CHAPTER 8

Ancillary statistics

8.1 Introduction

In problems of parametric inference, an ancillary statistic is one whose distribution is the same for
all parameter values. This is the simplest definition and the one that will be used here. Certain
other authors, e.g. Cox & Hinkley (1974), require that the statistic in question be a component
of the minimal sufficient statistic, and this is often a reasonable requirement if only to ensure
uniqueness in certain special cases. More complicated definitions are required to deal satisfactorily
with the case where nuisance parameters are present. For simplicity, nuisance parameters are not
considered here.

Ancillary statistics usually arise in one of two ways. One simple example of each will suffice to
show that no frequency theory of inference can be considered entirely satisfactory or complete if
ancillary statistics are ignored. Even an approximate theory must attempt to come to grips with
conditional inference if approximations beyond the first order are contemplated.

The first and most common way in which an ancillary statistic occurs is as a random sample
size or other random index identifying the experiment actually performed. Suppose that N is a
random variable whose probability distribution is

pr(N =1)=0.5, pr(N = 100) = 0.5.

Conditionally on N = n, the random variables Y7,...,Y,, are normally distributed with mean 6
and unit variance. On the basis of the observed values n and 1, ..., y,, probabilistic statements
concerning the value of 6 are required.

The same problem can be posed in a number of ways. For instance, either of two machines can
be used to measure a certain quantity . Both machines are unbiased, the first with variance 1.0,
the second with variance 1/100. A machine is selected at random; a measurement is taken and the
machine used is recorded.

In the first case IV is ancillary: in the second case the indicator variable for the machine used is
an ancillary statistic. In either case, the ancillary statistic serves as an index or indicator for the
experiment actually performed.

Whatever the distribution of IV, few statisticians would quarrel with the statement that 0="Yy
is normally distributed with mean 6 and variance 1/N, even though N is a random variable.
Implicitly, we invoke the conditionality principle, which states that values of the ancillary other
than that observed are irrelevant for the purposes of inference. The unconditional variance of é,
namely F(1/N)=1/2+1/200 = 0.505, is relevant only if N is not observed and if its distribution
as stated above is correct.

In fact, ancillary statistics of this kind arise frequently in scientific work where observations are
often censored or unavailable for reasons not connected with the phenomenon under investigation.
Accidents will happen, so the saying goes.

The second type of ancillary arises in the context of a translation model or, more generally,
a group transformation model. To take a very simple example, suppose that Yi,...,Y, are
independent and identically distributed uniformly on the interval (0,6 4+ 1). This is an instance
of a non-regular problem in which the sample space is parameter dependent. The sufficient
statistic is the pair of extreme values, (Y(1),Y(,)), or equivalently, the minimum Y{;) and the
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8.2 JOINT CUMULANTS 191

range R = Y(,) — Y(1). Clearly, by invariance, the distribution of R is unaffected by the value of 6
and hence R is ancillary. Given that R = r, the conditional distribution of Y1 is uniform on the
interval (6, 6+1—r). Equivalently, the conditional distribution of Y{,) = Y{1) + 7 is uniform over
the interval(6+r, 0+1). Either conditional distribution leads to conditional equi-tailed confidence
intervals

(v — (1 =r)1=-a/2), ya)— (1 -r)a/2} (8.1)

at level 1 — . Although these intervals also have the required coverage probability unconditionally
as well as conditionally, their unconditional properties seem irrelevant if the aim is to summarise
the information in the data concerning the value of 6.

On the other hand, if the ancillary is ignored, we may base our inferences on the pivot Y(;) — 0
whose density is n(1 — y)" ! over the interval (0,1). If n = 2,

(Ya) — 0.7764, Y3y — 0.0253) (8.2)

is an exact equi-tailed 90% confidence interval for 8. Even though it is technically correct and
exact, the problem with this statement is that it is inadequate as a summary of the data actually
observed. In fact, if R = 0.77, not a particularly extreme value, the conditional coverage of (8.2) is
approximately 96% rather than the 90% quoted. At the other extreme, if R > 0.975, the conditional
coverage of (8.2) is exactly zero so that the unconditional 90% coverage is quite misleading.

These examples demonstrate the poverty of any frequency theory of inference that ignores
ancillary statistics. Having made that point, it must be stated that the difficulties involved
in establishing a coherent frequency theory of conditional inference are formidable. Current
procedures, even for an approximate conditional theory, are incomplete although much progress has
been made in the past decade. Two difficulties are connected with the existence and uniqueness of
ancillary statistics. In general, exactly ancillary statistics need not exist. Even where they do exist
they need not be unique. If two ancillary statistics exist, they are not, in general, jointly ancillary
and an additional criterion may be required to choose between them (Cox, 1971). One device that
is quite sensible is to require ancillaries to be functions of the minimal sufficient statistic. Even this
does not guarantee uniqueness. Exercises 8.2—8.4 discuss one example where the maximal ancillary
is not unique but where the conclusions given such an ancillary are unaffected by the choice of
ancillary.

Given the overwhelming magnitude of these difficulties, it appears impossible to devise an exact
frequency theory of conditional inference to cover the most general cases. For these reasons, we
concentrate here on approximate theories based on statistics that are ancillary in a suitably defined
approximate sense. It is tempting here to make a virtue out of necessity, but the approximate theory
does have the advantage of greater ‘continuity’ between those models for which exact analysis is
possible and the majority of models for which no exact theory exists.

8.2 Joint cumulants

8.2.1 Joint cumulants of A and U

Suppose that A has a distribution not depending on the parameter #. The moments and cumulants
do not depend on 6 and hence their derivatives with respect to § must vanish. Thus, differentiation
of

E(A(Y)) = [ Aw)fy (:0)dy = const

with respect to @ gives

/ A()ur(8:9) fy (4 0)dy = cov(A, Uy) = 0.
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This final step assumes the usual regularity condition that it is legitimate to interchange the
order of differentiation and integration. In particular, the sample space must be the same for all
parameter values.

Further differentiation gives

COV(A7 U[rs]) = 0; COV(A, U[rsﬂ) = O, e

and so on.
If A is ancillary, all functions of A are also ancillary. Hence it follows that the joint cumulants

k3(A, A, U,) =0, ka(A A AU =0, ...
HS(Aa A, U[rs]) =0, K4(A7 A A, U[rs]) =0,...

also vanish. These results extend readily to higher-order joint cumulants provided that these
cumulants involve one of Uy, Uyg), Uprgy, - - - €xactly once.

In general, although U, is uncorrelated with A and with all functions of A, the conditional
variance of U,. given A may be heavily dependent on the value of A. For instance, if A is a random
sample size, the conditional covariance matrix of U, given A = a is directly proportional to a.

These results apply to any exact ancillary whatsoever: they also apply approximately to any
approximate ancillary suitably defined.

8.2.2 Conditional cumulants given A

The conditional distribution of the data given A = a is

fyia(la;0) = fy(y;0)/fa(a).

Hence, the conditional log likelihood differs from the unconditional log likelihood by a function not
involving 0. Derivatives with respect to 6 of the conditional log likelihood are therefore identical
to derivatives of the unconditional log likelihood. With some exceptions as noted below, the
conditional cumulants are different from the unconditional cumulants. In particular, it follows
from differentiating the identity

/fY\A(y|a§ 0)=1

that the following identities hold

E(U,|A) =0
E(U[T‘S]|A) =0
E(UpsglA) = 0.

Thus, the Bartlett identities (7.2) for the null cumulants of log likelihood derivatives are true
conditionally on the value any ancillary statistic as well as unconditionally. Other cumulants or
combinations of cumulants are affected by conditioning in a way that depends on the particular
ancillary selected.
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8.3 Local ancillarity

Exactly ancillary statistics arise usually in one of two ways, either as a random sample size or other
index of the experiment actually performed, or as as a configuration statistic in location problems.
These instances of exactly ancillary statistics are really rather special and in the majority of
problems, no exactly ancillary statistic exists. In some cases it is known that no exact ancillary
exists: in other cases no exact ancillary is known and it is suspected that none exists. For that
reason, we concentrate our attention here on statistics that are approximately ancillary in some
suitable sense.

Let 6y be an arbitrary but specified parameter value and let A = A(Y;6y) be a candidate
ancillary statistic. If the distribution of A is approximately the same for all parameter values in
some suitably chosen neighbourhood of 6y, we say that A is approximately ancillary or locally
ancillary in the vicinity of 63. More precisely, if the distribution of A under the density evaluated
at Oy + n~Y25 satisfies

fa(a; 00+ n71/25) = fa(a;60){1 + O(rfq/Q)}, (8.3)

we say that A is gth-order locally ancillary in the vicinity of 8y (Cox, 1980). Two approximations
are involved in this definition of approximate ancillarity. First, there is the O(n~%2) tolerance
in (8.3), where n is the sample size or other measure of the extent of the observational record.
Second, the definition is local, applying only to parameter values in an O(n’l/z) neighbourhood
of the target value, 6y. The latter restriction is reasonable, at least in large samples, because if
fp is the true parameter point, the likelihood function eventually becomes negligible outside this
O(n~Y?) neighbourhood.
From (8.3) it can be seen that the log likelihood based on A satisfies

40 +n~28) = 14(60) + O(n=V?). (8.4)

Since 91/00 = n*?01/d5, it follows that the Fisher information based on A for 6 at 6y must be
O(n'~9/2) at most. This criterion is also used as a definition of approximate ancillarity.

If the distribution of A can be approximated by an Edgeworth series in which the cumulants
are K1, K2, K3, - .., condition (8.3) is equivalent to

Vi = k(00 + 17 728) — k,(00) = O(n~?), r=1,2,... (8.5)

provided that A has been standardized so that A — k1(6p) is O,(1). Since &, is O(n'="/2), it is
necessary only to check the first ¢ cumulants of A in order to verify the property of local ancillarity.
Usually (8.5) is much easier to verify than (8.3). Note, however, that A is usually a vector or array
of random variables so that the rth cumulant array has a large number of components, each of
which must satisfy (8.5).

We now proceed to show that approximately ancillary statistics exist and that they may be
constructed from log likelihood derivatives. Since there is little merit in considering derivatives
that are not tensors, we work with the tensorial derivatives V;., V;.s,... at g, as defined in (7.6).
These derivatives are assumed to be based on n independent observations, to be asymptotically
normal and to have all cumulants of order O(n).

Under 6y, the expectation of V.5 is nv,.s. By (7.4), the expectation of V,.5 under the density at
0o + n=Y2§ is

n{vps + vps 0% + Vi [i510°67/ (2n) + -+ -}

In terms of the standardized random variables Z,, = n~Y2(V,; — nv,,), which are Op(1) both
under 6y and under the density at 6y + 6/n*?, we have

E(er§ 0o + 5/n1/2) = Vrs,ifsi + nil/ZVrs,[ij]éidj/2 + O(nil)'
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Thus, since v,.5,; = 0, it follows from (8.5) that Z, is first-order locally ancillary in the vicinity of
0p. Hence V.5, the tensorial array of second derivatives, is first-order locally ancillary.

A similar argument shows that V. is also first-order locally ancillary but not ancillary to second
order.

To construct a statistic that is second-order locally ancillary, we begin with a first-order ancillary
statistic, Z,s, that is O,(1) and aim to make a suitable adjustment of order O,(n~?). Thus, we

seek coefficients 3%, 3% such that the cumulants of

Aps = Zps — 2B 2,2 — = 2B0I* 7,75, (8.6)

satisfy the ancillarity conditions up to second order. Since ancillarity is preserved under transfor-
mation, it is unnecessary in (8.6) to include quadratic terms in Z,.;. The differences between the
cumulants of Z,., Z,, under 6y and under 6y + n~Y2§ are given by

VE(ZT) _I/H(Sl-i—n 2, 1516'69/2 + O(n)
VE(Zys) =n" v, 170°69/2 + O(n™1)
Veov(Zy, Zs) =n v, .6 + O(n 1Y)
Veov(Zy, Zs) =n" /1/”“51—1—0( )

It follows that the mean of A, changes by an amount
VE(A.s) = n_l/Q{VTsy[iﬂ - Zﬂfglui7kyj7l}5i5j +0(n™t).
Thus, if we choose the coefficients
0 = vy 2, (8.7)

it follows that VE(A,s) = O(n™1) as required. The coefficients 8% are uniquely determined by
second-order ancillarity.

To find the remaining coeficients, it is necessary to compute V cov(A;s, Az, ) and to ensure that
this difference is O(n!). Calculations similar to those given above show that

V cov(Ars, Aw) = 10 2 Vs 100" — BE* 0k turi0'2]} + O(n ).

The coefficients 3%/ are not uniquely determined by the requirement of second-order ancillarity
unless the initial first-order statistic is a scalar. Any set of coefficients that satisfies

{ﬁldkl/jk)tu + ﬂz;{kl/jk,rs}’/i;v = Vrs,tuv (88)

gives rise to a statistic that is locally ancillary to second order. If, to the order considered, all
such ancillaries gave rise to the same sample space conditionally, non-uniqueness would not be a
problem. In fact, however, two second-order ancillaries constructed in the above manner need not
be jointly ancillary to the same order.

So far, we have not imposed the obvious requirement that the coefficients ﬁﬁ’sjk should satisfy
the transformation laws of a tensor. Certainly, (8.8) permits non-tensorial solutions. With the
restriction to tensorial solutions, it might appear that the only solution to (8.8) is

1,7k tu,jk. i,v
" = Vrs oV 2,

where "%t is a generalized inverse of Vps tu- Without doubt, this is the most obvious and most

‘reasonable’ solution, but it is readily demonstrated that it is not unique. For instance, if we define
the tensor €% by

i,jk _ i

GTSJ Vik tu = {Vrs,t,u,v - Vr,s,tu,v}’/ y
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it is easily seen that £57% 4 ¢2J% is also a solution to (8.8). In fact, any scalar multiple of € can be
used here.

It is certainly possible to devise further conditions that would guarantee uniqueness or,
alternatively, to devise criteria in order to select the most ‘relevant’ of the possible approximate
ancillaries. In the remainder of this section, however, our choice is to tolerate the non-uniqueness
and to explore its consequences for conditional inference.

The construction used here for improving the order of ancillarity is taken from Cox (1980), who
considered the case of one-dimensional ancillary statistics, and from McCullagh (1984a), who dealt
with the more general case. Skovgaard (1986¢) shows that, under suitable regularity conditions, the
order of ancillarity may be improved indefinitely by successive adjustments of decreasing orders.
Whether it is desirable in practice to go much beyond second or third order is quite another matter.

8.4 Stable combinations of cumulants

In Section 8.2.2, it was shown that, conditionally on any ancillary however selected, certain
combinations of cumulants of log likelihood derivatives are identically zero. Such combinations
whose value is unaffected by conditioning may be said to be stable. Thus, for instance, v; and
vij +v; ; are identically zero whether we condition on A or not. It is important to recognize stable
combinations in order to determine the effect, if any, of the choice of ancillary on the conclusions
reached.

In this section, we demonstrate that, for the type of ancillary considered in the previous section,
certain cumulants and cumulant combinations, while not exactly stable, are at least stable to first
order in n. By way of example, it will be shown that v; ; 1 ; and v;; 1, are both unstable but that
the combination

Vi jkd — Vij ki3] (8.9)

is stable to first order.

Suppose then that A, with components A,., is ancillary, either exactly, or approximately to some
suitable order. Tt is assumed that the joint distribution of (A, V;, V;;) may be approximated by an
Edgeworth series and that all joint cumulants are O(n). The dimension of A need not equal p but

must be fixed as n — co. The mean and variance of A are taken to be 0 and nA, s respectively.
Thus, A, = Op(n'?) and A” = n 1\ A, is Op(n~ ).
From the results given in Section 5.6, the conditional covariance of V; and Vj is

ka(Vi, VilA) = n{vij + v j A7+ O(n 1)}
= vy j + O(n'?),
where v,.; ; is the third-order joint cumulant of A,, V;, V;. Note that the ancillarity property
cov(Ap, Vi) =vp; =0
greatly simplifies these calculations. Similarly, in the case of the third cumulant, we have
r3(Vi, Vi, Vil A) = n{vije + vrignA” + 0™}
= i gk + O0(n'?),

Thus, to first order at least, v;; and v; ; are unaffected by conditioning. We say that these
cumulants are stable to first order.

On the other hand, from the final equation in Section 5.6.2, we find that the conditional fourth
cumulant of V;, V;, Vi, V; given A is

ka(Vi, Vi Ve VIIA) = 0w jkt — vesi vsina A7 [3] + O(n 2}
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In this case, unlike the previous two calculations, conditioning has a substantial effect on the
leading term. Thus, v; ; , is unstable to first order: its interpretation is heavily dependent on the
conditioning event.

Continuing in this way, it may be seen that the conditional covariance matrix of V;; and Vj; is

k2 (Vij, Vi A) = n{vij it — vesijvsmA™*[3] + O(n™2)}.

Again, this is an unstable cumulant. However, from the identity vy.;; = —v}.; ; it follows that the
combination

ka(Vi, Vi, Vie, Vil A) = k2 (Vig, Vial A)[8] = n{vi et = vijaa[3] + O(n ™)}
is stable to first order. Similarly, the conditional third cumulant
k3(Vi, Vi, Vi A) = n{vijut — Vi jus A + O(n2)},

is unstable, whereas the combination
Vijkl + Vij,kl (8.10)

is stable to first order.

These calculations are entirely independent of the choice of ancillary. They do not apply to
the random sample size example discussed in Section 8.1 unless p = E(N) — oo, var(N) = O(p)
and certain other conditions are satisfied. However, the calculations do apply to the approximate
ancillary constructed in the previous section. Note that, conditionally on the ancillary (8.6), the
conditional covariance of V;; and Vi is reduced from O(n) to O(1), whereas the third-order joint
cumulant of V;, V; and Vj,; remains O(n). This is a consequence of the stability of the combination
(8.10).

In this context, it is interesting to note that the Bartlett adjustment factor (7.13) is a
combination of the four stable combinations derived here. It follows that, up to and including terms
of order O(n™1), the likelihood ratio statistic is independent of all ancillary and approximately
ancillary statistics.

8.5 Orthogonal statistic

Numerical computation of conditional distributions and conditional tail areas is often a complicated
unappealing task. In many simple problems, particularly those involving the normal-theory linear
model, the problem can be simplified to a great extent by ‘regressing out’ the conditioning statistic
and forming a ‘pivot’ that is independent of the conditioning statistic. In normal-theory and other
regression problems, the reasons for conditioning are usually connected with the elimination of
nuisance parameters, but the same device of constructing a pivotal statistic can also be used to
help cope with ancillary statistics. The idea is to start with an arbitrary statistic, V; say, and by
making a suitable minor adjustment, ensure that the adjusted statistic, .5;, is independent of the
ancillary to the order required. Inference can then be based on the marginal distribution of .S;:
this procedure is sometimes labelled ‘conditional inference without tears’ or ‘conditional inference
without conditioning’.

In those special cases where there is a complete sufficient statistic, .S, for the parameters, Basu’s
theorem (Basu, 1955, 1958) tells us that all ancillaries are independent of S. This happy state of
affairs means that inferences based on the marginal distribution of S are automatically conditional
and are safe from conditionality criticisms of the type levelled in Section 8.1. By the same token,
the result given at the end of the previous section shows that the maximized likelihood ratio
statistic is similarly independent of all ancillaries and of approximate ancillaries to third order



8.5 ORTHOGONAL STATISTIC 197

in n. Inferences based on the marginal distribution of the likelihood ratio statistic are, in large
measure, protected against criticism on grounds of conditionality.

The score statistic, V;, is asymptotically independent of all ancillaries, but only to first order
in n. In other words, cov(V;, A) = 0 for all ancillaries. First-order independence is a very weak
requirement and is occasionally unsatisfactory if n is not very large or if the ancillary takes on
an unusual or extreme value. For this reason we seek an adjustment to V; to make the adjusted
statistic independent of all ancillaries to a higher order in n. For the resulting statistic to be useful,
it is helpful to insist that it have a simple null distribution, usually normal, again to the same high
order of approximation.

Thus, we seek coefficients 727, v27* such that the adjusted statistic

Sr =2, + nil/Q{’yi’j<ZiZj — l/i’j) + ’}/,i’ijiij}

is independent of A to second order and also normally distributed to second order. Both of these
calculations are made under the null density at 6.
For the class of ancillaries (8.6) based on the second derivatives of the log likelihood, we find
cov(S,, Ag) = O(n 1)
RS(SM Ssa Atu) = nil/z{l/r,s,tu - 2525%,%,3
+ 0 g pavis[2]} + O(n7Y)

On using (8.7), we find

(G

as a condition for orthogonality to second order. One solution, but by no means the only one,
unless p = 1, is given by

Vis + ’Yi’jkyi,r)yjk,tu = Urs,tu (811)

yoky; o = 63k /2. (8.12)

S

The remaining third-order joint cumulant
"'{3(‘5’” Ast-, Auv) = n_l/Q{Vr,st;uv - B‘Zg';fjkl/i,ryjkmup]} + O(n_l)

is guaranteed to be O(n™!) on account of (8.8). The choice of ancillary among the coefficients
satisfying (8.8) is immaterial.

Finally, in order to achieve approximate normality to second order, we require that the third-
order cumulant of S,., Sy and S; be O(n~1). This condition gives

Vrsit + 70 s15.4(6] = 0.
Again, the solution is not unique unless p = 1, but it is natural to consider the ‘symmetric’ solution
Vi = vy g UG, (8.13)
For the particular choice of coefficients (8.12) and (8.13), comparison with (7.15) shows that
S =Wy + v, (607) + Op(n 1),

where W, are the components in the tensor decomposition of the likelihood ratio statistic given in
Section 7.4.5.

In the case of scalar parameters, and using the coefficients (8.12) and (8.13), W,./ 2;62 is equal to
the signed square root of the likelihood ratio statistic. If we denote by ps the third standardized
cumulant of 91/960, then the orthogonal statistic may be written in the form

S = +{20(6) — 21(00)} + p3 /6. (8.14)

This statistic is distributed as N(0,1)+O(n~!) independently of all ancillaries. The sign is chosen
according to the sign of 91/96.



198 ANCILLARY STATISTICS

8.6 Conditional distribution given A

In the previous sections it was shown that ancillary statistics, whether approximate or exact, are,
in general, not unique, but yet certain useful formulae can be derived that are valid conditionally
on any ancillary, however chosen. Because of the non-uniqueness of ancillaries, the most useful
results must apply to as wide a class of relevant ancillaries as possible. This section is devoted to
finding convenient expressions for the distributions of certain statistics such as the score statistic
U, or the maximum likelihood estimate ér, given the value of A. At no stage in the development
is the ancillary specified. The only condition required is one of relevance, namely that the statistic
of interest together with A should be sufficient to high enough order. Minimal sufficiency is not
required.

It turns out that there is a particularly simple expression for the conditional distribution of 0
given A and that this expression is either exact or, if not exact, accurate to a very high order of
asymptotic approximation. This conditional distribution, which may be written in the form

p(0;0]A) = (2m¢) 7P/ |js |2 exp{1(0) — UO)H1 + O(n~¥?)}
is known as Barndorff-Nielsen’s formula (Barndorff-Nielsen, 1980, 1983). One peculiar aspect of
the formula is that the ancillary is not specified and the formula appears to be correct for a wide
range of ancillary statistics. For this reason the description ‘magical mystery formula’ is sometimes
used. In this expression logc = b, the Bartlett adjustment factor, 5 is the observed information
matrix regarded as a function of @ and A, and the formula is correct for any relevant ancillary.

It is more convenient at the outset to work with the score statistic with components U, = 9l/90
evaluated at § = 0, a value chosen here for later convenience of notation. All conditional cumulants
of U are assumed to be O(n) as usual. In what follows, it will be assumed that A is locally ancillary
to third order and that the pair (U, A) is jointly sufficient to the same order. In other words, for
all # in some neighbourhood of the origin, the conditional log likelihood based on U satisfies

1 a(0) = ly)a(0) = Iy (0) — Iy (0) + O(n ™). (8.15)

Ancillary statistics satisfying these conditions, at least for § in an O(n~Y2) neighbourhood of the
origin, can be constructed along the lines described in Section 8.3, but starting with the second and
third derivatives jointly. In the case of location models, or more generally for group transformation
models, exactly ancillary statistics exist that satisfy the above property for all 8. Such ancillaries
typically have dimension of order O(n). Since no approximation will be used here for the marginal
distribution of A, it is not necessary to impose restrictions on its dimension. Such restrictions
would be necessary if Edgeworth or saddlepoint approximations were used for the distribution of
A.

The first step in the derivation is to find an approximation to the log likelihood function in terms
of the conditional cumulants of U given A = a. Accordingly, let K (&) be the conditional cumulant
generating function of U given A at § = 0. Thus, the conditional cumulants k, s, Ky s¢,-.. are
functions of a. By the saddlepoint approximation, the conditional log density of U given A at
0=0is

—K*(u) +log | K*"*(u)| /2 — plog(2m) /2 — (3p] — 4p33) /4!
+0(n=%?), (8.16)
where K*(u) is the Legendre transformation of K(§). This is the approximate log likelihood at
0 = 0. To obtain the value of the log likelihood at an arbitrary point, 6, we require the conditional
cumulant generating function K (&;0) of U given A at 6.

For small values of 6, the conditional cumulants of U have their usual expansions about 6§ = 0

as follows.
E(Ur; 9) = K/Tysas + nn[st]050t/2! + nry[stu]t?s@t@"/?)! +---

cov(Uy, Us; 0) = r s + m,s,tet + f«ur,sy[tu]afe“/m 4
“4':3(U7‘7 U87 Uta 0) = Rrs,t + f’ir’s’tyueu +---
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These expansions can be simplified by suitable choice of coordinate system. For any given value
of A, we may choose a coordinate system in the neighbourhood of the origin satisfying x, s = 0,
Kr.stu = 0, so that all higher-order derivatives are conditionally uncorrelated with U,.. This property
is achieved using the transformation (7.5). Denoting the cumulants in this coordinate system by
v with appropriate indices, we find after collecting certain terms that

E(UT; 0) = KT(G) + Vrys7tu059t9“[3]/3! + -
COV(UT, Us; 9) = KTS(Q) + I/Tys,tu9t9”/2! + - (8.17)
K/3(UT7 Us, Uy 9) = Krst(g) +oeee

Thus, the conditional cumulant generating function of U under 6 is

K(é.a 0) = K(e + 5) — K(@) —+ VT,s,tufresgteu[?)]/g!
b Vs ETEOOY A+

The final two terms above measure a kind of departure from simple exponential family form even
after conditioning. To this order of approximation, an arbitrary model cannot be reduced to a full
exponential family model by conditioning.

To find the Legendre transformation of K (&;0), we note first that

K*(u) — 0"u, + K(6)

is the Legendre transformation of K (0 + &) — K(6). To this must be added a correction term
of order O(n~1) involving Vp s tu- Note that vy 4, the so-called ‘curvature’ tensor or covariance
matrix of the residual second derivatives, does not enter into these calculations. A straightforward
calculation using Taylor expansion shows that the Legendre transformation of K(¢;0) is

K*(u;0) = K*(u) — 0"up + K(0) — vy g pqu"u®0"0"/4
+ Uy sl 0°010Y/4 + O(n ).

It may be checked that K*(u;0), evaluated at the mean of U under 6 given by (8.17), is zero as it
ought to be.

We are now in a position to use the saddlepoint approximation for a second time, but first we
require the log determinant of the array of second derivatives. In subsequent calculations, terms
that have an effect of order O(n~%?) on probability calculations are ignored without comment.
Hence, the required log determinant is

log det K*"*(u; 0) = log det K*"*(u;0) — vy g 1,"50"0"/2.

Exercise 1.16 is useful for calculating log determinants.
The log likelihood function or the log density function may be written in terms of the Legendre
transformation as

1(0) —1(0) = —K*(u;0) + K*(u)
+ 3 logdet K**(u;0) — 1 log det K*"*(u)
=0"u, — K(0) + uns,tuurusetmﬂ
— Uy 5.4u070°0"0"/4 — vy s 1 V"00"0"/4 (8.18)

from which it can be seen that the conditional third cumulant v, s, governs the departure from
simple exponential form. This completes the first step in our derivation.
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It is of interest here to note that the change in the derivative of [(0), at least in its stochastic
aspects, is governed primarily by the third term on the right of (8.18). It may be possible to
interpret v, 54, as a curvature or torsion tensor, though its effect is qualitatively quite different
from Efron’s (1975) curvature, which is concerned mainly with the variance of the residual second
derivatives. The latter notion of curvature is sensitive to conditioning.

In many instances, the likelihood function and the maximized likelihood ratio statistic can
readily be computed either analytically or numerically whereas the conditional cumulant generating
function, K (¢) and the conditional Legendre transformation, K*(u) cannot, for the simple reason
that A is not specified explicitly. Thus, the second step in our derivation is to express K*(u) and
related quantities directly in terms of the likelihood function and its derivatives.

The likelihood function given above has its maximum at the point

0" = K*"(u) + € (u) + O(n™?%) (8.19)
where ¢ is O(n~%2) given by
e = —ustyuyvyr’svu’“ut/Q - Z/S,tywyr’sutu“u”/z
On substituting 6 into (8.18), further simplification shows that the log likelihood ratio statistic is
10) = 1(0) = K*(u) — vy s suv"*ulut/4 + O(n™?),
which differs from the conditional Legendre transformation of K (£) by a term of order O(n™1).
Each of these calculations involves a small amount of elementary but tedious algebra that is hardly
worth reproducing.
We now observe that

—{1(6) = 1(0)} + 1 logdet K*"*(u; 0) = —K*(u) + 1 logdet K*"*(u), (8.20)
which is the dominant term in the saddlepoint approximation for the conditional log density of U
given A. It now remains to express the left member of the above equation solely in terms of the
log likelihood function and its derivatives.

On differentiating (8.18), we find that

urs(e) = _Krs(e) - Vrs,t,uyt’u/2 - Vr,s,tueteu/Q - Vr,t,su[Q]eteu-
+ Vrs’t’uutu“/Q — VTS’t7u0t0“/2.

Hence, the observed Fisher information at 0 is

Jrs = —Urs(0) = Krg(0) + vps,0u0"0"/2 + vys 0 0t™/2 + vy 1,50 [2]0°0"
and the observed information determinant is given by

log det J,.s = — log det K*"* (u; é) + 21/T7t,suyr’sété“ + Vs g5V 2.

On substituting into (8.20), it is seen that the saddlepoint approximation with one correction term
for the conditional log density of U given A is

—{1(0) — 1(0)} — Llogdet js — 3plog(2m) + vy g s 00" — 1pb(0), (8.21)
where b(0) is the Bartlett adjustment, given in this instance by

Pb(0) = (3pTs + 2035 — 3pa) /12 — vps put™ V"2,
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As pointed out in Section 8.4, b(f) can be computed from the unconditional cumulants using the
formula (7.13). Similarly, vy, s, in (8.21) can be computed from the unconditional cumulants using
(8.10).

Expression (8.21) can be simplified even further. The derivative of the transformation (8.19)
from wu to 0 is

Qs = K*rs(u) _ VT7tVS’uVU’thu,v,w/2 _ Vr,tys,uuvuwyt7u7vw/2

— Vr’tyv’su“uwutu,mw[Z]/Q

— K*rs(u; 9) _ Vr,tys,uyu,wytuyv,w/2 _ Vr’tl/v’suuuwytu,v,w-
Hence, the log determinant of the transformation is

log det ors = log det K™ (u; é) — VU s )2 — VU U Uy s
= —logdet j,s + um,suur’sutu”. (8.22)
Hence, under the assumption that § = 0 is the true parameter point, the conditional log density
of 6 given A is . .
—{1(6) = 1(0)} + 5 logdet j.s — plog(2m) — pb(f) /2.

More generally, if the true parameter point is 8, the conditional density of 0 as a function of 6 and
the conditioning variable may be written

p(0;0|A) = (2r&) "% exp{1(0) — 1(0)}]] (8.23)
where ¢ = log b(é) The log likelihood function [(6), in its dependence on the data, is to be regarded
as a function of (é, a). Similarly for the observed information determinant. Thus, for example,
1(0) = 1(6;6,a) is the log likelihood function, uys(0) = uys(0;0,a) and jrs = uys(6;6,a) is the
observed information matrix.

Approximation (8.23) gives the conditional density of the maximum likelihood estimate of the
canonical parameter corresponding to the transformation (7.5). On transforming to any other
parameter, the form of the approximation remains the same. In fact, the approximation is an
invariant of weight 1 under re-parameterization in the sense of Section 6.1. Thus, (8.23) is equally
accurate or inaccurate in all parameterizations and the functional form of the approximation is the
same whatever parameterization is chosen.

8.7 Bibliographic notes

It would be impossible in the limited space available here to discuss in detail the various articles
that have been written on the subject of ancillary statistics and conditional inference. What follows
is a minimal set of standard references.

Fisher (1925, 1934) seems to have been first to recognize the need for conditioning to ensure that
probability calculations are relevant to the data observed. His criticism of Welch’s test (Fisher,
1956) was based on its unsatisfactory conditional properties. Other important papers that discuss
the need for conditioning and the difficulties that ensue are Cox (1958, 1971), Basu (1964), Pierce
(1973), Robinson (1975, 1978), Kiefer (1977), Lehmann (1981) and Buehler (1982). The book by
Fraser (1968) is exceptional for the emphasis placed on group structure as an integral part of the
model specification.

The question of the existence or otherwise of ancillary statistics (or similar regions) was first
posed by R.A. Fisher as the ‘problem of the Nile’ in his 1936 Harvard Tercentenary lecture. It is
now known that, in the continuous case, exactly ancillary statistics always exist if the parameter
space is finite or if attention is restricted to any finite set of parameter values, however numerous.
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This conclusion follows from Liapounoff’s theorem (Halmos, 1948), which states that the range
of a vector measure is closed and, in the non-atomic case, convex. On the other hand, it is also
known that no such regions, satisfying reasonable continuity conditions, exist for the Behrens-
Fisher problem (Linnik, 1968). Tt seems, then, that as the number of parameter points under
consideration increases, regions whose probability content is exactly the same for all parameter
values are liable to become increasingly ‘irregular’ in some sense. However, acceptable regions
whose probability content is approximately the same for all parameter values do appear to exist
in most instances.

Kalbfleisch (1975) makes a distinction, similar to that made in Section 8.1, between experimental
ancillaries and mathematical ancillaries. Lloyd (1985ab), on the other hand, distinguishes between
internal and external ancillaries. The former are functions of the minimal sufficient statistic.

Much of the recent work has concentrated on the notion of approximate ancillarity or asymptotic
ancillarity. See, for example, Efron & Hinkley (1978), Cox (1980), Hinkley (1980), Barndorff-
Nielsen (1980) for further details. The results given in Section 8.5 are taken from McCullagh
(1984a).

Formula (8.23) was first given by Barndorff-Nielsen (1980) synthesizing known exact conditional
results for translation models due to Fisher (1934), and approximate results for full exponential
family models based on the saddlepoint approximation. In subsequent papers, (Barndorff-Nielsen,
1983, 1984, 1985), the formula has been developed and used to obtain conditional confidence
intervals for one-dimensional parameters. More recent applications of the formula have been to
problems involving nuisance parameters. The formulae in Section 6.4 are special cases of what is
called the ‘modified profile likelihood’.

The derivation of Barndorff-Nielsen’s formula in Section 8.6 appears to be new.

8.8 Further results and exercises 8

8.1 Show that if (X1, X3) has the bivariate normal distribution with zero mean, variances o?,
Ug and covariance pojog, then the ratio U = X;/X, has the Cauchy distribution with median
0 = po1 /o2 and dispersion parameter 72 = o3 (1 — p?)/o3. Explicitly,

fu(lu;0,7) = T_lﬂ'_l{l + (u— 9)2/72}_1,

where —oo < 0 < oo and 7 > 0. Deduce that 1/U also has the Cauchy distribution with median
/(72 + 6?) and dispersion parameter 72/(72 + 62)2. Interpret the conclusion that 6/7 is invariant.

8.2 Let Xi,...,X, be independent and identically distributed Cauchy random variables with
unknown parameters (6, 7). Let X and s% be the sample mean and sample variance respectively.
By writing X; = 0 + 7¢;, show that the joint distribution of the configuration statistic A with
components A; = (X;—X)/sx is independent of the parameters and hence that A is ancillary. [This
result applies equally to any location-scale family where the €; are 4.i.d. with known distribution.]

8.3 Using the notation of the previous exercise, show that for any constants a,b,c,d satisfying
ad — bc # 0,
V;=(a+bX;)/(c+dX;) i=1,....,n

are independent and identically distributed Cauchy random variables. Deduce that the derived
statistic A* with components A¥ = (V; — Y)/sy has a distribution not depending on (6, 7). Hence
conclude that the maximal ancillary for the problem described in Exercise 8.2 is not unique.
Demonstrate explicitly that two such ancillaries are not jointly ancillary. [This construction is
specific to the two-parameter Cauchy problem.]
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8.4 Suppose, in the notation previously established, that n = 3. Write the ancillary in the form
{sign(Xs — Xs), sign(Xs — X1)}, together with an additional component

Ax = (X — X))/ (X2 — X)),

where X(;) are the ordered values of X. Show that Ax is a function of the sufficient statistic,
whereas the first two components are not. Let Y;(¢t) = 1/(X; — t) and denote by A(t) the
corresponding ancillary computed as a function of the transformed values. Show that the function
A(t) is continuous except at the three points ¢ = X; and hence deduce that the data values may
be recovered from the set of ancillaries {A(t), —co < t < oo}. [In fact, it is enough to know the
values of A(t) at three distinct points interlacing the observed values. However, these cannot be
specified in advance.]

8.5 Suppose that (X3, X3) are bivariate normal variables with zero mean, unit variance and
unknown correlation p. Show that A; = X; and Ay = X3 are each ancillary, though not jointly
ancillary, and that neither is a component of the sufficient statistic. Let T'= X3 X5. Show that

T|A; = a; ~ N{pai,(1—p*ai}
T|A2 =az ~ N{paj, (1 —p?)a3}.

8.6 In the notation of the previous exercise, suppose that it is required to test the hypothesis
Hy : p =0, and that the observed values are ;1 = 2, x5 = 1. Compute the conditional tail areas
pr(T > t|A; = a1) and pr(T > t|As = ag). Comment on the appropriateness of these tail areas as
measures of evidence against Hy.

8.7 Suppose that (X7, X2, X3) have the trivariate normal distribution with zero mean and intra-
class covariance matrix with variances o and correlations p. Show that f% < p < 1. Prove that
the moments of X +wXs+w?X3 and X +wX3 +w? X are independent of both parameters, but
that neither statistic is ancillary [w = exp(2mi/3)].

8.8 Suppose in the previous exercise that o2 = 1. Show that this information has no effect on
the sufficient statistic but gives rise to ancillaries, namely X;, X5, X3, no two of which are jointly
ancillary.

8.9 Show that the tensorial decomposition of the likelihood ratio statistic in (7.15) is not unique
but that all such decompositions are orthogonal statistics in the sense used in Section 8.5 above.

8.10 Show that the Legendre transformation of

K(€7 9) = K(@ + 5) — K(@) + Vr,s,tuSTQSGtG“B]/?,!
+ Vr,s,tu§T£SOt9“/4 4+ ...

with respect to the first argument is approximately
K*(w;0) = K*(u) — 0"u, + K(0) — vy 5 1 u"u®0"0"/4
+ V5,407 0°0"0"/4.
8.11 Show that the Legendre transformation, K*(u;#), evaluated at
up = K (0) + vy 5 1,0°070%[3] /3],

is zero to the same order of approximation.

8.12 Show that the maximum of the log likelihood function (8.18) is given by (8.19).
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8.13 Beginning with the canonical coordinate system introduced at (8.17), transform from 6 to

¢ with components
br = K (0) + vy 5 400°0"0%/2 + vy 5 1,0505/2.

Show that, although E(U,;8) # ¢,, nevertheless ¢?T = U,.. Show also that the observed information
determinant with respect to the components of ¢ satisfies

3 log det K*7* (u; 0) = 3 log det 3;5 + Vps VSV

at the maximum likelihood estimate. Hence deduce (8.23) directly from (8.20).

8.14 Suppose that Y7,...,Y,, are independent and identically distributed on the interval 6, 6+1.
Show that the likelihood function is constant in the interval (y(,) — 1, y1)) and is zero otherwise.
Hence, interpret r = y(,,) — y(1) as an indicator of the shape of the likelihood function.



