ON HIGHER ORDER ANGULAR DERIVATIVES
— AN APPLICATION OF FAA DI BRUNO’S FORMULA

YIFEI PAN AND MEI WANG

ABSTRACT. We study the singular behavior of kth angular derivatives of ana-
lytic functions in the unit disk in the complex plane C and positive harmonic
functions in the unit ball in R™. Faa di Bruno’s formula is a crucial tool in our
proofs.

1. INTRODUCTION

In this paper, we study the singular behavior of kth angular derivatives of
analytic functions in the unit disk in the complex plane C and positive harmonic
functions in the unit ball in R™. Faa di Bruno’s formula plays an important role
in our proofs.

Let D ={z: |2] <1} Cc Cand T = 9D. Let ¢ : D — D be analytic and
¢ € T. ( is a fixed point of ¢ if lim,_,1 ¢(r{) = ¢. The angular derivative at ( is
defined as ¢'(¢) = lim, 1 ¢'(r¢). It is a consequence of the Julia Lemma [6] that
the angular derivative at the fixed point exists and that ¢’({) € (0, 00]. When the
angular derivative of a fixed point is finite, what could be the limiting behavior of
the higher order angular derivatives? We describe an asymptotic property of the
higher order derivatives of the fixed point in the following theorem.

Theorem 1.1. Let p(2) : D — D be analytic. Let ¢ € T be a fixed point of p with
angular derivative ¢’ () < oco. Then Yl > 2, the {-th angular derivative

(1) pO(r¢) = o ((1—174)“) as 1.

The above is equivalent to lim, (1 — r)'=1p®(r¢) = 0 by the definition of the
little o notation.

The order £ — 1 in Theorem 1.1 is sharp in the sense illustrated in the following

proposition and its proof.

Proposition 1.2. For any e € (0,1) and ( € T, there exists an analytic function
¥(z) : D — D such that ¢ is a fixed point of ¥, ¥'({) < oo, and

(2) lim (1 - PO @) >0, ve> 2.
1
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Furthermore, for any integer m > 1, there exists an analytic function ¥(z) : D —
D such that ¢ is a fixed point of v,

Pm=I(¢) <00,  Vj >0,
PR(C) =00, Wk >1,

) lim (1 — )™ LR () = 0,
liII%(l _ r)m+k—1—€|w(m+k)(r<)| > 0.

Results analogous to Theorem 1.1 can be obtained for positive harmonic func-
tions, as stated in the following theorem.

Theorem 1.3. Let u be a positive harmonic function in the unit ball B® C R™,n >
2. Let ( € S"~' = 0B". Then for k>1,

) g1 d¥ n+k—2)! . (1—r)!
(4) P—{q {(1 -7 - 1d7"’fu(ro} =2 (n—2)! ll—{% 147 u(rg)-
Consequently,
li 1— n+k—1d7k —
9 lim ¢ (1= ) ) L =0

except possibly on a countable set of points on the sphere.

From the proof of Theorem 1.3 we can see that the results can be extended to
harmonic functions defined by complex measures. We may restate Theorem 1.3
as the following.

Theorem 1.3'. Let u be a harmonic function in the unit ball B",n > 2 defined

by a complex measure p on S (with the Poisson kernel). Let ¢ € S"~t. Then
for k>1,

Ii o n+k—1d7k _
im < (1—r7) drku(rg) 2

7"—)1

_ 9)| _ »\n—1
(n+k—2)! lim (1—r7)
(n—2)! r=1 147

u(r¢).

2. PROOF OF THEOREM 1.1
First we prove a lemma needed for the proof of Theorem 1.1.

Lemma 2.1. Let f(2) be analytic and Ref(z) > 0 for z € D. Let ¢ € T. Then

_ 1—
lim (1 =)+ () = T2k lim S ().
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Proof. The proof follows the steps similar to the proof of Theorem 1.3 in [2]. First
consider the case f(0) = 1. Since Ref(z) > 0, there exists a unique positive Borel
measure 4 such that (ref. [3])

f(2)=/ 1erdu(n), u(T) =1.

Tl—nz2

Direct calculation yields
k

F®(z) = 21{7!/T a _Zz)k—l-ld'u(n)’ k=1

Consider z = r(. Since

_1l—r 1L, n=¢

lim = >

r—11—r(n 0, n#¢
we have

o 1—-rl14+ C . ) k 1— k+1 . .
i i ) = @), [t Dt =), k1,

By the Lebesgue’s dominated convergence theorem,

. 1—r L 1—r 1+ r¢n
}E{lJrrf(ro} - }Ln%{leT/Ternd'u(n)}

_ A}iﬂ{l —rl Jﬂ@} du(n) = p({C}),

1+7r1—rln
and
; _ )R (k) T _ p)ktlon ot
tig {(1 = 1000} =t {0z [ )|
k k+1
= 2t [y ) = (@), k2.
Therefore,

By (1 =) 9(06) = T g 1 )
If f(0) # 1, consider
f(z) —i Imf(0)

9(z) = Ref(0)
we have
®)() — FR (2) B ) = Ref(z) or -
Thus
- D A (e I . [1=7f(r¢) —i Imf(0)
LR IR e -
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Consequently,

ti (1= /7 0(r¢) = T2b lim 1 £70)

r—

The following is the proof of Theorem 1.1.

Proof. By considering the analytic function (p(¢z) : D — D, we only need to
prove Theorem 1.1 for the case ( = 1 without loss of generality. Let

1+ p(2)

flz)=———=, ze€D.
B =)
Then
-1
Ref(z) >0 and o(z) = ;Ei;ﬂ, Vz € D.
Furthermore,
1-— 1—7r1 1-— 1 1
lim 74]"(7‘) = lim rl+el) =i r_1+¢(r) = .
r—11+4r r—114+rl—p(r) —11—pr) 1+r ¢'(1)
Subsequently,
. 2
lig(1 = r)(F(r) + 1) = .
By Lemma 2.1,
(k) _
. Y (r)_l. 1—7r 2
e T S A S A
-1
Let h(z) = Ziﬂ’ then ¢(z) = h(f(2)). By Faa di Bruno’s formula [4],
z

’ D\
cp(z)(r) _ %h(f(r)) — Z#‘h(mﬁ...ere)(f(r))H (f ( ))

mq! ma!---my! - 4!

where the sum is over all ¢-tuples (mq,ma,--- ,my) satisfying

Imq +2mg + -+ fmy = 4.

Since "
2(=1)F k!
Ry, 2\ ™ S
h(2) T k>1,
we have
() (1") _ Z ! 2(_1)(m1+--.+mz+1)(m1 4+ 4+ mﬁ)! H f(]) (7“) m;
7 m1! ma!---my! (f(r) 4 1)mit+metl ; il

_ (_1)(m1+.4.+me+1)(m1 4+ mf)! ) f(])(’l“) mj
N E'Z m1!m2!---mg! f(T)+1];[<(f(T)+1)]'> '



Notice that for each term of the sum, 1mqi + 2mg + - - - + ¢my = £, therefore

e 2 [ \"
Ll{“ ) f<r>+1H<<f<r>+1>ﬂ> }

j
~ lim 2 (L= D) /3t) "
- L1{(1r)(f(r)+1)1;[< (1=7)(f(r)+1) ) }
_ 2 2/¢' (W™ _
- el () —v0
Consequently,
. - / —1 (mittme+1) mi+ -+ my)!
ll_rg{(l—r)g 190(6)(7“)} = <P(1>£!Z( : my! mzl(...lmég 2

To see that the above sum is zero, consider the function
glx) =27, gW(x) = k(-1)Fa=® g (g()) = —kl(—2)", 2 €(0,1].
Applying Faa di Bruno’s formula to = g(g(x)), we have
d d
W(l”) = Wg(g(x))
1l @ (r)
_ (ma+-+my) 9
2. mal mal - mgl” (g(r))g ( 1

= /! Z —(my + - my)!(—a) et H <(—'1)j)mj

mq! ma!l- - my! - i+l
gy
-7 mq! ma! - my! xt

-1

-1 —1)miteAmetl !

e E!E:( ) (mat-Fm)l _ o e 01], 032
T mq! mo! - my!

Hence,

1) (mitAmet1) . !
. N1 (0) RV e ) (ma & & mo)!
}1_}11{{(1 r) e (7“)} 90(1)5'2 my! mal- - my!

)-o
r=1

therefore



3. PROOF OF PROPOSITION 1.2
The following lemma is needed for the proof of Proposition 1.2.

Lemma 3.1. Let o € (0,1),

f1($) = E:Oa2”+1$2n+1, Ggna1 = (2 «Q ): a(a—l)...(a_zn)

n+1 (2n +1)! ’

.« o (o) ala—=1)---(a—2n+1)

fo(z) = nZ:ObzniU ; by, = <2n> = 2n)! ;
flz) <

h(z) = = cpx™.
(@) fa(z) nz:;)
Then
con = 0, cont1 > 0, Vn > 0.

Proof. By the symmetry of fi; and fo,

_ fil=2) _ fi@)
fo(—x) fa(z)

h(—x) =—h(z) = ¢, =0, ¥n>0.

Furthermore,
fi(w) = h(z)fa(r) == a2nt1 = c2nt1bo + c2n—1b2 + - +ciban, VYV n>0.
Since by = 1, we have

Con+1 = Aon+1 — (Can—1b2 + -+ -+ c1bay), Vn > 0.

Forn=0, 1,
cq = a1 =a>0,
c3 = a3z —ciby = afa = 13)!(04 —2 _ aa(a2!— D =ala—1) <—;> (a+1)>0.
Now assume cpj—1 > 0 for j =1,--- ,k for some k > 1. Notice that for a € (0, 1),
agk+1 >0, Yk >0 and bor. < 0, Vk > 1.
Therefore
Cok+1 = A2k+1 — C2k—1b2 — -+ — c1bgp > 0,
because every term is positive. By induction, con4+1 > 0, ¥n > 0. O

The following is the proof of Proposition 1.2.

Proof. We prove (2) in Proposition 1.2 by constructing a function 1 such that ¢
(or its rotation) satisfies (2). First consider

s
A2 TP

_1—z
142

Rey(z) > 0, z € D.



p is its own inverse:

1-=2
_ 1
=y Plp(2) = — 1= ==
1+
1+2
For a € (0,1), let g(z) = 2“, and define
1—2\"
L 1+2
f=¢logop=—Tr—a, D — H— D.
1+ (150)
1+2z

Then

f0)=0, fA)=1, f(z)#0.
Therefore f: 1D — D is univalent and z = 1 is a fixed point of f. Considering the
Taylor expansions

(142)* = i (3) M (1—2) = i(—l)" (2‘) ",

n=0 n=0
we have
o0
< «a > 2n+1
(1 )*—(1—2)" a0 n+l - = 2n+1
f(Z) = = = Cn2 Cont12"
(1+2)+(1—2)* i a on HZ:O " nZ:O "
2n
n=0
Define
z z OO o0 c
FE) = [ f@dw= [ 3 eutldw =3 2 e,
0 0 HZ:% " ;2n+2

By Lemma 3.1, cop+1 > 0 for n > 0. Therefore |F(z)| achieves its maximum on
the boundary at z = 1:

> C2n+1 | _12n+2 - C2n4+1 | 12n+1 = C2n+1
F < —_ < T < T = F(1) = F(2)|.
Pl < 3 gl < 30 e < 32 2 = F(U) = P(e)
By the maximal principle, the function
F(z)
P(z) = Fay  C€ D
maps D into . Furthermore, z = 1 is a fixed point of 1,
1) f1) S
=1, (1) = = "(1) = =

and (5-1)

p®)(r) = fi(r)’ k> 2.

F(1)
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Notice that

d (1-2\"  (1-2\*" -2 [1-z\*" /()
-\1+z) ~“\1+> (1+z)2_a 1+2 L

() =ee- 0 (3) worea(52)" e,

etc. Using the big O notation for z near 1, we may write
d* /1 —2\¢ Q 1—2z\* k
dar — Kl / ( 1 a—kﬂ) '
dzF <1+z> (k:> <1—|—z> (=) +0(0-2)
Applying the little 0 notation, we have
d" d¥ (1 —2\“
I = o (1 n ) —
a\ (1-r\“F/ —2
— i-r e ( 1— a—k—i—l)
(k) <1+r> <(1+r>2> rol=n

= k! (Z) (1- T)“‘k(l)k(lff)m +o ((1 - r)"“k)

and

By Faa di Bruno’s formula [4],

dk
FOI= L oalo(r) =3 gt (g o) [
_dzéspgso a mllmg!---mglw g\p j 4!
where the sum is over all ¢-tuples (mq,mo, - ,my) satisfying

1lmq +2mg + -+ fmy = 4.
Notice that

(o)

mj

~(k+1)
0 (2) = 2= 1"k (142)~F+D 0B (g(p(r)) = 2(—1)%k! <1+ (1—7«) ) o

and

m;

dk

|
i J i




where each term in the product

<a> (-1t ala—1)---(a—j+1)(-1)"t  al-a)---(j—1-a) =0
i)+ A+ T e
for a € (0,1), and the little o term is obtained by the fact that
Hj(l _ r)afj (1 _ T)(m1+--.+m5)af€ (Mt 1
. e’ AR I _ 1 _ mi+-+mp— )oz _
et T (1 et pm (=) 0

Since for given o € (0,1) and ¢ > 1,

Za 2(my + -+ my)! |+ 1 — p\ @\ ~(matetmetl)
mi! mal---my! 1+r

is bounded and > 0 as r — 1, we have

a\ —(mi+-+me+1) V4
02(my + - - +my)! 1—r _ 2
(@] _ 1 £ _a—4
£ Z myl mal - my! (1+(1+7") > (1=r) (1+r) .

+ o0 ((1 - r)a_e) )

Consequently

mq! mo! - my! j 20

ti1 e 0 = 30 B LR (Y D
J

where Cy , is a constant for any given a € (0,1) and ¢ > 1. Therefore we have

n—1l—-a f(n_l)(r) _ Cn—l,a

) FQ) > 0, Vn > 2.

lin%(l — )iy () = lin%(l —r)
We have shown that (2) in Proposition 1.2 holds for ¢ with ¢ = 1. For an arbitrary
¢ €T, (2) is satisfied by (¥((z).

To prove (3), we show that for any m > 1, there exists a function 1), such that
¥ (or its rotation) satisfies the conditions in (3). Let

- (= [ Eaw) :
Ym(2) = R = [ e 1<i<m,

where

Fl:F7 F0:f7 1/]1:1/}
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are the functions used in the above proof of (2). By the construction,

o0

Con+1  2p42
Fi(z) = 272
o 2n 4 2
’F1(2)| _ i Con+1 |Z|2n+2 < i Con+1 :Fl(l)
2n + 2 - 2n + 2 ’
n=0 n=0
* Fi(w) R Cont1 2
Fy(z) = dw = s
2(2) /0 A Fl(l);(2n+2)(2n+3)z ’
1 > Con+1
J3 — n+ 22n+3
P ()] F1(1);)(2n+2)(2n+3)’ |
1 Con+1
< — Ry(1),
= F1(1)Z()(2n+2)(2n+3) (1)

etc. For j =1,2,--- ., m,

* Fi_q1(w) 1 - Con+1 2n+14j
F. — J dw = n+ +]’
i(2) /0 Foa)™ T F) nz:% 2n+2)2n+3) - 2n+1+j)
1 = Con+1 on4147
r — n+14j
IF5(2)] Fj_l(l)nz_;)(2n+2)(2n+3)~-~(2n+1+j)|2’
1 - Con+1

< = F;(1).

- Fj_l(l)7;)(2n+2)(2n+3)--'(2n+1+j) J( )
By the maximal principle, the functions

_ Fu(?) _
map D into D. Furthermore,
k k—1 k—2
Jo = B0 B B
m F(1) Fn(D)Fpn-1(1)  Fn(1)En-—1(1)F,—2(1)
— M<OO’ k=1,2,---,m,
[lj=0 Fm—(1)
especially,
f)
W) = <o
Hj:l j(l)

Notice that
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Consequently the proven result (2) implies (3) for ¢ = 1. For an arbitrary ¢ € T,
(3) is satisfied by (1, (C2).

This completes the proof of Proposition 1.2. U
4. PROOF OF THEOREM 1.3

We need several lemmas to prove Theorem 1.3.

Lemma 4.1. If o(z) = 2% + ax + b, then for any m > 0,

m

2 > @ﬁm)ﬁh(mﬂ)(@)(w')%, ¢ =2m;
©) Wh(cp(x)) = (2m + 1)! ( 1) 2j+1
m+j+ "N2j+ _
z% (25 + 1)) ])h (@) ()T, t=2m+1.

Proof. Again by Faa di Bruno’s formula [4],

d 14
h _ (my+- +m4)
Ao’ ((2)) Z my! mal--- mﬁgh H (

J

)

Since ¢ = 2, o) =0 for j > 3, the product in Faa di Bruno’s formula simplifies
to

where the sum is over all ¢-tuples (mq,mg, -+ ,my) satisfying

Imi+2mg+ -+ +fmy = £.

11 (So(j?(x)) J= Pl@)™ (with 0°=1),

|
J J:
which implies

dt 0
(7) Thle(@) = Y () ()™,

where

Relabeling the summation index by j,

) =2y m+ j, 0 =2m;
J=9N mi—1 then mi +mg = '
=, 4=2m+1, m+j+1, £=2m+1.

Replacing m; and mg by j and m, (7) becomes (6).
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Lemma 4.2. Let f(r) = rel0,1), ¢,neS™t n>2 Letb, €0,7]

r C [r¢ —n™’
denote the angle between the n-vectors ¢ and r{ —n for any r € [0,1]. Then
cos9 )'(—1)m+j nn+2) - (n+2m-+2j—2) o
® lr¢ — 77|"+1} ;J om—j ’ £=2m;

Jor) = r—_(-n Z (cosB,.)%( 2m+1)( 1™+ nn+2) - (n+ 2m + 2j) ¢ 9m 41

|rc_ 77|n-',-€—',—1 — 2] + 1 ]). om—j s = zn .
Proof. Let h(z) = =2, o(r) = |r¢ — n|?>. Then

d «— A '

Gy =2 (G —m)* =20 =Cm), ") =2 ¢V(r)=0forj>3,

j=1

(@) — (2P (2P ) (2 e —4-a
Px) (2)(21> (2 (o 1)):'32
B 1an(n+2)~-(n+2(a—1)) 1
- (_ ) 2 p(n+20)/2°
Denote ¢ = (1, ,Cn)s 7= (m,- -+ ,mn) and - =3 _; (;n; the Euclidean inner
product of ¢ and 7. Notice that
(r=¢-m?=1r¢-C= ¢l = ¢ (rC=n)* = [r¢ — nf* cos by,
therefore
" - (1 2) - (04 2m 4~ 1)) 2 (r— )
WD ()Y = (1) 3 T
_ (cosb,)¥ (_1)m+jn(n+2)---(n+2m+2j—2)
T 7 |

and

h(m+j+l)((P(T))(LPI(T>)2j+1 _ (_1)m+j+1 n(n + 2) e (n + 2(m + ])) 22j+1<r - C : 77)2j+1

om+j+1 ’rc _ 77|n+2m+2j+2

(r¢ —n)(cos 8,)% (— 1)yt n(n+2)--- (n+2m+2j)
|»,~C _ 77|n+2m+2 om—j

Applying Lemma 4.1 to f(r) = h(¢(r)), the result of Lemma 4.2 follows. O

Notation. Denote
Cor = (=DF2(C(n, k) + kC(n,k — 1))  for k>1,n>2,

where
i ( D™ Hin(n42)---(n+2m+ 25 — 2) I—om.
2m7]‘ ) - ’
(8) C(n,0)= JZO m+j+1 :
Z 2m—|—1 (-1) n(n+2)~-~(n—|—2m+2j)’ (= 2m1;

= (25 + 1)!(m — 4)! 2m—j
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for m > 0, with C(n,0) =1

Lemma 4.3. Let (,ne€ S" ', n>2. Then fork>1,
k 1— 2 .
hm {(1 _ ,’")n-‘rk}—ldik < T >} — 07 C # 777
r—1 dr ’TC - 77‘” Cn,ka ¢= .

Proof. Let g(r) =1—172, f(r) = |r¢ —n|™™. Then
gr)=-2r, ¢'(r)=-2 and ¢gV(r)=0, j>3.

For k > 1,
(12 d* "k N
o (=7 ) - & - (k=3) ()¢9
kY Lk kY okt / kY o2
= () 1m0+ (§) 14000+ (5) 1420 0)
= (1-r® <r> = 2rk fFD(r) — k(k = 1) f*2)(r)
with the convention that f(®(r) = g(® () = 0 for o < 0. Let
(cos 0)%(2m)! (— 1)m+9n(n+2) (n+2m+2j—2) B
; 2 — ) 7 o
Cln,t,6)= i (cos )2 (2m + 1)! (=)™ n(n 4+ 2) - (n + 2m + 25) 1
= 27+ D!(m = 5)! 2m=i C ’
Then
C(n,t) =C(n,t,0), (>1, n>2.
From Lemma 4.2,
A7, 1, { even;
FO0) = PR SIC 06, where Al = { SR
¢ =l
Thus

dF 1—r2
1' 1 _ n—&-k—li -
Ay {( A (!rc—m")}

= lim {(1 — r)”+k_1 [(1 — 7«2)]0(7@) (r) — Zka(k_l)(r) — k(k — 1)f(k;—2) (7”)} }

r—1
_ . (1 _TQ)(]' _T)n+k_1A(k’ra C)n)

C20k(1 = )" AR — 1, )
¢ — k=t
_ k(k=1)(1 - Y=l g (k — 2,7“,Ca77)c(n k—20 )} )

[r¢ =l th=2

C(n,k—1,6,)
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Notice that |A(k,r,{,n)] < 1 is bounded, 6, — 0 as r — 1, and C(n,¢,0) is
bounded, hence the last term — 0 as r — 1. In addition,

lim 1-r = 0’ C 7& e and lim (1 — T)A(kara<777) _ 07 i C ?é ;3
r—1 ‘T<_77| 1, C:’r/a r—1 ‘TC_T]| (_1) 7 4277,

so we have

i b k—1 dr 1—r
11“%{“‘” i <\r< n!”>}

r—1 \TC n!”*’“
2rk(1 — )" 1Ak — 1,7,(,n)
_ (¢ =g C(n,k — 1,9r)}
_ )0 C#m;
2(_1)/@0(”7 ka 0) - 2(—1)k_1k0(n7 k — 1)0)7 C =1
_ 0, C#m
2(=1)FC(n, k) —2(=1)*kC(n,k — 1) = Cpp, C=1n.

(n+k—2)!

Lemma 4.4. Cni =2 (=2

for k>1,n>2.

We postpone the proof of Lemma 4.4 until after the proof of Theorem 1.3.

Now we prove Theorem 1.3.

Proof. For any x € B", x =r(, ( € S !, n > 2, we may write

g
u(rg) :/s 176&4(77)-

no1 |r¢ — ™

By Lemma 4.3, for any k > 1,

im (11 @° (1T _Jo n({cH =0;
/S"“l‘*l{(l ) drk(!ré‘—n\"”d“(”) {cn,kmm, u({c}) > o.

By the interchangeability of differentiation and integration when the integral of
the derivative converges and the Lebesgue’s dominated convergence theorem, we
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have
dk dF 1—1r2
: _ o\nt+k—-1Y _ : _ o\n+k—-1% -
ti {0yt B} = g {a -t [ i )

dk 1—72
_ . n k-_
= }L“i{“_r) ' 1/5111 art <|r<—n\n>d“(">}

dk 1—r2
/sn—l ro {( g dr* (\TC - nl”) } #)
= Cux p({¢})
By Theorem 1.1 in [5] (or by going through the proof of Lemma 4.3 with & = 0),

tim {(1— )" u(rQ)} = 2u((C)).
Thus )
i { a0 | = li)
and

dk 1— n—1
tig { (1= 0 ) | = Gt { O 000

So (4) holds by Lemma 4.4. Consequently (5) holds because each positive harmonic
function in the unit ball corresponds to a positive measure on the sphere (ref. [1]),
and that the set of non-zero point mass of the measure is countable.

This completes the proof of Theorem 1.3. (]

The following is the proof of Lemma 4.4.

Proof. Lemma 4.4 is proved by induction. By the definition,

C(n,0) = 1,
~ln
C(n,1) = (22) = —n,
-l n I (=1)%n(n

Cln.2) = 2! (21) L2 12)! 22 +2) _ o n(nt2) = n(at 1),
For k=1 and 2,

Cog = (=1)' 2(C(n,1) + C(n,0)) = =2(—n+1) = 2W

Ch2 = (_1)2 2(C(n,2)+2C(n,1)) =2(n(n+1) — 2n) = Q(H(:;E;)?)!'
For any k, assuming

Cni = (=1)*2(C(n, k) + kC(n,k — 1)) = 2 D
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we will prove

(n+k—1)!

Crpir = (1D 12(C(n,k+1) + (k+1)C(n, k) = 2 (= 2)!

Using the induction assumption, the above equation can be written as
(n+k—-1(n+k—2)
(n—2)!
= (n + k— 1)Cn,k
= (n+k—1)(=1) (Cn.k) + kC(n,k— 1),

(=DM (C(nk+1) + (k+1)C(n, k) =

so it is sufficient to show
9) —(C(n,k+1)+ (k+1)C(n,k)) = (n+k—1)(C(n, k) + kC(n,k —1))
Write
C(n,k) =>_ C(n,k,j).
J

Notice that
(m+1)(2j+1)

C(n,2m+2,5) = o C(n,2m+1,7), 0<j<m
1 2 29+ 2
Cn,2m+2,j+1) = _(m+ )(n—l—_}_qm—l— s )C(n,Qm—}—l,j), 0<ji<m.
J
Therefore,

S e
C(n,2m+2) = Z< — m+1>0(n,2m+2,j)
=0
m . m+1 .
1—
= uC’(n,2m+2,j)—|— LC’(n,Zm—I—Zj)
o m+1 o

m+1
m . m .
m+1—j . Jj+1 ,
— Z1- Jom.2 2 ~——(C(n,2 2, 1
> (n,2m + ,J>+Zom+1 (n.2m+2,j + 1)

= > @2+ 1D)CM.2m+1,5) =Y (n+2m+2j+2)C(n,2m +1,)
j=0 =0

= = (n+2m+1)C(n,2m+1,j)
j=0
= —(n+2m+1)C(n,2m+1) for m>0.
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Similarly,
2 1 2 27
Com 1) = - EOFDOEENE2) 60 m ) 0<j<m:
27 +1
2 1)(25 + 2
Cmom+1,j) = CmEV@H+D e o i), 0<j<m—1.
2m — 2y
Consequently,
m . m—1 .
27 +1 . 2m — 2j :
C(n,2 1) = C(n,2 1 —C(n,2 1
m m—1
= Z(n +2m +25)C(n,2m,j) + » (2j+2)C(n,2m,j+1)
=0 §=0
m m
= =) (n+2m+2§)C(n,2m,5) + > _(25)C(n,2m, j)
j= =0
m

= —Zn—|—2m (n,2m,j)

= —(n +2m)C(n,2m) for m>0.
The above relations between the adjacent C'(n,¥)’s can be summarized as
Cn,t)=—n+£—-1)C(n,£—1) for €>1.
Applying the above equation repeatedly, for any & > 1 we have
L.HS of (9) = —-C(n,k+1)—(k+1)C(n,k)
= (n+k)C(n,k)— (E+1)C(n,k)=(n—-1)C(n,k),

and
RHS.of (9) = (n+k—1)(C(n,k)+kC(n,k—1))
= (n+k-1)C(n,k)+k(n+k—-1)C(n,k—1)
= (n+k—-1)C(n,k)—kC(n,k)=(n—-1)C(n,k).
Therefore (9) holds for all £ > 1. This completes the proof of Lemma 4.4. O
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