at my, there exists €, such that
cp(m) # 0 for all |/m —my| < ¢. Hence we can substitute o by min(ep, dp). Assumptions 2
and 3 are standard in M-estimation theory (see Chapter 3.3 in van der Vaart and Wellner,

1996).

Theorem 4. Let Assumptions 1, 2 and 3 be satisfied. Suppose that there exist C' > 0
and v > 0 such that H1(-,m)/C € K(v;I) for all 1 < q < d and all m € M(d). If

p(26 —1) <1, then
n

Unp(mn —my) = cp(mo)E_l(mo)Zg,p. (17)

Koul and Surgailis (1997) considered the one-dimensional location estimation with
H(z,m) = 1(x — m) in which one observes Z; = X; + m. Beran (1991) discussed M-
estimation of location parameters for long-memory Gaussian processes. Arcones and Yu
(1994) treated H(X.,m) = h[G(X.),m)] where X. is a Gaussian random field. Theorem 4
can be applied to the location estimation problem in the non-Gaussian and nonlinear model

Zy = g(X;) +m by letting H(z, m) = ¢ (g(x) —m), where 9 is a non-decreasing function.

4 Proofs

Let X,,; = Z;Z_OO an_jej and X,,; = Z?:Z an—jc; be the truncated processes; let {e],,n €
Z} be an iid copy of {e,,n € Z} and X], = > a;e;, ;. Similarly we define X7, ; and 7:”
For a random variable ¢ denote its £° norm (p > 1) by [|€], = [E(]¢]?)]"/?, and £? norm

€]l = [|€]l2- Define the projection operators P;¢ = E[€]X,] — E[¢]X;_4].



Lemma 1. Suppose E(g1) = 0 and El[le;|"] < oo for some T > 2. Then there exists a
B, > 0 such that E[| Y7 bigg|?] < B (321, b7)¢/? holds for all real numbers by, ..., b, and
all o for which 0 < o < 7.

This lemma is an easy consequence of the Rosenthal inequalities (cf Theorem 1.5.11 in

de la Pena and Giné, 1999).

Lemma 2. Let H(t,5,n) = gt + 0 +n) — >0, g9t +n)di/i!, where g € CT, ¢ > —1.
Then

[OP2(1 + [0])Y(1 + |nl)”
[(q + D)1

Proof. Let t' = t+n. Then it suffices to show (18) with n = 0 since 1+|t| < (14|¢'])(1+|n|).

/ (1, 6,m) P (d) < / V@) P (d). (18)
R R

This simple inequality will be extensively used throughout the paper. Using the convention

Zi_:lo =0, (18) trivially holds when ¢ = —1. Assume without loss of generality that 6 > 0

and ¢ = 1 since general cases follow similarly. Note that g(t + ) — g(t) — d¢'(t) =
o[ g"(t + v)dvdu. By Cauchy’s inequality, the left hand side of (18) is no greater than
0 Jo

LI [ s [ s opasa] wian

2 4 u
< 6—/ // 19" ()]?|(1 + |t — v|)"dtdvdu, (19)
2 Jo JoJr

which yields (18) again by the elementary inequality 1 + [t — v| < (1 + [t])(1 + |v]). O

Lemma 3. Let {,}nez be a stationary and ergodic Markov chain and h be a measurable

function on the state space of the chain such that h(§;) has mean zero and finite variance.

Define S,(h) = 32i_1 (&) and an = [|E[1(&)[61] — E[R(&) Sl for n = 1. Then
ian < 00 (20)
n=1

entails S, (h)/v/n = N(0,0%) for some o} < oo.
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Proof. The central limit theorem here is essentially an easy consequence of Woodroofe
(1992) which asserts that {S,(h) — E[S,(h)|&]}/v/n = N(0,03) if condition (20) is satis-
fied. For j >0, [E[Sn(h)[¢-;] = E[Sn(R)[€-ja]ll < 325y @irj1. Thus by (20) and since
B[S, (h)|¢,] — B[S (k)[¢_j1]. j > 0 are orthogonal,

LS, (R) ]I = ZHE E[S,(h)[6—j-]lI* = (ZZO‘HJ+1> = o(n)

7=0 =1

yields the lemma. %

Lemma 4. Let H € C* and § > 0. Then

t4-0 t+0
sup H?*(s) <267 / H?(u)du + 26 / H" (u)du
t<s<t+4 t t

and for v > 0,

supl(1-+ 1) HE(s)] < 21727 | (0w () + 272 [ (10 P, (@),

se€R
Proof. For x,y € [t,t+0], |H(x)—H(y)| < fttH |H'(u)|du. Inequality [H(z)—2H(y)]* >0
implies 0 < 2|H(z) — H(y)|*+2H?(y) — H?(x). Integrating the last inequality over [¢, ¢+ ]
we get f:+5[2|H(x) — H(y)]* + 2H*(y)|dy > 6H?*(x), which results in the first inequality
in the lemma by Cauchy’s inequality. For the second one let § = 1. Observe that if
E<s<k+1, 1+|s| <2(1+|k]) <4(1+|s|). So

sup[(1+ [s)TH?(s)] < Y sup [(1+]s])7H?(s)]
seR 1oz k<s<k+1

S 2 (1 + k) / [H(u) + B (u)]du

St [ )+ H

_ gu /R (H2(u) + H(w)]w, (du).

IA

IN
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Lemma 5. Let {(n) be a slowly varying function, 3 > 1/2 and |a,| = n=P¢(n), n > 1.
(a) If (p+1)(26 —1) > 1, then =,, = O(n). (b) If (p+1)(28 — 1) < 1, then =,, =
O[>~ rVCINEE D ()] (c) If (p+1)(28 — 1) = 1, then E,,, = O(n)[ X1, |77 (3)|/i]".

Proof. By Karamata’s theorem, A, (i) = O[n'=%¢!(n)] for i > 2. Since / is a slowly varying

function, it is easily seen that for i > n, ©,4;, — ©;, = O(nb;,). Therefore,

Enp <102+ Z Oyt Z (Ontip — Oip)? = O(nO3, ) + O(n62 ).
=1

i=n+1

i1 Ui pe (a) In this case

where another application of Karamata’s theorem is used for
0,,p is summable over n and hence =, , = O(n) easily follows. (b) It is an easy consequence
of Oy,, = O[n?~PFVEE-D 2+ (n)] by a third application of Karamata’s theorem. (c)
Since (p+1)(20 —1) =1,

2
||

Enp = 0O(n) - + O(n*®(n)).

i=1

Now we argue that £(n) = 31| [¢*T1(i)| /i is also a slowly varying function. Note that £ is
non-increasing, it suffices to verify lim,_ £(2n)/{(n) = 1. For any G > 1, by properties

of slowly varying functions,

mG | pp+1(, .
Zi:m w (2)|/Z :lOgG

e ()
Thus . .
lim sup M < lim sup Z;;H" |£p+1(z:)|/zi = log 2
n—00 l(n) n—oo D i—pq [PTH()]/i logG
implies that ¢ is slowly varying by taking G — oo and (c) follows. O

The next three lemmas consider the existence of K, and F' and their higher order
derivatives. In particular, Lemma 6 imposes conditions such that the expectation and
differentiation operators can be exchanged; Lemma 7 provides expressions for F") and
Fr(f); and Lemma 8 gives sufficient conditions for K., € C? and hence the expansion (3)

will be meaningful.
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Lemma 6. Let X and Y be two independent random variables such that X has density

fx €CP and E(|Y|") < 0o for some v > 0. Assume that

Z/ |fX w, (dt) < oo. (21)
Then Fz, the distribution function of Z = X +Y, is also in CP and
FO(2)=EF{(z-Y), 0<r<p. (22)
Moreover, for C = E[(1+ |Y])"], we have
LIPS et 3 = B )P ()

< C8(1+ |8 (1 + |n]) /R £ (u) P, (du), 0 < < p; (23)

/ FS D+ 6+1n) — Fy D(u+n) — 6FS (u+n) 2w, (du)
< S (14 81+ Inl)” / O w)Pus (du), 1< <p (24)
R

and

/yF 2w, (du) <c/ PO ()P, (du), 1< < p. (25)

Proof. By Lemma 4, 37~ sup, |fX (s)] < oco. Using conditioning, Fiz(z) = EFx(z —Y).
Then the Lebesgue dominated convergence theorem asserts that F/(z) = EF(z —Y) by
letting 6 — 0 in

Fz(z+0) — Fz(2) EFX(z —Y+9)— Fx(z— Y)'

d 0

Higher order derivatives similarly follows in a recursive way and hence (22) holds. To

establish (24), by (22) and Cauchy’s inequality,

IEY (w6 +n) — Fy (u+n) — 6FS (u+n)?
<E[FY u—Y +8+n) - Fy  u—Y +1) = 0F0 (w—Y + ).

So (24) results from Lemma 2 with ¢ = 1. A similar argument yields (23) and (25) via
(22) o

13



Lemma 7. Assume (5) and E[|g;[™**2)] < co. Then for allm > r,n >0 and0 <1 <p,

m+n—1
F).(2) = EF® (Z - Z Cll%fnl) : (26)
l=m

F(z) =EEFY (z — i a,am) : (27)

l=m

Moreover, there exists a C' > 0 such that for alln, kK <n < oo,

/R O (w1 6+ 1) — F9 (w4 ) Paws (d)

< C8*(1+ o) (1 + |77|)”/R 27 () Py (du), 0 <7 < p; (28)

/R FC Dt 6+ 1m) — FC (w4 1) — 5 (u + )P, (du)

< G 1+ [8])7 (1 + IUD”/R £ ()P (du), 1< 7 <p (29)

and

/]F 2w, (du) <C/ |ET) (w)) 2w, (du), 1 <7 < p. (30)

Proof. Let X in Lemma 6 be 7,{,1 = Z;:ol aiex—1- By (22), for m > k and n > 0,

F (2) = EBF (z = S ae, ) and FY(u) = BF (u— " aie._;). Then (26)
follows by letting u = 2z — 7:;?_1 aje,—; in the latter identity and a smoothing argument.

Let n = oo, then (27) is obtained. By Lemma 1, C' = sup, 5o E[(1 + | 32,5, aig])?] < oo.
Thus (29), (28) or (30) follows from (24), (23) or (25) respectively. &

Lemma 8. Assume (5) and E[|g,|™*>(+72)] < 0o and K € K(v) has the representation
= |y g(t)dt. Then
Koulo) = / 910 < 8)— Pt~ o)lds 31
R

andK(T)( D" [ 9@ FO (¢ —z)dt, r=1,.

14



Proof. Recall that K (z) = E[K(X; +x)]. Write K(x) = [5 9(t)[1(0 < t) — 1(z < t)]dt.
To prove (31), by Fubini’s theorem it suffices to Ver1fy that

LAW@MWMOS®—1@+XiSMMt
:/ |g(7§)|F(15—ac)d?H—/OOo lg(t)|[1 — F(t — x)]dt < oc.

o

Using Cauchy’s inequality, 0 < F' < 1 and K € K(v) (hence [ ¢*(t)w_,(dt) < 1),
[ oire-aa] < [ fmwﬂww/ Fit — 2, (d)

< / / w7 (dt) f(y)dy
y+x

14y
/! *?jj” o

R
< (14 [z)TEQ+ | X)) < .

The finiteness of the second integral follows in a similar way. Next we compute the deriva-
tives of K. Let k(z;€) = [Koo(z + €) — Koo(2)]/€ and f(x;€) = [F(x) — F(xz — €)]/e. By
Cauchy’s inequality (29) and (31),

< [ POutdn) [ 17610 = 5t =) v, (a)

R

< CE+e])' (1 + |]) /R | £ () [P, (du) = O(€?).

o) = [ att) e oy

Hence K/ _ fR f(t — x)dt. A simple induction yields higher order derivatives. <

Lemma 9. Assume (5) and E(|e;|*") < co. Then

‘AWﬂMimmW%W@:Ow&) (32)

Proof. For notational convenience we write 6, for 6, ,. We shall first show that (32)
holds for 1 < n < k. If 6, = 0, then a,_; = 0 and hence P;L(X,,t) = 0. Thus
it suffices to verify that [ [|P1L(X, t)||2w,(dt) < [q |L(Xn, t)]|?w, (dt) = O(1), which

15



follows from (30) asserting that [g |[F™) (u)|*w,(du) < oo for 1 < r < pand [g [[1(X
u) — F(u)|]*w,(du) < oo, an easy consequence of E[(1 + |X;])'"7] < cc.

From now on we assume n > k + 1. Set 6 = —a,_16; and n = — X, 0- Since 6 and n
are independent, by Lemma 1, E[|6]*(1 + [6])7(1 + |n|)?] = O(a’_;). So inequality (29) in

Lemma 7 yields that for 1 < a < p,
/ |ECD( = X, 1) = Fe (= X, 0) + FO(t — X, )an—se|Pwn (dt) = O(ad_,). (33)
y (26), V() = E[F* T (y — an_16}) — an_16, F, (y)]. Thus by Cauchy’s inequality
I () = Fe V)l < I1F () = BT (0 = anoag) + anagt F ()]

Again (29) in Lemma 7,
IR = X = F e = X 0) Py ) = Ol ) (34)

Combine (33) and (34),
J IR = 00 = B0 = X + = X g)onrer [P ) = Ol ). (35)

Define
MP(Xo,y) = F(y +Z 1) FO (y)E[U i | Xo)- (36)

Next we use the method of induction to estabhsh that for 0 < r <p,
/ 1M (KXo, )|[Pw, (dE) = O[A(4) + AR+ (2)]. (37)
R

When r = p, My (Xo,1) = F(t = X, ) = FO(1). By (27), F)(t) = EF(t - X1, ).
So

IMP (KXo, )] < 1EP (8 = X, 0) = FP(E = X5, 0) | < 2| EP(t = X,,0) = BV (@)
and by Lemma 1 and (28) in Lemma 7,

3 1M Ko, )P 0t / It = X,0) = P00, ()



= O{E[1X,o"(1+ |X,,,)]} = O[A.(2)].

Now suppose (37) holds for 1 < r = a < p. To complete the induction it suffices to
consider 7 = a — 1. To this end, notice that the projection operators P_; are orthogonal,

we have
3 IV (R t) P ) Z / [P AL (Ko )P () < 1+
where
= i JIPSEE = X+ F = Koy ansgeslPus )
and

V4
J, = / VS (=X e s S (=1 FO ()P BVl Kol (d).

i=a—1

Observe that by (26) in Lemma 7,

PoF (= X,0) = F;

a—1
V- X, )= F - X, ).

Thus (35) ensures that I, = O(3_7Zgan,;) = O[A.(4)]. Since P_E[Upi-0i1|Xo] =
an+j5_jE[Un,i_a|}z_j_1] if i > « and vanishes if ¢ = o — 1, the induction is now com-

pleted since by induction hypothesis

Jn = Z|an+1’ / HMn-‘,-j—l—l(XO’ t)[[*w- (dt) :Zanﬂ [Aptjr(4 )"’Aﬁﬁjrrll( )]

Jj=0 7=0

= OlA@)] + Au(2)O0[An(4) + AT (2)] = O[Aa(4) + A7 (2)).

Let Rn(t) = Pll(Xn < t) + an_lelF’(t — XnO) Since Pl]_(Xn S t) = n—l(t -
X,1) — Fult — X,.0), by ( ), Ja IR (t)[Pwy(dt) = O(as_;). Observe that R,(t) =

n—1

PLL(X,, 1) + an_lglM,(Ll)(Xo, t). Then by (37) with » = 1, we have
/R 1P LR, )P0 () < 2 /R RO + l[an-121 MO Ko, )]s (dt) = O(62),
complete the proof. O

17



Lemma 10. Assume that E(e}) < oo and that for all 0 < i < p, sup,cg |f1(1)(8)| < 0.
Then for all s, |P1L(X,, s)|| = O(8,).

Proof. The argument in the proof of Lemma 9 can be easily transplanted here with the
integral [ H(t)w,(dt) (say) replaced by H(t). For example, since 7  sup,cg | fl(i)(s)] <

00, (33) now becomes

IS D(t = X, 0) = E 0 (= X, 0) + B (8 = X, o)an—en]* = O(a,_y);
(35) becomes

IR (= X, 0) = BV (= X, 0) + FO (= X, g)ana||* = O(a; )

and (37) becomes

1M (Xo, 1)]]* = O[AL(4) + A7 (2)].

It is easily seen that the induction in the proof of Lemma 9 still holds here. Thus Lemma 10

follows in a similar way. &

Lemma 11. Under the conditions of Theorem 1,
[ ISutplPus(d) = O(E,,). (38)

Proof. Let X2 =[5 [|P1L(X,,t)||?w,(dt) and a V b = max(a,b). Note that P;S,(t;p),
—00 < j < n are orthogonal and PjL()N(l;t) =0 when [ < j. Thus

[isuteniuan = 3 [ 1P lPvsan

j=—00
2
[P;L(Xy;
< ZE/{ZT Z)\l —j+1 'LU,ydt Z Z)\l —j+1
j=—00 l=1Vj l=1Vvj j=—o00 Li=1vj
entails (38) since A\, = O(6,,) by Lemma 9. O

18



Lemma 12. Let W, (y;p) = >0 _ J(X,,y), where

m=1

_ p

J<XTVL7 y) = Fn(y - Xm,m—n) - Z<_1)TF(T) (Z/) Z H aiqgmfiq-

r=0 k<1 <. <tr g=1

Then under the conditions of Theorem 2 (or Theorem 3), we have

L Pt it)+ [ P01, 00t ) = 02, (39)
and
LWt ) + [ oWt 0ulPe, (@) = O,) (40)
(or
/R||7>18J(5€n,t)/at||2dt+/RHPla?J(f(n,t)/&t?Hth:O(@SW) (41)
and
[ 1w onlPay + [ 1P, i) 007y = O (42)
respectively).

Proof. The same argument in the proof of Lemma 9 yields that (7) and the moment con-
dition E(|e;|*"7) < oo implies (39), which leads to (40) in a similar manner as Lemma 11.

The proof for (41) and (42) can be carried out in a similar way. &

Let di(s) = 1(X; < s) — E[1(X; < §)[X;_1], Du(s) = Yo di(s) and Gy(s) =
D, (s)/+/n. Chain-type argument is used in the proof of Lemma 13. Lemma 14 concerns
functional central limit theorem for G, (s) in the Skorokhod space D(R). It is assumed
that f, exists in these two lemmas. In Lemma 15 we consider the general case in which

there exists a k € N such that the density f, exists.

Lemma 13. Assume that [ f7(t)w,(dt) < co and E(|X;]'™") < co. Then

E |sup(1 + |3\)7\Gn(3)|2 = (9(log2 n).
seR
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Proof. For k € Z let pp(t) = [2%t] /2 and qu(t) = [2%t + 1] /2%, where |u] = max{k € Z :
k <wu}. Set N =[2log,n]|. Then by the triangle and Cauchy’s inequalities,

N

|G (po(E)] + Y |Ga(pi(t)) = Gu(pr1 ()] + 1Glt) — Gn(pzv(t))|]

k=1

Gu()* <

< (N+2) [|Gn<po<t>>|2 301G () — Culra (D)

G () Gn<pN<t>>P} . (13)

For the first two terms in the proceeding display, observe that

sup(1+ (1) Gulpo () < 3@+ [1)7[Ga () (44)
teR 17
sup(1+ )]G (pi(t)) — o< a+ T vl Ly e, oL )
te]g n\DPk pk 1 ~ Qk n 2k: n 2k; .

After elementary manipulations, expectations of both terms are of order O(1) by using
the martingale structure in G, E[|G,())]*] < F(1)(1 — F(I)) and E[|G,(z) — G.(y)|*] <
|F(x) — F(y)| together with the moment condition E(|X;|'™) < co. As to the third term,
we have |Fi(y) — Fi(z)| < [7 fi(uw)w,(du) [Y w_,(du) by Cauchy’s inequality. Note that
sup,er (1 + |t])” qu]y(%) w_(du) = O(27"). Again by Cauchy’s inequality, for all ¢ € R,

(1+|¢)) {ZE (pv(t) < X; <QN(>>D~(Z'1]}

<+W{Z M- X, 1>dv}

_ N(t)

= 2]\] Z/ Z’L 1)w”/(dv)
goz(]?)z(mx” I / o) (o)

=1

which entails E[supteR(l + |t])|Gn(t) — Gu(pn())?] = O(1) by (45) and




< Gulan(t) — Galpn(t) + % > B (1) < X; < an ()Xo

Therefore the lemma follows from (43), (44) and (45). O

Lemma 14. Assume [g[f7(s)+|fi(s)|?]ds < co. Then G,(s) = G(s) in the space D(R),
where G(s) is a Gaussian process with mean 0 and covariance function E[G(s)G(t)] =

Eldy(s)d1(t)].

Proof. The martingale central limit theorem clearly entails the finite dimensional conver-
gence of G, (+). For the tightness, we need to show that for each €, > 0, there is a 6 > 0
such that Psupj,_y .5 |Gn(s) — Gn(t)| > €] < n for large n. Since

U {16a(s) = Galt) > ¢} < | { sup [Galt) = Gu(k9)] > g},

ls—11<5 ko<t<(k+1)8

the tightness follows from the stronger statement

>p

keZ

ké<t<(k+1)8

for large n. To this end, we shall adopt the argument of Theorem 22.1 in Billingsley (1968).
Let co = sup fi(s), § = €'n, m = [8€3ncoy/n] + 1 and p = §/m < €/(8co\/n); let I, = I,,(0)
be the interval [kd, (k + 1)d]. Observe that E[1(s < X; < s +p)|)~(i_1] < pcg. Then as in
the proof of the inequality (22.17) in Billingsley (1968), we have for s <t < s+ p that

|Gn(t) = Gu(8)] < |Gn(s + p) — Guls)| + peov/n,
which implies as in the proof of the inequality (22.18) in Billingsley (1968) that
sup |Gn<t) - Gn(k5>| < 3123’}( |Gn(k5 + Zp) - Gn<k5)’ +pCO\/ﬁ- (47)

tely
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For y > x let d; = d;(y) — d;(z). Then |d;| < 1 and E(d?) < F(y) — F(x). In the
sequel of the proof, C' stands for absolute constant which may vary from line to line. By

the Burkholder inequality,
C

n2

2
a C
< EE {Z[d? - E(d?|X75—1)]} + EE

=1

E[|Gu(y) = Gu(@)'] < SE[(d] +...+d})’]

ZE(dﬂxi_l)]

< St — B0 + OB Xo)|
< YIF) - F@) + CB(A( - X,0) ~ File - X, o)) (48)

where in the third inequality we have used the orthogonality of the martingale differences
di — E(d7|X;-1),1 <@ < n. Let ag = ap(d) = Efsup,¢;, fi(z — X, )]. By Lemma 4 and
noting that [; fi*(u — X, o)du = [ f7(u)du,

2
5Zak < 5ZE {5 ff(u—im)dujt% f{Q(U—Xl,o)du
Ik Ik

keZ keZ

= 2 / T2 (u)du + 26 / 1% (w)du. (49)
R R
Note that for z,y € Iy, |[Fi(y — X, ) — Fi(z — X, )| < |y — 2| sup.cs, fi(2 — X, ). Then
E{[Fi(y — X10) = Fi(z — X1 0)I} < (y — 2)*cu.
For 1 < ¢ < m define
Zi = Zign(p,0) = Gulip + ké) — Gp((i — 1)p + k0),
A =A0ik(p,6) =P((i —)p+ ké < Xy <ip+kd)
and u; = u; g n(p,d) = \/m—l—p\/a_k. Then for 1 <i < j <m,
E[(Zis1+ ..+ Z)" < Cuigr + - .. +uj)? (50)

by letting z = ip+ ko and y = jp+kd in (48) after some elementary calculations. Theorem
12.2 in Billingsley (1968) asserts that (50) implies

€ C , _Crm )
P 0%%}21|Z1+...+Zz‘|2§ §€—4(u1+...+um) SE_A‘[EP<X1€]I¢)+WLPO%
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since Ay + ...+ A, = P(X; € I};). Thus (46) follows from (47), (49) and

€ C |m
ZP[sup|G (k&)\>§} <= E+5QZO"“ +5Zak]

kez, L€k keZ keZ

by noticing that )", , P(X; € I};) = 1, np — oo and pcoy/n < €/8. O

Lemma 15. Let Gi(s) = n~ 23" _ [1(X,, < 8) — B(1(X,, < 8)[Xmn)]. (a) Assume
that E(|X1|'"") < oo, f, exists for some k € N and [ fZ2(t)w,(dt) < oco. Then
E |sup(1 +[s])"|G;(s)]*| = O(log”n).
seR
(b) Assume [ |[f2(s) + |f.(s)|’lds < oo for some integer k > 0. Then the process
{G%(s),s € R} is tight and sup,cg |G (s)] = Op(1).

Proof. For 1 < j <k let

n—1

= S MKy € )~ BO(Xiy < )Xo

=0

(a) A similar argument as in the proof of Lemma 13 ensures that

B [sup(1 + Js) 113, (5)F| = Oftog? )

seR
for each 1 < j < k. (b) Similarly, a careful examination of the proof of Lemma 14 reveals
that the process {nil/QM:’j(s), s € R} is tight and converges to a Gaussian process with
mean 0 and covariance function

(s, t) = B{[L(X, < 5) = B(L(X, < 5)[Xo)] x [L(X,, < ) = B(L(X, < 1)|X0)]}

for each 1 < j < k. So the lemma follows in view of G} (s) = >_7_| My :(s)/v/nk. &

Proof of the Theorem 1. Let K(z fo gk (t)dt. By Lemma 8, under the condition (5) we

can write S, (K) = — [ gk (t Sn(t; p)dt. Hence Cauchy’s inequality gives

| sup |sn<K;p>|2] < E[ ap | gy [ 15,60 Pw, (a1

KeK(y) KeK(y
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/R 15, (8 ) 2 ()

which proves the theorem by (38) of Lemma 11. O

Proof of Theorem 2. Without loss of generality let kK = 1. Define

r
Vm,r = § H @i Em—ig-

1<ir <...<ip q=1

Then Upny — Vinr = €m D 1<ipe. <i ngg a;,Em—i, form stationary martingale differences

and thus || Y0 (Ui, — Vi) ||* = O(n). Now write

m=1 r=1
where W,,(y;p) = Y _; J(Xon, ) and
B P
J(Xi,y) = Fi(y — Km‘—ﬁ - (_1)TF(T)(9)VM
r=0

is 0(X;_;) measurable. By Lemma 13, E [sup,cg (1 + |s])7|G,(s)|?] = O(log®n). To com-
plete the proof it suffices to verify that

supl(1+ 17177 < o0, 05 < p—1 52
seER
and
B [sup(t + )" o 050 = O 53
ye

Let g.(s) = (1 + |s])"[f"(s)|?. By Lemma 4, SUP,eg 9r(8) < oo under (7). Hence by
(27) and Cauchy’s inequality, (52) follows from

supl(1-+ 71O < B {supl(t + 87175 — X001}
< E{ggg[(lﬂs— X)) \fﬁ( - X0l + X0l
< OSEEMS) (141X, 0)7] < oo
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For (53), again by Lemma 4,

E sup(1+|y!)”|Wn(y;p)|2} < 21+2"’/R[||Wn(y;p)ll2+|I3Wn(y;p)/3y|!2]ww(dy)

yeER
due to (40) of Lemma 12. O

Proof of Corollary 1. The case I = 0 follows from Theorem 1 and Lemma 5. For I > 0
to avoid nonessential complications we consider the special case I = 1. Let K(x,s) =
Ki(2)1(z < s)+ Ky(z)1(z > s), where K; € K(v) and |K;(s)| < (1+|s|)"/?; let Kf(x,s) =
Ky(x)l(x < s)+ Ki(s)L(x > s). Then for all s, K7(-,s)— K;(0,s) € K(vy). By Theorem 1,

E* sup  |Sa(K7(+,8);p))?

KieK(y),s€R

Since |K;(s)] < (1 + |s|)?/2, by Theorem 2,
E {sup(l + t])7]Sn(1(- > t);p)|2] =0 (nloggn + En,p) ,
teR

which implies (9) by

E* sup | Sn(K1(-)1(- > s);p)|°

Ki1€eK(v),s€R

=0 (n log?n + Enp)

in view of S, (L + M;p) = Su(L;p) + Su(M;p). %

Proof of Theorem 3. (i) Once again we assume without loss of generality that xk = 1. The
finite dimensional convergence easily results from Lemmas 3 and 10 by letting &; = iz and
hE) = L(X;,y) since Yo 0np < co. For tightness, we shall use (51). By Lemma 4,
supS€R|f1(r)(s)| < oo for r < p+ 1. Hence by (27), supseg |f"(s)| < oo. Lemma 15
guarantees that G, (s) is tight. By Lemma 4 and (42) of Lemma 12,

2

OW,(s)

E
0s

< 2/ [OW (s p)/0yl1? + 10* W (y; p) /0y |1*ldy = O(Ep)-
R

sup
yeR
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Observe that O(Z,,) = O(n) by (a) and (c) of Lemma 5. Then W, (s)//n is tight since
[Wi(s) = Wa(t)] < [t — s[sup,er [OWa(s)/0s].

(ii) By Corollary 1 with v = 0, sup; |S,(s; p+1)|/0pnp+1 = op(1) since (p+1)(26—-1) < 1.
Hence (14) follows from >}, Uy pi1/0npi1 = Zpi15 (Surgailis, 1982). O

Proof of Corollary 2. Assume k = 1. (i) It trivially follows from (i) of Theorem 3 with p = 0
and # = 1. (ii) We shall use the decomposition (51). By Lemma 15, sup,cg |Gn(y)| =
Op(1). Since sup, f(y) < oo and Vi1 — Upyi = —€pm, it then suffices to establish that
S J(Xi,8) /6, = f(s)Z in the space D(R). By Lemma 4, (40) of Lemma 12 and
Lemma 5, (12) yields

n

E ¢ sup Z[Fl(y = X)) —Fy) + f(y) X4 = 0(En1) = O0(n),

veR iz

which completes the proof in view of Y " | X, /6, = Z (see for example, Davydov

ii—1

(1970)) and /n = o(G,). &

Proof of Theorem 4. Observe that the class {H(-,m)/C : m € M(d),1 < qg <d}isa
subset of I, under Assumption 1 and conditions in Theorem 4. So Corollary 3 is applicable;
and Theorem 4 then follows from the standard argument for asymptotic distributions of

M-estimators (see Theorem 5.21, van der Vaart 1998). &
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