SPATTIAL EPIDEMICS: CRITICAL BEHAVIOR IN ONE DIMENSION

STEVEN P. LALLEY

ABSTRACT. In the simple mean-field SIS and SIR epidemic models, infection is transmitted from
infectious to susceptible members of a finite population by independent p—coin tosses. Spatial
variants of these models are proposed, in which finite populations of size N are situated at the
sites of a lattice and infectious contacts are limited to individuals at neighboring sites. Scaling laws
for these models are given when the infection parameter p is such that the epidemics are critical. It
is shown that in all cases there is a critical threshold for the numbers initially infected: below the
threshold, the epidemic evolves in essentially the same manner as its branching envelope, but at the
threshold evolves like a branching process with a size-dependent drift. The corresponding scaling
limits are super-Brownian motions and Dawson-Watanabe processes with killing, respectively.

1. INTRODUCTION

1.1. Simple mean-field SIR and SIS epidemic models. Perhaps the most thoroughly studied
stochastic epidemic models are the simple mean-field SIR and SIS epidemic models, also known as
the Reed-Frost and stochastic logistic models, respectively. In these models, a contagious disease is
transmitted among individuals of a homogeneous population of size N. At each time t =0,1,2, ...,
the population contains S; individuals susceptible to infection, J; contagious, and (in the SIR model)
R; recovered and immune from future infection. The population size remains constant in time, so
S¢+J:+ Ry = N. The epidemic evolves according to the following rules: (a) each infected individual
remains contagious for one unit of time, after which it recovers (in the SIR model) or rejoins the pool
of susceptibles (in the SIS model); (b) for every pair (i, s) of an infected and a susceptible individual,
the disease is transmitted from i to s with probability p = px; and (c) these transmission events are
mutually independent. Thus, in both the SIR and the SIS model,

St
(1) Jt+1 = 2637
s=1
where the random variables &, are, conditional on the history of the epidemic to time ¢, independent,
identically distributed Bernoulli-1 — (1 — p)”t. In the SIR model,
(2) Rt+1 = Rt + Jt and
Sty1 =St — Jyy1,
while in the SIS model,
(3) Sty1 =8¢+ Jy — Jig1.
In either model, the epidemic ends at the first time 7" when Jp = 0.
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1.2. Spatial SIS and SIR epidemics. In the Reed-Frost and stochastic logistic models, no al-
lowance is made for geographic or social stratifications of the population, nor for variability in
susceptibility or degree of contagiousness. The purpose of this article is to introduce a class of sto-
chastic spatial epidemic models that are the natural spatial analogs of the Reed-Frost and stochastic
logistic models, and to discuss their critical behavior. We shall refer to these models as the SIR—d
and SIS—d epidemics, with d denoting the spatial dimension. The processes are defined as follows:

Assume that at each lattice point € Z¢ is a homogeneous population (“village”) of N individuals,
each of whom may at any time be either susceptible or infected, or (in the SIR variants) recovered. As
in the simple mean-field models, infected individuals remain infected for one unit of time, and then
recover; in the SIR-d epidemic, infected individuals recover and are thereafter immune from infection,
while in the SIS-d model, infected individuals, upon recovery, become once again susceptible to
infection. The rules of infection are the same as for the corresponding mean-field models, except
that the infection rates depend on the locations of the infected and susceptible individuals. Thus, at
each time t = 0,1,2,..., for each pair (iz, s,) of an infected individual located at = and a susceptible
individual at y, the disease spreads from i, to s, with probability px(z,y). We shall only consider
the case where the transmission probabilities py(x,y) are spatially homogeneous, nearest-neighbor,
and symmetric, and scale with the village size N in such a way that the expected number of infections
by a contagious individual in an otherwise healthy population is 1 (so that the epidemic is critical),
that is,

Assumption 1.

(4) py(x,x +e;) =Cyg/N if |el=10r0, where
(5) Ca=1/(2d+1).

1.3. Critical behavior: mean-field case. When studying the behavior of the simple mean-field
SIR and SIS epidemics in large populations, it is natural to consider the scaling py ~ A/N. In
this scaling, with Jy = 1 and Ry = 0, the epidemic behaves in its early stages approximately as a
Galton-Watson process with offspring distribution Poisson-A. Call this Galton-Watson process the
branching envelope of the epidemic. If A < 1 then the epidemic will end quickly, but if A > 1 then
with positive probability (approximately one minus the extinction probability for the associated
branching envelope) the epidemic will be large, with a positive limiting fraction of the population
eventually being infected. See for instance [15], [18], and [16] for various related results on the total
size of the epidemic in this case.

In the critical case A\ = 1, the large population limit becomes more interesting: for both the
SIR and SIS epidemics, there is a threshold for the initial number Jj of infectives below which the
epidemic behaves in essentially the same manner as its branching envelope, but above which the
epidemic behaves like the branching envelope with a (negative) drift. In particular [7], for the SIS
model with Jy ~ bN® for some b > 0 and 0 < o < 1/2, as N — o0,

(6) N™%J|Nay 2y,

where Yy = b and Y; is either a Feller diffusion or a Feller diffusion with location-dependent drift
—Y? dt, depending on whether o < 1/2 or o = 1/2, that is,

(7) dY, = /Y dW, ifa < 1/2;
dY, = —Y2 dt + /Y, dW; ifa= /2.

Note that in the case a < 1/2 the limit process — the Feller diffusion — is the same as the limit process
for the rescaled critical Galton-Watson process. If Jy ~ bN? where 3 > 1/2 then the convergence
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(6) also holds, but with o = 1/2; the limit process is once again the Feller diffusion with location-
dependent drift —Y;? dt, but now with initial point Yy = co. (Note: The Feller diffusion with drift
—Y;? case has an entrance boundary at infinity). It follows by a time-change argument [7] that if
Jo ~ bN® then the size Uy := 220:1 Ji, of the epidemic obeys

(8) Uy /N2> 2, )

where 7, is the first passage time to zero of a standard Wiener process started at b (if o < 1/2), or
a standard Ornstein-Uhlenbeck process started at b (if « = 1/2).
Similarly, for the Reed-Frost process with Jy ~ bN® and Ry = 0,

N~=*Jina D (J(t)
9 i) (a)
( ) (N QQR[NQt] R(t)
where if o < 1/3, the limit process (J(t), R(t)) satisfies

(10) dJ(t) = N (t) dt + /T (t) dW;
dR(t) = J(t) dt;

and if « =1/3,

(11) dJ(t) = (\J(t) — J(OR(t)) dt + /T (t) AW,
dR(t) = J(t) dt.

Consequently, the size Uy once again obeys (8) where now W; is, for a < 1/3, a standard Wiener
process, and for a = 1/3, a Wiener process with time-dependent drift ¢ (that is, W; — t2/2 is a
standard Wiener process). See [13] and [1] for the case a = 1/3.

The main result of this paper, Theorem 1 below, is that there are similar thresholds for the
critical STR—d and SIS—d epidemics in dimension d = 1, but with different exponents than in the
corresponding mean-field models.

1.4. Branching envelopes of spatial epidemics. The branching envelope of a spatial SIS—d
or SIR—d epidemic is a branching random walk on the integer lattice Z?. This evolves as follows:
Any particle located at site x at time t lives for one unit of time and then reproduces, placing
random numbers &, of offspring at the sites y such that |y — x| < 1. The random variables &, are
mutually independent, each with Binomial-(N, Cy/N) distributions, where Cqy = 1/(2d +1). Denote
this reproduction rule by Ry, and denote by R the corresponding offspring law in which the
Binomial distribution is replaced by the Poisson distribution with mean C,. Note that for each of
the offspring distributions R, the branching random walk is critical, that is, the expected total
number of offspring of a particle is 1.

A fundamental theorem of S. Watanabe [20] asserts that, under suitable rescaling (the Feller
scaling) the measure-valued processes naturally associated with critical branching random walks
converge to a limit, the standard Dawson- Watanabe process, also known as super Brownian motion.

Definition 1. The Feller-Watanabe scaling operator Fj, scales mass by 1/k and space by 1/\/%,
that is, for any finite Borel measure u(dz) on R? and any test function ¢(z),

(12) (6, Fopt) = k! / o(VE)u(dr)

Watanabe’s Theorem . Fiz N, and for each k =1,2,... let Ytk be a branching random walk with
offspring distribution Ry and initial particle configuration Y. (In particular, YF(z) denotes the
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number of particles at site x € Z in generation [t], and Y}¥ is the corresponding Borel measure on
R.) If the initial mass distributions converge, after rescaling, as k — oo, that is, if

(13) FYE = X

for some finite Borel measure X, on R%, then the rescaled measure-valued processes Fi Y} converge
i law as k — oo:

(14) (fkyk)kt = Xi.

The limit is the standard Dawson-Watanabe process X; (also known as super-Brownian motion).
See [8] for more. In dimension d = 1 the random measure X; is for each ¢ absolutely continuous
relative to Lebesgue measure [12], and the Radon-Nikodym derivative X (¢,x) is jointly continuous
in t,z (for t > 0). In dimensions d > 2 the measure X; is almost surely singular, and is supported
by a Borel set of Hausdorff dimension 2 [5].

1.5. Scaling limits of critical spatial epidemics. Our main result, Theorem 1 below, asserts that
after appropriate rescaling the SIS -1 and SIR -1 spatial epidemics converge weakly as N — co. The
limit processes are either standard Dawson-Watanabe processes or Dawson-Watanabe processes with
variable-rate killing. The Dawson-Watanabe process X; with killing rate 8 = 0(z,t,w) (assumed
to be progressively measurable and jointly continuous in ¢,z) and variance parameter o2 can be
characterized by a martingale problem ([6], sec. 6.2): for every ¢ € C2(R?),

(15) (X06) ~ (Xo0.0) = 5 [ (X ayds+ [ 000,500 ds

is a martingale with the same quadratic variation as for the standard Dawson-Watanabe process.
Existence and distributional uniqueness of such processes in general is asserted in [6] and proved, in
various cases, in [4] and [9]. It is also proved in these articles that the law of a Dawson-Watanabe
process with killing on a finite time interval is absolutely continuous with respect to that of a
standard Dawson-Watanabe process with the same variance parameter, and that the likelihood
ratio (Radon-Nikodym derivative) is [6]

(16) exp{—/@(t,x) AM(t,z) — ;/(Xt,ﬁ(t,~)2>dt},

where dM (t,x) is the orthogonal martingale measure attached to the standard Dawson-Watanabe
process (see [19] and sec. 2.5 below). Absolute continuity implies that sample path properties
are inherited: In particular, if X; is a one-dimensional Dawson-Watanabe process with killing,
then almost surely the random measure X; is absolutely continuous, with density X (x,t) jointly
continuous in x and t.

Theorem 1. Let Y,N(x) be the number infected at time t and site x in a critical SIS-1 or SIR-1
epidemic with village size N and initial configuration Y (z). Fiz o > 0, and let XN (t,z) be the
renormalized particle density function process obtained by linear interpolation in x from the values

Y[%“t] (VNez)

VN«

Assume that there is a compact interval J such that the initial particle density functions X (0,x)
all have support contained in J, and assume that the functions XV (0,x) converge in Cy(R) to a
function X (0,2). Then under Assumption 1, as N — oo,

(18) XN(t,2) = X(t,)

(17) XN(t,z) = for xeZ/VNe.
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where X (t, x) is the density of a Dawson- Watanabe process X; with initial density X (0, x) and killing
rate 0 depending on the value of o and the type of epidemic (SIS or SIR) as follows:

(a) SIS: If e < 2 then 0(z,t) = 0.
(b) SIS: If a = % then

(19) O(z,t) = X (z,t)/2.

(¢) SIR: If a <
(d) SIR: If o =

% then then 6(x,t) = 0.
£ 1
5

hen

(20) Q(x,t):/o X(x,s)ds.

The convergence = in (18) is weak convergence relative to the Skorohod topology on the space

D([U, 00), Cp(R)) of cadlag functions t — X (t,x) valued in Cp(R).

The proof of Theorem 1 is given in section 2; it will will depend on Theorem 2 below. In both
Theorems 2 and 1, the assumption that the initial particle densities have common compact support .J
can undoubtedly be weakened; however, this assumption eliminates certain technical complications
in the arguments (see equation (33) in sec. 2).

Remarks. (A) The convergence theorem of Mueller and Tribe [14] for the rescaled long-range
contact process in one dimension leads to the same limit process as for the SIS-1 epidemic at o = 2/3.
The long-range contact process and the SIS-1 epidemic are, in one important respect, similar: In the
SIS-1 epidemic, several infected individuals may attempt to infect the same susceptible individual;
and in the contact process, an occupied site may attempt to colonize another occupied site. In both
processes, such attempts fail, because only “single occupancy” is allowed. Moreover, it is precisely
these failed attempts that account, in the limit, for the killing rate (19). Apart from this, however,
the two processes differ significantly, and in particular it is not possible to deduce the scaling limit
behavior of one from the other.

(B) The proof strategy here (sec. 2 below) is considerably different — and simpler — than that
employed in [14]. (In fact, it is somewhat doubtful that martingale methods of the sort used by
[14] could be made to work for processes with history dependent killing rates, such as the SIR
epidemic.) We rely on the fact that the laws of both the SIS and SIR epidemics are absolutely
continuous with respect to those of their branching envelopes, for which scaling limits are already
known. The Radon-Nikodym derivatives have tractable forms, as exponentials of certain stochastic
integrals. These will be shown to converge to the corresponding Radon-Nikodym derivatives (16).
The advantage of this strategy is that, given Theorem 2, there is no need to check tightness for the
rescaled epidemic processes.

(C) In higher dimensions, there is no analogous threshold effect at criticality. In dimensions
d > 3, a branching random walk started by any number of particles will quickly diffuse, so that after
a short time most occupied sites will have only O(1) particles. Consequently, in both the SIS-d and
the SIR- d epidemics, the effect of finite population size on the production of new infections will
be limited, and so both epidemics will behave in more or less the same manner as their branching
envelopes. In dimension d = 2, the situation is somewhat more interesting: it appears that here
finite population size will manifest itself by a logarithmic drag on the production of new particles.
The cases d > 2 will be discussed in detail in a forthcoming paper of Xinghua Zheng [22].
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1.6. Heuristics: The standard coupling. The critical thresholds for the SIS—d and SIR—d
epidemics can be guessed by a simple comparison argument based on the standard coupling of the
epidemic and its branching envelope. For the SIS—d epidemic, the coupling is constructed as follows:
Build a branching random walk whose initial state coincides with that of the epidemic, with particles
to be colored red or blue according to whether or not they represent infections that actually take place
(red particles represent actual infections). Initially, all particles are red. At each time ¢t =0,1,2,...,
particles of the branching random walk produce offspring at neighboring sites according to the law
described in sec. 1.4 above. Offspring of blue particles are always blue, but offspring of red particles
may be either red or blue, with the choices made as follows: All offspring of red particles at a location
y choose labels j € [N] at random, independently of all other particles; for any label j chosen by
k > 1 particles, one of the particles is chosen at random and colored red, and the remaining k£ — 1
particles are colored blue. The population of all particles evolves as a branching random walk, by
construction, while the subpopulation of red particles evolves as an SIS—d epidemic. Observe that
the branching random walk dominates the epidemic: thus, the duration, size, and spatial extent of
the epidemic are limited by those of the branching envelope.

The standard coupling of an SIR—d epidemic with its branching envelope is constructed in a
similar fashion, but with the following rule governing choices of color by offspring of red particles:
All offspring of red particles at a location y choose numbers j € [N] at random, independently of
all other particles. If a particle chooses a number j that was previously chosen by a particle of an
earlier generation at the same site y, then it is assigned color blue. If k > 1 offspring of red particles
choose the same number j at the same time, and if j was not chosen in an earlier generation, then 1
of the particles is assigned color red, while the remaining k£ — 1 are assigned color blue. Under this
rule, the subpopulation of red particles evolves as an SIR—d epidemic.

In both couplings, the production of blue offspring by red particles may be viewed as an attrition
of the red population. Assume that initially there are N particles; then by Feller’s limit theorem
for critical Galton-Watson processes, the branching envelope can be expected to survive for Op(N%)
generations, and at any time prior to extinction the population will have Op(N®) members. These
will be distributed among the sites at distance Op(N®/2) from the origin, and therefore in dimension
d = 1 there should be about Op(N®/?) particles per site. Consequently, for the SIS—1 epidemic,
the rate of attrition per site per generation should be Op(N®~1), and so the total attrition rate per
generation should be Op(N3*/2=1), If o = 2/3, then the total attrition rate per generation will be
Op(1), just enough so that the total attrition through the duration of the branching random walk
envelope will be on the same order of magnitude as the population size N.

For the SIR—1 epidemic there is a similar heuristic calculation. As for the SIS—1 epidemic,
the branching envelope will survive for Op(N®%) generations, and up to the time of extinction the
population should have Op(N?) individuals, about Op(N®/2) per site. Therefore, through N
generations, about N® x N®/2 numbers j will be retired, and so the attrition rate per site per
generation should be Op(N®/? x N3%/2) making the total attrition rate per generation Op(N°>*/2).
Hence, if a = 2/5 then the total attrition per generation should be Op(1), just enough so that the
total attrition through the duration of the branching random walk envelope will be on the same
order of magnitude as the population size.

1.7. Weak convergence in ([0, c0), Cp(R)). The heuristic argument above has an obvious gap:
it relies crucially on the assertion that the particles of a critical branching random walk distribute
themselves somewhat uniformly, at least locally, among the sites at distance N®/2 from the origin.
The fact that the Dawson-Watanabe process in dimension one has a continuous density suggests that
this should be true, but does not imply it. Following is a strengthening of the Watanabe theorem
suitable for our purposes.
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Denote by Cy(R) the space of continuous, bounded, real-valued functions on R with the sup-norm
topology, and by ([0, 00), Cp(R)) the Skorohod space of cadlag functions X (¢, z) valued in Cy(R)
(thus, for each ¢t > 0 the function X (¢,z) is a continuous, bounded function of z). Fix N < oo, and
for k = 1,2,... let Y}*(x) be the number of particles at site = at time [t] in a branching random
walk with offspring distribution Ry and initial particle configuration Y (:). Let X*(¢,x) be the
renormalized density function: that is, the function obtained by linear interpolation (in z) from the
values

k
(21) XF(t,x) = M for xeZ/Vk.
vk
Theorem 2. Assume that there is a compact interval J C R such that all of the the initial particle
densities X*(0,-) have support C J, and assume that as k — oo the functions X*(0,-) converge in
Cy(R) to a continuous function X(0,-). Then as k — oo,

(22) Xkt 2) = X(t,x),

where X (t,x) is the density function of a Dawson-Watanabe process with initial density X (0,x),
and = indicates weak convergence relative to the Skorohod topology on D([0, 00), Cp(R)).

To prove this, it suffices to show that the sequence X* (¢, x) of densities is tight in D([0, o), Cy(R)),
because Watanabe’s theorem implies that any weak limit of a subsequence must be a density of the
Dawson-Watanabe process. The proof of tightness, carried out in section 3 below, will be based on
a form of the Kolmogorov-Chentsov tightness criterion and a moment calculation. This proof will
use only three properties of the offspring law Ry:

(a) the mean number of offspring is 1;
(b) the total number of offspring has finite mth moment, for each m > 1; and
(c) offspring choose locations at random from among the neighboring sites.

Since the mth moments are bounded uniformly over the class of Binomial-(N,1/N) distributions,
it will follow that tightness holds simultaneously for all of the offspring laws Rpy. Only the case
N = oo will be needed for the analysis of the spatial epidemic models, however.

Remark. Mueller and Tribe [14] proved that the density processes of rescaled long-range contact
processes in one dimension converge weakly to the density process of a Dawson-Watanabe process
with killing, but make no explicit use of branching random walks in their argument. Nevertheless,
they likely were aware that the density processes of rescaled branching random walks would also
converge weakly in one dimension.

1.8. Spatial extent of the Dawson-Watanabe process. An object of natural interest in con-
nection with the spatial SIS and SIR epidemics is the spatial extent of the process, that is, the area
reached by the infection. Under certain natural restrictions on the initial configuration of infected
individuals, the spatial extent will, by Theorem 1, be well-approximated in law by the area covered
by the limiting Dawson-Watanabe process, after suitable scaling. For Dawson-Watanabe processes
X; with location-dependent killing, the distribution of R(X) := Ussupport(X;) likely cannot be
described in closed form. However, for the Dawson-Watanabe process with constant killing rate, the
distribution of R(X) can be given in a computable form, as we now show.

Proposition 1. Let X; be the standard one-dimensional Dawson-Watanabe process with variance
parameter 0% = 1. For any finite Borel measure yu with support contained in the interval D = (0,a),

(23) “log P(R(X) € D | Xo = i) = / o1 (/V6) ()



8 STEVEN P. LALLEY

where

1 1
24 = - =
( ) pL(x) Z {6(33(.4})2 wg}
weL\{0}
is the Weierstrass p—function with period lattice L generated by v/6ae™/3.

Proof. By a theorem of Dynkin [8], ch. 8, the function
(25) up(x) == —log P(R(X) C D| Xo = 0.)

is the unique solution of the differential equation u” = u? in D with boundary conditions u(x) — oo
as ¢ — 0,a. Set v = u'; then the equation u” = u? becomes v’ = u?, and so dv/du = u?/v.
Integration gives
v? /2 =u?/3+C,

which, up to constants, is the differential equation of the p—function [21], ch. 20. The result (23)
now follows for the special case u = §,. The general case now follows by the superposition principle
for branching processes: in particular, the Dawson-Watanabe process X; with initial condition
Xy = p + v can be decomposed as the union of independent Dawson-Watanabe processes with
initial conditions p, v, respectively, and so the quantity on the left side of (23) is linear in p. It
follows that (23) holds for all initial measures p with support contained in D. ]

2. SpATIAL EPIDEMIC MODELS: PROOF OF THEOREM 1

2.1. Strategy. We shall exploit the fact that the laws of the spatial SIS and SIR epidemics are
absolutely continuous with respect to the laws of their branching envelopes. Because the branching
envelopes converge weakly, after rescaling, to super-Brownian motions, by Watanabe’s theorem (and
in the stronger sense of Theorem 2), to prove the weak convergence of the rescaled spatial epidemics
it will suffice to show that the likelihood ratios converge, in a suitable sense, to the likelihood ratios
of the appropriate Dawson-Watanabe processes relative to super-Brownian motion:

Proposition 2. Let X,,, X be random variables valued in a metric space X, all defined on a common
probability space (2, F, P), and let Ly, L be nonnegative, real-valued random variables on (2, F, P)
such that

(26) Ean = EPL =1 Vn.
Let Q,, Q be the probability measures on (0, F) with likelihood ratios L, L relative to P. If
(27) (Xna Ln) = (X7 L)

under P as n — 0o, then the Q,—distribution of X, converges to the Q—distribution of X, that is,
for every bounded continuous function f: X — R,

(28) Jlim Eq, f(Xn) = Eqf(X)
Proof. Routine. O

Recall [4] that the law of the Dawson-Watanabe process with killing is absolutely continuous with
respect to that of the standard Dawson-Watanabe process, with likelihood ratio given by (16). The
likelihood ratio involves stochastic integration with respect to an orthogonal martingale measure;
thus, the obvious strategy for proving (27) in our context is to express the likelihood ratios of
the spatial epidemic processes in terms of stochastic integrals against the OMMs of the branching
envelopes. Although it is possible to work directly with the likelihood ratios of the epidemic processes
to their branching envelopes, this is somewhat messy, for two reasons: (A) the offspring distributions
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Ry of the branching envelopes change with the village size N; and (B) the random mechanism by
which particles of the branching envelope are culled in the standard coupling involves dependent
Bernoulli random variables. Therefore, we will first show, by comparison arguments, that the spatial
epidemic processes can be modified so that difficulties (A) and (B) are circumvented, and in such a
way that asymptotic behavior is not affected. The likelihood ratios of the modified processes relative
to critical Poisson branching random walks will then be computed in sec. 2.6.

2.2. Extent, duration, size, and density of the branching envelope. Since the spatial SIS
and SIR epidemics are stochastically dominated by their branching envelopes, their durations, sizes,
etc., are limited by those of their envelopes. For critical branching random walks, the scaling limit
theorems of Watanabe and Feller give precise information about these quantities. Consider first the
duration: Since the total mass in a BRW is just a Galton-Watson process, if the branching random
walk is initiated by N particles, then by a standard result in the theory of Galton-Watson processes
(Th. 1.9.1 of [2]), the time T to extinction scales like N, that is,

(29) Ty /N® = F.

The limit distribution F' is the distribution of the first passage time to 0 by a Feller diffusion process
started at 1. Consequently, under the hypotheses of Theorem 1, the duration of the BRW is Op(N®).
Furthermore, if Z2 is the mass in the nth generation (that is, the total number of particles), then
by Feller’s theorem ([8], ch. 1),

(30) Z[J]\fvat]/Na :>Zt,

where Z; is a Feller diffusion process started at 1. Consequently, the total mass produced during
the entire course of the branching envelope is of order Op(NN2?): in particular,

(oo}
(31) ZZ})’/NM:/ Zy dt.
0
n

Since the Feller diffusion is absorbed at 0 in finite time almost surely, the integral is finite with
probability 1.

Next, consider the maximal density and spatial extent of the branching random walk. Watanabe’s
theorem implies that if initially all particles are located in an interval of size N®/2 centered at 0,
as required by Theorem 1, then the bulk of the mass must remain within Op(N a/ 2) of the origin,
because the limiting Dawson-Watanabe process has bounded support. A theorem of Kesten [11]
implies that in fact all of the mass remains within Op (N of 2) of the origin: that is, under the
hypotheses of Theorem 1, if

(32) Yy = max {|m| LY VN ) > o} 7

t<oo

then for any € > 0 there exists § < oo such that
(33) P{Y3 > BN“/?} <.

Together, (29) and (32) imply that if initially the branching random walk has O(N®) particles all
located at sites within distance O(N®/2) of the origin, then the number of site/time pairs (z,t)
reached by the branching random walk is Op(N 3o/ 2). Now suppose in addition that the initial
configurations satisfy the more stringent requirement XV (0,z) = X (0,z) of Theorem 1; then The-
orem 2 implies that the renormalized density processes X (t,x) = X(t,x), where X (t,z) is the
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renormalized density process of the standard Dawson-Watanabe process. Since X (¢, ) is jointly
continuous and has compact support [12], it follows that

(34) max YN (t,z) = Op(N?/?).

2.3. Binomial/Poisson and Poisson/Poisson comparisons. In this section we show that, in
the asymptotic regimes considered in Theorem 1, the Binomial-(/N,1/N) random variables used in
the the standard coupling (sec. 1.6) can be replaced by Poisson-1 random variables without changing
the asymptotic behavior of the density processes XV (¢, x). Recall that in the standard coupling, each
particle, whether red or blue, produces a random number of offspring with the Binomial-(N,1/N)
distribution. The total number of particles produced during the lifetime of the branching envelope
is, under the hypotheses of Theorem 1, at most Op(N2%), and o < 2/3 in all scenarios considered,
by (30). Consequently, if all of the Binomial-1/N random variables used in the construction were
replaced by Poisson-1 random variables, the resulting processes (both the red process, representing
the spatial epidemic, and the red+blue process, representing the branching envelope) would be
indistinguishable from the original processes, by the following lemma.

Lemma 1. Assume that under the probability measure upy, the random variables X1, X5, ... are
i.i.d. Binomial-(N,1/N), and that under measure v they are i.i.d. Poisson-1. Let m = my be a
sequence of positive integers such that for some € > 0,

(35) my = O(N*7%)
If G, is the o—algebra generated by X1, Xo, ..., Xy, then
d v
(36) <"N> L.
v /g,
Proof. This is a routine calculation. Fix a sequence x1,xs,...,x,; of nonnegative integers; the

likelihood ratio dupn /dv of this sequence is

11 B
For m = O(N?27¢),
{(1 = N"HNehm © exp{—m/2N}.

By Chebyshev’s inequality and elementary calculus, for v—typical sequences z;,

" NN — 1)
11 ( )

o~ op{lm+ Op(Vm) 2N},

i=1

]

Recall that in the standard coupling (sec. 1.6), red particles represent infections that occur in the
spatial epidemic, whereas blue particles represent attempted infections that are suppressed because
either two or more infected individuals try to infect the same susceptible simultaneously, or (in the
SIR case) because the target of the attempted infection has acquired immunity by dint of an earlier
infection. It is possible that more than one attempted infection is suppressed at once, that is, more
than one blue particle with a red parent is created at a given site/time. In sec. 2.4 below, we will
show that such occurrences are sufficiently rare that their effect on the epidemic process is negligible
in the large-N limit. To do so, we will bound the set of offspring of such blue particles by the set of
discrepancies between a Poisson branching random walk with mean offspring number 1 + ¢ and one
with mean 1, for some small e. The next result shows that if ¢ is sufficiently small relative to the
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size (total number of particles) of the Poisson branching random walk, then the effect of changing
the mean offspring number is negligible.

Lemma 2. Let pg and vk be the distributions of Poisson branching random walks with mean
offspring numbers 1 + e and 1, respectively, and common initial configuration Y (z) with K
particles. If

(37) ex =o(1/K)
then under vy, as K — oo.

dpk
38 1.
(38) Do

Proof. For a given sample evolution in which Zk particles are created, the likelihood ratio of g
relative to v is
dug
dVK

= (1+eg)?% exp{—exZr} =14 O(Zge%)

Under vk, the branching random walk will last on the order of K generations, during which on the
order of K particles will be created in each generation, by Watanabe’s theorem. Hence, Zx will
typically be of size K2. In fact, if £X is the number of particle creations in the nth generation, then
€K is, under vy, a Galton-Watson process with offspring distribution Poisson-1 and initial condition
¢& = K, so Feller’s theorem implies

Zr|K? = / & dt,
0

where & is a Feller diffusion process with initial state {; = 1. The assertion now follows from the
hypothesis (37). O

The measures px, vk can be coupled as follows: Start with an initial configuration Y& (z), as
in the lemma, and let particles reproduce and move as in a branching random walk with offspring
distribution Poisson-(14+¢cx). Attach to each particle ¢ a Bernoulli-ex /(14+¢ ) random variable U.
Assign colors green or orange to particles according to the following rules: (A) Offspring of green
particles are always green. (B) An offspring ¢ of an orange particle is green if U, = 1, otherwise
is orange. Then the process of orange particles evolves as a branching random walk with offspring
distribution Poisson-1, and the process of all particles, green and orange, evolves as a BRW with
offspring distribution Poisson-(1 + e ). Denote by Y,*“(z) the number of green particles at site
x, time ¢, and by X%:¢(¢, z) the renormalized density function obtained from Y;**“(z) by the rule
(21), with k = K.

Corollary 1. Assume that the initial configurations Y{< () of the branching random walks satisfy
the hypotheses of Theorem 2. If e = o(1/K), then as k — oo,

(39) rrtlaxXK’G(t,x) = 0.

Proof. Denote by X (t,x) the renormalized density process associated with the branching random
walk of orange particles. By Theorem 2, the processes X® = X where X = X (¢, x) is the density of
a standard Dawson-Watanabe process. By Lemma 2, the density X% + XC of the orange+green
particle branching random walk also converges to the density of a standard Dawson-Watanabe
process. Since there is only one Dawson-Watanabe density process, it must be that X%¢ converges
weakly to zero in sup norm. O
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2.4. Multiple collisions. In the standard coupling (sec. 1.6) of a spatial SIS or SIR epidemic with
its branching envelope, offspring of red particles at each site choose labels j € [N] at random, which
are then used to determine colors as follows: (A) If an index j is chosen by more than one particle,
then all but one of these are colored blue. (B) (SIR model only) If index j was chosen at the same
site in an earlier generation, then all particles that choose j are colored blue. We call events (A)
or (B), where offspring of red particles are colored blue, collisions. At a site/time where there are
> 2 blue offspring of red particles we say that a multiple collision has occurred. In this section,
we show that for either SIS or SIR epidemics, up to the critical thresholds (see the statement
of Theorem 1), the effects of multiple collisions on the evolution of the red particle-process are
asymptotically negligible. In particular, this will justify replacing the standard coupling of sec. 1.6
by the following modification, in which at each time/site there is at most one blue offspring of a red
parent.

Modified Standard Coupling: Particles are colored red or blue. Each particle produces a random
number of offspring, according to the Poisson-1 distribution, which then randomly move either
+1,—1, or 0 steps from their birth site. Once situated, these offspring are assigned colors according
to the following rules:

(A) Offspring of blue particles are blue; offspring of red particles may be either red or blue.

(B) At any site/time (z,t) there is at most one blue offspring of a red parent.

(C) Given that there are y offspring of red parents at site z, time ¢, the conditional probability
kn(Y) = KNtz (y) that one of them is blue is

(40) kn(y) =y(y —1)/(2N) for SIS epidemics, and
(41) kn(y) = yR/N for SIR epidemics, where
(42) R=R)(z) =) Y()

s<t

Here Y,V () is the number of red particles at site x in generation ¢, and so R = R} () is the number
of recovered individuals at site = at time ¢, equivalently, the number of labels j € [N] that have been
used in the standard coupling at x by time ¢. Observe that in both the SIS and the SIR cases, the
value of x(y) is almost, but not exactly, equal to the conditional probability that in the standard
coupling there would be at least one blue offspring of a red particle. The small discrepancies will
make the expressions in the likelihood ratios (57) simpler.

The next result will justify replacing the standard coupling of sec. 1.6 by the modified standard
coupling.

Proposition 3. The standard couplings and the modified standard couplings can be constructed
simultaneously in such a way that the following is true, for initial configurations satisfying the
hypotheses of Theorem 1. If YtN’A(x) is the discrepancy between the numbers of red particles at
(z,t) in the standard and modified standard couplings, then under the hypotheses of Theorem 1, as
N — oo,
(43) max YNA 4 ) = op(NO/?).

T
Lemma 3. Let By (B for “bad”) be the number of sites/times (x,t) where there are at least 4 blue
offspring of red particles in the standard coupling. Then as N — o0,

(44) BN:OP(I).

Proof. Theorem 2 implies that, under the hypotheses of Theorem 1, the maximum number of parti-
cles (of any color) at any site/time in the standard coupling is Op(N®/2). (Note: This also relies on
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the fact that the limiting Dawson-Watanabe density process X (¢, ) is continuous and has compact
support, w.p.1.) Hence, we may restrict attention to sample evolutions where y = y;(x), the total
number of offspring of red particles at (z,t), satisfies y < CN®/? for some fixed constant C' < oco.
Furthermore, by the considerations of sec. 2.2, we may restrict attention to sample evolutions of
duration < CN® and spatial extent CN®/2. Since a < 2/3, it follows that the number of pairs (z,t)
visited by particles of the branching envelope is no more than C?N.

In order that there be at least 4 blue offspring of red parents at site z, time ¢, at least 4 pairs
(possibly overlapping) of red-parent offspring must choose common labels j € [IN]. The conditional
probability of this happening, given the value of y = (), is no more than C’y8/N*, for some
constant C’ not depending on y or N. But y < CN®/2, so this conditional probability is bounded
by C"N**—* < C"N—*/3. Since there are only C2N sites to consider, it follows that, on the event
delineated in the preceding paragraph, the probability that By > 1 is O(N~1/3). O

Proof of Proposition 3. In this construction, each particle will be two-sided: the S—side will repre-
sent the color of the particle in the standard coupling, and the M —side the color in the modified
standard coupling. A particle will be called a hybrid if the colors of its two sides disagree. The strat-
egy will be to show that colors can be assigned in such a way that the process of hybrid particles is
dominated by the green particle process of Corollary 1; the result (43) will then follow from (39).

Consider first the SIS case. Observe that in this case xy(y) is the conditional expectation, in
the standard coupling, of the number of pairs that share labels, given that there are y offspring of
red parents at a site. Thus, ky(y) exceeds (by a small amount) the conditional probability in the
standard coupling that at least one of the y red-parent offspring would be blue. Denote by Ay (y)
the excess; note that

An(y) = O(y*/N?).

The rules by which the process evolves are as follows: First, all particles reproduce, each creating
a random number of offspring with Poisson-1 distribution. Each offspring then moves +1,—1, or
0 steps from its birth site, and chooses a random label j € [N]. Particles with “genotype” BB
(that is, offspring of particles with coloring BB; the first letter denotes the S—color, the second
the M —color) will always be colored BB, and their labels j will play no role in determining the
colors of the other offspring. However, the labels of all other offspring matter. Say that there is an
S—duplication at label j if at least two particles both with a red S—gene choose label j; similarly,
say that an M —duplication occurs at j if j is chosen by at least two particles with M —gene R.
(Note: If both BR and RB genotype particles choose label j, only the RB particles are counted in
the possible S—duplication, and only BR particles in the M —duplication.) Particles at (z,t) are
now assigned color “phenotypes” by the following rules:

(D) (Default) If there is a duplication involving at least two particles of genotype RR, do the
following: Among all such duplications, choose one (say i) at random; choose one of the
genotype-RR particles with label 7, assign it phenotype BB, and give all of the other particles
with label i the same genotypes as their parents. Give all other particles at the site the same
M —colors as their parents, and assign the remaining S—colors by rule (S):

(S) If there are labels j # ¢ with S—duplications, then for each such label

(a) If there is at least one particle with genotype RB in the duplication, then choose one
of all such RB particles at random, give it phenotype BB, and give all other particles
involved in the duplication S—color R.

(b) Otherwise, if all particles involved in the duplication have genotype RR, choose one at
random and assign it phenotype BR, and give all of the rest phenotype RR.

(¢) Give all particles not involved in S—duplications the same S—colors as their parents.
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(M) If there are no duplications of type (D) but at least one M —duplication, then in any such
duplication, at least one particle of genotype BR must be involved. Choose one at random
and assign it phenotype BB, give all of the remaining particles at the site M —color R, and
assign S—colors by rules (S)-(a),(c).

(A) (Adjustment Step) If there are no M —duplications, then toss a Ay (y)—coin: If it comes up
Heads, choose one of the particles with genotype 7R at random, give it M —color B, and
give all of the rest M —color R. If it comes up Tails, give every particle the same M —color
as its parent.

These rules guarantee that the S—colors of the particles behave as in the standard coupling,
and that the M —colors behave as in the modified standard coupling. Therefore, the discrepancy
Y2 (z) is bounded by the number of hybrid particles at (z,t). Hybrids can be offspring of RR,
BR, or RB particles, but not BB particles; however, a hybrid can only be produced by a particle
of type RR if (i) there is a multiple collision, i.e., if there are at least two pairs of non-BB particles
that choose the same labels; or (ii) the coin toss in the adjustment step (A) is a Head. Both
of these are events of (conditional) probability O(y*/N?). Moreover, by Lemma 3, except with
vanishingly small probability, there is no site/time (x,t) with more than 3 hybrid offspring of RR
parents. Consequently, on the event that the maximal number of particles at any site/time is no more
than CN®/2 (see (34) above), the process of RR —hybrid creations is dominated as follows: Let
each particle, in every generation, produce an additional Poisson-2C N3/2=2 offspring; immediately
replace each such particle by 3 green particles, and let green particles only beget other green particles
in subsequent generations. Since o < 2/3, the rate at which green particles are produced by non-
green particles is O(N~1), so Corollary 1 implies that the green particle process is asymptotically
negligible. This proves (43) in the SIS case. The SIR case is proved by a very similar construction.

|

The upshot of Proposition 3 is that in proving Theorem 1, the epidemic process (the red process
in the extended standard coupling) can be replaced by the red process in the modified standard
coupling.

2.5. Orthogonal martingale measures and convergence of stochastic integrals. Let Y}*(z)
be the number of particles at site x € Z at time [t] € Z4 in a one-dimensional branching random
walk with Poisson-1 offspring law R... Denote by X} = kakkt the corresponding rescaled measure-
valued process. For each k, the measure-valued process X[ satisfies a martingale problem analogous
to that satisfied by the super-Brownian motion: If ¢ € Cy°, the (cadlag) process

[kt]/k
(45) M) = (xho) — (X - [ (xE Ao ds
is a martingale, where Ay is the difference operator
(46) Apd(x) = {o(z + 1/VE) + d(x — 1/VEk) — 26(x))} /3K~

(Since X, is constant on successive time intervals of duration k=1, the integral in (45) is really
a sum.) The operator ¢ — M¥(¢) extends to an orthogonal martingale measure M*(ds,dz) (see
[19] for the definition and basic stochastic integration theory). The measure M* is purely discrete,
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putting mass only at points (s,z) € k~'Z, x k~/2Z: at such points s = n/k,z = m/Vk,

(47) EME({s},{z}) = Y*(m) — \¥(m) where

(48) No(m) = X(s,) = BOE(m) [Ho) =5 3 Vi +i), and
1=0,—1,1

(49) H, = o({ij(m) :m€Z,j<n})

is the o—algebra generated by the history of the evolution to time n. Note that mass is scaled by the
factor k, as required by the Feller-Watanabe normalization. Note also that, conditional on H,,_1, the
random variables {Y;*(m)} ez are mutually independent: this implies that the martingale measure
MF is an orthogonal martingale measure.

Proposition 4. Assume that the initial particle densities X*(0,-) satisfy the hypotheses of Theorem
2, that is, they have common compact support and they converge in Cy(R) to a continuous function
X(0,-). Then the random vectors (X*, M¥) consisting of the density functions X*(t,x) and the
orthogonal martingale measures M* converge weakly as k — oo to (X, M), where X is the Dawson-
Watanabe density process (super-Brownian motion) with initial condition X (0,z), and M is its
associated orthogonal martingale measure.

Proof. Consider first the marginal distributions of the orthogonal martingale measures M*, viewed as
random elements of the Skorohod space D(]0, 00),S’), where S’ is the space of tempered distributions
on R. In order to prove that M* = M it suffices, by Mitoma’s theorem (cf. [19], Th. 6.15), to prove
that (i) for any ¢ € S (where S is the Schwartz space of test functions), the processes M[(¢) are
tight, and (ii) finite-dimensional distributions M (¢;) converge for all ¢; € S. Both of these follow
routinely from the representation (45) and Watanabe’s theorem: In particular, Watanabe’s theorem
implies that for any finite subset {¢;}icr of S,

(XF, i) — (XE, i) )ier = ((Xe, 05) — (X0, 6i))ier

([ ), = ([neo10),

A= lim A = A/VG.

and

where

Consequently, to deduce (i)—(ii) above it suffices to show that for each ¢ = ¢;,

t t
[ ek e = aslyds+ [ xkilaslds Lo
0 [kt]/k

Since || Ar¢p — Adllcc — 0 for Schwartz-class functions ¢, this also follows from Watanabe’s theorem.

It remains to show that the convergence M* = M holds jointly with X*(¢,2) = X (t,x). Since
X* = X (Theorem 2) and M* = M marginally, the joint distributions are tight. Hence, to prove
that (X*, M*) converge jointly, it suffices to show that the only possible weak limit is (X, M), where
X = X (t,x) is the density process associated with the Dawson-Watanabe process. But because a
continuous function w(z) is determined by its integrals against Schwartz-class functions ¢, it suf-
fices to show that finite dimensional distributions of the vector-valued processes (MF¢;, (XF, ¢:))icr
converge to the corresponding joint distributions of (M;¢;, (X¢, ¢i))icr. This follows by a repetition
of the argument in the preceding paragraph. |
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Corollary 2. Let 0(t,x,w) be a bounded, jointly continuous function of t > 0, x € R, and w €
D([0,0), C.(R)) such that for anyt the function 8(t,z,w) depends only on w(0,t], that is, (¢, z,w) =
O(t, z,w[0,t]). Assume that the hypotheses of Proposition 4 hold. Then

(50) //Q(S,x,Xk’)Mk(ds,dm) — //H(S,x,X)M(ds,dx)

Moreover, (50) holds jointly with the convergence X* = X in D(]0, ), Cy(R)).

Proof. This can be deduced from Prop. 7.6 of [19], but verification of the hypothesis (7.5) is more
work than a direct proof. The elementary Prop. 7.5 of [19] implies that weak convergence (50) (and
joint convergence with X* = X) holds for simple integrands

0(t, z,w) Zaz w) (s, 4, () Pi()

such that (a) each ¢, € S, (b) each a;(w) is bounded, continuous in w, and F,, —measurable (here
(Fs) is the natural filtration on D([0, ¢], C.(R))), and (c) none of the jump times s;,¢; coincides with
jumps of one of the martingale measures M*. Clearly, any function 6 satisfying the hypotheses of
Corollary 2 can be uniformly approximated by such simple functions. Consequently, to prove (50)
it suffices to show that for any € > 0 there exists § = §(g) > 0 such that for any simple function
satisfying (a)-(c) and [|0]| < 0,

(51) P{‘ /H(t,x)Mk(dt,dx)

>5}<s Vk.

To establish (51) we use the special structure of the orthogonal martingale measure M*. For
each k, this is a purely discrete random measure with atoms (47). By hypothesis, the conditional
distribution of Y;*(m) given the past is Poisson with mean (and therefore also variance) \¥(m) (see
(48)), and the random variables {Y,*(m)},,cz are, for each fixed n, conditionally independent given
the past. Hence, the predictable quadratic variation of the local martingale

(6 - M"), //93.23 *(ds, dx)

[0 - Mkt—ZZIOt) (5,2)°\¥(s, ) /K2,

where the sum is over the jump points (s,r) € k™1Z, x k=1/27 of the martingale measure M.
Thus, if ||0]|e < &, then the quadratic variation of (6 - M*), is bounded by

YN N (s,2) /K2 =62 D Y (s, 1) /K

But > > Y*(s,x)/k? is just the total rescaled mass in the branching random walk, which by Watan-
abe’s theorem (or Feller’s theorem) converges in law to the total mass in the standard Dawson-
Watanabe process. The inequality (51) now follows routinely. O

is

Unfortunately, the functions for which we would like to apply this result — namely, those defined
by equations (20) and (19) — are unbounded. Worse, the function (¢, z) = X (¢, ) in equation (19)
isn’t even continuous (as a function of X (¢, z) € D([0, 00) X C,(R)), because such functions may have
jumps). The following corollary takes care of the first problem.
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Corollary 3. Assume that the hypotheses of Proposition 4 are satisfied. Let 0(t,x,w) = (¢, z, w[0,t])
be a jointly continuous function of t > 0, x € R, and (w € D([0, 00), C..(R)) such that for every scalar
C < oo and every compact subset F of [0,00) X R,

(52) sup{|0(t, z,w)| : sup|w(t',z")| < C and support(w) C F' } < oo.
t’,x!

Then (50) holds jointly with the convergence X* = X in D([0, 00), Cyp(R)).
Observe that the hypothesis is satisfied by the function 8 defined by (20).

Proof. Because the Dawson-Watanabe density process X (s,z) is almost surely continuous with
compact support, continuity of 6 ensures that

//9(s7x,X)2X(s,x) dsdx < oo,

and this in turn guarantees that

(53) lim //(G(S,x,X) AC)M(ds,dx) = //G(S,x,X) M (ds, dx)

C—o0

and that the limit is a.s. finite. By the hypothesis (52), the function € is uniformly bounded on any
set of sample evolutions w = (z5) such that support(w) and sup |w| are uniformly bounded. By the
results of sec. 2.2 above, the supports and suprema of the random functions X* (¢, z) are tight, that
is, for any € > 0 there exist a compact set F' = F. and a constant C' = C. < oo such that for all k,

P{support(X*) C F and max X*(t,2) <C} > 1 —e.

Consequently, since the support of the martingale measure M¥ is contained in that of X%, it follows
that for any € > 0 there exists C' < oo such that for all k,

//G(S,x,X) M*(ds, dx) = //(9(s,x7X)/\C) M*(ds, dx)

except on a set of probability < e. Weak convergence (50) (and joint weak convergence with
X* = X) now follows routinely from Corollary 2 and (53). O

The function (t,z) = X (t,x)/2 that occurs in the SIS case of Theorem 1 is not continuous
for functions X (¢, z) in the space D([0, c0), C.(R)), because such functions may have jumps. Thus,
Corollaries 2—-3 do not apply directly. The following corollary addresses this case specifically.

Corollary 4. Assume that the hypotheses of Proposition 4 are satisfied, and define 0%(s,z) =
Ne(s,2)/vk, where \F(s,x) is as in (48) above. Then

(54) // 0% (s, ) M*(ds, dr) = //X(s,x) M (ds, dx),
and this convergence holds jointly with X* = X.

Proof. Although the random functions X*(¢,z) and A\¥(¢,2) have jumps, the jumps are, with high
probability, small, because X*(¢,x) = X (t,z), by Theorem 2. Consequently, it is still possible to
approximate #* by bounded, continuous functions ¢ in such a way that the stochastic integrals of
6% relative to M* are well approximated, with high probability, by those of ¢. In particular, define,
for any € > 0 and C < o0,

1
502 //e’e[s—zs el w(s', 2’y ACds' da';

' €lz—e,z+e]

o(s,2) = pce(s,z,w) =
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then for any § > 0 there exist C,e such that for all k,
(55) P{max|9k(s7x) — (s, 2, XF)| > 6} < 4.

Clearly, (s, z,w) is jointly continuous in its arguments and uniformly bounded by C, so it meets
the requirements of Corollary 2. It follows that for any C| ¢,

// o(s, z, X*) M*(ds, dz) = // o(s,z, X)) M(ds,dz),

and this holds jointly with X* = X. Thus, to prove the corollary, it suffices to show that if C' and
¢ are suitably chosen then the differences between the stochastic integrals of 8% and ¢ against the
martingale measures M* are small with high probability, uniformly in k.

By virtually the same calculation as in the proof of Corollary 3, the local martingale

// (0% (s,z) — @(s,x, X*)) M*(ds, dx) := // Ak (s, ) M*(ds, dz) = (AF - M*),
s<t s<t
has predictable quadratic variation
[AF . M*], ZZIN) (5)A*(s,2)2\F(s,2) /2
< max A*(s ZZY’“s:lc/k2

S, T

If ¢ > 0 is sufficiently small and C' < oo sufficiently large, then by inequality (55), ||AF||s < &
except with small probability, uniformly for all k. Recall that the sum > > Y*(s,z)/ k2 is the total
rescaled mass in the branching process, and so by Feller’s theorem converges in law to the total mass
in the standard Dawson-Watanabe process. Hence, with high probability, the quadratic variation
[AF - M*],, will be small, provided C and ¢ are chosen so that & is small. Therefore, by standard
martingale arguments, the maximum modulus of the stochastic integral (A* - M*); will be small,
with high probability, uniformly in k. O

2.6. Likelihood ratios: generalities. The strategy of the proof of Theorem 1 is to show that the
likelihood ratios of the (modified) spatial epidemic processes relative to their branching envelopes
converge weakly to the likelihood ratios of the appropriate Dawson-Watanabe processes with killing
relative to the Dawson-Watanabe process with no killing. The likelihood ratio of the Dawson-
Watanabe process with killing is given by (16). This expression involves a stochastic integral relative
to the orthogonal martingale measure of a standard Dawson-Watanabe process, and so to prove weak
convergence we will express the likelihood ratios of the epidemic processes in terms of stochastic
integrals.

Consider a sequence Y, (z) of counting processes, and probability measures P = PN, Q = Q~
such that under P the process YV is a branching random walk with offspring law R+, and under Q
it is a modified epidemic process (that is, the red particle process in the modified standard coupling
of sec. 2.4). Assume that the initial conditions Y¥ are common under P and @Q, and satisfy the
hypotheses of Theorem 1. Let H; be the o—algebra generated by the history of the evolution to
time ¢, and set

(56) A (x) s = Bp(YN (2) [ Hion)
= Y (@ - 1) + VY (2) + Y (@ +1))/3.
Under P, the random variables Y, (z) are, for each ¢, conditionally independent Poisson r.v.s,
given H;_1, with conditional means A (x). In the modified standard couplings, the color choices at

the various sites x are, conditional on H;_; and on the numbers of red-parent offspring at the various
sites, mutually independent, with at most one blue offspring of a red parent at any site/time. Hence,
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the event Y, (z) = y could occur in one of only two ways: (1) there are y offspring of red parents,
none of which takes the color blue; or (2) there are y + 1 offspring of red parents, one of which
is blue. It follows that the relative likelihood Ly := dQ" /dP" of a sample evolution (y;(z)):. is
given by

(57) Ly =TI [] vt =TI pyINA = kn(y) +p((y+1)[N)En(y + 1)

t>12€7 t>12€7 p(yA)

where in each factor, y = y;(z) and A = AN (z), and kn(y) = kn.1.(y) is the conditional probability
in the modified coupling, given y offspring of red parents at (¢, z), that one of these is colored blue.
Here p(-|)\) is the Poisson density with parameter A\. The conditional probability «x(y) is given by
(40) for SIS epidemics, and by (41) for SIR epidemics.

Although the product (57) extends over infinitely many sites and time x, t, all but finitely many
of the factors are 1: In particular, if the nearest neighbors (in the previous generation) (z/,¢ — 1)
of site (x,t) are devoid of particles, then the factor Ly (¢, ) indexed by (z,t) must be 1. Recall
(by (29) and (33) of sec. 2.2) that under the hypotheses of Theorem 1, the number of site/time
pairs (x,t) visited by the branching envelope is of order Op(N3®/2). Thus, the number of nontrivial
factors in (57) is typically of the same order.

2.7. Likelihood ratios: SIR epidemics. Analysis of the likelihood ratios is somewhat easier in
the SIR case, in that the error terms are more easily disposed. This is because in the SIR case
Theorem 1 requires that o < 2/5, and so the number of sites that contribute to the product (57) is
Op(N3/5). In particular, error terms of order op(N~3/5) can be ignored.

Recall that in the modified standard coupling for the SIR epidemic, the conditional probability
kN (y) = kNt (y) that there is a blue offspring of a red parent at (¢,z) is yR/N, where R = RY (z)
is the number of labels used previously at site x (see (42)). Hence, the contribution to the likelihood
ratio from the site (¢, z), on the sample evolution Y,V (z) = y;(z), is

(58) Ly(t,z) =1—yR/N + (\/(y+1))(y + YR/N
=1-—(y—A)R/N.
Thus, in the SIR case, the likelihood ratio (57) can be written as

(59) Ly =[]T]Q = (@Y =AY (@) RN () /N)
= [T 11 exp{log(1 — AY (z)o} (x))}

SR 9 IEEERS 3 B

where

(60) AN (z) = (VN (x) = A (2)) /N,
(61) oM (z) = RN(z)/N'=@, and
(62) en = op(1).

(Note: The error in the two-term Taylor series approximation to the logarithm is of magnitude
Op(Y3R3/N3) = Op(N°*/273), which is asymptotically negligible for o < 2/5; hence (62).)

The two sums that occur in the last exponential in (59) are a stochastic integal and its correspond-
ing quadratic variation, respectively. To see this, observe that the quantities A (x) coincide with
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the masses (47) in the orthogonal martingale measures M associated with the branching random
walks YV, (In (47), k = N?; it makes more sense here to index by N rather than k.) Consequently,

(63) S AF @ (@) = [[ 6,0 2 at, da).
t x
where
t
ON (t, 1) = oNya (xNO/?) = N5°‘/2_1/ XN (s,x)ds
s=0

For o < 2/5, this converges to zero as N — oo; for a = 2/5 it coincides with 0(¢,z) = 0(¢, z, XV)
as given by (20). Therefore, Corollary 3 implies that

(64) / / OV (¢, ) MY (dt, dz) — / / 0(t, ) M(dt, dz),

where M is the orthogonal martingale measure attached to the standard Dawson-Watanabe process
and 0(¢, z) is as in parts (c)-(d) of Theorem 1. (Corollary 3 also implies that the convergence holds
jointly with X~ = X.) Consequently, to complete the proof that

(65) Ly = L =exp {//G(t,x) M (dt,dx) — %//9@,@2)((:5, x)dt dx} ,

it suffices to prove that
(66) S°S " AN (@)% (2)? = / / 0(t, 2)2X (1, 7) dt dz.
t x
Proof of (66). This uses only Theorem 2 and a variance calculation. Define
(67) AN = Z Z AN (z)*oN(z)? and
t T
(68) BN =3 "% AN (@)of (x)? /N
t T

we will show that
(69) AN — BN =o0p(1)
Since ANya (xN/2)/N@/2 — XN (t,2) = op(1) as N — oo, by Theorem 2 (recall (56) that AV (¢,z)
is the average of the counts Y,V, (') over the neighboring sites 2’ = z,z £ 1),
BN :/ XN(t,2)0N (t,2)? dt dz + op(1).

Theorem 2 also implies that

/ XN (t,2)0N (t,2)? dt dv = //X(t,x)@(t,x)2 dtdx.

Therefore, proving (69) will establish (66).
For any constant C' < oo, define

70 =78 = max{t : maxmgz:Yst(x) < CN/%,

x SS

and let AN and BY be the restrictions of the sums (67)-(68) to the range t < 7 A CN® and
lz| < CN®/2. Note that 7¢ is a stopping time, and that AN (z) < CN/2 on the event t < 7¢.
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Since the range of summation in (67) and (68) is limited by (29) and (33), for any € > 0 there exists
C = C. < oo, independent of N, such that

AN =AY and BN =BY

except possibly on events of probability < e. Thus, it suffices to prove (69) with AN, BY replaced
by Ag ,Bg . For this, we use the fact that the offspring counts Y,V (z) have conditional Poisson
distributions (given the past H;_;) with means AN (z)): This implies that the conditional means
and conditional variances coincide, and that

(70) Ep((Y (x) = AV (2))” = AN () | HLy) = 2 (=),
For t < 7¢, the right side is bounded by 2C2N®. Furthermore, for t < 7¢ A C,
in(x)‘l S CSNQ(X/N4—4(X.

Thus, the conditional variance of each term in the sum AY — BY is bounded by 2C'1°N"*~4. Since
the number of nonzero terms in the sum is C'(2C 4 1)N3%/2 it follows that

E(Ag _Bg)2 S C/N17a/2_4-

But o < 2/5, so this converges to 0 as N — oo. O

2.8. Likelihood ratios: SIS epidemics. For SIS epidemics, Theorem 1 requires that a < 2/3, so
by (29) and (33), the number of sites/times (x,t) that contribute nontrivially to the likelihood ratio
product (57) is Op(N3*/2) = Op(N). Thus, error terms of magnitude op(N~1) can be ignored in
each factor.

In the modified standard couplings for SIS epidemics, the conditional probability that there is
a blue offspring of a red parent at (z,t), given y red-parent offspring in total at (x,t), is kn(y) =
y(ly —1)/2N (see (40)). Hence,

Ly(t,z)=1— <32’)/N+y:\r1<y;1>/zv
y(A—y—1)/2N

1 —
1— Xy —N)/2N — (y — \)?/2N +y/2N.

Since terms of order op(N~!) can be ignored, (57) can be written as

(71) Ly =1 +op() [ [] exp{-An(t,2) — B (t,x) — Cn(t,x)/2}

t>1z€Z

where
An(t,z) = My — A)/2N;
By (t,z) = X2 (y — \)?/8N?;
Cn(t, ) = (y — \)?/N —y/N.
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Here we continue to use the convention y = y;(x) and A = AN (z), as in (57). Hence, to prove the
convergence (65) Ly = L (jointly with that of X~ (¢t,z) = X (t,z)), it will suffice to show that

(72) > An(tz) = / / O(t, z) M(dt,dzx);

(73) S Byt 2) = / / 0(t,2)2X (t,2) dt dz:  and
(74) > (Cn(tx)(t, ) =0

t,x
where 0(t,z) = 0 for & < 2/3 and 0(t,x) = X (¢,x)/2 for o = 2/3, as in parts (a)-(b) of Theorem 1.

Proof of (72). This is virtually identical to the proof of the analogous convergence in the SIR case.
The increments AN (z) := (YN (x) — AN (2))/N® are the masses (47) in the orthogonal martingale

measures M7, and so
ZANta: //HNta:MN(dtdx)

where OV (t,x) = )\%at(a:Na/Q)/ZNl_o‘. If o < 2/3 then max; . 0~ (t,2) — 0 in probability, whereas
if & = 2/3 then N (t,2) meets the requirements of Corollary 4.Thus, the convergence (72) follows
from Corollary 4. O

Proof of (73). This proceeds in the same manner as the proof of (66) in the SIR case, by showing
that the term By(t,z) in the sum (73) can be replaced by Bl (t,z) := X3/8N2. To do this, we
truncate the sum of the differences in exactly the same way as in the proof of (66), using the same
stopping times 7o = TC Note that the truncated sum once again has C(2C + 1)]\73"‘/2 terms, and
that in each term, A < CN®/2. Using the conditional variance formula (70), we find that after
truncation,

2 .
E (Z > (Bwl(t,z) - B}V(t,x))) < C'N3/2N6/2 N < O'NL,
since o < 2/3. Consequently, > By can be replaced by > > Bj,. But

ZZBNm ZZAN /8N2:>//Xtm (t, )% d dt

by Theorem 2 and the definition of § (parts (a)—(b) of Theorem 1) O

Proof of (74). This is based on a variance calculation similar to those used to prove (73) and (66).
Note first that the terms Cn (¢, z) constitute a martingale difference sequence relative to the filtration
‘H;, because the mean and variance of a Poisson random variable coincide. The conditional variances
of the terms Cn (¢, x) can be estimated as follows: If Y ~Poisson(A) with A > 1, then
E(Y=A? =Y =E(Y =N =N’ +EY = A?+2E((Y = A)? =N (Y =)
< 2X07 + X+ 2V2X2)

< 5V2X%
Now truncate the sum 3" " Cy(t,z) as before (that is, t < 7c ACN® and |z| < CN®/2): Since the

number of terms is C’N3%/2 and A < CN®/2 for each term, the variance of the truncated sum is
bounded by C” NA?/N?. For a < 2/3, this converges to zero as N — oc. O
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3. WEAK CONVERCENCE IN D([0,00), Cy(R)): PROOF OF THEOREM 2

In this section we prove Theorem 2 by verifying that the sequence of random functions X (¢, x)
is tight, provided the hypotheses of Theorem 2 on the initial densities hold.

3.1. Moment Estimates. The proof will be based on moment estimates for occupation counts of
a branching random walk started by a single particle located at the origin at time 0. Denote by
Y, (z) the number of particles at site x € Z at time n € Z,, and by E*, P* the expectation operator
and probability measure under which the branching random walk is initiated by a single particle
located at x. For notational ease set

(75) p(x) = exp{—a7},
@n(x) = exp{—xQ/nL
P (z,y) = on(@) + n(y).

Proposition 5. There exist finite constants Cy,, By such that for allm,n € N, all x,y € Z, and all
ae€(0,1)

(76) EY,(2)™ < Cran™'n™ 20y (Bu),
(77) |E (Yo () = Ya(y)™| < Crun™ 02| (@ — y) /V/n] ™/ ®n (B, By),
(78) |E0(Yn(x) - Yn+[an] ()™ < Cmn_lnm/Qam/5<Pn(6mx)'

The (somewhat technical) proofs will be given in sections 3.5-3.7 below. The exponents m/5 on
a and |z — y|/y/n in (78) and (77) are not optimal, but the orders of magnitude in the estimates
make sense, as can be seen by the following reasoning: The probability that a branching random
walk initiated by a single particle survives for n generations is O(n~1), and on this event the total
number of particles in the nth generation is O(n). Thus, on the event of survival to generation n,
the number of particles Y;,(z) at a site = at distance \/n from the origin should be O(y/n). This is
consistent with mth moment of order O(n~1n™/2).

3.2. Tightness in D([J, 00), Cp(R)). The proof of tightness will be broken into two parts: In this
section, we will show that for any > 0, under the hypotheses of Theorem 2, the density processes
XFE(t, ) restricted to the time interval [§,00) are tight. Using this and an auxiliary smoothness
result of Shiga [17] for the Dawson-Watanabe process, we will then conclude in sec. 3.3 that the
density processes X*(t,z) with t restricted to some interval [0, d] are tight.

Standing Assumptions: In sections 3.2 3.3, Y,*(z) will be a sequence of branching random walks
satisfying the hypotheses of Watanabe’s theorem, and X* (¢, x) will be the corresponding renormal-
ized density processes, defined by equation (21). In addition, assume that the initial configurations
are such that for every k, the initial particle density function X*(0,-) has support contained in .J,
for some fixed compact interval J.

Proposition 6. There exist constants C = C,,,p < oo and 3 > 0 such that for every k =1,2,...,
all z,y € R, and all s,t € [1/n,n],

(79) E|X"(t,x) — X*(t,y)|P < Cla — y[*T°(@(Bx) + ¢(By)) and
(80) E|X*(t,x) — XF(s,2)]P < C|t — s|*p(Bx).

Note. Under the conditions of Watanabe’s theorem, the bounds (79)—(80) will in general hold only
for ¢, s away from zero: in fact, if X is singular then the densities X* (¢, x) will blow up as ¢t — 0.
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Proof. The inequalities (79)—(80) follow from inequalities (77)—(78), respectively, with p = m > 12.
To see this, observe that the moments in (79)—(80) can be related to the corresponding moments for
branching random walks Y started from single particles located at points = € Jvk: If ng := || Y|
is the number of particles in the initial configuration of the kth BRW then for any even integer m,

(81) EIX*(t,2) - XFtym=d > > T ™PE (Viw (VEa) = Yieg (V)™

=1 meP,(m) T1,T2,...Tp 1=1

where P,.(m) is the set of all integer partitions of m with r nonzero elements m;, the inner sum is
over all choices of r particles from the nj particles in the initial configuration, and x; is the location
of the ith particle. Since kaOk = Xy, the masses n; must be asymptotically proportional to k, so
the number of choices in the inner sum is < Ck", for some constant C' independent of k. Since the
initial configurations are all restricted to lie in v/kJ, with J compact, the bounds implied by (77)
for E%i are comparable to those for E°, after changing 3,, to (,,/2, because the Gauss kernel ¢
satisfies p(z —y) < Cyp(z/2) for all z € R and y € J. Thus, by (77),

RHS@B1) <CY > k[, o —yl™/ 01 (8, By),
i=1 meP,(m) =1
provided ¢ is bounded away from 0 and oo. This clearly implies (79). A similar argument gives
(80). O

Corollary 5. Assume that all of the measures F, Y have supports C J, where J is compact, and as-
sume that the hypothesis (13) of Watanabe’s theorem holds. Then for every 6 > 0, the random func-
tions {X*(t, x)}1>5 converge weakly in the Skorohod space D([8, ), C,(R)) to the Dawson- Watanabe
density process {X (t,x)}i>5 restricted to time t > 6.

Remark 1. Observe that Corollary 5 holds even for initial conditions Y (-) whose Feller-rescalings
FY§ converge to singular measures.

Proof. Since the associated measure-valued processes converge to the Dawson-Watanabe process, it
suffices to show that the sequence {X*(t,x)};>5 is tight. This follows from inequalities (79)-(80) by
the usual Kolmogorov—Chentsov argument. (See, for instance, [3], Th. 12.3, or [10], Problem 4.11 for
the one-parameter case. Here, since there are two parameters ¢, z, the exponent must be > 2.) O

3.3. Tightness in D([0,00),Cy(R)). It remains to show that under the stronger hypotheses of
Theorem 2 the rescaled particle densities X* (¢, x) are tight for ¢ € [0, 00). It is possible to do this by
estimating moments, but this is messy. Instead, we will use a soft argument, based on an estimate
for the Dawson-Watanabe process proved by Shiga ([17], Lemma 4.2):

Lemma 4. Let X(t,x) be the density of a standard Dawson- Watanabe process with initial condition
X(0,2) = f(x) and variance parameter o2. Define

(82) N(t,2) = X(t,2) - Gif ()

where G f is the convolution of f with the Gaussian density of variance o*t. For any compact
interval J there exist constants C1,Co such that for oll e, T > 0, if f < 1  then

(83) P{|IN(t,z)| > efe” T for somet < T/2 and z € R} < Cre™** exp{—Cpe?T~1/4}.

Consequently, for any o > 1, € > 0, and compact interval J there exists T > 0 such that if f < 1y
then

(84) P{X(t,x) > af for somet <T andx € R} <e.
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The strategy now is to use Lemma 4 to deduce a maximal inequality for the density X*(¢,x) of a
branching random walk over a short time interval ¢ € [0, ]. For this, we use the weak convergence
result of Corollary 5 together with monotonicity of the BRW in the initial condition. Note that
adding particles to the initial configuration of a BRW has the effect of augmenting the original BRW
by an independent BRW initiated by the set of new particles. Thus, for any two initial particle
configurations Yok’A and YOk’B whose discrepancy satisfies

Yo (@) = Yy P (2)] < BR1 (@)

there exist coupled branching random walks Y;"* and Y;"* with initial conditions YOk’A and Yok’B
whose difference is bounded in absolute value by a branching random walk Ytk’c with initial condition

k,C
YEC (@) = (8K 5.
Lemma 5. For any € > 0 and compact interval J there exist 3,7 > 0 such that if

(85) Y < Bl then P{supsup XF(t,2) > e} <e.
t<T z€R

Proof. Consider first a sequence of branching random walks with initial densities X*(0,-) = 281,
where J* is a compact interval containing J in its interior. By Corollary 5, for any 7" > 0 the
random functions X*(T + ¢,z) (with ¢ > 0) converge to the density X (T + t,z) of a standard
Dawson-Watanabe process with initial density X (0,z) = 251 ;- (x). (Note: The variance parameter
here is 02 = 2/3.) Hence, by Shiga’s Lemma 4, if T > 0 is sufficiently small then
(86) P{min X*¥(T,z) < B} <& and P{ sup supXF(t,z)>40} <e.

zeJ te[T,2T] z€R
It follows that for each k, the particle configuration at time 7T is such that the renormalized density
XF(T,-) exceeds (1, except on an event of probability < e.

Now consider branching random walks with initial densities X k(0,-) = B1;. By monotonicity
in initial configurations, the corresponding particle density processes X* (t, ) are dominated by the
density processes X*(T + t,z) of the preceding paragraph, except on events of probability < e.
Consequently, by the second inequality in (86) and the Markov property,

P{supsup X*(t,z) > 48} < 2¢.
t<T =z

O

Proof of Theorem 2. Assume now that the initial particle densities fi(-) := X¥(0,-) satisfy the
hypotheses of Theorem 2: in particular, all have support contained in the compact interval J, and
fr — f uniformly for some continuous function f. By Corollary 5, for every T' > 0 the density
processes X*(T + t,x) converge weakly to X (T + t,z), where X (¢, ) is the density process of the
Dawson-Watanabe process with initial density f. By Kesten’s Theorem [11], ¢ > 0 there is a compact
interval J* D J such that for every T > 0 and k € N, with probability at least 1 — ¢, the function
X¥(T,-) has support contained in J*. By Shiga’s Lemma, for any ¢ > 0, if T > 0 is sufficiently
small,
P{sup | X*(T,z) — X*(0,2)| > ¢} <e.
x

Hence, by Lemma 5 and a comparison argument, it follows that for any € > 0, if T' > 0 is sufficiently
small,
P{supsup | X*(T +t,z) — X"(t,z)| > e} <e.
t<T =z

Tightness of the sequence {X*(t,z)}+>0 now follows from Corollary 5. O
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3.4. Proof of Proposition 5: Preliminaries. The proofs of the estimates (76)-(77) are based on
a simple recursive formula for the mth moment of a linear functional (Y, ) := > Y, (z)¥(z) of
the particle density at time n. Observe that, for any integer m > 1, the mth power (Y, )™ is the
sum of all possible products []}; ¥(z;), where z; is the location of a particle in the nth generation
(particles may be repeated). For any such product, the r < m particles involved will have a last
common ancestor (LCE), situated at a site z in the kth generation, for some k& < n. There are two
possibilities: either there is just r» = 1 particle in the product, in which case it is its own LCE and
k = n, or there are at least two particles, in which case the LCE belongs to a generation k < n.
Conditioning on the generation k and location z of the LCE leads to the following formula (for
bounded functions t):

m

(87) (Yo, o)™ ZIP z, 2)1p +ZZP T,z Zmr > Fux(dim;z)

k=0 =z r=2 meP,.(m)

where
1
(58) P(a,y) = 51w —yl < 1)

is the transition probability kernel for nearest neighbor random walk with holding, %, is the rth
descending factorial moment of the offspring distribution (the expected number of ways to choose
r particles from the offspring of any particle), P.(m) is the set of all integer partitions of m with r
nonzero elements m;, and

(89) Fu(imiz) =37 > [[ B (Yo, 0)™,

ji=0,1,—14=1

Notice that in each term of the second sum in (87), r > 2, reflecting the fact that these terms
correspond to final products with » > 2 distinct particles, in which the individual particles are
repeated m; times. Since 22:1 m; = m and all m; > 1, it follows that m; < m: this is what
makes formula (87) recursive. The formula (89) accounts for the possibility that the r offspring will
jump to random sites adjacent to the location z of the LCE. The appearance of powers P™ of the
transition probability kernel of the nearest neighbor random walk with holding derives from the fact
that the branching random walk is critical, so that the expected number of descendants at (n, z) of
an initial particle at (0,x) is P™(z, z). Following are standard estimates that will be used to bound
such transition probabilities.

Lemma 6. There exist constants C, 3 < 0o such that for all x,y € Z, n € N, and 0 < a < 1,

(90) P™(0,2) < Cn~ %0, (Bx),
(91) P"(0,2) — P"(0,y)] < C(n 2|z — y| A 1)@, (Ba, By),
(92) [P (0, 2) — P27 (0,2)| < Cn~ Y 2ap,(B2).

Proof. The first inequality follows from the local limit theorem and standard large deviations esti-
mates for simple nearest-neighbor random walk. The second and third inequalities use also the fact
that the Gauss kernel ¢(x) is uniformly Lipshitz in . O

Finally, we record some elementary inequalities for Gaussian densities:
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Lemma 7. For any B > 0 there exists C' < co such that for allz € Z, n > 1, and k > n/2,

(93) > en(By) < CVm;

YEL
(94) > ok(By)en—k(Bx — By) < CVn = kpn(Bz/4);
YyEL
(95) exp{—pB2?/4n} < Cgexp{—B(z £+ 1)?/2n}.

3.5. Proof of (76). The proofs of the inequalities in Proposition 5 will proceed by induction on
the power m. In cases (76)—(77) , the starting point will be formula (87); we will use the induction
hypothesis to bound the factors in the products (89). In each case it will be necessary to analyze
terms separately in the ranges k < n/2 and k > n/2. To prevent a proliferation of subscripts, we
will adopt the convention that values of constants C, /3 may change from one line to the next. In
particular, in each inductive step we will relax the constant 5 (from 3 to 3/2 or 3/4) to account for
differences £1 in the arguments of exponentials: this is justified by (95) in Lemma 7 above.

For the proof of (76), use the function ¢ = §, in formula (87). When m = 1, the terms indexed
by 0 < k < n in (87) all vanish, leaving E°Y,,(z) = P*(0,). Thus, the inequality (76) follows for
m = 1 directly from Lemma 6. Assume now that (76) holds for all powers < m, where m > 2. By
(87) and the induction hypothesis,

B, ()" <P 0.2) + €Y Y02 Y [[(n— k) 2, (8 - 2))

k=0 =z meP(m)i=1

where P(m) = U2 ,P,.(m) is the set of all partitions of m with at least two nonzero elements m;.
(Note that the constants r, have been absorbed in C.) The initial term P"(0, z) has already been
disposed in the case m = 1 (since the right side of the inequality (76) is nondecreasing in m, provided
Cp T and B, |). Thus, we need only consider the terms k < n of the second sum.

Consider first the terms k& < n/2. For indicies in this range, n — k > n/2, and so the factors in
the inner products can be handled by simply replacing each n — k by n (at the cost of a constant
multiplier): Since the number r of factors in each product is at least 2, and since the exponents m;
in eaach interior product sum to m,

Yo o<on 2N N PR, 2)0n(B(x — 2))
k<n/2 k<n/2 =z
< On~1Hm/2 (Bx).
Now counsider the terms k& > n/2. For such terms, n — k is no longer comparable to n, and so
the factors in the interior products cannot be estimated in the same manner as in the case k < n/2.
However, when k > n/2 the transition probability P* (0, z) can be estimated using the local limit

theorem (90): hence, using the convolution inequality (94) of Lemma 7 and the induction hypothesis,
and once again that each interior product has at least two factors,

Z < On~1/2 Z Z vr(B2)(n — k)72+m/2@n—k(ﬂ($ —z))

k>n/2 k>n/2 =z

< Cn Vg, (Bx) Y (n— k)R —k

k>n/2
< Cvnfl/Qcpn(5‘%),”771/271/27

as desired. This proves inequality (76). O
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3.6. Proof of (77). This is also by induction on m. For notational ease, set ¢z, = §; — d,, where
0, is the Kronecker delta, and set

dn(2,y) = (|2 —yl/vn) A L.

Consider first the case m = 1. By formula (87) and the local limit bound (91),
(96) |E® (Y thay)| = [B"(0,2) = P™(0,9)] < Cn™/2d,,(w,y)®, (B, By)

for suitable constants C, 5. Inequality (77) for m = 1 follows easily.

Assume then that inequality (77) is valid for all positive integer exponents less than m. The first
sum on RHS(87) (the terms with & = n) can be bounded above by Cn='/2(¢,,(8z) + ¢, (By)) using
Lemma 6, and this in turn is bounded above by RHS(77). Thus, we need only consider the second
sum on RHS(87) (the terms k < n). In each of these terms, the interior products (89) have at least
two factors, each with m; > 1, and in each of these products the sum of the exponents m; is m.
Consequently, by (87) and the induction hypothesis,

n—1 n—1
> CY S PO, 2wy — k)00, (B0 — Bz, By — B2).
k=0 k=0 =z

Consider first the terms in the range k < n/2: for these terms, n — k > n/2, and so ®,_j is
comparable (after a relaxation of 3) to ®,,. Hence,

n/2 n/2
Do < COn P2 O — g5 N N TR0, 2) @, (B — Bz, By — B2)
k=1 k=1 =z

S Cn_lnm/2_m/lo|$ - y‘m/sq)n(ﬂxvﬁy)7

as desired. Now consider the range k > n/2: Here we use the local limit estimate for P*(0, z) and
the Gaussian convolution inequality (94) to obtain

n—1 n—1
S < Cle =y YT N PR0,2) 0 (B — Bz, By — §2)(n — k) T/ 2TmA0
k=n/2 k=n/2 =z
n—1
< On V2o =y |70, (B, By) Y (n— k)72
k=n/2

< Cnflnm/Qfm/IO‘x o y|m/5¢n(ﬂ$7ﬁy)

The final inequality relies on the fact that the exponent —1/2+m/2—m/10 is positive for all m > 2.
This proves (77). O

3.7. Proof of (78). The moment formula (87) can no longer be used, since the expectation on
LHS(78) involves the state of the branching random walk at two different times. However, it is not
difficult to derive an analogous formula: For any integer m > 1, the mth power (Y;(z) — Yi(z))™
is a sum of products [[~, ¢ (x;), where each w; is the location of a particle in either the ¢th or sth
generation, and 1 (z;) = £, (x;), with the sign £ depending on whether the particle is in the ¢th
or sth generation. As in formula (87), the particles involved in any such product must have a last
common ancestor in some generation k before the s Atth generation. Conditioning on the generation
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and location of this last common ancestor leads to the formula

(97) EY(Yy(x) = Yi(2)™ =P*(y, ) + (=1)"P'(y, )
+ Z ZIP”“ (y, 2 K Z Gs_t—r(r — z;m)
k=0 =z r=2 meP,(m)

where £, and P,.(m) have the same meanings as in the moment formula (87) and

(98) Gor(zm)=3" > J[E"(Vi(z) = Yi(2)™

§:=0,1,—14=1

We will use (97) to prove (78) by induction on the power m, using arguments similar to those
used in proving (76) and (77). Consider first the case m = 1: in this case the last sum in (97)
vanishes, leaving

(99) E(Yn(2) = Yasan(z)) = P"(0,2) = P"7"(0, 2).

Hence, inequality (78) follows immediately from estimate (92).

Assume now that (78) holds for all positive integer exponents smaller than m, for some integer
m > 2. To prove that (78) holds for the exponent m, consider RHS(97), with s = n and ¢t = n+ an.
The sum of the first two terms coincides with (99). To verify that this sum, in absolute value, is
smaller than RHS(78), observe that by (92) the sum is smaller than Can~='/2¢, (fz); since an must
be an integer, o > n~!, and so

n1/2a < nm/2am/8

for all m > 2, as required by (78). Thus, it remains to prove that the sum of the terms with r > 2
in (97) is also bounded by RHS(78).

Note first that it suffices to consider values of o < 1/2, because for 1/2 < a < 1 the factor a™/5
on RHS(78) is bounded below. Now split the terms of the last sum in (97) into three ranges: first
k < n/2, then n/2 < k < n —na, and finally n — na < k < n. In the range k < n — na, the
induction hypothesis applies, because for these terms o/ = na/(n — k) < 1. (Recall that one of the
hypotheses of Proposition 5 is that a < 1, so to use (78) in an induction argument the implied '
cannot exceed 1). For k < n/2, the ratio n/(n — k) is bounded above by 2; consequently,

Z <C Z Z]P’k((),z)n_2+m/2am/5<pn,k(ﬁx—52)

k<n/2 k<n/2 =z

< Cn e S (6r)

k<n/2
< Cn—1+m/2am/5@n(ﬁx),
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which agrees with RHS(78). Next, consider terms in the range n/2 < k < n —na: By the induction
hypothesis, the local limit bound (90), and the Gaussian convolution inequality (94),

Yo <O Y Y PHOE) (k)T (an/ (n — k)™ pn_i(B(z — 2))
k=n/2 k=n/2 =z

n—no

< Cnfl/an/5am/5<pn(6x) Z (’fl _ k,)73/2+m/27m/5
k=n/2
n/2

< Cnfl/an/5am/5<pn(6x) Zj73/2+m/27m/5
Jj=1

< Cn~ 2™/, (Br).

The last inequality uses the fact that the exponent —1/2 4+ m/2 —m/5 is positive for all m > 2.

Finally, consider the terms in the range n — na < k < n. Here the induction hypothesis cannot
be used, because na/n — k > 1. Instead we use the bound (76), which we have already proved is
valid for all m. This, together with (90) and (94), implies

n—1 n—1
Z =C Z Z]P’k(o, z)(n— k)_2+m/2@na(ﬁx - B32)
k=n—na«a k=n—na =z
n—1
< On 2, (Br) Y (n— k)
k=n—na
< Cn71+m/2a71/2+m/2(pn(ﬂx)
< Cn71+m/2am/5tpn(5x).
This completes the proof of (78). O
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