RANDOM SERIES IN POWERS OF ALGEBRAIC INTEGERS:
HAUSDORFF DIMENSION OF THE LIMIT DISTRIBUTION

STEVEN P. LALLEY

ABSTRACT

We study the distributions £ , of the random sums ) "¢, 6", where ¢, €,, ... are i.i.d. Bernoulli-p and
6 is the inverse of a Pisot number (an algebraic integer f whose conjugates all have moduli less than 1)
between 1 and 2. It is known that, when p = .5, F., is a singular measure with exact Hausdorff dimension
less than 1. We show that in all cases the Hausdorff dimension can be expressed as the top Lyapunov
exponent of a sequence of random matrices, and provide an algorithm for the construction of these
matrices. We show that for certain f of small degree, simulation gives the Hausdorff dimension to several
decimal places.

1. Introduction

Let ¢, ¢,, ... be independent, identically distributed Bernoulli-p random variables,
and consider the random variable X defined by the series

X=)¢,0",
n=1

where 0€(0,1). By the ‘Law of Pure Types’ the distribution = F, , of X is either
absolutely continuous or purely singular (but of course nonatomic). Erdés proved (a)
that there exist values of § larger than 3, for example, the inverse of the ‘golden ratio’,
such that F is singular [6]; but (b) that there exists y < 1 such that for almost every
0e(y,1) the distribution F, ; is absolutely continuous [7]. (Solomyak [22] has recently
shown that statement (b) is true for y = .5.) Erd6s’ argument shows that in fact F is
singular whenever 0 is the inverse of a ‘Pisot’ number. Recall that a Pisot number is
an algebraic integer greater than 1 whose algebraic conjugates are all smaller than 1
in modulus (see [20]) and an algebraic integer is a root of an irreducible monic, integer
polynomial. There are in fact infinitely many Pisot numbers in the interval (1, 2): for
example, for each n =2, 3,...,the largest root 8, of the polynomial

p(x)=x"—x"—x"r - —x—1 €))

is a Pisot number: see [21]. We shall call these the simple Pisot numbers.

One may ask for those values of 0 such that F = F, , is singular: is it necessarily
the case that F is concentrated on a set of Hausdorff dimension strictly less than 1,
and if so, what is the minimal such dimension? (We shall call this minimum the
Hausdorff dimension of F.) Przytycki and Urbanski [18], enlarging on an argument of
Garsia [12], showed that if 0 is the inverse of a Pisot number between 1 and 2 then
in fact F ; has Hausdorff dimension less than 1. Unfortunately, their method does
not give an effective means of calculating it. Recently, Alexander and Zagier [2]
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showed how to calculate the ‘information dimension’ in the case where 0 is the
inverse of the golden ratio and p = 1. As it turns out, the Hausdorff and information
dimensions coincide for the measures we consider here, but Alexander and Zagier did
not prove this. Their argument is very elegant, relating the dimension to properties
of the ‘Fibonacci tree’ and thence to the Euclidean algorithm, but it does not seem
to generalize easily. (Although the authors claim that ‘it seems likely that the
particulars will extend to f,*” for f§, as defined above, this is not readily apparent.)

The purpose of this paper is to characterize the Hausdorff dimension of F, , as the
top Lyapunov exponent of a certain natural sequence of random matrix products.
This characterization is quite general: it is valid for every 6 such that f = 1/0€(1, 2)
is a Pisot number, and for all values of the Bernoulli parameter p. (The method is
applicable even more generally when the process ¢, &,, ... 1s a k-step Markov chain
taking values in an arbitrary finite set of integers, but we carry out the details only
in the case of Bernoulli processes.) Moreover, although the matrices involved may
have large dimensions (typically increasing exponentially in m, where m is the degree
of the minimal polynomial), they are sparse, so numerical computation of the
Lyapunov exponent may be feasible for 1/0 of moderate degree. Small simulations
give nonrigorous estimates that agree with the rigorous estimate of Alexander and
Zagier (which is accurate to the 4th decimal place) to 3 decimal places. For values of
p ranging from .1 to .5 (for which the methods of Alexander and Zagier do not apply),
small simulations based on our matrix product representation give estimates with
accuracy to +.005. Some of these numerical results are reported in Section 8 below.
Using a ‘summation over paths’ in conjunction with our representation, one could
obtain rigorous upper and lower bounds; however, we have not yet done so.

Random matrix products occur in a number of other problems involving the
computation of Hausdorff dimensions. See Bedford [3] for their use in computing the
dimensions of the graphs of some self-affine functions, and Kenyon and Peres [14]
for studies of Cantor sets on the line. In each of these examples there is a natural
‘automatic’ structure that leads to the matrix products. Here the automatic structure
arises from number-theoretic considerations. The discussion in Section 9 below may
shed further light on this.

2. Dimension and entropy: infinite Bernoulli convolutions

For any probability distribution F on a metric space, one may define its
(HausdorfY) dimension 6(F) to be the infimum of all > 0 such that F is supported by
a set of Hausdorff dimension d. There is a simple and well known tool for calculating
O(F), which we shall call Frostman’s Lemma.

LeEMMA 1 (Frostman). If for F-almost every x the inequalities

5, < liminf (22 FB)

<0,
10 logr 2

hold, then 6, < 6(F) < 0,.

Here B,(x) denotes the ball of radius r centered at x. The proof is relatively easy:
see [8, Chapter 1, Problem 1.8] or [24].
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Application of the Frostman Lemma to a probability measure on the real line
requires a handle on the probabilities of ‘typical’ small intervals. In our applications
F is the distribution of a random sum X = ) ¢, 0", and the value of X is (roughly)
determined to within » by the sum of the first n terms of the series, where r ~ 0".
Henceforth, for any infinite sequence ¢ = ¢, ¢, ... of zeroes and ones we shall write

x(e) = Z e, 0" and x,(e) =) ¢ 0",
k=1 k=1

and for any finite sequence ¢ = ¢&,¢,...¢, of length n>1 we shall write x,(e) =

»_, &, 0" Observe that x(¢) — x,(¢) < 6"'/(1—0) for any n > 1 and every infinite 0—1
sequence ¢. Consequently, if x,(¢") = x,,(¢) then |x(¢") — x(¢)| < 0" /(1 —0). In general,
the converse need not be true; however, if 0 is the inverse of a Pisot number then there
is a weak converse, discovered by Garsia [11]. Because this result is of central
importance in the ensuing arguments, and because the proof is rather short, we
include it here. For the remainder of the paper, the following assumption will be in
force.

AssuMPTION 1. The ratio 6 is the inverse of a Pisot number fe(1, 2) with
minimal integer monic polynomial p(x) of degree m.

LemmMa 2 (Garsia [11]).  There exists a constant C > 0 (depending on [5) such that
for any integer n = 1 and any two sequences ¢ = ¢,, &,...,¢&, and & = ¢}, &,...,&, of
zeroes and ones, either

x,(6) = x,(£) or |x,(&)—x,(e)| > CO".

Proof. Suppose that ¢, ¢ are 0—1 sequences such that ) 7 &, 0" # Y 1 & 0"
Then F(f) # 0, where F(x) = ) 7_, 0, x" *and d, = ¢, —¢,. Note that Fis a polynomial
with coefficients 0, + 1. Let f5, be the algebraic conjugates of f; then for each i we have
F(B,) # 0 and

FPT]Fp)ez.

Since each |f,| < 1 (recall that f is a Pisot number) and the coefficients of F are
bounded by 1 in modulus, [F(f,)| < 1/(1—|p,|). Consequently,

B =10 -18) = C.

It follows from this lemma that if x(¢’) € B,(x(¢)) for r = 0"*1/2(1 —0) then there
are at most 2C+ 1 possible values for x,(¢). There are, in general, many pairs of
sequences for which x,(¢) = x,(¢"): the separation bound in the lemma implies that
there are only O(0~") possible values of the sum, but there are 2" sequences of zeroes
and ones of length n (and 07! < 2). For each n the possible values of x,(¢) partition
the space X of all infinite sequences of zeroes and ones: for any two sequences
e, & €X, we see that ¢ and ¢ are in the same element of the partition if and only if
x, (&) = x,(¢). Call the resulting partition 2. For any ¢e X let U(Z, ¢) be the element of
the partition £ containing &. Then for each ¢eX and each value of the Bernoulli
parameter p the set U(Z,¢) has a probability zn,(¢) (for notational simplicity, the
dependence on p is suppressed). In the subsequent sections we shall prove the
following theorem.
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THEOREM 1. For any pe(0, 1), if ¢, &,, ... are 1.1.d. Bernoulli-p random variables
then with probability 1 the limit

o = lim (7, (e))"" ()

n— o0

exists, is positive, and is constant.

The proof will exhibit the limit o = a(p) as the top Lyapunov exponent of a
certain sequence of random matrix products, providing an effective means of
calculation. Note that when p =1 the probability z,(x) is just 27" times the
cardinality of the equivalence class. In this case the matrices may be chosen to have
all entries 0 or 1, so numerical computations are easiest in this case.

Using the close connection between the partitions % and the neighborhood
system B,(x(¢)) for » = k0", we shall prove the following formula for the dimension
of the measure F, .

THEOREM 2. The Hausdorff dimension of F; , is

_loga
~ log0’

3)

This formula is an instance of the by now well-known general principle
‘dimension x expansion rate = entropy’: see [24] for more. However, the proof is not
entirely trivial, even given the result of Theorem 1: it relies on Garsia’s lemma, and
therefore on the algebraic nature of the ratio f= 1/6. In the special case p =3,
Przytycki and Urbanski proved the inequality 0 < loga/log# and used it to deduce
that 6 < 1, but did not establish equality. Alexander and Yorke proved, again in the
special case p = 3, that log o /log 0 equals the ‘information dimension’ (also called the
Renyi dimension) of F, which always dominates the Hausdorff dimension, but did not
prove equality with the Hausdorff dimension. Theorem 2 follows directly from
Theorem 1 and Propositions 3 and 4 below.

It is worth noting here that the dimension J(f; ,), considered as a function of p,
is symmetric about 3, that is,

0(F,,) = 0(F 1)
The proof'is simple. If ¢, ¢,, ... are i.i.d. Bernoulli (p), then &/, &, ... are i.i.d. Bernoulli
(1—=p), where ¢ = 1—¢,. Consequently, if X = x(¢) has distribution F, ,, then Y =
0/(1 —0)— X has distribution £ , . But the distributions of X and Y clearly have the
same dimensions, because Y is obtained from X by an isometry of the real line.

ProrosiTiON 1. If I} is singular with respect to Lebesgue measure, then § < 1.
In fact this holds in even greater generality; see Proposition 5 below.

ProrosITION 2. If f is a Pisot number between 1 and 2, then F, , is singular for
every pe(0, 1).

Proof.  This follows by Erdos’ original argument. The Fourier transform of F, ,
is easily computed as an infinite product:

E (0= J e F, (dv) = [ (1 +plexp it0"} — 1)),

k=1
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It is obvious from this that

£ (B0 = U (1+plexp itp" ™y — 1) £ (1)

for every te (— o0, 00) and every n > 0. Since f is a Pisot number, distance (5", 7) — 0
as n — oo at an exponential rate (see, for example, [20, Chapter 1]), and hence

Y e —1] <o0.
k=1

It follows from the standard criterion for convergence of an infinite product that for
every integer m > 1 we have

n— 00

lim £, ,np") = [] (1 +plexp(2mif™} — 1) F; ,Qnf™),
n—o0 k=0

and that the limit of the infinite product in this expression is nonzero. Now if m is
sufficiently large, then F, (27f~™) # 0, because F; , is continuous and takes the value
1 at the argument 0. Therefore, by the Riemann-Lebesgue lemma, Fj , is singular.

Theorems 1 and 2 reduce the problem of computing the Hausdorff dimension of
F, , to that of computing the ‘entropy’ log «. This will be carried out in Sections 4-8.
It should be noted that the entropy arises in connection with several other
dimensional quantities, such as the ‘information dimension’: see [1, 2] for more on
this. Before coming to grips with the entropy, however, we shall prove Theorem 2 and
discuss certain generalizations of the results of this section to a class of measures
F, , including the F, .

3. Dimension and entropy: stationary measures

Let u be an ergodic, shift-invariant measure on the space X of infinite sequences
&, &,... of zeroes and ones. Define F; , to be the distribution under u of X =
w1 6,0". Observe that if u is the Bernoulli-p product measure, then F, , = F, .
The Bernoulli measures are not the only measures of interest, however—for
instance, there are measures u for which F; , is absolutely continuous relative to
Lebesgue measure. These measures were discovered by Renyi [19] for the case when
0 is the inverse of the golden ratio and by Parry [15, 16] for the other Pisot numbers.
As in the previous section, for each n let 2 be the partition of X induced by the
equivalence relation ¢ ~ ¢’ if and only if x,(¢) = x,(¢"). Note that these partitions are
not nested. For any sequence ¢ let U,(¢) be the element of £, that contains ¢, and let
7, (¢) = u(U,(¢)). Similarly, for an arbitrary measurable partition 2 let U(Z, ¢) be the
element of £ that contains ¢, and let (2, ) = w(U(Z, ¢)). Define the entropy of the
partition £ by

H(?) = —E, logn(?,¢) = ), —u(F)logu(F).

Fe?

LemMA 3. We have lim, , H(#)/n = —loga exists.

Proof. For any integers n, m > 1, the partition £ v ¢ "2, is a refinement of
2 ... (here o is the shift), because the values of x,(¢) and x,,(¢"¢) determine the value
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of x,,,,(¢). Hence, as a refinement, it has the larger entropy. But by an elementary
property of the entropy function, H(#, Vo "2,) < H(Z)+ H(Z,) (see [23, Section
4.3]). Thus, H(P) is a subadditive sequence.

LEMMA 4. For every n = 1, we have liminf,_,_ x,,(e)"* = e "7 a.e. (u).

Proof. First, recall that the entropy A(¢”, 2) of the partition £, with respect to
the measure-preserving transformation ¢” is defined by

Wo", %) = lim L HO/iS 0 ) < HZ):

k—w
see [23, Chapter 4] for details. By the Shannon—MacMillan—Breiman theorem [17],

.1
hm%

k—ow0

&) =h(e",2) a.e.(p.

logn(\/{Zyo "2,
But \/¥} o "2 is a refinement of 2,, so n,,(¢) = n(\/{ 6" 2,¢), proving the
lemma.

CONIECTURE 1. For any ergodic, shift-invariant probability measure u on X, we
have
limz, ()" = o  almost surely (u). 4

For the special case in which u is the product Bernoulli-p measure, this is Theorem
1, and will be proved in Sections 4-8 below. A modification of the argument (which
we shall omit) shows that the conjecture is also true for any u making the coordinate
process &,¢&,, ... a stationary k-step Markov chain.

PROPOSITION 3.  For each ergodic, shift-invariant probability measure y on X, the
dimension o of F, , satisfies
loga
“logt’

Proof. By the Frostman lemma, it suffices to show that for x in a set of
F, -measure 1,
log £, (B,(x)) _ loga

liminf logr < log0’

r—0

®)

and, by a routine argument, it suffices to consider only r = xk6"* for some fixed
constant x > 0, a fixed integer n, and k = 1,2, .... If &,¢" are in the same element of the
partition 2, then |x(g) —x(&’)] < 0"*'/(1 —0); consequently, if x = 20/(1 —0) then
for every & in U(%,, ¢), we have x(¢’) € B (x(¢)). Therefore, F, (B, (x(¢))) = n,,(¢), and
so (5) follows from the two preceding lemmas.

PROPOSITION 4. For any ergodic, shift-invariant measure u on X for which (4) holds
almost surely with respect to u, the Hausdorff dimension of F, , satisfies

_loga
" logh’
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Proof. The inequality ¢ < loga/log@ was proved in Proposition 3 above. Thus,
it is enough to prove the reverse inequality. By Frostman’s lemma, it suffices to show
that for all x in a set of full F, -measure,

log £, ,(B,(x)) _ loga ©)

lim inf logr > g0’

r—0

By a routine argument, it suffices to prove this for the sequence r = 0".

Let ¢, ¢ be arbitrary sequences of zeroes and ones. In order that x(¢’) € B,(x(¢))
for r=20", it is necessary that |x,(¢")—x,(¢) <x0", where x=1+2/(1-0).
Consequently, for any fixed sequence ¢ = ¢,¢, ... of zeroes and ones and for any

r = 0", we have
F, (B(x(£)) < p,(¢),
where
pu(e) = pie’: |x, (&) —x,(e)] < K0}
Here ¢ is fixed (nonrandom). Note that p,(e) = 7, (¢).
Now let ¢ =¢,¢,...€X be random, with distribution x. By the Chebyshev
inequality, for each # > 0 and each n > 1, we have

wip, (&) = (A +n"n, ()} < (1+n)"E, (i@ '

We shall argue below that there is a constant C,, < oo such that E (p,(¢)/7,(¢)) < C,
for all n. It will then follow that ), u{p,(¢) = (1+n)"=n,(e)} <oo for every n >0,
and consequently, by the Borel-Cantelli lemma, that with g-probability 1, we have
p.(e) = (1+n)"n,(e) for at most finitely many n. But this will imply, with probability
1, that lim,_ p,(e)Y" =lim, 7, ()" =a. Since p,(¢) is an upper bound for
F, (B,(x(¢))), and this will prove (6).

So consider E (p,(¢)/m,(¢)). By definition of p,(¢), we have

P (8)) ,

E(— - ¥ ¥ ),
! 7'L'n(8) 2, (&) T, (&)

where the outer sum is over all possible values of x,(¢) and the inner sum is over those

values of x,(¢") such that |x,(¢") —x,(¢)| < k0" (only one representative sequence & is

taken for each such value). But by Garsia’s lemma, each value of x,(¢") appears in the

inner sum for at most C,, distinct x,,(¢) for some C,, < oo independent of n. Therefore,

Pale)
E <C = C,.
n (ﬂn((})) * ”Z(r) ﬂn(ﬁ) %
PROPOSITION 5.  Let u be an ergodic, shift-invariant probability measure on X. If

F, , is singular with respect to Lebesgue measure, then 6 < 1.

Proof. This is an adaptation of the arguments of [12] and [18]. By Proposition
3, it suffices to show that —loga < —log6. For this it suffices to show that

H(#?)/n < —logh forsomen=1,

because (see Lemma 3 and its proof) H(Z) is a subadditive sequence such that
H(2)/n converges to —log o as n — 0.

Recall that the elements of the partition 2, are in 1-1 correspondence with the
possible values of the sum x,(¢) = )", ¢,0’, where ¢, ¢, ... ¢, is a 0—1 sequence. Hence,



636 STEVEN P. LALLEY

by Garsia’s lemma, there are at most C’ 67" elements of 2, for some constant C’ < oo
independent of n. Now the hypothesis that F, , is singular, together with Garsia’s
lemma, implies (by the same argument as in [18]) that the probability measure u| 2,
is highly concentrated on a subset of 2 of much smaller size than the cardinality
of 2 : in particular, for every # > 0 there exists an » and a subset 2, = % such that

#2,/#2, <y and  @(Jpes, F) = 1—p > 1—1.

Consequently, with p = 1 —p, we have

HZ)=— Y, W(F)logu(F)— Y. u(F)logu(F)

Fe2, Fe?,-2,
< plog(#2,)—plogp+plog(#(%,—2,))—plogp
<logh™+plogn+logC'—plogp—plogp.

Here we have used the estimates #22, < C’07" and #2, < C’'n0~", and also the fact that
for a given partition, the probability measure that maximizes entropy is the uniform
distribution on the partition. Now p < 5 and # > 0 may be chosen arbitrarily small.
Since xlogx+ (1 —x)log(l —x) — 0 as x — 0, the last two terms of the upper bound
may be made arbitrarily small. The term log C” is independent of 7 and p. Hence, by
choosing 0 < p <7 very small, we may make plogn+log C’ much less than 0. It
follows that for sufficiently large n, we have H(#) < —nlog0.

4. Equivalent sequences

In Section 2 we reduced the problem of computing the Hausdorff dimension of the
measure f; , to that of computing the entropy o, which is essentially the same as the
problem of estimating probabilities of equivalence classes. Thus, we must find an
effective way to tell when two sequences are equivalent. Recall that for fixed 6 the
equivalence relation is defined as follows: two sequences ¢ and ¢” of zeroes and ones
of length n are equivalent if and only if x,(¢) = x,(¢"). More generally, we say that
two length-n sequences ¢, ¢ of integers are equivalent if and only if )  ¢.0"=

}7:=1 8;7 Hk

Let p(z) be the minimal polynomial of f = 1/6, and assume that it has degree m
and leading coefficient 1. The relation p(f) = 0 may be rewritten by moving all terms
with negative coeflicients to the other side, yielding an identity between two
polynomials in § of degree m with nonnegative integer coefficients. This equation
translates to an equivalence between two distinct sequences ¢ and & of nonnegative
integers of length m+ 1: we shall call this equivalence the fundamental relation. Thus,
for example, if § is the golden ratio, the fundamental relation is

100 ~ 011,

reflecting the fact that the minimal polynomial of the golden ratio is x*—x—1. Note
that there are Pisot numbers f between 1 and 2 such that the sequences in the
fundamental relation have entries other than 0 and 1: for instance, the leading root
p = 1.755--- of the cubic p(x) = x*—2x*+x+1 is a Pisot number with fundamental
relation 1011 ~ 0200. But observe that if ¢ ~ ¢’ is the fundamental relation, then the
first entry of ¢ is always 1 and the first entry of ¢ is 0.

Let y =9,7,...7, and y" = y,y;...7, be arbitrary sequences of integers, and let
¢ ~ & be the fundamental relation. We shall say that " can be obtained from 7 by
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applying the fundamental relation k times in the (m + 1)-block starting at the /th entry
if y, =y} for all j except j =1, [+1,...,I4+m, and y,,,+ke; =y, ,+ ke, for all j =0,
1,...,m. Here e = ¢,¢,...¢,, and & = ¢, ¢ ...€,,, and k may be any integer. In general,
if a 0—1 sequence ¢ of arbitrary length n > m+1 may be obtained from another
sequence & of the same length by repeatedly applying the fundamental relation to
various (m+ 1)-blocks (strings of m+ 1 consecutive entries), then ¢ ~ ¢’. For example,
when f is the golden ratio the sequences 100011 and 011100 are equivalent, because
one may obtain the second from the first by the chain of substitutions 100011 —
100100 — 011100.

PROPOSITION 6.  Two sequences ¢ and & of length n are equivalent if and only if &
may be obtained from ¢ by applying the fundamental relation repeatedly to blocks of
length m+1, starting at the left and ending at the right.

The stipulation that the substitutions be made left to right will be crucial.
However, it should be noted that in general it is not possible to make the substitutions
in order and have all of the intermediate sequences be sequences of zeroes and ones,
even when the sequences ¢, ¢ in the fundamental relation ¢ ~ ¢” are 0—1 sequences.
For example, when the fundamental relation is 100 ~ 011 the sequences 10100 and
01111 are equivalent, the chain of substitutions being

10100 — 01200 — 01111.

Moreover, the proposition does not state that the fundamental relation is applied
only once at each block of length m+ 1: in fact, it may be that one must use it more
than once in a given direction, for example, changing 200 to 0(—1)(—1). Later we shall
prove certain restrictions on the substitutions that can occur at a given (m+ 1)-block.
Finally, one should bear in mind that the sequences are merely shorthand for sums
g0,

Proof. The sequences ¢ and ¢’ are equivalent if and only if 6 satisfies the

polynomial equation

Y. 6, x" =0,
k=1

where 0, = ¢, —e¢;. This happens if and only if § is a root of the polynomial f{x) =
Y iy 0, x"7F. Since p(x) is the minimal polynomial of f, it follows that p divides f'in
the polynomial ring Z[x], that is, there exists a polynomial g(x) = ) " b,x’ with
integer coefficients b; such that /= pg.

The coefficients of g(x) provide the schedule of substitutions. The jth coefficient
b, tells how many times to apply the fundamental relation to the (m+ 1)-block starting
at the (j+m+ 1)th entry from the right; the sign (+ or —) tells whether the
fundamental relation should be applied in the forward or the backward direction.
This is best illustrated by a simple example: let the fundamental relation be 100 ~ 011
(with # = golden ratio), and let ¢ = 10100 and ¢’ = 01111. Then f{x) = x*—x*—x—1
and g(x) = x>+ 1. The quotient polynomial g has coefficients + 1 in the Oth and 2nd
positions; these indicate that the substitution 100 — 011 should be made once to the
block at the extreme left and once to the block two positions in, that is, 10100 —
01200 - 01111.

That the quotient polynomial g(x) does in fact provide a left-right sequence of
substitutions in every case is easily proved by induction on n. We prove a more general
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statement: if u,, u,,...,u, and v,, v,,...,v, are equivalent sequences of integers
(meaning that f{f) = )" (u,—v;)0" = 0) then g(x) = f(x)/p(x) provides a correct left-
right sequence of substitutions. The statement is clearly true if n = m, because in this
case fis an integer multiple of p, as p is the minimal polynomial of 8. Suppose it is
true whenever n < N, and let u,, u,,...,u, and v, v,, ..., v, be equivalent sequences of
length n = N. If the leading term of g(x) is b,,_,,_, then clearly u, —v, = b,_,,_,. (Note
that here f is an algebraic integer—this guarantees that the leading term in the
minimal polynomial has coefficient 1.) Consequently, if one makes b,,_,, substitutions
of the fundamental relation in the leading (m+ 1)-block of u,, u,,...,u, one obtains
an equivalent sequence w,, w,, ..., w, whose leading entry is v,. But w;, w,,...,w, and
vy, Uy,...,0, are equivalent sequences with the same first entry, so w,, w,,...w, and
Uy, Us, ..., 0, are equivalent sequences of length n—1. The induction hypothesis now
implies the result.

COROLLARY 1. Suppose that ¢ ~ ¢ are equivalent sequences of length n. Let
fx) = Y110, X", where 0, = ¢, —¢,, and let g(x) = Y " b,x’ = f(x)/p(x). Then &
may be obtained from ¢ by applying the fundamental relation b, times to the (m+1)-
block, starting at the (j+m+1)th entry from the right, in the order j=n—m,
n—m-—1,...,0.

We shall call the sequence of transformations described in this corollary the
canonical transformation taking ¢ to ¢’. It produces (n—m — 1) intermediate sequences

8(1), 8(2), s 8(nfmfl).

In modifying &® to obtain ¢*V, only entries in the (m+ 1)-block starting at the
(i+ Dth entry are changed; since these (7 + 1)-blocks move left to right one unit at
a time, it follows that

(a) the first i first entries of ¢ agree with corresponding entries of ¢’;

(b) the final n—i—m entries of ¢® agree with the corresponding entries of e.
In particular, only those entries of ¢ in the m-block starting at the (i + 1)th entry can
be different from 0 or 1. Neither Proposition 8 nor Corollary 2 implies that the entries
of m-blocks arising in intermediate sequences of canonical transformations are
bounded—in principle, there could be infinitely many possible such m-blocks. In the
next section, we shall show that in fact there are only finitely many possibilities, and
give an algorithm for identifying them.

5. Admissible m-blocks

Define an admissible m-block to be an m-block (a sequence of m integers) that
occurs in some intermediate sequence in a canonical transformation of some sequence
¢ of zeroes and ones to an equivalent sequence ¢ of zeroes and ones, and define

o/ = {admissible m-blocks}.

The matrices M,, M, that will appear in the random matrix products used to
characterize the entropy o (see Theorems 3 and 4 below) will have rows and columns
indexed by the admissible m-blocks. In this section we shall verify that .« is finite and
give an effective procedure for identifying its elements.

PROPOSITION 7. |.o/| < o0.
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We know two proofs, one based on Garsia’s lemma, the other on the following
result, a special case of Proposition 2.5 of [10] (which is attributed to J. P. Bezevin).
We reproduce the proof, because it provides an explicit bound for the size of entries
of admissible m-blocks (see Corollary 2 below).

ProPOSITION 8.  Assume that [§ is a Pisot number. Then there exists a positive
integer C < oo with the following property: for any polynomial f(x) with coefficients 0,
1, —1 such that p|f in the ring Z[x], the coefficients b; of the quotient polynomial
g(x) =f(x)/p(x) =12 b,x are bounded in modulus by C. Furthermore, if f = f3,,
Pos - B, are the roots of p(x), then we may take C = [C’], where [ -] denotes greatest
integer and

= —ﬁ-l)-lf[(l — 1B ™

Note. Since the coefficients b, of any such quotient polynomial are integers, it
follows that they are elements of the finite set {—C, —C+1,...,C—1,C}.

Proof. The argument, in brief, is as follows. Say that a polynomial P(x) has the
bounded division property if for each real a > 0 there exists a constant C, < oo such
that for any polynomial F(x) = )7 a,x'eC[x] with coefficients a, bounded in
modulus by a, if P(x)|F(x) in the ring C[x], then the coefficients of the quotient
polynomial F(x)/P(x) are bounded in modulus by C,. Call the assignment a - C, an
expansion function for P(x). It is easily seen that if P(x) and P,(x) both have the
bounded division property, then so does their product P, P,, and the product has
expansion function a — C(a) satisfying C(a) < CV o C®(a), where CP(+) and C®(+)
are expansion functions for P, and P,, respectively. It is also easily seen that any linear
polynomial of the form x—a has the bounded division property if and only if
|| # 1, and that in this case an expansion function is

A =faehraifle] <1,
) A=la ™) a if|al > 1.

a

Therefore, a polynomial P(x)e C[x] has the bounded division property if and only if
it has no roots on the unit circle.

Since f is a Pisot number, its minimal polynomial p(x) has no roots on the unit
circle. Thus, it has the bounded division property. In fact, f = f, > 1 is the only root
outside the unit circle, so the results of the previous paragraph imply that the bound
(7) holds for the constant C = C,.

COROLLARY 2. Assume that f is a Pisot number. Let H be the maximum of the
absolute values of the coefficients of the minimal polynomial p(x). Then the entries of
admissible m-blocks are bounded in modulus by C,, where

C, = CHm+CH+1; 8)

here C is the constant in (7) and m is the degree of the minimal polynomial p(x) of f.

Proof. Consider the sequence of transformations specified in Corollary 1. The
fundamental relation is applied b,_,, times at the leftmost (m+ 1)-block of &; then
b, _,.., times at the leftmost-but-one (m + 1)-block of the resulting sequence; etc. The
integers b, are the coefficients of a quotient polynomial f/p, where f has all coeflicients
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in 0, —1, 1, so by Proposition 8 each b, satisfies |b,| < C. Applying the fundamental
relation once (either in the forward direction or the backward direction) changes
entries by at most H (in absolute value), so applying it b, times changes entries by at
most CH. Moreover, an entry is changed only if its position is in the current (m+ 1)-
block. Since no position is in the current (m+ 1)-block more than m+1 times, it
follows that the maximum amount by which it can be modified is no more than
CH(m+1). Therefore, since the entries of the original sequence ¢ are either 0 or 1,
entries in intermediate sequences cannot be more than 1+ CH(m+ 1) or less than
—CH(m+1).

Next, we discuss the problem of explicitly enumerating the set .o/ of admissible
m-blocks. By Corollary 2, .o/ is contained in the set of m-tuples with entries in
{—Cy, —Cy+1,...,C,}. Unfortunately, even for Pisot numbers of small degree m, C}"
may be fairly large compared to the cardinality of .7 (see the table below) and so a
brute force search of the set of all such m-tuples may be needlessly lengthy. A much
more useful test seems to be that provided by the following lemma.

LEMMA 5. Ife=¢,...8, is an admissible m-block, then
—(1=0"< )Y 0 <0m"(1—-0)"
i=1

Proof. 1If an application of the fundamental relation changes a sequence
0,0, ...9, of integers to an equivalent sequence 00, ...d,, then Y J,6” = Y 9/6’. Now
recall that admissible m-blocks occur only in intermediate sequences of canonical
transformations of equivalent sequences of zeroes and ones, and that in these
canonical transformations, the fundamental relation is applied repeatedly, left to
right. Consequently, if ¢ = ¢,¢,...¢,, is an admissible m-block such that ), ¢,607 >

o ¢, then the ‘excess’ Y ¢&,6’—) " 6’ cannot .be greater than ) 7, Q", becauge
this excess must eventually be ‘transferred’ to the right of the m-block. Similarly, if
7,607 <0, then this “deficiency’ cannot be less than —) * 6/, because it must

eventually be compensated by the terms to the right of the m-block.

Thus, .« = %4, where 4 is the set of all m-blocks with entries bounded in modulus
by C, such that the inequalities of Lemma 5 are satisfied. Let b = b,b,...b,, and
b’ = b, b;...b,, be elements of %. Write

b— b’

if b’ can be obtained from b by (1) appending either a 0 or a 1 to the end of b, then
(2) applying the fundamental relation to the resulting (m+ 1)-block either —b, or
—b,+1 times, and finally (3) deleting the entry at the beginning of the transformed
(m+1)-block. For example, if the fundamental relation is 100 ~ 011, then 20 —» 12
(20:201:112:12), but 21 » 01. Observe that for a given m-block b there are at most
four m-blocks b’ such that b—b’".

LEMMA 6. An elementb of % is an element of o/ if and only if there is a finite chain

b(l) b® b b

in which both endpoints b and b are sequences of zeroes and ones.
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TABLE 1

B p(x) || Cy(B)
1.618 x*—x—1 8 21.6
1.325 x*—x—1 200 949.5
1.466 x*—x2—1 68 417.0
1.755 3 2xt4x—1 28 310.5
1.839 x¥—x?—x—1 14 128.1
1.380 x*—x*—1 1702 28288.8
1.866 x*'—2x*4+x—1 92 3535.6
1.905 x*—x*—2x%+1 154 4790.6
1928 x'—x®—x?—x—1 24 1398.2

Proof. This is a direct consequence of Corollary 1 and the discussion following.

Write b— b’ if b’ — b. Note that b - b’ if and only if b’ can be obtained from
b by (1) prepending either a 0 or a 1 to the beginning of b, then (2) applying
the fundamental relation to the resulting (m+1)-block either —b, or —b,+1
times, and finally (3) deleting the entry at the end of the transformed (m+1)-
block. Again, for a given m-block b there are at most four m-blocks b” such that

bob. Moreover, the conclusion of the preceding lemma holds with all the arrows

— replaced by 5.

We may now give an algorithm for determining the admissible m-blocks.

ALGORITHM. Set o7’ to be the set of all m-blocks with 0—1 entries. Update .«#” by
appending to it the set of all b’e# such that b— b’ for some be.o/’. Continue
updating ./ in this manner until it stabilizes. Next, set .o/” to be the set of all 0, 1

m-blocks. Update .o/” by appending to it the set of all b’e % N .o/’ such that b Sy
for some be.o/”. Continue updating ./ in this manner until it stabilizes. Finally,
of =",

Table 1 shows all Pisot numbers between 1 and 2 of degree at most 4 whose
minimal polynomial has coefficients at most 2 in absolute value, together with the
cardinality of ./ and the value of C,,.

The following result will not be needed in the analysis to follow, but it is essentially
equivalent to Proposition 7.

PROPOSITION 9. There is a deterministic finite automaton M such that the language
accepted by M is the set of all finite sequencesy = y, v, ...y, with entries y, = (&,, &;) such
that ¢ ~ ¢, where

’
n*

— /o 4 ’
£=2618y...8,, & =&&...¢

See [13, Section 2.2] for the definition of a finite automaton and the language it
accepts.
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6. Counting equivalence classes by matrix multiplication

We shall now show that the cardinality of the equivalence class of a given
sequence of zeroes and ones may be represented as a certain natural matrix product.
Two matrices, which we shall call M, and M,, are involved in these products. The
rows and columns are indexed by the set .o/ of admissible m-blocks. By the results of
the preceding section, if § = f3,, is one of the simple Pisot numbers, then the admissible
m-blocks are the sequences of length m with entries in {—1, 0, 1, 2}, subject to the
restrictions that (1) any 2 that occurs must be followed only by zeroes and preceded
only by ones; and (2) any — 1 that occurs must be followed only by ones and preceded
only by zeroes. Note that for the case of the golden ratio f, there are eight such
sequences,

0,0, (1,0, (O,1), (1,1), (1,2), (O,—-1), (2,0), (—=1,1).

In general, entries of the matrices M, are zeroes and ones; they indicate whether
transitions between the various m-blocks can be made when i is the entry immediately
to the right of the current m-block. Allowable transitions may be described as follows.
(1) If the leading entry of the current m-block is a 0 or 1, the transition that
concatenates i to the m-block at the end and deletes the initial entry is allowable.
Thus, for example, when S = f,, the transition (1,0)— (0,7) is allowable. (2) A
transition that concatenates i to the m-block at the end, then applies the fundamental
relation an integral number of times to the resulting (m+ 1)-block, then deletes the
initial entry is allowable if and only if the deleted entry is a 0 or 1 and the resulting
m-block is admissible. For example, when f=pf,, if i=1 then the transition
(2, 0) = (1, 2) is allowable, but (2, 0) — (0, 1) is not, because the deleted initial entry
in the latter case would be a 2, noris (1, 1) — (2, 2), because (2, 2) is not an admissible
m-block.

Note that although the matrices are large (8 by 8 in the case of the golden ratio
and correspondingly larger for the other ,,) they are ‘sparse’: for each block b and
each i = 0, 1 there are at most two blocks 4" such that the entry M,(b, ") is 1. Thus,
to describe M, it is easier to make a list of allowable transitions than to write out the
entire matrix.

ExXAMPLE. f = p,.

Table 2 shows the allowable transitions.

TABLE 2

M, M,
From To From To
(0, 0) 0, 0) 0, 0) 0, 1)
0, 1) (1.0) (0, =1 o, 1) (1, 1) (0,0)
(1, 0) 0,0) (1,1) (1, 0) 0, 1) (1,2
1, 1) (1, 0) 1, 1) (1, 1)
2,0 (1, 1) 2,0 1, 2)
(1, 2) 2, 0) 1, 2)
©, —1) 0, —1) (=1, 1)
(=10 0, —=1) (=11 0, 0)
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Notice that in M|, there are no allowable transitions from the m-block (0, —1).
This is because a — 1 must always be followed by a 1 in an m-block. But notice also
that there is an allowable transition from (0, —1) in the matrix M,.

PROPOSITION 10. Let & = ¢,¢,...¢,,,, be an arbitrary sequence of zeroes and ones.
Then the number of sequences of zeroes and ones equivalent to ¢ and ending in the m-
block b, = &¢; ..., is the (by, b,)th entry of the matrix product M, M, ..M, .,
where by = &,¢&,...¢,,

It obviously follows that the total number of 0—1 sequences equivalent to ¢
is the sum over all m-blocks b, of the (b,,b,)th entries of the matrix product

L T N

Proof. We prove a slightly more general statement, specifically, that for any
admissible m-blocks b,, b, the (b,, b,)thentry of M, M, ..M, isthenumber of
allowable left-right transformations of the sequence b¢,,.;Emss .- €nem €0AIng in a
sequence whose first n entries are zeroes and ones and whose last m entries are the m-
block b,. The proof is by induction on n > 1. The case n = 1 is easily checked: the
matrices M, and M, were defined in such a way that this would be true.

The induction step is also easy. Assume that it is true for all integers less than n
and let ¢ =¢,¢&,...¢,., be a sequence of zeroes and ones. Then we know by the
induction hypothesis that the number of canonical (left-right) transformations of the
sequence by&,, .1 Emes - - - Ensim_1» that move the ‘cursor’ n—1 steps to the right and result
in a sequence beginning with n—1 zeroes and ones and end in a given block b, is the
(b, D)thentry of M, ..M,  .To obtain the number of canonical transformations
of by&,s1Emss --- €, that move the cursor n steps to the right and transform the final
m-block to b,, partition the count by the possible values of the next-to-last m-block
b (when the cursor is n—1 units to the left). Regardless of the steps taken to reach b
the number of ways to go from b to b, is given by the (b, b,)th entry of M, ., again
by the induction hypothesis. (Notice that, once the first 7 — 1 steps of the substitution
sequence have been made, the first n— 1 entries of the resulting transformed sequence
play no further role, since the cursor has now moved to their right. Therefore, even
though different substitution sequences may result in transformed sequences with
different initial (n— 1)-blocks, as long as they result in the same m-block b to the right
of the cursor the number of ways to complete the transformation will be the same for
each.) Finally, summing over all possible m-blocks b and using the definition of
matrix multiplication one obtains the desired equality, completing the inductive phase
of the proof.

It now follows that the asymptotic behavior of the random variable 7,(¢) when
€15, ... 18 @ sequence of i.i.d. Bernoulli-: random variables is determined by that of
the random matrix product

I, =M,

n Cm+1” Cmt2 én

The asymptotic behavior of these random matrix products is in turn described by the
Furstenberg—Kesten theorem ([10]; also [4, Chapter 1]). This theorem implies that

o1 .
lim —log |TT, | = 4, ©

n— oo
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where

.1
A= lim ZElog 1T

n—o0

al

is the ‘top Lyapunov exponent’ of the sequence IT,. Neither the convergence nor the
value of 4 is affected by the choice of norm.

If the entries of I1, were eventually positive, with probability 1, then not only the
norm but also the individual entries would grow exponentially at the rate A. This is
not the case, however. For example, examination of the entries of M, M, in the case
B = B, (see above) shows that the (1,1) and (1,0) columns of I, cannot both have
positive entries. But the (Euclidean) norms of the rows do grow exponentially at rate
A, as the following result shows. For any be o7, let u, be the vector with bth entry 1
and all other entries 0.

PRrROPOSITION 11.  For each be o/, we have

lim [ IT, | = &’

n—oo

Proof. First, we shall argue that for each pair b, b’ of admissible m-blocks there
exists a sequence i, i, ... i, of zeroes and ones such that the (b, b’) entry of M; M, ... M,
is positive. Write b — b’ if there is such a sequence. Let b, b” be arbitrary admissible
m-blocks. By the definition of .o7, for each be .o there exist m-blocks b”, b” with
0-1 entries such that b—b” and b” —b. Consequently, it suffices to prove the
contention only for pairs of m-blocks b, b’ with all entries in {0, 1}. But if b, b” have
only 0—1 entries, then it is certainly true that b — b’, because all the m-blocks in the
concatenation bb” are 0—1 m-blocks and are therefore admissible; and hence, if b’ =
Iyiy...1,, then the b, b entry of M; M, ... M; is positive.

Next, we shall argue that with probablhty "l there exists an admissible m-block b
(possibly random) so that

liminf |, TT, ||V > ¢’ (10)

n—o0

Since the entries of IT, and u, are all nonnegative, and since ) _,_, u, is the vector with
all entries 1, it follows that ||}, u IT,|| > |[I1,]. Consequently, by the Furstenberg—
Kesten theorem, there exists an admissible m-block b such that

limsup ||uy IT, ||V = €.

n— o0

But since [|[TT,[|" — e*, an elementary argument shows that lim sup may be replaced
by liminf in the above equation.

The proposition follows from the results of the last two paragraphs. Choose an
admissible m-block b, such that, with positive probability, (10) holds for b = b,,. Fix
any be.oZ; then by the result of the first paragraph (and the fact that the matrices in
the product IT, are i.i.d.) there exist (random) N, < N, < ---such that the b,th entry
of uy HN], is a least 1. Hence, for each j =1, 2,... and each n > 1, we have

” ul/) HNﬁ—n H > ” ul;* H;i Hx\'j+n|‘ .



RANDOM SERIES IN POWERS OF ALGEBRAIC INTEGERS 645

Now consider the sequence of sequences {u,_ H;}i HN}_M}WD for j=1, 2,.... By the
Kolmogorov 0—1 Law, this sequence is ergodic, since the invariant g-algebra is
contained in the tail g-algebra of the sequence ¢,, ¢&,,.... Moreover, by the choice of
b,, the probability that (10) holds for any one of these sequences is p > 0.
Consequently, by the Birkhoff ergodic theorem, with probability 1 there exists j > 1
such that

o PR ;
lim inf [|uy, l'INj IT, = e’

1/n
']-+n H

n—o0

The proposition now follows directly from this and the last displayed inequality.

Let .7, be the set of all admissible m-blocks with only 0—1 entries, and let v =
Dbews, Uy Let 1=, u, be the vector with all entries 1, and let w = 1—v.

COROLLARY 3. For each be o, we have

lim (uy I, v)'" = €.

Proof. Recall that for each be .o/ there exist a finite 0—1 sequence i, = i,7,...1;,
and an admissible m-block b” with 0—1 entries such that the (b,b") entry of M, M, -
M; is at least 1. Moreover, there exists K < oo such that the length J of the string i,
satisfies J < K for all be.oZ, because there are only finitely many be.«/.

Let u be a vector with nonnegative entries, not all 0. For each k > 1 let b® € .o/ be
such that the b entry of «'II, is maximal. (Note that b*’ is random.) For each
k =1 it may happen, with probability at least 27%, that ¢, = i, V1 <j < J, where
iyi,...i,1sa 0—1 sequence as in the previous paragraph, for b = b®. Denote this event
by G,. Since P(G,) = 27 for each k, and since the events G, G,, ... are independent,
the Borel-Cantelli lemma implies that

P(UpzE .G i0.)=0.

k=n—y/'n

We shall argue that on the event J;-X , G,,

k=n—/n

4
Lo o1,

(11)

/" max TREA

n—vn<ksn H

This will prove the corollary, because by the preceding proposition [ IT,||Y" — €%,
and, by Lemma 7 below,

limsup max | IT*IL, Y < 1.
n—o0 n—/n<k<n

On the event G,, there is at least one b’e.oZ, and 1 < J < K such that the b’ entry
of u'Tl, , is at least as large as the b entry of «'IT,. Since b’ € o7, there is at least one
b” €./, such that the (b’,b”) entry of IT, ], IT, is at least 1. Consequently,

Wil v = u' I, uy, = o' T ue = u/IL | /]2,

the last inequality because of the choice of b*’. On the other hand, no entry of «'IT,
can be larger than ||u'IT,|| |IT,*IT,|, and hence

[ TL, || < 1./ [l TL || [T I, |
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The inequality (11) follows from the last two displayed inequalities.

LEmMA 7. limsup,_,  max ITLIL, | Y < 1.

n—y/n<k<n

Proof. Recall that the random matrices M, can assume only two values, so

E|M, |l = p <co. Now each IT;'I1, is the producIt of independent copies of M, , so
for any n—+/n < k < n and any ¢ > 0, Markov’s inequality implies that

P{ITGIL | > (148)" < p¥"(1+e)7™"

The probability that |IT;*IT,| > (1+¢)" for some n—+/n < k < n cannot be more
than /n times this. Because ) ,(vn)p¥"(1+e) ™" <oo, it follows from the
Borel-Cantelli lemma that, with probability 1, we have

max I [ > (14¢)"

n—yn<k<n

for only finitely many n.

THEOREM 3. Let A be the top Lyapunov exponent for the sequence I1, of random
matrix products defined above. If ¢ = ¢, &, ..., where &,,¢,, ... are i.i.d. Bernoulli-} then,
with probability 1 we have

lim 7, (e)V/" = Le* = a. (12)

n—o0

Notice that this proves Theorem 1 in the special case p = 1.

Proof. By Proposition 10, the cardinality of the equivalence class of ¢,¢,...¢, is
upI1, v, where b=¢¢,...¢,. Consequently, n,(¢) =2"u,I1,v. By the preceding
corollary, 7, ()" — €*/2.

7. Calculating the weight of an equivalence class

For values of p other than 1 the probabilities 7 ,(¢) cannot be obtained merely by
enumerating the equivalence classes of the various sequences. Nevertheless, it is still
possible to represent them in terms of a matrix product, with matrices similar,
structurally, to those used to enumerate the classes.

Lete =¢,¢,...¢, be a given sequence of zeroes and ones; its probability under the
Bernoulli-p measure is p®©@¢" 5, where S(¢) = )., ¢, is the number of ones in .
Observe that not all sequences of length n equivalent to & have the same
probabilities: for instance,when = f3, the sequences 100 and 011 are equivalent, but
the first has probability pg* while the second has probability p3q.

Suppose in general that ¢ ~¢”; then by Corollary 1 there is a sequence of left-right
substitutions based on the fundamental relation, some positive and some negative,
transforming ¢ to ¢’. Every time a single positive substitution is made, the likelihood
of the sequence is multiplied by the factor (p/q)*, where x is the number of ones on
the left-hand side of the fundamental relation minus the number of ones on the right-
hand side. This is because each time the fundamental relation is applied (in the
positive direction) there is a net increase of x in the number of ones and a net decrease
of x in the number of zeroes. Similarly, every time a single negative substitution is



RANDOM SERIES IN POWERS OF ALGEBRAIC INTEGERS 647

made, the likelihood is multiplied by (¢/p)*. Hence the likelihood of ¢’ is p times the
likelihood of &, where p = (p/q)™* and N is the total number of positive substitutions
minus the total number of negative substitutions in the transformation from ¢ to ¢&’.

In the last section we defined matrices M, with 0—1 entries to indicate whether
transformations between different m-blocks could occur when the entry to the right
of the block was i. We found that the entries of products of these matrices give the
number of ways to do substitutions left to right on the original sequence and arrive at
given m-blocks. If we want to tally total likelihood (relative to the parameter p)
instead of cardinality, then instead of ones as entries we should put a positive number
indicating the (multiplicative) effect on likelihood. Thus, we redefine the matrices M,
and M, as follows. For admissible m-blocks b and b’ let the (b, b")th entry of M, be
zero when the transition b — b’ is not allowable ; p'q'~ when the transition is allowable
and no substitution is made in the transition; and p’q'~" x v when the transition is
allowable and a substitution is made, where v = (p/¢)" and [ is the number of
substitutions made in the transition (/ may be positive or negative). For example,

when f = f8,, we have Kk = —1, so the nonzero entries of M, and M, are as given in
Table 3.
TABLE 3
M, M,
From To Entry From To Entry
(0, 0) 0, 0) q (0, 0) 0, 1 p
0, 1) (1,0 q 0, 1) 1D P
0, 1 0, =1 a*/p 0, 1) 1,0 q
(1,0 0, 0) q (1,0 ©, 1 P
(1,0 11 p (1,0 1,2) P*/q
(11 (1, 0) q (11 1D P
(2,0 11 p (2,0 1,2) P*/q
(1,2 (2,0 q (1,2
0, -1 0, -1 (=L1) p
(=L D (O, =1 q°*/p (=L 1D (0,0 q

Note that the positive entries occur in exactly the same locations as for the
matrices defined in the previous section. The (0, —1) row of M, has no nonzero
entries, since there are no allowable transitions from this 2-block when the next entry
of the sequence is a 0, nor does the (1,2) row of M,.

For any admissible m-block b = ¢,¢,...¢,, define the (row) vector v, to have bth
entry p'q™ ', where i is the number of ones in ¢,¢,...¢,, and all other entries zero.
Define w to be the column vector with entries 1 for admissible m-blocks with no
entries — 1 or 2, and all other entries 0.

PROPOSITION 12. Let ¢ =¢,¢,...¢, be a sequence of zeroes and ones, and let
b, =¢,8,...¢,. Then
m,(e) = v, M,

m+1” T Emte

M,ow.
n

The proof is virtually the same as that of the corresponding result in the previous
section. There are analogues of all the results of the preceding section. Let A be the
top Lyapunov exponent of the sequence II, = M, M, , and let u,, be.o/

Em+2 n

and v = )., u, be defined as in Proposition 11 aﬁZiHCorollary 3.
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ProPOSITION 13.  For each bes/,, we have

lim (u IT, )V = €.
THEOREM 4. Let A be the top Lyapunov exponent for the sequence 11, of random
matrix products defined above. If ¢ = ¢,¢,..., where ¢,,¢,...are i.1.d. Bernoulli-p, then
with probability 1 we have

lim 7, (e)" = e* = a. (13)

n—oo

This completes the proof of Theorem 1.

It should now be clear how to modify the approach for other 0—1 stochastic
sequences, in particular, k-step Markov chains. If k£ > m then it is necessary to index
the rows and columns by (k+ 1)-blocks rather than m-blocks, to keep track of the
likelihoods involved. It should also be clear that the whole approach could be adapted
to sequences of random variables valued in other finite subsets of Z than {0, 1}.

8. Computing the Lyapunov exponent

Computation of Lyapunov exponents is a difficult problem, even for small
matrices. However, because of the special structure of the matrices arising in Sections
6 and 7, computation to a reasonable degree of accuracy is possible for simple Pisot
numbers f,, of small degree m. In this section, we restrict our discussion to the cases
p=p,, with m = 2.

Fix a value of the Bernoulli parameter p and let ¢,,¢,,...be i.i.d. Bernoulli-p
random variables. Let M, and M, be the matrices defined in the preceding section.
Our problem is to calculate the top Lyapunov exponent of the sequence

I,=M M, ..M,.

By Proposition 13, for any vector u with nonnegative entries, not all 0, we have

A= lim %log [|aIT,|. (14)
A propitious choice is the vector u with (0,0, ...,0) entry ¢, (1,1,..., 1) entry p, and
all other entries 0. (Recall that the rows and columns of the matrices M, are indexed
by admissible m-blocks, hence so are the entries of row vectors.)
The reason for the peculiar choice of « is that the random sequence of vectors ull,
visits the ray through u infinitely often.

LEMMA 8. Let T be the infimum of the set of integers n = 1 such that ull, is a scalar
multiple of u. Then
ET <00,

in particular, T < oo with probability 1.

The proof will be given later. In fact, we shall obtain an explicit algebraic (in p)
expression for ET: thus, for instance, when m = 2 and p = 4, then ET = 12.
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The existence of such a stopping time allows one to re-express the Lyapunov
exponent in a simpler form. The vector ull, is a scalar multiple of the starting vector
u. Since scalars may be factored out of matrix products, this implies that the process
ull, effectively ‘regenerates’ at time 7 specifically, the law of the sequence

unT+n
b
([T |

is the same as that of the original sequence uI1, with n > 0. It follows that there are
infinitely many times at which uIl, is a scalar multlple of u; label these times T, =
0<T,=T<T,<T, < <oo.Ateach of these times the sequence regenerates. For
each n > 1, we have

=

1 é [ul,, |
Tlog [ully || = Z log HTT

n n] 1

and the summands are i.i.d. with finite expectation (this because ET < o0). Dividing
numerator and denominator by n and using the strong law of large numbers on each,
one obtains the limit in (14) along the subsequence 7, as a ratio of expectations. But
we know the limit in (14) exists, by the Furstenberg—Kesten theorem, so the limit of
the whole sequence must be given by the same ratio of expectations. (Notice that a
standard argument shows that the limit exists without reference to the Furstenberg—
Kesten theorem.) We summarize this in the following corollary.

COROLLARY 4. We have

Elog ull,|

f=—-"""" 15

g (15)
a Elog |ull, |
og |jull,

—_— el Tt 16

(log®) ET (16)

Since we have an exact expression for ET, only the expectation in the numerator
requires estimation. Unfortunately, no further simplification seems possible: the
numerator can only be estimated by simulation or summation over paths. It should
be remarked, however, that this is a significant improvement on the crude
representation of 4 as lim, , »n™! Elog ||I1,|, because, in general, one cannot say how
fast the convergence in this limit is.

The numerator may, in general, be estimated by simulation with very little effort.
Greater or lesser precision may be obtained by adjusting the number of replications.
To obtain estimates with accuracy (to confidence level .99) to within +.002 requires
on the order of one million replications (depending on the values of p, m). Results for
m = 2 and various values of p are reported in Table 4.

TABLE 4

)4 dimension  estimated error
.5 .9954 .0008

4 .9868 .001

3 9501 .002

2 .8499 .004

1 .6085 .008

.05 .3877 .003
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We have conducted simulations for all rational values of p between 0 and .5 with
denominators less than 12 and also for .01, .02, ...,.09; these seem to indicate that the
dimension is a strictly increasing function of pe(0,.5]. As yet we have no rigorous
argument for this conjecture.

Proof of Lemma 8. We shall discuss only the case m = 2, the general case being
completely similar but requiring more cumbersome notation. Thus, u is the vector
with (0, 0) entry ¢, (1, 1) entry p, and all other entries 0.

Let u, =ull,. We shall say that any admissible 2-block for which the
corresponding entry of u, is positive occurs in u,. Not all admissible 2-blocks may
occur simultaneously in u,: for instance, 11 and 10 cannot occur simultaneously.
However, all admissible m-blocks may occur in some u, (see the proof of Proposition
1).

Since the random variables ¢, ¢,, ... are i.i.d. Bernoulli-p, the sequence must, with
probability 1, contain arbitrarily long blocks of ones. Consider what happens to the
vectors u, when such a long block of ones occurs. If either of the blocks (0, —1) or
(=1, 1) occurs in u,, then after one or two successive ones these blocks will be
converted to the block (0, 0). If either of the blocks (2,0) or (1,2) occurs in u,, then
after one or two successive ones they will be ‘killed’. If any of the four blocks with
no 2 or —1 entries occurs in u, then after either one or two successive ones all will
be converted to one of the blocks (0,0), (0,1), (1,1). Consequently, regardless of
which blocks occur in u,, if ¢, , = ¢,., = 1 then only 00, 01, and 11 can occur in u,, ..
Moreover, the blocks 00 and 01 cannot occur simultaneously. Note that if the two
blocks that occur in u,_, are 00 and 11, then if ¢,,, = 1, the blocks that occur in u,,,
must be 01 and 11. Thus, with probability 1, for some n the vector u,, will have positive
entries in the 01 and 11 entries and all other entries zero.

Now consider what happens when u,, has positive entries in the 01 and 11 entries
and all other entries zero, and ¢, , = ¢,., = 0. Using Table 2 in Section 6, one easily
verifies that u, ., must have 11 entry pg(u,(01)+u,(11)), 00 entry ¢*(u,(01) +u,(11)),
and all other entries zero. Thus, u,_, is a scalar multiple of u.

The arguments of the last two paragraphs show that, depending on the
composition of u,, a regeneration will occur if either (a)¢,., = 1 and¢,,, =¢,,; =0,
or (b) ¢,,,=¢,,,=1 and ¢,,,=¢,,, =0. Elementary arguments show that this
must happen eventually, with probability 1; in fact, that the expected time until it
happens is finite.

The preceding argument shows that the regeneration event is determined by the
set of admissible m-blocks that occur in a given u, and the subsequent pattern of
zeroes and ones in the sequence ¢;, but not on the actual coefficients of the m-blocks
that occur in u,,. It follows that T'is a stopping time for the Markov chain whose state
at any time 7 is the set of admissible m-blocks that occur in u,. It follows from
elementary Markov chain theory that ET may be computed by solving a simple
matrix equation. In the special case m = 2, there are 7 distinct sets of admissible m-
blocks that may occur simultaneously in u,,; the transition probabilities between these
sets are easy to write down, and the resulting matrix equation is easily solved via
Mathematica. This yields the identity (when m = 2)

—2—p+p’

ET = - . 1
—p+2p*—2p*+p* (a7
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Similar formulas may be obtained for arbitrary m, although the size of the matrix
equation that must be solved grows with m.

9. The associated graph

In this section we indicate another approach to the representation of the
probabilities 7,(¢) by matrix products. This approach is essentially geometric in
nature, relying on simple properties of a natural graph associated with the Pisot
number fe(1,2). In the special case when f is the golden ratio, this graph is the
‘Fibonacci tree’ exploited by Alexander and Zagier [2].

The (directed) graph I' = (77, &) is defined as follows. The vertex set ¥~ is the
union of countably many finite sets ¥, with n > 0; the elements of 7, are the possible
sums x,(¢) = Y.r_,¢,0,, where ¢ is a 0-1 sequence. The (directed) edges connect
vertices at depths n and n+ 1: there are edges from x,,(¢) to x,,,(¢) for every eeZ, and
no others. To each edge from x,(¢) to x,(¢)+0"*" attach weight p, and to each edge
from x,(¢) to x,(¢) attach weight ¢ = 1 —p.

For any two vertices x,(¢), x,(&") at the same depth n, define their distance
p(x, (). x,()) by

P(x, (), %)) = B x,(8) —x, ()]

Fix a constant x > 20/(1—0). For any vertex x,(¢) define its neighborhood
N (x,(€)) = N(x,(e)) to be the set of vertices x,(¢") at the same depth such that
p(x,(e), x,(¢)) < k. Say that two vertices x,(¢), x,(¢") (not necessarily at the same
depth) have the same neighborhood type if there is a bijective mapping between
N (x,(¢)) and A (x,(¢)) that preserves the distance function p.

PROPOSITION 14.  There are only finitely many neighborhood types, that is, there is
a finite set of vertices & such that every vertex of I has the same neighborhood type as
one of the vertices in & .

REMARK. The reader should notice the similarity with [5, Theorem], concerning
the Cayley graph of a finitely generated, discontinuous group of isometries of a
hyperbolic space.

Proof. This follows from Garsia’s lemma, which implies that there is a lower
bound d on the p-distance between distinct vertices in any neighborhood. Consider
the neighborhoods 4" of a vertex x,,,(¢) and 4" of the vertex x,(c"¢) (here o is the
shift operator). There is a distance-preserving injection A4"" — /", because there is a
copy I'” of the graph I' embedded in I' emanating from the vertex x,(c"¢).
Consequently, for any sequence ¢ = &,¢,...€X and each n > 1 there is a chain of
distance-preserving injections

N (6 (07 7)) > N (0" 28)) ——> .. > N (5, (&),

By Garsia’s lemma, all sufficiently long chains must stabilize, that is, there is a finite
integer k such that all the injections after the kth in any such chain must be bijections
(if not, there would be neighborhoods with arbitrarily large cardinalities). It follows
that there are only finitely many neighborhood types.

Let 7 be the (finite) set of possible neighborhood types.
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For any vertex x,,,(¢) at depth n+1 > 1, let B(x,,,(¢)) = 7, be the set of all
vertices at depth n from which emanate directed edges of I leading into .A"(x,,.,(€)).

LeMMA 9. B(x,.4(¢)) = A (x,(¢)).

Proof. Observe that for any vertex x,,,,(¢") at depth n+ 1 there are at most 2, and
at least 1, directed edges from V) to x,.,(¢). If ¢/, = 1, then there must be a p-edge
from x,(¢") to x,.,(¢"), and there may be a g-edge from some x,(¢”) to x,,,(¢); if
¢, = 0, then there must be a g-edge from x,(¢") to x,,,(¢"), and there may be a p-edge
from some x,(¢”) to x,,,(¢"). Consequently, B(x,,,(¢)) is finite.

Now consider any directed edge from a vertex x,(¢) € V, leading into A4 (x,_,(¢)).
Depending on whether it is a p-edge or a g-edge,

Ix, (&) + 0" —x, (&) —e, ,, 07| < 10" < 202 /(1 —0)
or
1X,() = x,(8) —&,,, 0" < kO™ < 20"*2/(1-0).

In either case,
prlx,(e)—x,(e)] < 0+20%/(1—0) <20/(1-0) <k,
since x > 20/(1—10).

COROLLARY 5. For any 0-1 sequence &=¢,&,..., the neighborhood type
N(x,.1(€)) is determined by the neighborhood type N'(x,(e)) and the entry ¢,,,.

For any infinite 0—1 sequence ¢ and each n > 1, define Y, (¢) to be the vector of
probabilities
Y. (&) = (). v,
where the entries are indexed by the elements of .4"(x,(¢)) (for each element x,(¢") of
A (x,(¢)), choose one representative ¢” and let 7,,(¢”) be the entry for that element). The
probabilities 7,(¢) are computed under the Bernoulli-p measure (the measure on
sequence space X making ¢,,¢,,...,1.1.d. Bernoulli-p random variables).

LemMA 10.  There exist nonnegative matrices L ,, for /'€ andi=0,1, such
that for every 0—1 sequence & and every n = 1, the identity

Y, q(e) = L,/l'"(:vn(s)),snﬂ Y, (e) (18)
is satisfied.

Proof. For any sequence & = ¢ é&,...the probability =,.,(¢") is obtained
by summing the probabilities of all sequences ¢” such that x,,,(¢") = x,,,(¢). In
geometric terms, 7,,,,(¢) is obtained by summing all 7, (¢") w for depth-n vertices x,(¢")
such that there is an edge from x,(¢’) to x,,,(¢); and w = p or ¢, depending on the
weight attached to the edge. Note that there are at most two, and at least one, terms
in this sum. Moreover, by (9), the factors x,(¢’) in the two terms are both entries of
the vector Y,(¢). Itis clear that these equations may be written in the matrix form (18),
with the matrix L -, (,, . having rows indexed by elements of A"(x,,,(¢)), columns
indexed by elements of .A"(x,(¢)), and entries 0, p, 1 —p.

Note that this argument used the assumption that g is a Bernoulli measure.
Generalization to arbitrary shift-invariant measures on X would seem to be
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problematic. However, if x4 is a Markov measure (that is, under u the coordinate
process &, &,, ... is a k-step Markov chain for some k < o0), then there is an obvious
generalization of Lemma 10. We refrain from giving the details.

Lemma 10 provides a representation of the probability vector Y,(¢) in terms of
matrix products, but, unfortunately, the matrices need not be square. Nevertheless,
it is possible to use the theory of random matrix products to determine the asymptotic
behavior of the sequence Y,(¢). The idea is to embed the vectors Y, (¢) into vectors
Y, (&) whose entries are indexed by elements of the union % of all possible neighborhood
types 7€ 7, and to embed the matrices L - ; (as blocks) into matrices 4 with rows and
columns indexed by elements of 4. The entries of Y, (¢) are all zero except for those
indexed by elements of the neighborhood type ./7(x,(¢); these entries have the same
values as the corresponding entries of Y,(g). Then Lemma 10 implies that Y, ,(e) =
% Y,(e), and consequently, we have the following result.

en+1

ProposITION 15.  If n >k, then
Y =% % % Y. 19)

‘n—1

Proposition 15 provides another representation of 7,(¢) in terms of a random
matrix product (recall Propositions 10 and 12), as the value of 7,(¢) is one of the
entries of the vector Y, (¢). Although this representation is in some ways more natural,
and easier to derive, it seems less useful for actual computations. This is because the
matrices % are, in general, much larger than the matrices in the products in

K3

Propositions 10 and 12, and enumeration of the neighborhood types may be
practically more difficult than the enumeration of the admissible m-blocks for a

given f.
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