CHAPTER 4

Sample cumulants

4.1 Introduction

We now address problems of a more inferential flavour, namely problems concerning point
estimation or, better, interval estimation of population cumulants based on observed data. Moment
and cumulant estimators have a lengthy history in the statistical literature going back to the work
of K. Pearson, Chuprov, Student, Fisher and others in the early part of this century. In recent
years, the volume of work on such topics has declined, partly because of concerns about robustness,
sensitivity to outliers, misrecorded or miscoded values and so on. Estimates of the higher-order
cumulants are sensitive to such errors in the data and, for some purposes, this sensitivity may be
considered undesirable. In addition, the variance of such an estimate depends on cumulants up to
twice the order of the estimand and these are even more difficult to estimate accurately. If there
is insufficient data it may not be possible to estimate such cumulants at all. We are confronted
immediately and forcibly with what Mosteller & Tukey (1977, Chapter 1) call ‘the misty staircase’.
That is to say that, to assess the variability of a primary statistic, we compute a secondary statistic,
typically more variable than the primary statistic. It is then possible to estimate the variability of
the secondary statistic by computing a third statistic and so ad infinitum. Fortunately, we usually
stop long before this extreme stage.

Section 4.2 is concerned with simple random samples from an infinite population. The emphasis
is on the various symmetric functions, i.e. functions of the data that are unaffected by re-ordering
the data values. The functions having the most pleasing statistical properties are the k-statistics
and, to a lesser extent, the generalized k-statistics. The k-statistics are unbiased estimates of
ordinary cumulants and generalized k-statistics are estimates of generalized cumulants, including
moments as a special case.

Section 4.3 is concerned with simple random samples from a finite population. The idea here
is to construct statistics whose expectation under simple random sampling is just the value of the
statistic computed in the whole population. The generalized k-statistics have this property but
it turns out to be more convenient to work with linear combinations called ‘polykays’. These are
unbiased estimates of population polykays or, in the infinite population case, unbiased estimates
of cumulant products. Again, they are most conveniently indexed by set partitions.

The remaining sections are concerned with estimates of cumulants and cumulant products in the
presence of identifiable systematic structure, typically in the mean value. A common example is to
estimate the second- and higher-order cumulants when the data are divided into k£ groups differing
only in mean value. A second example is to estimate the cumulants of the error distribution
based on residuals after linear regression. The difficulty here is that neither the raw data nor
the observed residuals are identically distributed, so there is no compelling reason for restricting
attention to symmetric functions in the usual sense. Indeed, better estimates can be obtained by
using functions that are not symmetric: see Exercise 4.22.
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4.2 k-statistics

4.2.1 Definitions and notation

Let Y7,...,Y, be independent and identically distributed p-dimensional random variables where Y;
has components Y;,..., Y. The cumulants and generalized cumulants of Y; are written ", k*,
r,st

r,s,t
K5t

k"5" and so on. No subscripts are necessary because of the assumption that the observations
are identically distributed. For each generalized cumulant, x, with appropriate superscripts, there
is a unique polynomial symmetric function, denoted by k& with matching superscripts, such that
k is an unbiased estimate of k. The lower-order k-statistics are very familiar, though perhaps by
different names. Thus, for example, the simplest k-statistic

-1 .
kK"=n E iYi’" =Y (4.1)
is just the sample mean, an unbiased estimate of k". Also,

K=Y (=Y -7/ (= 1)
I (4.2)

where ¢! = 1 and ¢¥ = —1/(n—1) for i # j, is just the usual sample covariance matrix. It is well
known that £™° is an unbiased estimate of K™°.

We need not restrict attention to ordinary cumulants alone. A straightforward calculation shows
that

kTS = n—lZiY'iTYis (43)

is an unbiased estimate of k™ and that
kr,st — nflzij(zsijyir}/jsy'jt (44)

is an unbiased estimate of k™5t
The four statistics (4.1) to (4.4) are all examples of k-statistics. Following the terminology of
Chapter 3, we refer to (4.1) and (4.2) as ordinary k-statistics and to (4.3) and (4.4) as generalized

k-statistics. It is important at the outset to emphasize that while
kTS = kIS + kT RS
- J

the corresponding expression with k replaced by k is false. In fact, we may deduce from (4.1) to
(4.3) that
nk™ = (n — 1)k™° + nk"k°.

Equivalently, we may write
kTS TS — n—lzij((sij - (bij)y—iryvjs

# Ty S
=2 ¥/,

where n(2) = n(n — 1), which is an unbiased estimate of the product #"#*, and is not the same as

k"k*. The symbol, Z#, which occurs frequently in the calculations that follow, denotes summation
over unequal values of the indices, 1, j,... .
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4.2.2 Some general formulae for k-statistics
It follows from the definition of moments that
kT — n*ldi}/ir
LS = nfl(sijyiryjs
t —15ijk t
kTS =n 674‘] }/’LT'Y"]SYk
and so on, where 6% = 1 if { = j = k and zero otherwise, are unbiased estimates of the moments
k", k™, k™" and so on. To construct unbiased estimates of the ordinary cumulants, we write
.1
kT S =n ¢1] }/i’l'}/js
kr}s}t —_n 1¢1] YzTYySth (45)
st —1 igkl t
kT S u =n ¢Z] }/ZTY]SY]C )/2’!1/
and so on, and aim to choose the coefficients ¢ to satisfy the criterion of unbiasedness. The
k-statistics are required to be symmetric in two different senses. First, they are required to

be symmetric functions in the sense that they are unaffected by permuting the n observations
Y1,...,Y,. As a consequence, for any permutation 7y, ..., m, of the first n integers, it follows that

¢Z]k:l — ¢7\'i7l'j7l'k7|'l X

This means, for example, that ¢**7 = ¢''22 but it does not follow from the above criterion that
¢122! is the same as ¢'122. In fact, however, it turns out that the coefficients ¢ are symmetric under
index permutation. This follows not from the requirement that the ks be symmetric functions,
but from the requirement that the k-statistics, like the corresponding cumulants, be symmetric
under index permutation. In Section 4.3.2, symmetric functions will be introduced for which the
coefficients are not symmetric in this second sense. It follows that ¢/ can take on at most three
distinct values depending on whether i = 5 = k, i = j # k or all three indices are distinct.
Similarly, ¢**' can take on at most five distinct values, namely @11, @l112 41122 51123 5pd
#1234 corresponding to the five partitions of the number 4.

On taking expectations in (4.5), we find that the following identities must be satisfied by the
coefficients, ¢.

K™ =n e (K756 + KTKR0;05)
KD = G (k7SS + KRS0 [3] + KT RCKL5:80,)
K/r,s,t,u — n71¢z]kl (K/r,s,t,u(sijkl + Hrﬁs’t’u(sié‘jkl [4} + "insﬁt7u5ij6kl [3]

+ Iir,‘islit’u(siéjtskl[(i] + f@rmsfit/i“(;ﬁj&k&) .

Thus we must have

(;Sijéij =n, ¢1J51 = 07
¢ijk5ijk =n, Qsijkéij — 07 ¢ijk5i — ()7 (46)
IS = m, ¢k, = 0, M5 =0, ¢, =0,

and so on. From these formulae, we find that, for ¢, j, k, [ all distinct,

it = il = it — 1
¢ = @™ =" =™ = —1/(n—1)

¢V = ¢t =2/{(n—1)(n—2)}

¢ = —6/{(n—1)(n—2)(n—3)}.
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One can then show by induction that the general expression for the coefficients ¢ is
v—1 n—1 . v—1 v—1
/(1) = ot e (@7
where v < n is the number of distinct indices, and

=)V =mnm-1)n-2)--(n—v+1).

There are no unbiased estimates for cumulants of order greater than n.

Many of the pleasant statistical properties of k-statistics stem from the orthogonality of the
¢-arrays and the d-arrays as shown in (4.6). More generally, if vi, vy are sets of indices, we may
write (¢(v1),d(va)) for the sum over those indices in v; Nwvg. This notation gives

0, if vy C vy
(¢(v1), 6(v2)) = § ™ if vy = vy (4.8)
5(’[)27’[)1), if v C va,

no simplification being possible otherwise. In the above expression, the symbol C is to be
interpreted as meaning ‘proper subset of’.

For an alternative derivation of expression (4.7) for ¢, we may proceed as follows. Unbiased
estimates of the moments are given by

R Z }/irYisv kst — 1 Z Yvir}/iS)/it

and so on. Unbiased estimates of products of moments are given by the so-called symmetric means

L)) Z#YTY /n(2) E((st) — Z#yrys t/n(Q
k(rs)(tu — Z#YTYSY?Y@/n(Z) k(r)(stu - Z#yﬁ"y.sy,ty.u/n@
k(r) s)(t Z#Yrysyt/ 3 )7 k(r)(st E#YTYSYtqu n(3)

and so on, with summation extending over unequal subscripts. It is a straightforward exercise
to verify that E(k(M(s)(W) = grgstgv and similarly for the remaining statistics listed above. All
linear combinations of these statistics are unbiased for the corresponding parameter. Thus

krst _ k(T)(St) [3] + Qk(r)(s)(t) (49)

rst r,8,t

is an unbiased estimate of k™! — k" k5 [3] + 2k"K°K! = K5t By expressing (4.9) as a symmetric
cubic polynomial with coefficients ¢“/*, it can be seen that the coefficients must satisfy (4.7),
the numerator coming from the Mdbius function and the denominator from the above sums over
unequal subscripts.

A similar argument applies to higher-order k-statistics.

4.2.3 Joint cumulants of ordinary k-statistics

Before giving a general expression for the joint cumulants of k-statistics, it is best to examine a
few simple cases. Consider first the covariance of k" and k°, which may be written

T .S\ oy —2 40 4] TS
cov(k", k*) =n""¢'¢ Ki'j
where ﬁ:; 1s the covariance of ¥;" and Y. This covariance is zero unless ¢ = j, in which case we
may write k;’ ] = k"%J;; because the random variables are assumed to be identically distributed.
Thus
cov(k™, k%) = n72¢1¢75ijﬁr’s =r"/n.
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Similarly, for the covariance of k™ and k*, we may write

cov(k™* k') = n*2¢ij¢km;;’,§.

On expansion of the generalized cumulant using (3.3), and after taking independence into account,
we find §

cov(k™*, kt) = n2¢4 gk (K" 835k + K°K"16;0:[2]) .
Application of (4.8) gives cov(k™*, kt) = n~ k"%t Similarly, the covariance of two sample
covariances is

COV(/CT7S, kt,u) _ n72¢ij¢kll€;”;’}2;&
_ n72¢ij¢kl {"ir,S’t’u&jkl + K/TK/S,t,u&;ajkl [4]
+ Iﬁr’tﬁs’uéik(Sjl[Q] + Iirﬁtﬁs’u(sitsléjk[ll]}
_ nfllir,s,t,u + Hr,tﬁs,u[Q]Z‘ ‘¢ij¢ij/n2
ij
— nfl’%r,s,t,u + KT’th}S’up]/(n _ 1)

In the case of third and higher joint cumulants of the ks, it is convenient to introduce a new
but obvious notation. For the joint cumulant of ™%, k%, and k%% we write

kg (1, s|t, ulv, w) = n 3¢ k! m"%ffﬁn’iﬁ

In the expansion for the 3,6 cumulant, all partitions having a unit part can be dropped because of
(4.8). The third-order joint cumulant then reduces to

o (1, 8[t, u|v,w) = n 3G GG (KD Sy
+ Kr,s,t,vnu,w6ijkm61n[12] + Kr,s,tﬁu,u,wtsijk&lmn [6]
+ nr’t’”ﬂs’“’wéikméjm[él] + /@T’tﬁs’”n“””&ikéjméln[8]),
where the third term has zero contribution on account of orthogonality. To simplify this expression

further, we need to evaluate the coefficients of the cumulant products. For example, the coefficient
of the final term above may be written as

n73 Z ¢ij¢ik¢jk
ijk

and this sum, known as pattern function, has the value (n —1)~2. See Table 4.1 under the pattern
coded 12/13/23. On evaluating the remaining coefficients, we find

ik (r, slt, ulv, w) = K7EE R 4 TR 2] {n(n — 1)}
+ k"B S 4] (n — 2) {n(n — 1)} + 7S VESY(8]/(n — 1)2

In the univariate case where k™ and k™ are commonly written as Y and s2, we may deduce
from the cumulants listed above that

var(Y') = ka/n, cov(Y,s?) = k3/n,
var(s?) = ka/n +2k3/(n — 1)

and the third cumulant of s2 is

k3(s%) = rg/n? + 12k4k9/{n(n — 1)} + 4(n — 2)k3/{n(n — 1)*}
+ 8k3/(n — 1)2.
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More generally, the joint cumulant of several k-statistics can be represented by a partition,
say T*. On the right of the expression for rx(YT*) appear cumulant products corresponding to
the partitions T complementary to Y*, multiplied by a coefficient that depends on n and on the
intersection matrix Y* N Y. This coeflicient is zero for all partitions ¥ having a unit block and
also for certain other partitions that satisfy the first condition in (4.8), possibly after simplification
by the third condition in (4.8). For example, if T* = {ij|kl|lmn} and T = {ijk|lmn}, then the
coefficient

O S 54j10ktm = O ™ OBt = 0

is zero even though no block of T is a subset of a block of T*. In general, the coefficient of the
complementary partition T = {v1,...,v,} may be written as

n=S(L7), (1)) =D d(v]) - d(vi) 8(v1) ---6(vy)

with summation over all indices. With this notation, the joint cumulant of several k-statistics may
be written as
r(T7) = Y n (), 6(0) k(v1) -+ (wy). (4.10)

TVYT*=1

The main difficulty in using this formula lies in computing the coefficients (¢p(Y*),d(Y)).

4.2.4 Pattern matrices and pattern functions

We now examine various ways of expressing and computing the coefficients (¢(Y*),d(Y)), also
called pattern functions, that arise in (4.10). Evidently the coefficient is a function of n that
depends on the intersection matrix Y* N Y. In fact, since the value of ¢ depends only on the
number of distinct indices and not on the number of repetitions of any index, it follows that
(¢(Y*),(Y)) must depend only on the pattern of non-zero values in T*N7T and not on the actual
intersection numbers. The so-called pattern matriz is determined only up to separate independent
permutations of the rows and columns.

To take a few simple examples, suppose that T* = ijk|lmn, Y1 = ijl|kmn and Yo = il|jkmn.
The intersection matrices are

X 21 . 1 2

T ﬁTl_l 5 and Y ﬂTg-l 9

which are different, but the pattern matrices are identical. The pattern functions (¢p(1*),(Y)),
written explicitly as sums of coefficients, are

Z ¢“J ¢ijj and Z ¢ijj ¢ijj;

both of which reduce to > (¢%)? = n?/(n — 1). Similarly, if we take T* = ij|kl|mn and
Y = ik|jm|in, the pattern matrix is

T NTY = (4.11)

O = =
_ o
— = O

corresponding to the algebraic expression > ¢ ¢*¢/*, as if the columns of the pattern matrix
were labelled 7, 7 and k. This pattern function appears in the final term of the expression for
ki (7, s|t, ulv, w) above and takes the value n3/(n — 1)?: see Exercise 4.6.

Because of the orthogonality of the ¢-arrays and the J-arrays of coefficients, many pattern
functions are identically zero and it is helpful to identify these at the outset. Evidently, from
(4.10), if T*VT < 1, the pattern function is zero. Moreover, additional vanishing pattern functions
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Table 4.1 Some useful non-zero pattern functions

Pattern Pattern function
1/1/--/1 n
Two rows
12/12 n?/(n—1)
123/123 n3/(n—1)®
1234/1234 nd(n+1)/(n—1)¢
12345/12345 n*(n+5)/(n—1)"
12356/123456 n?(n+1)(n? 4—15n-—4)/01-1ﬂ5>
Three rows
12/12/12 n?(n—2)/(n—1)>
12/13/23, 123/12/13 n3/(n —1)2
123/123/12 nd(n—3)/{(n—1)2(n-2)}

n3(n? — 6n + 10)

123/123/123 CESVICEL
4
n
123/124/34, 1234/123 /34
3/124/34, 1234/123/3 VR
n*(n — 3)
123/124/134 EESV IR
n*(n — 4)
123/24/1234
B2 (=17 —2
n3(n? —4n—1)
1234/1234/12
/ / (n—1)2(n—2)(n—3)
n3(n3 — 18n2 + 17n + 2)
1234/1234/12
2123 (=10 —27°(n—3)
1234/1234/1934 n®(n* — 12n3 + 51n? — 74n — 18)

(n—1)%(n—2)%(n - 3)?

can be identified using (4.8), but this test must, in general, be applied iteratively. For example, if
= ijlkllm and Y = ijk|lm, we find that

&Y MG 81k O1m = M " O Siam = 0
on applying (4.8) twice. The pattern matrix is

O~
—_= O

and the corresponding pattern function is zero because the columns of this matrix can be
partitioned into two blocks that connect only through one row. The pattern matrix for T = ikm|jl
cannot be partitioned in this way and the corresponding pattern function is n?/(n — 1). Rows
containing a single entry may be deleted since ¢* = 1. Table 4.1 gives a list of some of the more
useful pattern functions.
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Table 4.1 Non-zero pattern functions (continued)

Pattern Pattern function

Three rows (contd.)
1234/125/345, 12345/215/435 n®/(n — 1)%(n — 2)?
n*(n+1)
(n—1)2(n—2)(n—3)
n*(n? —4n — 1)

1234/1235/45, 12345,/1235/34

1234/1235/145 (n—1)2(n—2)2(n — 3)
nt(n3 —9n? 4+ 19n + 5)
1234/1235,/1245 D% 22 —3)2
n*(n? — 5n — 2)
12345/1234/125 (TL— 1)2(n_2)2(n_3)
47,2
12345/1245/12 (T; (_Tll)(n4i 1)?4))
nd(n + 1)(n? — 5n + 2)
nt(n3 —9n? 4+ 19n + 5)
12345/1236,/456 R R ORI
Four rows
12/12/12/12 n®(n® = 3n+3)/(n—1)°
13/13/12/12 n?/(n—1)?
13/23/12/12, 123/23/12/12  n3(n—2)/(n — 1)?
123/13/23/12 n(n—3)/(n—1)°
123/123/12/12 M
n—1)3n-2
n3(n? — 5n +7)
123/123/12/13 m
n3(n — 3)(n? — 4n + 6)
123/123/123/12 (TL— 1)3(n_2>2
3(p4 3 2
123/123/123/123 n3(n* — 9n° + 33n? — 60n + 48)

(n—103(n - 2)°

To conserve space, the patterns in Table 4.1 are coded numerically. For example, the pattern
(4.11) is coded under the section marked Three rows as 12/13/23 and takes the value n3/(n — 1)
Patterns that can be derived from (4.11) by permuting rows or columns are not listed explicitly.

4.3 Related symmetric functions

4.3.1 Generalized k-statistics

Generalized k-statistics are the sample versions of the generalized cumulants, so that, for example,
k™5t is a symmetric function and is an unbiased estimate of x"™>*t. A fairly simple extension of the
argument used in Section 4.2.2 shows that

st — g1 Z ¢ijyiryjsyjt (4.12)
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is the required symmetric function. Similarly,
k_rs,tu — n*l ZQSZJKT}/;SYJtY;u (413)
Erisitu — 77,71 Z(Z)ijkyriryjsygyku (414)

and so on. Note that the coefficients ¢/ in (4.12) and (4.13) could have been replaced by ¢*7 and
#"7 | while that in (4.14) could have been written ¢"** matching the partition corresponding to
the required k-statistic.

To verify that these are indeed the appropriate estimators of the generalized cumulants, we
observe first that the generalized k-statistics are symmetric functions of Yi,...,Y,. Also, on
taking expectations, we have that

E{kr,st} _ n71¢ij{ﬂr’5t5ij + K/TK/St(Si(Sj} _ Kr,st.

Similarly for "' and k™*™. More generally, if we define Y;"* = YY;*, it is immediately evident
that (4.13) is an unbiased estimate of cov(Y;"*, ;). Evidently, the sample moments are special
cases of generalized k-statistics, for we may write

krst — 7171 qui}/iryisyvit’

which is the same as the expression given in Section 4.2.2. In fact, unbiased estimates exist for all

generalized cumulants of order (a, 3), provided only that a@ < n. In particular, unbiased estimates

exist for all moments of all orders but only for ordinary cumulants whose order does not exceed n.
The importance of generalized k-statistics stems from the following properties:

(i) The generalized k-statistics are linearly independent (but not functionally independent).
(ii) Every polynomial symmetric function can be expressed uniquely as a linear combination of
generalized k-statistics.
(iii) Any polynomial symmetric function whose expectation is independent of n can be expressed as
a linear combination of generalized k-statistics with coefficients independent of n.

These properties are not sufficient to identify the generalized k-statistics uniquely. In fact, as will
be shown in the sections that follow, there are alternative systems of symmetric functions that are
in some ways more convenient than generalized k-statistics. All such systems are invertible linear
functions of generalized k-statistics with coefficients independent of the sample size, and the three
properties listed above are preserved under such transformations.

In view of the results derived earlier, particularly in Section 3.8, the proofs of the above assertions
are fairly elementary. Only broad outline proofs are provided here. To establish (i), we suppose
that there exists a linear combination of generalized k-statistics that is identically zero for all Y and
show that this assumption leads to a contradiction. The expectation of such a linear combination
is the same linear combination of generalized cumulants, which, by assumption, must be zero for
all distributions. But this is known to be impossible because the generalized cumulants are linearly
independent. Hence (i) follows.

To prove (ii), we note first that if a linear combination exists, it must be unique because
the generalized k-statistics are linearly independent. For the remainder of (ii), we need to show
that there are enough generalized k-statistics to span the space of polynomial symmetric functions.
Without loss of generality, we may restrict attention to homogeneous symmetric functions of degree
one in each of the variables Y',...,YP. Any such polynomial may be written in the form

ai1i2---ip}/ii . Yz’;
This is one of the few examples in this book of an array of coefficients that is not symmetric
under index permutation. The following discussion is given for p = 4 but generalizes in an obvious
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way to arbitrary p. For p = 4, symmetry implies that the array a”’*! can have at most By = 15
distinct values, namely a!'?, a'12[4], a'1?2[3], a!!23[6] and a'?*4. To see that this is so, we note
the quartic ) a¥ M)QTY}SthYl“ must be invariant under permutation of Yi,...,Y,. Hence, for any

n X n permutation matrix 72, we must have

ijkl _ i g k.l rstu __ wimimRT
o = mmlnim,a =q™" ,
where 71, ..., T, is a permutation of the first n integers. Hence, if 4,5,k,] are distinct integers, then

azn] — a1112 # a2111

azzgk — (11123 # 0,1233

and so on. It follows that there are exactly 15 linearly independent symmetric functions of degree
one in each of four distinct variables. Any convenient basis of 15 linearly independent symmetric
functions, each of degree one in the four variables, is adequate to span the required space. For
example, one possibility would be to set each of the distinct as to unity in turn, the remainder
being kept at zero. However, the generalized cumulants provide an alternative and more convenient
basis. Of course, if the four variables were not distinct, as, for example, in univariate problems, the
number of linearly independent symmetric functions of total degree four and of specified degree in
each of the component variables would be reduced. In the univariate case, there are five linearly
independent symmetric functions of degree four, one for each of the partitions of the number four.

The argument just given holds for homogeneous symmetric functions of degree one in an
arbitrary number of distinct random variables. Even when the number of distinct variables is
less than the degree of the polynomial, it is often convenient in the algebra to sustain the fiction
that there are as many distinct variables as the total degree of the polynomial. Effectively, we
replicate an existing variable and the algebra treats the replicate as a distinct variable. This
device of algebraic pseudo-replication often simplifies the algebra and avoids the need to consider
numerous special cases.

The final assertion (iii) follows from completeness of the set of generalized k-statistics together
with the fact that generalized k-statistics are unbiased estimates of the corresponding cumulant.

4.3.2 Symmetric means and poly

The symmetric means have previously been introduced in Section 4.2.2 as the unique polynomial
symmetric functions that are unbiased estimates of products of moments. Symmetric means, also
called power products in the combinatorial literature dealing with the univariate case (Dressel,
1940), are most conveniently indexed in the multivariate case by a partition of a set of indices.
Of course, this must be done in such a way that the notation does not give rise to confusion
with generalized k-statistics, which are indexed in a similar manner. Our proposal here is to
write k("$)(*u) for the estimate of the moment product x"*x™?. The bracketing of superscripts is
intended to suggest that some kind of product is involved. In a sense, the letter k is redundant or
may be inferred from the context, and we might well write (rs)(tuv) or {(rs)(tuv)) corresponding
more closely to the conventions used in the univariate case where k(D1 would typically be
written as 23 or (23) (MacMahon, 1915; Dressel, 1940; Tukey, 1950, 1956a). In this chapter, we
use the notations k("*)(*“) and (rs)(tuv) interchangeably: the latter notation has the advantage
of greater legibility.

The expressions for the symmetric means are rather simple. For instance, it is easily verified
that

(7‘8) (tuv) = k(rs)(tuv) — Z YirYiSthYqujv/n@)
i#£]
(rs)(tu)(v) = KUEI0) = N yVrYRYiv Y ),
1#jFk

and
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where the sum extends over distinct subscripts and the divisor is just the number of terms in
the sum. The extension to arbitrary partitions is immediate and need not be stated explicitly.
Additional symmetric means are listed in Section 4.2.2.

The polykays are the unique polynomial symmetric functions that are unbiased estimates of
cumulant products. Tt is natural therefore to write k("*)(®&%%) or (r,s)(t,u,v) to denote that
unique symmetric function whose expectation is the cumulant product x™*x®“v. Again, the
bracketing suggests multiplication, and the commas indicate that cumulant products rather than
moment products are involved. We first give a few examples of polykays and then show how the
three systems of symmetric functions, generalized k-statistics, symmetric means and polykays are
related.

It was shown in Section 4.2.2 that

KOE) = 3 gliyry e @

is an unbiased estimate of the product x"k*, where ¢/ = 1 if i # j and zero otherwise. By
extension,

KOED = N giliky vyt @)

with suitably chosen coefficients ¢7%, is an unbiased estimate of k" k*t. The required coefficients
are
0 ifi=jori=k
ik =1 if j=k#i

—1/(n—2) otherwise,
as can be seen by writing k("8 = g(M(st) _ E()()(®) in the form
Z#Yirystjt/n@) _ Z#YiTYjSth/n(B)‘
In addition, we may write
L () () — Zd,ijlklyiryjsyéylu/n@)

for the unbiased estimate of the product x™*x»%, where

0 iorj=korl
Sk — 1 i=jand k=10#1
—1/(n—2) i=7j, k#1#1or reverse

1/{(n—=2)(n—3)} all distinct.

Also,
() (tu) — ZWU‘METY}SY/:EU/TI(?’)

is an unbiased estimate of the product x"x°k>%, where the coefficients are given by

N 0 same value occurs in different blocks
¢t =1 k=l i#j#k
—1/(n—3) all indices distinct.

Evidently, the coefficients for the polykays are more complicated than those for ordinary k-
statistics, symmetric means or generalized k-statistics. These complications affect the algebra
but do not necessarily have much bearing on computational difficulty. Neither the formulae given
above nor the corresponding ones for generalized k-statistics are suitable as a basis for computation.
Computational questions are discussed in Section 4.5.
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Since the generalized k-statistics, symmetric means and polykays are three classes of symmetric
functions indexed in the same manner, it is hardly surprising to learn that any one of the three
classes can be expressed as a linear function of any other. In fact, all of the necessary formulae have
been given in Section 3.6.2: we need only make the obvious associations of symmetric means with
moment products, polykays with cumulant products and generalized k-statistics with generalized
cumulants. The following are a few simple examples of symmetric means expressed in terms of
polykays.

Of course, (rs) = (r,s) + (r)(s) and similarly
(tuv) = (t,u,v) + (¢)(u, v)[3] + () (u)(v)

but this does not imply that k("*)(#u%) is the same as k("*) k(t*?) . The above multiplication formulae
for the indices are purely symbolic and the multiplication must be performed first before the
interpretation is made in terms of polykays. Thus (rs)(tuv) is expressible as the sum of the 10
polykays whose indices are sub-partitions of rs|tuv.

The corresponding expressions for polykays in terms of symmetric means may be written
symbolically as

(rys)(2) = {(rs) — (r)(s)}(#)
(ry8)(t,u) = {(rs) — (r)(s) H{ (tu) = ()(w)} (4.15)
(r;8) (8 u,v) = {(rs) — (r)(s) H{ (tuv) — () (wv)[3] + 2(2) (w) (v)}.

Again, it is intended that the indices should be multiplied algebraically before the interpretation is
made in terms of symmetric means. Thus, (r, s)(¢,u,v) is a linear combination of the 10 symmetric
means whose indices are sub-partitions of rs|tuv. The coefficients in this linear combination are
values of the MGbius function for the partition lattice.

From the identity connecting generalized cumulants with products of ordinary cumulants, it
follows that we may express generalized k-statistics in terms of polykays using (3.3) and conversely
for polykays in terms of generalized cumulants using (3.18). By way of illustration, we find using
(3.3) that

krs,tu — k(r,s,t,u) + k(r)(s,t,u) [4] + k(r,t)(s,u)[ ] + k(r (s,u) [4]

where k(mstu) = kmstt and the sum extends over all partitions complementary to rs|tu. The
inverse expression giving polykays in terms of generalized cumulants is a little more complicated
but fortunately it is seldom needed. Application of (3.18) gives, after some arithmetic,

6k(7‘,s)(t,u) — kr,stu [4] _ krs,tu[g] _ ans,tu[Q] + k_r,t,su[4] _ kns,t,u‘

This identity can be read off the sixth row of the 15 x 15 matrix given at the end of Section 3.6.2.
The remaining expressions involving four indices are
6k(r)(s,t,u) — 7kr,stu [4] + krs,tu [3] + ris,t,u[g] o kr,s,tu [3} - 2kr,s,t,u
6k(r)(s)(t,u) — _ fmstu [2] + 2krst,u[2} _ 9fTSitu + Lrtsu [2]
+ ri,s,tu _ kr,t,su[4] _ krs,t,u + kr,s,t,u
6k(r)(s)(t)(u) — GETStY — 2kr,stu[4} _ krs,tu[g] + kr,s,tu[ﬁ} _ kTSt
These examples emphasize that the relationship between the polykays and the generalized k-

statistics is linear, invertible and that the coefficients are independent of the sample size. Because
of linearity, unbiasedness of one set automatically implies unbiasedness of the other.
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4.4 Derived scalars
To each of the derived scalars discussed in Section 2.8 there corresponds a sample scalar in which
the ks are replaced by ks. Denote by k; ; the matrix inverse of £*7 and write
=2 __ .rs,tru,v,w
pris = k k kr,skt,ukv,w

=2 7,8,t 1.u,v,Ww
Py = k"2 kY Y k. ks ok w

= _ .ms,tu
p"’4*]€’77 kr,skt,u

for the sample versions of ppis, pps; and ppy defined by (2.14)-(2.16). Although these three
statistics are in a sense, the obvious estimators of the invariant parameters, they are not unbiased
because, for example, k,  is not unbiased for &, .

By their construction, the three statistics listed above are invariant under affine transformation
of the components of X. Hence their expectations and joint cumulants must also be expressible in
terms of invariants. To obtain such expressions, it is convenient to expand the matrix inverse &,
in an asymptotic expansion about x, . If we write

kTS = g1 4

it follows that €™* = Op(nfl/z) in the sense that n'/2¢»* has a non-degenerate limiting distribution
for large n. The matrix inverse may therefore be expanded as

ij ij kil
krs = Krs — €rs + €ri€s K" — €465 k€L KT KT 4o

)

where €5 = m}mS,jei’j is not the matrix inverse of €™®. The advantage of working with this
expansion is that it involves only ¢™* whose cumulants, apart from the first, are the same as those
of k™%. In the case of the scalar pry, we may write

pry = kr’s’t’u(’ir,s —€rs T 67",z'€s,j’§17'7 - )

y
X (Kt — €tu + €4i€u g™ — ).

On taking expectation and including terms up to order O(n~!) only, we find using the identity
(3.3) that

E(pf4) = ppa — 2K’k<ra s, t, t|T7 8) + IQk;(T, s, t, ’U,)Iik;(T, 5|t7 u)
+ 2kp(r, 8, t, t) kK (1, uls, uw), (4.16)

where, for example, ki (r, s,t,t|r, s) is a convenient shorthand notation for the scalar
r,8,t,u 1,v,w
Ko,vos,wht,u COV(K LBV
and rg(r, s, t,u) = k™5H% by construction. Simplification of this particular scalar gives

Krohistiea {K050000 [ 4 (RPEUEY6] 4 70 RS(2]) /(- 1)

+ (Hr,s,vﬂt,u,w[zl] + Kr,t,wns,u,up])/(n o 1)}
= ppe/n+(6ppa + 2p°pa + 4ppis + 2pp3s)/(n — 1).

After simplification of the remaining terms in (4.16), we are left with

B(7) = pa(1 — 8/n— 2p/n) — afn — 8%s/n — 4 /n
+2p%4/n+ P3a/n+ O(n2),
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where pp?, and pp3, are defined in Section 2.8.

Similar expressions may be found for higher-order cumulants, though such expressions tend to
be rather lengthy especially when carried out to second order. To first order we have, for example,
that

V&I‘(pﬂl) = Kk(ra Ty S, S‘ta t,u, u) - 4’{/6(7'7 Ty S, t)‘%k(ua U, v, ’U‘S, t)

+0(n?),

both terms being of order O(n~!). This variance can be expressed directly in terms of invariants
but the expression is rather lengthy and complicated and involves invariants of a higher degree
than those so far discussed.
In the case of jointly normal random variables, the second term above vanishes and the first
reduces to
var(pry) = (8p* + 16p)/n + O(n™2). (4.17)

In fact, it can be shown (Exercise 4.10), that the limiting distribution of n'2pr, is normal with zero
mean and variance 8p? 4+ 16p. The normal limit is hardly surprising because all the k-statistics
are asymptotically normal: the joint cumulants behave in the same way as the cumulants of a
straightforward average of independent random variables.

In the case of the quadratic scalar, 775, we may make the following expansion

=2 r,8,t .U, V,w 2,7
prig =k (ks — €p s + €ri€s iKY — -1 0)
_ I 2
X(kt}u €t u + et,zeu)]"i ’ )
i
x(kv,w — €yw T €v,i€w,j R T )

On taking expectation, and including terms up to order O(n~1), we find

E(pf%S) = pﬁ%?) + ’%k(ra r, 8|87 t, t) - QHIC(T7 S, t)’%k(tv u, u|r, S)
- 25]6(“7 v, U)K“k(ra S, ’U,|7‘, S) - 2I'i]€(7', T, S)"ik(ua tv t|57 U)
+ 25]6(7“7 T, t)Hk(t7 v, w)"{/k(vv U|U,, w)

+ ’ik(n T, t)’{k<u7 Uu, w)’ik(fﬂ 5|57 w) + O(niz)‘

Again, the above formula may be expressed directly in terms of invariants. For example, the second
term may be written as

P(P6 + ppa + 8pa + 5pi3 + 4pss +2p +4)/n+ O(n™?).
In the case of normal random variables, only the second term contributes, giving
E(pri3) = 2p(p +2)/n+ O(n?).
In fact, it may be shown (Exercise 4.11), that for large n,

(n—1)(n—2)pri, A2

2n(p + 2) X
under the assumption of normality.
Similar calculations for 72, give
(n—1)(n-2p
6n Xp(p+1)(p+2)/6

for large n under the assumption of normality (Exercise 4.11).
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Finally, it is worth pointing out that, although 7%;, 73, and 74 are the most commonly used
scalars for detecting multivariate non-normality, they are not the only candidates for this purpose.
Other scalars that have an equal claim to be called the sample versions of pp?s and pp3; include

k(r,s,t)(u,v,w) kr skt uku w and k(r,s,t)(u,v,w) kr uks vkt w-

Another class of invariant scalars that has considerable geometrical appeal despite its incom-
pleteness, may be defined by examining the directional standardized skewness and kurtosis and
choosing the directions corresponding to maxima and minima. In two dimensions, if p2; = 0,
there are three directions of equal maximum skewness separated by 27/3, and zero skewness in
the orthognal direction. On the other hand, if 4p3; = 3p3; there is one direction of maximum
skewness and zero skewness in the orthogonal direction. More generally, a complete picture of the
directional skewness involves a combination of the above: see Exercises 2.36 and 2.37. In the case
of the directional kurtosis, it is necessary to distinguish between maxima and minima. Machado
(1976, 1983) gives approximate percentage points of the distribution under normality of the sample
versions of the maximized directional skewness and kurtosis and the minimized directional kurtosis.

4.5 Computation

4.5.1 Practical issues

Practical considerations suggest strongly that we are seldom likely to require k-statistics or polykays
of degree more than about four. Without further major assumptions, this is enough to enable the
statistician to make approximate interval estimates for the first two cumulants only and to make
approximate point estimates for cumulants of orders three and four. As a general rule, the higher-
order k-statistics tend to have large sampling variability and consequently, large quantities of data
are required to obtain estimates that are sufficiently precise to be useful. By way of example, under
the optimistically favourable assumption that the data are approximately normally distributed with
unit variance, approximately 40000 observations are required to estimate the fourth cumulant
accurately to one decimal place. In the case of observations distributed approximately as Poisson
with unit mean, the corresponding sample size is just over half a million. More realistically, to
estimate k4 accurately to the nearest whole number, we require 400 observations if circumstances
are favourable, and more than 5000 if they are only a little less favourable. These rough calculations
give some idea of the kind of precision achievable in practice.

In addition to the statistical considerations just mentioned, it should be pointed out that the
number of k-statistics and, more emphatically, the number of polykays, grows rapidly with the
number of variables and with the order of k-statistic or polykay considered. For example, the

number of distinct k-statistics of total order &k in up to p variables is (]”g*l), while, if we include

those of order less than k, the number becomes (k‘};p ) The latter formula includes the sample size
itself as the k-statistic of order zero. On the other hand, the number of polykays of total order

exactly k in up to ¢ variables is p,(k), where, for example, p; (k) is the number of partitions of the

number k& and
pQ(k) = Z p(aab)a
a+b=k

a,b>0
where p(a,b) is the number of distinct partitions of a set containing a objects of type A and b
objects of type B. For the purposes of this discussion, objects of the same type are assumed to be
indistinguishable. In an obvious notation,

pB(k) = E p(avbac)
a+b+c=k
a,b,c>0
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Table 4.2 Numbers of k-statistics and polykays of various orders

Number of distinct k-statistics

Number of variables
Order 1 2 3 4
1 1 2 3 4
2 1 3 6 10
3 1 4 10 20
4 1 5 15 35
5 1 6 21 56
kE+2 kE+3
1 1
f« (7))
Number of distinct polykays
1 1 2 3 4
2 2 6 12 20
3 3 14 38 80
4 5 33 117 305
5 7 70 336 1072
k pi(k) (k) p3(k) pa(k)

involves a sum over various tri-partite partition numbers of three integers. Some values for these
totals are given in Table 4.2.

Partly for the reasons just given, but mainly to preserve the sanity of author and reader alike,
we discuss computation only for the case k < 4.

4.5.2 From power sums to symmetric means

As a first step in the calculation, we compute the following (p 14) ‘power sums’ and ‘power products’:

KO — 1,
r__ . —1 T rs _ —1 TV S
S S S
krst — nflziyviry'isy;t krstu — nflzi}/iry;syfit}/iu.

One simple way of organizing these calculations for a computer is to augment the data by adding the
dummy variable Y, = 1 and by computing k"' for 0 < r < ... < u. This can be accomplished
in a single pass through the data. The three-index, two-index and one-index quantities can be
extracted as k975, k9075 and k999" as required.

The above quantities are special cases of symmetric means. All subsequent kstatistics and
polykays whose total degree does not exceed 4 may be derived from these symmetric functions.
No further passes through the data matrix are required. The remaining symmetric means are
k) = k7,

kS = Lnk "k — k") /(n — 1)
L) (®) — {nZkrk_skt — nk"ES[3] + rist}/(n . l)(z)
LSO = L3Rk kK k" — n?k"k k(6] + 2nk" k" [4]
+ k" kM [3] — 6k} /(n — 1)@, (4.18)
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Included, essentially as special cases of the above, are the following symmetric means:

k(r)(st) _ {nkrkst o krst}/(n o 1)
k(rs)(tu) — {nkrsktu - krstu}/(n - 1)
k(r)(s)(tu) — {nZkrksktu — nkTESt — pkSkT
— k" 4 2k /(n — 1)), (4.19)
Of course, if the computations are organized as suggested in the previous paragraph, then the

above formulae may all be regarded as special cases of expression (4.18) for k(M) By way
of example, direct substitution gives

KOO = (3K kK" — 30’k k* k' — n?k" k™ (3]
+ 2nk"t + 2nk" k53] + nk" k3] — 6k"5Y) /(n — 1))
— KGO

For p = 2, there are 55 such terms, all linearly independent but functionally dependent on the
15 basic power sums.

4.5.3 From symmetric means to poly

In going from symmetric means to polykays, the expressions are all linear and the coefficients are
integers independent of the sample size. These properties lead to simple recognizable formulae.
Some examples are as follows:

) = (rs) _ ()
) = (68 _ L))

Frt) = J(rst) _ (s3] - (M)

) (b0) — ) (t) _ () (k) _ p(rs)(®)(w) | p(r)($)®) ()

]{I(T7S
F) (st

More generally, the Mdobius coefficients that occur in the above formulae may be obtained using
the symbolic index multiplication formulae (4.15). For example, in the final expression above, the
indices and the coefficients are given by the expression

{(rs) = (r)(s) H(tw) = () (w)}-

Similarly, in the expression for k(")(5%%) the indices and the coefficients are given by

(r){(stu) = (s)(tw)[3] + 2(s) () (w) }-

The foregoing two-stage operation, from power sums to symmetric means to polykays, produces
the symmetric means as an undesired by-product of the computation. For most statistical purposes,
it is the polykays that are most useful and, conceivably, there is some advantage to be gained in
going from the power sums to the polykays directly. The machinery required to do this will now be
described. First, we require the 15 x 15 upper triangular matrix M = m(Y;, ;) whose elements
are the values of the Mobius function for the lattice of partitions of four items. In addition, we
require the vector K whose 15 elements are products of power sums.

In practice, since M is rather sparse, it should be possible to avoid constructing the matrix
explicitly. To keep the exposition as simple as possible, however, we suppose here that M and K
are constructed explicitly as shown in Table 4.3.
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Table 4.3 The Mdbius matrixz and the vector of power sums used
in (4.20) to compute the polykays

M K
1-1-1-1-1-1-1-1 2 2 2 2 2 2-6 kst
1 -1 -1 -1 2 krstie
1 -1 -1 -1 2 krsukt
1 —-1-1 -1 2 krtugs
1 —1-1-1 2 kStugr
1 -1 -1 1 k"skt
1 -1 -1 1 krtkse
1 —1-1 1 krukst

1 -1 k"sktkv

1 -1 K"k

1 o T

1 —1  EkStkTkv

1 —1  kS“kTE?

1 -1 KkMvkk®

1 k"kSk'kY

Evidently, (4.18) and (4.19) amount to a statement that the vector of symmetric means is given
by the matrix product
D, MTD,K

where
D, = diag{1/n*)}, D, = diag{n*i}

and v; is the number of blocks in the jth partition. The polykays are obtained by Mé&bius inversion
of the symmetric means, giving the vector

P =MD, M'D,K. (4.20)

By this device, the computation of polykays is reduced to a simple linear operation on matrices
and vectors. Despite this algebraic simplicity, it is necessary to take care in the calculation to
avoid rounding error, particularly where n is large or where some components have a mean value
that is large.

The inverse relationship, giving K in terms of P, though not of much interest for computation,
involves a matrix having a remarkably elegant form. The (i,j) element of the inverse matrix is
n raised to the power |Y; V T;| — |T;|, where |Y| is the number of blocks in the partition. See
Exercise 4.18. It follows that the inverse matrix has a unit entry where M is non-zero and negative
powers of n elsewhere.

4.6 Application to sampling

4.6.1 Simple random sampling

In a population containing /N units or individuals, there are (]Z ) distinct subsets of size n. The
subsets are distinct with regard to their labels though not necessarily in their values. A sample
of size n chosen in such a way that each of the distinct subsets occurs with equal probability,

-1
namely (]Z ) , is said to be a simple random sample of size n taken without replacement from the
population. In particular, each unit in the population occurs in such a sample with probability
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n/N; each distinct pair occurs in the sample with probability n(n —1)/{N(N — 1)}, and similarly
for triplets and so on.

Suppose that on the ith unit in the sample, a p-dimensional variable Y; = Y},... Y7,
(i = 1,...,n) is measured. Most commonly, p = 1, but it is more convenient here to keep the
notation as general as possible. Let k" be the rth component of the sample average and let K"
be the corresponding population average. Each unit in the population occurs in exactly (]T\L’ :11) of
the (JX ) distinct samples. Thus, if we denote by ave(k”), the average value of the sample mean,
averaged over all possible samples, we have that

N —1
ave(kr):<n> O D e (1
all subsets

N - —1 N -1 r r
() (e
=N 'Y +---+ Y} =K".

In other words, ave(k”), averaged over all possible samples, is just the same function computed for
the whole population of N units, here denoted by K.
The same argument immediately gives ave(k"®) = K"°, where

K™ =N "HY{Y{ + - + YYR}

is a population average of products. It follows by direct analogy that ave(k"$*) = K" and so on.
In order to show that symmetric means have the same property, namely

ave KOO} = Y P yrye NV - 1)} = KO©
ave (K60} = S yryev NV - 1)} = KO,

where summation runs from 1 to N over unequal indices, we need only replace each occurrence of
‘unit’ in the previous argument with ‘pair of distinct units’ and make appropriate cosmetic changes
in the formulae. For example, each pair of distinct units in the population occurs in (]: :22) of the

(JZ ) distinct samples. It follows that the average value of the symmetric mean, k(") is

r)(s N - 1 TV S r s
ave{k(M)} = (n) =1 Z Yy +- Y, 1Y,
all subsets

= (Dﬁ(i_f) > vy

1<i,j<N
i#j

_ K6,

This argument easily extends to any symmetric mean and hence to any polykay. The conclusion
can therefore be summarized as follows.

Under simple random sampling, the average value of any polykay or symmetric mean, averaged
over all (JX) possible samples, is just the same function computed in the population of N values.

Tukey (1950), carefully avoiding the more conventional terminology of unbiasedness, refers to this
property as ‘inheritance on the average’. To see that this property does not hold for arbitrary
symmetric functions, see Fxercise 4.13.

The main advantage in the present context of working with polykays, rather than with the less
numerous power sums and products, is that variances and higher-order cumulants of computed
statistics are more aesthetically appealing when expressed linearly in terms of population polykays.
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4.6.2 Joint cumulants of k-statistics

In this section, no attempt will be made at achieving total generality. Instead, we concentrate
mainly on the joint cumulants likely to be of most use in applications, usually where the degree
does not exceed four. First, we give a few simple derivations of the more useful formulae. Since
ave(k”) = K", it follows that the covariance of k" and k* is

ave{k"k® — K"K?®},
averaged over all possible samples. From (4.18) it follows that

Bk = kM) 4 k(rys)/n
K'K® =K 4 g9/ N,

Hence, since ave(k("(®)) = K(() we have

11
k) =K (= — —
cov(k", k) <n N),

a well known result easily derived in other ways.
Similarly, the covariance of k™ and k%! may be written as

ave{k"k5" — K"K*t}.
From the multiplication formula

krks,t — k(r)(s,t) + kr,s,t/n
KTKSt — K(r)(s,t) + KT’S’t/N,

it follows that

1 1
kr ks,t — Kr,s,t - .
cov(k”, k™) (n N >

In the case of the covariance of two sample variances or covariances, we use the multiplication
formula

k_r,skt,u — k(r,s)(t,u) + kr,s,t,u/n + k(nt)(sm,) [2]/(n _ 1)’

together with an identical expression for a product of Ks. This gives

n N

1 1
(rt) (s.0) ot
R [2]<n—1 N—1>’

cov(k"*, kb") = Khote <l - i)
(4.21)

which should be compared with the corresponding infinite population expression
ki (r, slt,u) = k"0 n 4 k7PSY2]/(n - 1).

Note that if (4.21) were expressed in terms of products of population k-statistics such as
K™ K% (2], it would be necessary to introduce the additional product K™ K** thereby involving
a partition not satisfying the connectivity condition in (3.3).

The key to the derivation of formulae such as those given above, is evidently to express multiple
products of k-statistics and polykays as a linear combination of polykays. Formulae for multiple
products of ordinary k-statistics are easy to write down, particularly with the help of the expressions
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in Exercises 4.5 and 4.7 for the joint cumulants of k-statistics. The following example helps to
illustrate the method.
Consider, in an infinite population, the mean value of the product of three covariances. We find

E<kr,skt,ukv,w) —
KPS RPURYY 4+ KT R (¢, ulv, w)[3] + Kk (7, 8|t ulv, w)
:Kr,smt,uﬁv,w + KT’S{Kt’u’U’w/TL + Kt,uﬂ.u,wp]/(n _ 1)}[3]
4 er,s,t,u,v/nQ 4 ﬁr,tﬁs,u,v,w[lﬂ/{n(n _ 1)}
+ RSO ] (n - 2)/{n(n — 1))

+ ﬁr,tﬁs,vﬁu,w[g]/(n _ 1)2
Evidently, the combination

k(r,s)(t7u)(v,w) + k(r,s)(t,u,v,w) [3]/7] + k(r7s)(t7v)(u7w) [6]/(71 _ 1)
+ kr,s,t,u,v,w/n2 + k(r,t)(s,u,v,w)[lz]/{n<n _ 1)} (422)
+ RO (r — 2)/f(n — 17} + KOO — 1)

is an unbiased estimate of E(k™%kt“k"*). It follows immediately by linear independence that
(4.22) is identical to the product k™*k%“k?¥  giving the required multiplication formula. Although
it is certainly possible to write down general formulae for the product of two arbitrary polykays,
such expressions tend to be rather complicated. For most purposes, a multiplication table is more
useful: see Table 4.4, which gives complete products up to fourth degree and selected products up
to sixth degree. In the univariate case, more extensive tables and general formulae are given by
Wishart (1952), Dwyer & Tracy (1964) and Tracy (1968).
By definition, the third-order joint cumulant of k™%, k%% and k¥:% is equal to

ave(k™ kD" kYY) — K™% ave(k"" k™) [3] + 2K KW K™,
On substituting
ave(kbUEvw) = KWW 4 gtwvw i 4 gto)ww) (9] /(n 1)
and simplifying using (4.22), we find that the third cumulant may be written in the form
oy (K(r,s)(t,um,w) _ K(r,s)K(Lu,v,w)) [3]

+ 6, ( KOs (E0) (ww) _ pe(rys) K(tm)(u,w)) (6]

(n—Z _ N—2)Kr,s,t,u,v,w + ’le(T’t)(s’u’v’w)[lQ] (4_23)
n-2 = N-2

(n—1)2 N(N—1)?
_ 1)72 _ (N _ 1)72) K(T’t)(s’u)(u’w) [8}

) K(r7t7v) (s,u,w) [4]

The coefficients in this formula are given by

alznflfol, 042:011*]\771,
fpr=mn-1)"—(N-1)"", Bo=p1—(N—-1)"",
n={nn-D} T —{NN -1}, p=mn—{NN-1}"
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Table 4.4 Some multiplication formulae for polykays

Product Linear expression in polykays
krks k() 4 k(rs)/p

LTSt k(r)(s 0 4 kSt

kT k(s)() EM&)@) L {k(s (rt) 4 @) }/n
kT kS kt k(T)(s)( ) + k(r s,t) [ ]/n 4 kTS t/n

kT kS Ktk B @ W) 1 g (r)(s)(E, U)[ 1/n + L (rs)(t,u) [3]/n?
Ry ACICHAD) [4]/712 + kr,s,t,u/nS
kT S Jptou k(M ()(Ew) 4 g (rs) (80 /1y 4 k(D s80)[9] 1y
+ kr,s,t,u/nQ
Ry ERAY () (situ) 4 rsit /g
Erks k@) ()@@ 4 g (@) 4] /n 4 kO Ts)/p
+ k) (s0)[2] /n? 4 kB (rsw)[2 ]/n
Erk) @) ()0 w) 4 gre)(0)(w)[3] /n
Erk)tu) () (s)(tu) 4 k 78)(E1) Iy 4 () (it /y
EkrskO@)  p(rs)(@)(u) 4 g (s [2]/n L(rit) (s, u)[ 1/{n(n — 1)}
kM) @) () (s)(E)(w) 1 k(v"t ()W) [4] /n
+ KCOE02]/{n(n - 1)}
RyREN (o)t 4 risitau/y
+ {krt)(su) 4 g (ru)(s) /(n — 1)
skt rs)(tu ) 4 p(rs)(buow) (3] /n
4 k(rs) () (uyw) [6]/(n _ 1) 4 kr,s,t,u7u7w/n2
+ k) swvw) [19] n(n — 1)} + kMO0 @w) 8] /(n — 1)2
KD 4 — 2)/{n(n — 1)%)
okt (rs)(tuew) 4 grsitusw
+ krt)(suv,w) (8] /(n — 1) + k(ntw)(:0w) (6] /(n, — 1)
ks | (tw) (vw) E(rys) (8u) (v,w) 4 p(rit) (s,0) (0,0) [4}/(71 1)
+ k000 (9] — 0000 9] [ {(n — 1)}

On replacing all products by population polykays, we find the following gratifyingly simple
expression involving only connecting partitions, namely

Cum(kr,s’ kt,u’ kv,w) — Kr,s,t,u,v,wa1a2 + K(r,t)(s,u,v,w) [12}(1152
+ Kt w86, 8y — B1ys}
— KD @vw)[Gla, /(N — 1)
+ KO0 ww)[g)8, 8, (4.24)

The simplicity of this formula, together with the corresponding one (4.21) for the covariance of
k™ and kb, should be sufficient to justify the emphasis on polykays.
Wishart (1952), dealing with the univariate case, does not make this final step from (4.23) to
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(4.24). As a result, his formulae do not bring out fully the simplicity afforded by expressing the
results in terms of polykays alone.

In this final step, it was necessary to find a linear expression in polykays for the product
K(rs) [ (#:0)(ww) which appears in (4.23). The required multiplication formula is given in Table 4.4.
Notice that as N — oo, the fourth term on the right vanishes and the remaining terms converge
to the corresponding expression in the infinite population cumulant &y (r, s|t, ulv, w).

Table 4.5 Joint cumulants of k-statistics for finite populations

k-statistics  Joint cumulant
k" kS a K™
kT kSt o K750t
kT kS, o K75t
k", kS, Kt kY aq (n72 — 6oy /N) K5t — 202 K(m9) (W) [3] /(N — 1)
kT st oy Kot
s, et a Kmsbu 4 G Kr)(sw][g]
E" kS kDY aqap Kt — o KD (W) [2] /(N — 1)
ks Rt g KTt 4 g (rtu)(s0) [g]
kT B R0 0 g KT b | o) By K () (bow) 6]
Fan By [6] — g Km0 [3] (N — 1)
— aq [KCDtm0 3] 4 Km0 Rl /(N ~ 1)
ks kb, kU@ Equation (4.24)
gt guow o rstuvw g (s tow)g]
+ B (rew)(Evw)[g]
+{n/(n = )@ — N/(N ~ YR e[

Table 4.5 gives a selection of joint cumulants of k-statistics for finite populations, including all
combinations up to fourth order and selected combinations up to sixth order.

There is, naturally, a fundamental contradiction involved in using formulae such as those in
Table 4.5. The purpose of sampling is presumably to learn something about the population of
values, perhaps the average value or the variance or range of values, and the first two k-statistics
are useful as point estimators. However, in order to set confidence limits, it becomes necessary
to know the population k-statistics — something we had hoped simple random sampling would
help us avoid computing. The usual procedure is to substitute the estimated k-statistic for the
population parameter and to hope that any errors so induced are negligible. Such procedures, while
not entirely satisfactory, are perfectly sensible and are easily justified in large samples. However,
it would be useful to have a rule-of-thumb to know roughly what extra allowance for sampling
variability might be necessary in small to medium samples.

Note that if the objective is to test some fully specified hypothesis, no such contradiction arises.
In this case, all population k-statistics are specified by the hypothesis and the problem is to test
whether the sample k-statistics are in reasonable agreement with the known theoretical values.
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4.7 k-statistics based on least squares residuals

4.7.1 Multivariate linear regression

In the previous sections where we dealt with independent and identically distributed observations,
it was appropriate to require summary statistics to be invariant under the permutation group.
The rationale for this requirement is that the joint distribution is unaffected by permuting the
observations and therefore any derived statistics should be similarly unaffected. This argument
leads directly to consideration of the symmetric functions. Of course, if departures from the model
are suspected, it is essential to look beyond the symmetric functions in order to derive a suitable test
statistic. For example, suspected serial correlation might lead the statistician to examine sample
autocorrelations: suspected dependence on an auxiliary variable might lead to an examination of
specific linear combinations of the response variable. Neither of these statistics is symmetric in
the sense understood in Section 4.2. In this section, we consider the case where the mean value of
the response is known to depend linearly on given explanatory variables. We must then abandon
the notion of symmetric functions as understood in Section 4.2 and look for statistics that are
invariant in a different, but more appropriate, sense.

In previous sections we wrote Y;" for the rth component of the ith independent observation.
Subscripts were used to identify the observations, more out of convenience and aesthetic consid-
erations, than out of principle or necessity. Only permutation transformations were considered
and the k-statistics are invariant under this group. Thus, there is no compelling argument for
using superscripts rather than subscripts. In this section, however, we consider arbitrary linear
transformations and it is essential to recognize that Y and its cumulants are contravariant both
with respect to transformation of the individual observations and with respect to the components.
In other words, both indices must appear as superscripts.

Suppose then, that the rth component of the ith response variable has expectation

E(Y"i) = w“*%g,
where w®? is an n x ¢ array of known constants and Ky, is a ¢ X p array of unknown parameters to
be estimated. When we revert to matrix notation we write

E(Y) = X5,

this being the more common notation in the literature on linear models. Here, however, we choose
to write [, for the array of regression coefficients in order to emphasize the connection with
cumulants and k-statistics. In addition to the above assumption regarding the mean value, we
assume that there are available known arrays w®/, w»** and so on, such that

cov(Y YS) = kMWt

Cum(yr;z, Y sid ’ Yt;k) _ Kr,s,th,],k

and so on for the higher-order cumulants. The simplest non-trivial example having this structure
arises when the ith observation is the sum of m; independent and identically distributed, but
unrecorded, random variables. In this case, the w-arrays of order two and higher take the value
m; on the main diagonal and zero elsewhere.

The notation carries with it the implication that any nonsingular linear transformation

V7= kYT (4.25)

applied to Y has a corresponding effect on the arrays w®?, w7, w®* ... namely

%t = a;-wo‘”, o = a}ea{wk’l, Ik = a}afnaflwl’m’”
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and so on. In other words, the w-arrays are assumed to behave as contravariant tensors under the
action of the general linear group (4.25).

In what follows, it is assumed that the estimation problem is entirely invariant under the group
of transformations (4.25). In some ways, this may seem a very natural assumption because, for
example,

E(Y“i) = "“Rg, cov(i_/“i, YS;]') = IS

and so on, so that the definition of the cumulants is certainly invariant under the group. However,
it is important to emphasize the consequences of the assumption that all linear transformations
of the observations are to be treated on an equal footing and that no particular scale has special
status. We are forced by this assumption to abandon the concepts of interaction and replication,
familiar in the analysis of variance, because they are not invariant under the group (4.25). See
Exercise 4.22. This is not to be construed as criticism of the notions of interaction and replication,
nor is it a criticism of our formulation in terms of the general linear group rather than some smaller
group. Instead, it points to the limitations of our specification and emphasizes that, in any given
application, the appropriateness of the criteria used here must be considered carefully. In simple
cases, it may be possible to find a better formulation in terms of a group more carefully tailored
to the problem.

Often it is appropriate to take w®/ = §¥, Wik = §%k and so on, but, since no particular
significance attaches to the diagonal arrays, we shall suppose instead that w®, w®F . . are
arbitrary arrays and that w®/ has full rank.

Our aim, then, is to construct unbiased estimates of k],, k™%, K ... that are invariant under
transformations (4.25). Note that it was necessary to introduce the arrays w®?, w®J ... as tensors
in order that the definition of the cumulants be unaffected by linear transformation. Otherwise, if
the cumulants were not invariant, it would not be sensible to require invariant estimates.

Let w; ; be the matrix inverse of w7, In matrix notation, w; ; is written as W. By assumption,
w®? has full rank, but even in the rank deficient case, the choice of inverse does not matter (see
Exercise 2.24). Now define

r,8,t
)

J

(e «; l,m,n
Wi = Wi jw 7, N

Wi g,k = Wi |WjmWk, nW

and so on, lowering the indices in the usual way. In the calculations that follow, it is convenient
to have a concise notation for the g x ¢ array

A8 — wa;zwﬁ;]wiyj — w?wfwu]7

and the g x ¢ x g array
A8y — wiaw@wzwi,j,k_
Wk

In matrix notation, A%# is usually written as XTWX, and A\, 5 as (XTWX)~!, but there is no
convenient matrix notation for A%,
A straightforward calculation shows that

E(wf‘Y"i) = )\o"ﬁﬂg
and hence, by matrix inversion, that
kD = Mgl VT (4.26)

is an unbiased estimate of £/, invariant under linear transformations (4.25). In matrix notation,
(4.26) becomes

g=X"WX) 'XTWY,
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which is instantly recognized as the weighted least squares estimate of the regression coeflicients.
Note that the equally weighted estimate is not invariant under linear transformation.

The notation used in (4.26) is chosen to emphasize that the weighted least squares estimate is
in fact a k-statistic of order one. Although it is in a sense the obvious invariant estimate of k7,
the k-statistic, kK, is not unique except in rather special cases. See Exercise 4.19.

The second- and third-order cumulants of k], are

cov(kZ, kg) = A gK"°
cum(k, k5, kL) = Ao gk
where the indices of A*#7 have been lowered in the usual way by multiplying by Ao, three times.

Similar expressions hold for the higher-order cumulants.
In the case of quadratic expressions, we write

E(wi7jyr;iys;j) — nr"S + )\a,ﬁ’%gﬁ%
E(w?w?Yr;iYS;j) = NGBS 4 )\""7)\’6’5/-621-@3.

These equations determine the k-statistic k™° and the polykays k&))((‘g) which are unbiased
Jo-

estimates of the products 7, Ii%. There are as many equations as there are
We find that

statistics and polykays.

(n— k™" = {wi,j — Aa,gwiw] JY Y5,

which is the usual weighted residual sum of squares and products matrix, and

(M(s) _ :
k(;)(‘;) = kokj — Ao gk"”.

These k-statistics and polykays are not unique except in very special cases: see Exercise 4.19.
Among the estimates that are invariant under the general linear group, it appears that the ks
do not have minimum variance unless the observations are normally distributed and, even then,
additional conditions are required for exact optimality. See Exercise 4.23. Under a smaller group
such as the permutation group, which admits a greater number of invariant estimates, they are
neither unique nor do they have minimum variance among invariant estimates. Conditions under
which £™* has minimum variance in the univariate case are given by Plackett (1960, p. 40) and
Atiqullah (1962). See also Exercises 4.22—-4.26 for a more general discussion relating to higher-order
ks.

When dealing with higher-order k-statistics, it is more convenient to work with the unstandard-
ized residuals . ' ' ) ) ‘

R™' =YY" — 0"k, = {6; — w”‘”/\a,gwf}Ym
= pj-Y”j .
In matrix notation, this becomes
R=(I-H)Y, where H=XX"WX)"'X"W,

the projection matrix producing fitted values, is not symmetrical unless W is a multiple of I.
Working with residuals is entirely analogous to working with central moments, rather than moments
about the origin, in the single sample case. Note, however, that polykays having a unit part are
not estimable from the residuals because the distribution of R"* does not depend on &7,.

The least squares residuals have cumulants

E(R"™) =0,

COV(RT;i,RS;j) — Pkﬂ{wk’lﬁr’s — pi,jK/'r,s

T3t s;J tiky . 4.4 k, lymm rst i,k rs,t
cum(R"™*, R*7 | R%") = p;pl. prw KPSt = ph P
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and so on. Effectively, the arrays w®, w"3* ... are transformed to p*?, p"7* ... by projection on
to the residual space and its associated direct products. Note that w; ; is a generalized inverse of

pJ, and hence we may write

k,l _ l,m,n
Pi,j = Wi kWi, 10" Pijk = Wi, lWjmWknpP

and so on, in agreement with the definitions given previously. Evidently, p; ; is the Moore-Penrose
inverse of p®. In the discussion that follows, we may use pi,; and w; ; interchangeably to lower
indices, both being generalized inverses of p*/. Thus, the invariant unbiased estimates of the
second- and third-order cumulants are

T, X 38 S;]
nok™?® = pi,jR PRY = wiij PR

N L 4.27
nskr,s,t — pi,j,k:RTﬂRS;J Rt;k: — wi,j,er;st;]Rt;k ( )

where ny = n — g, ng = w; j k"™ pjpl, P, which reduces to 3,;(p"7)* when w™/ = §% and
whik = §53% In matrix notation, nok™* is just RTWR or equivalently, RTWY, but there is no
simple matrix notation for nzk™*?, the residual sum of cubes and products array.

In the case of cumulants of degree four, we write

E(wi,j,k,lRT;lRS;JRt;kRU;l) _ n4[£r,s,t,u + n22K/T7SFLt’u[3]
E(wi,jwk’er;st;JRt;kRu;l) _ nmﬁr,s,t,u + ’I’Lgf@r’s,‘it’u

+ ng nr’tﬁs’“[2],

where the coefficients are defined by

(AN (RN

ng=p

N2z = p

Pi,jk,l = Wi, jk,1P

kol _ i ool
SN Di Pkt = Wi e PP

In the particular case where w®/ = §%, the coefficients reduce to ny = > (p")* and ngy =

()2

Matrix inversion gives the following invariant unbiased estimates of k"5t%

and K75k,

Al kr,s,t,u = {TLQ (’nz + 2)wi,j7kyl — ’I’Lzzu)iijkyl[3]}RT;iRS;th;kRU;l

Ao tw) — {—na(n2 — 1)noow; j kg + (n2(n2 + 1)ng — 2”32)%4%,;
+ (ngz — n2n4)wi7kwj7l[2]}RT;iRs;th;kRu;l

where
A; = ngng(ng — 1) 4+ 3(nany —n3y) and Ag = na(ng — 1)A;.

The final expression above simplifies to some extent when r = s = t = u, as is always the case in
univariate regression problems. In particular, the final two terms can be combined and ny(ng — 1)
may be extracted as a factor.

Note that, in the case where the observations are independent with identical cumulants of
order two and higher, these k-statistics and polykays are symmetric functions of the least squares
residuals, even though the residuals are neither independent nor identically distributed. It is this
feature that is the source of non-uniqueness of k-statistics and polykays in regression problems.
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4.7.2 Unwariate linear regression

Some condensation of notation is inevitable in the univariate case, but here we make only the
minimum of adjustment from the notation of the previous section. However, we do assume that
the observations are independent with cumulants

cov(Y', Y7 = kpd¥
cum(Y?, Y7, YF) = gg6%*

and so on. It follows that the projection matrix producing fitted values, H = X(X7X)~1XT,
unusually for a projection matrix, is symmetrical and koH is also the covariance matrix of the
fitted values. The residual projection matrix is also symmetrical with elements p; ; = 6;; — hi; and
it is immaterial whether we use subscripts or superscripts.

If we write '
S, = Z(Rz>r
for the rth power sum of the residuals, it follows that

ko = Sa/ng

ks = S3/ns

ks = {na(ng +2)Ss — 3n2253}/ Ay
oy = {naS3 — n2aSa}/Ay

where

ng=n-—¢, nr= Z(Pi,j)r and  ngp = Z(pi,i)za
1] 7
and A; is given at the end of the previous section. These are the unbiased estimates of residual
cumulants and products of residual cumulants up to fourth order. In other words, E(k4) = k4 and
E<k22) = H%.

Little simplification of the above formulae seems to be possible in general. However, in the
case of designs that are quadratically balanced, the residuals have identical marginal variances,
though they are not usually exchangeable, and h; = ¢/n, p;; = 1 — ¢/n. It follows then that
nge = n(l — g/n)% In addition, if n is large, we may wish to avoid the extensive calculations
involved in computing nz and ny. The following approximations are often satisfactory if n is large
and if the design is not grossly unbalanced:

nz ~n(l—q/n)® ng~n(l—q/n)? (4.28)

the errors of approximation being typically of order O(n~!) and O(n~2) respectively. Evidently,
the above approximation is a lower bound for n4, but not for nz The upper bounds, nz,ny < n—gq,
are attained if n—gq of the observations are uninformative for the regression parameters. In practice,
nz and ny are typically closer to the lower limits than to the upper limits. It follows then that

2
N2M4 — Nag = —(qNg

and hence that
Al ~ n4(n2(n2 — 1) — 3q)

The above approximations are often adequate even if the design is not quadratically balanced
and even if n is not particularly large. For example, in simple linear regression, with 20 observations
and with a single quantitative covariate whose values are equally spaced, the error incurred in using
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the approximations is less than 2%. In less favourable circumstances, other approximations might
be preferred. For example, for r > 3,

ne =Y (pii) (4.29)

which reduces to the earlier approximation if the design is quadratically balanced. On the basis of
limited numerical comparisons, it appears that, on balance, (4.29) is usually more accurate than
(4.28), at least when ¢ is small relative to n.

For further details, including more efficient estimates of k3 and k4, see McCullagh & Pregibon
(1987) and also, Exercise 4.22.

4.8 Bibliographic notes

The estimation of means and variances has been a concern of statisticians from the earliest days,
and consequently the literature is very extensive. No attempt will be made here to survey the
early work concerned with sample moments and the joint moments of sample moments.

The idea of simplifying calculations by estimating cumulants rather than moments is usually
attributed to Fisher (1929), although similar ideas were put forward earlier by Thiele (1897).
Thiele’s book was published in English in 1903 and the work was cited by Karl Pearson. It is
curious that, in 1929, Fisher was apparently unaware of Thiele’s earlier contribution.

Following the publication of Fisher’s landmark paper, subsequent work by Wishart (Fisher
& Wishart, 1931) and Kendall (1940a,b,c), seems directed at demonstrating the correctness of
Fisher’s combinatorial method for evaluating pattern functions. Fisher’s algorithm must have
appeared mystifying at the time: it has weathered the passage of half a century extraordinarily
well.

Cook (1951) gives extensive tables of the joint cumulants of multivariate k-statistics. Kaplan
(1952), using a form of tensor notation, gives the same formulae, but more succinctly. For further
discussion, including explicit formulae in the univariate and bivariate case, see Kendall & Stuart
(1977, Chapters 12,13).

The connection with finite population sampling was made by Tukey (1950, 1956a), who also
bears responsibility for the term polykay: see Kendall & Stuart (1977, Section 12.22), where the
less informative term [-statistic is used. Calculations similar to Tukey’s were previously given by
Dressel (1940), though without any suggestion that the results might be useful for sampling theory
calculations. See also Irwin & Kendall (1943-45) For later developments, see Dwyer & Tracy (1964)
and Tracy (1968).

The reader who finds the notation used in this chapter cumbersome or impenetrable should be
warned that notational problems get much worse for symmetric functions derived from two-way or
higher-order arrays. In a one-way layout, we talk of the between groups variance and the within
groups variance. A similar decomposition exists for the higher-order statistics, so that we may talk
of the between groups skewness, the within groups skewness and also the cross skewness. These are
the three k-statistics of the third degree. In the case of a two-way design with one observation per
cell, there are three variance terms and five third-order k-statistics, one of which is Tukey’s (1949)
non-additivity statistic. Such statistics are called bi-kays. There are of course, the corresponding
bi-polykays, also derived from a two-way array, not to mention poly-bi-kays and poly-poly-kays,
which are much worse. Any reader who is interested in such matters should read Hooke (1956a,b)
or Tukey (1956b). For those intrepid souls whose appetites are whetted by this fare, we heartily
recommend Speed (1986a,b).

Anscombe (1961) discusses the computation of and the applications of k-statistics in detecting
departures from the usual linear model assumptions. There has been much subsequent work in
this vein. See, for example, Bickel (1978), Hinkley (1985) or McCullagh & Pregibon (1987) for
some recent developments.
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4.9 Further results and exercises 4

4.1 Show that
rs _ ,,—1 YAV Ve
Bt =nTt) @YY
is the usual sample covariance matrix based on n independent and identically distributed observa-

tions. Show that k™ is unbiased for x™*

4.2 By applying the criteria of unbiasedness and symmetry to k™%! and k™%%% derive the
expression (4.7) for the coefficients ¢*/* and ¢¥k!.

4.3 Find the mean value of the following expressions:
DYV X WYVYS and 0 YTV
5 i7i iri 7k
Hence find the symmetric functions that are unbiased estimates of "%, K"kt and k"k°k?. By

combining these estimates in the appropriate way, find the symmetric functions that are unbiased
estimates of k™%, k™% and K"Kk

4.4 Show that the expressions for ordinary k-statistics in terms of power sums are
S={k" - Kk In/(n—1)
kr,s,t {k’rst k’l’kst[3] _|_ 2k’rkskt}n2/(n _ 1)(2)
kr,s,t,u — {(n + 1)krstu _ (n + 1)krkstu [4] _ (’I’L _ 1)krsktu [3}
+ 2nk" K k" [6] — 6nk" K kK" }n? /(n — 1)®),

Kaplan (1952).

4.5 Show that N

>, 09 =nY(n-1).

Hence derive the following joint cumulants of k-statistics:

ki (rls
i (r|slt

)= ki (rls,t) = K"*/n,
) = K" t/n ki (rls, t,u) = K750 n,
ki (r, st u) = K755 n 4+ k"ES[2]/(n — 1),

ke (r|s|t,u) = k755Yn? ki(r]s,t,u,v) = K"55%Y/n,
ki (r, slt,u,v) = KP5EUY/n 4+ gHUYESV6] /(n — 1),

ki (r|s|t, u,v) = KPSV n2,

ki (r]s, tu, v) = K755 0?4 wPUEE ] {n(n — 1)}
K (r)s[tlu, v) = K75HEY/R3

Show explicitly that the term k™%%£%Y does not appear in the third cumulant, sy (r|s|t, u,v).

4.6 By considering separately the five distinct index patterns, show that

Z¢ij¢ik¢jk:n+ 3n(n—1) n(n—1)(n—2)

(n—1)2 (n—1)°
=n3/(n —1)%

ijk
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4.7 Using the pattern functions given in Table 4.1, derive the following joint cumulants:

ki (r, 8|t u,v,w) = KOHHHOW In 4 gHE SO R]/(n — 1)
—I-IiTt uﬁsvw[(ﬂ/(ni 1)

ki (T, 8|t ulv, w) = KHSHHWUW Ip? NS WU 9) [ In(n — 1)}
+ RO 4] (n - 2) /{n(n — 1)%}
4 I{Ttlis’ul-iu w[8]/(n o 1)2’

ki (T, s, tu, v, w) = KMSHEUW I 4 gHUESEYY]/(n — 1)
+ Iir,&u,#,v,w[g]/(,nj _ 1)
+ KRSV RN 6 ]n/(n—l)( )

Kaplan (1952). Compare these formulae with those given in Table 4.5 for finite populations.

4.8 Show that joint cumulants of ordinary k-statistics in which the partition contains a unit
block, e.g. kg (r|s,tlu,v,w), can be found from the expression in which the unit block is deleted,
by dividing by n and adding the extra index at all possible positions. Hence, using the expression
given above for ki (s, t|u,v,w), show that

Kk (7|8, tu, v, w) = KOSEGUY Ip? 4 st b 6] [ In(n — 1)}
+ w5 6] {n(n — 1)}.

4.9 Show that as n — oo, every array of k-statistics of fixed order has a limiting joint normal
distribution when suitably standardized. Hence show in particular, that, for large n,
nl/Z(kr _ l<ér> ~ Np(()’ IQT’S)
n1/2<k7‘,5 _ K/T‘,S) ~ sz (0’ 7_7‘s,tu)7

where 775 = gMSbU 4 S [2] has rank p(p + 1) /2.

4.10 Under the assumption that the data have a joint normal distribution, show that n/2gms:tw
has a limiting covariance matrix given by

’nCOV(ki’j’k’l., kr,s,t,u) N Ki,rﬂj,sﬂk,tﬂl,u[ll!]_

Hence show that n2p7, has a limiting normal distribution with mean zero and variance 8p? + 16p.
4.11 Under the assumptions of the previous exercise, show that
n cov (kbR gy 0 g RIS R3]
as n — o0o. Hence show that, for large n,
npris ~ 2
2(p+2) P
npf§3

2
6 ~ Xp(p+1)(p+2)/6°

4.12 By considering the symmetric group, i.e. the group comprising all n X n permutation
matrices, acting on Y7,...,Y,,, show that every invariant polynomial function of degree k is
expressible as a linear combination of polykays of degree k.
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4.13 Show that N
D0 YY) =k (= DO,

i,j=1
Hence deduce that, under simple random sampling, the average value over all samples of
n7222j:1YiTYjs is
nflKrs + (1 - nfl)K(r)(s) — nflKr,s + K(r)(s)

while the same function calculated in the population is

N
N72 Z Y;TY;-S — N*lKr,s +K(r)(s)
ij=1

4.14 Derive the following multiplication formulae for k-statistics and polykays

KTk = kMG L ks
KRSt = R0 4 grsit/y
RO — B0 L ()00 4 g0 1y,
K kK = KOO 4k OE[3] 4 k5t n?2

4.15 Derive the following multiplication formulae for k-statistics and polykays

kr,skt,u — k(r,s)(t,u) + kr,s,t,u/n
+ {k(r,t)(s,u) + k(r,u)(s,t)}/(n _ 1)
kr,sk(t,u)(u,w) — k(r,s)(t,u)(v,w) + k(r,t)(s,u)(u,w)[4]/(n o 1)
+ k(t,u)(r,s,v,w) [2]/7& o k(r,t,u)(s,u,w) [2]/{n(n - 1)}

4.16 Using the multiplication formulae given in the previous two exercises, derive the finite
population joint cumulants listed in Table 4.3.

4.17 By considering the sample covariance matrix of the observed variables and their pairwise
products, show that
krs,tu _ krs,iktu,jk‘ .
(3

)0

regarded as a p? x p? symmetric matrix, is non-negative definite. Hence deduce that
sty grsiptndf, g (g0 g gy, /- 9)

is also non-negative definite when regarded as a matrix whose rows are indexed by (r,s) and
columns by (¢,u). Hence derive lower bounds for 74 — 735 and 74 — 735.

4.18 By expanding the product of several power sums along the lines suggested in Section 4.6.2
for products of k-statistics, show that
K=HP

in the notation of (4.20), where P is a vector of polykays, K is a vector of power sum products
and H has components
hig=n' (=T VT =T,

where | Y| denotes the number of blocks of the partition. Show also that I < 0 and [ = 0 if and only
if T; is a sub-partition of ;. Hence prove that as n — oo, the components of P are the Mobius
transform of the components of K.



132 SAMPLE CUMULANTS

4.19 Show, in the notation of Section 4.7.1, that if the scalar nos = p; j 0" p™! is non-zero,
then o
n;;pi,j,k,lpk’ernRs;J

is an invariant unbiased estimate of k™*. Under what circumstances is the above estimate the same
as k™57

4.20 Show that the covariance of k™* and k", as defined in (4.27), is
cov(k™®, k") = nogk™ 5003 + K7 RSY(2] /ng,

which reduces to
HT’S’t’u/TL + K/r,tHs,up]/(n _ q)

for quadratically balanced designs. Hence show that, in the univariate notation of Section 4.7.2,
7122’{?4/77,3 + 2k22/n2

is an unbiased estimate of var(kz).

4.21 Show that, for the ordinary linear regression problem with an intercept and one dependent
variable, x, that

nas = (n—1)(n —3)/n+ Z(xi - z)Y/ (Z(Il - f)g)z

and that, for equally spaced z-values, this reduces to
Ny = (n—2)%/n+4/(5n) + O(n~?)

in reasonable agreement with the approximations of Section 4.7.2. Show more generally, that the
discrepancy between nay and the approximation (n—2)2/n, is a function of the standardized fourth
cuumulant of the xz-values. Find this function explicitly.

4.22 In the notation of Section 4.7.2, show that, when third- and higher-order cumulants are
neglected, the cubes of the least squares residuals have covariance matrix cov(R'R/ R¥, RIR™R")
given by N o

k5 {p™ pMp™ 9] + p pP T R (6]},

here taken to be of order n? x n3. Show that, if ¥ = n — p is the rank of p?/, then
Wijkimn = PiiPj,mPk,n|6]/36 — pi jpk,1pmn[9]/{18(v + 4)}
is the Moore-Penrose inverse matrix. Hence prove that

_ ks — 3koRn(n —p)/{ns(n —p+4)}
1- 3Zijpi,jpi,ipj,j/{n3(n —p+4)}

l3

where nR = 3 piyiRi, is unbiased for k3 and, under normality, has minimum variance among
homogeneous cubic forms in the residuals, (McCullagh & Pregibon, 1987).

4.23 Deduce from the previous exercise that if the vector having components p;; lies in the
column space of the model matrix X, then I3 = k3. More generally, prove that if the constant
vector lies in the column space of X, then

n1/2(l3 — ]ﬂg) = Op(nfl)

for large n under suitably mild limiting conditions on X. Hence, deduce that k3 is nearly optimal
under normality.
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4.24 Suppose n = 4, p = 1, y = (1.2,0.5,1.3,2.7), = = (0,1,2,3). Using the results in the
previous two exercises, show that ky = 0.5700, k3 = 0.8389, with variance 6.590% under normality,
and I3 = 0.8390 with variance 4.550% under normality. Compare with Anscombe (1961, p.15) and
Pukelsheim (1980, p.110). Show also that kaz = 0.6916 and k4 = 0.7547.

4.25 Repeat the calculations of Exercise 4.22, but now for I4 and ls2, the optimal unbiased
estimates of the fourth cumulant and the square of the second cumulant. Show that [, and l3; are
linear combinations of

S2 and Sy —6S, ZpﬁRf/(ng + 6).

Deduce that, in the quadratically balanced case, k4 and ka2 are the optimal unbiased estimates.
[Hint: It might be helpful to consult McCullagh & Pregibon (1987) to find the inverse of the n* x n*
covariance matrix of the quartic functions of the residuals.] Note that, in the case of the fourth
cumulant, this calculation is different from Pukelsheim (1980, Section 4), who initially assumes ko
to be known and finally replaces k2 by k.

4.26 Let Y have components Y satisfying
E<YZ) = Mi = wa;iﬁa
or, in matrix notation, £(Y) = X3, where X is n x q of rank ¢. Let w®/, w®/** .. be given tensors
such that Y* — u% has cumulants kow®, k3w®'F and so on. The first-order interaction matrix, X*,
is obtained by appending to X, ¢(¢+1)/2 additional columns having elements in the ith row given
by w"w¥® for 1 <r < s < ¢q. Let H= X(XTWX) 'XT”W and let H*, defined analogously, have
rank ¢* < n. Show that
ks =YI'WI-H)Y/(n— q)
B =Y W - H)Y/(n— ")
are both
(i) unbiased for ko, (ii) invariant under the symmetric group (applied simultaneously to the rows
of Y and X),
(iii) invariant under the general linear group applied to the columns of X (i.e. such that the column
space of X is preserved).
Show also that kg is invariant under the general linear group (4.25) applied to the rows of X and
Y, but that k3 is not so invariant.

4.27 Justify the claims made in Section 4.7.1 that interaction and replication are not invariant
under the general linear group (4.25). Show that these concepts are preserved under the
permutation group.

4.28 In the notation of Section 4.7.2, let
Fy=hyY?, Ry = pyY7 = (845 — hij)Y?
be the fitted value and the residual respectively. Define the derived statistics
Ty =Y R;F} and T,=) R}F;.

Show that

E(Th) = k3(na — 2n9s + n3)

E(Tg) = Iﬁ?g(ng — ng).
Show also, under the usual normal theory assumptions, that conditionally on the fitted values,

Var(Tl) = K2 Z pi,jFiZFjQ

j

var(1y) = 23 Z pijFiFj.
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4.29 A population of size N = Ny + Ny comprises N1 unit values and Ny zero values. Show that
the population Ks are

Ky = Ny/N,

Ky = NoNy/N®,

K3 = NoNy(No — N1)/N®),

Ky = NogN,(N(N +1) — 6Ny N;)/N@

Hence derive the first four cumulants of the central hypergeometric distribution (Barton, David
& Fix, 1960).

4.30 In a population consisting of the first N natural numbers, show that the population k-
statistics are

K = N(N +1)/12,
K3 :07

Ky = —N?(N + 1)2/120.

(Barton, David & Fix, 1960).



