CHAPTER 5

Edgeworth series

5.1 Introduction

While the lower-order cumulants of X are useful for describing, in both qualitative and quantitative
terms, the shape of the joint distribution, it often happens that we require either approximations for
the density function itself or, more commonly, approximations for tail probabilities or conditional
tail probabilities. For example, if X! is a goodness-of-fit statistic and X2, ..., XP are estimates of
unknown parameters, it would often be appropriate to assess the quality of the fit by computing
the tail probability

pr(X! > 2 X?2 =22, XP = 2P),

small values being taken as evidence of a poor fit. The cumulants themselves do not provide such
estimates directly and it is necessary to proceed via an intermediate step where the density, or
equivalently, the cumulative distribution function, is approximated by a series expansion. Series
expansions of the Edgeworth type all involve an initial first-order approximation multiplied by a
sum of correction terms whose coefficients are simple combinations of the cumulants of X. In the
case of the Edgeworth expansion itself, the first-order approximation is based on the normal density
having the same mean vector and covariance matrix as X. The correction terms then involve
cumulants and cumulant products as coefficients of the Hermite polynomials. More generally,
however, in order to minimize the number of correction terms, it may be advantageous to use a
first-order approximation other than the normal. The correction terms then involve derivatives of
the approximating density and are not necessarily polynomials.

In Section 5.2 we discuss the nature of such approximations for arbitrary initial approximating
densities. These series take on different forms depending on whether we work with the density
function, the log density function, the cumulative distribution function or some transformation of
the cumulative distribution function. For theoretical calculations the log density is often the most
convenient: for the computation of significance levels, the distribution function may be preferred
because it is more directly useful.

The remainder of the chapter is devoted to the Edgeworth expansion itself and to derived
expansions for conditional distributions.

5.2 A formal series expansion

5.2.1 Approximation for the density

Let fx(z;%) be the joint density function of the random variables X!,..., X?. The notation is
chosen to emphasize the dependence of the density on the cumulants of X. Suppose that the initial
approximating density, fo(z) = fo(x;\) has cumulants \?, A%/, \3F . which differ from the
cumulants of X by

17i ] K/i — )\i’ nZ!J f— K/izj _ Aizj, T)i:jzk f— K/izjzk _ )\izjzk

and so on. Often, it is good policy to choose fo(z; A) so that n* = 0 and n* = 0, but it would be a
tactical error to make this assumption at an early stage in the algebra, in the hope that substantial
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simplification would follow. While it is true that this choice makes many terms vanish, it does so
at the cost of ruining the symmetry and structure of the algebraic formulae.

The cumulant generating functions for fx(z;x) and fo(x; \) are assumed to have their usual
expansions

Kx(§) = &k’ 4 &E5-M/2! + &6,6,65%/3) 4 - .
and
Ko(€) = EAT + EE N2+ 6,6 N7F/3 4 ...

Subtraction gives

Kx (&) = Ko(&) + &m' + &&m" /2! + & &n™ /3 + - -

and exponentiation gives

Mx (&) = Mo(§){1+ &' + &&n"/2! + &&;&m*/3! + -} (5.1)
where . . o
n =0 0,
7 =0t E ot R[]+t
i T8 = PRty B T3]t ™ 6]
and so on, are the formal ‘moments’ obtained by treating n?, ™/, n»3*F ... as formal ‘cumulants’.

It is important here to emphasize that "/ # k% — A\, the difference between second moments of
X and those of fy(x). Furthermore, the ns are not, in general, the cumulants of any real random
variable. For instance, 7%/ need not be positive definite.

To obtain a series approximation for fx(z;k), we invert the approximate integral transform,
(5.1), term by term. By construction, the leading term, My(§), transforms to fo(z). The second
term, & My(€), transforms to f;(z) = —0fo(x)/0z' as can be seen from the following argument.
Integration by parts with respect to x” gives

" =00

/ 7 exp(ea) 2 o — exp(iat fola)

o ox" rT=—00

3 / exp(€ia') fo(x) da”.

— 0o

For imaginary &, exp(&;z?) is bounded, implying that the first term on the right is zero. Further
integration with respect to the remaining p — 1 variables gives

/R exp(6a’) , ()do = & Mo(©).

The critical assumption here is that fo(z) should have continuous partial derivatives everywhere
in RP. For example, if fo(z) had discontinuities, these would give rise to additional terms in the
above integration.

By the same argument, if fy(z) has continuous second-order partial derivatives, it may be shown
that . Mx (&) is the integral transform of f.5(z) = (=1)202fo(x)/dx"dx* and so on. In other
words, (5.1) is the integral transform of

fx (@)= folz) +n'fi(z) + 0" fi;(z)/2!

0 fe (@) /3 - (5.2)



5.2 A FORMAL SERIES EXPANSION 137

where the alternating signs on the derivatives have been incorporated into the notation.

Approximation (5.2) looks initially very much like a Taylor expansion in the sense that it involves
derivatives of a function divided by the appropriate factorial. In fact, this close resemblance can
be exploited, at least formally, by writing

X=Y+Z7

where Y has density fo(y) and Z is a pseudo-variable independent of Y with ‘cumulants’ ¢, 5%/,
n®3k ... and ‘moments’ n', %, n¥* .. . Conditionally on Z = z, X has density fo(z — z) and
hence, the marginal density of X is, formally at least,

Ix(z) = Ez{fo(z — Z)}.

Taylor expansion about Z = 0 and averaging immediately yields (5.2). This formal construction
is due to Davis (1976).
To express (5.2) as a multiplicative correction to fo(z), we write

Ix (@) = fo(z){1 4+ n'hi(x) + 1 hij(z)/2!

+ 07 by () /3 4 -} (5.3)

where
hi(z) = hi(z; A) = fi(z)/fo(z),  hij(x) = hij(@; A) = fi; (@) /fo(x)

and so on. In many instances, h;(x), hi;j(x),... are simple functions with pleasant mathematical
properties. For example, if fo(z) = ¢(z), the standard normal density, then h;(z), hi;j(x),... are
the standard Hermite tensors, or polynomials in the univariate case. See Sections 5.3 and 5.4.

5.2.2 Approximation for the log density

For a number of reasons, both theoretical and applied, it is often better to consider series
approximations for the log density log fx (z; k) rather than for the density itself. One obvious
advantage, particularly where polynomial approximation is involved, is that fx(x; k) > 0, whereas
any polynomial approximation is liable to become negative for certain values of z. In addition,
even if the infinite series (5.3) could be guaranteed positive, there is no similar guarantee for the
truncated series that would actually be used in practice. For these reasons, better approximations
may be obtained by approximating log fx (z; k) and exponentiating.
Expansion of the logarithm of (5.3) gives

log fx (z;k) ~ log fo(z) + n'hi(z)
+ {n™ hij(x) + il hy j(z)}/2!
+ {05 hiji (@) + 0’ ik (2) 8] + n'n? 1" hi s (2) /3!
+ {9 b 4 it by 4] + 050 hig (3]
+ 0 R 6] + ' 0 0t R e /A (5.4)

where
hij = hij — hih;
hijge = hijk — hihji[3] + 2hihjhy
hi ji = hijk — hilj
hij,kl = hijkl — hijhkl
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and so on. Compare equations (2.7) and (3.2). Note that, apart from sign, the hs with fully
partitioned indices are derivatives of the log density

hi(z) = —0log fo(z)/0x"
hi j(z) = 8 log fo(x)/0x' 0z
hijk(x) = —9%log fo(x)/amiaxjamk
and so on.

The h-functions with indices partially partitioned are related to each other in exactly the same
way as generalized cumulants. Thus, for example, from (3.2) we find

hijk = hijk + hihi g + hihi
and
Rijkt = hij kg + hihi g a[3] + hi jhi[3] + hi jhih[3],

using the conventions of Chapter 3.
Often it is possible to choose fo(z) so that its first-order and second-order moments agree with
those of X. In this special case, (5.4) becomes

log fx (z) —log fo(z) = 1" hiji(x) /3! + 0P F b (z) /4!
AT g (2) /5 DT B (2) /6] (5.5)
+ ni’j7knl’m7nhi]’k,lmn(w)[10]/6! N
This simplification greatly reduces the number of terms required but at the same time it manages
to conceal the essential simplicity of the terms in (5.4). The main statistical reason for keeping to
the more general expansion (5.4) is that, while it is generally possible to chose fo(x) to match the

first two moments of X under some null hypothesis Hy, it is generally inconvenient to do so under
general alternatives to Hg, as would be required in calculations related to the power of a test.

5.2.3 Approzimation for the cumulative distribution function

One of the attractive features of expansions of the Edgeworth type is that the cumulative
distribution function
Fx(z;k) =pr(X' <a',..., XP < aP;k)

can easily be approximated by integrating (5.2) term by term. If Fy(x) is the cumulative
distribution function corresponding to fo(x), this gives
Fx(z; k) ~ Fy(x) + 0" Fy(x) + 1" F;(z) /2!

+ 9k Fyp(z) /3 + - - - (5.6)

where

Fi(z) = (=1)0Fy(x)/0x%; Fij(x) = (=1)20*Fy(x)/0z'0x’

and so on with signs alternating.
Of course, we might prefer to work with the multivariate survival probability

Sx(z) =pr(X*' > 2", X? > 2?, ..., XP > 2P} k)
and the corresponding probability, So(x), derived from fo(x). Integration of (5.2) term by term

gives ) y y
Sx(z; k) ~ So(z) +n'S;(z) + 0 Sy (x) /2! + nZ]kSijk(m)/ii! SRR
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where

Si(z) = —0Sy(x)/0x%; Sii(x) = (=1)%0%Sy(x) /0’ 02’

and so on with signs alternating as before.
In the univariate case, p = 1, but not otherwise, Fix(z;x) + Sx(z;x) = 1 if the distribution is
continuous, and the correction terms in the two expansions sum to zero giving Fy(z)+ So(z) = 1.
Other series expansions can be found for related probabilities. We consider here only one simple
example, namely

Sx(z;r) =pr(X* <ztor X2 <z?or --- or XP < aP;k)

as opposed to Fx(z; k), whose definition involves replacing ‘or’ with ‘and” in the expression above.
By definition, in the continuous case, Sx(z;k) =1 — Sx(z; k). It follows that

Sx (a3 k) = So(x) +n"Si(x) + 1" Sij () /2 + 07 iy, () /31 + - -

where

Si(z) = —=0Sy(x)/0x";  Sij(z) = (=1)?0°Sy(x)/0x' 07

and so on, again with alternating signs on the derivatives.

5.3 Expansions based on the normal density

5.3.1 Multivariate case

Suppose now, as a special case of (5.2) or (5.3) that the initial approximating density is chosen
to be fo(x) = ¢(z; A), the normal density with mean vector \* and covariance matrix A»J. The
density may be written

(x5 0) = (2m) P2 exp{ 3 (2’ = N) (2! — M)Az}

where ); ; is the matrix inverse of A/ and [A%J] is the determinant of the covariance matrix. The
functions h;(z) = h;(z; A), hij(x) = hij(z; A),. . ., obtained by differentiating ¢(x; A), are known as
the Hermite tensors. The first six are given below

hi = )\i,j(x]’ — )\J)
hij = hzhj — )\i,j
hijr = hihjh — hi/\j,k[3] (5.7)
hijrr = hihjhihy — hihj g (6] + Ni j Ak .1[3]
hijkim = hiljhiehihm — hihihi A [10] + hiXj g A1m [15]
Rijkimn = hi- - hp — hihjhihiAm o [15] 4 hihj A i A n [45]
— Xij Ak, 1 Am 0 [15]

The general pattern is not difficult to describe: it involves summation over all partitions of the
indices, unit blocks being associated with h;, double blocks with —A; ; and partitions having blocks
of three or more elements being ignored.

In the univariate case, these reduce to the Hermite polynomials, which form an orthogonal basis
with respect to ¢(z; \) as weight function, for the space of functions continuous over (—oo, 00). The
Hermite tensors are the polynomials that form a similar orthogonal basis for functions continuous
over RP. Their properties are discussed in detail in Section 5.4.
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The common practice is to chose A* = k?, A%/ = g7 so that
i i _ ik ik gkl gkl
n'=0, 0" =0, gt =rNE gt =g

ijk ik ijkl ikl ijklm _ ijk,lm
Nt =D g = gD g R = gD

nijklmn _ K/i,j,k,l,m,n + Ki,j,kﬁl,m,n[lo]
and so on, summing over all partitions ignoring those that have blocks of size 1 or 2. Thus (5.3)
gives
fx(z;K) ~ ¢(z; k){1 + ni’j’khijk(x)/iﬂ + lii’j’k’lhijkl(a:)/él!

+ KR (2) /5] (5.8)

(kIR bR Lm0 () J61 -
This form of the approximation is sometimes known as the Gram-Charlier series. To put it in the
more familiar and useful Edgeworth form, we note that if X is a standardized sum of n independent
random variables, then k7% = O(n~12), Kkl = O(n~1) and so on, decreasing in power of n~ /2.
Thus, the successive correction terms in the Gram-Charlier series are of orders O(n~2), O(n~1),

O(n~%?) and O(n~1) and these are not monotonely decreasing in n. The re-grouped series, formed
by collecting together terms that are of equal order in n,

65 ) 1+ K9 i () /3!
+ {0 b (2) /44 KSR BT By (2)[10] /61
+ {RHIREMpn (2) /5 4 KBRS, () [35]/7!

+ Hi,j,k‘%l,m,nﬁr,s,thimt(x)[280]/9!} + .- :| (5_9)
is called the Edgeworth series and is often preferred for statistical calculations. The infinite versions
of the two series are formally identical and the main difference is that truncation of (5.8) after a
fixed number of terms gives a different answer than truncation of (5.9) after a similar number of

terms.
At the origin of z, the approximating density takes the value

6(0: 5) [1+ 3pa/41 — {99% + 6035)/72 + O(n™)] (5.10)

where p4, p?; and p3; are the invariant standardized cumulants of X. Successive terms in this
series decrease in whole powers of n as opposed to the half-powers in (5.9).

5.3.2 Univariate case

The univariate case is particularly important because the notion of a tail area, as used in significance
testing, depends on the test statistic being one-dimensional. In the univariate case it is convenient
to resort to the conventional power notation by writing

hi(z; k) = Ky Lz — K1)
ho(x; k) = b3 — Kyt
hs(x; k) = b3 — 3k, thy

and so on for the Hermite polynomials. These are derived in a straightforward way from the
Hermite tensors (5.7). The standard Hermite polynomials, obtained by putting k1 = 0, k3 = 1 are

(2)
(2)
hy(z) = 2* — 62+ 3 (5.11)
(2)
(2)
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The first correction term in (5.9) is

kaha(z; ) /6 = ka{ky>(z — K1) — 3K5 2 (z — K1)} /6
= paha(2)/6 = pa(2® — 32)/6

where z = ko Y (¢ — k1) and Z = Ky V2 (X — k1) is the standardized version of X. Similarly, the
O(n~1) correction term becomes

paha(z) /4! + 10p3he(2)/6!

Even in theoretical calculations it is rarely necessary to use more than two correction terms from
the Edgeworth series. For that reason, we content ourselves with corrections up to order O(n1),
leaving an error that is of order O(n=%?).

For significance testing, the one-sided tail probability may be approximated by

pr(Z > z) ~1—®(2)

(5.12)

+ ¢(2){psha(2) /3! + pahs(2) /4! + p3hs(2)/72},
which involves one correction term of order O(n~"2) and two of order O(n~!). The two-sided tail
probability is, for z > 0,

pr(|2] 2 z) = 2{1 = @(2)}

) (5.13)
+2¢(2){pahs(z) /4! + p3hs(2)/72}
and this involves only correction terms of order O(n~!). In essence, what has happened here is
that the O(n~Y?) corrections are equal in magnitude but of different sign in the two tails and they
cancel when the two tails are combined.

5.3.3 Regularity conditions

So far, we have treated the series expansions (5.8) to (5.13) in a purely formal way. No attempt has
been made to state precisely the way in which these series expansions are supposed to approximate
either the density or the cumulative distribution function. In this section, we illustrate in an
informal way, some of the difficulties encountered in making this notion precise.

First, it is not difficult to see that the infinite series expansion (5.3) or (5.8) for the density is,
in general, divergent. For example, if the cumulant differences, n?, n»J, n*J* . . are all equal to
1, then n¥ = 2, n¥k = 5, ikl = 15,.. ., otherwise known as the Bell numbers. These increase
exponentially fast so that (5.3) fails to converge. For this reason we need a justification of an
entirely different kind for using the truncated expansion, truncated after some fixed number of
terms.

To this end, we introduce an auxiliary quantity, n, assumed known, and we consider the formal
mathematical limit n — oo. The idea now is to approximate Kx (&) by a truncated series such that
after r 4+ 2 terms the error is O(n_’"/ %), say. Formal inversion gives a truncated series expansion
for the density or distribution function which, under suitable smoothness conditions, has an error
also of order O(n~"/2). In all the applications we have in mind, X is a standardized sum and
fo(z) is the normal density having the same mean and variance as X. Then n' = 0, n*/ = 0,
7k = O(n=2), yiiklt = O(n~') and so on. Thus the truncated expansion for Kx (¢), including
terms up to degree 4 in &, has error O(n*3/2). To obtain similar accuracy in the approximations
for Mx (&) or fx(z) it is necessary to go as far as terms of degree 6.

This rather informal description ignores one fairly obvious point. The truncated series
approximation (5.5) for Fx(z;x) is continuous. If X has a discrete distribution, Fx(z;x) will
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have discontinuities with associated probabilities typically of order O(n’m). Any continuous
approximation for Fi (z) will therefore have an error of order O(n~*?), however many correction
terms are employed.

In the univariate case, if X is the standardized sum of n independent and identically distributed
random variables, Feller (1971, Chapter XVI) gives conditions ensuring the validity of expansions
(5.9) for the density and (5.12) for the cumulative distribution function. The main condition, that

lim sup [Mx (i¢)] < 1,
¢—

oo

excludes lattice distributions but ensures that the error in (5.12) is o(n™!) uniformly in z. With
weaker conditions, but again excluding lattice distributions, the error is known to be o(n~?)
uniformly in z (Esseen, 1945; Bahadur & Ranga-Rao, 1960). In the lattice case, (5.12) has error
o(n~*2) provided that it is used with the usual correction for continuity. An asymptotic expansion
given by Esseen (1945) extends the Edgeworth expansion to the lattice case: in particular, it
produces correction terms for (5.12) so that the renaining error is O(n~¥2) uniformly in z.

Similar conditions dealing with the multivariate case are given by Barndorff-Nielsen & Cox
(1979).

The case where X is a standardized sum of non-independent or non-identically distributed
random variables is considerably more complicated. It is necessary, for example, to find a suitably
strengthened version of the Lindeberg condition involving, perhaps, the higher-order cumulants. In
addition, if X is a sum of discrete and continuous random variables, it would be necessary to know
whether the discrete or the continuous components dominated in the overall sum. No attempt will
be made to state such conditions here.

For details of regularity conditions, see Bhattacharya & Rao (1976) or Skovgaard, (1981a,b,
1986b).

5.4 Some properties of Hermite tensors

5.4.1 Tensor properties

We now investigate the extent to which the arrays of polynomials h;(x; A), hij(z; A), Rijr(x; A), .. .,
defined apart from choice of sign, as the coefficient of ¢(z;\) in the partial derivatives of ¢(x; ),
deserve to be called tensors. To do so, we must examine the effect on the polynomials of
transforming from z to new variables Z. In doing so, we must also take into account the induced
transformation on the As, which are the formal cumulants of x.

Consider the class of non-singular affine transformations on =

' =d" +alz" (5.14)
together with the induced transformation on the As
M =da'+a’ X" and M7 =alal\",
It is easily checked that
(2" — A (2" — M)A\ = (B — N (@ — M)\ (5.15)
so that this quadratic form is invariant under nonsingular affine transformation. If a’ does not

have full rank, this argument breaks down. Apart from the determinantal factor |\/|~Y2, which
has no effect on the definition of the Hermite tensors, ¢(z; A) is invariant under the transformation
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(5.14) because it is a function of the invariant quadratic form (5.15). It follows therefore that the
derivatives with respect to T are

0¢ Ox" 0%¢p Ox" 0x°  0O¢p O%x”

Oz x'’  Oxrdx® 0zt 077 Oz Or'dTI

and so on. Since 82z"/0z'0z7 = 0, these derivatives may be written in the form
b: ¢r ) b: b; d’rs ’ b: b; b)/i; ¢rst

and so on where ! is the matrix inverse of a’. Thus the derivatives of ¢ are Cartesian tensors and
they transform in the covariant manner. Tt follows immediately that h;(z; A), hij(z; A) and so on
are also Cartesian tensors, justifying the terminology of Section 5.3.

The above result applies equally to the more general case discussed in Section 5.2 where the
form of the initial approximating density fo(x; \) is left unspecified. See Exercise 5.5.

5.4.2 Orthogonality

The principal advantage of index notation is its total transparency: the principal disadvantage,
nowhere more evident than in Chapter 1 where tensors were defined, is that general expressions
for tensors of arbitrary order are difficult to write down without introducing unsightly subscripted
indices. For this reason, we have avoided writing down general expressions for Hermite tensors,
even though the general pattern is clear and is easily described in a few words (Section 5.3.1). To
prove orthogonality it is necessary either to devise a suitable general notation or to use a less direct
method of proof.
Our method of proof uses the generating function

exp{&(a’ — N) — JEENYT Y = 14 &b + &€;h1)/2! (5.16)
+ E€iEeh /3 4 - '
where ) ) . S
Rt = A""h,(z; \), R = X" XIS hy (25 0),
Wik = XA N B (2 0)

and so on, are the contravariant expressions of the Hermite tensors. To show that (5.16) is indeed
a generating function for the hs, we observe that

oo — A5 N) = pla; ) expl€i(a’ — N) — &€ A1/2}
Taylor expansion about & = 0 of ¢(z® — AHI&;; \) gives
B2 V{1 + &R + EE R/ + §€,6.hT%/31 + -},

which we have simplified using the definition of Hermite tensors. This completes the proof that
exp{&;(z® — \¥) — £;£;A%9/2} is the generating function for the Hermite tensors.
To prove orthogonality, consider the product

P’ — NI A) exp{&i(z’ — X') — £ A"/2}
= @@ V{1 + Gh' + GGRY/2! + - HL + R + &;h7/21 + 1.

Simplification of the exponent gives

d(z' — A& — N (55 N) exp(€GA™)
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and integration with respect to x over RP gives exp(figj/\i’j ). Orthogonality follows because
exp(&;(jA"7) involves only terms of equal degree in £ and ¢. Moreover, from the expansion

exp(&iA™T) = 1+ &GN + E&GOATN Y20+

it follows that the inner products over RP are
/hihjkb dx = \WJ
/ R RM ¢ do = NFNIL 4 NPT (5.17)
/ hIERI G de = NDIN T NR (3]

and so on for tensors of higher order.

In the univariate case where the hs are standard Hermite polynomials, the orthogonality relations
are usually written in the form [ h,(z)h(z)d(z) dz = r!1d,,.

The extension of the above to scalar products of three or more Hermite polynomials or tensors
is given in Exercises 5.9-5.14.

5.4.3 Generalized Hermite tensors

From any sequence of arrays ht, h, h¥* .. each indexed by an unordered set of indices, there
may be derived a new sequence h?, h%J, h3F . each indexed by a fully partitioned set of
indices. If My (&) is the generating function for the first set, then Kj(§) = log My(&) is the
generating function for the new set and the relationship between the two sequences is identical
to the relationship between moments and cumulants. In the case of Hermite tensors, we find on
taking logs in (5.16) that ' ' N
Kn(§) = &Gi(a" = X') = &&A/2 (5.18)

so that h? = 2¢ — X!, h%J = —\¥J and all other arrays in the new sequence are identically zero.
In fact, apart from choice of sign, the arrays in this new sequence are the partial derivatives of
log ¢(z; A) with respect to the components of z.

Just as ordinary moments and ordinary cumulants are conveniently considered as special cases
of generalized cumulants, so too the sequences h*, k', k7% ... and h', kI, h"3:* are special cases
of generalized Hermite tensors. Some examples with indices fully partitioned are given below.

hi,jk — hl]k _ hihjk
= i3k 4 pIptE 4 pkptd
= (27 — M)NOE — (g — AR\

hi,jkl — hijk:l _ hihjk:l
= BBl 4 RIRRA[3] 4 R RPH3] + BT RF R (3]
= —hFRINHI 3] 4 NBTARL3]

hij,kl — hijkl o hijhkl
_ hi,j,k,l + hihj,k,l [4] + hi,khj,l[Q] + hi,khjhl[4]
= —hIRINPF[4] + ABF AT [2]

hi,j,kl _ hijk:l _ hzh]kl[Q] _ hijhkl + 2h1h]hkl
= skl pRpiIl 9] 4 Rk RI2)
= \RASL 2]
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In these examples, the first line corresponds to the expressions (3.2) for generalized cumulants
in terms of moments. The second line corresponds to the fundamental identity (3.3) for generalized
cumulants in terms of ordinary cumulants and the final line is obtained on substituting the
coefficients in (5.18).

A generalized Hermite tensor involving 3 indices partitioned into a blocks is of degree 5 —2a+2
in x provided that 8 — 2a + 2 > 0. Otherwise the array is identically zero.

The importance of these generalized Hermite tensors lies in the formal series expansion (5.4) for
the log density, which is used in computing approximate conditional cumulants.

5.4.4 Factorization of Hermite tensors

Suppose that X is partitioned into two vector components X () and X(?) of dimensions ¢ and p—gq
respectively. We suppose also that the normal density ¢(z; ), from which the Hermite tensors
are derived, is expressible as the product of two normal densities, one for X and one for X,
Using the indices 4, j, k, . .. to refer to components of X1 and r, s, t, ... to refer to components of
X @) we may write A\»" = 0 and Air = 0. Since the two components in the approximating density
are uncorrelated, there is no ambiguity in writing A; ; and A, , for the matrix inverses of \ed and
A% respectively. More generally, if the two components were correlated, this notation would be
ambiguous because the leading ¢ x ¢ sub-matrix of

)\i,j )\i,s -1
|:)\r,j A\T>S :| ’
namely {A\% — X\6T{A™$}71N89 171 s not the same as the matrix inverse of A%,
Since h®" = —A&" = ( and all higher-order generalized Hermite tensors, with indices fully
partitioned, are zero, it follows immediately from (3.3) that
hi,rs _ 0, hij,r _ O, hi,rst _ 0’ hij,rs =0
hijk,r = 0: hi,j,rs -0
and so on for any sub-partition of {(i,7,k,...), (r,s,t,...)}. This is entirely analogous to the
statement that mixed cumulants involving two independent random variables and no others are
zero. The corresponding statement for moments involves multiplication or factorization so that
hirs _ hihrs, hijr _ hZJhT hij'rs _ hijhrs,
- b - k) - b
RIS — pLIRTS. RETIs = puIpTs.
) )
hi'r,js _ hi,jhr,s + hihjhr,s + hi,jhrhs _ hijhr,s + hi,jhrhs

and so on.

5.5 Linear regression and conditional cumulants

5.5.1 Cowariant representation of cumulants

For calculations involving conditional distributions or conditional cumulants, it is often more
convenient to work not with the cumulants of X? directly but rather with the cumulants of
X;, = fsm-Xj, which we denote by k;, Kij, Kijk,.-.- We refer to these as the covariant
representation of X and the covariant representation of its cumulants. This transformation may,
at first sight, seem inconsequential but it should be pointed out that, while the notation X? is
unambiguous, the same cannot be said of X; because the value of X; depends on the entire set
of variables X', ..., XP. Deletion of X?, say, leaves the remaining components X!,..., X?~! and
their joint cumulants unaffected but the same is not true of Xy,..., X, 1.
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5.5.2 Orthogonalized variables

Suppose now that X is partitioned into two vector components X 1) and X (? of dimensions p and
g — p respectively and that we require the conditional cumulants of X1) after linear regression on
X @) This is a simpler task than finding the conditional cumulants of X(1) given X2 = z(?),
because it is assumed implicitly that only the conditional mean of X and none of the higher-order
conditional cumulants depends on the value of z(?). Further, each component of the conditional
mean is assumed to depend linearly on z(2).

We first make a non-singular linear transformation from the original (X "), X(2)) to new variables
Y = (YN, Y®) in such a way that Y = X2 and Y1 is uncorrelated with Y(?). Extending
the convention established in Section 5.4.4, we let the indices i, 7, k, ... refer to components of
X® or Y indices r, s,t, ... refer to components of X2 or Y(?) and indices a, 3,7, ... refer to
components of the joint variable X or Y. The cumulants of X are s partitioned into x* and ",
k%P partitioned into ™ k*" and k™* and so on. The same convention applies to the covariant
representation, K;, K, K;j, Kir and K.

At this stage, it is necessary to distinguish between ks, the (p — ¢) X (p — ¢) sub-matrix of
[k*#)~1 and the (p — q) x (p — q) matrix inverse of £™*, the covariance matrix of Y(?). The usual
way of doing this is to distinguish the cumulants of Y from those of X by means of an overbar.
Thus &"* = k™ is the covariance matrix of Y(®. In addition, &/ is the covariance matrix of
Y and 74" =0 by construction. The inverse matrix has elements &, s, &; j, K;» = 0, where £™°
Rs,t = (53;

The linear transformation to orthogonalized variables Y ") and Y (?) may be written

Yi=X'-p3X"; Y'=X" (5.19)

where B = niﬁkm is the regression coefficient of X* on X”. This is the contravariant
representation of the linear transformation but, for our present purposes, it will be shown that
the covariant representation is the more convenient to work with. The covariance matrix of Y1) is

RH = kb — ni’rnj”f?;m = {ni,j}*l. (5.20)
Further, using formulae for the inverse of a partitioned matrix, we find
Hi,j = Rm-
Rir = _Hi,jﬁg
Ry s = Rr,s + /571;/53.’%,3'-
Hence the expressions for Y; and Y, are
Y, = Riyij = Iii,ij = Iiiyj(Xj — ﬂZXT)
= Ria X" = X
and
Y, =R sY® = Rp s X° = Ry sk X,

= X, + (L X,.
Thus, the covariant representation of the linear transformation (5.19) is
Y, =X;; Y,=X,+08.X,. (5.21)

It follows that the joint cumulants of (Y(l), Y(Q)) expressed in covariant form in terms of the
cumulants of (XM, X)) are

Ki = K, Kij = Kij, Kijk = Kijky-- -
- = i i aj
Rigr =0, Rrs = Kr,s + Brhiis[2] + .03

Rij = Krs — ﬂﬁﬁg”i,j
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Rijor = i + B Kijk
Rirs = Kirs + Blkijs[2] + BIBYKi j (5.22)
Rr,s,t - K/r,s,t + /B:”Ki,s,t[g] + ﬁ;ﬂgni,j,t[g] + ﬂ:’ﬁgﬂfﬁi,j,k-

The main point that requires emphasis here is that, in covariant form, the cumulants of Y1) are
the same as those of X1 and they are unaffected by the Gram-Schmidt orthogonalization (5.19).
The contravariant expressions for the cumulants of (Y (1), Y(?)) are
Rl =K' — BLR"
RiJ = 0 — Bif‘ir’j [2] 4 57{&‘,{,8 = gbI — Bﬁﬂﬁﬁ”
RO = i — Gl (3] 4 BB 3] — 511 B
RoT =0, RS = 7S (5.23)
RiAT — kI _ 31 hmo[2] 4+ GBI
S sEr
I—ii,r,s — ’ii,r,s _ ,Bifir’87t
T
Rr,s,t — Kr,s,t
It is important to emphasize at this stage that Y1) and Y2 are not independent unless the
strong assumptions stated in the first paragraph of this section apply. Among the cumulants given
above, exactly two of the mixed third-order expressions are non-zero, namely xk“™5 and rk"J".
A mnon-zero value of k»™° means that, although E(Y?|X(?) has no linear dependence on X (),
there is some quadratic dependence on products X" X?*. There is a close connection here with
Tukey’s (1949) test for non-additivity. Similarly, a non-zero value of k""" implies heterogeneity of
covariance, namely that cov(Y?, Y7|X(?)) depends linearly or approximately linearly on X (2. See
(5.28).

5.5.3 Linear regression

Suppose now, in the notation of the previous section, that the orthogonalized variables Y1) and
Y@ are independent. It follows that the second- and higher-order conditional cumulants of X ()
given X @ are the same as the unconditional cumulants of Y1), These are given in covariant form
in the first set of equations (5.22) and in contravariant form in (5.23). To complete the picture,
we require only the conditional mean of X(). We find from (5.19) that

E{XX®} =& + Bi(z" — &") = ' + £"h, (2P} R)

where h,.(z(?); k) = k. ,(* — k) is the first Hermite polynomial in the components of X (2.
The above expression may be written in covariant form as

E(X'1X®P) = R {r; — rjpa"}

so that k; — k; .x" is the covariant representation of the conditional mean of X @,
These results may be summarized by a simple recipe for computing the conditional cumulants
of X after linear regression on X ()
(i) First compute the cumulants of I'ia”@Xﬁ, giving K; Kr; Kij, Kiry Krss Kij ks .-
(ii) Compute £*J the p X p matrix inverse of &; ;.
(iii) Replace k; by k; — ki r2". N
(iv) Raise all indices by multiplying by &*’ as often as necessary, giving

R {kj = Kjra'}

l

=i,k =] _ =i,
KRR R = R

gk _ —ilojm_kmn
RE = R R EY K mon

and so on for the transformed cumulants.
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5.6 Conditional cumulants

5.6.1 Formal expansions

In the previous section we considered the simple case where only the conditional mean of X )
given X = z(2) and none of the higher-order cumulants depends on the value of z(?). In this
special case it was possible to compute exact expressions for the conditional cumulants. More
generally, all of the conditional cumulants may depend, to some extent, on the value of z@. Our
aim in this section is to use the series expansion (5.4), together with the results of the previous
three sections, to find formal series expansions for at least the first four conditional cumulants and,
in principle at least, for all of the conditional cumulants.

To simplify matters, we assume that the initial approximating density for (X W x (2)) is the
product of two normal densities, ¢1(z); A1) ¢y (2(2; \(?)). The advantage derived from this choice
is that the Hermite tensors factor into products as described in Section 5.4.4. In practice, it is
often sensible to choose the argument AV of ¢; to be the mean vector and covariance matrix of
X @) but, for reasons given in Section 5.2.1, we shall not do so for the moment.

Expansion (5.4) for the logarithm of the joint density of X" and X (®) may be written

log ¢1 (M5 AV) +log ¢ (2P AP) + 'k + 0",

+ {0 i+ 00" hihe (2] + 0 hes + ' B+ 0 Ry s} /2!

+ { (0" *hiji + 15" hijhe [3] + 00" hihy[3] 4 175 hyst)

+ (Uiﬁj’khi,jk + Wiﬂj’rhi,jhr 2] + Wrﬂi’shihr,s[Q] + Wrﬂs’thr,st) [3] }/3!
+ {07 hijre + 0T hijehe 4] 4 00T hijhes 6]+ 0 hils 4]

+ nr,s,t,uhrstu)
+ (PP by i+ T R e (3] A i T by jhes (3]
00 highe,s 8]+ 070 hiby st [3] 4+ 00 B ) [4]
+ (5 o+ I Ry e [4] 4 s I B ) 3]

+ (0 R+ 0 e s[4+ 0 00 Ry 0 ) [6] /4]
e (5.24)

This series may look a little complicated but in fact it has a very simple structure and is easy to
extrapolate to higher-order terms. Such terms will be required later. Essentially every possible
combination of terms appears, except that we have made use of the identities h; j x = 0, by j 11 =0
and so on.

On subtracting the logarithm of the marginal distribution of X, namely

1og 62 (2@ A 4 0" hy + (0" By + 770 hr s } /2 -

we find after collecting terms that the conditional log density of X given X has a formal
Edgeworth expansion in which the first four cumulants are

E(X|X®) =&
A+ 0y A 0 s 20 T Ry /3) A T Ry, JAL
A0 he s 0 st /2 0 Ry g /3
0 Rt /24 1T Rt /3L A 0 B (2021) -
A0 st /2) 4
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COV(Xi, Xj|X(2)> =K 4 ni,j,f‘hr + niyjyr,shrs/Q! + ni7jﬂ"787thrst/3! 4+
+ Urﬁi’j’shr,s + UTT}i’j’S’thr,st/Q! + ...
00 s 00 2 st /2 0 Ry 20

cum(Xi, X], Xk‘X@)) — K/iyj7k + nihj’k’rh'r + ni’jk’ryshrs/Q! + .-
+ nrni,j,k,shr <+ nrni,j,k,snfhr st/20+ -
+ ni,rnjyk,s[?)]hns + ni,rnj,k,s,t[?)]hr,st/m + nr,sni,jyk,thm’t/m 4o
+ 77T7S7i77j7k7t[3]hrs,t/2! 4.

Cum(Xi, va Xk, XZ\X(Q)) = ghikl ni’j’k’l’ThT + ni’j7k’l’r’shm/2! 4.
+ nrni,j,hl,shhs + ni’rnj’k’l’s[zl]hr,s + ni;ijnk:l:S[g} hr,s + .-
e, (5.25)

Of course, ™t = gt st = gHSE s = kM - A" and so on, but the 7s have been retained
in the above expansions in order to emphasize the essential simplicity of the formal series. We
could, in fact, choose A" = k", A\"® = g™ giving " = 0, n™° = 0. This choice eliminates many
terms and greatly simplifies computations but it has the effect of destroying the essential simplicity
of the pattern of terms in (5.25). Details are given in the following section.

5.6.2 Asymptotic expansions

If X is a standardized sum of n independent random variables, we may write the cumulants of X
as 0, k0, n=12gaBY n=10B79 and so on. Suppose for simplicity that the components X (V)
and X® are uncorrelated so that x*" = 0. Then, from (5.25), the conditional cumulants of X (1)
given X = (2 have the following expansions up to terms of order O(n™").

E(XX®) = k! n 2P0, /2]
+ Tfl{ﬁi’r’sf@t’“’”hm,tuv/(S! 20 + Hi’T’S’thTSt/?)!}

cov(X?, XI| X)) = k5T 4 n =BT h, 4 nfl{fzi’j’“shm/Q!
+ KT RS By g 314 KIS RIT YR 4,/ (2020) )

cum (X, X7, XF| X)) = p 1200k
+ n*l{h‘/i,j,k,’rhr + K/i,j,rﬁ/k,s,t[?)]hr’st/Q!}

cum(X%, X7, XF XX P = p 7L {ghakl 4 ghdr gkl [3]n, .

In the above expansions, the Hermite tensors are to be calculated using the exact mean vector
k" and covariance matrix k™* of X(2). Note that, to the order given, the conditional mean is a
cubic function of X | the conditional covariances are quadratic, the conditional skewnesses are
linear and the conditional kurtosis is constant, though not the same as the unconditional kurtosis.
All higher-order cumulants are O(n~%2) or smaller.
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5.7 Normalizing transformation

In the multivariate case, there is an infinite number of smooth transformations, g(.), that make
the distribution of ¥ = ¢g(X) normal to a high order of approximation. Here, in order to ensure a
unique solution, at least up to choice of signs for the components, we ask that the transformation
be triangular. In other words, Y! is required to be a function of X! alone, Y2 is required to be a
function of the pair X!, X2, and so on. Algebraically, this condition may be expressed by writing

Yl =g (Xl)

Y2 — 92(X17X2)

Y =g (X', ..., X") (r=1,...,p).

To keep the algebra as simple as possible without making the construction trivial, it is assumed
that X is a standardized random variable with cumulants

0, 6%, nTRgbIk UL

and so on, decreasing in powers of n'/2. Thus, X is standard normal to first order: the transformed
variable, Y is required to be standard normal with error O(n~%2).
The derivation of the normalizing transformation is unusually tedious and rather unenlightening.
For that reason, we content ourselves with a statement of the result, which looks as follows.
Vi= X" n {3555 hys + 355 hihy 4+ K55y /3]
_ ’I’Lil {45i7r7s7thrst 4 GKi’i’T’Shrshi + 4Iﬁ}i’i’i’Th7;7;hr 4 ﬁi7i7i7ihiii}/4!
+ ’I’Lil {(36,§a,i,r’<&a,s,t + ].8/<Li’i’rlﬁ3i’s’t)hr5t
4 (18Ko¢,i,iﬁa,r,s T 12I€i,i,i,€i,r,s + 36’%&,1',7‘,{&,1',5 + 27I€i’i’r;‘£i’i’s)hrshi
+ (361‘@04,1',1'&04,1’,7“ + 30[{i’i’iﬁi’i’r)hiihr
+ (gna,i,ina,i,i + 8/§i’i’ini’i’i)hi“}/72
+n {36 EMPT 4 36KrM T KO 4 12K KPRy,
+ (18k™ i g0lt 4 o7 bl 4 10k B, Y /72 (5.26)

In the above expression, all sums run from 1 to ¢ — 1. Greek letters repeated as superscripts are
summed but Roman letters are not. In other words, k2 x®?? is a shorthand notation for

i—1 i—1

Z Z Ka,,@,iﬁa,ﬁ,i.

a=1p8=1
In addition, the index i is regarded as a fixed number so that

i—1
Hi’i’i’rhiihr — Z :“Li’i’i’rhiihr.
r=1
Fortunately, the above polynomial transformation simplifies considerably in the univariate case
because most of the terms are null. Reverting now to power notation, we find

Y =X —p3(X?—1)/6 — pa(X>® - 3X)/24 + p2(4X3 — 7X) /36

to be the polynomial transformation to normality. In this expression, we have inserted explicit
expressions for the Hermite polynomials. In particular, 4X3 — 7X occurs as the combination
4hs + 5h;.
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5.8 Bibliographic notes

The terms ‘Edgeworth series’ and ‘Edgeworth expansion’ stem from the paper by Edgeworth
(1905). Similar series had previously been investigated by Chebyshev, Charlier, and Thiele (1897):
Edgeworth’s innovation was to group the series inversely by powers of the sample size rather than
by the degree of the Hermite polynomial.

For a historical perspective on Edgeworth’s contribution to Statistics, see the discussion paper
by Stigler (1978).

Jeffreys (1966, Section 2.68) derives the univariate Edgeworth expansion using techniques similar
to those used here.

Wallace (1958) gives a useful discussion in the univariate case, of Edgeworth series for the density
and Cornish-Fisher series for the percentage points. See also Cornish & Fisher (1937).

Proofs of the validity of Edgeworth series can be found in the books by Cramér (1937) and
Feller (1971). Esseen (1945) and Bhattacharya & Ranga-Rao (1976) give extensions to the lattice
case. See also Chambers (1967) or Bhattacharya & Ghosh (1978).

Skovgaard (1981a) discusses the conditions under which a transformed random variable has a
density that can be approximated by an Edgeworth series.

Michel (1979) discusses regularity conditions required for the validity of Edgeworth expansions
to conditional distributions.

The notation used here is essentially the same as that used by Amari & Kumon (1983): see
also Amari (1985). Skovgaard (1986) prefers to use coordinate-concealing notation for conceptual
reasons and to deal with the case where the eigenvalues of the covariance matrix may not tend to
infinity at equal rates.

5.9 Further results and exercises 5
5.1 Show, under conditions to be stated, that if
Ix (@ k) = fo(@) + 0" fi(e) + 07 fij(2) /2! + 07" fiju(a) /3 + -
then the moment generating function of fx(z;k) is
Mo(€){1+&m' + &€ /2 + €6 /31 + -}

where Mg (&) is the moment generating function of fo(x).
5.2 Using expansion (5.2) for the density, derive expansion (5.4) for the log density.

5.3 Give a heuristic explanation for the formal similarity of expansions (5.2) and those in Section
5.2.3.

5.4 Show that any generalized Hermite tensor involving (§ indices partitioned into « blocks, is of
degree § — 2a— 2 in z or is identically zero if § — 2a — 2 < 0.

5.5 If fx () is the density function of X!,..., XP, show that the density of
YY" =a" +a; X*

fy(y) = Jfx{bi(y" —a")},

where bi,ag = 5;- and J is the determinant of bZ. Hence show that the partial derivatives of log fx (z)
are Cartesian tensors.
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5.6 Show that the mode of a density that can be approximated by an Edgeworth series occurs at

&= =k /2 + O(nmY?).

5.7 Show that the median of a univariate density that can be approximated by an Edgeworth
series occurs approximately at the point

—K3
6%2 )

Hence show that, to the same order of approximation, in the univariate case,

:E:

(mean — median) 1

(mean — mode) 3
(Haldane, 1942). See also Haldane (1948) for a discussion of medians of multivariate distributions.
5.8 Let X be a normal random variable with mean vector A" and covariance matrix A\™°. Define
h"=h"(z;N\), h"(xz;)N),...
to be the Hermite tensors based on the same normal distribution, i.e.,
R =z" = \"
TS — BTRS — TS
and so on as in (5.7). Show that the random variables
R'(X), R"™(X), h"HX),...
have zero mean and are uncorrelated.
5.9 Using the notation established in the previous exercise, show that
cum (h"(X), h"™(X), A" (X)) = A" AN [g]
cum (R"(X), h*(X), R™(X)) = A" A*¥[2]
cum (h"(X), h*(X), h"" (X)) = A" AU AB[6].
Give an expression for the cumulant corresponding to an arbitrary partition of the indices.

5.10 Suppose now that X has cumulants x", k™°, k™!, ..., and that the Hermite tensors are
based on the normal density with mean A" and covariance matrix A\™®. Show that

E{p"(X)} =n"
E{n™(X)} =n"
E{RSH(X)} = st
and so on, where the ns are defined in Section 5.2.1.
5.11 Using the notation established in the previous exercise, show that
cov (h"(X),h*(X)) = K"
cov (R"(X),R*H (X)) = ™" + n°k""[2]
cov (A"™(X), h"(X)) = 755" 4 " k>0 4] + k5 RS2
+ a4
cov (hT(X), hSt"(X)) = gPSBY L ST [3] 4 kS nhY[3)
+n'n K" [3].
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5.12 Generalize the result of the previous exercise by showing that the joint cumulant correspond-
ing to an arbitrary set of Hermite tensors involves a sum over connecting partitions. Describe the
rule that determines the contribution of each connecting partition.

5.13 Show that
/hl(x)hg(:c)h3(x)¢(x) dr =6

/h1 (x)ha(z)hs(z)ha(x)p(z) dr = 264
where h,.(z) is the standard univariate Hermite polynomial of degree r and ¢(z) is the standard
normal density. [Hint: use the tables of connecting partitions.]

5.14 More generally, using the notation of the previous exercise, show that, for i > j > k,

(z)h(x)hi(x)p(x) doe = UGN
[ =

when j + k — 7 is even and non-negative, and zero otherwise, (Jarrett, 1973, p. 26).

5.15 Using (5.26) or otherwise, show that in the univariate case, where X is a standardized sum
with mean zero, unit variance and so on, then

Y* =X — p3X?%6 — paX?/24 + p3X3/9
has mean —p3/6 and standard deviation
1~ pa/8+7p3/36
when terms of order O(n~%¥?) are ignored. Show also that

Y* 4 p3/6
1~ pa/S+7p3/36

~ N(0,1) 4+ O(n=*?)

5.16 Taking the definition of Y* as given in the previous exercise, show that
W/2 = (V*)2 = X¥2 — ps X3! — {ps — 3p3} X V4!
has mean given by
E(W) =1+ (5p3 —3p4)/12 =1+ b/n.
Deduce that

2 ~3/2y
1+b/n Xi+0(n )

5.17 Using the equation following (5.26), show by reversal of series, that X may be expressed as
the following polynomial in the normally distributed random variable Y

X =Y +p3(Y?~1)/6+ ps(Y® —3Y) /24 — p3(2Y° — 5Y)/36.

Hence, express the approximate percentage points of X in terms of standard normal percentage
points (Cornish & Fisher, 1937).

5.18 Let X =Y +Z where Y has density function fq(y) and Z is independent of Y with moments
n', n*, ni* ... Show formally, that the density of X is given by

Ix(z) = Ez{fo(z — Z)}.

Hence derive the series (5.2) by Taylor expansion of fy(z). By taking n' = 0, n®/ = 0, and
fo(z) = ¢(x; k), derive the usual Edgeworth expansion for the density of X, taking care to group
terms in the appropriate manner. (Davis, 1976).



