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Abstract. Symmetric branching random walk on a homogeneous tree exhibits aweak sur-
vival phase: For parameter values in a certain interval, the population survives forever with
positive probability, but, with probability one, eventually vacates every finite subset of the
tree. In this phase, particle trails must converge to thegeometric boundary� of the tree. The
random subset3 of the boundary consisting of all ends of the tree in which the population
survives, called thelimit setof the process, is shown to have Hausdorff dimension no larger
than one half the Hausdorff dimension of the entire geometric boundary. Moreover, there
is strict inequalityat the phase separation point between weak and strong survivalexcept
when the branching random walk isisotropic. It is further shown that in all cases there is a
distinguished probability measureµ supported by� such that the Hausdorff dimension of
3 ∩�µ, where�µ is the set ofµ-generic pointsof �, converges to one half the Hausdorff
dimension of�µ at the phase separation point. Exact formulas are obtained for the Hausdorff
dimensions of3 and3 ∩ �µ, and it is shown that the log Hausdorff dimension of3 has
critical exponent 1/2 at the phase separation point.

1. Introduction

1.1. Background: weak survival/strong survival transition

Certain stochastic growth processes (e.g., branching random walks, contact and per-
colation processes) in spaces with hyperbolic geometries (e.g., the homogeneous
tree of degreed ≥ 3, the Poincaŕe plane, Fuchsian groups) exhibit a phase not
present in the corresponding processes in spaces with Euclidean geometry. This is
theweak survival phase, in which the “population” survives forever with positive
probability, but with probability 1 eventually vacates every compact subset of the
ambient space. Instances of processes for which this phase is known to exist in-
clude branching Brownian motion in the Poincaré plane [9], the isotropic contact

I. Hueter: University of Florida, Department of Mathematics, Gainesville, FL 32611, USA.
e-mail:hueter@math.ufl.edu

S.P. Lalley: University of Chicago, Department of Statistics, Chicago, IL, USA.
e-mail: lalley@stat.purdue.edu

Second author supported by NSF Grant DMS-9626590.

Mathematics Subject Classification (1991):Primary 60J15, 60J80; Secondary 60K35

Key words and phrases:Anisotropic branching random walk – Hausdorff dimension –
Homogeneous tree – Weak survival



58 I. Hueter, S.P. Lalley

process on a homogeneous tree [16, 13, 17], isotropic branching random walk on a
homogeneous tree [14], and site percolation1 on a co-compact Fuchsian group [8].

The transition from weak survival to strong survival is only partially understood.
Interesting questions center on thelimit set3, defined to be the random subset of the
natural boundary� consisting of those points of the boundary to which particle
trajectories converge. (Spaces with hyperbolic geometry have nontrivial natural
boundaries: for a tree, the natural boundary is the space of ends; for the Poincaré
plane the boundary is the circle at infinity). It is known for hyperbolic branching
Brownian motion [9], isotropic branching random walk on a homogeneous tree [14],
and for the isotropic contact process on a homogeneous tree [10] that in the weak
survival phase the Hausdorff dimensionδH (3) of the limit set cannot exceed 1/2
the Hausdorff dimensionδH (�) of the natural boundary. For hyperbolic branching
Brownian motion and isotropic branching random walk, explicit formulas can be
given for δH (3): these show that at the critical point (i.e., the point of transition
between weak and strong survival) the Hausdorff dimension of the limit setequals
1/2 the Hausdorff dimension of the natural boundary, and furthermore thatδH (3)

exhibits a square-root singularity, i.e., that as a function of thegrowth parameterλ
(the fission rate for branching processes, the infection rate for contact processes),

1

2
δH (�)− δH (3) ∼ C

√
λc − λ (1)

for a suitable positive constantC (hereλc is the critical value ofλ).

1.2. Anisotropic branching random walk

The purpose of this paper is to investigate the extent to whichisotropy affects
the nature of the transition from weak to strong survival. We shall restrict our
attention to anisotropic, symmetric, nearest neighbor branching random walk on
a homogeneous tree of even degree 2d (with d > 1), a process for which exact
calculations can be performed. The methods developed apply also, with minor
modifications, to anisotropic, symmetric, nearest neighbor branching random walks
on homogeneous trees of odd degrees 2d−1; for ease of exposition, we shall discuss
only the case of even degree.

1.2.1. The tree as a Cayley graph

The definition of anisotropic branching random walk relies on the representation
of the homogeneous treeT = T2d of even degree as the Cayley graph of the
free groupG = Gd on d generators. There is a similar representation of the ho-
mogeneous treeTd of any degreed ≥ 3 as the Cayley graph of the free product
Z2 ? Z2 ? · · · ? Z2 of d copies of the two element groupZ2; this representation can
be used to define a somewhat different class of branching random walks, to which
our techniques may also be applied.

1 For percolation, the analogue of the weak survival phase is the phase in which infinitely
many infinite connected clusters co-exist.
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LetA+ = {a1, a2, . . . , ad} be a set of symbols of cardinalityd, defineA− to
be the set of formal inverses{a−1

1 , a−1
2 , . . . , a−1

d } of the symbols inA+, and set
A = A+ ∪A−. The free groupG with generatorsA+ is the set of finite reduced
words from the alphabetA (a word isreducedif no lettera ∈ A is adjacent to its
inverse); multiplication consists of concatenation followed by reduction, and the
group identity 1 is the empty word. There is a natural bijection betweenG and the
set of vertices ofT, in which g, h ∈ G are mapped to adjacent vertices ofT if
and only ifgh−1 ∈ A. Thus, vertices are uniquely “represented” by finite reduced
words fromA. Henceforth, we shall not be careful to distinguish between vertices
of T and the words (or group elements) to which they correspond, and we shall
refer toG as the vertex set ofT. For any vertexw, denote by|w| the length of
its representative word; note that|w| is also the distance from the root vertex 1 to
vertexw in the graphT.

The bijection betweenG andT extends in a canonical way to a bijection be-
tween the natural boundary ofT and the set� of semi-infinite reduced words from
the alphabetA. If ω = x1x2 . . . ∈ � thenω corresponds to theend2 of T repre-
sented by the semi-infinite geodesic that passes through the vertices 1, x1, x1x2, . . .

in succession. For each real numberα ∈ (0, 1) there is a natural metricdα on�,
defined by

dα(ω, ω
′) = αN(ω,ω

′) (2)

whereN(ω,ω′) is the maximum integern such that the sequencesω andω′ agree
in entries 1, 2, . . . , n. The corresponding topology on� is, for any choice ofα, the
topology of coordinatewise convergence.

For any vertexw of T, defineT(w) to be the set of verticesv such that the
geodesic segment from 1 tov containsw, equivalently, such that the unique word
representingw is a prefix of the word representingv. Similarly, define�(w) to
be the set of infinite reduced wordsω = x1x2 . . . such that for some finiten, w
is represented by the wordx1x2 . . . xn. Note that for every integern ≥ 1, the set
{�(w) : |w| = n} is a finite open cover of�.

1.2.2. Random walk on the free group

Let P = {pg} be a probability distribution on the groupG, and letξ1, ξ2, . . .
be independent, identically distributedG-valued random variables with common
distributionP. A random walkwith step distributionP and initial positionx ∈ G
is a sequence ofG-valued random variablesYn, n ≥ 0 such thatY0 = x and for
n ≥ 1,

Yn = xξ1ξ2 . . . ξn . (3)

2 An endof T is an equivalence class of semi-infinite geodesics, where two geodesics are
equivalent if and only if the sets of vertices through which they pass differ in only finitely
many vertices. Ageodesicin T is a finite or semi-infinite sequence of distinct vertices
v1, v2, . . . such that for everyn ≥ 1, the verticesvn andvn+1 are nearest neighbors.
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If the initial position is not specified, it is assumed to be the root 1. We shall restrict
attention to distributionsP that arenearest neighbor, symmetric, nondegenerate,
andaperiodic; in particular, we assume that

pa > 0 if and only ifa ∈ A ∪ {1} , (4)

pa = pa−1 for eacha ∈ A+ . (5)

If all the probabilitiespa, a ∈ A, are identical, the distributionP (and the corre-
sponding random walk) is calledisotropic; otherwise,P is anisotropic. Because
d ≥ 2, any random walk with nondegenerate nearest neighbor distribution is nec-
essarily transient; in fact [4], ifp1 > 0 then there exist constantsCx > 0, x ∈ G,
and 1< R < ∞ such that for each fixedx,

P {Yn = x} ∼ Cx

Rnn3/2
(6)

asn → ∞. The exponential rateR is called thespectral radiusof the random
walk; it will also prove to be the critical fission rate for the branching random walk
defined below. It is the positivity ofR− 1 that accounts for the existence of a weak
survival phase in the branching random walk (see [2] for more along these lines).

A crucial role in the results below will be played by a collection of generating
functionsFx(z) indexed by the verticesx 6= 1 of G. These are defined as follows:
for eachx 6= 1, let Tx be the time of first passage tox by the random walkYn
(Tx = ∞ on the event thatYn never visitsx); for |z| ≤ 1 define

Fx(z) = EzTx I {Tx < ∞}; (7)

and for|z| > 1 defineFx(z) to be the direct analytic continuation of the function
defined by (7). It will be seen below (section 3) that all of the functionsFx have
radius of convergenceR, and thatFx(R) < ∞. Furthermore, the functionsFx are
algebraic: for eachx,w = Fx(z)satisfies a polynomial equationQx(w, z) = 0, and
there is an algorithm for producing the polynomialQx . In the special cased = 2,
the polynomialsQa(w, z), a ∈ A, are of degree 4, and so explicit expressions
(involving iterated radicals) can be given for the functionsFa (see section 3 below).

1.2.3. Branching random walk onG

This is the process of primary interest here. It evolves in discrete timen = 0, 1, 2, . . ..
At time n = 0 there is a single particle, located at a vertexx ∈ G. (If the initial
positionx is not specified, it is assumed to be 1.) The change in the state of the
population between timesn andn+ 1 takes place in two stages: (1) particle repro-
duction and (2) particle dispersal. Particles live for one unit of time. At the end of its
lifetime, a particleζ first fissions, creating a random numberNζ ≥ 1 of offspring
particles, all located at the same vertex as wasζ before the fission; for each particle
ζ the random variableNζ has a geometric distribution with meanλ > 1, i.e.,

P {Nζ ≥ k} = (1 − λ−1)k−1, k = 1, 2, . . . .



Anisotropic branching random walks on homogeneous trees 61

After the fissions, all particles move randomly to new vertices according to the step
distributionP. All random choices described in this evolution are assumed to be
mutually independent. The random walk{Yn}n≥0 onGwith step distributionPwill
be called themarginalrandom walk associated with the branching random walk.

The state of the population at any timen is determined by the numberZn
of particles in existence (before the next fission stage), and the unordered set
{X(n)1 , X

(n)
2 , . . . , X

(n)
Zn

} of particle locations. Observe thatZn is a supercritical
Galton–Watson process, so limZn/λn exists and (since the geometric distribu-
tion has finite variance) is strictly positive. Conditional on the value ofZn, the
distribution ofX(n)1 is the same as that ofYn; consequently, for any vertexx the
expected number of particles located atx at timen is EZnP {Yn = x}, which by
(6) is asymptotic toCx(λ/R)n/n3/2. It follows that the process survives weakly if
λ ≤ R, and survives strongly ifλ > R.

1.3. Main results: the limit set3

Henceforth we shall consider only the weak survival phase

1< λ ≤ R . (8)

In the weak survival phase, the population eventually vacates every finite subset of
G. It follows that the population has a well-defined set3 of accumulation points
in �:3 is the set of sequencesω = x1x2 . . . ∈ � such that for every (finite) prefix
x = x1x2 . . . xm of ω, eventually there are particles located at vertices inT(x). It
is easily seen that3 is a closed, and therefore compact, subset of�.

Theorem 1. With probability1, the Hausdorff dimensionδ(λ) of3 (relative to the
metricdα) is given by

δ(λ) = − logθ(λ)

logα
(9)

whereθ(λ) is the unique positive number such that

∑
a∈A

Fa(λ)

θ(λ)+ Fa(λ)
= 1 . (10)

The functionδ(λ) is strictly increasing inλ, and has critical exponent12 at the
phase separation pointλ = R; in particular, there is a constantC > 0 such that
asλ → R−,

δ(R)− δ(λ) ∼ C
√
R − λ . (11)

Furthermore,

δ(λ) ≤ 1

2
δH (�) , (12)

with equality holding if and only if the underlying random walk is isotropic and
λ = R.
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It is natural to ask what happens to3 at the critical valueλ = R. For this
purpose, we partition the natural boundary� into measure classes�µ. Recall that
� is the set of infinite reduced words from the alphabetA. Let σ : � → � be the
one-sided shift operator on�, i.e.,

σ(x1x2 . . .) = x2x3 . . . .

For any ergodic,σ -invariant probability measureµ on�, define�µ to be the subset
of � consisting of allω ∈ � such that for every continuous real-valued function
f : � → R,

lim
n→∞

1

n

n∑
i=1

f (σ iω) =
∫
�

f dµ . (13)

Birkhoff’s ergodic theorem implies thatµ(�µ) = 1 (since the space of continuous
functions on� is separable in the sup norm topology). Moreover, ifµ andν are
distinct ergodic probability measures then�µ ∩�ν = ∅.

For any ergodic,σ−invariant probability measureµ on� denote byh(µ) the
Kolmogorov-Sinai entropy of the measure-preserving system(�,µ, σ ). Define the
functionϕλ : � → R by ϕλ(x1x2 . . .) = logFx1(λ).

Theorem 2. Fix λ ≤ R, and letµ be any ergodic, σ -invariant probability measure
on�. If h(µ) < − ∫ ϕλ dµ then with probability one, 3 ∩ �µ = ∅. If h(µ) ≥
− ∫ ϕλ dµ then with probability one the set3 ∩ �µ has Hausdorff dimension
δ(λ;µ) (relative to the metricdα) given by

δ(λ;µ) = −h(µ)+ ∫
�
ϕλ dµ

logα
. (14)

This Hausdorff dimension satisfies the inequality

δ(λ;µ) ≤ 1

2
δH (�µ) , (15)

and equality holds in(15) for one and only one ergodic probability measureµ∗
and only whenλ = R.

The identification of the Hausdorff dimension (14) will be deduced from a
more general result of Lalley and Sellke [11] concerning labelled Galton–Watson
trees (see section 6.2 below). The more interesting part of Theorem 2 is the final
statement, that there exists a probability measureµ∗ on� for which equality holds in
(15). This shows that the convergence ofδH (3) to one-half the Hausdorff dimension
of the natural boundary in the isotropic case does indeed have an analogue in the
anisotropic case – in particular, the transition from weak to strong survival occurs
precisely when, for some�µ, the set3 fills a subset of half the Hausdorff dimension
of �µ. The distinguished probability measureµ∗ is defined as follows:
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Define thebackscattering matrixM2(z) to be the 2d × 2d matrix, indexed by
elements ofA, whose entries are given by

(M2(z))ij = Fj (z)
2 if j 6= i−1,

= 0 if j = i−1 .

(16)

Note that when 0< z ≤ R this is an irreducible nonnegative matrix, so the Perron-
Frobenius theorem applies. In Corollary 2 below it will be shown that the lead
(Perron-Frobenius) eigenvalue ofM2(R) is 1. Consequently, ifv is the (positive)
right eigenvector, then

p2(i, j) = (M2(R))ij vj

vi
(17)

are the entries of an irreducible stochastic matrixP2. The probability measureµ∗
is the unique probability measure on� such that the induced coordinate process is
the stationary Markov chain with transition probability matrixP2.

Remarks

(A) Analogous results can be proved for branching random walks whose marginal
random walk has a step distribution that is symmetric, nondegenerate, aperiodic,
and offinite support(but not nearest neighbor). The only new phenomenon is that
the distinguished measureµ∗ on the boundary may no longer beMarkov; instead it
may be a more generalGibbs state. See [8] for a proof of the local limit theorem and
related saddlepoint approximations in the finite-range case, in which these more
general Gibbs states arise.

(B) It is likely that there is an analogue of Theorem 2 for symmetric, anisotropic
contact processes on homogeneous trees. However, entirely new techniques would
be needed for the proof, as our proof revolves around the “superposition” property
of branching random walk, and the highly algebraic Proposition 3 below. Moreover,
even the existence of a weak survival phase has not yet been established for the
anisotropic contact process.

(C) ThatδH (3) is almost surely constant is relatively straightforward. Letδ∗
be the supremum of all real numbersδ such thatP {δH (3) ≥ δ} > 0. At each time
n ≥ 0 the population has at least one particle; thus, with auxiliary randomization, it
is possible to choose one particleζn at random from the offspring ofζn−1 in such a
way that the choice is independent of the future evolution of the branching random
walk. Each particleζn begets its own branching random walk (started at timenand at
the location ofζn), which has its own limit set3n. Clearly,3n ⊂ 3; butδH (3n)has
the same distribution asδH (3), since the branching random walk descendant from
particleζn has the same distribution as the original branching random walk, apart
from the location shift, which does not affect the Hausdorff dimension of the limit
set. Fixε > 0, and for eachn letHn be the event that3n has Hausdorff dimension
at leastδ∗ − ε. Then the indicator functions ofH1, H2, . . . constitute a stationary
sequence, which by Kolmogorov’s 0-1 Law is ergodic. Thus, by Birkhoff’s ergodic



64 I. Hueter, S.P. Lalley

theorem, at least one of the eventsHn must occur, with probability 1. Hence, with
probability oneδH (3) ≥ supn δH (3n) ≥ δ∗−ε. Sinceε > 0 is arbitrary, it follows
thatδH (3) = δ∗ almost surely.

A similar argument shows that for every ergodic probability measureµ on�,
the Hausdorff dimension of3 ∩�µ is constant.

2. The superposition property

The key probabilistic tool needed for proving Theorems 1 and 2 is thesuperposition
propertyof the branching random walk, an extension of the strong Markov property.
(In the theory of superprocesses the analogous property, first used by Dynkin, is
sometimes called the “special Markov property”.) The superposition property may
be described informally as follows. Begin with a modification of the branching
random walk in which a certain subsetK of the vertex set acts as a “sticky” barrier
– any particle entering the setK is “frozen”, i.e., undergoes no subsequent fission
and makes no further movements. Observe that arrivals of particles inK may take
place at different times, and that some particles may move and reproduce forever
without enteringK. Label the particles of this modified branching random walk
“blue”. Now to each frozen particleζ at a vertexx ∈ K attach an independent
branching random walk with initial particle located atx (and with starting timeTζ ,
the time at whichζ first enteredK). Label the particles of these attached branching
random walks “red”.

Superposition property. The particle system consisting of all blue and red
particles is a version of the(original) branching random walk.

We refrain from giving a formal proof, which follows the usual line of proof of
the strong Markov property. Note, however, that the construction can be reversed.
For each particleζ of a branching random walk, define thetrail of ζ to be the path
in G×Z+ followed byζ and its ancestors. At any timet , letζ beblueif its trail has
not enteredK by time t ; otherwise, letζ be red. Then the red and blue processes
have the same joint distribution as in the construction above. The Superposition
Property is equivalent to the assertion that each connected red cluster (inG × Z+)
is a branching random walk, conditionally independent of the rest of the process.

Observe that the Superposition Property applies also to the attached branching
random walks. Thus, versions of the branching random walk may be constructed
in stages, first letting particles run until frozen at vertices inK1; then, vertex by
vertex x ∈ K1, “unfreezing” frozen particles atx and letting particles of their
descendant branching random walks run until frozen at vertices inK2(x); etc. Such
multi-stage constructions will allow us to embed various Galton–Watson chains in
the branching random walk – see section 6 below.

Henceforth, we will denote byZKn (H) the number of (blue) particles located
in a setH ⊂ G at timen for the modified branching random walk with “freezing”
atK. For any vertexx setZKn (x) = ZKn ({x}), and setZK+ (H) = limn→∞ ZKn (H).
Observe that whenK = ∅, the modified branching random walk is identical to the
original branching random walk; in this case, we will writeZn(H) = Z∅

n(H).
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3. Generating functions

The generating functionsFx(z) defined by (7) above play a central role in the deter-
mination ofδ(λ)and its detailed behavior at the transition between the weak survival
and strong survival regimes. In this section we collect the necessary information
about these generating functions.

3.1. Connection with the branching random walk

First we show how the generating functionsFx(λ) arise naturally in connection
with the branching random walk with fission rateλ, and deduce a fundamental fact
about mean occupation numbers. Fix a vertexx 6= 1, and consider the modified
branching random walk in which particles are “frozen” upon reachingx. Recall
thatZx+(x) is the number of particles that are ultimately frozen atx.

Lemma 1. EZx+(x) = Fx(λ) ∀ x 6= 1.

Proof. Zx+(x) = ∑∞
n=1 ξn, whereξn is the number of particles of the branching

random walk that are first frozen atx at timen. The trail of any particle counted in
ξn must reachx for thefirst time atn; consequently,ξn is the number of particles
of theunmodifiedbranching random walk whose trails reachx for the first time at
n. But the trail of a randomly chosen particle (from theZn particles in existence at
timen) has the same distribution as the firstn steps of the marginal random walk
Y ; consequently, the probability that the trail of this randomly chosen particle first
reachesx at timen is P {Tx = n}. Since the expected total number of particles of
the unmodified branching random walk in existence at timen is λn, it follows that
Eξn = λnP {Tx = n}. Summing overn gives the advertised identity. ut

Corollary 1. For eachλ ∈ (0, R] and each vertexx ∈ G − {1},

Fx(λ) < 1 . (18)

Proof. Consider the total occupation time
∑∞
n=0Zn(x) of the vertexx by particles

of the branching random walk. The particles counted in
∑∞
n=0Zn(x) may be par-

titioned into two groups: (1) those whose trails are visitingx for the first time, and
(2) those that descend from particles which visitedx earlier. By the Superposition
Property, each particle in the first group gives rise to its own offspring branching
random walk, identical in law (except for a shift in time and space) to the original
branching random walk; hence, the expected occupation time ofx by particles of
this offspring branching random walk equals the expected occupation timeG(λ) of
1 by particles of the original branching random walk. It follows by Lemma 1 that

E

∞∑
n=0

Zn(x) = Fx(λ)G(λ) , (19)

whereG(λ) = ∑
n≥0P {Yn = 1}λn. Observe that, by (6),G(λ) < ∞ for all λ ≤ R,

so the left side of (19) is finite.
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Consider a particleζ whose trail reachesx for the first time at somen ≥ 1. This
particle gives rise to an offspring branching random walk started atx. Particles of
this offspring branching random walk may eventually return to the root vertex 1; by
the symmetry of the branching random walk and the Superposition Principle, the
expected occupation time of the root vertex 1 by such particles isE

∑∞
n=0Zn(x).

Summing over all “first arrivals” atx and taking expectations, we obtain, by (19)
and Lemma 1,

G(λ) = E

∞∑
n=0

Zn(1) > Fx(λ)
2G(λ)

(the inequality is strict because not every particle that returns to the root vertex has
a trail that passes throughx). SinceG(λ) > 0, the inequality (18) follows. ut

3.2. Basic algebraic relations

The functionsFx are interrelated by a system of algebraic equations that derive
from the Markov property and the tree-structure of the state space. Recall first that
each elementx 6= 1 of G has a unique representationx = i1i2 · · · ik as a word in
the generators. In order thatYT = x at some finite timeT = Tx , it is necessary
and sufficient that the path{Yn}n≤T pass through each of the intermediate vertices
i1i2 · · · il , 1 ≤ l ≤ k, on the geodesic from 1 tox. The elapsed times between first
visits to neighboring intermediate vertices on this geodesic are conditionally inde-
pendent, by the strong Markov property, and thej th elapsed time has conditional
distribution identical to the distribution ofTi , wherei ∈ A is thej th letter in the
word representation ofx. Thus,

Fx =
k∏
j=1

Fij . (20)

The generating functionsFi, i ∈ A, satisfy a system of 2d algebraic equations
gotten by conditioning on the first stepY1 of the random walk. Anyi ∈ A may
be first visited either on the first step or on a subsequent step; in the latter case, the
first step must be to somej ∈ {1} ∪ A − {i}, after which the random walk must
revisit 1 and then subsequently visiti. The elapsed time before the first revisit to 1
after the initial step toj has the same distribution asTj (if j 6= 1), by symmetry,
and the subsequent elapsed time until the first visit toi has the same (conditional)
distribution asTi . Thus,

Fi(z) = piz+ p1zFi(z)+
∑
j∈A

pjzFj (z)Fi(z)− pizFi(z)
2 . (21)

Note that sinceFi = Fi−1 andpi = pi−1, thed equations indexed byi ∈ A−
are redundant. Consequently, when referring to the system (21) we will sometimes
include only those equations indexed byi ∈ A+. With this convention, (21) is a
system ofd polynomial equations ind + 1 variables.
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It is evident from equations (20) and (21) that all of the functionsFx , x ∈ G,
have the same radius of convergenceR. It is not difficult to see thatR is also
the spectral radius of the random walkYn (see [7]). In fact, the Markov property
implies that the Green’s functionG(z) = ∑

n≥0P {Yn = 1}zn, whose radius of
convergence is by definition the spectral radius of the random walkYn, is related
to the functionsFi(z) by

G(z) = 1/(1 − p1z−
∑
i∈A

pizFi(z)) . (22)

SinceG(z) is finite at its radius of convergencez = R (see, e.g., [4] or [7]), relation
(22) implies that

p1R +
∑
i∈A

piRFi(R) < 1 . (23)

Moreover, since the radius of convergenceR is a singularity ofG(z), it follows that
at least one, and therefore, by (21), all of the functionsFi must have singularities
at z = R. It is known [4], [7] that asz ↑ R, G(R) − G(z) ∼ C

√
R − z for a

positive constantC (in fact, this accounts for the Local Limit Theorem (6) – see
[4]). Consequently, by (22) and (21), there exist positive constantsCi such that as
z ↑ R,

Fi(R)− Fi(z) ∼ Ci
√
R − z . (24)

The algebraic equations (20), (21) and (22) imply that each of the functionsFx(z)

andG(z) is analgebraic function, i.e., that it satisfies a polynomial equation with
coefficients in the ringC[z]. This polynomial may be obtained by a straightforward
elimination algorithm: to obtainFi , eliminate the other variablesFj one at a time
by takingresultants(see, e.g., [12]). For example, whend = 2 (in which case there
are two distinct generating functions,Fa(z) andFb(z)) the polynomial equation
satisfied byw = Fi , i = a, b, is

w4z3(−6p3
i + 3p2

i )+ w3z2(8p2
i − 4pi)+ w2z3(4p3

i − 10p2
i + 6pi − 1)

+w2z((1 − 2pi)+ z3(2p3
i − p2

i )) = 0

which may be solved by radicals (the correct branch may be identified using the
fact thatFi(z) is a probability generating function). Since equation (10) is also
polynomial, it follows thatθ(λ) is an algebraic function. Whend = 2, (10) may be
rewritten as

3Fa(λ)Fb(λ)+ θ(λ)(Fa(λ)+ Fb(λ))− θ(λ)2 = 0 ,

and thus an explicit algebraic expression forθ(λ) can be obtained.
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3.3. Consequences

The next result shows that the critical exponent for the Hausdorff dimension at the
phase separation point is 1/2 (see equation (11)).

Proposition 1. There exists a constantC > 0 such that asz ↑ R,

θ(R)− θ(λ) ∼ C
√
R − λ . (25)

Proof. Recall from (10) that, for 0< λ ≤ R, θ(λ) is the unique positive solution
of the equation ∑

i∈A
Q(Fi(λ), θ(λ)) = 1 , (26)

whereQ(x, y) = x/(x + y). The functionQ(x, y) is continuously differentiable
in x andy, and its partial derivatives

∂Q

∂x
= y

(x + y)2

∂Q

∂y
= −x
(x + y)2

are strictly positive and strictly negative, respectively, at(x, y) = (Fi(λ), θ(λ)),
for everyλ ∈ (0, R]. Consequently, application of Taylor’s formula in equation
(26) atλ = R gives

∑
i∈A

ai(Fi(R)− Fi(λ))+
∑
i∈A

bi(θ(R)− θ(λ))

+o
(

|θ(R)− θ(λ)| +
∑
i∈A

|Fi(R)− Fi(λ)|
)

= 0 ,

whereai > 0 andbi < 0. The desired relation (25) follows, in view of (24). ut

The proof that strict inequality must obtain in (12) of Theorem 1 except in the
case of anisotropicbranching random walk will rest on the following.

Proposition 2. Fi(R) = Fj (R) for all i, j ∈ A if and only if the branching
random walk is isotropic, i.e, if and only if the one-step transition probabilities for
the marginal random walk satisfypi = pj for all i, j ∈ A.

Proof. Suppose thatFi(R) = f for all i ∈ A. Then by the fundamental relation
(21), for eachi,

f = piR + p1Rf + (1 − p1 − pi)Rf
2 ∀i .
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Hence, for any two distinct indicesi, j , the quantities on the right-hand side must
be equal, and so the difference must be zero, i.e.

(pi − pj )R − (pi − pj )Rf
2 = 0 .

If for some pairi, j ∈ A it were the case thatpi 6= pj then it would follow that
f 2 = 1, and hence thatf = 1. But this would contradict inequality (23). ut

The following proposition is the principal fact about the generating functions
needed for the proof of Theorem 2.

Proposition 3. ∑
i∈A

Fi(R)
2

1 + Fi(R)2
= 1 . (27)

Proof. The functionsFi(z) are analytic inside the circle of convergence|z| < R,
and sinceFi is represented by a power series with nonnegative coefficients,z = R

must be a singularity. Hence, by the (complex) Implicit Function Theorem (see,
e.g., [6]), the Jacobian matrix of thed×d system of equations (21) must besingular
atz = R. The Jacobian matrix may be written asI − J (z), whereJ (z) has entries

J (z)ij = p1z+ 2
∑

k∈A+
pkzFk(z) if j = i,

= 2pjzFi(z) if j 6= i .

(28)

Since these entries are nonnegative when 0< z ≤ R, the spectrum ofJ (z) is
contained in the closed disk with radiusβ(z), whereβ(z) is defined to be the
lead eigenvalue ofJ (z). Moreover, since the entries ofJ (z) are nondecreasing and
analytic inz for 0 < z < R, so isβ(z); and since all of the functionsFi(z) are
continuous and finite atz = R, so isβ(z). Nearz = 0 the entries ofJ (z) are small,
since each entry is divisible byz, and so forz > 0 sufficiently small,β(z) < 1.
Thus, thesmallestz > 0 whereI − J (z) is singular must be the smallestz where
β(z) = 1.

Now consider the eigenvalue equationJ (R)u = u. Since 1 is the Perron-
Frobenius eigenvalue, the vectoru must have all entries nonnegative, and at least
some strictly positive. Thus,u may be normalized so that

∑
j∈A+ Rpjuj = 1;

with this normalization the eigenvalue equationJ (R)u = umay, by equation (28),
be rewritten as

ui = (p1R + 2
∑
j∈A+

pjRFj (R))ui + 2
∑

j∈A+−{i}
pjRFi(R)uj

= (p1R + 2
∑
j∈A+

pjRFj (R))ui + 2
∑
j∈A+

pjRFi(R)uj − 2piRFi(R)ui

= 2Fi(R)+ {p1R + 2
∑
j∈A+

pjRFj (R)− 2piRFi(R)}ui .
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Multiplying each side byFi(R) and then making the substitution

Fi(R)− piR − piRFi(R)
2 = Fi(R){p1R + 2

∑
j∈A+

pjRFj (R)− 2piRFi(R)}

(note that this follows from the fundamental relations (21)) gives

uiFi(R) = 2Fi(R)
2 + (Fi(R)− piR)ui − piRFi(R)

2ui

⇐⇒ uipiR{1 + Fi(R)
2} = 2Fi(R)

2

⇐⇒ uipiR = 2Fi(R)
2/{1 + Fi(R)

2} .

Substituting the last expression foruipiR in the normalization relation∑
i∈A+

uipiR = 1

now gives

∑
i∈A+

2Fi(R)2

1 + Fi(R)2
= 1 ,

which is equivalent to the desired equation (27). ut

4. Backscatter and first-passage matrices

For any positive numbersρ, λ, defineMρ(λ) to be the 2d × 2d matrix with entries(
Mρ(λ)

)
ij

= Fj (λ)
ρ if j 6= i−1,

= 0 if j = i−1 .

(29)

Note thatM2(λ) is thebackscatter matrixdefined by (16). Henceforth the matrix
M1(λ) will be called thefirst-passage matrix. Both matrices will play important
roles in the proofs of Theorems 1 and 2. Forρ > 0 and 0< λ ≤ R the matrix
Mρ(λ) is aperiodic and irreducible, with nonnegative entries, and thus is subject to
the conclusions of the Perron-Frobenius theorem. In particular,Mρ(λ) has a largest
positive eigenvalueθ(ρ; λ). Since the positive entriesFj (λ)ρ increase strictly with
λ ∈ (0, R], the lead eigenvalueθ(ρ; λ) also increases strictly withλ.

Proposition 4. The lead eigenvalue ofMρ(λ) is the unique positive solutionθ(ρ; λ)
of the equation

∑
a∈A

Fa(λ)
ρ

θ(ρ; λ)+ Fa(λ)ρ
= 1 . (30)

For eachρ > 0, the functionλ → θ(ρ; λ) is strictly increasing inλ for λ ≤ R.
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Proof. Consider the eigenvalue equationMρ(λ)u = θu. If θ = θ(ρ; λ) is the
lead eigenvalue, then the vectoru must have nonnegative entries, not all zero.
Thus,umay be normalized so that

∑
i Fi(λ)

ρui = 1. With this normalization, the
eigenvalue equation may be rewritten as

θuj =
∑
i

Fi(λ)
ρui − Fj (λ)

ρuj ⇐⇒

uj = 1/(θ + Fj (λ)
ρ) .

Hence, the normalization relation
∑
i Fi(λ)

ρui = 1 is equivalent to equation (30).
For eacha ∈ A the generating functionFa(λ) is a strictly increasing function

of λ. Since the matrixMρ(λ) is irreducible and aperiodic, it follows by a routine
argument that the lead eigenvalueθ(ρ; λ)is strictly increasing inλ. ut

Corollary 2. θ(2;R) = 1.

Proof. This follows immediately from Proposition 3 and equation (30). ut

5. Upper bounds

5.1. Upper bound forδ(λ)

For each integerm ≥ 0, defineGm to be the set of all verticesx ∈ G at distance
m from the root 1 (i.e., allx such that|x| = m) and defineHm to be the set of all
verticesx ∈ Gm that are visited by particles of the branching random walk. Then
for eachm ≥ 1,

3 ⊂
⋃
x∈Hm

�(x) , (31)

because a particle trajectory can approach a pointω ∈ �(x) only if it eventually
stays inT(x), and because the marginal random walk is nearest neighbor, this
can occur only if the trajectory touchesx. The inclusion (31) provides a simple
(possibly crude) covering of the random set3 by sets�(x), all of diameterαm.
Consequently, the Hausdorff dimension of3 can be bounded above by estimating
the cardinalities of the setsHm. Recall (Proposition 4) thatθ(λ) = θ(1; λ) is the
lead eigenvalue of the first-passage matrixM1(λ) defined by (29).

Lemma 2. lim supm→∞ |Hm|1/m ≤ θ(λ).

Proof. Fix x ∈ Gm, and consider the modified branching random walk with ab-
sorption (freezing) atx. Recall thatZx+(x) is the number of distinct particles that
are ultimately frozen atx. ThenP {x ∈ Hm} ≤ EZx+(x).ButEZx+(x) = Fx(λ),
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by Lemma 1, and by equation (20),Fx(λ) = ∏m
j=1Fij (λ), wherex = i1i2 · · · im

is the word representation ofx. Consequently,

E|Hm| ≤
∑
x∈Gm

EZx+(x)

=
∑
x∈Gm

Fx(λ)

=
∑

i1i2···im

m∏
j=1

Fij (λ)

= 1tM1(λ)
m1 ,

where1 is the 2d-vector with all entries 1. Sinceθ(λ) is the lead eigenvalue of
M1(λ) and1 and1t are dominated by multiples of the corresponding right and left
eigenvectors,

1tM1(λ)
m1 ≤ Cθ(λ)m

for a suitable positive constantC. The desired result now follows routinely from
the Chebyshev-Markov inequality and the Borel-Cantelli lemma. ut

Corollary 3. With probability1, δ(λ) ≤ − logθ(λ)/ logα.

This follows immediately from Lemma 2, and proves half of the relation (9).

5.2. Upper bound forδ(λ;µ)

Let µ be an ergodic,σ -invariant probability measure on the space� of semi-
infinite reduced words fromA (the natural boundary ofT). Recall thatδ(λ;µ) is
the Hausdorff dimension (in the metricdα) of 3 ∩�µ, where�µ is the subset of
� consisting of all sequencesω that are “generic” forµ in the sense (13). Recall
thatϕλ : � → R is the function defined byϕλ(x1x2 · · ·) = logFx1(λ). Sinceϕλ is
continuous on�, relation (13) holds withf = ϕλ.

Lemma 3. For everyε > 0 there exist sets0m = 0m(µ) ⊂ Gm of vertices at
distancem from the root1 such that

lim
m→∞m

−1 log |0m| ≤ h(µ)+ ε , (32)

lim
m→∞ sup

x1x2...xm∈0m
|m−1

m∑
j=1

logFxj (λ)−
∫
�

ϕλ dµ| ≤ ε , (33)

and such that for every sequencex1x2 · · · ∈ �,

x1x2 · · · ∈ �µ ⇒ x1x2 · · · xm ∈ 0m(µ) infinitely often . (34)
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Proof. This is a routine consequence of the Shannon-McMillan theorem and the
ergodic theorem. See the proof of Lemma 3 in [11] for details. ut

The following proposition proves half of the equality (14).

Proposition 5. If h(µ) < − ∫ ϕλ dµ then with probability one, 3 ∩ �µ = ∅. If
h(µ) ≥ − ∫ ϕλ dµ then with probability one

δ(λ;µ) ≤ −h(µ)+ ∫
�
ϕλ dµ

logα
. (35)

Proof. Let0m = 0m(µ) be as in the statement of Lemma 3. In order that a reduced
semi-infinite wordω = x1x2 · · · be an element of3 ∩ �µ it is necessary that
x1x2 · · · xm ∈ Hm ∩0m for infinitely many integersm, where as beforeHm is the
set of all vertices at distancem from the root 1 that are ever visited by a particle of
the branching random walk. Define

3m(µ) = {ω = x1x2 · · · ∈ 3 ∩�µ | x1x2 · · · xm ∈ Hm ∩ 0m};
then for eachm ≥ 1

3 ∩�µ ⊂ ∪n≥m3n(µ) . (36)

Thus,∪n≥m3n(µ) is a covering of3n(µ) by sets of diameter no larger thanαm.
Consequently, to bound the Hausdorff dimension of3n(µ) it is enough to bound
the cardinality ofHm ∩ 0m. By the same argument as in the proof of Lemma 2,

E|Hm ∩ 0m| ≤
∑

i1i2···im∈0m

m∏
j=1

Fij (λ) =
∑
x∈0m

exp{
m∑
j=1

ϕλ(σ
jx)} .

By inequality (32),|0m| ≤ exp{m(h(µ) + ε)}. Moreover, by (33), for all words
x ∈ 0m,

∑m
j=1 ϕλ(σ

jx) ≤ m(
∫
ϕλ dµ+ ε). Hence, for all sufficiently largem, the

expected cardinality ofHm∩0m is no greater than exp{m(h(µ)+∫ ϕλ dµ+2ε)}.
The Borel-Cantelli lemma therefore implies that with probability 1, eventually

|Hm ∩ 0m| ≤ exp{m(h(µ)+
∫
ϕλ dµ+ 3ε)} . (37)

It follows that ifh(µ)+∫ ϕλ dµ+3ε < 0 then eventuallyHm∩0m is empty. This in
turn implies that3m(µ) is empty, and so by (36),3 ∩�µ = ∅. If h(µ)+∫ ϕλ dµ ≥
0 then inequality (37) implies that for everyn ≥ 1 and allm sufficiently large, the
set3n(µ) is covered by exp{m(h(µ)+ ∫

ϕλ dµ+ 3ε)} sets of diameterαm. Thus,
sinceε > 0 can be chosen arbitrarily small,

δH (3m(µ)) ≤ −(h(µ)+
∫
ϕλ dµ)/ logα .

Since3 ∩�µ ⊂ ∪m3m(µ), inequality (35) follows. ut
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6. Lower bounds

To complete the proofs of the formulas (9) and (14) for the Hausdorff dimensions of
the random sets3 and3∩�µ, we must establish the reverse inequalities to those
of Corollary 3 and Proposition 5. Our strategy will be to exhibit subsets of3 and
3 ∩�µ whose Hausdorff dimensions approach the desired bounds. These subsets
will be the limit sets of labelled Galton–Watson trees embedded in the branching
random walk; the calculation of their Hausdorff dimensions will be accomplished
by appealing to a theorem ofHawkes [5], [15] and an extension due to Lalley and
Sellke [11].

6.1. Hawkes’ theorem

To any Galton–Watson chain there is associated a genealogical treeτ , which we
shall call aGalton–Watson tree. For a detailed description, see [5]. In a nutshell:
Vertices ofτ are arranged in levelsV0, V1, V2, . . .; the vertices of levelVn represent
the individuals of thenth generation of the corresponding Galton–Watson chain.
Edges of the tree connect vertices corresponding to parent-child pairs; thus, there
are edges only between vertices of successive levels. The limit set3GW of the tree
is the set ofends, where an end is defined to be aninfinite path that starts at the
root (the unique vertex inV0) and visits every levelVn exactly once. (The limit set
is empty on the event that the Galton–Watson chain dies out.) For eachα ∈ (0, 1),
thedα-distance between two endsγ, γ ′ is defined to beαn, wheren = n(γ, γ ′) is
the index of the last levelVn where the pathsγ andγ ′ touch. The metricdα makes
3GW a compact metric space.

Hawkes’ theorem. If the offspring distribution has meanµ > 1 and finite second
moment then almost surely on the event of nonextinction, the limit set3GW of the
Galton–Watson treeτ has Hausdorff dimension(in metricdα)

δH (3GW) = − logµ

logα
.

Hawkes discusses only the caseα = 1/2, but the result and its proof are valid
for all α ∈ (0, 1). See [15] for another proof, and the appendix of [10] for a sharper
result.

6.2. Extension of Hawkes’ theorem

LetB be an arbitrary finite set. Alabelled Galton–Watson processwith label space
B is determined by a probability distributionQ on the set 2B of subsets ofB.
Each individualζ , regardless of its type, produces a random setOζ of offspring,
with distributionQ, and the offspring sets of different individuals are conditionally
independent, as in an unlabelled Galton–Watson process. Observe that a labelled
Galton–Watson process is a multi-type Galton–Watson process in which (i) all types
have the same offspring distribution, and (ii) the offspring distribution is constrained
to allow at most one individual of each label. Because of (i), ifZn is the cardinality
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of thenth generation, then the sequence{Zn}n≥0 constitutes an ordinary Galton–
Watson process; and if the expected cardinality of a random set chosen according
to the distributionQ is greater than 1, then{Zn}n≥0 is supercritical.

A labelled Galton–Watson treeτ is the genealogical tree associated with a
labelled Galton–Watson process, with vertices assigned the labels of the corre-
sponding individuals. If the underlying Galton–Watson process is supercritical,
then with positive probability the treeτ is infinite. On this event, each end ofτ
will be naturally identified with a unique sequenceω = x1x2 · · ·, wherexn is the
label of thenth level vertex through which the end passes. (Note: The root vertex
need not be labelled.) Thus, the set∂τ of ends ofτ is naturally embedded in the
sequence spaceBN.

For each labeli ∈ B, let qi = ∑
F⊂B:i∈F Q(F) be the probability that labeli

is included in a random set with distributionQ. Define a functionψ : BN → R by

ψ(x1x2 · · ·) = logqx1 .

For any ergodic, shift-invariant probability measureµ on the sequence spaceBN,
defineBN

µ to be the set ofµ-genericsequences, i.e., the set of all sequencesω such
that for every continuous functionf : BN → R,

lim
n→∞

1

n

n∑
i=1

f (σ iω) =
∫
f dµ . (38)

Extended Hawkes’ theorem . [11] Let τ be the labelled Galton–Watson tree at-
tached to a supercritical labelled Galton–Watson process with label setB and
offspring distributionQ, and letµ be any ergodic, σ -invariant probability measure
onBN. If h(µ)+ ∫

ψ dµ < 0 then with probability 1,

∂τ ∩ BN
µ = ∅ . (39)

If h(µ)+ ∫
ψ dµ ≥ 0 then, almost surely on the event of nonextinction, the Haus-

dorff dimension of∂τ ∩ BN
µ in the metricdα is

δH (∂τ ∩ BN
µ) = −h(µ)+ ∫

ψ dµ

logα
. (40)

6.3. Embedded Galton–Watson treesτr

The construction of embedded Galton–Watson treesτr in the branching random
walk is similar to the analogous construction for isotropic contact processes [10].
Theoffspringof a vertexx in τr will be verticesy at distancer from x such that
a particle of the branching random walk located atx gives rise to a descendant
particle whose trail begins with adownward path(defined below) fromx to y.
Thus, all vertices ofτr will be vertices of the treeT that are visited by particles of
the branching random walk. Consequently, the limit set3τr of the Galton–Watson
treeτr will be a subset of the limit set3 of the branching random walk.
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Fix a generatora ∈ A, and consider the subtreeT∗ = T−T(a−1) ofT each
of whose vertices except the root vertex 1 is represented by a wordx ∈ G beginning
with a letterx1 6= a−1. The treeT∗ may be arranged inlevelsL0,L1,L2, . . .,
with x ∈ Ln if and only if |x| = n; thus, there are(2d − 1)n vertices in levelLn.
Forn ≥ 1, defineL∗

n to be the subset ofLn containing those vertices whose word
representationx = x1x2 · · · xn terminates in the letterxn = a. Note that for any
vertexx ∈ L∗

n, the set of nearest neighbors ofx in Ln+1 is {xy : y ∈ L1}; thus,
for x ∈ L∗

n, the treeT(x) is the left translate of the treeT∗ by the group element
x.

Let x be a vertex in levelLn and lety be a vertex contained inT(x). Since the
word x is a prefix of the wordy, the vertexy must lie in a levelLn+m at greater
depth than vertexx. A downward pathfrom x to y is a finite path inT(x) that
begins atx and first enters levelLn+m aty, where it terminates.

Definition of sr : Fix an integerr ≥ 1. Define generationsVn ⊂ L∗
nr and distin-

guished particlesζx associated with the verticesx ∈ Vn inductively as follows:

(a) V0 = {1} andζ1 is the initial particle of the branching random walk.
(b) For eachx ∈ Vn, theoffspringof x are those verticesy ∈ L∗

nr+r such that at
least one particle of the branching random walk initiated by particleζx has a
trail that begins with a downward path fromx to y. For each offspring vertexy
of x, theparentof y is x.

(c) Vn+1 is the set of all offspring of vertices inVn.
(d) For each vertexy ∈ Vn+1 with parentx ∈ Vn, the distinguished particleζy is

the first particle of the branching random walk initiated byζx to arrive aty via
a downward path fromx to y.

For each vertexy 6= 1 of the treeτr define thelabel of y to be the wordx−1y,
wherex is the parent ofy. Observe that each label is a reduced word of lengthr

that ends in the lettera, so the set of labels is finite.

Proposition 6. τr is a labelled Galton–Watson tree.

Proof. The particlesζx associated with different verticesx ∈ Vn are distinct, so by
the Superposition Property the branching random walks initiated by the particles
ζx, x ∈ Vn are mutually independent, and independent of the pre-Lnr history of
the branching random walk initiated atζ1. Since all vertices ofVn have final lettera,
the branching random walks initiated by the particlesζx, x ∈ Vn are all “oriented”
(relative to the level structure of the treeT∗) the same way. Consequently, the
offspring distributions for verticesx ∈ Vn (viewed as probability distributions on
the set of labels) are all the same as that of the initial vertex 1∈ V0. Thus,τr is a
labelled Galton–Watson tree. ut

Note that for such an embedded Galton–Watson treeτr , the relation between
the metricsdτα for the treeτr anddα for the full treeT is:

dτα(x, y) = dαr (x, y) . (41)
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6.4. Properties of the embedded G.W. Trees

Our strategy now will be to show that the limit sets3τr of the embedded Galton–
Watson treesτr , which are contained in the limit set3 of the branching random
walk, have Hausdorff dimensions converging toδ(λ), and that their intersections
with the sets�µ have Hausdorff dimensions converging toδ(λ;µ). The argument
rests on the fact that particles of the branching random walk that reach a vertexx

at a large distance from the root 1 tend to do so by moving essentially along the
geodesic segment from 1 tox.

Recall thatZx+(x) is the number of particles ultimately frozen atx in the mod-
ification of the branching random walk with freezing at vertexx. For each integer
r ≥ 0, defineZx,r+ (x) to be the number of particles counted inZx+(x) whose trails
remain within distancer of the geodesic segment from 1 tox.

Lemma 4.

lim
r→∞ inf

x∈G−{1}

(
EZ

x,r
+ (x)

EZx+(x)

)1/|x|
= 1

Proof. By the monotone convergence theorem,EZ
x,r
+ (x)/EZx+(x) → 1 asr →

∞ for eachfixedvertexx 6= 1, and, in particular, uniformly forx ∈ A. Fix ε > 0,
and chooser = rε so large thatEZx,r+ (x) ≥ (1−ε)EZx+(x) for eachx ∈ A−{1}.

Now consider an arbitrary vertexx = i1i2 · · · im. To reachx, a particle must
follow a trail γ that passes through each of the verticesxl = i1i2 · · · il on the
geodesic segment from 1 tox. Let γl be the segment of the trailγ between the
times of first passage toxl andxl+1, respectively. If for eachl the trail segment
γl stays within distancer of the edge [xl, xl+1], then the concatenationγ remains
within distancer of the geodesic segment from 1 tox. Thus, by the Superposition
Property,

EZ
x,r
+ (x) =

m∏
j=1

EZ
ij ,r

+ (ij ) .

But by Lemma 1 and equation (20),

EZx+(x) =
m∏
j=1

EZ
ij
+(ij ) .

Thus, for every vertexx 6= 1,EZx,r+ (x)/EZx+(x) ≥ (1 − ε)|x|. ut

Lemma 5. For each vertexx 6= 1 and every integerr ≥ 1, the random variable
Z
x,r
+ (x) has finite variance.

Proof. Consider yet another modification of the branching random walk in which
particles arekilled upon reaching the set of vertices at distances greater thanr from
the geodesic segment from 1 tox. The total numberN of particles ever born in this
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modification stochastically dominatesZx,r+ (x). Thus, to prove the lemma, it suffics
to prove thatN has finite variance.

In the modified branching random walk, particles can exist only at vertices in
a finite subsetF , and so the branching random walk may be viewed as a multi-
type Galton–Watson processYn with type spaceF . Since theunmodifiedbranching
random walk survives only weakly, the multi-type Galton–Watson processYn is
subcritical. (To see that it cannot be critical, note that increasingr by one would
strictly increase the Malthusian parameter, so the corresponding multi-type Galton–
Watson process withr replaced byr+1 would be supercritical. But if this were the
case then clearly the unmodified branching random walk would survivestrongly
with positive probability, contradicting the standing hypothesis (8) thatλ ≤ R.)
By Proposition 11 of the Appendix, the total number of particles ever born in a
subcritical multi-type Galton–Watson process has finite second moment, provided
that the offspring distributions have finite second moments. This is certainly the
case here, because the offspring distribution in the unmodified branching random
walk has a geometric distribution. ut

For x ∈ Ln, defineJ (x) to be the event that among the particles counted in
Zx+(x) there is at least one whose trail is a downward path from the root 1 tox.
Note thatZx+(x) ≥ 1 on the eventJ (x), soP(J (x)) ≤ EZx+(x).

Proposition 7. Asm → ∞,

(
min
x∈Lm

P (J (x))

EZx+(x)

)1/m

−→ 1 . (42)

Proof. Fix ε > 0 small, and chooser so large that for all verticesx 6= 1,

EZ
x,r
+ (x) ≥ (1 − ε)|x|EZx+(x) . (43)

By Lemma 4, such an integerr exists. Now consider a vertexx ∈ Lm, where
m = (n+2)r. Letx1, x2, . . . , xn+2 be the vertices in levelsLr ,L2r , . . . ,Lnr+2r
on the geodesic segment from 1 tox, and for eachi ≤ n + 1, setyi = x−1

i xi+1.
The eventJ (x) occurs if there is a particle whose trail (i) proceeds from 1 tox1
without first exiting∪rj=0Lj ; then (ii) travels from eachxi to the subsequentxi+1,
1 ≤ i ≤ n + 1, remaining within distancer of the geodesic segment fromxi to
xi+1; and finally (iii) proceeds directly along the geodesic segment fromxn+1 to
xn+2.

Define random variablesY0, Y1, Y2, . . . , Yn inductively as follows. If there is a
particle of the branching random walk whose trail proceeds from 1 tox1 without
first exiting ∪rj=0Lj , thenY0 = 1; otherwiseY0 = 0. If Y0 = 0 thenYj = 0
for all j ≥ 0. If Y0 = 1 then there is at least one particle whose trail reaches
x1 without first exiting∪rj=0Lj ; upon reachingx1, the first such particle initiates
a branching random walk starting atx1. Suppose that particles of this offspring
branching random walk are frozen upon reachingx2; defineY1 to be the number
of particles ultimately frozen atx2 whose trails remain within distancer of the
geodesic segment fromx1 to x2. Those particles counted inY1 initiate branching
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random walks starting atx2. Suppose that particles of these offspring branching
random walks are frozen upon reachingx3; defineY2 to be the number of particles
ultimately frozen atx3 whose trails remain within distancer of the geodesic segment
from x2 to x3. DefineY3, Y4, . . . , Yn similarly, by induction.

By the Superposition Property, the random variablesY0, Y1, Y2, . . . , Yn−1 are
the firstn terms of aGalton–Watson process in a varying environment(see the
Appendix below), i.e.,

E(sYk+1 |Y0, Y1, . . . , Yk) = ϕyk (s)
Yk ,

whereϕy(s) is the probability generating function of the random variableZ
y,r
+ (y).

There are only finitely many wordsy of lengthr, so there are only finitely many pos-
sible offspring distributions. For each possible wordy, the mean offspring number
ϕ′
y(1) is strictly less than 1, becauseZy,r+ (y) is stochastically dominated byZy+(y),

by construction, andEZy+(y) < 1 by Lemma 1 and Corollary 1. Moreover, the
random variableZy,r+ (y) has finite variance, by Lemma 5, andP {Zy,r+ (y) = 1} > 0
(because it is certainly possible, with positive probability, for exactly one particle
in a branching random walk to follow a trail along the geodesic segment from 1 to
y and for all other particle trails to avoid the subtreeT(a−1) forever). Thus, by
Proposition 13 of the Appendix,

lim
n→∞

Py1y2...{Yn = 1}∏n
j=1EZ

yj ,r

+ (yj )
= α(y1y2 · · ·) (44)

uniformly for all infinite sequencesy1y2 · · · of words of lengthr, and the limit
α(y1y2 · · ·) is uniformly bounded away from 0.

The eventJ (x) contains the event{Yn ≥ 1} ∩ L(xn+1, xn+2), where
L(xn+1, xn+2) is the event that the first particle to reachxn+1 among the particles
counted inYn has a descendant particle whose trail follows the geodesic segment
from xn+1 to xn+2. SinceL(xn+1, xn+2) has positive (conditional) probability, the
result (42) follows from the choice ofr (in particular, inequality (43)) and the
uniformity in (44). ut

Corollary 4. Asm → ∞,


 ∑
x∈Lm

P (J (x))




1/m

−→ θ(λ) . (45)

Proof. By Proposition 7, it suffices to show that(
∑
x∈Lm

EZx+(x))1/m → θ(λ).
But by Lemma 1 and equation (20),

∑
x∈Lm

EZx+(x) = utaM1(λ)
m1, where1 is

the vector all of whose entries are 1 andua is the vector with entry 0 in thea−1

slot and all other entries 1. SinceM1(λ) is a Perron-Frobenius matrix whose lead
eigenvalue isθ(1; λ) = θ(λ), the result follows. ut
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Corollary 5. The mean offspring numbersµk for the Galton–Watson treesτk
satisfy

lim
k→∞

µ
1/k
k = θ(λ) . (46)

Proof. The mean offspring numberµk for the Galton–Watson treeτk is, by con-
struction,

µk =
∑
x∈L∗

k

P (J (x)) .

This sum differs from the sum in relation (45) above only in that the index setLk is
replaced by the smaller index setL∗

k . (Recall thatL∗
k consists of all those vertices

of Lk whose word representations end in the lettera.) Consider a vertexx ∈ Lk;
on the eventJ (x), the vertexx is visited by a particleζ of the branching random
walk whose trail is a downward path from the root 1 tox. The particleζ engenders
its own offspring branching random walk, starting from vertexx. Clearly, there
is positive probabilityρ, independent ofx, that this offspring branching random
walk, if allowed to run for two time units, would produce an offspring particle at a
vertexy ∈ L∗

k+2 ∩ T(x). Consequently,

∑
x∈L∗

k+2

P(J (x)) ≥ ρ
∑
x∈Lk

P (J (x)) .

The result therefore follows from Corollary 4. ut

Corollary 6. Letµ be an ergodic, shift-invariant probability measure on the space
� of infinite reduced wordsx = x1x2 · · · from the alphabetA. Then

lim
k→∞

1

k

∫
�

logP(J (x1x2 · · · xk)) dµ(x) =
∫
�

ϕλ(x) dµ(x) . (47)

Proof. Recall thatP(J (y)) ≤ EZ
y
+(y) for every finite reduced wordy. Conse-

quently, by Proposition 7, Lemma 1, and equation (20),

lim
k→∞

(
P(J (x1x2 · · · xk))∏k

j=1Fxj (λ)

)1/k

= 1

uniformly for x ∈ �, and so

lim
k→∞


1

k

∫
�

logP(J (x1x2 · · · xk)) dµ(x)− 1

k

∫
�

log
k∏
j=1

Fxj (λ) dµ(x)


 = 0 .

The result now follows by the shift invariance ofµ and the definition ofϕλ. ut
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6.5. Lower bounds forδ(λ) andδ(λ;µ)

The following corollary, along with Corollary 3, completes the proof of equation
(9).

Corollary 7. With probability one,

δ(λ) ≥ − logθ(λ)/ logα .

Proof. Since the Hausdorff dimensionδH (3) is almost surely constant (see Re-
mark (C) at the end of section 1), it suffices to show that for any real number
δ∗ ≤ − logθ(λ)/ logα, there is positive probability thatδH (3) ≥ δ∗. Consider
the embedded Galton–Watson treesτk. By Hawkes’ Theorem, on the set of nonex-
tinction the limit set3k of τk has Hausdorff dimension, in the metricdα, equal
to

δk = − logµ1/k
k

logα
.

Since the probability of nonextinction is positive, it follows that with positive prob-
ability the set3 has a subset3k of dimensionδk. Finally, by relation (46),δk ≥ δ∗
for all sufficiently largek, so with positive probability the Hausdorff dimension of
3 is at leastδ∗. ut

Together with Proposition 5, the following statement completes the proof of
equation (14).

Corollary 8. For any ergodic, shift-invariant probability measureµ on�,

δ(λ;µ) ≥ −(h(µ)+
∫
ϕλ dµ)/ logα . (48)

Proof. If the right-hand side is negative, then the inequality is trivially true. Con-
sider the limit set3k of the Galton–Watson treeτk: by the Extended Hawkes
Theorem, almost surely on the event3k 6= ∅, the intersection of3k with �µ has
Hausdorff dimension (in the metricdα)

−h(µ)+ k−1
∫
�

logP(J (x1x2 · · · xk)) dµ(x)
logα

Since3k is a subset of3 it follows that this is a lower bound for the Hausdorff
dimension of3 ∩�µ. The result now follows from Corollary 6. ut
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7. Backscattering inequalities

7.1. The inequalityδ(λ) ≤ 1
2δH (�)

We refer to this inequality as a “backscattering inequality” because it was suggested,
and may be proved, by the “backscattering argument” explained (in different con-
texts) in [9] and [10]. In fact, it was this argument that first led the authors to
conjecture Theorem 2. The following argument, which does not use the backscat-
tering heuristic, is both short and relatively elementary. Another argument, based
on the Gibbs Variational Principle, will be given below.

Proposition 8. For all λ ≤ R,

θ(λ)2 ≤ θ(2; λ)(2d − 1) ≤ 2d − 1 , (49)

with strict inequalityθ(λ)2 < 2d − 1 holding except possibly atλ = R.

Proof. Recall thatθ(λ) = θ(1; λ) and θ(2; λ) are the lead (Perron-Frobenius)
eigenvalues of the matricesM1(λ) andM2(λ), respectively. Consequently, if1 is
the 2d-vector with all entries 1 then

θ(ρ; λ) = lim
m→∞(1

tMρ(λ)
m1)1/m .

By the Cauchy-Schwartz inequality,

(
1tM1(λ)

m1
)1/m =


 ∑
i1i2···im

m∏
j=1

Fij (λ)




1/m

≤

 ∑
i1i2···im

m∏
j=1

Fij (λ)
2




1/2m
 ∑
i1i2···im

1




1/2m

−→
√
θ(2; λ)(2d − 1) ,

asm → ∞, since the number of reduced wordsi1i2 · · · im of lengthm is 2d(2d −
1)m−1. Lettingm → ∞ shows thatθ(1; λ)2 ≤ θ(2; λ)(2d − 1). Thatθ(2; λ) ≤ 1,
with strict inequality except whenλ = R, follows from Proposition 4 and Corollary
2. ut

Corollary 9. For all λ ≤ R, with probability 1,

δ(λ) ≤ 1

2
δH (�) , (50)

with strict inequality except possibly atλ = R.

Proof. This is an immediate consequence of the preceding proposition and relation
(9), as the Hausdorff dimension of� in the metricdα is − log(2d − 1)/ logα. ut
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7.2. The Gibbs variational principle

TheGibbs Variational Principlestates that for any ergodic,σ -invariant probability
measureµ on � and any Ḧolder continuous functionϕ : � → R, if h(µ) is
the entropy of the measure-preserving system(�, σ, µ) and Pressure(ϕ) is the
thermodynamic “pressure” of the functionϕ then

h(µ)+
∫
�

ϕ dµ ≤ Pressure(ϕ) , (51)

with strict inequality holding unlessµ = µϕ is the Gibbs statewith potential
functionϕ. See [3], chapters 1, 2, for the relevant definitions and complete proofs.
In the special casesϕ = ϕλ andϕ = 2ϕλ, whereϕλ : � → R is defined by
ϕλ(x1x2 · · ·) = logFx1(λ), the relevant values of the pressure functional are given
by

Pressure(ρϕλ) = lim
m→∞

1

m
log


 ∑
i1i2···im

m∏
j=1

Fij (λ)
ρ


 = logθ(ρ; λ) . (52)

Since the potential functions depend on only the first coordinate, the relevant Gibbs
statesµρϕλ are the distributions of the stationary Markov chains with transition
probabilities

(P(ρ; λ))ij = Fj (λ)
ρ

θ(ρ; λ)
vj

vi
(1 − δi(j

−1)) ,

wherev is the lead right eigenvalue of the Perron-Frobenius matrixM(ρ; λ) and
δ is the Kronecker delta function. Recall that whenρ = 2 andλ = R, this Gibbs
state coincides with the measureµ∗ of Theorem 2.

The following statement completes the proof of Theorem 2.

Proposition 9. For every ergodic, σ -invariant probability measureµ on�,

δ(λ;µ) ≤ 1

2
δH (�µ) (53)

almost surely, with strict inequality unlessλ = R andµ = µ∗.

Proof. Fix λ, and letϕ = ϕλ. By the Gibbs Variational Principle, (52) and the
formula (14) for the Hausdorff dimensionδ(λ;µ) of 3 ∩�µ,

h(µ)+ 2
∫
ϕ dµ ≤ logθ(2; λ) H⇒

h(µ)+
∫
ϕ dµ ≤ 1

2
(h(µ)+ logθ(2; λ)) H⇒

δ(λ;µ) ≤ −1

2
(h(µ)+ logθ(2; λ))/ logα;
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moreover, strict inequality holds unlessµ coincides with the Gibbs stateµ2ϕ with
potential function 2ϕ. Recall thatθ(2; λ) is strictly increasing inλ, since the gen-
erating functionsFi(λ) are strictly increasing, and, by Corollary 2,θ(2;R) = 1.
Hence,

δ(λ;µ) ≤ −1

2
h(µ)/ logα

with strict inequality unlessλ = R andµ = µ∗. Since the Hausdorff dimension of
�µ in the metricdα is −h(µ)/ logα, by a well known theorem of Billingsley, the
proposition follows. ut

Together with the result of Corollary 9, the following proposition completes the
proof of Theorem 1.

Proposition 10. Strict inequality holds in(50)atλ = R except when the branching
random walk is isotropic, i.e., when the step distribution of the marginal random
walk satisfiespi = pj for all i, j ∈ A.

Proof. It suffices to prove that

θ(R)2 < θ(2;R)(2d − 1) (54)

except when the branching random walk is isotropic. By formula (52) and the Gibbs
Variational Principle (51), ifµρ is the Gibbs state with potential functionρϕR then

2 logθ(1;R) = 2h(µ1)+ 2
∫
ϕR dµ1 and (55)

logθ(2;R) ≥ h(µ1)+ 2
∫
ϕR dµ1 , (56)

with strict inequality in (56) except when the Gibbs statesµ1 andµ2 coincide. By
Theorem 1.28 of [3], this occurs when the difference of the potential functionsϕR
and 2ϕR is (co-)homologous to a constant function, equivalently, if and only if there
exist constantsC > 0 andε > 0 such that

ε <
1

Cm

∏m
j=1Fij (R)

2∏m
j=1Fij (R)

<
1

ε

for everym ≥ 1 and all finite reduced wordsi1i2 · · · im of lengthm from the
alphabetA. Clearly, this occurs if and only if all of the valuesFi, i ∈ A, are the
same. But by Proposition 2, this is the case if and only if the branching random
walk is isotropic. ut
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8. Appendix: subcritical Galton–Watson processes

Proposition 11. LetZn = (Z
(1)
n , Z

(2)
n , . . . , Z

(k)
n )be a subcritical multi-type Galton–

Watson process with type setK = {1, 2, . . . , k}and offspring distributions(Fij )i,j∈K.

LetP i, Ei denote the probability and expectation operators under whichZ
(j)

0 =
δij a.s., whereδ is Kronecker’s delta. If each offspring distributionFij has finite
variance, then for eachi ∈ K,

Ei

( ∞∑
n=0

∑
i∈K

Z(i)n

)2

< ∞ . (57)

Proof. First we shall give the proof for Galton–Watson processes with only one
particle type, after which we shall indicate how the result for multi-type processes
may be deduced from the corresponding result for Galton–Watson processes with
only one particle type.

(1) Let Zn be a subcritical Galton–Watson process for which the offspring
distribution has meanµ < 1 and varianceσ 2 < ∞. Then

E(

∞∑
n=0

Zn)
2 ≤ 2E

∞∑
n=0

∞∑
m=0

ZnZm+n

= 2E
∞∑
n=0

∞∑
m=0

Z2
nµ

m

= 2(1 − µ)−1
∞∑
n=0

EZ2
n

= 2(1 − µ)−1
∞∑
n=0

(µ2n + σ 2µn−1(1 − µn)

1 − µ
)

< ∞ .

(2) To prove the result for an arbitrary subcritical multi-type Galton–Watson
process(Zn)n≥0 it suffices to prove it for the multi-type Galton–Watson process
(Znm)n≥0, wherem ≥ 1 is a fixed but arbitrary positive integer, by an elemen-
tary argument using the triangle inequality. Since the original process(Zn)n≥0 is
subcritical, there exists a constantρ < 1 such that for all sufficiently largem ≥ 1,

∑
i∈K

∑
j∈K

EiZ
(j)
m ≤ ρm (58)

(see, e.g., [1], section V.2). Letξ have the same distribution as the convolution of
the distributions ofZ(j)m under the measuresP (i), i ∈ K. Then by (58),Eξ <
1; and since by hypothesis all of the distributionsFij have finite variances, so
doesξ . Clearlyξ stochastically dominates the total number of particles in themth
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generation under any of the probability measuresP (i). It follows that if Yn is the
Galton–Watson process with offspring distribution equal to the law ofξ then

E(i)(

∞∑
n=0

∑
i∈K

Z(i)nm)
2 ≤ E(

∞∑
n=0

Yn)
2 < ∞ . ut

Proposition 12. Let {Zn}n≥0 be a subcritical Galton–Watson process whose off-
spring distribution has finite second moment, expectation0< µ < 1, and support
containing{1}. Then

lim
n→∞

P {Zn = 1}
µn

> 0 (59)

Note. A well known theorem ofYaglom (see [1], section 1.8) states that for any
subcritical Galton–Watson processZn, the conditional distribution ofZn given that
Zn ≥ 1 converges weakly to a limit asn → ∞.

Proof of Proposition 12 .Let ϕ(s) be the moment generating function of the off-
spring distribution, and letϕn(s) be itsnth iterate. ThenEZn = µn = ϕ′

n(1)
and

P {Zn = 1} = ϕ′
n(0) =

n−1∏
k=0

ϕ′(ϕk(0)) .

Since the offspring distribution attaches positive probability to 1, the derivative
ϕ′(s) ≥ ϕ′(0) > 0 for all s ∈ [0, 1]. Since the offspring distribution has a finite
second moment,ϕ′′(s) ≤ ϕ′′(1) < ∞ for all s ∈ [0, 1]. Sinceµ = ϕ′(1) < 1,
the iteratesϕk(0) converge to 1 exponentially fast, and so

∑∞
k=0(1− ϕk(0)) < ∞.

Consequently,

∞∑
k=1

(ϕ′(1)− ϕ′(ϕk(0))) ≤ ϕ′′(1)
∞∑
k=1

(1 − ϕk(0)) < ∞ ,

and so Weierstrass’ theorem on infinite products implies that

lim
n→∞

P {Zn = 1}
µn

= lim
n→∞

n−1∏
k=0

ϕ′(ϕk(0))
ϕ′(1)

exists and is positive. ut
The next result is a generalization of Proposition 12 to Galton–Watson processes

in varying environments. LetG = {G1,G2, . . . , Gk} be a finite set of offspring
distributions with moment generating functionsϕj (s). An environmentis a semi-
infinite sequenceξ = i1i2 · · · valued in the set of indices [k] = {1, 2, . . . , k}. A
Galton–Watson process with environmentξ = i1i2 · · · is a sequence of nonnegative
integer-valued random variablesZn such that (i)Z0 = 1, and (ii) for eachs ∈ [0, 1],

Eξ(s
Zn+1 |Z0, Z1, . . . , Zn) = ϕin+1(s)

Zn . (60)
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Proposition 13. Assume that each of the offspring distributionsGj satisfies the
hypotheses of Proposition 12: in particular, its mean satisfiesµj < 1; its variance
is finite; and its support contains1. Assume that underPξ the sequenceZn is a
Galton–Watson process with environmentξ = i1i2 · · ·. Then

lim
n→∞

Pξ {Zn = 1}∏n
j=1µij

1= α(ξ) (61)

uniformly forξ ∈ [k]N, and

inf
ξ∈[k]N

α(ξ) > 0 . (62)

Proof. For each environmental sequenceξ = i1i2 · · ·, define a nondecreasing se-
quence of real numberssn = s

ξ
n ∈ [0, 1] inductively bys0 = 0 andsn = ϕin(sn−1).

As in the proof of Proposition 12,

Pξ {Zn = 1}∏n
j=1µij

=
n∏
j=1

ϕ′
ij
(s
ξ
j )

ϕ′
ij
(1)

(63)

Let ψ(s) = as + 1 − a be the linear function with slopea = maxj µj < 1
that satisfiesψ(1) = 1. Then each of the generating functionsϕj (s) satisfies
ϕj (s) ≥ ψ(s) for all s ∈ [0, 1], because eachϕj is convex and satisfiesϕj (1) = 1
andϕ′

j (1) = µj ≤ a = ψ ′(1). Consequently, ifs∗n is the nondecreasing sequence

defined bys∗0 = 0 ands∗n = ψ(s∗n−1), then sξn ≥ s∗n for every environmental
sequenceξ and everyn ≥ 1. It is routine to verify thats∗n = 1−an, so the sequence
s∗n converges to 1 exponentially fast. It follows thatsξn converges to 1 exponentially
fastuniformly inξ ; in particular, for eachm ≥ 1 and eachξ ,

∞∑
n=m

(1 − sξn) ≤
∞∑
n=m

(1 − s∗n) =
∞∑
n=m

an . (64)

By hypothesis, each of the distributionsGj has finite second moment, so the
second derivativeϕ′′

j (1) is finite. Moreover, each of the distributionsGj attaches
positive mass to 1, soϕ′

j (0) > 0; since eachϕj is convex, it follows that the functions
ϕ′
j (s) are uniformly bounded away from 0. Denote byε > 0 the infimum. Then for

eachs ∈ [0, 1] and eachj ∈ [k],

0 ≤ 1 −
ϕ′
j (s)

ϕ′
j (1)

≤ 1

ε
max
i∈[k]

ϕ′′
i (1)(1 − s) . (65)

The convergence in (61) follows from (63)–(65). Uniformity inξ follows from
(64), as does the assertion (62). ut
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