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Dedicated to the memory of Professor H. Rutishauser

Abstract. We consider the numerical calculation of several matrix eigenvalue problems which
require some manipulation before the standard algorithms may be used. This includes finding the
stationary values of a quadratic form subject to linear constraints and determining the eigenvalues of a
matrix which is modified by a matrix of rank one. We also consider several inverse eigenvalue problems.
This includes the problem of determining the coefficients for the Gauss-Radau and Gauss—-Lobatto
quadrature rules. In addition, we study several eigenvalue problems which arise in least squares.

Introduction and notation. In the last several years, there has been a great
development in devising and analyzing algorithms for computing eigensystems
of matrix equations. In particular, the works of H. Rutishauser and J. H. Wilkinson
have had great influence on the development of this subject. It often happens in
applied situations that one wishes to compute the eigensystem of a slightly
modified system or one wishes to specify some of the eigenvalues and then compute
an associated matrix. In this paper we shall consider some of these problems and
also some statistical problems which lead to interesting eigenvalue problems.
In general, we show how to reduce the modified problems to standard eigenvalue
problems so that the standard algorithms may be used. We assume that the reader
has some familiarity with some of the standard techniques for computing eigen-
systems.

We ordinarily indicate matrices by capital letters such as 4, B, ¥ ; vectors by
boldface lower-case letters such as x, y, &, and scalars by lower-case letters. We
indicate the eigenvalues of a matrix as A(X) where X may be an expression, e.g.,
A(A* + I) indicates the eigenvalues of A2 + I, and in a similar fashion we indicate
the singular values of a matrix by a(X). We assume that the reader has some
familiarity with singular values (cf. [9]). Usually we order the singular values
o(A) = [MATA)]'? of a matrix A so that ¢,(4) < 6,(4) £ --- < 0,(4) and if 4

is symmetric, the eigenvalues so that 1;(4) < 1,(4) < --- £ 1,(4).

1. Stationary values of a quadratic form subject to linear constraints. Let A
be a real symmetric matrix of order n, and ¢ a given vector with ¢’c = 1.
In many applications (cf. [10]) it is desirable to find the stationary values of

(1.1) xTAx
subject to the constraints

(1.2) x'x =1,
(1.3) c'x = 0.
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Let

(1.4 ox, A4 p) = xTAx — Ax"x — 1) + 2ux"¢,

where A, pu are Lagrange multipliers. Differentiating (1.4), we are led to the equation
(1.5) AX — Ax + pe = 0.

Multiplying (1.5) on the left by ¢” and using the condition that |c|, = 1, we have
(1.6) u= —clAx.

Then substituting (1.6) into (1.5), we obtain

(1.7) PAx = Jx,

where P = I — cce”. Although P and A are symmetric, PA is not necessarily so.
Note that P? = P, so that P is a projection matrix.

It is well known (cf. [14, p. 54]) that for two arbitrary square matrices G and H,
the eigenvalues of GH equal the eigenvalues of HG. Thus,

MPA) = (P2A) = (PAP).

The matrix PAP is symmetric and hence one can use one of the standard algorithms
for finding its eigenvalues. Then if

K = PAP
and if
Kz, = Az,
it follows that
X; = Pz;, i=1,2,---,n,

where x; is the eigenvector which satisfies (1.7). At least one eigenvalue of K will
be equal to zero, and ¢ will be an eigenvector associated with a zero eigenvalue.
Now suppose we replace the constraint (1.3) by the set of constraints

(1.8) C'x =0,
where C is an n x p matrix of rank r. It can be verified that if
(1.9) P=1-CC,

where C~ is a generalized inverse which satisfies
(1.10) cc C=¢C, CC™ = (ccH)T,

then the stationary values of x"A4x subject to (1.2) and (1.8) are eigenvalues of
K = PAP. At least r of the eigenvalues of K will be equal to zero, and hence it
would be desirable to deflate the matrix K so that these eigenvalues are eliminated.

By permuting the columns of C, we may compute the orthogonal decomposi-
tion

R S
(1.11) C=QT[O 0]1‘[,
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where R is an upper triangular matrix of order r, Sis r x (p — r), Q"Q = I,, and
IT is a permutation matrix. The matrix Q may be constructed as the product of r
Householder transformations (cf. [8]). A simple calculation shows

00
(1.12) P= QT[O I,,_JQ =0'JQ,
and thus
MPAP) = AQTJQAQTIQ) = MJQAQ"J).
Then if
(1.13) G = QAQT = [Gll G”],
G12 G22

where G, is an r x r matrix and G,, is an (n — r) x (n — r) matrix,

. [o 0 ]
JAQ = | | 6.,

Hence the stationary values of x” Ax subject to (1.2) and (1.8) are simply the eigen-
values of the (n — r) x (n — r) matrix G,,. Finally, if

G221i=/1izi, i=1,2,“‘,n—r,

TO
Xi=Q 1_ Zi.

The details of the algorithm are given in [10].
From (1.13) we see that A(G) = A(A). Then by the Courant—Fischer theorem
(cf. [14, p. 101]),

(114) '1](‘4) = j'j(GZZ) = ir+j(A)’ .] = 1’ 27 e, h—r,

when

then

AfA) £ Aj41(4) and  A(G,3) S 4;41(Gs)).

Furthermore, if the columns of the matrix C span the same space as the r eigen-
vectors associated with the r smallest eigenvalues of A,

(L15) 74G22) = Ay (A).

Thus, we see that there is a strong relationship between the eigenvalues of 4 and
the stationary values of the function

(1.16) o(x, A, p) = xTAx — AxTx — 1) + 2u"C"x,
where p is a vector of Lagrange multipliers.

2. Stationary values of a bilinear form subject to linear constraints. Now let us
consider the problem of determining the nonnegative stationary values of

2.1 (" Ay)/(Ix]2llyll2) »
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where A is an m X n matrix, subject to the constraints
2.2) C'x =0, DTy = 0.

The nonnegative stationary values of (2.1) are the singular values of A (i.e., a(A)
= [A(ATA)]¥?). It is easy to verify that the nonnegative stationary values of (2.1)
subject to (2.2) are the singular values of

(2.3) P.AP,,

where
Pc.=1-CC", P,=1-DD".

The singular values of P.AP;, can be computed using the algorithm given in [9].
Again it is not necessary to compute the matrices P, and P, explicitly. If,

asin (1.11),
Re S¢ Rp Sp

then

0 0
PC=Q£|:0 I_]QCEQEJCQC»

0 0
Py = Qg{o I :lQD = QIT)JDQD9

where r is the rank of C and s is the rank of D. Then

o(PcAPp) = 0(QLJcQcAQDI pQp)
= O'(JCQCAQLT)JD)-

Hence if

Gy Goa
G = QcAQp = [GZI G,, |

where G, isr x sand G,, is(m — r) x (n — s), then

r 00
JCQCAQDJD= 0 G22 .

Thus the desired stationary values are the singular values of G,,.

3. Some inverse eigenvalue problems. Suppose we are given a symmetric
matrix 4 with eigenvalues {A}1=1 (A4; < 4;4,) and we are given a set of values
{2121 (i < Ziyy) with

(3.1 A < i < Aigq-
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We wish to determine the linear constraint ¢”x = 0 so that the stationary values
of x"Ax subject to x"x = I and ¢"x = 0(c"c = 1) are the set of {4;}7-}. From (1.5)
we have

= —pA — i) le,
and hence,

(3.2) ¢'x = —pe’(4 — A" 'e = 0.

Assuming u # 0, and given A = QAQ” where A is the diagonal matrix of eigen-
values of 4 and Q is the matrix of orthonormalized eigenvectors, substitution into
(3.2) gives

(3.3a) ,;1 (/1 — /1)
with
(3.3b) i d? =1

i=1

where Qd = ¢. Setting A = /Tj, j=12,---,n—1, then leads to a system of
linear equations defining the d?. We shall, however, give an explicit solution to
this system.

Let the characteristic polynomial be

n—1
(3.4) o) =TT ¢ - 4.

We convert the rational form (3.3a) to a polynomial,

n n d2
wo=fle-s] 5555

(3.5) )
n (4 — 7).

We wish to compute d (d”d = 1) so that (1) = @(4). Then let us equate the
two polynomials at n points. Now

!IM:
L
I

n—1

o) = ﬂ (2 = A,

j=1

W = a2 T1 (= 2

YT
Hence ¢(4,) = y(4) fork = 1,2, -+, n, if
(3.6) &2 = [l ¢ = 4

H;: 1,j#k (ij - /11:)‘

The condition (3.1) guarantees that the right-hand side of (3.6) will be positive.
Note that we may assign d, a positive or negative value so that there are 2" different
solutions. Once the vector d has been computed, it is an easy matter to compute ¢.
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We have seenin § 1 that the stationary values of (1.16) interlace the eigenvalues
of A. In certain statistical applications [4] the following problem arises. Given a
matrix 4 and an n x p matrix C, we wish to find an orthogonal matrix H so that
the stationary values of

(3.7 ox, A, ) = x"Ax — AxTx — 1) + p”T(HC) x

are equal to the n — r largest eigenvalues of A.

As was pointed out in the last paragraph of § 1, the stationary values of (3.7)
will be equal to the n — r largest eigenvalues of A4 providing the columns of HC
span the space associated with the r smallest eigenvalues of A. For simplicity,
we assume that rank (C) = p. From (1.11), we see that we may write

oot

Let us assume that the columns of some n x p matrix ¥ span the same space as
eigenvectors associated with the p smallest eigenvalues. We can construct the

decomposition
S
0

where WTW = I, and S is upper triangular. Then the constraints
(HO)™x =0
are equivalent to
[RT:0]QH"x = 0,
and thus if H is chosen to be
H=w"Q,
the stationary values of (3.7) will be equal to the n — p largest eigenvalues of A.

4. Intersection of spaces. Suppose we are given two symmetric #» X n matrices
A and B with B positive definite and we wish to compute the eigensystem for

4.1 Ax = ABxX.

One ordinarily avoids computing C = B™'4 since the matrix C is usually not
symmetric. Since B is positive definite, it is possible to compute a matrix F such
that

F'BF =1
and we can verify from the determinantal equation that
MFTAF) = (B~ '4).

The matrix FTAF is symmetric and hence one of the standard algorithms may be
used for computing its eigenvalues.
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Now let us consider the following example. Suppose

1 00 1 00
A= 101 0], B= 10 ¢ 0f,
0 00 0 00

where ¢ is a small positive value. Note B is no longer positive definite. When
xT =[1,0,0], then Ax = Bx and hence A= 1. When xT =[0,1,0], then
Ax = ¢ 'Bx. Here A = ¢~ ! and hence as ¢ gets arbitrarily small, 1(¢) becomes
arbitrarily large. This eigenvalue is unstable; such problems have been carefully
studied by Fix and Heiberger [5]. Finally for x” = [0,0, 1], Ax = ABx for all
values of 1. Thus we have the situation of continuous eigenvalues. We shall now
examine ways of eliminating the problem of continuous eigenvalues.

The eigenvalue problem Ax = ABx can have continuous eigenvalues if the
null space associated with 4 and the null space associated with B intersect. There-
fore we wish to determine a basis for the intersection of these two null spaces.
Let us assume we have determined X and Y so that

AX =0, BY =0

with

4.2) XTX = I, and YTY = I,.
Let

4.3) Z =[XiY].

Suppose H is an n x v basis for the null space of Z with

r-[2]

where Eis p x vand Fis g x v. Then
ZH=XE+ YF =0.

Hence the nullity of Z determines the rank of the basis for the intersection of the
two spaces.
Consider the matrix

L=2"Z.
Note nullity(L) = nullity(Z). From (4.3), we see that
(4.4) L= [YI;’X XITY] =1+ [2’; (ﬂ =1,,,+W.
q q
Since A(L) = A(I + W) =1+ (W),
4.5) ML) =1 + o(T).

Therefore, if 6 (T) = 1forj = 1,2, ---, t, from (4.5) we see that the nullity (L) = t.
Consider the singular value decomposition of the matrix

T=X"Y=UzZV"T,
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where
U=[u1""’up]’ V=[V1,"',Vq].

The matrices X = XU and ¥ = YV yield orthonormal bases for the null space
of the matrices A and B, respectively. Since 6(T) = 1 forj =1, -, t,

X;=Xu;=Yv;=§; forj=1,---,1¢,

and thus the vectors {X;}_, yield a basis for the intersection of the two spaces.

The singular values of XY can be thought of as the cosines between the
spaces generated by X and Y. An analysis of the numerical methods for computing
angles between linear subspaces is given in [2]. There are other techniques for
computing a basis for the intersection of the subspaces, but the advantage of this
method is that it also gives a way of finding vectors which are almost in the inter-
section of the subspaces.

5. Eigenvalues of a matrix modified by a rank one matrix. It is sometimes
desirable to determine some eigenvalues of a diagonal matrix which is modified
by a matrix of rank one. In this section, we give an algorithm for determining in
O(n?) numerical operations some or all of the eigenvalues and eigenvectors of
D + oun”, where D = diag (d,) is a diagonal matrix of order n.

Let C = D + ouu”; we denote the eigenvalues of C by 4,,4,,---, 4, and
we assume A; < 4;,, and d; < d,, ;. It can be shown (cf. [14]) that

(i) ife = 0,
d<i<d,,, i=1,2,-,n—1,
d, £, £d, + ou'u;

(i) if o < 0,
di_, <4, Zd,, i=2,---,n,
di +ou"a £ 4, £d,.

Thus, we have precise bounds on each of the eigenvalues of C.
The eigenvalues of the matrix C satisfy the equation

det (D + ouu” — AI) = 0,

which after some manipulation can be shown to be equivalent to the characteristic
equation

n

(5.1) @A) = lﬁ[(di—/l)+o' Z u? 12[ (dj —4) =0.
i=1 i=1  j=1
J#i

Now if we write
k k k
o) =Tl =H+a ) u[] -2,
i=1 i=1

j=1
Jj#

-
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then it is easy to verify that
Prr 1) = (i1 — DD + ol (), k=0,1,---,n—1,

(5.2)
Vild) = (di — DWi-1(D), k=1,2,--,n—1,

with

Yold) = @o(4) = 1.

Thus it is a simple matter to evaluate the characteristic equation for any value of A.
Several well-known methods may be used for computing the eigenvalues of C.
For instance, it is a simple matter to differentiate the expressions (5.2) with respect
to A and hence determine ¢,(4) for any value of A. Thus Newton’s method can be
used in an effective manner for computing the eigenvalues.

An alternative method has been given in [1] and we shall describe that tech-
nique. Let K be a bidiagonal matrix of the form

1 r

1 r, O

0 Tt
L 1

andlet M = diag (y;). Then KM K" is a symmetric tridiagonal matrix with elements

(= 1 (i + e 1705 Mis 1T h= 15 To = T = Myiy = 0.
Consider the matrix equation

(5.3) (D + owu")x = Ax.
Multiplying (5.3) on the left by K and letting x = KTy, we have
K(D + oun")K"y = AKK"y

or
(KDK" + oKuu"KT)y = JKKTy.

Let us assume that we have reordered the elements of u (and hence of D, also) so
that

up=up;=---=u, 1 =0 and 0 <|u)| = |u,sq = = fu,l

Now it is possible to determine the elements of K so that

B

L Un |
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Specifically,

0 fori < p,
r= .
—u;/u;, forizp,

and we note |r;| < 1. Therefore, if Ku satisfies (5.4), we see that KDK” + oKuu" KT
is a symmetric tridiagonal matrix and so is KK”. Thus we have a problem of the
form Ay = ABy, where A and B are symmetric, tridiagonal matrices and B is
positive definite.

Peters and Wilkinson [13] have shown how linear interpolation may be used
effectively for computing the eigenvalues of such matrices when the eigenvalues
are isolated. The algorithm makes use of det(4 — AB) which is quite simple
to compute when A and B are tridiagonal. Once the eigenvalues have been com-
puted it is easy to compute the eigenvectors by inverse iteration. Even if several
of the eigenvalues are equal, it is often possible to compute accurate eigenvectors.
This can be accomplished by choosing the initial vector in the inverse iteration
process to be orthogonal to all the previously computed eigenvectors and by
forcing the computed vector after the inverse iteration to be orthogonal to the
previously computed eigenvectors. In some unusual situations, however, this
procedure may fail.

Another technique which is useful for finding the eigenvalues of (5.3) is to
note that ifu; # Ofori = 1,2, ---, n, then

det (D + ouu” — AI) = det (D — Al)det(I + o(D — AI)” 'uu”)
n uiZ
d;, — /1)(1 + o‘i;l . /1))

Thus, the eigenvalues of (5.3) can be computed by finding the zeros of the secular
equation

::

i=1

n 2

o)=1+0 ;1 (d‘u_i o

6. Least squares problems. In this section we shall show how eigenvalue
problems arise in linear least squares problems. The first problem we shall con-
sider is that of performing a fit when there is error in the observations and in the
data. The approach we take here is a generalization of the one in [9]. Let 4 be a
given m x n matrix and let b be a given vector with m components. We wish to
construct a vector % which satisfies the constraints

6.1) (A+ Ex=b+ 6
and for which
(6.2) |P[E:8]Q|| = minimum,

where P is a given diagonal matrix with p; > 0, Q is a given diagonal matrix with
q; >0, and | - | indicates the Euclidean norm of the matrix. We rewrite (6.1)

as
X X
[Aib][_l] + [EE&][_I] =0,
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or equivalently as

(6.3) By + Fy =0,
where
(6.4) B =[A:b]Q, F =[E:§8]Q, y=Q“1[_t]-

Our problem now is to determine § so that (6.3) is satisfied, and
|PF| = minimum.

Again we use Lagrange multipliers as a device for minimizing || PF| subject
to (6.3).
Consider the function

m n+1 m n+1
(6.5) oF,y, M=% Y pHfi—-2% 4 Y, (b + fi)y;-
i=1j=1 i=1  j=1
Then
o 2
Bf = 2pr rs 2'1rys
so that we have a stationary point of (6.5) when
(6.6) P2F = \yT.

Note that the matrix F must be of rank one. Substituting (6.6) into (6.3) we have
b= —P?By/(y"y),
and hence,
PF = —PByy"/(y"y).
Thus,
IPF|? = y"B"P*By/(y"y),

and hence | PF|| = minimum when § is the eigenvector associated with the smallest
eigenvalue of BTP?B. Of course a more accurate procedure is to compute the
smallest singular value of PB.

Then, in order to compute %, we perform the following calculations:

(a) Form the singular value decomposition of PB, viz.,

PB = UZVT.

(It is generally not necessary to compute U.)
(b) Let v be the column vector of V associated with o,,;,(PB) so that v = §.
Compute

z = Qv.
(c) From (6.4),
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Note that min||PF|| = o,,,,(PB), and that
[E:8) = —[A:bwIQ 1.

The solution will not be unique if the smallest singular value is multiple.
Furthermore, it will not be possible to compute the solution if z, . ; = 0. This will
occur, for example,if P =1,,,Q = I,,,, A'b = 0 and o,,,,(A) < |b]|,.

Another problem which arises frequently is that of finding a least squares
solution with a quadratic constraint; we have considered this problem previously
in [1]. We seek a vector & such that

(6.7) [b — Ax||, = minimum
with the constraint that
(6.8) X[l = o.

The condition (6.8) is frequently imposed when the matrix A is ill-conditioned.
Now let

6.9) o(x,) = (b — Ax)T(b — Ax) + Ax"x — a?),

where 4 is a Lagrange multiplier. Differentiating (6.9), we are led to the equation

(6.10) ATAx — ATb + Ax = 0
or
(6.11) (ATA + ADx = A"D.

Note that (6.10) represents the usual normal equations that arise in the linear least
squares problem, with the diagonal elements of AT 4 shifted by 1. The parameter A
will be positive when

o< [A7b],,

and we assume that this condition is satisfied.
Since x = (ATA4 + AI)~*A"b, we have from (6.8) that

(6.12) b"A(ATA + AI)"2A™b — o2 = 0.

By repeated use of the identity

det|:}Z( :V] = det(X)det(W — ZX~'Y) ifdet(X) #0,

we can show that (6.12) is equivalent to the equation

(6.13) det (ATA + AI)?> — a=24"bb"4) = 0.
Finally if 4 = UZVT, the singular value decomposition of A4, then
(6.14) ATA = VDVT, vy =1,

where D = X7 and (6.13) becomes

(6.15) det (D + AI)? —m™) =0,
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where u = o~ 'ETUTb. Equation (6.15) has 2n roots; it can be shown (cf. [6]) that
we need the largest real root of (6.15) which we denote by A*. By a simple argument,
it can be shown that A* is the unique root in the interval [0, uTu]. Thus we have the
problem of determining an eigenvalue of a diagonal matrix which is modified by a
matrix of rank one.

As in § 5, we can determine a matrix K so that Ku satisfies (5.4), and hence
(6.15) is equivalent to

(6.16) det (K(D + AI*’KT — Kuu"K") = 0.

The matrix G(A) = K(D + AI)*K™ — Kuu"KT is tridiagonal so that it is easy to
evaluate G(4) and det G(4). Since we have an upper and lower bound on A*, it is
possible to use linear interpolation to find A*, even though G(4) is quadratic in A.
Numerical experiments have indicated it is best to compute G(1) = K(D + AI)*KT
— Kuu"KT for each approximate value of A* rather than computing

G(1) = (KD?KT — Kuu"K") + 2AKDKT + A2KKT.
Another approach for determining i* is the following: we substitute the

decomposition (6.14) into (6.12) and are led to the equation

n 2

(6.17) TOED) (73%17

with u = o 'ZTU”D. It is easy to verify that if
k 5 k u.Z
2 = d B

j=1 i=1

~1=0,

6.18
( ) Vv () = (diyq + 1)2‘//1((/1) - “l%+1fk(/1)a k=0,1,---,n-1,
ék(;{) = (dk + )‘)sz—l(’l)a k= 1’29 R 1’
with
Yo(d) = &old) = 1.
Then using (6.18) we can easily evaluate y,(1) and (1), and hence use one of the
standard root finding techniques for determining A*. It is easy to verify that
£ = V(D + A*D)"'ZU™.
A similar problem arises when it is required to make
IIx|l, = minimum
when
b — Ax|l, = B,
where
f > min ||b — Ax]}.
Again the Lagrange multiplier A satisfies a quadratic equation which is similar to

the equation given by (6.14).

7. Gauss-type quadrature rules with preassigned nodes. In many applications
itis desirable to generate Gauss-type quadrature rules with preassigned nodes. This
is particularly true for numerical methods which depend on the theory of moments
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for determining bounds (cf. [3]), and for solving boundary value problems [12].
We shall show that it is possible to generate these quadrature rules as a modified
eigenvalue problem.

Let w(x) = 0 be a fixed weight function defined on the interval [a, b]. For
w(x) it is possible to define a sequence of polynomials py(x), py(2), - - - which are
orthonormal with respect to w(x) and in which p,(x) is of exact degree n so that

f PAIPml) ={

1 whenm = n,
0 whenm # n.

The polynomial p,(x) = k,[]i_, (x — &), k, > 0, has n distinct real roots
a<tP <P <. <t < b. The roots of the orthogonal polynomials play an
important role in Gauss-type quadrature.

THEOREM. Let f(x)e C*N[a,b]; then it is possible to determine positive w;

J
so that
N

b
j S dx = Y w /™) = RIS,

i=1
where

R[f]= f((;;:;;?) ab [f[l(x — t(iN)):|2 w(x)dx, a<n<hb.

Thus, the Gauss-type quadrature rule is exact for all polynomials of degree less than
or equal to 2N — 1.
Any set of orthonormal polynomials satisfies a three-term recurrence relation-
ship:
ﬁjpj(x) =(x — O‘j)Pj—l(x) - ﬁj—lpj—2(x) forj=1,2,---, N;
p-1(x) =0,  pox) =1.
We may identify (7.1) with the matrix equation

(7.2) xp(x) = Jyp(x) + Bypn(x)ey,

where

(7.1)

P()]" = [po(x), p1(x), -+, py—1(X)],
eﬁ = [070, Tt 1]9
and

oy By
B1 2P} B2 O

ﬁN—l

L Bn-1 Ay
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Suppose that the eigenvalues of J are computed so that
Jquz;L]qj’ j=1,2,""Na
with
qJqu =1

and

‘IjT = [q1j:q2j> = » qnj]-
Then it is shown in [11] that
(7.3) V=12, wi=(q)%

(From here on in, we drop the superscripts on the t{¥)’s.)
A very effective way to compute the eigenvalues of J and the first component
of the orthonormalized eigenvectors is to use the QR method of Francis (cf. [14]).
Now let us consider the problem of determining the quadrature rule so that

b N M
[ reoaex 3 wise)+ 3 v,

where the nodes {z,};L, are prescribed. It is possible to determine {w;,t;}}_,
{vi}™_| so that we have for the remainder

L0 [ 5 o [l - otvas, a<n<n

RLjT= eN+Mp ), L

For M =1 and z; = a or z; = b, we have the Gauss—Radau-type formula, and
for M = 2 with z, = a and z, = b, we have the Gauss—Lobatto-type formula.

First we shall show how the Gauss—Radau-type rule may be computed. For
convenience, we assume that z, = a. Now we wish to determine the polynomial
Py + 1(x) so that

pn+1(a) = 0.
From (7.1) we see that this implies that
0= py+1(a) = (@ — ayy)py(a@) — Bypy-1(a)
or

(7.4) N+ = a4 — ﬁNpN_l(a)~
px(a)

From equation (7.2) we have

(Jy — al)p(a) = — Bypn(@ley.
or equivalently,
(7.5) (Jy — al)d(a) = B,
where

5j(a) = —(ﬁij—l(a))/pN(a)’ .] = 1’2’ -+, N.
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Thus,
(7.6) Oyt = a+ on(a).

Hence, in order to compute the Gauss—Radau-type rule, we do the following:

(a) Generate the matrix Jy and the element .

(b) Solve the system of equations (7.5) for dy(a).

(c) Compute oy, ; by (7.6) and use it to replace the (N + 1, N + 1) element
of Jysq-

(d) Use the QR algorithm to compute the eigenvalues and first element of the
eigenvector of the tridiagonal matrix

j _ |: Iy ﬂNeN:|
Nt ﬁNe{l AN +1

Of course, one of the eigenvalues of the matrix Jy ., must be equal to a.

Since a < A,;,(Jn), the matrix Jy — al will be positive definite and hence
Gaussian elimination without pivoting may be used to solve (7.5). It is not even
necessary to solve the complete system since it is only necessary to compute the
element Jy(a). However, one may wish to use iterative refinement to compute
dx(a) very precisely since for N large, 4,,;,,(J) may be close to a, and hence the
system of equations (7.5) may be quite ill-conditioned. When z, = b, the calcula-
tion of Jy., is identical except with b replacing a in equations (7.5) and (7.6).
The matrix Jy — bl will be negative definite since b > A,,,,(J).

To compute the Gauss—Lobatto quadrature rule, we need to compute a
matrix Jy, ; such that

imin(jN+ 1) =4a and lmax(jN+ 1) = b
Thus, we wish to determine py, ;(x) so that

(7.7) Pv+1(@) = py+1(b) = 0.

Now from (7.1) we have

Bn+1Pv+1(X) = (x — ay 4 )Pn(x) — Bypy-1(x),
so that (7.7) implies that

oy +1PMa) + Bypy-1(a) = apyla),
oy 4 1PN(b) + Bypn-1(b) = bpy(b).
Using the relationship (7.2), if

(1.8)

(7.9) Uy —al)y=ey and (Jy — bl)p = ey,
then
1 p;—4(a) 1 p;_4(b) .
7.10) = —— , = - , =12--,N.
( BT T @ M Ty mad) J

Thus, (7.8) is equivalent to the system of equations

(7.11) ON+1 — VNB)%J =a, ON+1 — :uNBI%I =b.



334 GENE H. GOLUB

Hence, in order to compute the Gauss—Lobatto-type rule, we perform the following
calculations:
(a) Generate the matrix Jy.
(b) Solve the systems of equations (7.9) for yy and puy.
(¢) Solve (7.11) for ay 4 and 3.
(d) Use the QR algorithm to compute the eigenvalues and first element of the
eigenvectors of the tridiagonal matrix

j _ |: In ﬂNeN:'
A Brex | oy
Galant [7] has given an algorithm for computing the Gaussian-type quadrature
rules with preassigned nodes which is based on a theorem of Christoffel. His

method constructs the orthogonal polynomials with respect to a modified weight
function.
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