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Abstract. Let T be the genealogical tree of a supercritical multitype Galton–Watson pro-
cess, and let3 be thelimit setof T, i.e., the set of all infinite self-avoiding paths (called
ends) throughT that begin at a vertex of the first generation. The limit set3 is endowed with
the metricd(ζ, ξ) = 2−n wheren = n(ζ, ξ) is the index of the first generation whereζ andξ
differ. To each endζ is associated the infinite sequence8(ζ) of types of the vertices ofζ . Let
� be the space of all such sequences. For any ergodic, shift-invariant probability measure
µ on�, define�µ to be the set of allµ-genericsequences, i.e., the set of all sequences
ω ∈ � such that each finite sequencev occurs inω with limiting frequencyµ(�(v)), where
�(v) is the set of allω′ ∈ � that begin with the wordv. Then the Hausdorff dimension of
3 ∩8−1(�µ) in the metricd is

(h(µ)+
∫
�

logq(ω0, ω1)dµ(ω))+/ log 2 ,

almost surely on the event of nonextinction, whereh(µ) is the entropy of the measureµ and
q(i, j) is the mean number of type-j offspring of a type-i individual. This extends a theorem
of Hawkes [5], which shows that the Hausdorff dimension of the entire boundary at infinity
is log2 α, whereα is the Malthusian parameter.

1. Introduction

Suppose that the individuals of a simple supercritical Galton–Watson process are
randomly assigned labels from a finite setL. On the event of nonextinction, there
will be infinite descent lines(sequencesξ = ξ1ξ2 · · · of individuals such that each
ξn+1 is an offspring ofξn, and such thatξ1 is a member of the first generation).
Define thelimit set3 of the Galton–Watson process to be the set of all infinite
descent linesξ ; equivalently,3 is thespace of endsof the genealogical tree of the
Galton-Watson process. For each infinite line of descentξ ∈ 3, define itspedigree
8(ξ) = l1l2 · · · to be the infinite sequence of labels asssigned to the individuals
ξ1, ξ2, . . . of ξ . A subsetB of � = LN is callednon-polar if there is positive
probability thatB ∩ 8(3) 6= ∅. Characterizations of non-polar setsB have been
given in [3, 8, 9].
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This paper concerns thesizeof 3 ∩8−1(B) for certain non-polar setsB. The
sets of primary interest are the sets�µ ⊂ � consisting of allµ-genericsequences,
whereµ is an ergodic, shift-invariant probability measure on�. A sequenceω ∈ �
is calledµ-generic if every finite sequencex = x1x2 · · · xn with entries inL occurs
with limiting frequencyµ(�(x)) in ω, where�(x) is the set of allω′ ∈ � whose
first n entries coincide with the entriesxi of x. The natural way to measure the size
of3∩8−1(�µ) is byHausdorff dimension. The idea of using Hausdorff dimension
as a measure of size for a Galton–Watson tree (or its space of ends) derives from a
paper ofHawkes [5] (see also [4] and [8]). Letd = d3 andd = d� be the metrics
on3 and� defined by

d(ξ, ζ )) = 2−n(ξ,ζ ) , (1)

respectively, wheren(ξ, ζ ) is the smallest integern such thatξn 6= ζn. Hawkes
proved the following theorem:

Hawkes’ theorem. If the offspring distribution has meanα > 1 and finite second
moment then, almost surely on the event of nonextinction, the limit set3 of the
Galton–Watson tree has Hausdorff dimension(in the metricd3)

δH (3) = logα

log 2
. (2)

R. Lyons [8] subsequently showed that the second moment hypothesis is unecessary.
The main result of this paper is an explicit formula for the Hausdorff dimension

of 3 ∩ 8−1(�µ) in the metricd defined by (1). Apart from its intrinsic interest,
this result is crucial for the main results of [6] concerning the “backscattering”
phenomenon for anisotropic branching random walks on homogeneous trees. The
formula holds generally for amulti-typeGalton–Watson processG (see [1], Ch. V
for background) with finite type spaceL. For each pairi, j ∈ L let qij = q(i, j)

be the mean number of type-j offspring produced by a type-i individual, and let
Q = (qij )i,j∈L be the|L| × |L| matrix of means. We shall make the following
assumptions:

(H1) The mean offspring numbersqij are all finite.
(H2) The matrixQ is irreducible; equivalently, some positive powerQn ofQ has

strictly positive entries.

For simplicity, we shall assume that the 0th generation consists of a single indi-
vidual of typei∗, wherei∗ is a distinguished element ofL. Thus, the genealogical
treeT has a single root vertex labelledi∗. The verticesV of T may be partitioned
by depth:

V = ∪∞
n=0Vn ,

where the elements ofVn are thenth generation individuals of the underlying
Galton–Watson process. By (H1), all of the generationsVn are finite, and by
conventionV0 is a singleton containing the root vertexx0. The (directed) edges of
T connect those ordered pairs(v,w) of vertices such thatw is an offspring ofv.
If there is a directed path starting at a vertexv and ending at a vertexw thenw is
called adescendantof v; the subtree ofT whose vertices are the descendants ofv
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is denoted byT(v). An infinite (connected) path inT starting inV1 and passing
through exactly one vertex in each generationVn, n ≥ 1, is called anendof T,
or an infinitedescent line. The space of ends ofT (the limit setof G) is denoted
by3; it is endowed with the metricd defined by (1) above. For each vertexv, let
3(v) be the set of all ends that pass throughv, and letτ(v) be the type ofv. For
each endξ = ξ1ξ2 · · ·, the sequence of typesτ(ξn) will be denoted by8(ξ), and
will be called thepedigreeof the descent line.

Defineψ : � → R by

ψ(ω) = logq(ω1, ω2) .

For any Borel probability measureµ on�, and anyµ-integrable functionf : � →
R, we will write

Eµf =
∫
�

f dµ .

Theorem 1. Let3 be the limit set of a multi-type Galton–Watson processG sat-
isfying hypotheses(H1)–(H2), and letµ be an ergodic, shift-invariant probability
measure on� with entropyh(µ). If h(µ) + Eµψ < 0 then the set8(3) ∩ �µ
is almost surely empty. Ifh(µ) + Eµψ ≥ 0 then almost surely on the event of
non-extinction the set3 ∩8−1(�µ) has Hausdorff dimension

δH (3 ∩8−1(�µ)) = h(µ)+ Eµψ

log 2
. (3)

The next result concerns the Hausdorff dimensions of sets3∩8−1(U), whereU ⊂
� is a set defined by weaker constraints on ergodic averages. Letσ : � → � be the
forward shift mapping, letf : � → Rk be a continuous vector-valued function, and
let J be a nonempty compact subset ofRk. Call aσ -invariant probability measure
µ admissibleif it is ergodic and ifµ(�(ij)) = 0 for every pairij of types for
which q(i, j) = 0 (note that no such pair can appear in sequence in the pedigree
of an infinite descent line).

Define

Snf = f + f ◦ σ + f ◦ σ 2 + · · · + f ◦ σn−1,

Anf = Snf/n,

U(f, J ) =
{
ω ∈ � : lim

n→∞ distance(Anf (ω), J ) = 0
}
, and

M(f, J ) = {
admissibleµ : Eµf ∈ J} .

Theorem 2. Let f : � → Rk be a function such that, for some finite integer
m, f (ω) is a function only of the firstm entries of the argumentω. Let J be
a nonempty compact subset ofRk such that, for everyx ∈ J , there exists an
admissible probability measureµ on� such thatEµf = x. Then the functional
µ → h(µ)+ Eµψ attains its maximum onM(f, J ),
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max
µ∈M(f,J )

(h(µ)+ Eµψ) < 0 H⇒ 3 ∩8−1(U(f, J )) = ∅ a.s., and (4)

δH (3 ∩8−1(U(f, J ))) = max
µ∈M(f,J )

(
h(µ)+ Eµψ

log 2

)
+

(5)

almost surely on the event of survival.

Remarks

(A) In fact, Theorem 2 holds more generally for functionsf : � → Rk that
are Ḧolder continuous (with respect to the metricd�). The proof, however, is
considerably more technical than the proof in the case wheref depends only on
finitely many coordinates.

(B) Hawkes’ theorem is a special case of Theorem 2: LetL, the space of types,
be a singleton; letf ≡ 1; and letJ = {1}. SinceL is a singleton, there is only
one invariant probability measure on� = LN, and it has entropy zero. Moreover,
ψ ≡ logα, whereα is the mean offspring number. Thus, (5) reduces to Hawkes’
formula.

(C) Suppose that the spaceL of types has cardinality greater than 1. Letµ∗ be the
unique ergodic,σ -invariant probability measure on� that maximizesh(µ)+Eµψ
(that there is a unique maximizer follows, e.g., from Theorem 1.22 of [2]). Now
let f ≡ 1 andJ = {1}; thenU(f, J ) = �, andM(f, J ) is the set ofall ergodic,
σ -invariant probability measures on�. Consequently, Theorems 1 and 2 imply
that, ifh(µ∗)+ Eµ∗ψ > 0, then almost surely on the event of nonextinction,

δH (3) = δH (3 ∩8−1(�µ∗)) . (6)

Thus, the set of infinite descent linesζ such that8(ζ) is generic for the maximizing
measureµ∗ has Hausdorff dimension as large as the entire set of infinite descent
lines.

(D) Now letf : � → R be any continuous function, and letJ be a closed interval
of R not containingEµ∗f . Then by Theorem 2 and the fact thath(µ) + Eµψ is
uniquelymaximized byµ∗,

δH (3 ∩8−1(U(f, J ))) < δ(3) . (7)

Thus, the set of infinite descent linesζ such that8(ζ) is not nearly generic forµ∗
has Hausdorff dimension strictly less than the entire set of infinite descent lines.
Together with remark (B), this suggests that in an appropriate sense “most” infinite
descent lines are “almost” generic forµ∗.

The remainder of the paper will be devoted to the proofs of Theorems 1 and 2.
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2. Proof of Theorem 1: upper bound

In this section we shall prove that

δH (3 ∩8−1(�µ)) ≤ (h(µ)+ Eµψ)/ log 2 and (8)

h(µ)+ Eµψ < 0 H⇒ 3 ∩8−1(�µ) = ∅ (9)

almost surely. As is often the case in Hausdorff dimension calculations, this is the
easy half of the argument: we need only find an efficient sequence of open coverings
of the target set3 ∩8−1(�µ).

Lemma 1. Letµ be any ergodic, invariant probability measure on� = LN. Then
for everyε > 0 there exist sets0m = 0m(µ) ⊂ Lm such that

lim
m→∞m

−1 log |0m| = h(µ) , (10)

lim
m→∞ sup

x∈0m
|m−1

m−1∑
j=0

ψ(σ jx)− ∫
�
ψ dµ| = 0 , (11)

and such that for everyx = x1x2 · · · ∈ �,

x ∈ �µ H⇒ x1x2 · · · xm ∈ 0m infinitely often . (12)

Note.In fact, there exist sets0m such that (11) and (10) hold, and for which (12)
holds with “infinitely often” replaced by “eventually”. This stronger statement will
not be needed in the subsequent arguments.

Proof. This is a routine consequence of the Shannon-MacMillan theorem and the
ergodic theorem (see, e.g., [11]). These two theorems, together with the ergodicity
of µ, imply that there exist sets0m ⊂ Lm such that

lim
m→∞µ(∪x∈0m�(x)) = 1 , (13)

lim
m→∞ max

x∈0m
| −m−1 logµ(�(x))− h(µ)| = 0 , (14)

and such that (11) holds. Observe that, by (14), for eachε > 0, if m is sufficiently
large then for everyx ∈ 0m,

exp{−m(1 + ε)h(µ)} ≤ µ(�(x)) ≤ exp{−m(1 − ε)h(µ)} ,

and so

|0m| exp{−m(1 + ε)h(µ)} ≤ µ(∪x∈0m�(x)) ≤ |0m| exp{−m(1 − ε)h(µ)} ,

which, in view of (13), implies (10). To see that (12) must hold, take a subsequence
mk of N such that

∞∑
k=1

(1 − µ(∪x∈0mk �(x))) < ∞ .
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By the Borel-Cantelli Lemma, forµ-almost every sequencex = x1x2 · · · ∈ �, the
prefixx1x2 · · · xmk is an element of0mk for all sufficiently largek. ut

For anynth generation individualx ∈ Vn, define thepedigree8(x) of x to be
the length-n sequencew = w1w2 · · ·wn recording the types ofx and its ancestors;
thus,wk is the type of its ancestor in generationk. For any wordw ∈ Ln, define
V(w) = 8−1(�(w)) to be the set of allnth generation individuals with pedigree
w. Observe that

8−1(�(w)) =
⋃

x∈V(w)
3(x) , (15)

and that each set3(x) in this union has diameter (in the metricd = d3 defined by
(1)) less than 2−n. Observe also that for any wordw = w1w2 · · ·wn,

E|V(w)| = q(i∗, w1)

n−1∏
j=1

q(wj ,wj+1) = q(i∗, w1) exp


 n∑
j=1

ψ(σ j−1w)


 .

(16)
Fix ε > 0, and let0m = 0m(µ) be as in the statement of Lemma 1. Then by
assertion (12), for eachm = 1, 2, . . .,

8−1(�µ) ⊂
∞⋃
n=m

⋃
x∈0n

⋃
ξ∈V(x)

3(ξ) (17)

is a covering of8−1(�µ) by open sets of diameter less than 2−m. Denote this
covering byCm. EachCm includes infinitely many open sets3(ξ), but by (16), the
expected number of these with diameter 2−n is

∑
x∈0n

q(i∗, x1) exp


 n∑
j=1

ψ(σ j−1x)


 , (18)

which by assertions (10)–(11) of Lemma 1 is, for anyε > 0, no larger than

exp

{
n

(
h(µ)+

∫
ψ dµ+ ε

)}
(19)

providedn is sufficiently large.

Proof of (9). Suppose that−2ε = h(µ) + Eµψ < 0. Then by (19), form suf-
ficiently large, the expected number of setsT(x) included in the coveringCm is
smaller than ∞∑

n=m
e−nε .

Since this converges to zero exponentially fast asm → ∞, the Borel-Cantelli
Lemma imples that, with probability one, for all sufficiently largem, the covering
Cm is empty. It therefore follows that with probability one,

3 ∩8−1(�µ) = ∅ .
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Proof of (8). Recall that the Hausdorff dimension of a setF is defined to be
inf {α : Hα(F) < ∞}, whereHα denotes outerα-dimensional Hausdorff measure.
Recall also thatHα(F) is the limit asρ → 0 of inf(

∑
G∈G diameter(G)α), where

the infimum is taken over all coveringsG of F by open setsG of diameter less than
ρ. By (17) and (19), for anyα > ((h(µ)+ Eµψ)/ log 2,

E
∑

3(ξ)∈Cm
diameter(3(ξ))α ≤ κ(α) < ∞ ,

for someκ(α) < ∞ independent ofm. Consequently, the outerα-dimensional
Hausdorff measure of3 ∩8−1(�µ) is almost surely finite, and so the advertised
inequality (8) must hold almost surely.

3. Proof of Theorem 1: lower bound

3.1. Basic strategy

In this section, we prove the more difficult inequality

δH (3 ∩8−1(�µ)) ≥ (h(µ)+ Eµψ)/ log 2 (20)

almost surely on the event of nonextinction. It suffices to prove this for those ergodic,
shift-invariant probability measuresµ on� such that

h(µ)+ Eµψ > 0 (21)

because for thoseµ not satisfying this condition the inequality (20) is trivial. Thus,
for the remainder of this section we assume that (21) holds.

Recall that the root of the treeT is of typei∗. By hypothesis (H2), on the event
thatT is infinite, it almost surely has infinitely many vertices of typei∗. For each
vertexx ∈ T of type i∗, the subtreeT(x) containing those vertices descending
from x has the same distribution as the entire treeT, since the root vertex ofT
has typei∗. It follows by a routine argument that if for some constantγ > 0
the Hausdorff dimension of3 ∩ 8−1(�µ) exceedsγ with positive probability,
then almost surelyon the event thatT is infinite, the Hausdorff dimension of
3∩8−1(�µ) exceedsγ ; thus,δH (3∩8−1(�µ) is almost surely constant on the
event of nonextinction. Consequently, to establish the inequality (20) it suffices to
show that with positive probability there is a subtreeT∗ of T whose set3∗ of
ends satisfies

8(3∗) ⊂ �µ and (22)

δH (3
∗) ≥ (h(µ)+ Eµψ)/ log 2 . (23)

3.2. Background

First we collect some needed results concerning the Hausdorff dimension of nearly
regular trees and pruned Galton–Watson trees.



48 S. P. Lalley, T. Sellke

3.2.1. Nearly regular trees

Let T be any infinite rooted tree, with vertex setV partitioned by depth (distance
from the root vertex):V = ∪∞

n=0Vn. Let Nn andMn be increasing sequences of
positive integers. Say thatT is {Mn}-regular relative to{Nn} if, for everyn ≥ 1,
every vertexx at depthNn has exactlyMn+1 descendant vertices at depthNn+1. If
T is {Mn}-regular relative to{Nn} for a constant sequenceMn = D, say thatT is
D-regular relative to{Nn}.
Lemma 2. Let T be an infinite rooted tree with space of ends∂T . If there is an
increasing sequence of integersNn satisfyinglimn→∞Nn+1/Nn = 1such that, for
some sequence{Mn} of positive integers, T is {Mn}-regular with respect to{Nn},
then the Hausdorff dimension of∂T (relative to the usual metric) is

δH (∂T ) = lim inf
n→∞

log |VNn |
Nn log 2

= lim inf
n→∞

log
∏n
j=1Mn

Nn log 2
.

Proof.Easy exercise. ut

3.2.2. Pruning a Galton–Watson tree

Let T = TZ be the genealogical tree of an ordinary Galton–Watson processZ
with mean offspring numberα > 1 and survival probabilityρ > 0. Let the vertex
setV of T be partitioned by depth (generation):V = ∪∞

n=0Vn.

Pruning Procedure. LetNm andMm be sequences of positive integers. The prun-
ing procedure consists of an infinite sequence of “cuts”, each depending on the
outcome of the earlier cuts. The set of vertices surviving cutn will be denoted by
Gn, andG0 = V . For eachn ≥ 0, the setGn+1 is defined to be the set obtained
fromGn by removing, for eachm, all verticesx ∈ Gn at depthNm that have fewer
thanMm descendant vertices inGn at depthNm+1.

Note that if the root vertex survives all the cuts, thenT has a subtree that is
{Mm}-regular relative to{Nm}, and whose vertices are all elements of∩n≥0Gn.

Lemma 3. Suppose that there exist positive probabilitiespm such that for each
m ≥ 0,

∞∑
k=0

P
{|VNm+1| = k

}
P




k∑
j=1

ζm+1,j ≥ Mm


 ≥ pm , (24)

whereζm,j are mutually independent Bernoulli-pm random variables that are in-
dependent of the firstNm generations of the Galton–Watson processZ. Then the
probability that the root vertex survives all the cuts of the pruning procedure is at
leastp0.

Proof.We will show by induction onn that, for each vertexx ∈ VNm , the conditional
probability thatx ∈ Gn, given the firstNm generationsofZ, is at leastpm. Since
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the setsGn are decreasing inn, it will follow that x ∈ ∩∞
n=1Gn with conditional

probability at leastpm. This will prove the lemma.
For any vertexx ∈ VNm , the event thatx survives the initial cut has probability

1. For eachx ∈ ∪mVNm and eachn ≥ 1, define

Ynx = 1 if x ∈ Gn,
Y nx = 0 if x 6∈ Gn .

Then for each pairm, n the random variables
{
Ynx : x ∈ VNm

}
are conditionally

independent and identically distributed, given the firstNm generations ofZ. More-
over, by the induction hypothesis, for each vertexx ∈ VNm the conditional proba-
bility that Ynx = 1 is at leastpm. A vertexx ∈ VNm survives cutn+ 1 if and only
if

∑
y∈VNm+1(x)

Y ny ≥ Mm ,

where the sum is over the setVNm+1(x) of verticesy ∈ VNm+1 that are descendants
of x. By hypothesis (24), this event has conditional probability at leastpm, given
the firstNm generations ofZ. ut

Verification of the hypothesis (24) in paragraph 3.5 below will be based on
the following simple lemma. Recall thatρ > 0 is the survival probability of the
Galton–Watson processZ.

Lemma 4. Fix 1< β < α and0< p ≤ 1. Suppose that to the verticesv ∈ V are
attached random variablesξv so that{ξv : v ∈ Vn} are, for each integern ≥ 0,
conditionally independent Bernoulli-p, given|Vn|. Define events

F(n, p, β) =


∑
v∈Vn

ξv > βn


 . (25)

Then

lim
n→∞P(F(n, p, β)) = ρ . (26)

Proof. On the event of survival,|Vn|/βn → ∞ almost surely asn → ∞. Con-
ditional on the event|Vn| = k, the random variable

∑
v∈Vn ξv has the binomial

distribution with parametersk andp. Therefore, the lemma follows by an easy
application of the Chebyshev inequality. ut
Remark.The probabilitiesP(F(n, p, β)) are nondecreasing inp.
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3.3. µ-Generic subtrees

Recall thatL is the set of types of the multi-type Galton–Watson processG in
Theorems 1–2,T is the genealogical tree ofG, and3 is the space of ends (equiv-
alently, infinite descent lines) ofT. Let εm > 0 be a sequence of real numbers
decreasing to 0 asm → ∞, and letnm = n(m) ≥ m be an increasing sequence of
positive integers. DefineFm to be the set of all wordsw ∈ Ln(m) such that

(a) w ends with the letteri∗;
(b) w begins with a letterw1 for whichq(i∗, w1) > 0;
(c) no two-letter wordu = ij for whichq(i, j) = 0 appears inw; and
(d) for each wordu ∈ ∪mj=1L

j , the relative frequency ofu in w differs from
µ(�(u)) by less thanεm.

Observe that ifu = ij is a two-letter word for whichq(i, j) = 0 then
µ(�(u)) = 0, becauseEµψ > −∞. Now let km = k(m) be any sequence of
positive integers. Define3′ ⊂ 3 to be the subset including those endsξ ∈ 3

for which the pedigree8(ξ) consists ofk1 words inF1, followed byk2 words of
F2, etc. The following lemma is an obvious consequence of the assumption that
limm→∞ εm = 0, together with the definitions of the setsFm and�µ.

Lemma 5. 8(3′) ⊂ �µ.

The remainder of the argument entails showing that the as yet unspecified sequences
km andnm can be chosen so that with positive probability,T has a subtreeT∗
whose set3∗ of ends is contained in3′ and satisfies (23). For this, the following
lemma is crucial.

Lemma 6. For any sequenceεm > 0 such thatlimm→∞ εm = 0, if nm → ∞
sufficiently rapidly then

lim inf
m→∞

1

nm
log


∑
w∈Fm

n(m)−1∏
i=1

q(wi, wi+1)


 ≥ h(µ)+ Eµψ > 0 . (27)

Proof. By definition ofFm, for everyw ∈ Fm and every two-letter wordu, the
relative frequency ofu in w differs fromµ(�(u)) by less thanεm. Consequently,
there exist constantsδm > 0, depending only onεm and the mean offspring numbers
qij , such that limm→∞ δm = 0 and for everyw ∈ Fm,

n(m)−1∏
i=1

q(wi, wi+1) ≥ exp
{
nm(Eµψ − δm)

}
.

The Shannon-MacMillan(-Breiman) Theorem (see, e.g., [11]) and the Ergodic The-
orem imply that for anyεm > 0, if nm is sufficiently large then there is a subsetF ∗

m

of Fm such that ∑
w∈F ∗

m

µ(�(w)) ≥ µ(�(i∗))/2
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and such that for allw ∈ F ∗
m,

µ(�(w)) ≤ exp{−nm(h(µ)+ δm)} .

It follows that
|Fm| ≥ exp{nm(h(µ)− δm)}µ(�(i∗)/2 .

This, together with the inequality of the preceding paragraph, implies the inequality
(27), since limm→∞ δm = 0. ut
Remark.The sequence{nm}m≥1 may always be chosen so as to be strictly increas-
ing. Moreover, it may be replaced by the sequence{nm+k}m≥1, and so it may be
arranged that the infimum of the sequence on the left side of (27) may be made
arbitrarily close toh(µ) + Eµψ . Since by hypothesis this is positive, we may
choose{nm}m≥1 so that, for everym ≥ 1,

αm
1=
∑
w∈Fm

n(m)−1∏
i=0

q(wi, wi+1) > 1 , (28)

wherew0 = i∗.

3.4. Embedded Galton–Watson processes

Recall that the vertex setV of T is partitioned by depth:V = ∪∞
n=0Vn; and

that V0 consists of a single vertex of typei∗. For eachm ≥ 1 define subsets
Umj ⊂ Vjn(m) inductively as follows:

(a) Um0 = V0; and
(b) for each vertexx ∈ V(j+1)n(m), x is included inUmj+1 if and only if

(i) it is a descendant (inT) of a vertex inUmj ; and
(ii) the lastnm letters of the pedigree8(x) form a word inFm.

Lemma 7. For eachm, the sequence of random variables(|Umj |)j≥0 is anordinary
Galton–Watson process with mean offspring numberαm defined by(28).

Proof. Every vertexx ∈ Umj has a pedigree8(x) ending in the letteri∗. Con-
sequently, for each suchx, the setT(x) of descendants ofx in T constitutes a
realization of the multitype Galton–Watson processG. Moreover, these realiza-
tions are conditionally independent, given the firstjnm generations ofG, sinceG
is a (multi-type) Galton–Watson process. Thus,(|Umj |)j≥0 is an ordinary Galton–
Watson process. That the mean offspring number is given by the sum in (28) is
apparent from the construction. ut

For eachm, the mean offspring numberαm of the Galton–Watson process|Umj |
is, by (28), larger than 1; hence,|Umj | is supercritical. Define

ρm = ρ(m) = P

{
lim
j→∞

|Umj | = ∞
}

(29)

to be its survival probability.
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3.5. Existence of nearly regular subtrees

Using the embedded Galton–Watson processes defined in paragraph 3.4, we will
show that integerskm may be chosen so that if3′ is defined as in paragraph 3.3, then
with positive probabilityT has a subtreeT∗ whose set3∗ of ends is contained
in 3′ and satisfies (23). This will complete the proof of (20) and, hence, that of
Theorem 1.

Define
pm = p(m) = min(ρm, ρm+1)/2 . (30)

By Lemma 6, there exist integersβm so that for eachm ≥ 1,

βm < αm and (31)

lim
m→∞

logβm
nm

= h(µ)+ Eµψ . (32)

Now suppose, as in Lemma 4, that to each vertexv ∈ ∪jUmj is attached a random
variableYv, so that for each generationj the random variablesYv, wherev ∈ Umj ,
are conditionally independent given|Umj |, each with the Bernoulli-pm distribution.
By Lemma 4, there exist integersrm = r(m) such that for eachm,

P(Fm(rm, pm, βm)) > ρm/2 (33)

where

Fm(r, pm, βm) =



∑
v∈Umj

Yv > βrm


 .

We may assume that the sequencerm is increasing. Finally, letkm = smrm be an
integer multiple ofrm, with sm chosen so that

lim
m→∞

rm+1nm+1

kmnm
= 0 . (34)

Lemma 8. If the sequencesrm, sm, andkm = smrm satisfy(33) and (34), and if
3′ is defined as in paragraph3.3, then with positive probabilityT has a subtree
T∗ whose set3∗ of ends is contained in3′ and has Hausdorff dimension at least
h(µ)+ Eµψ .

Proof.For each positive integerj letm = m(j) be the unique positive integer such
that

m−1∑
i=1

si < j ≤
m∑
i=1

si ,

and define

Mj = β
rm
m and

Nj =
m−1∑
i=1

kini +
(
j −

m−1∑
i=1

si

)
rmnm .
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Relations (34) and (32) imply that

lim
j→∞

Nj+1

Nj
= 1 and (35)

lim
j→∞

log
∏j

i=1Mi

Nj log 2
= h(µ)+ Eµψ

log 2
. (36)

Therefore, by Lemma 2, it suffices to prove that with positive probabilityT contains
a subtreeT∗ whose set of ends is contained in3′ and which is

{
Mj

}
-regular with

respect to
{
Nj
}
.

Letx be a vertex ofTat depthNj . Partition the descendantsy ofx at depthNj+1
into two classes, “good” and “bad”: say thaty isgoodif the lastNj+1−Nj letters of
its pedigree are the concatenation ofrm words inFm (if Nj+1−Nj = rmnm) or the
concatenation ofrm+1 words inFm+1 (if Nj+1 −Nj = rm+1nm+1); otherwise, say
thaty isbad. DefineYx to be 1 ifx has at leastMm good descendants at depthNj+1,
and 0 otherwise. Then by (33), the conditional probability thatYx = 1, given the
firstNj generations of the Galton–Watson processG, is at leastpm. Consequently,
by (33) and Lemma 3, there is positive probability that the root vertex survives all
cuts of the pruning procedure described in paragraph 3.2.2. On this event, the pruned
tree contains a subtree that is

{
Mj

}
-regular with respect to

{
Nj
}
. By construction,

the limit set of the pruned tree is contained in3′. ut
4. Proof of Theorem 2

Observe first that, by Theorem 1,δH (3∩8−1(U(f, J )) is, on the event of survival,
at least as large as the maximum overM(f, J ) of (h(µ)+ Eµψ)/ log 2, because,
for eachµ ∈ M(f, J ), the set�µ is contained inU(f, J ). Thus, to prove equation
(5), it suffices to prove the inequality

δH (3 ∩8−1(U(f, J ))) ≤ max
µ∈M(f,J )

(
h(µ)+ Eµψ

log 2

)
+
. (37)

Without loss of generality, we may assume that the functionf : � → Rk is a
function only of the first two entries of its argument. This is because, for any integer
k ≥ 1, the type spaceL of the underlying multi-type Galton–Watson processG
may be enlarged toLm, with each individual ofG being re-labelled in accordance
with its type and the types of itsm − 1 most recent ancestors. Moreover, we may
assume that the components of the vectorf are the indicator functionsfij of those
pairsij of types for whichq(i, j) > 0. (If f is not originally of this form, it can
be transformed by adjoining indicator functions, replacing components by linear
combinations of components, and deleting redundant components. None of these
transformations affects the truth of the statements in Theorem 2.)

Say that aσ -invariant probability measureµ on � is Markov if, under µ,
the coordinate process is a (1-step) Markov chain, equivalently, if for every finite
sequencex1x2 · · · xm such thatµ(�(x1x2 · · · xm) > 0,

µ(�(x1x2 · · · xm))
µ(�(x1x2 · · · xm−1))

= µ(�(xm−1xm))

µ(�(xm−1))
. (38)



54 S. P. Lalley, T. Sellke

Lemma 9. If, for somew ∈ Rk, there exists an admissible, σ -invariant probability
measureν on � such thatEνf = w, then there exists an admissible Markov
measureµ = µw such thatEµf = w, and

h(µ) ≥ h(ν) . (39)

Proof. For every pairij ∈ L2 defineπ(ij) = ν(�(ij)) andπ(i) = ν(�(i)).
Then there is a unique Markov measureµ on� with the same marginalsπ(ij)
(the transition probabilities arep(i, j) = π(ij)/π(i) for those pairsij such that
π(ij) > 0, and 0 for the rest). Since the components off are just the indicators of
the different allowable pairsij of types,Eµf = Eνf . Sinceν is admissible, so is
µ.

The inequality (39) is a routine consequence of the Jensen inequality for convex
functions. Lettingϕ(t) = −t log t , we have

h(ν) = lim
n→∞

1

2

∑
x1x2···xn

µ(�(x1x2 · · · xn−2))ϕ

(
µ(�(x1x2 · · · xn))
µ(�(x1x2 · · · xn−2))

)

≤ lim
n→∞

1

2

∑
xn−1xn

ϕ


 ∑
x1x2···xn−2

µ(�(x1x2 · · · xn))



= lim
n→∞

1

2

∑
xn−1xn

ϕ(µ(�(xn−1xn)))

= h(µ) . ut

One of the advantages of dealing with Markov measures is that the entropy func-
tionalh(µ) varies continuously with the transition probabilitiespij . Hence, it fol-
lows from Lemma 9 that, for any nonempty compact setJ ⊂ {

Eµf : µ admissible
}
,

the functionalµ → Eµf + h(µ) attains its maximum inM(f, J ), and does so at
an admissible Markov measure.

Lemma 10. For each admissible Markov measureµ = µw and eachε > 0 there
existsδ > 0 such that for all sufficiently largen,

| {x ∈ Ln : |Anf (x)− w| ≤ δ
} | ≤ exp{nh(µ)+ nε} . (40)

Proof. Consider the setN(µ) = Nδ(µ) of all Markov measuresµ′ for which
the two-step marginal probabilitiesµ′(�(ij)) are all withinδ of the corresponding
marginal probabilitiesµ(�(ij)) for µ. For anyµ′ ∈ N(µ), the marginal proba-
bilitiesµ′(�(ij)) are bounded above byν(i, j), where

ν(i, j) = µ(�(ij))+ δ .

Define transition probabilitiesp∗(i, j) by

p∗(i, j) = ν(i, j)/ν(i),

ν(i) = ∑
j

ν(i, j) .
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Let µ∗ be the Markov measure for which the associated Markov chain has tran-
sition probabilitiesp∗(i, j). Observe that, sinceν(i, j) > 0, the Markov measure
µ∗ is mixing. If δ > 0 is small then the transition probabilitiesp∗(i, j), and con-
sequently also the stationary probabilitiesπ∗(i), are close to those of the Markov
chain asociated with the Markov measureµ. It follows that if δ > 0 is small then
the differences|π∗(i)− ν(i)| and|h(µ∗)− h(µ)| are small.

For any sequencex ∈ Ln such that|Anf (x)−w| < δ, the empirical distribu-
tion of adjacent pairsij in x must coincide with the two-step marginal probabilities
µ′(�(ij)) for someµ′ ∈ N(µ). Consequently, by the definitions of the quantities
ν andp∗(i, j), for each such sequencex = x1x2 · · · xn,

n−1∏
m=1

p∗(xm, xm+1) ≥
∏
i,j

p∗(i, j)nν(i,j)

≥ e−nε/4
∏
i,j

p∗(i, j)nπ∗(i)p∗(i,j)

≥ exp{−nh(µ∗)− nε/3}
≥ exp{−nh(µ)− nε/2} ,

providedδ > 0 is sufficiently small andn is large. Since

∑
x∈Ln

π∗(x1)

n−1∏
m=1

p∗(xm, xm+1) = 1 ,

it follows that the number of sequencesx ∈ Ln such that|Anf (x)−w| < δ cannot
exceed exp{nh(µ)+ nε} for largen. ut

Proof of Inequalities (4) and (37). Let J ⊂ Rk be a compact set such that for
everyw ∈ J there exists an admissible probability measureµ for whichEµf = w.
By Lemma 9, the measureµw that maximizes entropy subject to the constraint
Eµf = w is a Markov measure. By Lemma 10, for eachε > 0 and eachw ∈ J

there existsδ = δw > 0 such that for all largen, inequality (40) holds, and so that,
for eachx = x1x2 · · · xn ∈ Ln such that|Anf (x)− w| < δi ,

q(i∗, x1)

n−1∏
j=1

q(xj , xj+1) ≤ exp

{
n

∫
ψ dµw + nε

}
. (41)

SinceJ is compact, there exists a finite subset{w1, w2, . . . , wr} such thatJ is
covered by the ballsBi of radii δwi centered at the pointswi . Hence,

U(f, J ) ⊂ ∪ri=1U(f,Bi) .

As in section 2, for anyx ∈ Ln let V(x) = 8−1(�(x)) be the set of allnth
generation vertices ofT with pedigreex. Then for eachm ≥ 1,

U(f,Bi) ⊂
∞⋃
n=m

⋃
x∈1(i,n)

⋃
ξ∈V(x)

3(ξ)
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where
1(i, n) = {

x ∈ Ln : |Anf (x)− wi | < δwi
}
.

This is a covering ofU(f,Bi) by sets of diameter no larger than 2−m. By (16),
(41), and (40), the expected number of sets of diameter 2−n in this covering is no
larger than

exp

{
n(h(µwi )+

∫
ψ dµwi + 2ε)

}
.

The proofs of (4) and (37) may now be completed by the same arguments as in
section 2.
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