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Abstract. Symmetric branching random walk on a homogeneous tree exhibitsk sur-

vival phaseFor parameter values in a certain interval, the population survives forever with
positive probability, but, with probability one, eventually vacates every finite subset of the
tree. In this phase, particle trails must converge tayemetric boundarg of the tree. The
random subsei of the boundary consisting of all ends of the tree in which the population
survives, called thémit setof the process, is shown to have Hausdorff dimension no larger
than one half the Hausdorff dimension of the entire geometric boundary. Moreover, there
is strict inequalityat the phase separation point between weak and strong suexivapt
when the branching random walkigotropic It is further shown that in all cases there is a
distinguished probability measuresupported by such that the Hausdorff dimension of

A N Q,, whereQ, is the set ofu-generic pointof 2, converges to one half the Hausdorff
dimension ok, at the phase separation point. Exact formulas are obtained for the Hausdorff
dimensions ofA andA N €, and it is shown that the log Hausdorff dimension/ohas
critical exponent 12 at the phase separation point.

1. Introduction
1.1. Background: weak survival/strong survival transition

Certain stochastic growth processes (e.g., branching random walks, contact and per-
colation processes) in spaces with hyperbolic geometries (e.g., the homogeneous
tree of degreel > 3, the Poinca plane, Fuchsian groups) exhibit a phase not
present in the corresponding processes in spaces with Euclidean geometry. This is
theweak survival phasen which the “population” survives forever with positive
probability, but with probability 1 eventually vacates every compact subset of the
ambient space. Instances of processes for which this phase is known to exist in-
clude branching Brownian motion in the Poinggilane [9], the isotropic contact
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process on a homogeneous tree [16, 13, 17], isotropic branching random walk on a
homogeneous tree [14], and site percolation a co-compact Fuchsian group [8].
The transition from weak survival to strong survival is only partially understood.
Interesting questions center on timit setA, defined to be the random subset of the
natural boundary2 consisting of those points of the boundary to which particle
trajectories converge. (Spaces with hyperbolic geometry have nontrivial natural
boundaries: for a tree, the natural boundary is the space of ends; for the Boincar
plane the boundary is the circle at infinity). It is known for hyperbolic branching
Brownian motion [9], isotropic branching random walk on a homogeneoustree [14],
and for the isotropic contact process on a homogeneous tree [10] that in the weak
survival phase the Hausdorff dimensi®&n(A) of the limit set cannot exceed 1/2
the Hausdorff dimensiody (2) of the natural boundary. For hyperbolic branching
Brownian motion and isotropic branching random walk, explicit formulas can be
given fordy (A): these show that at the critical point (i.e., the point of transition
between weak and strong survival) the Hausdorff dimension of the limérgegtls
1/2 the Hausdorff dimension of the natural boundary, and furthermoré gHat)
exhibits a square-root singularity, i.e., that as a function ofjtbevth parameten
(the fission rate for branching processes, the infection rate for contact processes),

1
50182 =81 (A) ~ Cyhe — A )

for a suitable positive constaat (herea. is the critical value of.).
1.2. Anisotropic branching random walk

The purpose of this paper is to investigate the extent to wisictropy affects

the nature of the transition from weak to strong survival. We shall restrict our
attention to anisotropic, symmetric, nearest neighbor branching random walk on
a homogeneous tree of even degree(®ith 4 > 1), a process for which exact
calculations can be performed. The methods developed apply also, with minor
modifications, to anisotropic, symmetric, nearest neighbor branching random walks
on homogeneous trees of odd degregs 2; for ease of exposition, we shall discuss
only the case of even degree.

1.2.1 The tree as a Cayley graph

The definition of anisotropic branching random walk relies on the representation
of the homogeneous treg = 7 ,; of even degree as the Cayley graph of the
free group¥ = 9, ond generators. There is a similar representation of the ho-
mogeneous treg ; of any degreel > 3 as the Cayley graph of the free product

Zo %77 % - - - % Z of d copies of the two element groufy; this representation can

be used to define a somewhat different class of branching random walks, to which
our techniques may also be applied.

! For percolation, the analogue of the weak survival phase is the phase in which infinitely
many infinite connected clusters co-exist.
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Let.o/, = {a1, ao, ..., aq} be a set of symbols of cardinalit§; define.o7_ to
be the set of formal inversda;*, a, . ..., a !} of the symbols inwZ,, and set
of = o/ U.o/_. The free groufy with generators/ . is the set of finite reduced
words from the alphabet/ (a word isreducedf no lettera € ./ is adjacent to its
inverse); multiplication consists of concatenation followed by reduction, and the
group identity 1 is the empty word. There is a natural bijection betwgand the
set of vertices of7, in which g, h € ¢ are mapped to adjacent verticesof if
and only ifgh~1 € .«7. Thus, vertices are uniquely “represented” by finite reduced
words from.«Z. Henceforth, we shall not be careful to distinguish between vertices
of 7 and the words (or group elements) to which they correspond, and we shall
refer to% as the vertex set of . For any vertexw, denote byw| the length of
its representative word; note that| is also the distance from the root vertex 1 to
vertexw in the graph7 .

The bijection betwee and.7 extends in a canonical way to a bijection be-
tween the natural boundary gf and the sef2 of semi-infinite reduced words from
the alphabets. If w = x1x2 ... € Q thenw corresponds to thend” of 7 repre-
sented by the semi-infinite geodesic that passes through the vertiges ixo, . . .
in succession. For each real numbee (0, 1) there is a natural metri¢, on €2,
defined by

do (@, ) = a@) ey

whereN (v, o) is the maximum integer such that the sequencesande’ agree
inentries 12, ..., n. The corresponding topology d@nis, for any choice o, the
topology of coordinatewise convergence.

For any vertexw of 7, define.7 (w) to be the set of vertices such that the
geodesic segment from 1 tocontainsw, equivalently, such that the unique word
representingu is a prefix of the word representing Similarly, defineQ (w) to
be the set of infinite reduced words= x1x» ... such that for some finite, w
is represented by the word x> . . . x,,. Note that for every integer > 1, the set
{Q(w) : Jlw| = n} is afinite open cover of2.

1.2.2 Random walk on the free group

Let 2 = {pg} be a probability distribution on the groug, and letéy, &, ...
be independent, identically distributétivalued random variables with common
distribution#. A random walkwith step distribution?? and initial positionx € ¥

is a sequence a¥-valued random variableg,, n > 0 such thatryp = x and for
n>1,

Y, =x6162...8, . (3)

2 Anendof 7 is an equivalence class of semi-infinite geodesics, where two geodesics are
equivalent if and only if the sets of vertices through which they pass differ in only finitely
many vertices. Ageodesidn 7 is a finite or semi-infinite sequence of distinct vertices
v1, V2, ... SUCh that for every > 1, the vertices, andv,; are nearest neighbors.
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If the initial position is not specified, it is assumed to be the root 1. We shall restrict
attention to distributions? that arenearest neighbgrsymmetricnondegenerate
andaperiodig in particular, we assume that

pa >0 ifandonlyifa e .o/ U{1} , 4)
pa = p,1 foreacha e .o/ . (5)

If all the probabilitiesp,, a € .o/, are identical, the distributio® (and the corre-
sponding random walk) is calledotropic, otherwise,# is anisotropic Because

d > 2, any random walk with nondegenerate nearest neighbor distribution is nec-
essarily transient; in fact [4], ib1 > O then there exist constantg > 0,x € ¥,

and 1< R < oo such that for each fixed,

Py =)~ ©)

asn — oo. The exponential rat® is called thespectral radiusof the random

walk; it will also prove to be the critical fission rate for the branching random walk

defined below. It is the positivity a® — 1 that accounts for the existence of a weak

survival phase in the branching random walk (see [2] for more along these lines).
A crucial role in the results below will be played by a collection of generating

functionsF, (z) indexed by the vertices # 1 of 4. These are defined as follows:

for eachx # 1, let T, be the time of first passage ioby the random walky,,

(Ty = oo on the event that,, never visitsx); for |z] < 1 define

Fi(z) = EZ*I{T, < oo}; @)

and for|z| > 1 defineF,(z) to be the direct analytic continuation of the function
defined by (7). It will be seen below (section 3) that all of the functiBpdave
radius of convergencr, and thatF, (R) < oo. Furthermore, the functions, are
algebraic foreachr, w = F,(z) satisfies a polynomial equatigh, (w, z) = 0,and
there is an algorithm for producing the polynomé}. In the special casé = 2,

the polynomialsQ,(w, z),a € ./, are of degree 4, and so explicit expressions
(involving iterated radicals) can be given for the functidghgsee section 3 below).

1.2.3 Branching random walk o¥

Thisisthe process of primary interest here. It evolvesin discretetim®, 1, 2, . . ..

At time n = 0 there is a single particle, located at a vertex %. (If the initial
positionx is not specified, it is assumed to be 1.) The change in the state of the
population between timesandn + 1 takes place in two stages: (1) particle repro-
duction and (2) particle dispersal. Particles live for one unit of time. At the end of its
lifetime, a particle; first fissions, creating a random numbér > 1 of offspring
particles, all located at the same vertex as gvasfore the fission; for each particle

¢ the random variablé/; has a geometric distribution with mean- 1, i.e.,

PN, >k} =@ —-2"H 1 k=12 .
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After the fissions, all particles move randomly to new vertices according to the step

distribution2. All random choices described in this evolution are assumed to be

mutually independent. The random wgk, },,>0 on% with step distributior? will

be called themarginalrandom walk associated with the branching random walk.
The state of the population at any timeis determined by the numbef,

of particles in existence (before the next fission stage), and the unordered set

{X(”), Xg”), . ..,X(Z”n)} of particle locations. Observe that, is a supercritical

Galton—Watson process, so lifiy /A" exists and (since the geometric distribu-

tion has finite variance) is strictly positive. Conditional on the valu&pf the

distribution oin") is the same as that af,; consequently, for any vertex the

expected number of particles locatedradt timen is EZ, P{Y, = x}, which by

(6) is asymptotic ta’ (A/R)" /n®/2. It follows that the process survives weakly if

A < R, and survives strongly if > R.

1.3. Main results: the limit set
Henceforth we shall consider only the weak survival phase

1<A<R. (8)

In the weak survival phase, the population eventually vacates every finite subset of
%. It follows that the population has a well-defined #ebf accumulation points

in Q: A is the set of sequences= x1x2... € Q such that for every (finite) prefix

x = x1x2...x,; Of w, eventually there are particles located at verticegitx). It

is easily seen that is a closed, and therefore compact, subset.of

Theorem 1. With probabilityl, the Hausdorff dimensias(1) of A (relative to the
metricdy) is given by

logo (1)
(A= ——-- 9
) == 5a (©)
whered (1) is the unique positive number such that
sty (10)
O + Fa(A)

acod
The functions (1) is strictly increasing ini, and has critical exponen% at the
phase separation poirit = R; in particular, there is a constan€ > 0 such that
asi — R—,
S(R) —8(A) ~C~vR— 1 . (11)
Furthermore

500) < %ag(m , (12)

with equality holding if and only if the underlying random walk is isotropic and
A =R.
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It is natural to ask what happens 10 at the critical value. = R. For this
purpose, we partition the natural bound&ynto measure classe3,,. Recall that
Q is the set of infinite reduced words from the alphabgtLets : @ — Q be the
one-sided shift operator dn, i.e.,

o(x1x2...) = X2X3... .

For any ergodicg -invariant probability measuye on 2, define®2,, to be the subset
of Q consisting of allkw € € such that for every continuous real-valued function
fiQ - R,

lim * Y fo'w) = f fdu . (13)
Birkhoff's ergodic theorem implies that(2,,) = 1 (since the space of continuous
functions ong2 is separable in the sup norm topology). Moreovey, iéndv are
distinct ergodic probability measures th@p N 2, = .

For any ergodicg —invariant probability measure on  denote by () the
Kolmogorov-Sinai entropy of the measure-preserving systenu, o). Define the
functiong, : @ — R by ¢, (x1x2...) =log Fy, (1).

Theorem 2. Fix A < R, and letu be any ergodico -invariant probability measure
on Q. If h(n) < — [ ¢, du then with probability oneA N, = @. If h(n) >
— [ @5 du then with probability one the set N €, has Hausdorff dimension
8(1; w) (relative to the metriel,) given by

_h(w) + o endp

S ) = 14
(5 ) i0ga (14)
This Hausdorff dimension satisfies the inequality
1
() = ESH(Qu) , (15)

and equality holds if(15) for one and only one ergodic probability measuyrg
and only wherk = R.

The identification of the Hausdorff dimension (14) will be deduced from a
more general result of Lalley and Sellke [11] concerning labelled Galton—Watson
trees (see section 6.2 below). The more interesting part of Theorem 2 is the final
statement, thatthere exists a probability meagym@n 2 for which equality holdsin
(15). This shows that the convergencé gf A) to one-half the Hausdorff dimension
of the natural boundary in the isotropic case does indeed have an analogue in the
anisotropic case — in particular, the transition from weak to strong survival occurs
precisely when, for son®,,, the set fills a subset of half the Hausdorff dimension
of ©,. The distinguished probability measyg is defined as follows:



Anisotropic branching random walks on homogeneous trees 63

Define thebackscattering matrix/»(z) to be the 2 x 24 matrix, indexed by
elements ofeZ, whose entries are given by

(M2(2));; = Fj(2)*  ifj#i2
(16)
=0 if j=i"1.

Note that when O< z < R this is an irreducible nonnegative matrix, so the Perron-
Frobenius theorem applies. In Corollary 2 below it will be shown that the lead
(Perron-Frobenius) eigenvalue &f;(R) is 1. Consequently, ib is the (positive)
right eigenvector, then

17)

Mo(R))ijv;
pati. j) = 2R

Vi
are the entries of an irreducible stochastic maeix The probability measure,

is the unique probability measure énsuch that the induced coordinate process is
the stationary Markov chain with transition probability matFix.

Remarks

(A) Analogous results can be proved for branching random walks whose marginal
random walk has a step distribution that is symmetric, hondegenerate, aperiodic,
and offinite support(but not nearest neighbor). The only new phenomenon is that
the distinguished measuge on the boundary may no longer btarkoy; instead it
may be a more gener@libbs stateSee [8] for a proof of the local limit theorem and
related saddlepoint approximations in the finite-range case, in which these more
general Gibbs states arise.

(B) Itis likely that there is an analogue of Theorem 2 for symmetric, anisotropic
contact processes on homogeneous trees. However, entirely new techniques would
be needed for the proof, as our proof revolves around the “superposition” property
of branching random walk, and the highly algebraic Proposition 3 below. Moreover,
even the existence of a weak survival phase has not yet been established for the
anisotropic contact process.

(C) Thatéy (A) is almost surely constant is relatively straightforward. &t
be the supremum of all real numbérsuch thatP {5 (A) > 8} > 0. At each time
n > 0the population has at least one particle; thus, with auxiliary randomization, it
is possible to choose one parti¢lgat random from the offspring @f,_1 in such a
way that the choice is independent of the future evolution of the branching random
walk. Each particle, begets its own branching random walk (started at tirand at
the location ot;,,), which has its own limit ses,,,. Clearly,A,, C A;butdy (A,) has
the same distribution a; (A ), since the branching random walk descendant from
particle, has the same distribution as the original branching random walk, apart
from the location shift, which does not affect the Hausdorff dimension of the limit
set. Fixe > 0, and for each let H, be the event that,, has Hausdorff dimension
at leasts™ — ¢. Then the indicator functions df;, Hp, ... constitute a stationary
sequence, which by Kolmogorov’s 0-1 Law is ergodic. Thus, by Birkhoff’s ergodic



64 I. Hueter, S.P. Lalley

theorem, at least one of the eveiits must occur, with probability 1. Hence, with
probability oneS g (A) > sup, 8 (A,) > §*—e. Sinces > Ois arbitrary, it follows
thatsy (A) = §* almost surely.

A similar argument shows that for every ergodic probability meaguoa €2,
the Hausdorff dimension ok N €2, is constant.

2. The superposition property

The key probabilistic tool needed for proving Theorems 1 and 2 isuttherposition
propertyof the branching random walk, an extension of the strong Markov property.
(In the theory of superprocesses the analogous property, first used by Dynkin, is
sometimes called the “special Markov property”.) The superposition property may
be described informally as follows. Begin with a modification of the branching
random walk in which a certain subsiétof the vertex set acts as a “sticky” barrier

— any particle entering the sgtis “frozen”, i.e., undergoes no subsequent fission
and makes no further movements. Observe that arrivals of partickegnay take

place at different times, and that some particles may move and reproduce forever
without enteringK . Label the particles of this modified branching random walk
“blue”. Now to each frozen particle at a vertexx € K attach an independent
branching random walk with initial particle locatedwatand with starting timd,

the time at whiclt first enteredk). Label the particles of these attached branching
random walks “red”.

Superposition property. The particle system consisting of all blue and red
particles is a version of théoriginal) branching random walk.

We refrain from giving a formal proof, which follows the usual line of proof of
the strong Markov property. Note, however, that the construction can be reversed.
For each particle of a branching random walk, define ttrail of ¢ to be the path
in ¥ x Z followed by¢ and its ancestors. At any timelet¢ beblueif its trail has
not enteredk by timer; otherwise, leg bered. Then the red and blue processes
have the same joint distribution as in the construction above. The Superposition
Property is equivalent to the assertion that each connected red clustex (i)
is a branching random walk, conditionally independent of the rest of the process.

Observe that the Superposition Property applies also to the attached branching
random walks. Thus, versions of the branching random walk may be constructed
in stages, first letting particles run until frozen at verticexiy) then, vertex by
vertexx € K1, “unfreezing” frozen particles at and letting particles of their
descendant branching random walks run until frozen at verticks(n); etc. Such
multi-stage constructions will allow us to embed various Galton—Watson chains in
the branching random walk — see section 6 below.

Henceforth, we will denote bz X (H) the number of (blue) particles located
in a setH C % at timen for the modified branching random walk with “freezing”
atK. For any vertex setZX (x) = ZK ({x}), and seZX (H) = lim, .o ZX (H).
Observe that whek = @, the modified branching random walk is identical to the
original branching random walk; in this case, we will wrifg(H) = Zg(H).
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3. Generating functions

The generating functions, (z) defined by (7) above play a central role in the deter-
mination ofé (1) and its detailed behavior at the transition between the weak survival
and strong survival regimes. In this section we collect the necessary information
about these generating functions.

3.1. Connection with the branching random walk

First we show how the generating functioAg(1) arise naturally in connection
with the branching random walk with fission rateand deduce a fundamental fact
about mean occupation numbers. Fix a ventex 1, and consider the modified
branching random walk in which particles are “frozen” upon reachinRecall
that Z% (x) is the number of particles that are ultimately frozew at

Lemmal. EZ}(x) = F(A) Vx # 1.

Proof. Z% (x) = Y .21 &, whereg, is the number of particles of the branching
random walk that are first frozen atat timen. The trail of any particle counted in

&, must reachx for thefirst time atn; consequentlyg, is the number of particles

of theunmodifiedbranching random walk whose trails reacfor the first time at

n. But the trail of a randomly chosen particle (from thg particles in existence at
time n) has the same distribution as the fits$teps of the marginal random walk

Y; consequently, the probability that the trail of this randomly chosen particle first
reaches at timen is P{T, = n}. Since the expected total number of particles of
the unmodified branching random walk in existence at tineA”, it follows that

E¢&, = A" P{T, = n}. Summing oven gives the advertised identity. O

Corollary 1. For eachi € (0, R] and each vertex € ¥ — {1},

L) <1. (18)

Proof. Consider the total occupation tin}, - , Z, (x) of the vertexx by particles

of the branching random walk. The particles countedJjY ; Z, (x) may be par-
titioned into two groups: (1) those whose trails are visitini@r the first time, and

(2) those that descend from particles which visiteghrlier. By the Superposition
Property, each patrticle in the first group gives rise to its own offspring branching
random walk, identical in law (except for a shift in time and space) to the original
branching random walk; hence, the expected occupation timebgfparticles of

this offspring branching random walk equals the expected occupatiorGtipneof

1 by particles of the original branching random walk. It follows by Lemma 1 that

EY  Zyx)= F,()GO) , (19)
n=0

whereG (1) = 3, .o P{¥, = 1}A". Observe that, by (67 (1) < coforalli < R,
so the left side of (19) is finite.
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Consider a particle whose trail reachesfor the first time at some > 1. This
particle gives rise to an offspring branching random walk started Rarticles of
this offspring branching random walk may eventually return to the root vertex 1; by
the symmetry of the branching random walk and the Superposition Principle, the
expected occupation time of the root vertex 1 by such particl€ss2 ; Z, (x).
Summing over all “first arrivals” at and taking expectations, we obtain, by (19)
and Lemma 1, o
G =EY_ Z,(1) > FL()?G()

n=0

(the inequality is strict because not every particle that returns to the root vertex has
a trail that passes througt). SinceG (1) > 0, the inequality (18) follows. O

3.2. Basic algebraic relations

The functionsF, are interrelated by a system of algebraic equations that derive
from the Markov property and the tree-structure of the state space. Recall first that
each element # 1 of 4 has a unique representation= iyio - - - iy as a word in

the generators. In order th#y = x at some finite timel’ = Ty, it is necessary

and sufficient that the paifY, },<r pass through each of the intermediate vertices
i1i2---i;, 1 <1 < k, on the geodesic from 1 to. The elapsed times between first
visits to neighboring intermediate vertices on this geodesic are conditionally inde-
pendent, by the strong Markov property, and jhie elapsed time has conditional
distribution identical to the distribution &f;, wherei € .« is the jth letter in the

word representation of. Thus,

k
F, = l_[ Fi; . (20)
j=1

The generating functions;, i € .7, satisfy a system of@ algebraic equations
gotten by conditioning on the first stéfy of the random walk. Any € .o/ may

be first visited either on the first step or on a subsequent step; in the latter case, the
first step must be to somge {1} U .o — {i}, after which the random walk must
revisit 1 and then subsequently visifThe elapsed time before the first revisit to 1
after the initial step tg has the same distribution &3 (if j # 1), by symmetry,

and the subsequent elapsed time until the first visititas the same (conditional)
distribution asT;. Thus,

Fi(x) = piz+ pieFi@) + Y pjzFj@QFi(R) — pizFi(2)® . (21)
jed

Note that sinceF; = F;-1 andp; = p;-1, thed equations indexed by € .7 _

are redundant. Consequently, when referring to the system (21) we will sometimes
include only those equations indexed by .o7 . With this convention, (21) is a
system ofd polynomial equations id + 1 variables.
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It is evident from equations (20) and (21) that all of the functidhsx € ¥,
have the same radius of convergerelt is not difficult to see thaiR is also
the spectral radius of the random walk (see [7]). In fact, the Markov property
implies that the Green’s functio@(z) = ) .o P{Y, = 1}z", whose radius of
convergence is by definition the spectral radius of the random Walls related
to the functionsF; (z) by

G =1/1A-piz— Y pizFi(2)) . (22)

ied

SinceG (z) is finite at its radius of convergenge= R (see, e.g., [4] or [7]), relation
(22) implies that

piR+ ) piRFi(R) <1. (23)
ied

Moreover, since the radius of convergemtis a singularity ofG (z), it follows that

at least one, and therefore, by (21), all of the functiénsust have singularities
atz = R. Itis known [4], [7] that axx 1+ R, G(R) — G(z) ~ C+/R —z for a
positive constan€ (in fact, this accounts for the Local Limit Theorem (6) — see
[4]). Consequently, by (22) and (21), there exist positive const@nssich that as

Z 1 R,

Fi(R) — Fi(z) ~CivVR —z . (24)

The algebraic equations (20), (21) and (22) imply that each of the funckipns
andG(z) is analgebraic functioni.e., that it satisfies a polynomial equation with
coefficients in the rin@’[z]. This polynomial may be obtained by a straightforward
elimination algorithm: to obtaii;, eliminate the other variables; one at a time
by takingresultantysee, e.g., [12]). For example, whe&nr= 2 (in which case there
are two distinct generating functiong, (z) and Fj(z)) the polynomial equation
satisfied byw = F;,i = a, b, is

w*23(—6p7 + 3pP) + w3*®pf — 4pi) + w23 (4p] — 10p? + 6p;i — 1)
+w?z((1—2p;) + 222p° — p?) =0

which may be solved by radicals (the correct branch may be identified using the
fact that F; (z) is a probability generating function). Since equation (10) is also
polynomial, it follows that (1) is an algebraic function. Wheh= 2, (10) may be
rewritten as

3Fa (M) Fy(A) + 0 (Fa(h) + Fy(1) —0(1)* =0,

and thus an explicit algebraic expressiondk) can be obtained.
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3.3. Consequences

The next result shows that the critical exponent for the Hausdorff dimension at the
phase separation point ig2 (see equation (11)).

Proposition 1. There exists a constait > 0 such that ag 1 R,

O(R) —O0(A) ~ CVR — & . (25)

Proof. Recall from (10) that, for < A < R, 6()) is the unique positive solution
of the equation

> OFM.00)) =1, (26)

iedd

whereQ(x, y) = x/(x + y). The functionQ(x, y) is continuously differentiable
in x andy, and its partial derivatives

W0
ax (x4 y)?
0  —x
Iy  (x+y)?

are strictly positive and strictly negative, respectivelyaty) = (F; (1), (1)),
for everyA € (0, R]. Consequently, application of Taylor's formula in equation
(26) atr = R gives

> ai(Fi(R) — Fi()) + Y bi(B(R) — 6(1))

ied ied/

+o (|9<R> —00)+ Y IFi(R) — F,-om) =0,

ied

whereq; > 0 andb; < 0. The desired relation (25) follows, in view of (24). O

The proof that strict inequality must obtain in (12) of Theorem 1 except in the
case of ansotropicbranching random walk will rest on the following.

Proposition 2. F;(R) = F;(R) for all i, j € .o/ if and only if the branching
random walk is isotropid.e, if and only if the one-step transition probabilities for
the marginal random walk satisfy;, = p; forall i, j € /.

Proof. Suppose thaF;(R) = f for alli € .«/. Then by the fundamental relation
(21), for each,

f=piR+piRf + (1 — p1— p)Rf% Vi .
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Hence, for any two distinct indices j, the quantities on the right-hand side must
be equal, and so the difference must be zero, i.e.

(pi — PR — (pi — p))Rf?*=0.

If for some pairi, j € </ it were the case that; # p; then it would follow that
f2 =1, and hence that = 1. But this would contradict inequality (23). ]

The following proposition is the principal fact about the generating functions
needed for the proof of Theorem 2.

Proposition 3.

Fi(R)?
LA (27)
,;1/ 1+ F;(R)?2

Proof. The functionsF;(z) are analytic inside the circle of convergerge< R,

and sincerF; is represented by a power series with nonnegative coefficieatsR

must be a singularity. Hence, by the (complex) Implicit Function Theorem (see,
e.g., [6]), the Jacobian matrix of thlex d system of equations (21) must&iegular

atz = R. The Jacobian matrix may be written As- J(z), whereJ (z) has entries

J@ij=piz+2 Y pzFz) if j=i,
keod 4 (28)

= 2p;2Fi(2) ifj£i .

Since these entries are nonnegative wher @ < R, the spectrum of/ (z) is
contained in the closed disk with radiggz), where8(z) is defined to be the
lead eigenvalue af (z). Moreover, since the entries éfz) are nondecreasing and
analytic inz for 0 < z < R, s0 isfB(z); and since all of the functions;(z) are
continuous and finite at= R, so isB(z). Nearz = 0 the entries off (z) are small,
since each entry is divisible by and so for; > 0 sufficiently small,8(z) < 1.
Thus, thesmallestz > 0 wherel — J(z) is singular must be the smallestvhere
Bz) =1

Now consider the eigenvalue equatidiR)u = u. Since 1 is the Perron-
Frobenius eigenvalue, the vectomust have all entries nonnegative, and at least
some strictly positive. Thusy may be normalized so thgt';. , Rpju; = 1;
with this normalization the eigenvalue equatibfR)u = u may, by equation (28),
be rewritten as

ui=(p1R+2 Y pjRFj(R)ui+2 Y pjRF(Ru,

jedd jedd —{i}
=(pR+2 Y piRFj(R)u; +2 Y p;RF;(Ryuj — 2p;iRF;(R)u;
jE.ﬁ/Jr jE&er

=2F;(R) +{piR+2 ) pjRF;(R) = 2piRF;(R)}u; .

jEJF/+
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Multiplying each side byF; (R) and then making the substitution

Fi(R) — piR — piRF;(R)* = Fi(R){piR +2 Y pjRF;(R) — 2p;RF;(R)}
je&/+

(note that this follows from the fundamental relations (21)) gives

u;iF;(R) = 2F;(R)?>+ (F;(R) — piR)u; — p; RF;(R)?u;
& u; piR{1+ Fi(R)?} = 2F;(R)?
> u;piR = 2F;(R)*/{1+ Fi(R)?} .

Substituting the last expression forp; R in the normalization relation

Z uipiR=1

ied
now gives
2F;(R)?
% 1+ F(R?2
which is equivalent to the desired equation (27). |

4. Backscatter and first-passage matrices

For any positive numbeys, A, defineM, (1) to be the 2 x 24 matrix with entries

(Mp),; = Fy0P if j#ih
(29)
=0 if j=i"1.
Note thatM2()) is thebackscatter matrixiefined by (16). Henceforth the matrix
M1(A) will be called thefirst-passage matrixBoth matrices will play important
roles in the proofs of Theorems 1 and 2. o= 0 and O< A < R the matrix
M, (%) is aperiodic and irreducible, with nonnegative entries, and thus is subject to
the conclusions of the Perron-Frobenius theorem. In particMigg.) has a largest
positive eigenvalué(p; 1). Since the positive entrigs; (1)” increase strictly with
A € (0, R], the lead eigenvalu@(p; A) also increases strictly with.

Proposition 4. The lead eigenvalue 81, (1) is the unique positive soluti@r(p; i)
of the equation

Z L)”)p -1. (30)
=, 0(p; 2) + Fa(R)P

For eachp > 0, the functiom. — 6(p; 1) is strictly increasing im. for A < R.
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Proof. Consider the eigenvalue equatiof,, M)u = Ou. If 6 = 6(p; ) is the
lead eigenvalue, then the vectermust have nonnegative entries, not all zero.
Thus,u may be normalized so that; F; (1)”u; = 1. With this normalization, the
eigenvalue equation may be rewritten as

Ouj =Y Fi(W ui — Fj(0) u, —
i

uj =1/ + F;(M)P) .

Hence, the normalization relatign; F; (A)”u; = 1 is equivalent to equation (30).
For eachu € .o/ the generating functioi, (A) is a strictly increasing function

of A. Since the matrix/, (1) is irreducible and aperiodic, it follows by a routine

argument that the lead eigenvali@; 1)is strictly increasing ir.. |

Corollary 2. 6(2; R) = 1.

Proof. This follows immediately from Proposition 3 and equation (30). O

5. Upper bounds
5.1. Upper bound fo8 (1)

For each integem > 0, define%,, to be the set of all vertices € ¥ at distance

m from the root 1 (i.e., alk such thatx| = m) and definex#,, to be the set of all
verticesx € ¥, that are visited by particles of the branching random walk. Then
for eachin > 1,

Ac | ew . (31)

xXeH

because a particle trajectory can approach a poiatQ(x) only if it eventually
stays in7 (x), and because the marginal random walk is nearest neighbor, this
can occur only if the trajectory touches The inclusion (31) provides a simple
(possibly crude) covering of the random geby setsQ (x), all of diametera™.
Consequently, the Hausdorff dimensionfotan be bounded above by estimating
the cardinalities of the set#’,,,. Recall (Proposition 4) that(,) = 6(1; 1) is the

lead eigenvalue of the first-passage maMix(1) defined by (29).

Lemma 2. limsup,_, o, [#m|Y™ < 6(0).

Proof. Fix x € %,,, and consider the modified branching random walk with ab-
sorption (freezing) at. Recall thatZ’ (x) is the number of distinct particles that
are ultimately frozen at. ThenP{x € #,,} < EZ (x).BUt EZ} (x) = F(}),
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by Lemma 1, and by equation (20, (1) = ]_[7’:1 Fi; (M), wherex = iiz- -+ in
is the word representation of Consequently,

E\#m| < Y EZ}(x)

xX€Y,

> )

XE€Y,

> [T/

iigim j=1

=M M)"1 ,

wherel is the 2{-vector with all entries 1. Since(}) is the lead eigenvalue of
M1(2) and1 and1’ are dominated by multiples of the corresponding right and left
eigenvectors,

My (M)™L < cO)™

for a suitable positive constant. The desired result now follows routinely from
the Chebyshev-Markov inequality and the Borel-Cantelli lemma. O

Corollary 3. With probability1, §(1) < —log6(1)/loga.

This follows immediately from Lemma 2, and proves half of the relation (9).
5.2. Upper bound fo8(A; )

Let u be an ergodicg-invariant probability measure on the spaReof semi-
infinite reduced words from/ (the natural boundary of ). Recall thaB (A; ) is
the Hausdorff dimension (in the metdg) of A N Q,,, where,, is the subset of
Q consisting of all sequencesthat are “generic” fop in the sense (13). Recall
thaty, : @ — R is the function defined by, (x1x2 - - -) = log Fy, (1). Sincey, is
continuous o, relation (13) holds withf = ¢;..

Lemma 3. For everye > O there exist set§,, = I';,(n) C ¥, of vertices at
distancem from the rootl such that

lim m~tlog || < h(w) +¢ | (32)
m—0o0
m
i, sup Y log () - [ gduize . (@39)
m=>00 x1x9..xp€lm Q

j=1
and such that for every sequencg; - - - € Q,

X1x2-+- € Q, = x1x2-- - X € Iy (u) infinitely often. (34)
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Proof. This is a routine consequence of the Shannon-McMillan theorem and the
ergodic theorem. See the proof of Lemma 3 in [11] for detalls. O

The following proposition proves half of the equality (14).

Proposition 5. If h(x) < — [ ¢, du then with probability oneA N Q,, = 3. If
h(n) > — [ ¢, du then with probability one

h(w + Jgerdp

loga (35)

d(A ) <

Proof. LetT',, = I',,(n) be as in the statement of Lemma 3. In order that a reduced
semi-infinite wordew = x1x2--- be an element ol N Q,, it is necessary that
X1X2 -+ Xy € Ay N Ty, for infinitely many integers:, where as before?,, is the

set of all vertices at distanee from the root 1 that are ever visited by a particle of
the branching random walk. Define

Ap(p) ={w=x1x2--- € AOQ# [x1x2 -+ Xim € A N Cin}s
then for eaclm > 1

AN, C UpsmAn(i) (36)

Thus,U,>m An (1) is a covering ofA, (i) by sets of diameter no larger tharf.
Consequently, to bound the Hausdorff dimensiomgfw) it is enough to bound
the cardinality of#,, N I',,. By the same argument as in the proof of Lemma 2,

ElAnnTuls > [IF0=3" e} e/} .

irig-im €l j=1 x€ly, j=1

By inequality (32),|T",,| < expim(h(n) + ¢)}. Moreover, by (33), for all words
x ey, Z;”zl @:.(a/x) <m([ g, diu+¢). Hence, for all sufficiently large:, the
expected cardinality of¢’,, N T, is no greater than exm (h(w) + [ @5 dp+ 2¢)}.
The Borel-Cantelli lemma therefore implies that with probability 1, eventually

| Hom O\ T < expim (h (1) + / ordp+30)} | (37)

Itfollows thatif (1) + [ ¢, du+3e < Otheneventually?,, NI, is empty. Thisin
turnimplies that\, () is empty, and so by (36, N 2, = B. If h(w)+ [ g dp >
0 then inequality (37) implies that for every> 1 and allm sufficiently large, the
setA,(u) is covered by expm (h(w) + [ ¢, du + 3¢)} sets of diametex™. Thus,
sincee > 0 can be chosen arbitrarily small,

811 (Am() < —(h() + / ¢ dw)/ loge .

SinceA N Q, C Uy Ay (), inequality (35) follows. ]
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6. Lower bounds

To complete the proofs of the formulas (9) and (14) for the Hausdorff dimensions of
the random seta andA N 2, we must establish the reverse inequalities to those

of Corollary 3 and Proposition 5. Our strategy will be to exhibit subsets ahd

A N Q, whose Hausdorff dimensions approach the desired bounds. These subsets
will be the limit sets of labelled Galton—Watson trees embedded in the branching
random walk; the calculation of their Hausdorff dimensions will be accomplished
by appealing to a theorem BfAWKES [5], [15] and an extension due to Lalley and
Sellke [11].

6.1. Hawkes’ theorem

To any Galton—Watson chain there is associated a genealogical, tndgch we
shall call aGalton—Watson treg~or a detailed description, see [5]. In a nutshell:
Vertices oft are arranged in levelg, V1, Vo, .. .; the vertices of leveV, represent
the individuals of the:th generation of the corresponding Galton—Watson chain.
Edges of the tree connect vertices corresponding to parent-child pairs; thus, there
are edges only between vertices of successive levels. The linitgetof the tree

is the set ofends where an end is defined to be gdfinite path that starts at the
root (the unique vertex ifp) and visits every leveV, exactly once. (The limit set

is empty on the event that the Galton—Watson chain dies out.) Foread, 1),
thed,-distance between two englsy’ is defined to be”, wheren = n(y, y’) is

the index of the last level, where the pathg andy’ touch. The metrid, makes
Agw acompact metric space.

Hawkes’ theorem. If the offspring distribution has mean > 1 and finite second
moment then almost surely on the event of honextinction, the limitsgtof the
Galton—-Watson tree has Hausdorff dimensiofin metricd,,)

log u

du(Agw) = —@ .

Hawkes discusses only the case- 1/2, but the result and its proof are valid
forall« € (0, 1). See [15] for another proof, and the appendix of [10] for a sharper
result.

6.2. Extension of Hawkes’ theorem

Let # be an arbitrary finite set. Rabelled Galton—Watson procegdth label space

4 is determined by a probability distributio@ on the set Z of subsets ofA.

Each individualz, regardless of its type, produces a random(gebf offspring,

with distributionQ, and the offspring sets of different individuals are conditionally
independent, as in an unlabelled Galton—Watson process. Observe that a labelled
Galton—Watson process is a multi-type Galton—Watson process in which (i) all types
have the same offspring distribution, and (ii) the offspring distribution is constrained
to allow at most one individual of each label. Because of (i},ifs the cardinality
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of thenth generation, then the sequer{@ },>o constitutes an ordinary Galton—
Watson process; and if the expected cardinality of a random set chosen according
to the distributionQ is greater than 1, thef¥, },>¢ is supercritical.

A labelled Galton—Watson tree is the genealogical tree associated with a
labelled Galton—Watson process, with vertices assigned the labels of the corre-
sponding individuals. If the underlying Galton—Watson process is supercritical,
then with positive probability the tree is infinite. On this event, each end of
will be naturally identified with a unique sequenee= x1xz - - -, wherex, is the
label of thenth level vertex through which the end pass@&&1E: The root vertex
need not be labelled.) Thus, the 8etof ends ofr is naturally embedded in the
sequence spaca’.

For each labed € #, letq; = Y 4..cr Q(F) be the probability that labél
is included in a random set with distributigh Define a functiony : 4" — R by

Y(x1xz---) =loggy, .

For any ergodic, shift-invariant probability measyr®n the sequence spag’,
define;%’,’}‘ to be the set ofi-genericsequences, i.e., the set of all sequengssach

that for every continuous functiofi : 4V — R,

lim :—LZf(aia)):/fdu ) (38)
i=1

n—oo p 4

Extended Hawkes’ theorem .[11] Let t be the labelled Galton—Watson tree at-
tached to a supercritical labelled Galton—Watson process with labelsand
offspring distributionQ, and letu be any ergodigo -invariant probability measure
on BN If h(u) + [ dp < 0then with probability 1

ITNAY =0 . (39)

If h(w) + [ ¥ du > Othen almost surely on the event of nonextinctitire Haus-
dorff dimension obr N %E in the metricd,, is

Chw + [du

Syt N A)) = oga

(40)

6.3. Embedded Galton—Watson trees

The construction of embedded Galton—Watson treeas the branching random
walk is similar to the analogous construction for isotropic contact processes [10].
The offspringof a vertexx in ¢ will be verticesy at distance: from x such that

a particle of the branching random walk locatedvagives rise to a descendant
particle whose trail begins with downward path(defined below) fromx to y.
Thus, all vertices of, will be vertices of the tre¢Z that are visited by particles of

the branching random walk. Consequently, the limit/sgtof the Galton—Watson
treez, will be a subset of the limit set of the branching random walk.
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Fix a generatos € .7, and consider the subtreg* = 7 — 7 (a~1) of 7 each
of whose vertices except the root vertex 1 is represented by awerd beginning
with a letterx; # a~1. The tree7 * may be arranged itevels %o, %1, %>, ...,
with x € ., if and only if |x| = n; thus, there ar€2d — 1)" vertices in level?,,.
Forn > 1, define’} to be the subset a¥’,, containing those vertices whose word
representation = x1x2 - - - x, terminates in the letter, = a. Note that for any
vertexx € ¢, the set of nearest neighborsxoin %, 1 is{xy : y € £1}; thus,
forx € Z%, the tree7 (x) is the left translate of the tre&* by the group element
X.

Letx be avertex in levelZ, and lety be a vertex contained i (x). Since the
word x is a prefix of the wordy, the vertexy must lie in a level?,,.,, at greater
depth than vertex. A downward pathfrom x to y is a finite path in7 (x) that
begins atx and first enters leve¥,,,,, aty, where it terminates.

Definition of 7; : Fix an integer > 1. Define generation®, C ¢, and distin-
guished particleg, associated with the verticase V, inductively as follows:

(@) Vo = {1} and¢; is the initial particle of the branching random walk.

(b) For eachx € V,, theoffspringof x are those verticeg € £, ., such that at
least one particle of the branching random walk initiated by particlleas a
trail that begins with a downward path franto y. For each offspring vertex
of x, theparentof y is x.

(c) V,41is the set of all offspring of vertices iw,.

(d) For each vertex € V,,,1 with parentx € V,, the distinguished particlg, is
the first particle of the branching random walk initiatedzyyto arrive aty via
a downward path from to y.

For each vertey # 1 of the treer, define thdabelof y to be the wordv 1y,
wherex is the parent ofy. Observe that each label is a reduced word of lemgth
that ends in the letter, so the set of labels is finite.

Proposition 6. 7, is a labelled Galton—Watson tree.

Proof. The particleg, associated with different verticese V,, are distinct, so by

the Superposition Property the branching random walks initiated by the particles
¢y, x € 'V, are mutually independent, and independent of thegye-history of

the branching random walk initiated@t Since all vertices o¥,, have final lettet,

the branching random walks initiated by the partigiesrt € V,, are all “oriented”
(relative to the level structure of the treg*) the same way. Consequently, the
offspring distributions for vertices € V, (viewed as probability distributions on

the set of labels) are all the same as that of the initial vertexVy. Thus,z, is a
labelled Galton—Watson tree. O

Note that for such an embedded Galton—Watsontrethe relation between
the metricsi;, for the treer, andd, for the full tree7 is:

dg(x, y) = dor (x,y) . (41)
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6.4. Properties of the embedded G.W. Trees

Our strategy now will be to show that the limit sets, of the embedded Galton—
Watson trees;,, which are contained in the limit set of the branching random
walk, have Hausdorff dimensions convergingsta.), and that their intersections
with the set€2,, have Hausdorff dimensions convergingsi@; ). The argument
rests on the fact that particles of the branching random walk that reach a vertex
at a large distance from the root 1 tend to do so by moving essentially along the
geodesic segment from 1 o

Recall thatZ’ (x) is the number of particles ultimately frozenain the mod-
ification of the branching random walk with freezing at verteXror each integer
r>0, definezj”(x) to be the number of particles counted4i) (x) whose trails
remain within distance of the geodesic segment from L1ito

Lemma 4.

] ] EZXJ’ X 1/1x|
lim inf EZy ) =1
r—>ooxe9—(1) \ EZ% (x)

Proof. By the monotone convergence theoreTrZi”(x)/EZi(x) — 1l asr —
oo for eachfixedvertexx # 1, and, in particular, uniformly far € 7. Fixe > O,
and choose = r, so large thak Z" (x) > (1—¢)EZZ (x) for eachr € .o/ —{1}.

Now consider an arbitrary vertex = iji2 - - - i,,. TO reachx, a particle must
follow a trail y that passes through each of the vertisgs= i1i2---i; on the
geodesic segment from 1 10 Let y; be the segment of the trail between the
times of first passage tg andx;1, respectively. If for each the trail segment
y; stays within distance of the edge {;, x;+1], then the concatenation remains
within distance- of the geodesic segment from 1xtoThus, by the Superposition
Property,

m .
EZV () =[] EZ]"G)) .
j=1
But by Lemma 1 and equation (20),
m .
Li .
EZ}(x) =[] EZ{G)) .

j=1

Thus, for every vertex # 1, EZ}" (x)/EZ% (x) > (1 — &), o

Lemma 5. For each vertexx # 1 and every integer > 1, the random variable
Z" (x) has finite variance.

Proof. Consider yet another modification of the branching random walk in which
particles ardilled upon reaching the set of vertices at distances greaterthiam
the geodesic segment from 1itoThe total numbeN of particles ever born in this
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modification stochastically dominat&s" (x). Thus, to prove the lemma, it suffics
to prove thatV has finite variance.

In the modified branching random walk, particles can exist only at vertices in
a finite subset, and so the branching random walk may be viewed as a multi-
type Galton—Watson proceggs with type spacéd . Since thainmodifiedranching
random walk survives only weakly, the multi-type Galton—Watson pro&gss
subcritical. (To see that it cannot be critical, note that increasing one would
strictly increase the Malthusian parameter, so the corresponding multi-type Galton—
Watson process withreplaced by + 1 would be supercritical. But if this were the
case then clearly the unmodified branching random walk would sustieagly
with positive probability, contradicting the standing hypothesis (8) that R.)
By Proposition 11 of the Appendix, the total number of particles ever born in a
subcritical multi-type Galton—Watson process has finite second moment, provided
that the offspring distributions have finite second moments. This is certainly the
case here, because the offspring distribution in the unmodified branching random
walk has a geometric distribution. O

Forx € &,, defineJ(x) to be the event that among the particles counted in
Z (x) there is at least one whose trail is a downward path from the rootx1 to
Note thatZ? (x) > 1 on the even/ (x), SOP(J (x)) < EZ} (x).

Proposition 7. Asm — oo,

1/m
(min me))) 1. (42)

veZy EZX(x)

Proof. Fix ¢ > 0 small, and chooseso large that for all vertices # 1,

EZV (x) > A-)MEZY (x) . (43)
By Lemma 4, such an integerexists. Now consider a vertex € .¢,,, where
m = (n+2)r.Letxy, x2, ..., x,42 bethe verticesinlevel®,, Lo, ..., Lnrior

on the geodesic segment from 1ipand for each < n + 1, sety; = xi_lxi_,_l.
The event/(x) occurs if there is a particle whose trail (i) proceeds from kito
without first exitingu;zo,?j; then (ii) travels from eaclh; to the subsequent. 1,
1 <i < n+ 1, remaining within distance of the geodesic segment fram to
x;+1; and finally (iii) proceeds directly along the geodesic segment ftpm to
Xn42-

Define random variablegy, Y1, Yo, ..., Y, inductively as follows. If there is a
particle of the branching random walk whose trail proceeds from.d; wwithout
first exiting U;zozj, thenYp = 1; otherwiseYy = 0. If Yo = O thenY; = 0
for all j > 0. If Yo = 1 then there is at least one particle whose trail reaches
x1 without first exitingu;zog’j; upon reachingj, the first such particle initiates
a branching random walk starting af. Suppose that particles of this offspring
branching random walk are frozen upon reachingdefineY; to be the number
of particles ultimately frozen at, whose trails remain within distangeof the
geodesic segment from to xp. Those particles counted iry initiate branching
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random walks starting ato. Suppose that particles of these offspring branching
random walks are frozen upon reachivig defineY, to be the number of particles
ultimately frozen at3 whose trails remain within distane®f the geodesic segment
from x to x3. DefineYs, Yy, ..., Y, similarly, by induction.

By the Superposition Property, the random variagsl, Yo, ..., Y,_1 are
the firstn terms of aGalton—Watson process in a varying environmgge the
Appendix below), i.e.,

E(sY1 | Yo, Y1, ..., Yi) = @y, ()%

whereg, (s) is the probability generating function of the random variab]rer ).
There are only finitely many wordsof lengthr, so there are only finitely many pos-
sible offspring distributions. For each possible werdhe mean offspring number

¢, (1) is strictly less than 1, becaugg’” (y) is stochastically dominated 1%, (y),

by construction, andZ% (y) < 1 by Lemma 1 and Corollary 1. Moreover, the
random variable’"" (y) has finite variance, by Lemma 5, aRdZ>"" (y) = 1} > 0
(because it is certainly possible, with positive probability, for exactly one particle
in a branching random walk to follow a trail along the geodesic segment from 1 to
y and for all other particle trails to avoid the subtt@aa—1) forever). Thus, by
Proposition 13 of the Appendix,

lim P)’l}’2~~{Yn = l}
n>oo 19 EZY (v))

uniformly for all infinite sequences;y: - - - of words of lengthr, and the limit
a(y1y2 - - -) is uniformly bounded away from O.

The eventJ(x) contains the evenfY, > 1} N L(x,+1, Xs42), Where
L(x,+1, xn42) is the event that the first particle to reagh 1 among the particles
counted inY,, has a descendant particle whose trail follows the geodesic segment
from x, 41 to x,,42. SinceL (x,+1, x,42) has positive (conditional) probability, the
result (42) follows from the choice of (in particular, inequality (43)) and the
uniformity in (44). ]

=a(y1y2--) (44)

Corollary 4. Asm — oo,
1/m

> PUW) — 6 . (45)

x€%m

Proof. By Proposition 7, it suffices to show theY" . EZL(nY™ — o(n).
But by Lemma 1 and equation (2%)(63," EZ% (x) = u,M1(»)"1, wherel is
the vector all of whose entries are 1 amgis the vector with entry 0 in the—1
slot and all other entries 1. Sindé1()) is a Perron-Frobenius matrix whose lead
eigenvalue i9(1; A) = 6(1), the result follows. O
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Corollary 5. The mean offspring numbeys; for the Galton—-Watson treeg,
satisfy

lim w/* =600 . (46)
k—o00

Proof. The mean offspring number; for the Galton—Watson treg is, by con-
struction,

=y PU) .

p¥
XeLy

This sum differs from the sum in relation (45) above only in that the inde¢%as
replaced by the smaller index s&t;. (Recall that#’}; consists of all those vertices
of ¥, whose word representations end in the lett¢iConsider a vertex € %y;

on the evenv (x), the vertexx is visited by a particle of the branching random
walk whose trail is a downward path from the root Ixrtdl'he particle; engenders

its own offspring branching random walk, starting from veriexClearly, there

is positive probabilityp, independent ok, that this offspring branching random
walk, if allowed to run for two time units, would produce an offspring particle at a
vertexy € £y, N 7 (x). Consequently,

Y PU@)Zp Y PUW) .

xef{,’;+2 x€L}
The result therefore follows from Corollary 4. ]

Corollary 6. Letu be an ergodicshift-invariant probability measure on the space
Q of infinite reduced words = x1x7 - - - from the alphabet/. Then

. 1
lim -/ |09P(J(X1x2~~Xk))du(x)=f () dp(x) . (47)
k—oo k Jo Q

Proof. Recall thatP (J(y)) < EZi(y) for every finite reduced worg. Conse-
qguently, by Proposition 7, Lemma 1, and equation (20),

1/k
<P<J<x1x2-~xk>>> _
151 Fr, )

lim

k— 00

uniformly for x € €2, and so

k— o0

k
lim 1'/ IogP(J(xlx2~~~xk))du(x)—}f IOgl_[Fx.(k)dM(x) =0.
kJa ko j=1 '

The result now follows by the shift invariance @fand the definition o;,. |
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6.5. Lower bounds fas(1) ands(x; 1)

The following corollary, along with Corollary 3, completes the proof of equation

9).

Corollary 7. With probability one

8(A) > —logh(r)/loga .

Proof. Since the Hausdorff dimensiaty (A) is almost surely constant (see Re-
mark (C) at the end of section 1), it suffices to show that for any real number
8* < —log6(r)/loge, there is positive probability thaty (A) > §*. Consider

the embedded Galton—Watson tregsBy Hawkes’ Theorem, on the set of nonex-
tinction the limit setA; of 7 has Hausdorff dimension, in the metig, equal

to

1/k
_ log Mk/

log o

S =

Since the probability of nonextinction is positive, it follows that with positive prob-
ability the setA has a subset; of dimensions,. Finally, by relation (46)§; > §*

for all sufficiently largek, so with positive probability the Hausdorff dimension of
A is at least™*. O

Together with Proposition 5, the following statement completes the proof of
equation (14).

Corollary 8. For any ergodi¢ shift-invariant probability measurg on €2,

S(hs ) = —(h(u)+/<px dup)/loga . (48)

Proof. If the right-hand side is negative, then the inequality is trivially true. Con-
sider the limit setA; of the Galton—Watson tree,: by the Extended Hawkes
Theorem, almost surely on the evext # ¢, the intersection of\; with Q,, has
Hausdorff dimension (in the metrit;,)

() + k7t [ log P(J (xaxz - - xp)) dju(x)
logw

Since Ay, is a subset ofA it follows that this is a lower bound for the Hausdorff
dimension ofA N €,,. The result now follows from Corollary 6. o
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7. Backscattering inequalities
7.1. The inequalitg (1) < 364(2)

We refer to this inequality as a “backscattering inequality” because it was suggested,
and may be proved, by the “backscattering argument” explained (in different con-
texts) in [9] and [10]. In fact, it was this argument that first led the authors to
conjecture Theorem 2. The following argument, which does not use the backscat-
tering heuristic, is both short and relatively elementary. Another argument, based
on the Gibbs Variational Principle, will be given below.

Proposition 8. Forall A < R,

02 <02, 0)(2d —1)<2d—1 , (49)
with strict inequalityd (1) < 24 — 1 holding except possibly at= R.

Proof. Recall thatd(A) = 6(1; 1) and6(2; 1) are the lead (Perron-Frobenius)
eigenvalues of the matricéd, (1) and M2 (1), respectively. Consequently, ifis
the 24-vector with all entries 1 then

0(p; 1) = lim @A'M,)"pY™
m—0o0

By the Cauchy-Schwartz inequality,

m 1/m
(1’M1()\.)ml)l/m — ( Z 1_[ E/()\.))

102 Im ./:l
" 1/2m 1/2m
(xmer) (o
i1ip-im j=1 i1i2-im

— /o2 )@2d—-1) ,

asm — oo, since the number of reduced wond$ - - - i,,, of lengthm is 24 (2d —
1)1, Lettingm — oo shows that (1; M2 <60(22)(2d —1). Thato(2; 1) < 1,
with strictinequality except when = R, follows from Proposition 4 and Corollary
2. O

Corollary 9. For all A < R, with probability 1

1
3(A) < ESH(Q) ) (50)
with strict inequality except possibly at= R.

Proof. This is an immediate consequence of the preceding proposition and relation
(9), as the Hausdorff dimension ©fin the metricd,, is —log(2d — 1)/loge. O
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7.2. The Gibbs variational principle

TheGibbs Variational Principlestates that for any ergodi¢;invariant probability
measureu on  and any Hlder continuous functiow : Q — R, if h(u) is
the entropy of the measure-preserving systémo, 1) and Pressule) is the
thermodynamic “pressure” of the functignthen

h(y,)+/ @du < Pressurep) , (51)
Q

with strict inequality holding unlesg. = u, is the Gibbs statewith potential
functiong. See [3], chapters 1, 2, for the relevant definitions and complete proofs.
In the special caseg = ¢, andg = 2¢,, whereg, : @ — R is defined by
@ (x1x2 - - ) = log Fy, (1), the relevant values of the pressure functional are given

by

1 -
Pressurgog,) = Iim =log| > []F, 0" | =logoo:n) . (52)
m—oo m
1020 j=1
Since the potential functions depend on only the first coordinate, the relevant Gibbs

statesyi,,, are the distributions of the stationary Markov chains with transition
probabilities

Fi()f v 1
0(p; A) v;

wherev is the lead right eigenvalue of the Perron-Frobenius matfiy; ») and
8 is the Kronecker delta function. Recall that wher= 2 andx = R, this Gibbs

state coincides with the measurg of Theorem 2.
The following statement completes the proof of Theorem 2.

(P(p; 1)ij = &G,

Proposition 9. For every ergodico -invariant probability measurg on €2,

1
(A p) = E(SH(QM) (53)
almost surelywith strict inequality unless = R and i = .

Proof. Fix A, and letp = ¢,. By the Gibbs Variational Principle, (52) and the
formula (14) for the Hausdorff dimensida; ) of A N €2,

h(w) +2/¢du <logo(2; 1) =
1
h(u)+/<pdu < E(h(ﬂ)+|099(2§ 1) =

S = —%(h(u) +1096(2; 1))/ loga;
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moreover, strict inequality holds unlegscoincides with the Gibbs stafey, with
potential function 2. Recall tha® (2; 1) is strictly increasing in, since the gen-
erating functionsF; (1) are strictly increasing, and, by Corollary &2; R) = 1.
Hence,

1
() < —éh(u)/loga

with strict inequality unless = R andu = u... Since the Hausdorff dimension of
Q,, in the metricd, is —h(u)/loge, by a well known theorem of Billingsley, the
proposition follows. O

Together with the result of Corollary 9, the following proposition completes the
proof of Theorem 1.

Proposition 10. Strictinequality holds if50)atA = R except when the branching
random walk is isotropici.e., when the step distribution of the marginal random
walk satisfiep; = p; forall i, j € .«7.

Proof. It suffices to prove that

0(R)? < 6(2; R)(2d — 1) (54)

except when the branching random walk is isotropic. By formula (52) and the Gibbs
Variational Principle (51), ift,, is the Gibbs state with potential functippz then

2logo(1; R) = 2h(u1) + 2/ prdug and (55)

10g6(2: R) = h(u) +2 f ordus . (56)

with strict inequality in (56) except when the Gibbs statesand ., coincide. By
Theorem 1.28 of [3], this occurs when the difference of the potential funcgigns
and 2y, is (co-)homologous to a constant function, equivalently, if and only if there
exist constant§’ > 0 ande > 0 such that

1 [T}y Fij (R)?

&<
Cm Ty Fi (R)

1
< [—
&
for everym > 1 and all finite reduced wordgiz - - - i, of lengthm from the
alphabete/. Clearly, this occurs if and only if all of the valud, i € <7, are the

same. But by Proposition 2, this is the case if and only if the branching random
walk is isotropic. ]
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8. Appendix: subcritical Galton—Watson processes

Proposition 11. LetZ, = (Z,(ll), Z,Sz), .. Z(")) be a subcritical multi-type Galton—
Watson process withtype sét= {1, 2, ..., k} and offspring distributionéF;;); je.»
Let P/, E' denote the probability and expectatlon operators under wlﬁé’ﬁ =

8ij a.s., whered is Kronecker's delta. If each offspring distributidn; has finite
variance, then for eache ¢,

00 2
E' (Z > Z,S”) <00 . (57)
n=0ies
Proof. First we shall give the proof for Galton—Watson processes with only one
particle type, after which we shall indicate how the result for multi-type processes
may be deduced from the corresponding result for Galton—Watson processes with
only one particle type.
(1) Let Z, be a subcritical Galton—Watson process for which the offspring
distribution has meap < 1 and variance? < co. Then

E(ZZ )2 <2EZZZ Zin

n=0m=0
=2E Z Z Z2u"
n=0m=0
00
=21— w1t Z EZ?
n=0
S 2, ,n-1 n
_ o1 —u")
=20 - Y+ T
— MK
n=0
<0 .

(2) To prove the result for an arbitrary subcritical multi-type Galton—-Watson
processZ,),>o it suffices to prove it for the multi-type Galton—Watson process
(Zym)n>0, Wherem > 1 is a fixed but arbitrary positive integer, by an elemen-
tary argument using the triangle inequality. Since the original proc&sg>o is
subcritical, there exists a constant 1 such that for all sufficiently large > 1,

Yo EzZ <" (58)
iex jex
(see, e.g., [1], section V.2). Léthave the same distribution as the convolution of
the distributions ofz’ under the measureB®, i e . Then by (58),E <
1, and since by hypothesis all of the distributiofig have finite variances, so
doest. Clearly¢ stochastically dominates the total number of particles inittre
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generation under any of the probability measuPés. It follows that if ), is the
Galton—Watson process with offspring distribution equal to the lagvtbien

E(’)(ZZZ(’))2<E(ZY) <00 . O

n=0iex

Proposition 12. Let{Z,},>0 be a subcritical Galton—Watson process whose off-
spring distribution has finite second momesxkpectatiord < i < 1, and support
containing{1}. Then

>0 (59)

Note. A well known theorem ofYaGLOM (see [1], section 1.8) states that for any
subcritical Galton—Watson procegs, the conditional distribution af,, given that
Z, > 1 converges weakly to a limit as— oo.

Proof of Proposition 12 Let ¢(s) be the moment generating function of the off-
spring distribution, and lep, (s) be itsnth iterate. ThenEZ, = u" = ¢, (1)
and

n—1

P{Zy =1} =¢,0 =[] ¢ (@ (0) .
k=0

Since the offspring distribution attaches positive probability to 1, the derivative
¢'(s) = ¢'(0) > 0 forall s € [0, 1]. Since the offspring distribution has a finite
second momenty”(s) < ¢”(1) < oo forall s € [0, 1]. Sinceu = ¢'(1) < 1,

the iteratesy (0) converge to 1 exponentially fast, andsg 5(1 — ¢k (0)) < oo.
Consequently,

D@D = ¢ @(0) 9" (1—ei(0) <00 ,

k=1 k=1

and so Weierstrass’ theorem on infinite products implies that

. P{Z, = ¢’ (¢ (0))
lim =1
nLoo ,u,” nﬁmoo ]!:{) () (1)

exists and is positive. O

The nextresultis a generalization of Proposition 12 to Galton—Watson processes
in varying environments. Le¥ = {G1, Go, ..., G} be a finite set of offspring
distributions with moment generating functiops(s). An environments a semi-
infinite sequencé = i1iz--- valued in the set of indicek] = {1,2,...,k}. A
Galton—Watson process with environment i1iz - - - is a sequence of nonnegative
integer-valued random variabl&g such that (i)Zo = 1, and (ii) for each € [0, 1],

Ee(s“1 | Zo, Z1, ..o Zy) = @iy yq ()P (60)
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Proposition 13. Assume that each of the offspring distributiais satisfies the
hypotheses of Proposition 1ip particular, its mean satisfieg ; < 1, its variance
is finiteg; and its support containg. Assume that undeP: the sequencé, is a

Galton—Watson process with environmént i1iz - --. Then

jim L2 =1 8 (61)
uniformly forg e [k]V, and
iana(s) >0 . (62)

&elk]

Proof. For each environmental sequerfce- iyiz - - -, define a nondecreasing se-
guence of real numbesg = sf; € [0, 1] inductively byso = 0 ands,, = ¢;, (sp—1).
As in the proof of Proposition 12,

PeZ,=1) li[ ¢, (55)

Let ¥ (s) = as + 1 — a be the linear function with slope = max; u; < 1
that satisfiegy (1) = 1. Then each of the generating functiops(s) satisfies
@j(s) = ¥(s) forall s € [0, 1], because eaapy; is convex and satisfigs; (1) = 1
andgof/.(l) = u; < a = y'(1). Consequently, if; is the nondecreasing sequence
defined bys; = 0 ands; = ¥ (s;_,), thensf, > sy for every environmental
sequencé and every: > 1. Itis routine to verify that) = 1—a", so the sequence

s, converges to 1 exponentially fast. It follows thétconverges to 1 exponentially
fastuniformly in&; in particular, for eaclw > 1 and eacl§,

(63)

j=1

dYd-sH=D A-sH=>a". (64)

n=m n=m n=m
By hypothesis, each of the distributiogs has finite second moment, so the
second derivative)}/(l) is finite. Moreover, each of the distributions; attaches
positive massto 1, s;zg.(O) > 0; since each; is convey, itfollows that the functions

gp} (s) are uniformly bounded away from 0. Denotedy O the infimum. Then for
eachs € [0, 1] and eacly € [4],

%) }max<plf’(1)(1— 5) . (65)

0<1-— <
@; (D) ™ & ielk]

The convergence in (61) follows from (63)—(65). Uniformity §nfollows from
(64), as does the assertion (62). ]
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