CHAPTER 3

Generalized cumulants

3.1 Introduction and definitions

In Chapter 2 we examined in some detail how cumulant tensors transform under affine transforma-
tion of X. Cumulants of order two and higher transform like Cartesian tensors, but the first-order
cumulant does not. In this chapter, we show how cumulant tensors transform under non-linear
or non-affine transformation of X. The algorithm that we describe relies heavily on the use of
index notation and is easy to implement with the assistance of suitable tables. Applications are
numerous. For example, the maximum likelihood estimator and the maximized likelihood ratio
statistic can be expressed as functions of the log likelihood derivatives at the true but unknown
parameter point, 6. The distribution of these derivatives at the true 6 is known as a function
of #. With the methods developed here, we may compute moments or cumulants of any derived
statistic, typically as an asymptotic approximation, to any required order of approximation.

In general, it is a good deal more convenient to work with polynomial functions rather than,
say, exponential or logarithmic functions of X. The first step in most calculations is therefore to
expand the function of interest as a polynomial in X and to truncate at an appropriate point. The
essential ingredient when working with polynomial functions is to develop a notation capable of
coping with generalized cumulants of the type

rHIk = cov(Xi,Xij’).

It seems obvious and entirely natural to denote this quantity by x%7*, thereby indexing the set
of generalized cumulants by partitions of the indices. In other words, to each partition there
corresponds a unique cumulant and to each cumulant there corresponds a unique partition. For
example,

KHIF = cov(X7, XTXF X
KR = cov(XTXT XFXY) (3.1)
gkl — cum(Xi,Xj,Xle).

Thus k»7*! the third-order cumulant of the three variables X¢, X7 and the product X*X!, is said
to be of order b = 3 and degree p = 4. The order is the number of blocks of the partition and
the degree is the number of indices. Ordinary cumulants with b = p and ordinary moments with
b =1 are special cases of generalized cumulants. The order of the blocks and of the indices within
blocks in (3.1) is immaterial provided only that the partition is preserved. In this way, the notion
of symmetry under index permutation is carried over to generalized cumulants.
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3.2 The fundamental identity for generalized cumulants

Just as moments can be expressed as combinations of ordinary cumulants according to (2.6), so
too generalized cumulants can be expressed in a similar way. First, we give the expressions for the
four generalized cumulants listed above and then the general formula is described. The following
four formulae may be derived from first principles using (2.6) and (2.7).
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Again, the bracket notation has been employed, but now the interpretation of groups of terms
depends on the context. Thus, for example, in the final expression above, k*Fx?![2] = k¥Frl +
k' k7F must be interpreted in the context of the partition on the left, namely i|j|kl. The omitted
partition of the same type is ij|kl, corresponding to the cumulant product % x¥!. Occasionally,
this shorthand notation may lead to ambiguity and if so, it becomes necessary to list the individual
partitions explicitly. However, the reader quickly becomes overwhelmed by the sheer number of
terms that complete lists involve. For this reason we make every effort to avoid explicit complete
lists.

An alternative notation, useful in order to avoid the kinds of ambiguity alluded to above, is to
write k4% k5[2];; for the final term in (3.2). However, this notation conflicts with the summation
convention and, less seriously, xFr7![2];; is the same as k“*r7![2];;. For these reasons, the
unadorned bracket notation will be employed where there is no risk of ambiguity.

From the above examples, it is possible to discern, at least qualitatively, the rule that expresses
generalized cumulants in terms of ordinary cumulants. An arbitrary cumulant of order b involving
p random variables may be written as £(Y*) where T* = {v]|...|v;} is a partition of p indices
into b non-empty blocks. Rather conveniently, every partition that appears on the right in (3.2)
has coefficient +1 and, in fact, the general expression may be written

R(X) = D K(vr)K(w), (3:3)

TVvYT*=1

where the sum is over all T = {v1|...|v,} such that T and T* are not both sub-partitions of any
partition other than the full set, Y1 = {(1,2,...,p)} containing one block. Partitions satisfying
this condition are said to be complementary to T*. The notation and terminology used here are
borrowed from lattice theory where YV Y*, also equal to Y*V T, is the least upper bound of T and
T*. A proof of this result is given in Section 3.6, using properties of the lattice of set partitions. In
practice, the following graph-theoretical description of the condition T V T* = 1 seems preferable
because it is easier to visualize.

Any partition of p items or indices, say T* = {v}|...|v}}, can be represented as a graph on
p vertices. The edges of the graph cousist of all pairs (7,7) that are in the same block of Y*.
Thus the graph of T* is the union of b disconnected complete graphs and we use the notation Y*
interchangeably for the graph and for the partition. Since T and T* are two graphs sharing the
same vertices, we may define the edge sum graph T & T*, whose edges are the union of the edges
of T and Y*. The condition that T & T* be connected is identical to the condition T V T* =
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in (3.3). For this reason, we use the terms connecting partition and complementary partition
interchangeably. In fact, this graph-theoretical device provides a simple way of determining the
least upper bound of two or more partitions: the blocks of TVY* are just the connected components
of the graph T @ Y*. The connections in this case need not be direct. In other words, the blocks
of YV T* do not, in general, correspond to cliques of T & YT*.

Consider, for example, the (4,6) cumulant x!23456 with T* = 12|34|5|6. Each block of the
partition T = 13|24|56 joins two blocks of T*, but T and T* are both sub-partitions of 1234|56,
so condition (3.3) is not satisfied. In the graph-theoretical representation, the first four vertices of
T & T* are connected and also the last two, but the vertices fall into two disconnected sets. By
contrast, T = 1|23|456 satisfies the required condition Y V YT* = 1, giving rise to the contribution
pol 235456

Expression (3.3) gives generalized cumulants in terms of ordinary cumulants. The analogous
expression for generalized cumulants in terms of ordinary moments is

R(X) = D ()" v = Dlplvr) - plvy) (34)

T>7*

where p(v;) is an ordinary moment, and v is the number of blocks of Y. The sum extends over all
partitions T such that T* is a sub-partition of Y. This expression follows from the development
in Section 2.4 and can be regarded as effectively equivalent to (2.9). See also Section 3.6.

It is not difficult to see that (2.8) and (2.9) are special cases of (3.3) and (3.4). If we take
T* = T;, the unpartitioned set, then every partition T satisfies the condition required in (3.3),
giving (2.8). On the other hand, if we take Y* = Y, the fully partitioned set, then T* is a
sub-partition of every partition. Thus every partition contributes to (3.4) in this case, giving (2.9).

3.3 Cumulants of homogeneous polynomials

For definiteness, consider two homogeneous polynomials
Py =ai X'X7 and Pj=a;;X XIX*

of degree 2 and 3 respectively. In many ways, it is best to think of P, and P35, not as quadratic
and cubic forms, but as linear forms in pairs of variables and triples of variables respectively. From
this point of view, we can see immediately that

E(Py) = a;;5" = a;; {7 + k'r'}
E(P3) = a;jk"* = aijp{k"F + k575 [3] + k'K kP
var(Py) = ajjag st
= aijakl{fﬁi’j’k’l + Kiﬁj’k’l[Q] + Hkmi’j’l[Q]
+ Hi7k/@j7l[2] + Hiliklﬁj’l[ll]}
= ajjap {9+ dRTRIEL 4 2k BRI 4 AR PRI

cov(Py, P3) = aijaklmnij7klm
= aijaklm{fii’j’k’l’m + kiDL 4 gFRHILM (3]
+ ni’kﬁj’l’m[ﬁ] + I{k,lﬁi,j,m[g] + Iiilikﬁj’l’m[fi] + f-{k/@lni’j’m[S]
+ KUE D™ [6] + rHE LT I [6] + fii’knjﬁlnm[@}
For the final expression above where T* = ij|klm, the list of 42 complementary partitions can
be found in Table 1 of the Appendix, where T* is coded numerically as 123|45. Since the arrays
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of coefficients a;; and a;;, are symmetrical, the permutation factors in [.] can be changed into
ordinary arithmetic factors. Thus the 42 complementary partitions contribute only 10 distinct
terms. These cannot be condensed further except in special cases. In the expression for var(FPs),
on the other hand, the two classes of partitions i|jkl[2] and k|ijl[2] make equal contributions and
further condensation is then possible as shown above.

In specific applications, it is often the case that the arrays a;; and a;;; have some special
structure that can be exploited in order to simplify expressions such as those listed above.
Alternatively, it may be that the cumulants have simple structure characteristic of independence,
exchangeability, or identical distributions. In such cases, the joint cumulants listed above can be
condensed further using power notation.

By way of illustration, we suppose that a;; is a residual projection matrix of rank r, most
commonly written as I—X(X?X)~1X” in the notation of linear models where X is a model matrix
of known constants. We suppose in addition that the random variables Y? — x* are independent
and identically distributed so that "/ = k28", and the fourth-order cumulants are x46“%. On
the assumption that E(Y’) does indeed lie in the column space of X, it follows that a;;x/ = 0, and
hence

l;(fb) ::ainiJ-:: K2 E:tln'ZZ TR2
var(Py) = ajjap {4+ 2550 1)
= k4> as + 2rK3

In this example, P; is just the residual sum of squares on r degrees of freedom after linear regression
on X, where the theoretical errors are independent and identically distributed but not necessarily
normal.

3.4 Polynomial transformations

It is not difficult now to develop the transformation law for cumulants under arbitrary non-linear
transformation to new variables Y. The formulae developed in Section 3.2 refer to the particular
polynomial transformation

vi=J[x/, v?’=][x% ..., v'=]]x’

jevT JEUS JEv,

To the extent that any continuous function can be approximated with arbitrary accuracy by means
of a polynomial, there is little loss of generality in considering polynomial transformations

Y'=a"+a] X' +a; X' X7 +al X' XIX" +---. (3.5)

It is necessary at this stage to insist that the infinite expansion (3.5) be convergent, in principle
for all X. In practice, in asymptotic calculations, the expansion must be convergent for all X for
which the probability is appreciable.

To state the transformation law of cumulants in a concise way, it is helpful to abbreviate (3.5)
by using ‘matrix’ notation as follows:

YT = (Af + A+ Ay + A+ - )X (3.6)

where, for example, A5X is understood to represent a vector whose components are quadratic
or bilinear forms in X. We abbreviate (3.6) further by introducing the operators P" =
Af + AT + AL + - - - and writing

Y"=PX. (3.7
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The cumulant generating function of Y = Y!, ..., Y7 may now be written purely formally as
Ky (§) = exp(&-P)rx (3.8)

where exp(&,P") is an operator acting on the cumulants of X as follows.

KY(&) = {1 +€TPT + grgsPTPS/Q!

+ &EE P PP PY3 4+ Yy, (3.9)

We define 1kx = 0 and
P'rx =a" +ajk" +aj;k"7 + afjk,‘i”k + .-

Compound operators P"P* and P"P*P! acting on kx produce generalized cumulants of order
b =2 and b = 3 respectively. For example, AT A5kx = a;aj,k" k_which is not to be confused with
ALASkx = afjaZniM. In like manner, third-order compound operators produce terms such as

ATAS Alkx = ajaSajkbI"
A{AgAﬁmX = a;‘a;kafﬁmk’l.

Compound operators involving Ay produce terms such as

ApAikx = a"aik' =0

ATAFAbkx = aja’aj k' =0
and these are zero because they are mixed cumulants involving, in effect, one variable that is a
constant.
Expansion (3.9) for the first four cumulants gives

Ky (§) = &{a" + ajw’ +afr" +afw* + -}

+ frﬁs{a{aj-/ii’j + a;ajk/ii’jk[Q] + alrjail/iij’kl +---}/2

+ frfsét{afa;‘afcfii’j’k + afa?afclnl’j’kl[ii] + afa?kafmfii’jk’lm[?)] +---}1/3!

+ frésﬁtgu{agafaia}%i’j’k’l + agajafca}‘mfii’j’k’lm[ﬁl} +---p/4l

N (3.10)

The leading terms in the above expansions are the same as (2.11), the law governing affine
transformation.

The proof of (3.8) is entirely elementary and follows from the definition of generalized cumulants,
together with the results of Section 2.4. A similar, though less useful formal expression can be
developed for the moment generating function Mx (&), which may be written

My (§) = exp(§-P") * kx (3.11)

where 1 x kx = 1, P" * kx = P"kx as before, and commas are omitted in the application of
compound operators giving

T AS TS, .0
AGA] * kx = a"a;
T AS r_s 1]
ATAT x kx = ajajkY
T AS At r s t ijk
ATAGAS x kx = aja’ag, kY
and so on. Once again, the proof follows directly from the definition of moments.
In practice, in order to make use of (3.10), it is usually necessary to re-express all generalized
cumulants in terms of ordinary cumulants. This exercise involves numerous applications of (3.3)

and the formulae become considerably longer as a result.
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3.5 Classifying complementary partitions

In order to use the fundamental identity (3.3) for the generalized cumulant x(Y*) we need to list
all partitions complementary to Y*. If the number of elements of T* is more than, say six to eight,
the number of complementary partitions can be very large indeed. If the listing is done by hand,
it is difficult to be sure that no complementary partitions have been omitted. On the other hand,
programming a computer to produce the required list is not an easy task. Further, it is helpful to
group the partitions into a small number of equivalence classes in such a way that all members of
a given class make the same contribution to the terms that occur in (3.10).
Suppose, for example, that we require the covariance of the two scalars

aijX'X7 and b X'X7
both of which are quadratic in X. We find
cov{a;; X X7, b X X7} = a;jbpr'F.
To simplify the following expressions, we take k! = 0, giving
aijbkl{ﬁi,j,k,l FRiRRIL bk
Since, by assumption, a;; = a;j; and b;; = bj;, this expression reduces to
aijbkz{lii’j’k’l + 2kik Y,

Thus the two partitions ik|jl and ¢l|jk make identical contributions to the covariance and therefore
they belong to the same equivalence class. This classification explains the grouping of terms in
(3.2).

The classification of complementary partitions is best described in terms of the intersection
matrix M = T*NY, where m;; is the number of elements in v; Nv;. Since the order of the blocks
is immaterial, this matrix is defined only up to independent row and column permutations. Two
partitions, T; and Y5, whose intersection matrices are M; and Ms, are regarded as equivalent if
My = Ms after suitably permuting the blocks of YT; and Ty or the columns of M; and Ms. It is
essential in this comparison that the ith rows of M; and Ms refer to the same block of YT*.

To take a simple example, suppose that T* = 12|34]5, T; = 13524, T2 = 123|45 and
T3 = 134|125 with intersection matrices

11 2 0 11
Mi=1[1 1]; My=1|1 1]; Ms=1|2 0
10 0 1 0 1

These matrices are all distinct. However, the partitions 145|23, 235|14 and 245|13 have M; as
intersection matrix, the partition 124|35 has M as intersection matrix and 234|15 has M3 as
intersection matrix. Thus these eight complementary partitions are written as

13524[4] U 123]452] U 134]25[2).

If T1 and Y5 are equivalent partitions in the sense just described, they must have the same number
of blocks and also identical block sizes. Further, when permuting columns, we need only consider
blocks of equal size: by convention, the blocks are usually arranged in decreasing size.

Tables 1 and 2 in the Appendix give lists of complementary partitions classified according to
the above scheme. A typical element of each equivalence class is given and the number of elements
in that class follows in [.].
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3.6 Elementary lattice theory

3.6.1 Generalities

A lattice is a finite partially ordered set £ having the additional property that for every pair of
elements a,b € L there is defined a unique greatest lower bound ¢ = a Ab and a unique least upper
bound d = a V b where ¢,d € L. These additional properties should not be taken lightly and, in
fact, some commonly occurring partially ordered sets are not lattices because not every pair has a
unique least upper bound or greatest lower bound. One such example is described in Exercise 3.34.

Lattices of various types arise rather frequently in statistics and probability theory. For example,
in statistics, the class of factorial models, which can be described using the operators + and * on
factors A, B, C, ..., forms a lattice known as the free distributive lattice. Typical elements of this
lattice are a = A+ B C and b = AxB + BxC + CxA, each corresponding to a factorial model.
In the literature on discrete data, these models are also called hierarchical, but this usage conflicts
with standard terminology in the analysis of variance where hierarchical refers to the presence of
several variance components. In this particular example, a < b because a is a sub-model of b, and
the partial order has a useful statistical interpretation.

In probability theory or in set theory where A1, Ao, ... are subsets of €2, it is sometimes useful
to consider the lattice with elements Q, A;, A; N A;, A; N A; N Ag and so on. We say that a < b
if a C b; the lattice so formed is known as the binary lattice. The celebrated inclusion-exclusion
principle for calculating pr(A4; U Az U ---) is a particular instance of (3.12) below (Rota, 1964).
Exercise 2.22 provides a third example relevant both to statistics and to probability theory.

In this book, however, we are concerned principally with the lattice of set partitions where a < b
if a is a sub-partition of b. The least upper bound, aVVb was described in Section 3.2 as the partition
whose blocks are the connected vertices of the graph a @ b: the greatest lower bound a A b is the
partition whose blocks are the non-empty intersections of the blocks of a and b. Figure 3.2 gives
the Hasse diagrams of the partition lattices of sets of up to four items. Each partition in the ith
row of one of these diagrams contains ¢ blocks. Partitions in the same row are unrelated in the
partial order: partitions in different rows may or may not be related in the partial order. Notice
that 123|4 has three immediate descendants whereas 13|24 has only two.

Let £ be an arbitrary lattice, and let f(-) be a real-valued function defined on £. We define the
new function, F'(.) on £ by

F(a) =) f(b), (3.11a)

b<a

analogous to integrating over the interval [0,a]. The formal inverse operation analogous to
differentiation may be written

F0) =" m(e,b)F(c) (3.12)

c<b

where m(a,b) is known as the Mdbius function for the lattice. See Exercise 2.77 for a justification
of this analogy with differential and integral calculus.

It may be helpful by way of comparison to consider the matrix equation F' = Lf, where f and
F are vectors, and Lgy is the indicator function for b < a. The inverse relation is f = M F where
the Mobius matrix M = L' is also a lower triangular matrix. Note also that M7 is the matrix
inverse of LT. Consequently, if we define F'(a) = 3", f(b), then the inverse relation involves the

transposed Mobius matrix f(b) = 3_ o, m(b, ¢)F(c).



3.6 ELEMENTARY LATTICE THEORY 85

123
12 / ’ \
125 13)2 231
1]2 \ /
11213

™

1234

~~~~~~~~ 7
e, ?

T P
12|§|4 34_[1|2

Figure 3.1: Hasse diagrams for smaller partition lattices.

Substitution of (3.12) into (3.11a) or (3.11a) into (3.12) gives

F(a)=) Y m(cb)F(c) FO) =Y mlab)f(c)

b<a c<b a<bc<a
=3 % mleb)F(E ~3 S mle b))
c c<b<a c c<a<b

= Z 6acF(c)‘ = Z‘Sbcf(c)‘

The relation is required to hold for all functions F' or f, which justifies the final line above. It
follows, for fixed a < ¢, that the sums over the lattice interval [a, c],

Z m(a,b) = Z m(b, c) = d(a,c)

a<b<c a<b<lc
are zero unless a = ¢. In this sense, the Mobius function can be thought of as a series of contrasts

or difference operators on all lattice intervals. The Mobius function may therefore be obtained
recursively by m(a, a) = 1 followed by either

m(a,c) = — Z m(a,b), or m(a,c)=— Z m(b, c),

a<b<c a<b<lc
for a < ¢, and m(a,c) = 0 otherwise.
3.6.2 Moébius function for the partition lattice
We now show by induction that the Mdbius function satisfies

m(a,1) = (~1)/"*(ja - 1) (3.13)
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where |a| is the number of blocks of the partition. We use the property established above, that

m(a, 1) =— > m(b,1).

a<b<l

The Stirling number of the second kind, S, is the number of ways of partitioning a set of n elements
into m non-empty subsets. A new element can be placed into one of the existing blocks or into a
new block. Consequently, 5] satisfies the recurrence relation

ST =mST + 5L

Let a be a partition having n + 1 blocks, and suppose that (3.13) is satisfied for all partitions
having up to n blocks. Application of the formula for the M&bius function gives

—-m(a,1) = Z S;"H(—l)m*l(m - 1L

The recurrence relation for Stirling numbers gives

—m(a,1) =Y SP(=D)"™ T ml+ Y S (=) (m - 1)!

= SM(—1)"Inl,

Since S = 1, the result (3.13) follows.

More generally, m(Y,YT*) is the product of terms like (3.13). Suppose that T < T* and that
T* = {vj]...|v}} is a partition into v blocks. In the partition Y, each block of T* is partitioned
into smaller subsets, v} being partitioned into b; blocks in the finer partition. Then

m(0, ) = [J(=1)% " (b; — ).

J

For example, m(1|2|3]4, 12|34) is equal to the product of m(1|2,12) and m(3—4, 34), whichis(—1)?
while m(1|2|34|56,1234|56) is equal to m(1|2|34,1234)m(56,56). The pairs 34 and 56 may be
regarded as single indexes, so the Mobius function is equal to 2 x 1.

3.6.3 Inclusion-exclusion and the binary lattice

Let Aq,..., Ag be subsets of the sample space 2. The binary lattice, B, on these k generators, is
the set whose 2F elements are Q, the sets A;, the pairwise intersections A; N A; with (i < j), the
triple intersections, and so on up to A; N--- N Ag. The partial order is defined by set inclusion,
a < b if a is a proper subset of b. The Hasse diagram of this lattice is illustrated for k = 3 in the
first diagram in Fig. 3.2.

It is convenient to define, in association with B, a new isomorphic lattice B’ whose elements are
the 2% non-overlapping sets

{A], A} {Ag, Ay - { Ay, Ak}
Elements in B’ are associated with elements of B by deleting all the As, or equivalently by replacing

all the As by €. The new lattice inherits its partial order from B, so it is isomorphic with B.
Figure 3.1 illustrates the two lattices for k = 3.
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Figure 3.2: Hasse diagram for the binary lattice on three generators (top), with the associated
lattice of non-overlapping sets (bottom).

The important relation between B and B’ is the following. Let b and b’ be corresponding elements
in the two lattices. Then
b= U a,

a' <

primes being used to denote elements of B’. In other words, b is the union of &’ and its descendants
in the associated lattice. Since the elements of B’ are disjoint, the probability of the union is the
sum of the probabilities,

pr(b) = > pr(a’),

a’<b’

analogous to integration over the lattice. The inverse relation is

= 5" mia,b) pr(b)

a<b

As is shown in Exercise 3.7?, the Mdbius function for the binary lattice satisfies m(a Q) = (=1)ll,
where |a| is the number of Sets intersecting in a. In particular, taking ¥ = A;N---N A, and b = Q,
we obtain the celebrated inclusion-exclusion rule

pr(AjU---UA,) =1—pr(A;N---NA)
=1- Z (b,€2) pr(b)
=1-pr() + X pr(4;) - ZPT(A' NA4;) +
=3 pr(4;) =Y pr(4;NA;) +---+ (—1)*1pr(A; NN Ayg).
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3.6.4 Cumulants and the partition lattice

Let £ be the partition lattice on p labels or indices. Each element of £ is a partition T = {v1]...|vp}
into a number of non-empty sets called blocks. We now define the following functions on L.

f(1) = kr(v1)---K(vp) cumulant product

F(T) = p(vy) -+ pu(vy) moment product

g9(T) = k(T) generalized cumulant

It is helpful notationally to denote by 0 and 1 the minimal and maximal elements of £. In particular,
the element 0 has p blocks of size one each; the element 1 has a single block of size p.

We begin with the established result that any moment is expressible as a sum of cumulant
products, summed over the relevant partition lattice. In the current notation,

g =FM)= 3 fl@= > rlv1)-r(w).

0<a<1 0<Y<1

Let T* be an arbitrary partition with blocks vi|...|v;. Now the moment p(vy) is a sum of
cumulant products, summed over the partitions of vj. On multiplying together b such expressions,
one for each block of T*, we obtain the following:

F(T%) = p(wf) -+ u(w)
= 3 Kw)Alw)

T<T*

> (1) (3.14)

T<T*

The lattice interval [0, T*] is the direct product of complete sub-lattices [0, vj] x - - - x [0, v}], which
explains the second line above. The relation between F' and f justifies our choice of notation.
Application of the Md&bius inversion formula gives

F(X) = > m(T, 1) F(Y). (3.15)

In particular, if T* = 1, we may use the fact that m(Y,1) = (—1)>7(b — 1)!, to obtain the
expression for ordinary cumulants in terms of moment products:

FO) =Y (=00 = D p(vr) - plve). (3.16)

T

Now suppose that each index in the preceding expression is in fact a compound index representing
a product of variables, so that the expanded partition becomes Y*. Then f(1) becomes the
generalized cumulant x(Y*) given by

R(T7) = Y m(T,1) p(v) - plvs)

= > m(Y,1)F(T)

T>T*

Substitution of expression (3.14) for F(T) gives

R(YF) = ) m(Y,1) Y ().

T>T* o<T
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Finally, reversal of the order of summation gives
R(X) =g(T) =D > m(Y,1)f()
M T>T*VII

= Z K(my) - k(Ty) (3.17)

IIvY*=1

where 71| ...|m, are the blocks of II. This completes the proof of the fundamental identity (3.3).
In matrix notation, for the special case of four variables, we may write this equation as shown
in Table 3.1.

Table 3.1 Generalized cumulants expressed in terms of ordinary

cumulants

RSt 1111111111111 11 g-Sb

Rrswt 11 11111 1 1 1 KISt
Krtws 111 11111 11 Kb S

RSt 1111 111111 KSHURT
RISt 11111 11 1111 KIS b
RrEse 111111 11 11 1 KRS
Kt = 1111111 11 11 KU RSt
KrSb 1 11 11 KT KR
Rt 1 1 11 1 KM RS Y
RISt 11 111 KRS K
RSt 1 11 11 KSR RY
RSWTt 11 1 1 1 KSR K
RS 111 11 KUK RS
Kr,s,t,u 1 ’%rﬁsﬂtﬁu

3.6.5 Further relationships among cumulants

The three functions described at the beginning of the previous section are defined in general as
follows:

F(b)=)_ f(a) fla)="2_ m(b,a)F(b)

a<b b<a
K(a)= 3 m(b, 1)F(b) K@= f0)
b>a aVvb=1

Ignoring, for the moment, the statistical interpretation of these functions, the first three expressions
are simply a matter of definition, and could be applied to any lattice. The final expression for K
in terms of f is a consequence of these definitions, and also applies to any lattice.

In order to obtain an expression for f in terms of K, it is helpful to use matrix notation since
the relationships are linear and invertible. In this notation, the various expressions may be written

F=Lf, f=L"'"F=MF, K=L"WF=LTWL{,

where W = diag{m(a, 1)}. Matrix notation makes it obvious that the transformation from f to K
involves a symmetric matrix. What is less obvious is that the elements of LT W L are all zero or one,
and that (LYW L),, = I(aVb=1). In any event, the inverse relation is f = MW 'MTK = K,
where where ¥ is a symmetric matrix with elements

m(a,b) m(a,c
O'(b, C) — Z ( m()a’ 1() )7
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and summation may be restricted to a < b Ac.

Explicitly, if p = 3, we may write the five partitions in order as a; = 123, as = 1|23, a3z = 2|13,
aq = 3|12 and a5 = 1|2|3. The matrix giving generalized cumulants in terms of cumulant products
in (3.3) is

1 11 11
1 01 10
11010
1 1 1 00
10 0 0 O

where a unit entry in position (4, j) corresponds to the criterion a; V a; = 1. The matrix inverse
corresponding to (3.18) above is

0O 0 0 0 2
N I TS R
S lo 11 1 -1
200 1 1 -1 -1

29 1 -1 -1 1

Application of (3.18), using the second row of the above matrix, gives
KiRIR = [k ot _ ik ik o

and this particular expression can be verified directly.
For p = 4, the matrix o(.,.) in (3.18) is shown in Table 3.2.

Table 3.2 Matrix giving cumulant products in terms of generalized cumulants

-1 -1 2 1 1 -2 -1 -1 2 -1 -1 -1
2 2 -1 1 1 -2 -1 -1 -1 2 -1 -1
-1 2 -1 1 -2 1 -1 -1 -1 -1 2 -1
2 -1 -1 =2 1 $i -1 -1 -1 -1 -1 2
-2 -2 -2 -1 -1 -1 1 1 1 1 1 1 -

= e e e

0 0 0 0 0 0 0 0 0 0 0 0 0 0 6

o -1 -1 -1 -1 1 1 1 -1 -1 2 -1 2 2 =2

o -1 -1 -1 -1 1 1 1 -1 2 -1 2 -1 2 =2

o -1 -1 -1 -1 1 1 1 2 -1 -1 2 2 -1 =2

o -1 -1 -1 -1 1 1 1 2 2 2 -1 -1 -1 =2

0 1 1 1 -1 -1 -1 =2 1 1 1 1 -2 -1
1 0 1 1 1 -1 -1 -1 1 =2 1 1 =2 1 -1
— 0 1 1 1 -1 -1 -1 1 1 -2 =2 1 1 -1
6 0 —1 2 2 =2 1 1 2 -1 -1 -1 -1 -1 1

0 2 -1 2 1 -2 1 -1 2 -1 -1 -1 -1

0

0

0

0

6

| | [
[ R R e

The most important of these identities, or at least the ones that occur most frequently in the
remainder of this book, are (3.15) and its inverse and the expression involving connecting partitions
for generalized cumulants in terms of cumulant products. The inverse of the latter expression seems
not to arise often. It is given here in order to emphasize that the relationship is invertible.

Finally, we note from (3.15) that any polynomial in the moments, homogeneous in the sense
that every term is of degree 1 in each of p variables, can be expressed as a similarly homogeneous
polynomial in the cumulants, and vice-versa for cumulants in terms of moments. In addition, from
(3.16) we see that every generalized cumulant of degree p is uniquely expressible as a homogeneous
polynomial in the moments. Inversion of (3.16) shows that every homogeneous polynomial in the
moments is expressible as a linear function of generalized cumulants, each of degree p. Similarly,
every homogeneous polynomial in the cumulants is expressible as a linear function of generalized
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cumulants. It follows that any polynomial in the cumulants or in the moments, homogeneous or not,
is expressible as a linear function of generalized cumulants. Furthermore, this linear representation
is unique because the generalized cumulants are linearly independent (Section 3.8). In fact, we
have previously made extensive use of this important property of generalized cumulants. Expansion
(3.10) for the cumulant generating function of the polynomial (3.5) is a linear function of generalized
cumulants.

3.7 Some examples involving linear models

The notation used in this section is adapted to conform to the conventions of linear models, where
y=uy',...,y" is the observed value of the random vector Y = Y',..., Y whose cumulants are x’,
k", k9% and so on. The common case where the observations are independent is especially
important but, for the moment, the cumulant arrays are taken as arbitrary with no special
structure. Now, Y and y lie in R"™, but the usual linear model specifies that the mean vector
with components ! lies in the p-dimensional subspace, S,, of R spanned by the vectors z1, ..., z,
with components x%. Thus we may write £(Y) = z,.4", or using components,

EY") =r"=z.6"

where 3 is a p-dimensional vector of parameters to be estimated.

It is important at this stage, to ensure that the notation distinguish between, on the one hand,
vectors such as 3¢, k%, k7 in R" and its tensor products, and on the other hand, vectors such as
B, % in S, and its tensor products. To do so, we use the letters 7, j, k, . . . to indicate components
of vectors in R", and r, s,t,... to indicate components of vectors in .S,.

Assume now that k%7 is a known matrix of full rank, and that its matrix inverse is ki ;. The
cumulants of Y; = Ki’ij may be written with subscripts in the form x;, K4,j, K45k, and so on, and
y; is a quantity that can be computed. The least squares estimate of 3 is a vector b with components
b" satisfying the orthogonality condition (y —z,.b", zs) = 0 for each s. In other words, the residual
vector y — 0" is required to be orthogonal to each of the basis vectors of S,. This condition
evidently requires a metric tensor to determine orthogonality in R™, the natural one in this case
being the inverse covariance matrix x; j. Thus, we arrive at the condition xix; ;(y/ —zib") =0, or

(ziaik; ;)b = xlk; ;YT = 2LY;. (3.19)

Since the information matrix z¢xJ ki,; arises rather frequently, we denote it by 3, s and its inverse
by 8"°. The reason for this unusual choice of notation is that 8", 3™ and B, play exactly the
same roles in S, as k', k"I and ki in R". In the terminology used in differential geometry and
metric spaces, (3, s are the components of the induced metric tensor on S,. Thus (3.19) becomes

Br,sbs =b, = I;Y;,

so that b" and b, play exactly the same role in S, as Y? and Y; in R".
The cumulants of b, are

% i i j 38 s
Trhi i & =z 2l B = BrsB° = Br,
il? Hz,] ﬂrsa z -rjxt"{/l,]k ﬁrstv
J .k
CC z .th Kz,] ﬁr}s,tu
and so on. The cumulants of the least squares estimate b" are obtained by raising indices giving

g, 6",
ﬂr,s,t — Br,uﬁs,vﬁt,wﬁuyvyw
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and so on.

When we use the term tensor in connection with y?, &%, ™7, k;,; and so on, we allude to the
possibility of a change of basis vectors in R™. In most applications, the transformations that
would normally be contemplated in this context are rather limited, but the general theory permits
arbitrary linear transformation. In connection with vectors ", 5", ™° and so on, the term tensor
refers to the possibility of reparameterization by choosing an alternative set of vectors spanning S,.
In this sense, ! are the components of a tensor in S, @ R", the space of linear transformations
from Spto R".

The residual sum of squares may be written as the difference between the total sum of squares
and the regression sum of squares as follows.

S? = yiylk b0 Brs = Yy (ki — Nij),

where A\ = xixéﬁ"s is the covariance matrix of the fitted values, and \; ; = Hiykﬂjyl)\k’l is one
choice of annihilating generalized inverse. Note also that

ol — e NRSL T
i Ty = Ki g AR T = KT,

and
0] —
K" Nij = p.

These identities are more easily demonstrated using matrix notation. It follows that the cumulants
of S and b are given by

E(S2) = Iii’j(lﬁii,j — )\i,j) =n-—p
var(S?) = (Kij — Nij)(Kig — )\kyl)mij’kl
= (K15 = Nig) Ry — M) {595+ w521 [2]}
= 2(n — p) + Iii’j’k’l(lii]j — )\i,j)("ik,l — /\k,l)

COV(br, SQ) = 5T’sxim,j(mkyl — )\kyl)lij’kl.

In the important special case where the observations are independent, we may write, in an
obvious notation,

var(S%) = 2(n — p) + Zpi(l — hii)?

where pi is the standardized fourth cumulant of Y?, H = X(XTWX)!X?W is the projection
matrix producing fitted values. Also,

cov(b, §%) = (XTWX)'XTWC;
where ¢t = k(1 — hy;)/kb. Alternatively, we may write
cov(fi, S?) = HC3

where i = Xb is the vector of fitted values.
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3.8 Cumulant spaces

We examine here the possibility of constructing distributions in R? having specified cumulants or
moments up to a given finite order, n. Such constructions are simpler in the univariate case and the
discussion is easier in terms of moments than in terms of cumulants. Thus, we consider the question
of whether or not there exists a distribution on the real line having moments ), pb, ..., u,, the
higher-order moments being left unspecified. If such a distribution exists, it follows that

/(ao +ayz + apz? +-- )2 dF (x)dx > 0 (3.20)
for any polynomial, with equality only if the density is concentrated at the roots of the polynomial.
The implication is that for each r =1,2,...,[n/2], the matrix of order r +1 x r + 1

Loom oy
S U S U/
Ho K3 Hp ee- Hpgo
M, = . . . .
M Hrg1 Hppo oo Hay

must be non-negative definite. Equivalently, we may eliminate the first row and column and work
with the reduced matrix whose (r,s) element is u, s = cov(X", X®), where indices here denote
powers. The first two inequalities in this sequence are k3 > 0 and py > p3 — 2.

The above sequence of conditions is necessary but not sufficient to establish that a distribution
having the required moments exists. By way of illustration, if we take p} = p5 = 1, it follows that
ke = 0 giving fx(x) = §(x — 1), where 6(-) is Dirac’s delta function giving unit probability mass
to the origin. In other words, all higher-order moments are determined by these particular values
of pj and ph. Similarly, if pf =0, ph =1, py =0, p) =1, giving pg = —2, we must have

fx(z)=36(z— 1)+ i6(z + 1)

because MY has a zero eigenvalue with eigenvector (—1,0, 1), implying that F' must be concentrated
at the roots of the polynomial z2 — 1. Since u) = 0, the weights must be % at x = =*1.

Again, all higher-order moments and cumulants are determined by this particular sequence of

four moments. It follows that there is no distribution whose moments are 0,1,0,1,0,2,... even
though the corresponding MY is positive semi-definite.
More generally, if for some k > 1, the matrices M7, ..., M| _, are positive definite and |M/| =0,

then F' is concentrated on exactly k points. The k points are the roots of the polynomial whose
coefficients are given by the eigenvector of M; whose eigenvalue is zero. The probability mass at
each point is determined by the first £ — 1 moments. Since the value of any function at k distinct
points can be expressed as a linear combination of the first £ — 1 polynomials at those points, it
follows that

rank(M,) = min(k, 7). (3.21)

Equivalently, the above rank condition may be deduced from the fact that the integral (3.20) is a
sum over k points. Thus M/ is a convex combination of k matrices each of rank one. The positive
definiteness condition together with (3.21) is sufficient to ensure the existence of f(-).

In the case of multivariate distributions, similar criteria may be used to determine whether any
particular sequence of arrays is a sequence of moments from some distribution. The elements of
the multivariate version of M are arrays suitably arranged. For example, the (2,2) component of
M is a square array of second moments whereas the (1,3) component is the same array arranged



94 GENERALIZED CUMULANTS

as a row vector. The existence of a distribution is guaranteed if, for each r = 1,2,..., M/ is
non-negative definite and the rank is maximal, namely

rank(M) = <p ;L T).

See Exercise 3.31. In the case of rank degeneracy, additional conditions along the lines of (3.21)
are required to ensure consistency.

The moment space, M,, is the set of vectors (u},...,u!,) having n components that can be
realized as moments of some distribution. Since the moments of the degenerate distribution ¢(x —t)
are t”, any vector of the form (¢,¢2,...,¢") must lie in M,,. In addition, since the moments of
a mixture of distributions are mixtures of the moments, M,, is convex. Consequently, all convex
combinations of polynomial vectors, (,t2,...,t"), lie in M,,. Finally, M,, has dimension n because
there are n linearly independent vectors of the above polynomial type. Hence, the moments are
functionally independent in the sense that no non-trivial function of any finite set of moments is
identically zero for all distributions. Discontinuous functions such as 1 — H(k2) that are identically
zero on M, are regarded as trivial. The argument just given applies also to the multivariate case
where the basis vectors of Mﬁ? are (t',t7t¥...), superscripts now denoting components. It follows
immediately that if F has a finite number of support points, say k, then rank(M,) < k and that
this limit is attained for sufficiently large r.

The cumulant space, K,, is defined in the obvious way as the set of all vectors that can be
realized as cumulants of some distribution. The transformation from M,, to K,, is nonlinear and
the convexity property of M,, is lost in the transformation. To see that IC,, is not convex for n > 4,
it is sufficient to observe that the set x4 > —2k3 is not convex in the (kg, x4) plane. However, it is
true that if ¢; and ¢ are vectors in K,,, then ¢1 42 is also in KC;, (Exercise 3.29). As a consequence,
if ¢ is in /C,, then At is also in KC,, for any positive integer A > 1. This property invites one to
suppose that At lies in IC,, for all A > 1, not necessarily an integer, but Exercise 3.30 demonstrates
that this is not so for n > 6. The claim is true by definition for infinitely divisible distributions and
the counterexample is related to the fact that not all distributions are infinitely divisible. Finally,
the transformation from M,, to K,, is one to one and continuous, implying that C,, has dimension
n. As a consequence, there are no non-trivial functions of the cumulants that are zero for all
distributions. A similar result with obvious modifications applies in the multivariate case.

Identity (3.3) shows that the generalized cumulants are functionally dependent. However, they
are linearly independent as the following argument shows. Without loss of generality, we may
consider an arbitrary linear combination of generalized cumulants, each of the same degree, with
coefficients ¢(Y). The linear combination, > . ¢(T*)x(YT*) may be written as

S e0) 3 () = Do) - plw)

T T>T*

(3.22)
= (1" v =D!pwr) - p(v,)O(T)
T

where C(T) = Y y..yc(T*) is an invertible linear function of the original coefficients. The
implication is that Y ¢(Y)x(Y) = 0 with ¢ # 0 implies a syzygy in the moments. From the previous
discussion, this is known to be impossible because the moments are functionally independent. A
simple extension of this argument covers the case where the linear combination involves generalized
cumulants of unequal degree.
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3.9 Bibliographic notes

There is some difficulty in tracing the origins of the fundamental identity (3.3). Certainly, it
is not stated in Fisher’s (1929) paper on k-statistics but Fisher must have known the result in
some form in order to derive his rules for determining the joint cumulants of k-statistics. In fact,
Fisher’s procedure was based on the manipulation of differential operators (Exercise 3.11) and
involved an expression for Mx (§) essentially the same as (3.11) above. His subsequent calculations
for joint cumulants were specific to the k-statistics for which many of the partitions satisfying
TV YT* =1 vanish on account of the orthogonality of the k-statistics. Rather surprisingly, despite
the large number of papers on k-statistics that appeared during the following decades, the first
explicit references to the identity (3.3) did not appear until the papers by James (1958), Leonov
& Shiryaev (1959) and James & Mayne (1962). The statement of the result in these papers is not
in terms of lattices or graphs. James (1958) uses the term dissectable for intersection matrices
that do not satisfy the condition in (3.3). He gives a series of rules for determining the moments or
cumulants of any homogeneous polynomial symmetric function although his primary interest is in
k-statistics. He notes that for k-statistics, only the pattern of non-zero elements of the intersection
matrix is relevant, but that in general, the numerical values are required: see Chapter 4. Leonov
& Shiryaev (1959) use the term indecomposability defined essentially as a connectivity condition
on the matrix T* N Y: see Exercises 3.4 and 3.5.

Rota’s (1964) paper is the source of the lattice-theory notation and terminology. The notation
and the derivation of (3.3) are taken from McCullagh (1984b). Alternative derivations and
alternative statements of the result can be found in Speed (1983). The earliest statement of
the result in a form equivalent to (3.3), though in a different notation, appears to be in Malyshev
(1980) under the colourful title ‘vacuum cluster expansions’.

There is also a more specialized literature concerned with variances of products: see, for example,
Barnett (1955), or Goodman (1960, 1962).

For a thorough discussion of moment spaces, the reader is referred to Karlin & Studden (1966).

3.10 Further results and exercises 3

3.1 Let X', ..., X" be independent and identically distributed. By expressing X as a linear form
and the sample variance, s? as a quadratic form, show that cov(X,s?) = k3/n. Hence show that
corr(X,8%) — p3/(2 + ps)*? as n — co. Show also that cov(X?,s%) = ky/n? + 2k1k3/n and show
that the limiting correlation is, in most cases, non-zero for non-normal variables.

3.2 LetY!',...,Y"” be independent and identically distributed random variables with zero mean,
variance ks, and higher-order cumulants k3, k4 and so on. Consider the following statistics.

k= YV = F)/(n 1) b= (V') /n
k=Y (V! =T)%/((n=1)(n~2)) Iy =2 (V)*/m

Express ko and k3 as homogeneous polynomials in the form ¢;; Y?Y7 and ¢ijkinj Y*. Show that
the coefficients ¢ take the values 1/n, —1/(n(n—1)) or 2/(n(n—1)(n—2)) depending on the number
of distinct indices. Show that ks and ls are unbiased for k2, and that k3 and [3 are unbiased for k3.
Find the variances of all four statistics. Discuss briefly the efficiency of each statistic under the
assumption that k3 and all higher-order cumulants can be neglected.

3.3 Let M be the intersection matrix T* N Y. Columns j; and jo are said to hook if, for some
1, my;, > 0 and m;;, > 0. The set of columns is said to communicate if there exists a sequence
J1,72y - -, Ju such that columns j; and j;11 hook. The matrix M is said to be indecomposable if
its columns communicate. Show that M is indecomposable if and only if M7 is indecomposable.
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3.4 Show, in the terminology of Exercise 3.4, that M is indecomposable if and only if YV T* = 1.
(Leonov & Shiryaev, 1959; Brillinger, 1975, Section 2.3.)

3.5 If T* is a 2* partition (a partition of 2k elements into k blocks of 2 elements each), show
that the number of 2% partitions Y satisfying Y vV Y* =1, is 287 1(k — 1)

3.6 If X = X', ..., XP are jointly normal with zero mean and covariance matrix &%/ of full
rank, show that the rth order cumulant of Y = k; ;X*X7 is 2" !p(r — 1)!. Hence show that the
cumulant generating function of Y is —% plog(1 — 2€) and therefore that Y has the x? distribution
on p degrees of freedom.

3.7 Show that x™*kbYE, 1€, = tr{(k€)?} where x€ is the usual matrix product.

3.8 For any positive definite matrix A, define the matrix B = log(A) by
A=exp(B)=1+B+B%2 +.-- +B/rl +---.
By inverting this series, or otherwise, show that
log |A| = trlog(A),

where |A| is the determinant of A.

39 If X = X',...,X? are jointly normal with zero mean, show that the joint cumulant
generating function, log E exp(&;;Y"7) of YV = X'X7 is Ky (§) = f% log |T — 2¢k|. Hence derive
the cumulant generating function for the Wishart distribution.

3.10 Let X be a scalar random variable with moments p, and cumulants , in the notation of
Section 2.5. Show that the rth moment of the polynomial

Y=P(X)=ap+a X +aX*+---

is given formally by P(d)Mx(§)|¢—0 where d = d/d§. Hence show that the moment generating
function of Y is

My (¢) = exp{¢P(d)} Mx (£)[e=0

in which the operator is supposed to be expanded in powers before attacking the operand (Fisher,
1929, Section 10).

3.11 Show that any polynomial expression in X1,..., XP, say

Q4 =ag+ aiXi + ainin/Q! + aiijinXk/?)!
+ aim X XIXFX Y41,

can be expressed as a homogeneous polynomial in X%, X!,..., X7

p
Q= > byuX' XIXFXY/41,
ijkl=0

where X? = 1. Give expressions for the coefficients b in terms of the as. Find E(Q,) and var(Q,)
and express the results in terms of the as.
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3.12 Consider the first-order autoregressive process Yo = €9 =0, Y; = 8Y;_1 +¢;, j =1,...,n,
where |G| < 1 and ¢; are independent N(0,1) random variables. Show that the log likelihood
function has first derivative U = 0l/08 = T1 — f1 where T1 = XY;Y; 1 and T = ZYﬁl with
summation from 1 to n. By expressing U as a quadratic form in €, show that the first three
cumulants of U are E(U) =0,

) (U)

Z ﬂ2j72i72

1<i<j<n

=(1-5)"Hn-(01-p5")/01~5)}=B(T)
Iig(U) —6 Z B2k_2i_3

1<i<j<k<n
_ 6{np(1 - p?) —28+np> (1 - 5% + 267"}
; (1-p2)3 '
3.13 Let Y = Y! ...,YP have zero mean and covariance matrix /. Show that the ‘total

variance’, 0% = E(Y'Y7§;;), is invariant under orthonormal transformation of Y. For any given
direction, €, define

02 = var(;Y") = ejejr™7

2= eiej{ag(sij — KW} = eiejfij.
Give an interpretation of o2 and 72 as regression and residual variances respectively. Show also
that, in mechanics, 72 is the moment of inertia of a rigid body of unit mass about the axis e.
Hence, interpret IV as the inertia tensor (Synge & Griffith, 1949, Section 11.3; Jeffreys & Jeffreys,
1956, Section 3.08).

3.14 MacCullagh’s formula: Using the notation of the previous exercise, let X? = Y + !, where
k" are the components of a vector of length p > 0 in the direction e. Show that

E( ! >=1+L(—02+30§)+0(p4)

IX1) " p " 208
S O +0(p*)
= 2p3(0 2) %),

(MacCullagh, 1855; Jeffreys & Jeffreys, 1956, Section 18.09). [The above expression gives the
potential experienced at an external point (the origin) due to a unit mass or charge distributed
as fx(z). The correction term is sometimes called the gravitational quadrupole (Kibble, 1985,
Chapter 6).]

3.15 Show that the sum

Yo YT e - =6(T7,1)

T>T*
is zero unless T* = 1.
3.16 By reversing the order of summation in (3.17), show that the generalized cumulant may be
written
K(T*) = Z K(my) - Kk(Ty) Z (=) tv -1
II T>T1*

T>1

Hence, using the result of the previous exercise, prove the fundamental identity (3.3).
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3.17 Let X be a scalar random variable whose distribution is Poisson with mean 1. Show that
the cumulants of X of all orders are equal to 1. Hence show that the rth moment is

1. = E(X") = B,

where B,., the rth Bell number, is the number of partitions of a set of r elements. Hence derive a
generating function for the Bell numbers.

3.18 Let T* = {v},...,v;} be a partition of a set of p elements into b non-empty blocks of sizes
|vil,...,|vg|. By using (3.16) or otherwise, show that the number of partitions complementary to
T is

Z (—1)”71(11— 1)'B‘L1‘ B‘LV|

T>T*

3.19 Interpret the expression in Exercise 3.19 as the cumulant of order b
cum (x7,.... x1%)

where X is defined in Exercise 3.18 and the superscripts denote powers. Simplify this result in the
special case where Y* is a 2% partition and compare with Exercise 3.6.

3.20 Show that the number of sub-partitions of T* is given by

> 1=Bjus - Bl

T<T*

3.21 Using the result given in Exercise 3.19, show that the total number of ordered pairs of
partitions (Y1, T2) satisfying Y1V To = 1 is

2) _ v—1 2 2
CP =3 (-1 Nw=1!Bf, B,
T
where the partitions contain p elements and B? is the square of the rth Bell number. Deduce
also that 01(72) is the pth cumulant of ¥ = X; X5 where the Xs are independent Poisson random
variables with unit mean.
3.22 Show that the number of ordered pairs (Y1, Y2) satisfying Y7 V To = T* for some fixed
partition Y™ is
> (T T)B - B,
T<Y*

where m(Y, T*) is the Mobius function for the partition lattice, defined below (3.12). Hence prove
that the total number of ordered triplets (Y1, T2, T3) satisfying Y1V YoV T3 =11is

3) vr—1 3 3
cl) _Z(—m (v—1)!B}, -+ B, .
T

Show also, in the notation of Exercise 3.22, that CI()B) is the pth cumulant of the triple product
Y = X1 X5 X;.

3.23 Generalize the result of the previous exercise to ordered k-tuplets of partitions. Give a
simple explanation for this result.
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3.24 An alternative way of representing a partition by means of a graph is to use p labelled edges
instead of labelled vertices. In this form, the graph of Y* = {vq,...,v,} comprises p labelled
edges emanating from b unlabelled vertices, giving a total of b + p vertices of which p are ‘free’. If
YT = {v1,...,v,} is another partition of the same indices represented as a graph in the same way,
we define the graph T ® T* by connecting corresponding free vertices of the two graphs. This gives
a graph with b + v unlabelled vertices and p labelled edges, parallel edges being permitted. Show
that the graph T ® T* is connected if and only if TV T* = 1.

3.25 In the notation of the previous exercise, prove that all cycles in the graph T ® T* have even
length. (A cycle is a path beginning and ending at the same vertex.) Such a graph is said to be
even. Show that all even connected graphs have a unique representation as T ® YT*. Hence prove
that the number of connected even graphs having p labelled edges is (01(72) + 1)/2 where 01(72) is
defined in Exercise 3.22 (Gilbert, 1956).

3.26 In the terminology of the previous two exercises, what does C’f’) in Exercise 3.23 correspond
to?

3.27 By considering the mixture density, pfi(z) + (1 — p)fa(z), show that the moment space,
M.,,, is convex.

3.28 By considering the distribution of the sum of two independent random variables, show that
the cumulant space, IC,, is closed under vector addition.

3.29 Show that there exists a unique distribution whose odd cumulants are zero and whose even
cumulants are kg = 1, kg = —2, kg = 16, kg = —272, K19 = 7936,.... Let M/()\) be the moment
matrix described in Section 3.8, corresponding to the cumulant sequence, Ak1, . . ., Ako,. Show
that for the particular cumulant sequence above, the determinant of M/ ()) is

M/ =120 A=1)" (A= 4+ 1),
for r = 1,2,3,4. Hence prove that there is no distribution whose cumulants are {\x,} for non-

integer A < 3. Find the unique distribution whose cumulants are {Ax,} for A = 1,2, 3.

3.30 By counting the number of distinguishable ways of placing r identical objects in p + 1
labelled boxes, show that, in p dimensions,

rank (M) < (p + T),

r

where M] is defined in Section 3.8.

3.31 Show that achievement of the limit py = p2; — p — 1 implies the following constraint on the
third cumulants

Pos — Pis —p+1=0.

3.32 Show that, if complex-valued random variables are permitted, there are no restrictions on
the moment spaces or on the cumulant spaces such as those discussed in Section 3.8.

3.33 Describe the usual partial order on the set of partitions of the number k. Explain why
this set, together with the usual partial order, does not form a lattice for k > 5. Verify by direct
inspection that the structure is a lattice for each k < 4.



