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0. INTRODUCTION

A recent paper by Parry [11] begins:

For some time now, in fact probably since Selberg’s paper [16],
there has been a growing awareness of affinities between the
distribution problems of number theory and those of dynamical
systems.

Indeed, Margulis [10] announced that for the geodesic flow on a d-dimen-
sional compact manifold of curvature — 1 the number of periodic orbits 7
with (minimal) period 7(1) < x is asymptotic to e@ D*/(d — 1)x. This
result bears a striking resemblance to the prime number theorem. Parry and
Pollicott [12], following earlier work by Bowen [2, 4], generalized Margulis’
theorem to weakly mixing Axiom A flows, proving that #{: 7(1) < x} ~
e"*/hx, where h is the topological entropy of the flow. Sarnak [15] has
related results for the horocycle flow. Bowen [3] and Parry [11] proved
analogues of the Dirichlet density theorem for mixing Axiom A4 flows, e.g.,
if 7(G) represents the integral of the continuous function G over one period
of 7, then ¥ ), 7(G)/7(1) ~ (e"*/hx)[Gdp, where ji is the invariant
probability measure of maximum entropy.

This paper pursues an altogether different analogy, this between the
distribution problems for periodic orbits of Axiom 4 and symbolic flows
and those of classical probability theory. This analogy leads to theorems
which apparently have no counterparts in number theory. Moreover, it
leads to techniques quite different from those commonly used in studying
periodic orbits: in particular, there is no use of zeta functions or any of the
attendant Tauberian theorems. We do not believe that the main results of
this paper can be obtained by analyzing zeta functions. These results do,
however, make use of the groundwork done by Bowen in [4], which reduces
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the study of Axiom A flows to the study of (hyperbolic) symbolic flows
(called suspensions in [11] and [12]).

The main result is an analogue of the local limit theorem for large
deviations in classical probability. Let G,,G,,..., G, be real-valued con-
tinuous functions; for x;, x,,..., x, € # let —¥(x) = sup{ H(g): p in-
variant; (G, dp = x;, i =1,2,...,d}, where H denotes entropy.

THEOREM 1. Under certain conditions
#{1:0<7(1)—ax<8;0<7(G)—ax,;<8,i=1,...,d}

~ 7970+ /221 ) " det v 23(x)) C(x, 8) (0.1)

as a — oo. This holds uniformly in x locally.

The entropy —¥(x) plays the same role as the Kullback—Leibler informa-
tion function for analogous results in probability; ¥ *¥(x) may be inter-
preted as a Fisher information matrix.

It is obvious that some hypotheses on x and G,,..., G, are needed. If,
for example, G, = G, = -+ = G, =1, then (0.1) is false; if x,,..., x, are
sufficiently large or small then 0 < 7(1) — a < 8 may be incompatible with
0 < 7(G,) — ax, < §, since G,,..., G, are bounded.

Setting d = 0 in (0.1) leads to the “prime number theorem” for periodic
orbits of [10] and [12).

The next resuit is an analogue of the weak law of large numbers. It
improves the equidistribution theorems of [3] and [11].

THEOREM 11. Under certain conditions, if you choose T at random from
(1:0<7(1)—a<8;0<7(G)—ax;<8,i=1,...,d}, then

<e}—>1

as a = oo, for every € > 0 and every continuous function G, where fi, is the
invariant probability measure maximizing entropy subject to the constraints
JG.dp,=x;,i=1,...,d.

7(G) _
(1) deMx

Prob {

Setting d = 0, one sees that almost every periodic orbit is nearly uni-
formly distributed according to the maximum entropy measure.
There is also a central limit theorem.

THEOREM III. Under certain conditions, if you choose T at random from
{1:0<7(1)—a<80<7(G)—ax; <8, i=1,2,...,d} then for some
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¢, >0,
T(G) -]
1/2 _ - -2 1/2
Prob{a c"(—-_'r(l) deux) Zy} —+'/; e dt/(2m)

asa— oo, forally € &.

Theorems I-1II are stated more precisely for symbolic flows in Section 6,
and for Axiom A flows in Section 9. The important counting arguments are
in Sections 7 and 8: these rely on certain facets of the “thermodynamic
formalism” developed by Ruelle [14] (cf. also [15]). A brief resume of
“thermodynamic” results is given in Sections 1-3, and properties of the
thermodynamic functions are presented in Sections 4, 5. Nearly the entire
paper is concerned with the study of symbolic flows: the results for Axiom
A flows follow directly from the corresponding results for symbolic flows, in
view of the construction in [4].

Theorems II, III are familiar in the context of a much simpler dynamical
system than an Axiom A flow, to wit, the shift o on the space of sequences
[13{0,1}. “Periodic orbits” for this system come from sequences £ satisfy-
ing 0"¢ = £ for some n. The number of periodic orbits with minimal period
nis n7'Y anb(n/d )24, where p is the Moebius function; this is obviously
asymptotic to n~ 12" for large n. For an orbit of period n chosen at random
the fraction of 1’s is near 4 with high probability, by the law of large
numbers, and the probability that the fraction of 1’s is greater than
1 + 1yn~V2 is about [Pe~"'/%dt/(2m)"/2, by the Central Limit Theorem.
Thus, for this system some features of the distribution theory for periodic
orbits exactly coincide with the classical limit laws for Bernoulli sequences.

1. PRELIMINARIES: SHIFTS AND SYMBOLIC FLOwS

Forward Shift

Let 4 be an irreducible, aperiodic, / X / matrix of zeros and ones (/ > 1),
and let

= {ge ﬁ (1,2,...,1}: A(¢,, ¢,01) = l,VnEPZ’},

n= — oo

2= {£€ Eo{l,z,...,l}: A(g,. £,.,)=1,Vn em},

The spaces = ,, 37 are compact and metrizable in the product topology.
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Define the forward shift operators
60 2,2, and o ZEj->Z}

by (0¢),=¢,,., forall n€Z (n€ A). Observe that 6: 2, > 3, is a
homeomorphism, whereas o: £} — o, although continuous and surjec-
tive, is not generally 1-to-1.

Hélder Continuity

Let C(2,),C(Z}) denote the spaces of continuous, complex-valued
functions on = ,, 7. Define

var,(f) = sup{|f(§) = fF(§)|: §, = £, ¥Ijl <n}, feC(2y),
var, (f) = sup{[f(¢§) = fQ)|: ;= ¢, VO <j<n}, feC(Z}).

For0 <p <1,let

fl, = sup (var,f)/p*"*1,  fe C(Z,),

neN
1A, = sup (var, f)/p", fec(z}),
={fec(z):fl, < o},
= {fec(zi): 1N, < o}.

Elements of Z, ?p* are referred to as Holder continuous functions. The
spaces %, %" are Banach algebras when endowed with the norm(s)
h-l,=1-1, + || - llo- Note that &' is naturally embedded in %,
Symbolic Flow

For f € # a strictly positive function, define the suspension space

={(,&1): £€2,and 0 < 1 < f(8)),

with (£, f(£)) and (6£,0) identified for all £ € I ,. The symbolic flow under
f (sometimes called the f-suspension), written o/, is defined by

o/(&,s)=(&s+1), O0<s+1<f(¢):

note that when s + ¢ = f(§), the point o/(£, 5) = (£, f(£)) = (0£,0), so o/
is well defined for all t € #. Moreover, ¢/: 2/ - 3/ is a homeomorphism
for every t € &.
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Homology

Two functions f, g € C(Z,) (or C(Z])) are said to be homologous,
written f = g, if there exists h € C(Z,) (or h € C(Z})) such that

f—-g=hoo—h. (1.1)

Homology is clearly an equivalence relation.
For fe C(Z,) (or C(2})) and n > 0, define

n—1
S,f= X fee', nz1,
i=0
Sof = 0. (1.2)

Observe that if (1.1), then S,f— S,g =hoo6" — h; and if ¢"§ = §, then
S, f(§) = S,8(¢).
LEMMA A. IffE€Z thenf=f* for somef* € Fy..

For the proof, see [5, Lemma 1.6].

o/-Homology

Let ¢ be the infinitesimal generator of the semigroup on C(2/) induced
by the symbolic flow o/. Thus F € 2(¥) iff for every (£, 1) € =4,

li{r(}s“(FooE/(i, t)— F(§,t)) = 9F(¢,1)

exists, and 9F € C(Z/). Two functions G,, G, € C(Z) are said to be
o/-homologous, written G, = G,, if there exists F € 2(¥) such that

G, — G, = 9F. (1.3)

Observe that o’-homology is an equivalence relation; also, if (1.3) holds

then
ft

s=

(G, — Gy)ool/ds=Fog/ - F.
0
In particular, if G; = G, then G, — G, integrates to zero over any periodic

orbit of o/,

LEMMA B. Let G, G, € C(ZY), andlet g (&) = [{®G.(§, ) dt, i=1,2.
Then g, = &, iff G, = G,.

The proof is easy, and therefore omitted.
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Notational Conventions

Elements of #9*! (or #7*') will be denoted by boldface letters x,z, 8,
etc. Functions on 2, (or 2}) will always be denoted by lower case letters
f, g h, @, ¥, etc.; functions on T/ will be denoted by upper case letters F,
G, ®, etc. For functions fy, fi,..., f, on 2, (or ) = (fo, fro---s f2)
will denote the corresponding vector-valued function; for functions
Gy,...,G,on 24 G = (G,,G,,...,G,). The inner product on €% or €“*!
is denoted by (x|z). If B is a Hermitian matrix, then (x|B|z) = (x|Bz).

The set of bounded, Borel measurable, real-valued functions on £/ will
be denoted by B(Z/). Measures on =/ will be denoted by g, 7, etc,
whereas measures on 2 ,, 27 will be denoted by p, », etc.

2. RUELLE’S PERRON-FROBENIUS OPERATORS

For f, g € C(Z}) define Z;g € C(2) by

Zg(§)= L /9g().
$rof=¢

For each f€ %", the operator %;: %" — %" is a continuous linear
operator; if f is real-valued, then % is a positive operator. Observe that

for any f, g, 9 € C(2}) and any n € A,
Z/g(§) = Zje>U"9g(¢)
= X ep{Sf()}g().

{1 0"t=§

THEOREM A (Ruelle). For each real-valued f € .93;* there exists a real
number A, € (0, c0) which is a simple eigenvalue of £;: F — FF, with
strictly positive eigenfunction h,. Moreover, spectrum (Z)\{A;} is con-
tained in a disc of radius strictly less than A,.

Proof may be found in [5, 13, 14]. Bowen and Ruelle also prove

THEOREM B. For each real-valued f € % there is a positive Borel
measure v, on 25 such that £*v, = A v, and such that for all g € C(ZD),
Lrg /N — dvi|h

re/ (fz:g ! ) !

lim
n—oc

=0. (2.1)

-]

THEOREM C (Pollicott). Suppose f = u + iv, where u,v € %" are real-
valued.

(a) If for some constant a € [—w, w] the function (v — a)/2% is ho-
mologous to an integer-valued function, then e'*\ , is a simple eigenvalue of
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&, and the rest of the spectrum is contained in a disc of radius strictly less
than A .

(b) Otherwise, the entire spectrum of %, is contained in a disc of radius
strictly less than A .

The proof is given in [13].

Standard arguments in regular perturbation theory show that A, &/, »
are “analytic” in f, and that the convergence in (2.1) is locally uniform in
f, g. These arguments are carried out in Appendix 1. Assume that for all
real-valued f € Z#*

1= 1dy,
= h,dv
fz; A
= [ kv,
A
This normalization will be used implicitly in the perturbation arguments of

Appendix 1.
Observe that if f — g = @ — @ o0, then

Ly = e " (e),

hf= e_‘”hg,
dv, = e®dv,,
A=A,

3. GIBBS STATES, PRESSURE, AND THE VARIATIONAL PRINCIPLE

For each real-valued f € £ the measure u, defined by dp,/dy, = 4, is
a o-invariant probability measure on 2} which, because of the c-invari-
ance, extends to a o-invariant probability measure on Z ,, also denoted by
ppIff, g€ &' then p,=p iff f— g = constant (cf. [5, Theorem 1.28]);
otherwise u, L . (because p, p, are ergodic). The measure y, is called the
Gibbs measure for f. ‘

If f€ % then by Lemma A there exists f * € %= such that f=f*.
For any real-valued f € %, define

Byp= By, (3.3)
P(f)=P(f*)=loghA,.. (3.2)
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These are valid definitions because if f = f* and f= f,* as functions in
C(Z,), then f* =f* as functions in C(Zy), whence p» = p . and

A . = A *.
/i

13
Let # denote the set of o-invariant probability measures on £ ,, and for
p € F let H(p) be the entropy of the dynamical system (2 ,, o, p).

THEOREM D (Gibbs Variational Principle). For any real-valued f € #,
and any p € £,

P(f) = H(p) 2 [fd. (33)

Equality holds iff p = p.,.
See [5, Proposition 1.21 and Theorem 1.22).

THEOREM E. The pressure functional is convex, i.e., if f, g Eﬁ; are
real-valued and 0 < a < 1 then

Plaf+ (1 - a)g) <aP(f) + (1 - a)P(g).
Equality holds iff f — g is homologous to a constant.

This follows directly from Theorem D (recall that p, =p, iff f—g=
constant).

4. THERMODYNAMIC FUNCTIONS FOR THE SHIFT

Let f, fi,..-, f4 €%, be real-valued, and let f = (f,, f1,..., f,). For
z2=1(2¢,2),...,24) € R, define

B(2) = Bi(z) = P(<zIf)). (41)
In Appendix 1 we will show that B(z) is a real analytic function.

HYPOTHESIS A. If Y% ,a,f is homologous to a constant for some
ag, ay,...,a,€ER, thenag=a,= -+ =a,=0.

Under Hypothesis A, 8(z) enjoys the following properties:
(a) f;, > 0 = B(z) is strictly increasing in z;;
(b) B(z) is strictly convex on R4,
(¢) v 2B(z) is strictly positive definite, Vz € R+,
(d) vB: R4t - range (VB) is a diffeomorphism;
() VB@) = [fdp . V2 € R4
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Property (a) is apparent from the variational principle; property (b) follows
immediately from Hypothesis A and Theorem E; and property (d) follows
from (c). Properties (c) and (e) are known (cf. [14, Chap. 5, Ex. 5]). Proofs
may be found in [9}.

The Legendre transform y = y; of the convex function B; is defined by

v(x) = sup ((x|z) - B(z)). (4.2)

zeg(ﬁ-l

The function y(x) is convex on #° For x € & = VB(#“*"), the supre-
mum is uniquely attained at the value of z for which vB(z) = x, since
(x|z) — B(z) is a strictly concave function of z. The inverse function
theorem now implies that y(x) is smooth on # and differential calculus
therefore applies. Thus,

(f) Vy VB = identity on R+,
(g) VB VY = identity on B = VB(R*1);
() vB@) = x = VY(x) =z = Vy(x) = (VB(@)7;
(i) VB(z) = x = y(x) + B(2) = (x|z);
() VB@) # x = y(x) + B(2) > (x|z);
(k) VB@) = x = y(x) = —H(p(5)1,) < 0.
Property (k) follows from (e) and (i), together with Theorem D.

Unfortunately, it is difficult to describe the region %. However, it should
be noted that by (e)

d

BC I]:!)[

min f,, maxf;|.
zAf” z,f']

Define #* = (x € #9*1; x = [fdp, some p € #} where S is the set of
o-invariant probability measures on Z,. Since £ is convex and closed in
the weak-* topology, #* is closed and convex in #¢*!: in fact, it can be
shown (using Theorem E) that #* is the closed convex hull of #. Define

a(x) = sup{H(p,): pESL, ffdu = x}.

Then « is concave on #* (since H(p) is concave on £), and by (k)
a(x) = —y(x), xe€4.

Fix x € #9 and consider the function ¢ — ta(x/t), defined for all
t € X" such that x/t € #*. This set of ¢ is an interval, since #* is
convex. It is easily shown that ta(x/t) is concave in ¢ (if F(?) is concave,
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then tF(a/t) is concave Va € #*). Moreover, if x/t € 4, then
(dyat)(~ty(x/1)) = B(vy(x/1)), (4.3)
(a%/d*)(=ty(x/1)) = 7 Xx|v2y(x/1)ix) < 0. (44)
If there is a ¢t > 0 such that B(Vy(x/?)) = 0, then this ¢ is unique, and will

be denoted by ¢,.

Observe that if ¢, exists at some x = x*, then ¢, exists and is smooth for
x in a neighborhood of x*. For if B(Vy(x*/t,.)) = 0 then by (4.3), (4.4)
ta(x*/t) has a local maximum at ¢ = ¢}, and hence by the smoothness in

(x, t) of ta(x/t), there must be a local maximum ¢, of t — ta(x/t) for all x
near X *.

5. THERMODYNAMIC FUNCTIONS FOR THE FLow

Consider the symbolic flow (24, o/), where f € # is strictly positive.
For G, G, € B(Z)), let

g(£) = j(;f(f)G(E,t)dt,
g.(¢) = /I(E)Gi(é, t)dt.

0

(5.1)

Let #(Z/) be the set of G € B(Z/) such that g € %, where g is defined
by (5.1).

For G € Z,(Eﬁ) real-valued, define the pressure P;(G) to be the unique
real number such that

P(g - 2(G)f) =0, (5.2)

where P is defined by (3.2). Such a real number always exists, because
P(g—2z2f) > —o0 as z > c0 and P(g—zf) > o0 as z = —oo, since
f>0.

Let 4, be the set of g;-invariant probability measures on 3. There is a
1-to-1 correspondence between f and %, given by p © p iff

j;deﬁ=fzgdn/f2 fap, (5.3)

where g, G satisfy (5.1). Moreover, if H(ji, 0/) is the entropy of the flow
(24, 0/, ) for i € #, then

Hg,o!) = () f1an 54
(ct. [1], also [7]).
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THEOREM F.  For any real-valued G € #,(2}) and p € #,,

P,(G) - H(fi, o) > /Gd,:. (5.5)
Equality holds iff i = R, where i is defined by
fGl di; = fgl dp//fdu, VG, € B(2), (5.6)

b= g pG)f being the Gibbs measure for the function g — P,(G)f, and
g1, G, satisfy (5.1).

The proof of Theorem F will be given at the end of the section. The
measure ji; will be referred to as the Gibbs measure for G.

Note that in the special case G =0, ji; = ji, is the unique invariant
measure which maximizes entropy for the flow, and H(ji,, ¢/) equals the
topological entropy H *(o/) of the flow. Consequently, by (5.2)

P(~H*(a")f) =0. (5.7)
Next, let G,, G,,...,G, € #(24) be real-valued, let G =
1 &2 d (24

(G,G,,...,G,), and let g}, g,,..., 8, € % berelated to G,,...,G, as in
(5.1). Define the thermodynamic functions

E(Z) =:§G(z) =Pf(<z|G>)’ zE,@d, (58)
70 = o) = sup (xlz) - B@).  xe@t (59)

HypotHESIs A. If a, a,,...,a, € R are constants such that L% a,G,
= constant, thena, = a,= --- =a,=0.

By Lemma B, G satisfies Hypothesis A iff (f, g 80»---, 8y) satisfies
Hypothesis A. Under Hypothesis A, B¢ has the following properties:

@ G, >0= EG is strictly increasing in z;;

(b) B(z) is strictly convex on R

(€) Vv 2B(2) is strictly positive definite;

(d) vB: R — range (VB) is a diffeomorphism;

(€) vB@) = /G di 316y, V2 € 2.

Property (@) is an immediate consequence of Theorem F. Properties (b)

and (d) follow immediatly from (). Property (C) follows from Lemma 1
below.

Let B = B, be the pressure function for (f, £, .., g,). Then B and 8
are related by

B(-B(z),z) =0, VvzeR’ (5.10)
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Proof of (e). Taking the partial derivative with respect to z,, i=
1,2,...,d, in (5.10) gives

9.8(~B(2),2) = 3,8(-B(2),2)3,B(2), (5.11)

which implies

3,B(z) = f 8; du/ f fdy, (5.12)

where p = i,y 5w, 18 the Gibbs measure for (z|g) — B(z)f. Equation
(5.12) follows from (5.11) by property (e), Section 4. Property (€) follows
now from (5.12) and (5.3). O

LEMMA 1. Under Hypothesis A, the Hessian matrix YZ,E(Z) is strictly
positive definite, for every z € R°. Moreover, if x = VB(z), x* = (1,x),
and 17! = [fdp, where p is the Gibbs measure for (z|g) — B(@)f, then

detv 2B(z) = tidet v 2B(—B(z),2) - (x*|v2y(x*/t,)|]x*). (5.13)

Proof. Taking the partial derivative with respect to z; in (5.11) gives
(3:8(~B(2),2))(3,B(2))
= (000B(~ B(2).2))(2.8(2))(9,B(2))
— (90,8(-B(2),2))(2,8(2))
~ (9,08(-B(2).2))(0.8(2))
+3,8(~B(2),2), i, j=12,...,d. (514)

Set
a; = (aoﬁ(“E(z),Z))(aijE(z)); ij=1,...,d,
bi; = (90':3(_5(1),1)); i,j=0,1,...,d,
X = aiﬁ(z); i=1,2,...,4d,
c,.j={_;” ':=.0_andj=1,2,...,d
i i,j=12,...,4d,

A = (ay), i,j=1,2,....d,
B=(bij)’ i,j=0,1,...,d,
€= (ey), i=0,1,...,d,
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Here §,, is the Kronecker delta. Note that 4 = A", B = B”. Now (5.14)
may be written in matrix form as

A =CTBC. (5.15)

By property (c), Section 4, B is strictly positive definite; consequently by
(5.15) A is also strictly positive definite. But

30B(~B(@),2) = [fdn >0, (5.16)

where p is the Gibbs measure for (z|g) — B(@), so it follows that v B(z) is
strictly positive definite.
Let xo=1 and x* = (xg, X;,..., x,); let v=B7}(x*)7 It is easily
verified that
C™Bv =0.

Consequently,

The determinant of [v|C] is easy to evaluate by row—column operations:
thus one finds

det[v|C] = x*B~}(x*)”,
(x*B~1(x*)")det B = det 4. (5.17)

By property (h), Section 4, B! = v 2y(x*/t,), therefore (5.13) follows
from (5.17) and (5.16). O

The Legendre transform ¥ of 8 is convex on %% For x € & = VB(#9),
the supremum in (5.9) is attained uniquely at the value of z for which
vB(z) = x. The inverse function theorem implies that ¥ is smooth on %,
and

(f) V¥ 2 VB = identity on R

(8) VB oV = identity on B,

(h) VB(2) = 2 = V¥(X) =z = Vv ¥(x) = (VB@) S
(@) vB@ =x =700 + B@) = (x|2);

() VB@ * x = 7(x) + B@ > (x|z);

(k) VB(z) = x = ¥(X) = ~H(f 56y, 0/) < 0.
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The proofs of (f)-(j) are routine. Property (k) follows from (&), (i), and
Theorem F.

LEMMA 2. Forx € #,x = V,E(Z_), let x* = (1,x) andt' = [fdu where
u is the Gibbs measure for {z|g) — B(z)f. Then

—¥(x) = ~t,y(x*/1,)
sup (—1y(x*/1)); (5.18)

t>0

det v 23 (x) = 1;4(det v 2y (x* /1, ) )(x*| v 2y (x* /1, )Ix*). (5.19)

Proof. Equation (5.19) follows directly from Lemma 1, property (h),
Section 4, and property (h). The equation ¥(x) = t,y(x*/t,) follows from
properties (k), (k), and (5.4). Recall from Section 4 that —ry(x*/t) is a
concave function of ¢t > 0; since 8(— B(z),z) = 0 it follows from (4.4) that
—1y(x*/t) attains its maximum at ¢t = ¢,. O

Proof of Theorem F. The entropy map i — H(R,¢/) is upper semi-
continuous on £ (this follows from (5.4) and the fact that p — H(p) is
upper semicontinuous on £, cf. [14, Theorem 3.10]). Hence, for each
real-valued G € Z,(Elf,) there exists i, € ., which maximizes H(f, o)) +
[/Gdp (however, this argument does not imply that g, is unique).

Let ¢ = H(fiy, 6’) + [Gdfi,, and let ¢ = g — ¢f, where g and G are
related by (5.1). By Theorem D,

P(g~of) = H(p,) + [odn,
= H(p,) + [gduy — c[fdn,, (5.:20)
P(g—cf)>H(p)+fgdp—cffdu, Vi # pg, pef. (5.21)

Consequently,

H(p,) [gdp,
+ y >
ffdf"cp Jf I

P(g—cf)>0=

but this contradicts the fact that j, maximizes H(f, /) + [GdE (cf. (5.3)
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and (5.4), substituting p, for p). On the other hand,
P(g—cf) <0

= H(p,) + fqod#q, <0
= H(p,) + fodu, < (H(ﬁ*,of) + [GdR, - C)ffd#*

= Hp,) + [0dug < H(ps) + [pdps,

where p, € £ is the measure corresponding to p, as in (5.3). But this
inequality contradicts Theorem D.

This proves that P(g — ¢f) = 0, hence that ¢ = P;(G). The inequality
(5.5) follows immediately. To complete the proof of the Theorem, it suffices
to show that g, = i, where i, is defined by (5.6). Since P(g — ¢f) = 0,

H(p,) + /‘Pdl‘qp = H(py) + fquqv*

where p, © @, as above. But this implies that p, = p,, by Theorem D.
Thus ji, = pig. O

6. PEriopic ORBITS OF SyMBoOLIC FLows

Let f€ % be strictly positive, and let (24, 6/) be the symbolic flow
under f. For G, G, € B(Z)), let g, g, € (Z,) be the functions defined by
(5.1). Periodic orbits of (24, 0/) will be denoted by 7; 7(G) denotes the
integral of G (with respect to time) over one period of 7. Thus 7(1) is the
period of 7, and 7(G)/7(1) is the mean value of G over .

Define measures 9/, 9/ ¢vC on #* and #* X R, respectively, by

Qf(I)=#{'r: T(I)EI}, (6
Qf G Gu(T1 L) = #{r: r(1) € Iy, 7(G,) € I,, i=1,...,d}.

1Y)
The main results of this paper concern the asymptotic behavior of these
measures when the flow is weakly mixing. It is well known (cf. [11, Section
S]) that (24, ¢/) is weakly mixing iff f is not homologous to any function
valued in a proper closed subgroup of #.

HypoTHESIS B. If ayf + L% ,a,8, is homologous to an integer-valued
function for constants ay, ay,...,a,; € X, thenag=a, = --- =a,=0.
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Hypothesis B may be reformulated so that the role of the shift is
submerged. For G € B(Z)), let S,G = [{Geo/ds, and define the skew
product flow T,° on X =/, where ¥'= {e’: ~7 <0 <z}, by

TC(e”, (£, 5)) = (exp{if + 27iS,G(¢, 5)}, o/(£, 5)).

HYPOTHESIS B. If ag, ay,...a,€ R are constants such that the skew
product flow T°, G=ay,+ L% ,a,G, is not topologically ergodic, then
ay=a,= - =a,=0.

It is not difficult to show that Hypothesis B implies Hypothesis B, and both
imply Hypothesis A.

Let 8= B; and 7 = ¥Yc be the thermodynamic functions associated with

G =(G,,G,,...,G,) when G, € £(Z/), and let & = VB(Z).

THEOREM 1. Assume that G, € 2’,(2{4), i=1,...,d, and that Hypothe-
sis B is satisfied. Then for all x = (x, x5,...,Xx,) € $,8,> 0, as a = oo,

d
Q([a, a+ 8] x [lax, ax, + §,]
i=1

~ =410+ 2/2(2) " Vdet( v 27 (x)) PC(x; 8),  (6.2)

where Q = Qf 1 0u gpd

C(x;8) = {j;)soeﬁ(v7(x))’dt}{j(;ﬁdfsd—l f&e(V?(x)lQ dtl...dtd} (6.3)

0 0
moreover, this approximation holds uniformly on any compact subset of ®.

Recall that —¥(x) is the maximum entropy achieved by a o’-invariant
measure i such that (G, di = x,, i =1,2,...,d. Also, V2¥(x) is strictly
positive definite, by (¢) and (h), Section 5.

THEOREM 2. Assume that (27, /) is weakly mixing. Then as a — o,

aH*(o')

0’((0, a]) ~ (6.4)

aH*(o’)’
where H *(o”) is the topological entropy of the flow (4, ¢/).

Theorem 2 is just the special case d = 0 if Theorem 1, because in this
case the thermodynamic functions ¥, 8 degenerate to —7 = H*(o/) = B.
A similar result may be proved for flows which are not weakly mixing: the
exponential rate is still H *(¢/) (cf. also [12, Theorem 2J).
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Let G,,G,,...,G, G € £(3)) satisfy Hypothesis B, and let g,
Yc.cp €tc, be the associated thermodynamic functions, where G =
(G, Gy,...,Gy). For x = (x,,..., x;) € B = VBs(#?), let ji, be the o/
invariant measure which maximizes entropy subject to the constraints
[G;dp, = x;, i =1,2,...,d. Define

02 _ detvl‘Y(G,G)(x, ./Gdﬁl)
* det v 255(x)

dZ
= (FY(G,G)(X’ y))y=/Gd;7,,. (6.5)

The second equation is an easy consequence of the fact that —y; o (%, y),
considered as a function of y has its maximum at y = [Gdp,, for all x.

THEOREM 3. Assume that G, G,...,G, € %) satisfy Hypothesis B.
Then for any X = (X, X,5,...,%X;) € %,8, <0, and nonempty intervals
JC X,

Q([a, a + 8,] x4, [ax,, ax; + §,] X (adeﬁx + al/zo;’.l))
Q([a, a+ 80] X l_[f_l[ax,, ax; + 8i])

- f, e 2 dt)(2m) (6.6)

as a = oo, where Q = Qi0v-.Ca gpd § = @/ 61 GG,

In other words, if you choose a periodic orbit 7* at random from among
all periodic orbits 7 satisfying a < 7(1) < a + §, and ax; < 7(G;) < ax; +
3, then (1*(G) - afGdj,)/a'%s, will be (approximately) distributed
according to the standard norma! distribution. Theorem 3 is a direct
consequence of Theorem 1: the details of the argument are entirely routine
and are therefore omitted. It is clear that one can also obtain a multidimen-
sional central limit theorem.

THEOREM 4. Assume that G\, G, ..., G, € #(2,) satisfy Hypothesis B,
andlet G € C(Z,). Then forany X = (X, X3,..., X;) € %,8,> 0, > (,

O(([a, a+8,) X [ax,, ax, +8,] X a[ [Gdi,~ e, [Gdfi, + €])
0(([a, a + 8] X I, [ax;, ax, + §,])

(6.7)

as a = oo, where Q = QG -Ga gnd § = @/ 6+ GG,
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The upstart of this is that if you choose 7* at random from the set of
periodic orbits 7 satisfying a < 7(1) < a + 8§, ax; < 7(G,) < ax; + §,, then
7* is with high probability close to being distributed according to p,. In
the special case d =0, this says that “almost every” periodic orbit is
approximately distributed as the maximum entropy measure ji,,.

Note that if G € £,(Z/) and G,, G,, ..., G,, G satisfy Hypothesis B then
(6.7) follows immediatly from Theorem 3. Theorem 4 now follows from the
observation that G € C(2) may be uniformly approximated by G €
Z(Z4) for which G,, G,,..., G4, G satisfies Hypothesis B, n = 1,2,... .
The proof of this observation is given in Appendix 2.

The main result, Theorem 1, will be proved in Sections 7 and 8.

7. COUNTING CYCLES OF THE SHIFT

For real-valued fy, f},..., f; €%, and n > 1, define a measure N, = Nf
on 2% by

d
Nn(]—[Ii) =#{teS,ot=§S,f(t)el,i=0,1,..,d)}, (71)
i=0

where I, is a subinterval of %, i = 0,1,..., d. The measure N, plays a role
for the shift similar to that played by Q/ ¢ G for the flow (4, o/).
However, there are several differences: (i) N, counts all n-cycles ¢ (ie.,
0"¢ = £), not just those whose minimal period is n; (ii) N, counts o¢
separately from ¢ for i =1,2,...,n — 1, hence each orbit is actually
counted p times, where p is its minimal period.

Observe that if f, = f,*, i=0,1,...,d, then N/ = N/". It follows from

Lemma A that it suffices to consider f, f,,..., f; € %". In this case

d
N,,(I_[Ii) = #{teSlo"=¢S,f€l,i=01,.,d). (72
i=0

PROPOSITION 1. For each z € R%*! there is a constant K, < o0 having
the following property. If (z|y) = (z|x) for all y € U C R, then

N,(U) < Kexp{nB(z) — (z|x)} (7.3)
for all n > 1. Moreover, K, may be chosen so as to depend continuously on z.

Here B(z) = B;(z) is the pressure function associated with f.
If the function f is valued in a closed subgroup I' of R4*1, then the
support of N, is contained in I'. I shall distinguish between two cases.
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HyPOTHESIS C.  There do not exist constants by, b, ..., b, € R such that

(fo— by, f1 — by,..., f;— b,) is homologous to (g, 8- - -, 84) valued in a
proper closed subgroup of R+,

HypotHEsis D. The function f = (fy, f1,-.., f;) takes values in T, =
ZFL @ R there do not exist constants by, by,..., by €E R such that

(fo — by ..., f;— by) is homologous to (g, &1, ---, 84) Valued in a proper
closed subgroup of T..

ProposiTiON 2. If fo, f1,..., f; €& satisfy Hypothesis C, if x =
vB®@), and if u: R4 - R is C ®, nonnegative, and has compact support,
then

[uly - m) N, (ay)
~ e "W (2mn) "D detv 2y(x))
><fu(y)e"<"y> dy (7.4)
as n — oo. Furthermore, (7.4) holds uniformly for x in any compact subset of
B = VB(RY).

For x € &, let {{x}} denote the fractional part of x, ie., {{x}} = x —
[[x]], where [[x]] is the greatest integer in x.

PROPOSITION 3. Suppose fo, fi,..., f; € %' satisfy Hypothesis D. Let
Ug, Uyy. .., Uy be nonnegative, C* functions on %, each with support con-
tained in (0,1), and let u(y) = I1% ou;(y,). If x = VB(z), then

[uly = nx)N,(dy) ~ =@ @an) "V (det v 2y(x))"*C, (x; u)

(7.5)

as n — oo, where

C(x; u) = l:I [“i(l = {{nx;}}Pexp{-z,(1 - {{nx,}})}]
X ]'[ f At)e =t dt. (7.6)

Furthermore, (7.5) holds uniformly for x in any compact subset of &=
VB( gd+ 1).

The rest of this section is devoted to the proofs.
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Let = denote the set of finite sequences of length k with transitions
allowed by 4, i.e.,

k
2P = {a e [1{1,2,....1}: A(a;,0,,,) =1,Vi= 0,1,...,k}
i=0

= {a"'l, ak? oy akm)

For each sequence a*' e 3¢ there exists a periodic sequence ¢ e
S which agrees with a* in the first k + 1 coordinates, ie., %=
af', ¥n=0,1,..., k. Define ¢, ,€ C(Z]) and positive measures
M, . .(dx), M, ,(dx)by

1 if£j=£j’.‘"=aj’.‘",Vj=0,1,...,k
0 otherwise,
M, (dx)=#{§€Z]: "=t ¢, (§) = 1; SH(§) € dx},

m(k)
Mn,k(dx) = Z Mn.k,i(dx)'
i=1

‘l/k‘i(g) =

For any finite Borel measure F(dx) on #4*! let F@z) be the
Laplace-Fourier transform

F(z) = f . eCF(dx):
g +

this is an entire analytic function of z € C?*!, For any open rectangle
U=T10(x,, ), where —o0 < x; <y, < o0, let U =T1%(x, — &,
yi t+¢).

LEMMA 3. There exists a decreasing sequence of constants e(k) such that
lim, _, &(k) = O and such that for all n sufficiently large, z € #9*1, and all
open rectangles U in R9*!

M, (U) < Nn(U(k)) < Mn,k(UZe(k))’

&
Mn.k(z)e— 12]e(k) < N,,(z) < M",k(z)elllf(k).

Proof. Since j} is Holder continuous for each j = 0,1,..., d, the con-
stants

(k) = X var,(£)10

n=k
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as k — oo. Let &(k) = L9_o¢,(k); then
sup{]S,f(¢) - S,8(¢):n>0,4=§,¥0<i<n+ k) <e(k).

Now there is a 1-to-1 correspondence between the sets

m(k)

U {¢e3;: ot =t and g, ,(£) =1)

i=1
and
(€206 =¢}

having the property that any two corresponding sequences £, { agree in the
first n+ k + 1 coordinates (i.e., §,=¢, V0O <i <n+ k). The lemma
follows easily. O

Lemma 3 reduces the study of the asymptotic behavior of the measures
N, for large n to the study of M, , for fixed but large k. The study of
M, =X, M, ., proceeds by way of the Laplace-Fourier transform. The
key is that 1\2,,' %, i can be written in terms of Ruelle’s PF operators,

-

M, (@)= )y exP{<z‘Sn‘(§)>}¢k,i(§)

§:amy=gh
= ('7(2|f>‘1’k,i)(§k’i) (7.7)

for all z € €*1. By Ruelle’s PF Theorem (cf. Theorems A, B of Sect. 2),
Lo109/ Nzt converges in ||{l, to (fo dve )by, V2 EQ““, and by
Appendix 1 this convergence also holds for z in an open neighborhood of
R4+ in €41, Hence,

M, (z) ~ e"OC,(2),
m(k)

Ck(z) 2 -‘;1 (f‘Pk,id"(z[f))h(zﬂ)(gk,i) (7.8)

for all z in an open neighborhood of #4*1.
LEMMA 4. For any real-valued ¢ € %'
m(k)

lim Y (f;pk‘,.d%)hw(gk’f) =1

k=0 o
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Proof. If ¢, (£)=1 then ¢ and £%' agree in the first (k + 1) co-
ordinates. Since h,, is uniformly continuous

m(k)
Jim X g (£) = hg(€) [bi.i(6) = 0
—®x =1
uniformly for £ € Z7. Since

m(k)

) ‘Pk,,')hrpd"qo = th,dvq, =1,
i=1

the lemma follows. O

Formula (7.8) and Lemmas 3 and 4 imply that for each z € £9+!
N,(z) ~ e™® (7.9)

as n — oo, uniformly for z in any compact set. Unfortunately, it is not so
easy to get a handle on the behavior of N,(z) for z € €41\ 29*1; it is
easier to study the measures M, , directly, since (7.8) holds for z in a
neighborhood of #¢+1. However, it is possible to use (7.9) to give a direct
proof of Proposition 1.

Proof of Proposition 1. If (z|y) > (z|x) for ally € U then

N,,‘(U) 5/ eFONI(dy)e 20
Rd+1
= Nf(z)e= 1.

By (7.9) there is a constant K, < oo such that Ni(z) < K e™® for all
n = 1. Because of the uniformity in (7.9), K, can be chosen continuously.
O

Let &#=%9%! denote the set of Schwartz class (rapidly decreasing)
functions on #9*Y,ie, u € & iff u € C*(29*!) and

sup |x|™| D*u(x)| < o
ng?d+l

for all m =0,1,..., and for multi-indices a = (e, a;,..., ay). It is well
known that % is preserved by the Fourier transform, i.e., if ¥ € & then
4(i0®),0 € #47, is also in &. Recall the Parseval identity, which states
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that for u € % and F(dx) any finite Borel measure on #¢*1,

fgmu(x)F(dx) = j;?mﬁ(i@)ﬁ(—i@)d@/(2w)d“,

where d® denotes Lebesgue measure on #2971,

Heuristic Proof of Proposition 2. In view of Lemmas 3 and 4, it suffices
to show that for any ¥ €.¥, u > 0, with compact support, k = 1,2,...,
and i =1,2,..., m(k),

/4 uly — nx)M, , (dy)
pd+1
~ e‘""x)(Zﬂn)’(dH)/z(detVZY(X))I/zﬁ(_Z)Ck.i(z)
(7.10)

as n — oo, where x = VB(z) and C; (2) = (¥4, ; dvyy1))h 1y (85", and
that (7.10) holds uniformly for x in any compact subset of %.

Apply Parseval’s identity to the function u(y — nx)exp{ —(z|y)} and the
measure exp{(z|y)} M, , .(dy) to obtain

@m) ™ [ 1y = mx) M, (d)
= f ) 2(i® — z)exp{n(x|i® — 2)} M, , ,(z — i®) d®
gpd+1 s

= wdﬂfd(i@ — z)exp{n{x|i® - z>}g<;—ie|f)¢k,i(£k'i) de (7.11)

(cf. (7.7)). Since f satisfies Hypothesis C, it follows from Theorem C and the
Spectral Radius Theorem (cf. also Proposition 6, Appendix 1) that for each
© + 0 there is a 6 > 0 such that

1+ 6)ne_nﬁ(z)”y&—ieuﬂ’k,i“w - 0. (7.12)
Moreover, by Proposition 6, this convergence is uniform for © in any

compact set not containing 0. On the other hand, for © near 0 Proposition
5 (Appendix 1) implies that

g(';—ielf)\Pk.i(gk'i) ~ enﬂ(l_ie)(/ll/k,id”(z—iem)h<z—ieu>(§k'i)
= ¢"FE=OC, (z - i0). (7.13)

Now (7.12) and (7.13) suggest that for large n the major contribution to the
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last integral in (7.11) comes from © near zero, i.e.,

@0 [ uly = mx) M, . (dy)

~ [®|< exp{ n{x|i® — z) + nB(z — i0)}
XC, ;(z — i®)a(i® — z) dO. (7.14)

Unfortunately, (7.14) is not easy to justify. The difficulty is that the
convergence in (7.12) is uniform only for © in compact sets of 247!\ {©}.
Circumventing this problem requires an “unsmoothing” argument.

Given (7.14), one may derive (7.10) by a routine use of Laplace’s method
of asymptotic expansion (cf. [6, Chap. II]). The Taylor series approximation

(x|i® — z) + B(z — iB)
= —(x|z) + B(z) — (B|VB(2)|0)/2 + 0(|0)?)
= —y(x) = (8]v2y(x) '18)/2 + 0(10]?) (7.15)

holds uniformly for |®| < & (recall properties (e), (h), Sect. 4). Substituting
this quadratic expression into the integral in (7.14) and evaluating the
resulting asymptotic Gaussian integral yields (7.10). O

A rigorous proof of Proposition 2 will be given later in this section.

Heuristic Proof of Proposition 3. As in Proposition 2, it is enough to
show that

[ uly = nx)M, , (dy)
9?d+l

~ e ™(2an) " det v 2y(x)) 2C, (2)C,(x; u) (7.16)
as n — oo, where C; () = ([, v, 1)k 0y (87) and Cy(x; u) is as in

(7.6). As usual, x = V(z).
Using Parseval’s identity as before, one obtains

@) [,y = nx) M, . ,(dy)

= _/;?,,H&(i@ — z)exp{ n(x|i® — z)} ‘$<r;—ie|f>‘!’k.i(§k‘i) de.

(7.17)
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Since f satisfies Hypothesis D, the operator %,,_ o1y 1s 27-periodic in

6,,0,,...,8,. Moreover, since each u € C* and has support in (0,1), the
function wu,(y)exp{if, — z;)y} has a uniformly, absolutely convergent
Fourier series for each j = 0,1,..., r. Hence, it follows from (7.17) that

(277)d+1/gd+1u(y - "X)Mn,k,i(dY)
= J,Ijo(“j(l - {{"xj}})exl’{_zj(l - {{”xj}})}
jlj)exp{i@-(l - {{nx,-}})})

X
T*

X( IT &6 - zj))exp{n<x|i® - z)}

J=r+l1
x($<';—ie|/)¢k,i($k’i)) de, (7.18)

where
L* = {(00,01,...,0d) e @4+, |0j| < %, j=0,1,_._,,}

is the dual group of T,, and d@ is Lebesgue measure.

The rest of the argument is essentially the same as in the heuristic proof
of Proposition 2. By Hypothesis D and Proposition 7, Appendix 1, the
primary contribution to the integral in (7.18) should come from [O < e,
¢ > 0 small. The asymptotic evaluation of this integral may be accom-
plished by Laplace’s method, using (7.15) as in the proof of Proposition 2.
This leads to (7.16). O

Rigorous proofs of Propositions 2 and 3 call for some kind of “un-
smoothing” procedure. We shall use a general unsmoothing theorem due to
Stone [17].

Let &% denote the set of all compactly supported, nonnegative functions
ue%. Let {K,},» be a sequence of probability measures on #¢*!
which converge weakly to the unit point mass at the origin (i.e., K, ({|0] <
€}) > 1 as m — oo for all € > 0), and such that each Fourier transform
K,,(i®) has compact support. Let 2/ C #9*! be an index set.

THEOREM F. Let {p%,x € o/, n € A} be a family of nonnegative Borel
measures on R+, Suppose that for each m > 1 and each u € %,

lim sup
n= o0 x e

Juls) Ky i)y = fu) ay| =0 (119
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Then for each u € &

lim sup
n= %0 xyeo

fum(ay) - futyas|=0.  (20)

Here * denotes convolution. Theorem F follows from Theorem 2.1 of {17].

Suppose 7 is a compact subset of 4!, and suppose (7.20) holds for all
ue . Let u,(y), x €<, be a family of functions in &; such that
(1) U, c  support (u,) is compact, and (ii) x — u, is continuous in || -
Then

lloo-

lim sup = 0. (7.21)

N0 xeo

JuxWis(dy) = [u,y) dy

This follows from (7.20) by a straightforward approximation argument.
Thus, to prove (7.21) it suffices to prove (7.19) for each m > 1 and each
‘ue .

Proof of Proposition 2. It suffices to establish (7.10) for each u € %
uniformly for x € &/ where & is any compact subset of #. Let vB(z,) = X,
and

uy(y) = u(y)e=, (1.22)
wi(dy) = (2an) @D 2em® (detv2y(x)) T °C i (2,) T
Xe<’*|y>Mn’k,,-(d(y + nx)), (7.23)

where C, ,(2) = (J¥y,; vz 10y)h 50y (§7). Then (7.10) is equivalent to
(7.21). Thus it suffices to prove (7.19) for each m > 1 and u € ¥ .

Let K, be as in Theorem F, and assume that K, (i®) has compact
support F,,. By Parseval’s identity and (7.7)

Ju@)(K,,*13)(dy)
= meﬁ(i@)Ifm(—iG)ﬁ’;(—iG))d@/(Zw)d“
= (n/20)** Ve ®(det v 2y(x)) " /2C, i(2,)
><Lmﬁ(iG)fm(—i(-))e"<x"’9"x>$<';x_,-9|,>xpk,i(g"”)d@
~ (n/2m) Y (detv 2y (x)) 2C, (z,) !
N 2(i®)K,,(-i®)C, ,(z, — i®)

{18]| <¢}
xexp{n((x]i®) + B(z, — i®) — B(z,))} d®. (7.24)
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The last step follows from (7.12) and (7.13). Note that since F,, is compact,
(7.12) holds uniformly for ® € F,\ {|®| < ¢} and x € &/, by Proposition
6; also (7.13) holds uniformly for |®| < ¢ and x € &/, by Proposition 5.
Thus (7.24) holds uniformly for x € .

The relation (7.19) follows from (7.24) by Laplace’s method: the uniform-
ity in x € &/ follows from the local uniformity in z of the Taylor series
expansion for 8(z — i®) ~ B(z) near ©® = 0. O

For the proof of Proposition 3, an unsmoothing theorem for the group
I,=2"1®R% " is necessary. Let H(dy) denote Haar measure on T,
and let {K,}, ., be a sequence of probability measures on I, which
converge weakly to the pointmass at 0, and such that each Fourier trans-
form K, (i©) has compact support on I'*. Theorem 2.1 of [17] implies

THEOREM G. Let (p%, x € &, N € A"} be a family of nonnegative Borel
measures on I,. Suppose that for each m > 1 and each u € &,
lim sup

e SOP JuO) (K, ix)(dy) - fu(y)H(dy)‘=0. (7.25)

Then for each u € % ,

lim sup
n=00 y e

[uian) - fuwrtan| =0 (29)

As before, %y denotes {u € &: u > 0, supp(«) compact}.

Suppose &/ is a compact subset of Z9*1, and suppose (7.26) holds for all
u €. Let u,(y), x €, be functions in & such that (i) U,
support (u, ) is compact; (ii) X — u, is continuous in |} - || .. Then

fuxuztan) - fumaay|=0. @20

lim sup
n—=x xed

Proof of Proposition 3. It must be shown that (7.16) holds uniformly for
X € o7, where &/ C # is compact. As before, let vB(z, ) = x, and let u,, p*
be defined by (7.22) and (7.23). Then (7.16) is equivalent to (7.27). Hence it
is enough to prove (7.25) foreach m > 1 and u € & .

Using the Parseval identity for the group T, one obtains

fru(y)(Km * 1% )(dy)
= (n/2m)“* V2 e (det v 2y (x)) TCy (2,)

x/ 2(i0)K,,(—i®)e" ™ "=Fn o, (§47)H(dO). (7.28)
r*
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(Note: 4(i®), K (—10) denote the Fourier transforms relative to I*, not
#“*1. Thus 2(0) = [ru(y)H(dy). Also, K, (0) = 1, since K,, is a probabil-
ity measure.)

The relation (7.25) follows from (7.28) by the same argument as in the
proof of Proposition 2, since K,,(i®) has compact support in T,*. O

8. CounTING PERIODIC ORBITS OF A SYmMBOLIC FLOow

The periodic orbits of a symbolic flow are in 1-to-1 correspondence with
the periodic orbits of the underlying shift. In particular, (§, ) € =/ lies on
a periodic orbit of ¢/ iff ¢"¢ = £ for some n =1,2,... . Hence, the Q
measures of section 6 may be expressed in terms of the N, measures of
section 7.

Let f€ % be strictly positive, let G),G,,...,G, € %(Z}), and let
g EF be glven by (5.1). Let Q = @/ G 6s and N, = N8 80,
Recall that N, counts all £ such that 0"§ = §, mcludmg those £ whose
(minimal) period m|n, m < n. Consequently,

0= % n > =), (8.1)

n=1 min m

where p is the Moebius function of number theory.

Let B, 7 be the thermodynamic functions for G,, G,, .. ., Gy and let B,y
be the thermodynamic functions for f, g;, 82> 8a- If x € B =vB(2Y)
then there is a unique z € 27 such that vB(z) = x. If this is the case, let

x* = (1,x), (8.2)

Ix= 1/ffd“<z|g>—5(z)f~ (8.3)

Recall that B(—B(z),z) = 0 and VB(— B(z),z) = x*/t,; also, —ty(x*/1)
is a concave function of ¢ which achieves its maximum uniquely at ¢ = 1,
and ¢,y(x*/t,) = ¥(x) (cf. Lemma 2).

LEMMA 5. For each & > 0 there exist 7= n(x,€) > 0 and K = K_ < o0
such that

y N,,([a, a+8,] x i=]i[1[axi, ax, + 8,.])

nza(r, +e)

d

+ Y N([a a+8]xn[axi,ax,+8i]

n<a(ty—¢e)

< K(exp{—a(¥(x) +7)}) (8.4)
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as a > 0. Furthermore, K, and n(x, &) may be chosen so as to depend
continuously on X.

Proof. The plan is to use Proposition 1. Let t, =1, ¢ t;, =1, +¢,
20 = vy(x*/t,), i=0,1. (Note that z) € #9%1) Since —ty(x*/t)
achieves its maximum uniquely at ¢ = ¢, it follows that

B(z") <0 < B(z?), (8.5)
1B(z") — (x*z'7) < =y(x), i=0,1. (8.6)

(Here 1 have used property (j), Sect. 4.)
The linear functional (zV|y), y € [1,1 + &,/a] X [14[x,, x, + 8,/a],

attains its maximum at one of the corners of the rectangle: call this corner
x’(a). Obviously |x* — x'(a)| = O(a™1). By Proposition 1,

i=1

< Kexp{nB(z®) — a(2®|x’(a))}
< K'exp{nﬂ(z“)) —_ a(z(l)lx*>}

N,,([a, a+ 8] % ﬁ [ax,, ax, + 8,])

for suitable constants X, K’ < 0. Therefore, by (8.5),

d
Yy Nn([a, a+ 8] x [1lax,, ax, + 8]
i=1

nzaty

< K"exp{a(tlﬁ(z(l)) - <z(l)|"*>)}

Similarly,

d
Y Nn([a, a+8,] X [lax,, ax, + 8,
=1

< K’”exp{a(toﬂ(z(")) - (z“”]x*))}.

By (8.6), these inequalities prove (8.4). The fact that the constants in (8.4)
may be chosen continuously in x follows from Proposition 1 and the
continuity of the thermodynamic functions. O

Assume now that f, g,, g,,..., 8, satisfy Hypothesis B (cf. Sect. 6). We
shall distinguish between two cases: (i) £, g, g, - - -, &, Satisfy Hypothesis
C; (i) f, gy, - - -, 84 do not satisfy Hypothesis C. Case (i) is easier to handle:
We shall consider if first. Let C(J) denote the set of real-valued continuous
functions on J.
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LEMMA 6. Let F € C({t,, 1)), where t; < t < t, and let % > 0. Then for
e <min(? — 1,1, — 1),

lim ¥ a~2F(n/a)e~""0/249" = F(1)(2n)%a. (8.7)

4= 0 y(t—e)<n<a(t+e)

Moreover, (8.7) holds uniformly for t, o in any compact subset of (0, ) and
F in any compact subset of C([t}, t,])),t; <t <t,.

Proof. 1t is easily seen that for any &’ > 0,

Z (27ra)—1/20‘1e‘("““')2/2“2

n: |n—at| <ae

- felal/zg—l e_XZ/zdx(z'”)—l/Z - 1’

_ E/al/lo—l

with local uniformity in o, . The Lemma is an easy consequence of this and
the Arzela—Ascoli Theorem. O

Proof of Theorem 1: Case (i). Let
d
U=la,a+38)]x [[lax,, ax, + §,].
i=1

Since N,(U) = ¥,,,#(n/m)N,(U) (by the Moebius Inversion Formula) it
follows from Lemma 5 that

limsupa~llog Y n Yy }L( - )Nm(U) < -y(x), (8.8)

a— o n: |n—at,] >ae min m

limsupa™llog Y, n ' Y N (U)< -%(x). (8.9)

a—o0 n: |[n—at,| <ae min
m#n

Moreover, Lemma 5 implies that the limsups in (8.8) and (8.9) stay
uniformly bounded away from —¥(x) for x in any compact subset of 4.
Consequently, to prove (6.2) it suffices to show that

Y nTN(U)

n: |n—at,| <ae
~ e~ M=+ D/2(20) " (det v 27(x))*C(x, 8)  (8.10)
for small & > 0, uniformly for X in any compact subset of 2.

Now the indicator function of the rectangle [14_,[0, §,] may be approxi-
mated from above and from below by nonnegative C® functions with
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compact support. To prove (8.10) it therefore suffices to show that for every
C® u: #9*! > R with compact support

L n7 fuly - ax*)N,(dy)

|n—at,| <ae

~ 7 TWg =@ D/2(20) " det v 27(x)) *C7 (x, u), (8.11)
C'(x,u) = [u(y)exp{—(v(x*/1,)ly)} dy, (8.12)

uniformly for x in any compact subset of %. But it follows from Proposi-
tion 2 that

! f”(y — ax*)N,(dy) ~ exp{ —ny(ax*/n)}n~@*3/2
X(277)_(d+1)/2(detv2y(ax*/n))l/2
x fu(y)exp{ - (vy(ax*/n)ly)} dy (8.13)

uniformly for n in the range |n — at,| < ae, provided & > 0 is sufficiently
Smlilelc.:all that —sy(x*/s) is a concave function of s > 0 which achieves its
maximum uniquely at s = ¢,; for s near t,, —sy(x*/s) may be approxi-
mated by its Taylor series, giving (cf. (4.4)),
—ny(ax*/n) = —a¥(x) = 1a7}(n — at,) "1 3(x* |V 2y (x*/1,)Ix*)
+a_10((n - atx)z). (8.14)
Recall (Lemma 2) that
det v 2(x) = £ 4(det v 2y (x*))(x* [V 2y (x*/1, )| x*).  (8.15)
Also,
vy(x*/1,) = (-B(2).2). (8.16)

Combining (8.13)—(8.16) and applying Lemma 6 gives (8.11). The local
uniformity in x follows from Lemma 6 and the local uniformity in x of
(8.13) and (8.14). O

Consider now Case (ii), in which f, g, g,,..., 8, satisfy Hypothesis B
but not Hypothesis C. The primary difference between this case and Case
(i) is that the terms in = n~'N (U) oscillate rapidly rather than slowly.
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Fix t, <1, and let ¥ denote the set of real-valued continuous
F(x), X5,...,X,,t) defined on [0,1]% X [#,,t,] which are periodic with

period 1 in each of the variables x,, x,, ..., x,, i.e., such that
F(xpyeeon X100, X, s Xpn 1) = F(xp, o X101, X see ey Xps 8)
forall x,,...,x;_1, X;41,.--» X, €[0,1] and 1 € [1,, 1,].
LEMMA 7. Let FE G and t, <t <t,. Suppose b,, b,,..., b, € X are
such that 1, by,..., b, are linearly independent over the rational numbers.
Then for all x,, x,,...,x, €E X and e < min(t — t, 1, — t)

lim Yy a‘l/zexp{ —(n - at)2/2a02}
470 y: \n—at| <ae

x F({{ax, — nb1}},..., {{ax, — nb,}}, n/a)
- (2w)1/2afolfol~-- j:F(yl,yz,...,yk,t)dyl...dyk. (8.17)

Moreover, (8.17) holds uniformly for t, x,,..., x,, and ¢ > 0 locally, and F
in any compact subset of 9.

Note. There is no uniformity in b,, b,, ..., b,. Recall that {{ x }} denotes
the fractional part of x. .

Proof. As n varies over any interval of length O(log @) contained in { z:
in — at| < Ka'/?, where K < o is a large but fixed constant, (n/a) and
exp{ —(n — at)*/2ac?) remain nearly constant, provided a is large. By an
equidistribution theorem of Weyl, together with the continuity of F,

Y F({{ax, —nb}},.... {{ax, — nb,}}, n/a)

nelJ

- |J|fo‘fol---folF(yl,yz,...,yk,t)dyl...dyk

uniformly for intervals J contained in {y: |y — at] < Ka'/?} of length
|J| = Clog a. There is also uniformity in x;, x,,..., x, and for F in any
compact subset of . It follows that the factor F(...) may be replaced by
/f ... [F in the sum in (8.17), at least for n in the range |n — at| < Ka'/>.

The argument may now be completed by following the line of reasoning
used in Lemma 6. O

Proof of Theorem 1: Case (ii). As in Case (i), it suffices to show that
(6.2) holds for small ¢ > 0, uniformly for x in any compact subset of %.



186 S. P. LALLEY

For this it suffices to show that if wu,, u;,...,u, are nonnegative C®
functions on %, each with compact support, and if u(y) = IT% ju,(,), then

Y a7 fuly - ax*)N,(dy)

n: |n—at,]| <ae
~ =T~ D220 ) " (det v 25 (x)) *C*(x, u), (8.18)

where x* = (1, x) and

B d
C*(x,u) = feﬁ(‘)‘uo(t) ar|] /e""u,.(t) d,
i=1

uniformly for x in any compact subset of #. This is because the indicator
function of [0, 8,] may be approximated from above and below by nonnega-
tive C* functions with compact support.

In Case (i) f, 8, &5, . .-, 8 satisfy Hypothesis B but not Hypothesis C.
Therefore, these exist by, by,..., b, € # such that f— by =f,, g, — b, =
fireo-s 84— by = f, where f = (f,, f1,..., f;) takes its values in a proper
closed subgroup T of #9*! not contained in any d-dimensional linear
subspace of #9*1. (If it were the case that f took its values in a d-dimen-
sional subspace then there would be constants ag, a,,..., a, € %, not all
zero, such that T¢_,a,f, = 0. But then a,f + X% ,a,g, would be homolo-
gous to a constant, contradicting Hypothesis B.)

We shall assume that f,, f, ..., f; satisfy Hypothesis D. There is no loss
of generality in this, because one may always make a nonsingular linear
transformation of #¢*! which maps I onto T, for some r. Making a linear
transformation does not change the orbit counting problem in any essential
way (if T: #9*1 > #9%! is a nonsingular linear transformation then
NT(TU) = NY(U) and y44(Tx’) = y;(x’) for all n, U,x").

If fy, f15..., f; satisfy Hypothesis D then b,,, =b,,,= --- =b,=0
and 1, by, by, ..., b, are linearly independent over the rationals. For if not
then there would exist integers k,, k..., k,, not all zero, such that
Ti_ok:b; € Z; but then kf + X]_ k;g; would be homologous to an in-
teger-valued function, contradicting Hypothesis B.

Let N, = N/ &8 as before, and let N,* = Nfo-/i:~--+Ja_Then for any
C* function u on #¢*! with compact support

[o@)N,(dy) = [o(y + nb)N,*(dy), (8.19)

where b = (b, by, ...,b;). Moreover, if 8, y are the thermodynamic func-
tions for f, gy,..., g, and B*,y* are the thermodynamic functions for
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fos fis-++» [y, then for all z/,x” € B9+,

B(z') = B*(z’) + (z’|b),
y(x’) = y*(x’ = b),

8.20
vr(x') = vyt - b), (820
V() = viye(x - b).
By (8.19), (8.20), and Proposition 3,
n7 [uly — ax*)N,(dy) ~ exp{—ny(ax*/n)}n~ (@372
x (27) "V (detv 2y(ax*/n))* x C,(ax*, u),
(8.21)

where
C,(ax*, u) = iljoui(l - {{ax* - ”bi}})

xCxp{- X (saax*/m)(1 = {{ax? - b))

i=0

d

x T1 flui(t)exp{—taiy(ax*/n)} dr,
i=r+1v0

uniformly for n in the range |n — at,| < ae and uniformly for x in any

compact subset of &.

Now —ny(ax*/n) may be approximated from above and below by a
quadratic expression (cf. (8.14)). Thus, summing (8.21) over n in the range
|n — at,| < ae gives a sum of the same type considered in Lemma 7. From
this, one easily obtains (8.18). O

9. AxioM A FLows

The results of Section 6 may be carried over with small changes to Axiom
A flows, in view of Bowen’s results [4]. Bowen showed that the periodic
orbits of a weakly mixing Axiom A flow restricted to a basic set are nearly
in 1-to-1 correspondence with those of a certain symbolic flow (cf. (9.2)).

Let (£, ¢,) be a weakly mixing Axiom A flow restricted to a basic set.
For C* functions G, G,,...,G;: § > % and x,, x,,..., x, € X let j, be
the maximum entropy measures for ¢, subject to [G,;dp, = x;, provided
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such a measure exists, and let —¥(x) be its entropy. Let i, be the
maximum entropy measure for ¢,, and let H *(¢,) be its entropy.

THEOREM 5. Assume that Gy, ..., G, € C® satisfy Hypothesis B. Then
for all (x,, x,,..., x,;) in a neighborhood of ([G, Al paes---s [Gy AP may),

#{r:0<7(1)-—a<8;0<7(G)—ax, <8}

~ e“‘"")a‘(d+2)/2(277)—d/z(detv ¥(x)) /ZC(x,b‘),
§ = - 8 s oo
) = [reoa) [ [omma, a), o
(x,8) = {[ [ f o dty) (91)

where B is the Legendre transform of 5. Moreover, this approximation is
uniform in x locally.

THEOREM 6. Assume that G,,...,G, € C*® satisfy Hypothesis B, and
that (xq, X,, ..., x ) lies in a neighborhood of ([G, dfi ppys- - [Galhmax) N
which (9.1) holds. Choose a periodic orbit T at random from among {T:
0<t(1)—a<8; 0<7(G;)— ax,<8}. Then for any continuous G, any

7(G)

e> 0,
-0
(1) }

as a = . Moreover, if Gis C*® and G,, G,,...,G,, G satisfy Hypothesis B
then there is a constant o, > 0 such that

Prob{ 13 —1{ "6 _ fc;dﬁx} >y} > [Tetray2n)?

Prob{ - deﬁx >

”'(1) y
asa— oo, forally € .

The salient features of the construction in [4] are as follows: There exist
finitely many symbolic flows (£, ¢(?) and Lipschitz maps =, £§ — @
such that 7,0 g{) = ¢,om for t >0 and i =0,1,. NThemap 7, is
surjective; the maps #, i =1,..., N, are not sur_]ect1ve, and are at most
k-to-one. For any invariant measure & of (27, 0”) whose entropy is
sufficiently near the topological entropy H *(0,?), =, is a.e. one-to-one with
respect to fi. If G;,G,,...,G,: > # are C* and G = G; o m, and if
Q, = Qf+ GG (cf. (6. 1)), then for certain integers 11, S

#{rir()eJy;1(G)el,j=12,...,d}

d N d
HJ,) + X (-l)I‘Q.-(j:l_[lJ,), (:2)

=0

for all intervals Jy, Jj,..., J, © #. Here 7 refers to a periodic orbit of
(2, ¢,).
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The main point is this. Since 7, is not surjective but at most k-to-one,
i =1,..., N, its topological entropy H *(a") is strictly less than H *(o,®).
Consequently, for the asymptotics considered in (9.1) the terms Q,(-),
i=1,2,..., N, are of smaller exponential order of growth than the term
Qo(+) (cf. Theorem 2). Thus Theorems 5 and 6 follow from the correspond-
ing results for (EQ"O, 09), cf. Theorems 1, 3,4.

APPENDIX 1: PERTURBATION THEORY FOR RPF OPERATORS

Let £, f5,..., f €&* be real-valued. For z = (2}, 2,,..., 2,) € gk
let
Z, =$(z|f)’
hz = h(z|f)’
Py = Viainyo
Bz = By
}\z = }\(z|f)’

for all z at which these quantities exist. Observe that .%, is defined for all
z € %% in fact, z > &, is an entire holomorphic function of z € ¥*, and

(3/3z2;)) 2,8 = Z,(f8).
By Theorems A and B, A,, h,, v,, and p, are well defined for all z € 2*.

PROPOSITION 4. The functions z — \,,z = h, have analytic extensions
to a neighborhood @ = Q(f,..., f,) of ¥ in €%, such that

Lh,=\h, z€Q; (Al1.1)

[hodv, =1, ze€Q. (A1.2)

The function 7 — v, extends to a weak-* analytic measure-valued function on
Q such that

Lrv,=\p,, €, (A1.3)
fh,dv, -1, z€Q. (A1.4)

For each z* € #* and each § > 0 there exists ¢ = &(8,2*) > 0 such that if
z€Qand |2 — 2*| < &, then

spectrum £, \ {A,} € {x € €: |x| <A, —§}. (A1.5)
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Note. weak-+ analytic means that for each g € # z — [gdy, is ana-
lytic. It is generally impossible for z = », to be analytic in the total
variation norm topology, since usually », L v/ forz + z'.

Proposition 4 follows from Theorem A and B and standard results in
regular perturbation theory (cf. [8, Chap. 7, No. 1, Chap. 4, No. 3)).

PROPOSITION 5. There exists a neighborhood ' of R* in €* with the
following property: for every compact K C Q' there exists ¢ = ¢(K) > 0 such
that

1+¢)"

A;%ﬁ%——(fgdn)hz -0 (A1.6)
P
uniformly for z € K and g such that ||g||, < 1.

Proof. 1t suffices to show that for each z* € #* there is a neighbor-
hood {z € ¥*: |2 — z*| < a} = D, on which (A1.5) holds. Choose a > 0
so small that (A1.5) holds for z € D,, and such that |A, — A*| < §/2 for
z € D,. By (Al.1) and (A1.3) the subspaces {xh,,x € €} and {g € % :
Jgdv, = 0} of £' are invariant under .%,. Consequently (cf. [8, IIL. 5.6)),

L =%'+%), 1D,

g = [eav|Auh.
spectrum %, = spectrum Z,\ {A,},

and the map z » % is analytic in the operator norm topology (cf.
(8, VIIL 1.3, Theorem 1.7)).
It now follows that if z € D, then

spectrum ., C {x € ¥: |x| < |A,| — 8/2}.

By the spectral radius formula, if z € D, then

a

im |(£7)"|" <\l -8/2, zeD,
n—o0
The result (A1.6) follows easily from this. O

PROPOSITION 6. Assume that if T .a,f,— c is homologous to an
integer-valued function then a, = a, = --- = a, = 0. Then for every com-
pact subset K of €% disjoint from R* there exists ¢ = e(K) > O such that

lim (1 +¢)"AR;, %2l = 0 (A1.7)

n-— oo

uniformly for z € K and g € #,° such that |gl|, < 1.
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Proof. By Theorem C the spectral radius of .%, is strictly less than Ag,,
whenever Imz # 0. Since the spectral radius of .%, is an upper semicon-
tinuous function of z (cf. {8, IV. 3.1, Theorem 3.1]), (A1.7) follows from the
spectral radius formula. O

The set of vectors (ay, a,,..., a,) € Z* such that £¥_,a,f, = ¢ + ¢ for
some ¢ € # and integer-valued ¥ forms a subgroup of #* which I shall
denote by T'(f). It can be shown that I'(f) is closed in #*.

PROPOSITION 7. For every compact subset K of €* disjoint from T'(f)
there exists ¢ = e(K) > O such that

lim (1 + &)"|AgS, % gll, =0 (A1.8)
n—oo

uniformly for z € K and ||g||, < 1.

The proof is essentially the same as that of Proposition 6.

APPENDIX 2: AN APPROXIMATION THEOREM

The following result completes the proof of Theorem 4.

PROPOSITION 8. Suppose Gy, G,,...,G, € F(Z}) are real-valued func-
tions satisfying Hypothesis B, and G € C(Z1,) is real-valued. Then there exist
real-valued G\ € F(Z) such that |G — G||,, > 0 and such that for
each n,G,,G,,...,G,, G™ satisfy Hypothesis B.

Without loss of generality it may be assumed that G € Z(Eﬁ), because
any continuous function may be uniformly approximated by functions in
F(24). Let g, 8, 8,,...,84€ % be defined by (5.1); observe that the
map G — g is linear and continuous with respect to the || - |, topologies.
Recall that G, ..., G, satisfy Hypothesis B iff g, ..., g, satisfy Hypothesis
B. If G,G,,G,,...,G, do not satisfy Hypothesis B then there exist con-
stants ag, 4,,...,a, € R, not all zero, such that ayg + L a,g; is ho-
mologous to an integer-valued function.

LEMMA 8. If g, 85,-.., 84 € %, are real-valued functions satisfying Hy-
pothesis B then there exists real-valued g, € %, such that g, §,---, 84
satisfy Hypothesis B.

Observe that if gy, g,,..., g, satisfy Hypothesis B but ayg + I7.,a,g,
is homologous to an integer-valued function, then for every n =
1,2,...,(g +n7'g) & &2 ..., 84 satisfy Hypothesis B. (If agg +
apn"'gy + T_,alg;, is homologous to an integer-valued function, then
atn"g, + X9 (a! — aba,/a,)g; is homologous to an integer-valued func-



192 S. P. LALLEY

tion, contradicting Hypothesis B.) Thus Proposition 8 will follow from
Lemma 8 provided it is shown that there exists G, € %,(Z/) such that

2o(£) = /Of“’co(s, () dr.

This is easy to arrange: let 0 < ¢ < min f(§) and define

Gy(£,1) = {;(5 —1)g,(£)/C(e), O<r<e

t> ¢,

C(e) = _(:t(e ~1)dr.

It remains to prove Lemma 8. Let ¥V be the vector space over %
consisting of all real-valued functions ¢ € %, and let U be the linear
subspace of ¥V consisting of all functions ¢ € ¥ such that a nonzero
multiple of ¢ is homologous to an integer-valued function in V. Then
80> 815 - - -» 84 € V satisfy Hypothesis B iff g, g,,..., g, project to linearly
independent vectors in the quotient space V/U. Therefore, Lemma 8 is
equivalent to the assertion that ¥ /U is infinite-dimensional.

To prove that ¥/ U is infinite-dimensional it suffices to exhibit an infinite
set of linearly independent vectors. Now @, @,,..., 9, € V project to
linearly dependent vectors in ¥/ U only if there exist a,, a,,..., a, € Z not
all zero such that

Y aS,p(5) € (A21)
i=1

for all £ € Z, such that 6™§ = £, some m = 1,2... . Therefore, to prove
that V/U is infinite-dimensional it suffices to show that forall n = 1,2,...,
there exist ¢, @,,... € V such that (A2.1) cannot be achieved simulta-
neously for all periodic § € 2.

Let a € # be irrational, and let ¢4 e =, k=1,2,..., i=0,1 be
sequences such that

(i) £~ is periodic with period m(k);

, (i) the pattern (§F7, £5%,.. ., £&/i)) does not appear in the sequence

£X71* unless (k, i) = (k*,i*).
It is easily shown that such sequences always exist. Define ¢y, ¢,,... by

1 if¢, =¢(%°n=1,2,...,m(k)
e.(§) ={a ift, =tk n=1,2,...,m(k)
0 otherwise.
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Suppose L} _,a,9, € U; since §™' is periodic with period m(n),
Y aS,mpi(§m)eZ, i=0,1.
k=1

By construction

(1 ifk=ni=0
Sm(n)(pk(gn'l) =la if k = n, i=1
0 ifk+#n

hence it follows that a,, a,& € Z. Since a is irrational, @, = 0. Similarly,
a,=a,= --- =a,=0. Therefore ¢, 9,,..., project to linearly inde-
pendent vectors in V/U.
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