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Abstract. Let.7 be the genealogical tree of a supercritical multitype Galton—Watson pro-
cess, and lef be thelimit setof .7, i.e., the set of all infinite self-avoiding paths (called
endg through7 that begin at a vertex of the first generation. The limit/sé& endowed with

the metricd (¢, §) = 27" wheren = n(¢, &) is the index of the first generation wherandé

differ. To each eng is associated the infinite sequenizg;) of types of the vertices af. Let

Q be the space of all such sequences. For any ergodic, shift-invariant probability measure
wn on £, define2, to be the set of alk-genericsequences, i.e., the set of all sequences

w € Q such that each finite sequenceccurs inw with limiting frequencyu (2 (v)), where

Q(v) is the set of alk’ €  that begin with the word. Then the Hausdorff dimension of

AN ®~1(Q,) in the metricd is

(h(u)+f log g (wo, w1)dj(w))+/10g2 ,
Q

almost surely on the event of nonextinction, whie¢g) is the entropy of the measupeand

q(i, j) isthe mean number of typgeffspring of a typer individual. This extends a theorem

of HAWKES [5], which shows that the Hausdorff dimension of the entire boundary at infinity
is log, o, whereq is the Malthusian parameter.

1. Introduction

Suppose that the individuals of a simple supercritical Galton—Watson process are
randomly assigned labels from a finite <€t On the event of nonextinction, there
will be infinite descent line¢sequences = &£1&» - - - of individuals such that each
&,+1 is an offspring of,, and such that; is a member of the first generation).
Define thelimit set A of the Galton—Watson process to be the set of all infinite
descent lineg; equivalently,A is thespace of endsf the genealogical tree of the
Galton-Watson process. For each infinite line of deseentA, define itspedigree

® (&) = 112 - - - to be the infinite sequence of labels asssigned to the individuals
£1, &, ... Of £. A subsetB of Q = #N is callednon-polarif there is positive
probability thatB N ®(A) # @. Characterizations of non-polar sétshave been
givenin [3, 8, 9].
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This paper concerns thgizeof A N ®~1(B) for certain non-polar set8. The
sets of primary interest are the s@ts C Q consisting of allt-genericsequences,
wherep is an ergodic, shift-invariant probability measuref@nA sequence € Q
is calledu-generic if every finite sequenge= x1x; - - - x,, with entries in# occurs
with limiting frequencyu (2 (x)) in w, whereQ2 (x) is the set of alkw’ € 2 whose
firstn entries coincide with the entrias of x. The natural way to measure the size
ofArWCD‘l(Q,L) is byHausdorff dimensianThe idea of using Hausdorff dimension
as a measure of size for a Galton—Watson tree (or its space of ends) derives from a
paper ofHAWKES [5] (see also [4] and [8]). Lef = d andd = dg be the metrics
on A and<2 defined by

dE o) =270, (1)

respectively, whera (¢, ¢) is the smallest integer such thats, # ¢,. Hawkes
proved the following theorem:

Hawkes’ theorem. If the offspring distribution has mean> 1 and finite second
moment thenalmost surely on the event of nonextinctitime limit setA of the
Galton—Watson tree has Hausdorff dimensfionthe metricd )

loga

Su(A) = g2 -

2

R. Lyons [8] subsequently showed that the second moment hypothesisis unecessary.
The main result of this paper is an explicit formula for the Hausdorff dimension

of A N ®~1(Q,) in the metricd defined by (1). Apart from its intrinsic interest,

this result is crucial for the main results of [6] concerning the “backscattering”

phenomenon for anisotropic branching random walks on homogeneous trees. The

formula holds generally for multi-typeGalton—Watson procegs (see [1], Ch. V

for background) with finite type spac€. For each paif, j € & letg;; = q(i, j)

be the mean number of typeeffspring produced by a typeindividual, and let

0 = (gij)i, jer be the|.Z| x |£| matrix of means. We shall make the following

assumptions:

(H1) The mean offspring numbegs are all finite.
(H2) The matrixQ is irreducible equivalently some positive powegp” of Q has
strictly positive entries.

For simplicity, we shall assume that the Oth generation consists of a single indi-
vidual of typei., wherei, is a distinguished element ¢f. Thus, the genealogical
treeZ has a single root vertex labelled The vertices” of 7~ may be partitioned
by depth

PV =U o

where the elements of", are thenth generation individuals of the underlying
Galton—-Watson process. By (H1), all of the generatigfis are finite, and by
conventiony g is a singleton containing the root vertex The (directed) edges of
g connect those ordered pains w) of vertices such thab is an offspring ofv.

If there is a directed path starting at a verteand ending at a vertex thenw is
called adescendantf v; the subtree o/ whose vertices are the descendants of
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is denoted by (v). An infinite (connected) path ig™ starting in¥"1 and passing
through exactly one vertex in each generatiop, n > 1, is called arendof .7,
or an infinitedescent lineThe space of ends of (thelimit setof %) is denoted
by A; it is endowed with the metrig defined by (1) above. For each vertexet
A(v) be the set of all ends that pass througland letz (v) be the type ob. For
each end = &1& - - -, the sequence of typegé,,) will be denoted byd (¢), and
will be called thepedigreeof the descent line.
Definey : @ — R by

V(w) =10gq (w1, @2) .

For any Borel probability measureon 2, and anyu-integrable functiory : Q@ —
R, we will write

@f:Afm.

Theorem 1. Let A be the limit set of a multi-type Galton—Watson procgssat-
isfying hypothese@11)—(H2), and letu be an ergodicshift-invariant probability
measure orf2 with entropyh(w). If h(u) + E, ¢ < 0 then the setb(A) N 2,

is almost surely empty. () + E,¥ > 0 then almost surely on the event of
non-extinction the set N d>‘1(§2ﬂ) has Hausdorff dimension

h(w) + Eny

S(ANOHRQ) = iog2

3)

The next result concerns the Hausdorff dimensions ofset$ —1(U), wherelU ¢
Q is a set defined by weaker constraints on ergodic averages..L@t— Q be the
forward shift mapping, lef : Q@ — R be a continuous vector-valued function, and
let J be a nonempty compact subset¥ Call ac-invariant probability measure
w admissibleif it is ergodic and if . (€2(ij)) = 0 for every pairij of types for
which ¢ (i, j) = 0 (note that no such pair can appear in sequence in the pedigree
of an infinite descent line).

Define

Saf =f+foo+foo’+- 4 foo"
Anf:Snf/n,
lMﬁh:{weQ:lﬂﬂN%%AJ@)h:OL and

A(f,J) = {admissiblew : E, f e J} .

Theorem 2. Let f : Q@ — R* be a function such that, for some finite integer
m, f(w) is a function only of the firsiz entries of the argumenb. Let J be

a nonempty compact subset®f such that, for everx e J, there exists an
admissible probability measuye on & such thatE,, f = x. Then the functional
w — h(un) + E, ¢ attains its maximum ow/(f, J),
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max (h(u)+E,¥) <0= ANOYU(f,J)=0as., and (4)
ned(f.J)

. _ COET AN
Su(ANOTU(L, ) = max < log2 /, ©)

almost surely on the event of survival.

Remarks

(A) In fact, Theorem 2 holds more generally for functiofis: Q@ — R* that
are Holder continuous (with respect to the mettig). The proof, however, is
considerably more technical than the proof in the case wliedepends only on
finitely many coordinates.

(B) Hawkes’ theorem is a special case of Theorem 2: ¥ethe space of types,
be a singleton; lef = 1; and let/ = {1}. Since ¥ is a singleton, there is only
one invariant probability measure éh= ¢V, and it has entropy zero. Moreover,
¥ = loga, wherea is the mean offspring number. Thus, (5) reduces to Hawkes’
formula.

(C) Suppose that the spagéof types has cardinality greater than 1. lgtbe the
unique ergodicg -invariant probability measure @athat maximizes (i) + E, ¥

(that there is a uniqgue maximizer follows, e.g., from Theorem 1.22 of [2]). Now
let f = 1andJ = {1}; thenU(f, J) = @, and.Z(f, J) is the set ofall ergodic,
o-invariant probability measures dd. Consequently, Theorems 1 and 2 imply
that, if 2(u.) + E,, ¥ > 0, then almost surely on the event of nonextinction,

Su(A) =sp(AN@~1(Q,,)) . (6)

Thus, the set of infinite descent lingsuch thatd (¢) is generic for the maximizing
measureu, has Hausdorff dimension as large as the entire set of infinite descent
lines.

(D) Now let f : @ — R be any continuous function, and l&tbe a closed interval
of R notcontainingE,,, f. Then by Theorem 2 and the fact thaf) + E, ' is
uniquelymaximized by,

SH(ANDHU(S, ) < 8(A) . ()

Thus, the set of infinite descent linesuch thatb (¢) is not nearly generic fop,

has Hausdorff dimension strictly less than the entire set of infinite descent lines.
Together with remark (B), this suggests that in an appropriate sense “most” infinite
descent lines are “almost” generic fo.

The remainder of the paper will be devoted to the proofs of Theorems 1 and 2.
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2. Proof of Theorem 1: upper bound

In this section we shall prove that
Su(AN®YQ,) < (h(nw) + E,¥)/log2  and (8)
hw +Exy <0= AN LQ,) =0 9)

almost surely. As is often the case in Hausdorff dimension calculations, this is the
easy half of the argument: we need only find an efficient sequence of open coverings
of the target set N ®~1(,,).

Lemma 1. Letu be any ergodiginvariant probability measure oft = #N. Then
for everye > Othere exist setf,, = I';, () C £ such that

lim m~tlog|Tl = h(w) | (10)
m— 00
m—1
lim sup|m™1Y y(o/x)— [o¥dul =0, (11)
m—>ooxerm j=0

and such that for every = x1x2--- € Q,
x €Qu = x1x2---xp € Iy infinitely often. (12)
Note.In fact, there exist sets,, such that (11) and (10) hold, and for which (12)

holds with “infinitely often” replaced by “eventually”. This stronger statement will
not be needed in the subsequent arguments.

Proof. This is a routine consequence of the Shannon-MacMillan theorem and the
ergodic theorem (see, e.g., [11]). These two theorems, together with the ergodicity
of u, imply that there exist sefs,, ¢ #™ such that

M p(User, 2()) =1, (13)

lim max| —m tlogu(Qx)) —h(n)| =0 , (14)

m—o0 xel'y,

and such that (11) holds. Observe that, by (14), for eashQ, if m is sufficiently
large then for every € 'y,

exp{—m(l+e)h(n)} < u(Q(x)) < exp{—-ml—e)h(n)} ,
and so
ICm| exp{—m 1+ e)h()} < p(Uyer,, 2(x)) < [Tyl exp{—m(1—e)h(n)} ,

which, in view of (13), implies (10). To see that (12) must hold, take a subsequence
my of N such that

> (1= p(User,, (x))) < oo .
k=1
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By the Borel-Cantelli Lemma, for-almost every sequenae= x1xz - - - € €2, the
prefixxixz - - - xp, is an element of,, for all sufficiently largek. O

For anynth generation individuat € 77, define thepedigreed (x) of x to be
the lengths sequencev = wiw; - - - w, recording the types of and its ancestors;
thus,wy is the type of its ancestor in generatibnFor any wordw € #", define
7" (w) = ®~1(Q(w)) to be the set of alkth generation individuals with pedigree
w. Observe that

otewy= |J Am ., (15)

xe? (w)

and that each set(x) in this union has diameter (in the mettic= d, defined by
(1)) less than 2". Observe also that for any wortd = wiwy - - - wy,,

n—1 n
EI7 )] = q(e, w) [T aw), wje1) = g, wr) exp (Z IP(Uj‘lw))

j=1 j=1

(16)
Fix e > 0, and letl’,, = TI';,(1) be as in the statement of Lemma 1. Then by
assertion (12), foreach =1, 2, .. .,

oteoclYlU U a® (17)

n=mxel’, E€¥ (x)

is a covering ofd~1(£2,,) by open sets of diameter less than”2 Denote this
covering by¥%,,. Each®,, includes infinitely many open sefs(&), but by (16), the
expected number of these with diametef 2s

D qlis, xp) exp (Z wof'—lx)) : (18)

xel'y j=1

which by assertions (10)—(11) of Lemma 1 is, for any 0, no larger than

exp{n <h(u) +/wdu+8)} (29)

providedr is sufficiently large.

Proof of (9). Suppose that-2¢ = h(n) + E, ¥ < 0. Then by (19), forn suf-
ficiently large, the expected number of sgtgx) included in the covering,, is

smaller than
o0
e

n=m

Since this converges to zero exponentially fasinas> oo, the Borel-Cantelli
Lemma imples that, with probability one, for all sufficiently largethe covering
% is empty. It therefore follows that with probability one,

AN YQ)=0.
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Proof of (8). Recall that the Hausdorff dimension of a d€tis defined to be
inf {« : Hy(F) < oo}, whereH,, denotes outer-dimensional Hausdorff measure.
Recall also that, (F) is the limit asp — 0 of inf(}_ ., diamete(¢G)*), where
the infimum is taken over all coveringsof F by open set& of diameter less than
p. By (17) and (19), for anw > ((h(n) + E, )/ 109 2,

E Z diametefA (£))* < k(a) < oo ,
A(E)ECH

for somek(a) < oo independent ofz. Consequently, the outer-dimensional
Hausdorff measure of N d>—1(szﬂ) is almost surely finite, and so the advertised
inequality (8) must hold almost surely.

3. Proof of Theorem 1: lower bound
3.1. Basic strategy

In this section, we prove the more difficult inequality
Su(AN O HQ) = (h(w) + E,y)/log 2 (20)

almost surely on the event of nonextinction. It suffices to prove this for those ergodic,
shift-invariant probability measureson 2 such that

h(w) + Epp > 0 (21)

because for those not satisfying this condition the inequality (20) is trivial. Thus,
for the remainder of this section we assume that (21) holds.

Recall that the root of the tre€ is of typei,. By hypothesis (H2), on the event
that7 is infinite, it almost surely has infinitely many vertices of typeFor each
vertexx € 7 of typei,, the subtreeZ7 (x) containing those vertices descending
from x has the same distribution as the entire te€gsince the root vertex o™
has typei,. It follows by a routine argument that if for some constgnt- 0
the Hausdorff dimension oA N db‘l(Q,L) exceedsy with positive probability,
then almost surelyon the event that/ is infinite, the Hausdorff dimension of
AN d>—1(§2u) exceeds ; thus,5y (A N <I>‘1(QM) is almost surely constant on the
event of nonextinction. Consequently, to establish the inequality (20) it suffices to
show that with positive probability there is a subtrgé of 7 whose setA* of
ends satisfies

DAY C Q, and (22)
Sa(A*) > (h(n) + Ey )/ log2 . (23)

3.2. Background

First we collect some needed results concerning the Hausdorff dimension of nearly
regular trees and pruned Galton—Watson trees.
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3.2.1. Nearly regular trees

Let T be any infinite rooted tree, with vertex sétpartitioned by depth (distance
from the root vertex)V = U ,V,,. Let N, and M,, be increasing sequences of
positive integers. Say thdt is {M,, }-regular relative to{N,} if, for everyn > 1,
every vertexx at depthwv,, has exactly,, 1 descendant vertices at depth ;. If

T is {M,}-regular relative tq N, } for a constant sequendé, = D, say thatT is
D-regular relative td N, }.

Lemma 2. Let T be an infinite rooted tree with space of eridB. If there is an
increasing sequence of intege¥s satisfyingim,,_, oo Ny+1/N, = 1such thatfor
some sequendé,} of positive integersT is {M,,}-regular with respect t¢N,,},
then the Hausdorff dimension &1 (relative to the usual metr)ds

.. . log|V, o og[Tioy M,
SpdT) = liminf 09IVN. | _ jimin og[1j—1 Mx
n—oo N, log 2 n—>00 N, log2

Proof. Easy exercise. 0

3.2.2. Pruning a Galton—-Watson tree

Let T = T7 be the genealogical tree of an ordinary Galton—Watson pragess
with mean offspring number > 1 and survival probability > 0. Let the vertex
setV of T be partitioned by depth (generatio):= U™ (V.

Pruning Procedure. Let N,, andM,, be sequences of positive integers. The prun-
ing procedure consists of an infinite sequence of “cuts”, each depending on the
outcome of the earlier cuts. The set of vertices survivingrowtll be denoted by
G,,andGg = V. For eachm > 0, the setG,,;1 is defined to be the set obtained
from G,, by removing, for each, all verticesx € G,, at depthw,, that have fewer
thanM,, descendant vertices i, at depthN,, 1.

Note that if the root vertex survives all the cuts, tHeras a subtree that is
{M,,}-regular relative tqN,, }, and whose vertices are all element$gfoG,.

Lemma 3. Suppose that there exist positive probabilitigs such that for each
m >0,

o) k
S PVl =k} P 3D i = Mt = pu (24)
k=0 j=1

whereg,, ; are mutually independent Bernoupi; random variables that are in-
dependent of the firgY,, generations of the Galton—Watson processThen the
probability that the root vertex survives all the cuts of the pruning procedure is at
least po.

Proof.We will show by induction om that, for each vertex € Vy, , the conditional
probability thatx € G,,, given the firstv,, generationsof?, is at leastp,,. Since
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the setsG, are decreasing in, it will follow that x € N> ; G, with conditional
probability at leasp,,. This will prove the lemma.

For any vertext € Vy, , the event that survives the initial cut has probability
1. For eachx € U,, Vy,, and eacln > 1, define

Yr=1 ifxeG,,
Y'=0 ifx¢G, .

Then for each paim, n the random variable§yY” : x € Vy, } are conditionally
independent and identically distributed, given the i¥gtgenerations of. More-
over, by the induction hypothesis, for each verteg Vy,, the conditional proba-
bility that Y = 1 is at leasl,,. A vertexx € Vy,, survives cutz + 1 if and only
if

Yo Y =My,

YEVN, 1 ()

where the sum is over the séy,, ., (x) of verticesy € Vy,,,, that are descendants
of x. By hypothesis (24), this event has conditional probability at Ipgstgiven
the firstN,, generations of/. O

Verification of the hypothesis (24) in paragraph 3.5 below will be based on
the following simple lemma. Recall that > 0 is the survival probability of the
Galton—Watson process.

Lemma4. Fix1 < 8 <« and0 < p < 1. Suppose that to the verticess V are
attached random variableg, so that{¢, : v € V,,} are, for each integem > 0,
conditionally independent Bernoulti; given|V,|. Define events

Fo,p.B)=1{) &>p8"t . (25)
veV,
Then
lim P(F(n,p. ) =p . (26)

Proof. On the event of survival,V,|/B8" — oo almost surely aga — oo. Con-
ditional on the eventV,| = k, the random variabl{vevn &, has the binomial
distribution with parameterk and p. Therefore, the lemma follows by an easy
application of the Chebyshev inequality. O

Remark.The probabilitiesP (F (n, p, 8)) are nondecreasing in.
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3.3. u-Generic subtrees

Recall that? is the set of types of the multi-type Galton—Watson procgéss
Theorems 1-27 is the genealogical tree &f, andA is the space of ends (equiv-
alently, infinite descent lines) of . Lete,, > 0 be a sequence of real numbers
decreasing to 0 a8 — oo, and letn,,, = n(m) > m be an increasing sequence of
positive integers. Defing,, to be the set of all words € "™ such that

(a) w ends with the letter,;

(b) w begins with a letterw for which ¢ (i, w1) > 0;

(c) no two-letter word: = ij for whichg(i, j) = 0 appears inw; and

(d) for each wordu € U;f‘:lyj, the relative frequency af in w differs from
w(2(u)) by less tharz,,.

Observe that ifu = ij is a two-letter word for whichy (i, j) = 0 then
w(@)) = 0, becauseE,,y > —oo. Now letk,, = k(m) be any sequence of
positive integers. Defind’ C A to be the subset including those erids A
for which the pedigre@ (&) consists ok words in Fy, followed by, words of
F», etc. The following lemma is an obvious consequence of the assumption that
lim,,— 0 & = 0, together with the definitions of the sdts and<2,.

Lemmab5. ®(A") C Q.

The remainder of the argument entails showing that the as yet unspecified sequences
k», andn,, can be chosen so that with positive probabili#y,has a subtree *

whose setA* of ends is contained in” and satisfies (23). For this, the following
lemma is crucial.

Lemma 6. For any sequence,, > O such thatlim,, &, = 0,if n,, > o0
sufficiently rapidly then

n(m)—1
iiminf - log Yo Il awiwisn) | zh+Ep >0, (27)

m—oo n
m .
wekF, i=1

Proof. By definition of F,,,, for everyw € F,, and every two-letter word, the
relative frequency of: in w differs from (2 («)) by less thare,,. Consequently,
there exist constanés, > 0, depending only og,, and the mean offspring numbers
gij, such that lim,_, o §,, = 0 and for everyw € Fy,

n(m)—1

[1 qwi.wis1) = exp{nm(Euy — 8}
i=1

The Shannon-MacMillan(-Breiman) Theorem (see, e.g., [11]) and the Ergodic The-
orem imply that for any,, > 0, if n,, is sufficiently large then there is a subggt
of F,, such that

> QW) = p(Qi))/2

*
w€E11
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and such that for alb € F;,

n(2(w)) < exp{—nmh(w) +dm)} .

It follows that

|Finl = exp{nm (h(1) — 0m)} n(23ix)/2 .
This, together with the inequality of the preceding paragraph, implies the inequality
(27), since liny, . 00 6, = 0. O

Remark. The sequenc:,, },,>1 may always be chosen so as to be strictly increas-
ing. Moreover, it may be replaced by the sequefiGg;},,~1, and so it may be
arranged that the infimum of the sequence on the left side of (27) may be made
arbitrarily close toh(i) + E,v. Since by hypothesis this is positive, we may
choose{n,,},,>1 so that, for everyn > 1,

n(m)—1

an= > [] qwiwisn =1, (28)

weF,, i=0

wherewg = iy.
3.4. Embedded Galton—Watson processes

Recall that the vertex set” of 7 is partitioned by depthy” = U ,77,; and
that "o consists of a single vertex of typg. For eachmm > 1 define subsets
Uj" C 7 juemy inductively as follows:
(@ Uy =70 and
(b) for each vertex € 4" (j11)n(n), X is included inU]’?’Jrl if and only if

(i) itis a descendant (i) of a vertex inU"; and

(ii) the lastn,, letters of the pedigre® (x) form a word inF,,.

Lemma 7. For eachm, the sequence of random variabt¢é’j’.” ) j>olisanordinary
Galton—Watson process with mean offspring numeedefined by28).

Proof. Every vertexx € U;” has a pedigre® (x) ending in the lettei,. Con-
sequently, for each such the set7 (x) of descendants of in .7 constitutes a
realization of the multitype Galton—Watson procéssMoreover, these realiza-
tions are conditionally independent, given the fifsf, generations o¥, since¥

is a (multi-type) Galton—Watson process. Thuy,;." ) j>0 is an ordinary Galton—
Watson process. That the mean offspring number is given by the sum in (28) is
apparent from the construction. O

For eachn, the mean offspring numbey, of the Galton—Watson procels{$;"|
is, by (28), larger than 1; hencle!]7’| is supercritical. Define

pn = o = | Jim U7 = oo (29)
j—o00

to be its survival probability.
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3.5. Existence of nearly regular subtrees

Using the embedded Galton—Watson processes defined in paragraph 3.4, we will
show that integerk,, may be chosen so thatAf is defined as in paragraph 3.3, then
with positive probability7” has a subtreg™* whose setA* of ends is contained

in A’ and satisfies (23). This will complete the proof of (20) and, hence, that of
Theorem 1.

Define
Pm = p(m) = Min(py, pms+1)/2 . (30)
By Lemma 6, there exist integegs, so that for eactn > 1,
B < oy and (32)
. log B,n
im 29 o+ By 32)

m—>00  H,

Now suppose, as in Lemma 4, that to each vertexU; U;" is attached a random
variableY,, so that for each generatigrthe random variableg,, wherev € U;"
are conditionally independent givéti’"|, each with the Bernoullp,, distribution.
By Lemma 4, there exist integers = r(m) such that for each,

P(Fyu(rms Pms Bm)) > pm/2 (33)

where

Fou(r, pm, Bm) = Z YU>/3;1

m
ver

We may assume that the sequengéds increasing. Finally, let,, = s,,r, be an
integer multiple of-,,, with s, chosen so that

lim il (34)
m—o0o  kyun,
Lemma 8. If the sequences,, s,,, andk,, = s,r, Satisfy(33) and (34), and if
A’ is defined as in paragrap8.3,then with positive probability7 has a subtree
7 * whose sef\* of ends is contained in’ and has Hausdorff dimension at least

h(i) + Ep .

Proof. For each positive integegrletm = m(;j) be the unique positive integer such
that

m—1

and define
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Relations (34) and (32) imply that

N.
lim =t =1 and (35)
j—00 N]
i log[T/_; M; _hw + Eny (36)
j—oo  Njlog2 log 2 ’

Therefore, by Lemma 2, it suffices to prove that with positive probatlityontains
a subtreeZ * whose set of ends is containedAniand which is{ M, }-regular with
respect to{ N, }.

Letx be avertexof atdepthV;. Partition the descendantsf x atdepthv; 1
into two classes, “good” and “bad”: say thaits goodif the lastN; 1 — N; letters of
its pedigree are the concatenatiom,gfwords inF,, (if Ny 1— N; = ryn,) orthe
concatenation of,, 1 words inFy, 41 (if Nj11— N; = rpyin,y1); otherwise, say
thaty is bad DefineY; to be 1ifx has atleas¥,, good descendants at depth, 1,
and 0 otherwise. Then by (33), the conditional probability that= 1, given the
first N; generations of the Galton—\Watson procgsss at leasip,,. Consequently,
by (33) and Lemma 3, there is positive probability that the root vertex survives all
cuts of the pruning procedure described in paragraph 3.2.2. On this event, the pruned
tree contains a subtree thaf{i#; }-regular with respect tdN; }. By construction,
the limit set of the pruned tree is containedAh O

4. Proof of Theorem 2

Observe firstthat, by Theoremdly (AN® LU (£, J)) is, on the event of survival,
at least as large as the maximum ové( f, J) of (h(n) + E,v/)/log 2, because,
foreachu € .Z(f, J), the se,, is contained irtU (£, J). Thus, to prove equation
(5), it suffices to prove the inequality

Su(ANOXUF, 1)) < max < (37)

wedl(f,0)

h(p) + Em”)
log 2 .

Without loss of generality, we may assume that the funciion @ — Rf is a
function only of the first two entries of its argument. This is because, for any integer
k > 1, the type space of the underlying multi-type Galton—Watson procéss
may be enlarged t&", with each individual of¢ being re-labelled in accordance
with its type and the types of itea — 1 most recent ancestors. Moreover, we may
assume that the components of the vegtare the indicator functiong; of those
pairsij of types for whichg (i, j) > 0. (If f is not originally of this form, it can
be transformed by adjoining indicator functions, replacing components by linear
combinations of components, and deleting redundant components. None of these
transformations affects the truth of the statements in Theorem 2.)

Say that as-invariant probability measurg on © is Markov if, under w,
the coordinate process is a (1-step) Markov chain, equivalently, if for every finite
sequencexz - - - x, such thau (2 (x1x2 - - - xp,) > 0,

p€2(xaxz - X)) P (Xn—1%m))
n(82(x1x2 - - - Xpm—1)) (€2 (xpm—1))

(38)
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Lemma 9. If, for somew e R¥, there exists an admissile-invariant probability
measurev on Q such thatE, f = w, then there exists an admissible Markov
measureu = p,, suchthatt, f = w, and

h(w) > h(v) . (39)

Proof. For every paitij € %2 definer(ij) = v(Q(@ij)) andr (i) = v(Q®)).
Then there is a unique Markov measureon Q with the same marginals (i)
(the transition probabilities arg(i, j) = 7 (ij)/x (i) for those pairs;j such that
7w (ij) > 0, and O for the rest). Since the componentg @fre just the indicators of
the different allowable pairg of types,E,, f = E, f. Sincev is admissible, so is
.

The inequality (39) is a routine consequence of the Jensen inequality for convex
functions. Lettingp(r) = —t log¢, we have

Xn—1Xn X1X2 - Xp—2

1 m(R(x1x2- - - X)) )
h — | _ Q cee Xp—
v) Jim > xmz;xn w(Qx1x2 - - x,-2))¢ (M(Q(sz x2)
. 1
< nll_)moo > E ® ( E n((x1x2 - - 'xn)))

. 1
n||—>moo§ Z @(H(Q(xnflxn)))

Xn—1Xn

= h(p) . =

One of the advantages of dealing with Markov measures is that the entropy func-
tional 2 (w) varies continuously with the transition probabilitigs. Hence, it fol-

lows from Lemma 9 that, for any nonempty compactset {E,Lf Y admissible},

the functionalu — E, f + h(u) attains its maximum inZ( f, J), and does so at

an admissible Markov measure.

Lemma 10. For each admissible Markov measure= ., and eache > 0 there
existss > 0 such that for all sufficiently large,

[H{x e 2" |Auf(x) —w| <8} | < exp{nh(w) + ne} . (40)

Proof. Consider the set/"(u) = A4 s5(u) of all Markov measureg’ for which
the two-step marginal probabilitieg (€2 (ij)) are all withing of the corresponding
marginal probabilities.(2(ij)) for u. For anyu’ € A" (w), the marginal proba-
bilities /(2 (ij)) are bounded above by, j), where

v(i, j) = n(€2(@ij) +3d .
Define transition probabilitieg. (i, j) by

p«(i, j) = v, j)/v(@),
v(i) = vG.j) .

J
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Let u, be the Markov measure for which the associated Markov chain has tran-
sition probabilitiesp, (i, j). Observe that, since(, j) > 0, the Markov measure
W« is mixing. If § > 0 is small then the transition probabilities (i, j), and con-
sequently also the stationary probabilitieqi), are close to those of the Markov
chain asociated with the Markov measurelt follows that if § > 0 is small then
the differences$mr, (i) — v(i)| and|h(u,) — h(w)| are small.

For any sequence € ¥ such thatA, f(x) — w| < &, the empirical distribu-
tion of adjacent pairgj in x must coincide with the two-step marginal probabilities
w' (R(ij)) for somen’ € A" (u). Consequently, by the definitions of the quantities
v andp. (i, j), for each such sequenge= x1x2 - - - x,,

n—1
[T Psm xmi) = [ ] putic ™D

m=1 i,j
> e—"g/“l_[p*(i,j)””*(i)”*(i’j)
LJ
> exp{—nh(u,) — ne/3}
> exp{—nh(u) — ne/2} ,

provideds > 0O is sufficiently small ana is large. Since

n—1
Y wG) [ peom xmrn) =1,
xegn m=1

it follows that the number of sequencegs #" suchthatA, f (x) —w| < § cannot
exceed expnh(uw) + ne} for largen. O

Proof of Inequalities (4) and (37). Let J ¢ R* be a compact set such that for
everyw € J there exists an admissible probability measufer whichE,, f = w.

By Lemma 9, the measune,, that maximizes entropy subject to the constraint
E, f = wis a Markov measure. By Lemma 10, for eack+ 0 and eactw € J
there exist$ = §,, > 0 such that for all large, inequality (40) holds, and so that,
for eachx = x1x2---x, € £" suchthaiA, f (x) — w| < §;,

n—1
q(is, x1) ]_[q(xj-,le) < eXp{n / Yduy +n8} . (41)
j=1
SinceJ is compact, there exists a finite subget, wo, ..., w,} such that/ is

covered by the ball®; of radii §,,, centered at the pointis;. Hence,
U(f,J) CU_U(f, B)) .

As in section 2, for any € #" let 7" (x) = ® 1(Q(x)) be the set of alhth
generation vertices af” with pedigreex. Then for eachn > 1,

vreycl) U U a®

n=m xeA(i,n) E€¥ (x)
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where

Ali,n)y={xeL" 1 |Auf(x) — wil < 8u,}

This is a covering olU (f, B;) by sets of diameter no larger than2 By (16),
(41), and (40), the expected number of sets of diametérir2this covering is no
larger than

exp{n(h(ului) + / Ydpy,; + 28)}

The proofs of (4) and (37) may now be completed by the same arguments as in

section 2.
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