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tionals are investigated and upper bounds of outer expectations of those functionals are

given. These results differ strikingly from the classical theories of empirical processes of

independent random variables. Our results go beyond earlier ones by allowing wider func-

tion classes as well as by presenting sharper bounds, and thus provide a more versatile

approach for related statistical inferences. A complete characterization of empirical pro-

cesses for indicator function class is presented. Application to M -estimation is discussed.
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1 Introduction

Motivated by many findings in practice, long-memory processes have been extensively

investigated among the statistical community in recent several decades; see Beran’s (1994)

book. A distinctive feature of such processes is that their correlations decay fairly slowly as

the time lag increases. An important model is the linear process Xn =
∑∞

i=0 aiεn−i, where

{εi, i ∈ Z} are i.i.d. random variables with zero mean and finite variance and coefficients ai

satisfy
∑∞

i=0 a2
i < ∞. Many important time series models, such as ARMA and fractional

ARIMA, admit this form. If an decays to 0 at a sufficiently slow rate, then the covariances

of Xn are not summable and thus the process exhibits long-range dependence. It is clearly

needed to consider theoretical properties of Sn(K) =
∑n

i=1 K(Xi) for statistical inferences
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of such processes. In the paper we will investigate the uniform asymptotic behavior of

Sn(K), where K belongs to certain classes K, and will present a complete characterization

of Sn(K) when K = I = {1x≤s, s ∈ R}, the class of indicator functions.

The theory of empirical processes for independent random variables is well developed;

see the extensive treatment by van der Vaart and Wellner (1996). Among them there are

VC and bracketing theories. Under certain conditions on bracketing numbers on the class

K, the abstract Donsker theorem asserts uniform central limit theorems (CLT) and the

limiting distribution is the so-called abstract Brownian bridge. Results of this sort have

many applications in statistics. A huge amount of examples are given in van der Vaart

and Wellner (1996).

However, the problem of uniform convergence becomes much harder when dependence

is present. Oftentimes the dependence structure itself is of interest in time series analy-

sis. For example, the estimation of Hurst’s index is of critical importance in the study

of long-memory processes. Many previous work concerned very weakly dependent pro-

cesses; see for example, Doukhan, Massart and Rio (1995) and Rio (1998) for β-mixing

sequences. Andrews and Pollard (1994) and Arcones and Yu (1994) provided surveys for

empirical processes for mixing processes. Under suitable mixing rates, results of this sort

usually assert that empirical processes behave as if the observations were iid. For other

dependent processes, Bae and Levental (1995) considered uniform CLT for Markov chains;

Dehling and Taqqu (1989) and Arcones and Yu (1994) discussed functionals of long-range

dependent Gaussian processes and Gaussian random fields. Ho and Hsing (1996) proposed

the problem of uniform convergence for linear processes Xt which may not necessarily be

Gaussian. For the indicator function class I, Ho and Hsing (1996) successfully derived uni-

form asymptotic expansions. See their paper and the recent review by Koul and Surgailis

(2002) for further references and some important historical developments.

For long-memory linear processes we are able to establish uniform limiting distributions

of Sn(K) when the class K consists of piecewise differentiable functions. In particular, K
contains the Huber-type functions Hs(x) = min[max(x−s,−1), 1], s ∈ R which frequently
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appear in robust inference. Our treatment is similar as Arcones’ (1996) work where weak

convergence properties of stochastic processes indexed by smooth functions were discussed.

The empirical processes behave significantly differently from those of independent random

variables in that the limiting distributions are often degenerated. While we impose weaker

conditions, sharper upper bounds are obtained for the special function class consisting of

indicators. Our results could be possibly extended and applied to other problems related

to linear processes.

The paper is organized as follows. Main results are presented in Section 2 and proved

in Section 4. Section 3 contains an application to M -estimation theory.

2 Main Results

Let the measure wλ(dt) = (1 + |t|)λdt. For γ ≥ 0 define the class

K(γ) =

{
K(x) =

∫ x

0

g(t)dt :

∫

R

|g(t)|2w−γ(dt) ≤ 1

}
.

For K ∈ K, we have

K2(s) ≤
∫ s

0

|g(t)|2w−γ(dt)

∫ s

0

wγ(dt) ≤ |s|(1 + |s|)γ ≤ 2γ(1 + |s|γ+1) (1)

by Cauchy’s inequality, which gives a growth rate of K. Let

K(γ; I) =

{
K(x) =

I+1∑
i=1

1[λi−1λi)(x)Ki(x) : Ki ∈ K(γ), |Ki(s)| ≤ (1 + |s|)γ/2,

−∞ = λ0 < λ1 < . . . < λI < λI+1 = ∞
}

. (2)

So K(γ; I) contains piecewise differentiable functions. Denote by Cp = Cp(R) the class of

functions having up to pth order derivatives. For a measurable function K let K∞(x) =

E[K(X1 + x)] if it exists. If K∞ ∈ Cp, then as in Ho and Hsing (1997) let

Sn(K; p) =
n∑

i=1

[
K(Xi)−

p∑
j=0

K(j)
∞ (0)Ui,j

]
,
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where Un,r =
∑

0≤j1<...<jr

r∏
s=1

ajsεn−js and Un,0 = 1. (3)

We are interested in the uniform upper bound supK∈K(γ;I) |Sn(K; p)|, which may not be a

bona fide random variable since the classK is not countable. So the notion outer expectation

E∗ξ = inf{Eτ : τ is a r. v. and τ ≥ ξ,E τ exists} (van der Vaart, 1998) is adopted.

Let Fk and F = F∞ be the distribution functions of
∑k−1

i=0 aiε−i and X0 =
∑∞

i=0 aiε−i

respectively; let F
(r)
k and F (r) be the corresponding rth derivatives if they exist; let X̃n =

(. . . , εn−1, εn) be the one-sided shift process. Write f = F ′ and fk = F ′
k for the first order

derivatives. Define

Sn(y; p) =
n∑

i=1

L(X̃i, y), where L(X̃n, y) = 1(Xn ≤ y)−
p∑

i=0

(−1)iF (i)(y)Un,i. (4)

Let An(k) =
∑∞

i=n |ai|k, θn,p = |an−1|[|an−1|+ A
1/2
n (4) + A

p/2
n (2)], Θn,p =

∑n
k=1 θk,p and

Ξn,p = nΘ2
n,p +

∞∑
i=1

(Θn+i,p −Θi,p)
2.

Clearly, for k ≥ 2, An(k) ↓ 0 as n → ∞. In Theorem 1 we do not require that an adopt

special forms like n−β`(n) where throughout the paper ` stands for slowly varying functions.

Without loss of generality we assume hereafter that a0 = 1 and there are infinitely many

i such that ai 6= 0. The latter requirement is imposed to avoid the degenerated case in

which Xn is reduced to m-dependent processes (Hoeffding and Robbins, 1948).

Theorem 1. Assume E(|ε1|4+γ) < ∞ for some γ ≥ 0 and fκ ∈ Cp for some integers κ > 0

and p ≥ 0. Further assume

p∑
r=0

∫

R

|f (r)
κ (x)|2wγ(dx) < ∞. (5)

Then

E∗
[

sup
K∈K(γ)

|Sn(K; p)|2
]

= O(Ξn,p). (6)
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Relation (6) delivers the message of the uniform reduction principle (Taqqu 1975,

Dehling and Taqqu 1989, Ho and Hsing 1997) that Sn(K) can be approximated by linear

combinations of
∑n

i=1 Ui,j, j = 1, . . . , p. Theorem 2 provides a uniform upper bound for

the special class I consisting of indicator functions 1s(·) = 1(· ≤ s).

Theorem 2. Assume E(|ε1|4+γ) < ∞ for some γ ≥ 0, fκ ∈ Cp+1 for some integers κ > 0

and p ≥ 0, and
p+1∑
r=0

∫

R

|f (r)
κ (x)|2wγ(dx) < ∞. (7)

Then

E

[
sup
t∈R

(1 + |t|)γ|Sn(t; p)|2
]

= O (
n log2 n + Ξn,p

)
. (8)

Corollary 1. Let the assumptions of Theorem 2 be satisfied and in addition let an =

n−β`(n), n ≥ 1, where β ∈ (1/2, 1) and ` is a slowly varying function. Then

E∗
[

sup
K∈K(γ;I)

|Sn(K; p)|2
]

= O[n log2 n + Ξn,p], (9)

where Ξn,p = O(n), O[n2−(p+1)(2β−1)`2(p+1)(n)] or O(n)[
∑n

i=1 |`p+1(i)|/i]2 if (p + 1)(2β −
1) > 1, (p + 1)(2β − 1) < 1 or (p + 1)(2β − 1) = 1 holds respectively.

Let {IB(u), u ∈ R} be a standard 2-sided Brownian motion, S = {(u1, . . . , ur) ∈ Rr :

−∞ < u1 < . . . < ur < 1} and define the multiple Wiener-Itô integral (Major 1981)

Zr,β = ξ(r, β)

∫

S

{∫ 1

0

r∏
i=1

[ max(v − ui, 0)]−βdv

}
dIB(u1) . . . dIB(ur), (10)

where the norming constant ξ ensures that E(Z2
r,β) = 1. Let

σ2
n,r = n2−r(2β−1)`2r(n). (11)

Theorem 3. Assume an = n−β`(n) (n ≥ 1), E(|ε1|4) < ∞, fκ ∈ Cp+2 for some integers

κ > 0 and p ≥ 0, and
p+2∑
r=0

∫

R

|f (r)
κ (x)|2dx < ∞. (12)
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(i) If (p+1)(2β− 1) > 1 or (p+1)(2β− 1) = 1 and
∑∞

n=1 |`p+1(n)|/n < ∞, then the weak

convergence
1√
n

Sn(s; p) ⇒ W (s) (13)

holds in the Skorokhod space D(R), where W (s) is a Gaussian process.

(ii) If (p + 1)(2β − 1) < 1, then

1

σn,p+1

Sn(s; p) ⇒ (−1)p+1{f (p)(s), s ∈ R}Zp+1,β. (14)

If we view Sn(s; p) as the remainder of the ”Taylor” expansion of Sn(1s), then (13) and

(14) describe the interesting phenomena that the remainder has a degenerated distribution

for low order expansions and a non-degenerated Gaussian limit for high order ones.

Corollary 2. Let conditions of Theorem 3 be satisfied with p = 0 and β = 1. (i) If
∑∞

n=1 |`(n)|/n < ∞, then we have (13). (ii) If
∑∞

n=1 |`(n)|/n = ∞, then

1

σ̃n

Sn(s; 0) ⇒ {f(s), s ∈ R}Z, (15)

where Z is standard normal and σ̃n = ‖∑n
i=1 Xi‖ ∼ c

√
n|∑n

i=1 `(i)/i| for some c > 0.

Interestingly, Corollary 2 gives a complete characterization of the limiting behavior of

Sn(s; 0) =
∑n

i=1 1(Xi ≤ s) − nF (s) on the boundary β = 1. It is well-known that the

process Xt is long- (or short) range dependent if β < 1 (or β > 1). On boundary β = 1

it depends on the finiteness of
∑∞

i=1 |`(i)|/i. This result in some sense suggests the power

of our approach. It is unclear whether similar characterizations exist on other boundaries

β = (2 + p)/(2 + 2p), where p ≥ 1 is an integer.

Remark 1. Theorem 2 and Corollary 1 improve and generalize the earlier important

results by Ho and Hsing (1996) in several aspects. Consider the special case in which

γ = 0. The latter paper requires that F1, the distribution function of ε1, is p + 3 times

differentiable with bounded, continuous and integrable derivatives. Our assumption (5)

is clearly weaker. Next, Corollary 1 allows a wider class K(0, 1) ⊃ I. Furthermore, if an
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adopts the special form n−β`(n), n ≥ 1, then for b > 0, (9) gives a sharper upper bound

via Markov’s inequality:

P

[
sup
t∈R

|Sn(1t; p)| > b

]
= b−2O[n log2 n + Ξn,p];

see Lemma 5 for upper bounds of Ξn,p and Theorem 2.1 in Ho and Hsing (1996) for a

comparison. Consequently, applications derived in the latter paper which are based on

inequality of this type can be correspondingly improved. We do not pursue this direction

here. ♦

Remark 2. The quantity
∫
R
|f (r)

κ (x)|2dx in the condition (5) with γ = 0 is interestingly

related to many aspects in statistics, such as Wilcoxon’s rank test, optimal bandwidth

selection and projection pursuit. The estimation problem has been widely studied; see T.

Wu (1995) for further references. ♦

Remark 3. For Gaussian random fields, Arcones and Yu (1994) obtained weak conver-

gence of empirical processes under the bracket condition
∫∞
0
{N[](ε,F , ‖ · ‖)}1/2dε < ∞,

where F is the indices set and the bracketing number N[](ε,F , ‖ · ‖) is the minimum num-

ber of ε−brackets needed to cover F under L2 norm. This bracket condition does not allow

the indicator functions class I since N[](ε, I, ‖ · ‖) has order 1/ε2 as ε ↓ 0. ♦

Remark 4. Recently Giraitis and Surgailis (2002) consider the uniform upper bound

sups∈R |Sn(s; p)| for two-sided linear processes with p = 1. A reduction principle is derived.

It seems that our approach can not be directly applied to two-sided processes.

We say that K has power rank p if K
(i)
∞ (0) exist and vanish if 1 ≤ i < p and K

(p)
∞ (0) 6= 0

(Ho and Hsing 1997). Power rank is reduced to Hermite’s rank if X1 is standard normal.

Define the class Kp = {K ∈ K(γ; I) : K∞ ∈ Cp, K
(i)
∞ (0) = 0, 1 ≤ i < p}, which contains

functions with power rank at least p. Corollary 1 together with
∑n

k=1 Yn,p/σn,p ⇒ Zp,β

(Surgailis, 1982) immediately yields
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Corollary 3. Let 1 ≤ p < 1/(2β − 1) and the conditions of Corollary 1 be satisfied. Then

1

σn,p

{Sn(K)− nK∞(0), K ∈ Kp} ⇒ {K(p)
∞ (0), K ∈ Kp}Zp,β. (16)

The limiting distribution in (16) is degenerated in the sense that it forms a line of

multiples of Zp,β. In contrast, the empirical processes for iid sample take abstract Brownian

bridges as limits. We conjecture that if p(2β − 1) > 1, then the limiting distributions are

non-degenerated Gaussian processes.

3 M-estimators

For iid observations, van der Vaart and Wellner (1996) presented a detailed account for

various statistical applications based on convergence properties of empirical processes.

Regarding long-memory processes, our theory can likewise provide inferential bases, par-

ticularly, in the study of certain functionals of such processes with unknown parameters

which are plugged in by their estimated ones. To fix the idea, let M ⊂ Rd, d ≥ 1

be the parameter space and m0 ∈ M be the unknown parameter to be estimated; let

H(x,m) = (H1(x,m), . . . , Hd(x,m)), where Hj, 1 ≤ j ≤ d are measurable functions de-

fined on the space R×Rd. Then the functional An(m0) =
∑n

j=1 H(Xj,m0) which contains

the unknown parameter m0 is often studied via An(mn), where mn is an estimator of m0.

An estimator mn = mn(X1, . . . , Xn) of m0 is generically called M -estimator if it sat-

isfies An(mn) ≈ 0. In this section we shall establish asymptotic distributions of M -

estimators. Let H∞(x,m) = EH(X1 + x,m) and M(δ) = {m : |m − m0| ≤ δ} ∩ M,

where | · | denotes the Euclidean distance.

Assumption 1. There exist δ0 > 0 and integer p ≥ 1 such that for all m ∈ M(δ0),

H∞(·,m) is pth differentiable at x = 0. Let ci(m) = ∂iH∞(x,m)/∂xi|x=0 and assume that

cp(·) is continuous at m0, cp(m0) 6= 0 and ci(m) = 0 for all 1 ≤ i < p and all m ∈M(δ0).
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Assumption 2. For all 1 ≤ j ≤ d, Hj
∞(0, ·) is Fréchet differentiable at m = m0.

Namely there exists a matrix Σ(m0) = (∂Hj
∞(0,m)/∂mi)d,d

i,j=1|m=m0 such that |H(0,m) −
H(0,m0)− (m−m0)Σ(m0)| = o(|m−m0|). Suppose the matrix Σ(m0) is non-singular.

Assumption 3. The estimator mn → m0 in probability and An(mn) = oP(σn,p).

Remark 5. In Assumption 1, since cp(·) is continuous at m0, there exists ε0 such that

cp(m) 6= 0 for all |m−m0| ≤ ε0. Hence we can substitute δ0 by min(ε0, δ0). Assumptions 2

and 3 are standard in M -estimation theory (see Chapter 3.3 in van der Vaart and Wellner,

1996).

Theorem 4. Let Assumptions 1, 2 and 3 be satisfied. Suppose that there exist C > 0

and γ ≥ 0 such that Hq(·,m)/C ∈ K(γ; I) for all 1 ≤ q ≤ d and all m ∈ M(δ0). If

p(2β − 1) < 1, then
n

σn,p

(mn −m0) ⇒ cp(m0)Σ
−1(m0)Zβ,p. (17)

Koul and Surgailis (1997) considered the one-dimensional location estimation with

H(x,m) = ψ(x − m) in which one observes Zt = Xt + m. Beran (1991) discussed M -

estimation of location parameters for long-memory Gaussian processes. Arcones and Yu

(1994) treated H(X·,m) = h[G(X·),m)] where X· is a Gaussian random field. Theorem 4

can be applied to the location estimation problem in the non-Gaussian and nonlinear model

Zt = g(Xt) + m by letting H(x,m) = ψ(g(x)−m), where ψ is a non-decreasing function.

4 Proofs

Let Xn,i =
∑i

j=−∞ an−jεj and Xn,i =
∑n

j=i an−jεj be the truncated processes; let {ε′n, n ∈
Z} be an iid copy of {εn, n ∈ Z} and X ′

n =
∑∞

i=0 aiε
′
n−i. Similarly we define X ′

n,i and X
′
n,i.

For a random variable ξ denote its Lρ norm (ρ ≥ 1) by ‖ξ‖ρ = [E(|ξ|ρ)]1/ρ, and L2 norm

‖ξ‖ = ‖ξ‖2. Define the projection operators Pjξ = E[ξ|X̃j]− E[ξ|X̃j−1].
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Lemma 1. Suppose E(ε1) = 0 and E[|ε1|τ ] < ∞ for some τ ≥ 2. Then there exists a

Bτ > 0 such that E[|∑n
i=1 biεi|%] ≤ Bτ (

∑n
i=1 b2

i )
%/2 holds for all real numbers b1, . . . , bn and

all % for which 0 < % ≤ τ .

This lemma is an easy consequence of the Rosenthal inequalities (cf Theorem 1.5.11 in

de la Peña and Giné, 1999).

Lemma 2. Let H(t, δ, η) = g(t + δ + η) −∑q
i=0 g(i)(t + η)δi/i!, where g ∈ Cq+1, q ≥ −1.

Then

∫

R

|H(t, δ, η)|2wγ(dt) ≤ |δ|2q+2(1 + |δ|)γ(1 + |η|)γ

[(q + 1)!]2

∫

R

|g(q+1)(t)|2wγ(dt). (18)

Proof. Let t′ = t+η. Then it suffices to show (18) with η = 0 since 1+|t| ≤ (1+|t′|)(1+|η|).
This simple inequality will be extensively used throughout the paper. Using the convention
∑−1

i=0 = 0, (18) trivially holds when q = −1. Assume without loss of generality that δ > 0

and q = 1 since general cases follow similarly. Note that g(t + δ) − g(t) − δg′(t) =
∫ δ

0

∫ u

0
g′′(t + v)dvdu. By Cauchy’s inequality, the left hand side of (18) is no greater than

∫

R

[∫ δ

0

∫ u

0

dvdu

]
×

[∫ δ

0

∫ u

0

|g′′(t + v)|2dvdu

]
wγ(dt)

≤ δ2

2

∫ δ

0

∫ u

0

∫

R

|g′′(t)|2|(1 + |t− v|)γdtdvdu, (19)

which yields (18) again by the elementary inequality 1 + |t− v| ≤ (1 + |t|)(1 + |v|). ♦

Lemma 3. Let {ξn}n∈Z be a stationary and ergodic Markov chain and h be a measurable

function on the state space of the chain such that h(ξi) has mean zero and finite variance.

Define Sn(h) =
∑n

i=1 h(ξi) and αn = ‖E[h(ξn)|ξ1]− E[h(ξn)|ξ0]‖ for n ≥ 1. Then

∞∑
n=1

αn < ∞ (20)

entails Sn(h)/
√

n ⇒ N(0, σ2
h) for some σ2

h < ∞.
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Proof. The central limit theorem here is essentially an easy consequence of Woodroofe

(1992) which asserts that {Sn(h)−E[Sn(h)|ξ0]}/
√

n ⇒ N(0, σ2
h) if condition (20) is satis-

fied. For j ≥ 0, ‖E[Sn(h)|ξ−j] − E[Sn(h)|ξ−j−1]‖ ≤
∑n

i=1 αi+j+1. Thus by (20) and since

E[Sn(h)|ξ−j]− E[Sn(h)|ξ−j−1], j ≥ 0 are orthogonal,

‖E[Sn(h)|ξ0]‖2 =
∞∑

j=0

‖E[Sn(h)|ξ−j]− E[Sn(h)|ξ−j−1]‖2 = O
( ∞∑

j=0

n∑
i=1

αi+j+1

)
= o(n)

yields the lemma. ♦

Lemma 4. Let H ∈ C1 and δ > 0. Then

sup
t≤s≤t+δ

H2(s) ≤ 2δ−1

∫ t+δ

t

H2(u)du + 2δ

∫ t+δ

t

H ′2(u)du

and for γ ≥ 0,

sup
s∈R

[(1 + |s|)γH2(s)] ≤ 21+2γ

∫

R

H2(t)wγ(dt) + 21+2γ

∫

R

[H ′(t)]2wγ(dt).

Proof. For x, y ∈ [t, t+δ], |H(x)−H(y)| ≤ ∫ t+δ

t
|H ′(u)|du. Inequality [H(x)−2H(y)]2 ≥ 0

implies 0 ≤ 2|H(x)−H(y)|2 +2H2(y)−H2(x). Integrating the last inequality over [t, t+δ]

we get
∫ t+δ

t
[2|H(x) − H(y)|2 + 2H2(y)]dy ≥ δH2(x), which results in the first inequality

in the lemma by Cauchy’s inequality. For the second one let δ = 1. Observe that if

k ≤ s ≤ k + 1, 1 + |s| ≤ 2(1 + |k|) ≤ 4(1 + |s|). So

sup
s∈R

[(1 + |s|)γH2(s)] ≤
∑

k∈Z

sup
k≤s≤k+1

[(1 + |s|)γH2(s)]

≤
∑

k∈Z

21+γ(1 + |k|)γ

∫ k+1

k

[H2(u) + H ′2(u)]du

≤
∑

k∈Z

21+2γ

∫ k+1

k

[H2(u) + H ′2(u)]wγ(du)

= 21+2γ

∫

R

[H2(u) + H ′2(u)]wγ(du).

♦
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Lemma 5. Let `(n) be a slowly varying function, β > 1/2 and |an| = n−β`(n), n ≥ 1.

(a) If (p + 1)(2β − 1) > 1, then Ξn,p = O(n). (b) If (p + 1)(2β − 1) < 1, then Ξn,p =

O[n2−(p+1)(2β−1)`2(p+1)(n)]. (c) If (p + 1)(2β− 1) = 1, then Ξn,p = O(n)[
∑n

i=1 |`p+1(i)|/i]2.

Proof. By Karamata’s theorem, An(i) = O[n1−iβ`i(n)] for i ≥ 2. Since ` is a slowly varying

function, it is easily seen that for i ≥ n, Θn+i,p −Θi,p = O(nθi,p). Therefore,

Ξn,p ≤ nΘ2
n,p +

n∑
i=1

Θ2
n+i,p +

∞∑
i=n+1

(Θn+i,p −Θi,p)
2 = O(nΘ2

2n,p) +O(n3θ2
n,p).

where another application of Karamata’s theorem is used for
∑∞

i=n+1 θ2
i,p. (a) In this case

θn,p is summable over n and hence Ξn,p = O(n) easily follows. (b) It is an easy consequence

of Θ2n,p = O[n2−(p+1)(2β−1)`2(p+1)(n)] by a third application of Karamata’s theorem. (c)

Since (p + 1)(2β − 1) = 1,

Ξn,p = O(n)

[
2n∑
i=1

|`p+1(i)|
i

]2

+O(n`2(p+1)(n)).

Now we argue that ˆ̀(n) =
∑n

i=1 |`p+1(i)|/i is also a slowly varying function. Note that ˆ̀ is

non-increasing, it suffices to verify limn→∞ ˆ̀(2n)/ˆ̀(n) = 1. For any G > 1, by properties

of slowly varying functions,

lim
m→∞

∑mG
i=m |`p+1(i)|/i
|`p+1(m)| = log G.

Thus

lim sup
n→∞

ˆ̀(2n)− ˆ̀(n)

ˆ̀(n)
≤ lim sup

n→∞

∑2n
i=1+n |`p+1(i)|/i∑n
i=n/G |`p+1(i)|/i =

log 2

log G

implies that ˆ̀ is slowly varying by taking G →∞ and (c) follows. ♦

The next three lemmas consider the existence of K∞ and F and their higher order

derivatives. In particular, Lemma 6 imposes conditions such that the expectation and

differentiation operators can be exchanged; Lemma 7 provides expressions for F (r) and

F
(r)
n ; and Lemma 8 gives sufficient conditions for K∞ ∈ Cp and hence the expansion (3)

will be meaningful.

12



Lemma 6. Let X and Y be two independent random variables such that X has density

fX ∈ Cp and E(|Y |γ) < ∞ for some γ ≥ 0. Assume that

p∑
r=0

∫

R

|f (r)
X (t)|2wγ(dt) < ∞. (21)

Then FZ, the distribution function of Z = X + Y , is also in Cp and

F
(r)
Z (z) = EF

(r)
X (z − Y ), 0 ≤ r ≤ p. (22)

Moreover, for C = E[(1 + |Y |)γ], we have
∫

R

|F (r)
Z (u + δ + η)− F

(r)
Z (u + η)|2wγ(du)

≤ Cδ2(1 + |δ|)γ(1 + |η|)γ

∫

R

|f (r)
X (u)|2wγ(du), 0 ≤ r ≤ p; (23)

∫

R

|F (r−1)
Z (u + δ + η)− F

(r−1)
Z (u + η)− δF

(r)
Z (u + η)|2wγ(du)

≤ Cδ4(1 + |δ|)γ(1 + |η|)γ

∫

R

|f (r)
X (u)|2wγ(du), 1 ≤ r ≤ p (24)

and ∫

R

|F (r)
Z (u)|2wγ(du) ≤ C

∫

R

|F (r)
X (u)|2wγ(du), 1 ≤ r ≤ p. (25)

Proof. By Lemma 4,
∑p−1

i=0 sups |f (i)
X (s)| < ∞. Using conditioning, FZ(z) = EFX(z − Y ).

Then the Lebesgue dominated convergence theorem asserts that F ′
Z(z) = EF ′

X(z − Y ) by

letting δ → 0 in

FZ(z + δ)− FZ(z)

δ
= E

FX(z − Y + δ)− FX(z − Y )

δ
.

Higher order derivatives similarly follows in a recursive way and hence (22) holds. To

establish (24), by (22) and Cauchy’s inequality,

|F (r−1)
Z (u + δ + η)− F

(r−1)
Z (u + η)− δF

(r)
Z (u + η)|2

≤ E[|F (r−1)
X (u− Y + δ + η)− F

(r−1)
X (u− Y + η)− δF

(r)
X (u− Y + η)|2].

So (24) results from Lemma 2 with q = 1. A similar argument yields (23) and (25) via

(22). ♦
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Lemma 7. Assume (5) and E[|εl|max(γ,2)] < ∞. Then for all m ≥ κ, n ≥ 0 and 0 ≤ r ≤ p,

F
(r)
m+n(z) = EF (r)

m

(
z −

m+n−1∑

l=m

alεκ−l

)
, (26)

F (r)(z) = EF (r)
m

(
z −

∞∑

l=m

alεκ−l

)
. (27)

Moreover, there exists a C > 0 such that for all n, κ ≤ n ≤ ∞,

∫

R

|F (r)
n (u + δ + η)− F (r)

n (u + η)|2wγ(du)

≤ Cδ2(1 + |δ|)γ(1 + |η|)γ

∫

R

|f (r)
κ (u)|2wγ(du), 0 ≤ r ≤ p; (28)

∫

R

|F (r−1)
n (u + δ + η)− F (r−1)

n (u + η)− δF (r)
n (u + η)|2wγ(du)

≤ Cδ4(1 + |δ|)γ(1 + |η|)γ

∫

R

|f (r)
κ (u)|2wγ(du), 1 ≤ r ≤ p (29)

and ∫

R

|F (r)
n (u)|2wγ(du) ≤ C

∫

R

|F (r)
κ (u)|2wγ(du), 1 ≤ r ≤ p. (30)

Proof. Let X in Lemma 6 be Xκ,1 =
∑κ−1

l=0 alεκ−l. By (22), for m ≥ κ and n ≥ 0,

F
(r)
m+n(z) = EF

(r)
κ (z −∑m+n−1

l=κ alεκ−l) and F
(r)
m (u) = EF

(r)
κ (u −∑m−1

l=κ alεκ−l). Then (26)

follows by letting u = z−∑m+n−1
l=m alεκ−l in the latter identity and a smoothing argument.

Let n = ∞, then (27) is obtained. By Lemma 1, C = supn≥0 E[(1 + |∑∞
l=n alε−l|)γ] < ∞.

Thus (29), (28) or (30) follows from (24), (23) or (25) respectively. ♦

Lemma 8. Assume (5) and E[|εl|max(1+γ,2)] < ∞ and K ∈ K(γ) has the representation

K(x) =
∫ x

0
g(t)dt. Then

K∞(x) =

∫

R

g(t)[1(0 ≤ t)− F (t− x)]dt (31)

and K
(r)
∞ (x) = −(−1)r

∫
R

g(t)F (r)(t− x)dt, r = 1, . . . , p.

14



Proof. Recall that K∞(x) = E[K(X1 + x)]. Write K(x) =
∫
R

g(t)[1(0 ≤ t)− 1(x ≤ t)]dt.

To prove (31), by Fubini’s theorem it suffices to verify that

∫

R

|g(t)|E[|1(0 ≤ t)− 1(x + X1 ≤ t)|]dt

=

∫ 0

−∞
|g(t)|F (t− x)dt +

∫ ∞

0

|g(t)|[1− F (t− x)]dt < ∞.

Using Cauchy’s inequality, 0 ≤ F ≤ 1 and K ∈ K(γ) (hence
∫
R

g2(t)w−γ(dt) ≤ 1),

[∫ 0

−∞
|g(t)|F (t− x)dt

]2

≤
∫ 0

−∞
g2(t)w−γ(dt)

∫ 0

−∞
F (t− x)wγ(dt)

≤
∫ −x

−∞

∫ 0

y+x

wγ(dt)f(y)dy

≤
∫

R

(1 + |y + x|)1+γ

1 + γ
f(y)dy

≤ (1 + |x|)γ+1E(1 + |X1|)1+γ < ∞.

The finiteness of the second integral follows in a similar way. Next we compute the deriva-

tives of K∞. Let k(x; ε) = [K∞(x + ε)−K∞(x)]/ε and f(x; ε) = [F (x)− F (x− ε)]/ε. By

Cauchy’s inequality (29) and (31),

∣∣∣∣k(x; ε)−
∫

R

g(t)f(t− x)dt

∣∣∣∣
2

≤
∫

R

g2(t)w−γ(dt)

∫

R

[f(t− x; ε)− f(t− x)]2 wγ(dt)

≤ Cε2(1 + |ε|)γ(1 + |x|)γ

∫

R

|f (r)
κ (u)|2wγ(du) = O(ε2).

Hence K ′
∞(x) =

∫
R

g(t)f(t− x)dt. A simple induction yields higher order derivatives. ♦

Lemma 9. Assume (5) and E(|ε1|4+γ) < ∞. Then

∫

R

‖P1L(X̃n, t)‖2wγ(dt) = O(θ2
n,p). (32)

Proof. For notational convenience we write θn for θn,p. We shall first show that (32)

holds for 1 ≤ n ≤ κ. If θn = 0, then an−1 = 0 and hence P1L(X̃n, t) = 0. Thus

it suffices to verify that
∫
R
‖P1L(X̃n, t)‖2wγ(dt) ≤ ∫

R
‖L(X̃n, t)‖2wγ(dt) = O(1), which

15



follows from (30) asserting that
∫
R
|F (r)(u)|2wγ(du) < ∞ for 1 ≤ r ≤ p and

∫
R
‖1(Xn ≤

u)− F (u)‖2wγ(du) < ∞, an easy consequence of E[(1 + |X1|)1+γ] < ∞.

From now on we assume n ≥ κ + 1. Set δ = −an−1ε1 and η = −Xn,0. Since δ and η

are independent, by Lemma 1, E[|δ|4(1 + |δ|)γ(1 + |η|)γ] = O(a4
n−1). So inequality (29) in

Lemma 7 yields that for 1 ≤ α ≤ p,

∫

R

‖F (α−1)
n (t−Xn,1)− F (α−1)

n (t−Xn,0) + F (α)
n (t−Xn,0)an−1ε1‖2wγ(dt) = O(a4

n−1). (33)

By (26), F
(α−1)
n (y) = E[F

(α−1)
n−1 (y− an−1ε

′
1)− an−1ε

′
1F

(α)
n−1(y)]. Thus by Cauchy’s inequality

‖F (α−1)
n−1 (y)− F (α−1)

n (y)‖ ≤ ‖F (α−1)
n−1 (y)− F

(α−1)
n−1 (y − an−1ε

′
1) + an−1ε

′
1F

(α)
n−1(y)‖.

Again (29) in Lemma 7,

∫

R

‖F (α−1)
n−1 (t−Xn,1)− F (α−1)

n (t−Xn,1)‖2wγ(dt) = O(a4
n−1). (34)

Combine (33) and (34),

∫

R

‖F (α−1)
n−1 (t−Xn,1)− F (α−1)

n (t−Xn,0) + F (α)
n (t−Xn,0)an−1ε1‖2wγ(dt) = O(a4

n−1). (35)

Define

M (r)
n (X̃0, y) = F (r)

n (y −Xn,0) +

p∑
i=r

(−1)i+r+1F (i)(y)E[Un,i−r|X̃0]. (36)

Next we use the method of induction to establish that for 0 ≤ r ≤ p,

∫

R

‖M (r)
n (X̃0, t)‖2wγ(dt) = O[An(4) + Ap−r+1

n (2)]. (37)

When r = p, M
(r)
n (X̃0, t) = F

(p)
n (t − Xn,0) − F (p)(t). By (27), F (p)(t) = EF

(p)
n (t − X ′

n,0).

So

‖M (p)
n (X̃0, t)‖ ≤ ‖F (p)

n (t−Xn,0)− F (p)
n (t−X ′

n,0)‖ ≤ 2‖F (p)
n (t−Xn,0)− F (p)

n (t)‖

and by Lemma 1 and (28) in Lemma 7,

1

4

∫

R

‖M (p)
n (X̃0, t)‖2wγ(dt) ≤

∫

R

‖F (p)
n (t−Xn,0)− F (p)

n (t)‖2wγ(dt)

16



= O{E[|Xn,0|2(1 + |Xn,0|)γ]} = O[An(2)].

Now suppose (37) holds for 1 ≤ r = α ≤ p. To complete the induction it suffices to

consider r = α − 1. To this end, notice that the projection operators P−j are orthogonal,

we have

1

2

∫

R

‖M (α−1)
n (X̃0, t)‖2wγ(dt) =

1

2

∞∑
j=0

∫

R

‖P−jM
(α−1)
n (X̃0, t)‖2wγ(dt) ≤ In + Jn,

where

In =
∞∑

j=0

∫

R

‖P−jF
(α−1)
n (t−Xn,0) + F

(α)
n+j+1(t−Xn,−j−1)an+jε−j‖2wγ(dt)

and

Jn =
∞∑

j=0

∫

R

‖F (α)
n+j+1(t−Xn,−j−1)an+jε−j−

p∑
i=α−1

(−1)i+αF (i)(y)P−jE[Un,i−α+1|X̃0]‖2wγ(dt).

Observe that by (26) in Lemma 7,

P−jF
(α−1)
n (t−Xn,0) = F

(α−1)
n+j (t−Xn,−j)− F

(α−1)
n+j+1(t−Xn,−j−1).

Thus (35) ensures that In = O(
∑∞

j=0 a4
n+j) = O[An(4)]. Since P−jE[Un,i−α+1|X̃0] =

an+jε−jE[Un,i−α|X̃−j−1] if i ≥ α and vanishes if i = α − 1, the induction is now com-

pleted since by induction hypothesis

Jn =
∞∑

j=0

|an+j|2
∫

R

‖M (α)
n+j+1(X̃0, t)‖2wγ(dt) =

∞∑
j=0

a2
n+jO[An+j+1(4) + Ap−α+1

n+j+1(2)]

= O[An(4)] + An(2)O[An+1(4) + Ap−α+1
n+1 (2)] = O[An(4) + Ap−α+2

n+1 (2)].

Let Rn(t) = P11(Xn ≤ t) + an−1ε1F
′
n(t − Xn,0). Since P11(Xn ≤ t) = Fn−1(t −

Xn,1) − Fn(t − Xn,0), by (35),
∫
R
‖Rn(t)‖2wγ(dt) = O(a4

n−1). Observe that Rn(t) =

P1L(X̃n, t) + an−1ε1M
(1)
n (X̃0, t). Then by (37) with r = 1, we have

∫

R

‖P1L(X̃n, t)‖2wγ(dt) ≤ 2

∫

R

[‖Rn(t)‖2 + ‖an−1ε1M
(1)
n (X̃0, t)‖2]wγ(dt) = O(θ2

n),

complete the proof. ♦
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Lemma 10. Assume that E(ε4
1) < ∞ and that for all 0 ≤ i ≤ p, sups∈R |f (i)

1 (s)| < ∞.

Then for all s, ‖P1L(X̃n, s)‖ = O(θn).

Proof. The argument in the proof of Lemma 9 can be easily transplanted here with the

integral
∫
R

H(t)wγ(dt) (say) replaced by H(t). For example, since
∑p

i=0 sups∈R |f (i)
1 (s)| <

∞, (33) now becomes

‖F (α−1)
n (t−Xn,1)− F (α−1)

n (t−Xn,0) + F (α)
n (t−Xn,0)an−1ε1‖2 = O(a4

n−1);

(35) becomes

‖F (α−1)
n−1 (t−Xn,1)− F (α−1)

n (t−Xn,0) + F (α)
n (t−Xn,0)an−1ε1‖2 = O(a4

n−1)

and (37) becomes

‖M (r)
n (X̃0, t)‖2 = O[An(4) + Ap−r+1

n (2)].

It is easily seen that the induction in the proof of Lemma 9 still holds here. Thus Lemma 10

follows in a similar way. ♦

Lemma 11. Under the conditions of Theorem 1,

∫

R

‖Sn(t; p)‖2wγ(dt) = O(Ξn,p). (38)

Proof. Let λ2
n =

∫
R
‖P1L(X̃n, t)‖2wγ(dt) and a ∨ b = max(a, b). Note that PjSn(t; p),

−∞ < j ≤ n are orthogonal and PjL(X̃l; t) = 0 when l < j. Thus

∫

R

‖Sn(t; p)‖2wγ(dt) =
n∑

j=−∞

∫

R

‖PjSn(t; p)‖2wγ(dt)

≤
n∑

j=−∞
E

∫

R

{
n∑

l=1∨j

[PjL(X̃l; t)]
2

λl−j+1

}{
n∑

l=1∨j

λl−j+1

}
wγ(dt) =

n∑
j=−∞

[
n∑

l=1∨j

λl−j+1

]2

entails (38) since λn = O(θn) by Lemma 9. ♦
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Lemma 12. Let Wn(y; p) =
∑n

m=1 J(X̃m, y), where

J(X̃m, y) = Fκ(y −Xm,m−κ)−
p∑

r=0

(−1)rF (r)(y)
∑

κ≤i1<...<ir

r∏
q=1

aiqεm−iq .

Then under the conditions of Theorem 2 (or Theorem 3), we have

∫

R

‖P1J(X̃n, t)‖2wγ(dt) +

∫

R

‖P1∂J(X̃n, t)/∂t‖2wγ(dt) = O(θ2
n,p) (39)

and ∫

R

‖Wn(y; p)‖2wγ(dy) +

∫

R

‖∂Wn(y; p)/∂y‖2wγ(dy) = O(Ξn,p) (40)

(or ∫

R

‖P1∂J(X̃n, t)/∂t‖2dt +

∫

R

‖P1∂
2J(X̃n, t)/∂t2‖2dt = O(θ2

n,p) (41)

and ∫

R

‖∂Wn(y; p)/∂y‖2dy +

∫

R

‖∂2Wn(y; p)/∂y2‖2dy = O(Ξn,p) (42)

respectively).

Proof. The same argument in the proof of Lemma 9 yields that (7) and the moment con-

dition E(|ε1|4+γ) < ∞ implies (39), which leads to (40) in a similar manner as Lemma 11.

The proof for (41) and (42) can be carried out in a similar way. ♦

Let di(s) = 1(Xi ≤ s) − E[1(Xi ≤ s)|X̃i−1], Dn(s) =
∑n

i=1 di(s) and Gn(s) =

Dn(s)/
√

n. Chain-type argument is used in the proof of Lemma 13. Lemma 14 concerns

functional central limit theorem for Gn(s) in the Skorokhod space D(R). It is assumed

that f1 exists in these two lemmas. In Lemma 15 we consider the general case in which

there exists a κ ∈ N such that the density fκ exists.

Lemma 13. Assume that
∫
R

f 2
1 (t)wγ(dt) < ∞ and E(|X1|1+γ) < ∞. Then

E

[
sup
s∈R

(1 + |s|)γ|Gn(s)|2
]

= O(log2 n).
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Proof. For k ∈ Z let pk(t) = b2ktc/2k and qk(t) = b2kt + 1c/2k, where buc = max{k ∈ Z :

k ≤ u}. Set N = b2 log2 nc. Then by the triangle and Cauchy’s inequalities,

|Gn(t)|2 ≤
[
|Gn(p0(t))|+

N∑

k=1

|Gn(pk(t))−Gn(pk−1(t))|+ |Gn(t)−Gn(pN(t))|
]2

≤ (N + 2)

[
|Gn(p0(t))|2 +

N∑

k=1

|Gn(pk(t))−Gn(pk−1(t))|2

+|Gn(t)−Gn(pN(t))|2
]
. (43)

For the first two terms in the proceeding display, observe that

sup
t∈R

(1 + |t|)γ|Gn(p0(t))|2 ≤
∑

l∈Z
(2 + |l|)γ|Gn(l)|2, (44)

sup
t∈R

(1 + |t|)γ|Gn(pk(t))−Gn(pk−1(t))|2 ≤
∑

l∈Z
(1 +

|l|+ 1

2k
)γ

∣∣∣Gn(
l

2k
)−Gn(

l − 1

2k
)
∣∣∣
2

. (45)

After elementary manipulations, expectations of both terms are of order O(1) by using

the martingale structure in Gn, E[|Gn(l)|2] ≤ F (l)(1 − F (l)) and E[|Gn(x) − Gn(y)|2] ≤
|F (x)−F (y)| together with the moment condition E(|X1|1+γ) < ∞. As to the third term,

we have |F1(y) − F1(x)| ≤ ∫ y

x
f 2

1 (u)wγ(du)
∫ y

x
w−γ(du) by Cauchy’s inequality. Note that

supt∈R(1 + |t|)γ
∫ qN (t)

pN (t)
w−γ(du) = O(2−N). Again by Cauchy’s inequality, for all t ∈ R,

(1 + |t|)γ

{
n∑

i=1

E[1(pN(t) < Xi ≤ qN(t))|X̃i−1]

}2

≤ (1 + |t|)γ

{
n∑

i=1

∫ qN (t)

pN (t)

f1(v −X i,i−1)dv

}2

=
O(n)

2N

n∑
i=1

∫ qN (t)

pN (t)

f 2
1 (v −X i,i−1)wγ(dv)

≤ O(n)

2N

n∑
i=1

(1 + |X i,i−1|)γ

∫

R

f 2
1 (v)wγ(dv)

which entails E[supt∈R(1 + |t|)γ|Gn(t)−Gn(pN(t))|2] = O(1) by (45) and

− 1√
n

n∑
i=1

E[1(pN(t) < Xi ≤ qN(t))|X̃i−1] ≤ Gn(t)−Gn(pN(t))
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≤ Gn(qN(t))−Gn(pN(t)) +
1√
n

n∑
i=1

E[1(pN(t) < Xi ≤ qN(t))|X̃i−1].

Therefore the lemma follows from (43), (44) and (45). ♦

Lemma 14. Assume
∫
R
[f 2

1 (s) + |f ′1(s)|2]ds < ∞. Then Gn(s) ⇒ G(s) in the space D(R),

where G(s) is a Gaussian process with mean 0 and covariance function E[G(s)G(t)] =

E[d1(s)d1(t)].

Proof. The martingale central limit theorem clearly entails the finite dimensional conver-

gence of Gn(·). For the tightness, we need to show that for each ε, η > 0, there is a δ > 0

such that P[sup|s−t|<δ |Gn(s)−Gn(t)| > ε] ≤ η for large n. Since

⋃

|s−t|<δ

{|Gn(s)−Gn(t)| > ε} ⊆
⋃

k∈Z

{
sup

kδ≤t≤(k+1)δ

|Gn(t)−Gn(kδ)| > ε

3

}
,

the tightness follows from the stronger statement

∑

k∈Z

P

[
sup

kδ≤t≤(k+1)δ

|Gn(t)−Gn(kδ)| > ε

]
≤ η (46)

for large n. To this end, we shall adopt the argument of Theorem 22.1 in Billingsley (1968).

Let c0 = sup f1(s), δ = ε4η, m = b8ε3ηc0

√
nc+ 1 and p = δ/m < ε/(8c0

√
n); let Ik = Ik(δ)

be the interval [kδ, (k + 1)δ]. Observe that E[1(s ≤ Xi ≤ s + p)|X̃i−1] ≤ pc0. Then as in

the proof of the inequality (22.17) in Billingsley (1968), we have for s ≤ t ≤ s + p that

|Gn(t)−Gn(s)| ≤ |Gn(s + p)−Gn(s)|+ pc0

√
n,

which implies as in the proof of the inequality (22.18) in Billingsley (1968) that

sup
t∈Ik

|Gn(t)−Gn(kδ)| ≤ 3 max
i≤m

|Gn(kδ + ip)−Gn(kδ)|+ pc0

√
n. (47)
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For y > x let di = di(y) − di(x). Then |di| ≤ 1 and E(d2
i ) ≤ F (y) − F (x). In the

sequel of the proof, C stands for absolute constant which may vary from line to line. By

the Burkholder inequality,

E[|Gn(y)−Gn(x)|4] ≤ C

n2
E[(d2

1 + . . . + d2
n)2]

≤ C

n2
E

{
n∑

i=1

[d2
i − E(d2

i |Xi−1)]

}2

+
C

n2
E

[
n∑

i=1

E(d2
i |Xi−1)

]2

≤ C

n
‖d2

1 − E(d2
1|X0)‖2 + C‖E(d2

1|X0)‖2

≤ C

n
[F (y)− F (x)] + CE{[F1(y −X1,0)− F1(x−X1,0)]

2}, (48)

where in the third inequality we have used the orthogonality of the martingale differences

d2
i − E(d2

i |Xi−1), 1 ≤ i ≤ n. Let αk = αk(δ) = E[supz∈Ik
f 2

1 (z −X1,0)]. By Lemma 4 and

noting that
∫
R

f1
2(u−X1,0)du =

∫
R

f 2
1 (u)du,

δ
∑

k∈Z

αk ≤ δ
∑

k∈Z

E

[
2

δ

∫

Ik

f 2
1 (u−X1,0)du + 2δ

∫

Ik

f ′1
2
(u−X1,0)du

]

= 2

∫

R

f 2
1 (u)du + 2δ2

∫

R

f ′1
2
(u)du. (49)

Note that for x, y ∈ Ik, |F1(y −X1,0)− F1(x−X1,0)| ≤ |y − x| supz∈Ik
f1(z −X1,0). Then

E{[F1(y −X1,0)− F1(x−X1,0)]
2} ≤ (y − x)2αk.

For 1 ≤ i ≤ m define

Zi = Zi,k,n(p, δ) = Gn(ip + kδ)−Gn((i− 1)p + kδ),

∆i = ∆i,k(p, δ) = P((i− 1)p + kδ ≤ X1 ≤ ip + kδ)

and ui = ui,k,n(p, δ) =
√

∆i/n + p
√

αk. Then for 1 ≤ i < j ≤ m,

E[(Zi+1 + . . . + Zj)
4] ≤ C(ui+1 + . . . + uj)

2 (50)

by letting x = ip+kδ and y = jp+kδ in (48) after some elementary calculations. Theorem

12.2 in Billingsley (1968) asserts that (50) implies

P

[
max

0≤i≤m
|Z1 + . . . + Zi| ≥ ε

8

]
≤ C

ε4
(u1 + . . . + um)2 ≤ C

ε4

[m

n
P(X1 ∈ Ik) + m2p2αk

]
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since ∆1 + . . . + ∆m = P(X1 ∈ Ik). Thus (46) follows from (47), (49) and

∑

k∈Z

P

[
sup
t∈Ik

|G(t)−G(kδ)| > ε

2

]
≤ C

ε4

[
m

n
+ δ2

∑

k∈Z

αk

]
= Cη

[
1

np
+ δ

∑

k∈Z

αk

]

by noticing that
∑

k∈Z P(X1 ∈ Ik) = 1, np →∞ and pc0

√
n ≤ ε/8. ♦

Lemma 15. Let G∗
n(s) = n−1/2

∑n
m=1[1(Xm ≤ s) − E(1(Xm ≤ s)|X̃m−κ)]. (a) Assume

that E(|X1|1+γ) < ∞, fκ exists for some κ ∈ N and
∫
R

f 2
κ(t)wγ(dt) < ∞. Then

E

[
sup
s∈R

(1 + |s|)γ|G∗
n(s)|2

]
= O(log2 n).

(b) Assume
∫
R
|[f 2

κ(s) + |f ′κ(s)|2]ds < ∞ for some integer κ > 0. Then the process

{G∗
n(s), s ∈ R} is tight and sups∈R |G∗

n(s)| = OP(1).

Proof. For 1 ≤ j ≤ κ let

M∗
n,j(s) =

n−1∑
i=0

[1(Xiκ+j ≤ s)− E(1(Xiκ+j ≤ s)|X̃(i−1)κ+j)].

(a) A similar argument as in the proof of Lemma 13 ensures that

E

[
sup
s∈R

(1 + |s|)γ|M∗
n,j(s)|2

]
= O(log2 n)

for each 1 ≤ j ≤ κ. (b) Similarly, a careful examination of the proof of Lemma 14 reveals

that the process {n−1/2M∗
n,j(s), s ∈ R} is tight and converges to a Gaussian process with

mean 0 and covariance function

Γ(s, t) = E{[1(Xκ ≤ s)− E(1(Xκ ≤ s)|X̃0)]× [1(Xκ ≤ t)− E(1(Xκ ≤ t)|X̃0)]}

for each 1 ≤ j ≤ κ. So the lemma follows in view of G∗
nκ(s) =

∑κ
j=1 M∗

n,j(s)/
√

nκ. ♦

Proof of the Theorem 1. Let K(x) =
∫ x

0
gK(t)dt. By Lemma 8, under the condition (5) we

can write Sn(K) = − ∫
R

gK(t)Sn(t; p)dt. Hence Cauchy’s inequality gives

E∗
[

sup
K∈K(γ)

|Sn(K; p)|2
]
≤ E∗

[
sup

K∈K(γ)

∫

R

g2
K(t)w−γ(dt)

∫

R

|Sn(t; p)|2wγ(dt)

]
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≤
∫

R

‖Sn(t; p)‖2wγ(dt)

which proves the theorem by (38) of Lemma 11. ♦

Proof of Theorem 2. Without loss of generality let κ = 1. Define

Vm,r =
∑

1≤i1<...<ir

r∏
q=1

aiqεm−iq .

Then Um,r − Vm,r = εm

∑
1≤i2<...<ir

∏r
q=2 aiqεm−iq form stationary martingale differences

and thus ‖∑n
i=1(Ui,r − Vi,r)‖2 = O(n). Now write

Sn(y; p) =
√

nGn(y) + Wn(y; p) +
n∑

m=1

p∑
r=1

(−1)rF (r)(y)(Vm,r − Um,r), (51)

where Wn(y; p) =
∑n

m=1 J(X̃m, y) and

J(X̃i, y) = F1(y −X i,i−1)−
p∑

r=0

(−1)rF (r)(y)Vi,r

is σ(Xi−1) measurable. By Lemma 13, E [sups∈R(1 + |s|)γ|Gn(s)|2] = O(log2 n). To com-

plete the proof it suffices to verify that

sup
s∈R

[(1 + |s|)γ|f (r)(s)|2] < ∞, 0 ≤ r ≤ p− 1 (52)

and

E

[
sup
y∈R

(1 + |y|)γ |Wn(y; p)|2
]

= O(Ξn,p). (53)

Let gr(s) = (1 + |s|)γ|f (r)
1 (s)|2. By Lemma 4, sups∈R gr(s) < ∞ under (7). Hence by

(27) and Cauchy’s inequality, (52) follows from

sup
s∈R

[(1 + |s|)γ|f (r)(s)|2] ≤ E

{
sup
s∈R

[(1 + |s|)γ|f (r)
1 (s−X1,0)|2]

}

≤ E

{
sup
s∈R

[(1 + |s−X1,0|)γ|f (r)
1 (s−X1,0)|2](1 + |X1,0|)γ

}

≤ C sup
s∈R

gr(s)E[(1 + |X1,0|)γ] < ∞.
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For (53), again by Lemma 4,

E

[
sup
y∈R

(1 + |y|)γ |Wn(y; p)|2
]
≤ 21+2γ

∫

R

[‖Wn(y; p)‖2 + ‖∂Wn(y; p)/∂y‖2]wγ(dy)

= O(Ξn,p)

due to (40) of Lemma 12. ♦

Proof of Corollary 1. The case I = 0 follows from Theorem 1 and Lemma 5. For I > 0

to avoid nonessential complications we consider the special case I = 1. Let K(x, s) =

K1(x)1(x ≤ s)+K2(x)1(x > s), where Ki ∈ K(γ) and |Ki(s)| ≤ (1+ |s|)γ/2; let K∗
1(x, s) =

K1(x)1(x ≤ s)+K1(s)1(x > s). Then for all s, K∗
1(·, s)−K∗

1(0, s) ∈ K(γ). By Theorem 1,

E∗
[

sup
K1∈K(γ),s∈R

|Sn(K∗
1(·, s); p)|2

]
= O(Ξn,p).

Since |K1(s)| ≤ (1 + |s|)γ/2, by Theorem 2,

E

[
sup
t∈R

(1 + |t|)γ|Sn(1(· > t); p)|2
]

= O (
n log2 n + Ξn,p

)
,

which implies (9) by

E∗
[

sup
K1∈K(γ),s∈R

|Sn(K1(·)1(· > s); p)|2
]

= O (
n log2 n + Ξn,p

)

in view of Sn(L + M ; p) = Sn(L; p) + Sn(M ; p). ♦

Proof of Theorem 3. (i) Once again we assume without loss of generality that κ = 1. The

finite dimensional convergence easily results from Lemmas 3 and 10 by letting ξi = X̃i and

h(ξi) = L(X̃i, y) since
∑∞

n=1 θn,p < ∞. For tightness, we shall use (51). By Lemma 4,

sups∈R |f (r)
1 (s)| < ∞ for r ≤ p + 1. Hence by (27), sups∈R |f (r)(s)| < ∞. Lemma 15

guarantees that Gn(s) is tight. By Lemma 4 and (42) of Lemma 12,

E

[
sup
y∈R

∣∣∣∣
∂Wn(s)

∂s

∣∣∣∣
2
]
≤ 2

∫

R

[‖∂Wn(y; p)/∂y‖2 + ‖∂2Wn(y; p)/∂y2‖2]dy = O(Ξn,p).
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Observe that O(Ξn,p) = O(n) by (a) and (c) of Lemma 5. Then Wn(s)/
√

n is tight since

|Wn(s)−Wn(t)| ≤ |t− s| sups∈R |∂Wn(s)/∂s|.
(ii) By Corollary 1 with γ = 0, sups |Sn(s; p+1)|/σn,p+1 = oP(1) since (p+1)(2β−1) < 1.

Hence (14) follows from
∑n

k=1 Un,p+1/σn,p+1 ⇒ Zp+1,β (Surgailis, 1982). ♦

Proof of Corollary 2. Assume κ = 1. (i) It trivially follows from (i) of Theorem 3 with p = 0

and β = 1. (ii) We shall use the decomposition (51). By Lemma 15, supy∈R |Gn(y)| =

OP(1). Since supy f(y) < ∞ and Vm,1 − Um,1 = −εm, it then suffices to establish that
∑n

m=1 J(X̃i, s)/σ̃n ⇒ f(s)Z in the space D(R). By Lemma 4, (40) of Lemma 12 and

Lemma 5, (12) yields

E



sup

y∈R

∣∣∣∣∣
n∑

i=1

[F1(y −X i,i−1)− F (y) + f(y)X i,i−1]

∣∣∣∣∣

2


 = O(Ξn,1) = O(n),

which completes the proof in view of
∑n

i=1 X i,i−1/σ̃n ⇒ Z (see for example, Davydov

(1970)) and
√

n = o(σ̃n). ♦

Proof of Theorem 4. Observe that the class {Hq(·,m)/C : m ∈ M(δ0), 1 ≤ q ≤ d} is a

subset of Kp under Assumption 1 and conditions in Theorem 4. So Corollary 3 is applicable;

and Theorem 4 then follows from the standard argument for asymptotic distributions of

M -estimators (see Theorem 5.21, van der Vaart 1998). ♦
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Ho, H.-C. and Hsing, T. (1996) On the asymptotic expansion of the empirical process of

long-memory moving averages. Ann. Statist., 24, 992–1024.

Ho, H.-C. and Hsing, T. (1997) Limit theorems for functionals of moving averages. Ann.

Probab., 25, 1636–1669.

Hoeffding, W. and Robbins, H. (1948) The central limit theorem for dependent random

27



variables. Duke Math. J., 15, 773–780.

Koul, H.L. and Surgailis, D. (1997) Asymptotic expansion of M -estimators with long-

memory errors. Ann. Statist., 25, 818–850.

Koul, H.L. and Surgailis, D. (2002) Asymptotic expansion of the empirical process of

long memory moving averages. In H. Dehling, T. Mikosch and M. Sorensen (eds),

Empirical Process Techniques for Dependent Data, pp. 213–239. Boston: Birkhäuser.
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