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1. Introduction

The purpose of these lectures is to set out a method for analyzing the principal singu-
larities of certain systems of generating functions Fi(z) that are interrelated by functional
equations of the form

(1.1) Fi(z) = zQi(F1(z), F2(z), . . . ).

Such systems occur in a variety of combinatorial and probabilistic contexts, several of which
are discussed below. Our primary interest in them stems from their occurrence in random
walk problems, especially for random walks on homogeneous trees and treelike structures.
We shall see that the asymptotic behavior of return probabilities for such random walks is
governed by the leading singularity of systems of the form (1.1).

1.1. The Lagrange Inversion Formula. The scalar form of the system (1.1), in which
there is a single generating function F (z) that satisfies a functional equation

(1.2) F (z) = zQ(F (z)),

has a history that dates to Lagrange (or perhaps even earlier). Lagrange discovered what
is now known as the Lagrange Inversion Formula, which gives an explicit formula for the
coefficients of the power series F (z) =

∑
n≥0 anz

n representing F (z) in terms of the link
function Q(w) and its powers.

Theorem 1.1. (Lagrange Inversion Formula) Let Q(w) =
∑

n≥0 bnw
n be a formal power

series in w with constant coefficient b0 6= 0. There is a unique formal power series F (z) =∑
n≥0 anz

n that satisfies the functional equation (1.2). Its coefficients are given by

(1.3) an = n−1[wn−1]Q(w)n.

Here [wn−1]Q(w)n denotes the coefficient of wn−1 in the power series expansion of the
function Qn.

Various proofs of Lagrange’s theorem are known: see [24], [10], and [23] for some of
the standard ones. A more intricate but also more interesting proof, based on a form of
Spitzer’s Combinatorial Lemma ([6], Ch. XII, Section 6), is given in [20]: this proof shows
that the Lagrange Formula is intimately connected with the combinatorics of lattice paths.
The essence of this proof is distilled in section 1.2 below.
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The validity of the Lagrange formula does not require convergence of the formal power se-
riesQ(w). However, ifQ has a nonzero radius of convergence, then so will F (z). (Exercise!)
In this event, the Cauchy Integral Formula may be used in conjunction with (1.2) to relate
the coefficients an of F (z) with the values of Q(w) on any contour γ surrounding the origin
such that Q(w)/w is analytic everywhere inside γ except at w = 0:

(1.4) an =
1

2πin

∮
γ

Q(w)n

wn
dw.

This formula is useful for asymptotic calculations. Assume that the coefficients bn of the
power series Q(w) are nonnegative (this will be the case in most combinatorial and prob-
abilistic applications). If there exists ρ > 0 less than the radius of convergence of Q(w)
such that ρQ′(ρ) = Q(ρ), then w = ρ is a saddle point for the integrand in (1.4), and
so the saddle point method of asymptotic evaluation ([5], section 2.2) may be applied. In
particular, unless Q(w) is a linear function, the second derivative at the saddlepoint w = ρ
will be positive, and so

(1.5) an ∼
1

σRnn3/2

for a suitable constant σ > 0, where

(1.6) R = ρ/Q(ρ),

provided that |Q(w)| < Q(ρ) for all w 6= ρ such that |w| = ρ. (This last proviso will be
satisfied unless the set of indices n such that qn 6= 0 is contained in a coset of a proper
subgroup of the integers.) In particular, it follows that R is the radius of convergence of
the power series F (z).

1.2. Hitting Times for Left-Continuous 1D Random Walks. Let {qx}x=0,1,... be
a probability distribution on the nonnegative integers, and let ξ1, ξ2, . . . be independent,
identically distributed random variables with distribution {qx}. Define

(1.7) Sn =
n∑

j=1

(ξj − 1) ;

the sequence Sn is a left-continuous random walk on the integers. Define τ to be the first
time n that Sn = −1 (or ∞ if there is no such n). One may easily check (Exercise!) that
the generating function F (z) := Ezτ satisfies the functional equation (1.2), with

Q(w) =
∞∑

m=0

qmw
m.

The Lagrange Inversion Formula (1.3) translates as

(1.8) P{τ = n} = n−1P{Sn = −1}.

Exercise: Give a direct proof of (1.8) using Spitzer’s Combinatorial Lemma. A special
case of Spitzer’s Lemma may be stated as follows:

Lemma 1.2. Let x1, x2, . . . , xn be a sequence of integers ≥ −1 with sum −1. Then there
is a unique cyclic permutation π of the integers 1, 2, . . . , n such that

(1.9)
k∑

j=1

xπ(j) ≥ 0 ∀ k = 1, 2, . . . , n− 1.
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The proof of Lemma 1.2 is another Exercise. The trick is to guess where the cycle must
begin.

Now consider the asymptotic behavior of the probabilities P{τ = n}. There are two
trivial cases: (A) If q0 + q1 = 1, then the random walk Sn makes no jumps to the right:
it stays at the starting point 0 for a geometrically-distributed number of steps, then jumps
to −1, and so τ has a geometric-plus-one distribution. (B) If q0 = 0 then the jumps of the
random walk are all nonnegative, and so τ = ∞. When q0 > 0 and q0+q1 < 1, the generating
function Q(w) is strictly convex. There are several possibilities, depending on whether the
mean Q′(1) of the distribution {qx} is greater, or less, or equal to 1: (C) If Q′(1) > 1 then
there exists 0 < ρ < 1 such that ρQ′(ρ) = Q(ρ); in this case R = ρ/Q(ρ) > 1. (D) If
Q′(1) < 1, and if the radius of convergence of Q(w) is infinite, then there exists 1 < ρ <∞
such that ρQ′(ρ) = Q(ρ), and once again R = ρ/Q(ρ) > 1. (E) If Q′(1) = 1 then the
saddlepoint is at ρ = 1, and R = 1. In cases (C), (D), and (E), if the distribution {qx} is
nonlattice (that is, not supported by a coset of a proper subgroup of Z) then |Q(w)| < Q(ρ)
for all w 6= ρ on the contour |w| = ρ, and thus, by relation (1.5),

(1.10) P{τ = n} ∼ 1
σRnn3/2

.

(Note: In case (E), if the radius of convergence of Q(w) is 1 then the Laplace expansion of
the integral (1.4) requires in addition that Q′′(1) < ∞, that is, that the distribution {qx}
has a finite second moment.) Finally, if Q′(1) < 1 but the radius of convergence of Q(w) is
finite, then there may be no saddlepoint, in which case the decay of P{τ = n} as n → ∞
may be considerably more complicated.

1.3. Size of a Galton-Watson Tree. Let N be the size of a Galton-Watson tree for
which the offspring distribution is {qx}x=0,1,..., that is, N is the total number of individuals
(including the progenitor) ever born. This will be finite if and only if the mean offspring
number µ =

∑
xqx is no greater than 1. The random variable N may be decomposed

as a sum 1 + N1 + N2 + · · · + NZ , where Z is the number of offspring of the progenitor
and N1, N2, . . . are the sizes of the Galton-Watson trees engendered by the members of
the first generation. These are conditionally independent, given Z, each with the same
distribution as N . Therefore, the probability generating function F (z) = EzN satisfies the
functional equation (1.2), where Q(w) is the probability generating function of the offspring
distribution {qx}. Because solutions to the Lagrange equation (1.2) are unique, it follows
that the generating function F (z) coincides with that of the random variable τ discussed
in section 1.2 above; hence, the random variables N and τ have the same distribution. It
makes an interesting Exercise to prove this directly, without using generating functions.

In the critical case, when µ = 1, the solution ρ of the saddlepoint equation ρQ′(ρ) = Q(ρ)
is at ρ = 1 (since Q(1) = 1) and R = 1. Consequently, by (1.10), if the offspring distribution
is nonlattice then for a suitable constant C > 0,

(1.11) P{N = n} ∼ C/n3/2.

1.4. Multitype Galton-Watson Trees. Next, consider a multitype Galton-Watson tree
with finitely many types i = 1, 2, . . . , I. For each ordered type i, there is a probability
distribution qi = {qi(m1,m2, . . . ,mI)} on the set ZI

+ of I−vectors of nonnegative integers
that governs the numbers of offspring of different types produced by a type-i individual in
one generation. Denote by N the size of the tree, that is, the number of individuals of all
types ever born. Clearly, the distribution of N will depend on the type of the progenitor.
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Denote by Fi(z) the probability generating function of N when the progenitor has type i;
then by a one-step analysis entirely analogous to that used for unitype Galton-Watson trees
above, one finds that

(1.12) Fi(z) = zQi(F1(z), F2(z), . . . , FI(z))

where Qi(w1, w2, . . . , wI) is the (multivariate) generating function of the distribution qi.
This system is evidently of type (1.1).

The first serious attempt to analyze systems of functional equations of type (1.1) was
made by I. J. Good in the 1950s (see [9]). The primary impetus for Good’s study seems to
have been the problem we have just discussed – the size of the multitype Galton-Watson tree.
Good discovered, among other things, a remarkable generalization of Lagrange’s Inversion
Formula that has itself engendered a substantial literature. Unfortunately, Good’s formula
involves determinants, and so, because of the cancellations in the determinants, asymptotic
analysis using the saddlepoint method cannot be carried out in the same manner as in the
scalar case. Thus, for the purpose of asymptotic analysis, Good’s formula proves to be a
wrong turn. In sections 3 and 5 below, we shall present a method for asymptotic analysis
of the coefficients of power series Fi(z) that are interrelated by functional equations of type
(1.1). Before coming to this, however, we shall discuss the occurrence of such systems of
functional equations in random walk problems.

2. Random walks on trees and free products

Let T d be the infinite homogeneous tree of degree d ≥ 3, with a vertex ∅ designated as the
root. Assume that the edges of the tree are assigned colors from the set [d] = {1, 2, . . . , d} in
such a way that every vertex of the tree is incident to exactly one edge of each color. Given
a probability distribution {pi}i∈[d] on the set of colors, a nearest-neighbor random walk on
T d may be performed as follows: At each step, choose a color i at random from the step
distribution {pi}, independently of all previous choices, and move across the unique edge
incident to the current vertex with color i.

The reader will recognize that the random walk just described may also be described as
a nearest-neighbor (right) random walk on the free product Γ = Z∗d2 of d copies of the two-
element group Z2. (See [3] or [25] for a formal definition of the free product of a collection
of groups.) The group elements are finite reduced words whose letters are elements of
the set [d] of colors, that is, words in which no color i appears twice consecutively. Note
that there is a one-to-one correspondence between reduced words and vertices of T d: the
letters of the word representing a given vertex indicate the unique path from the root ∅
to the vertex. Multiplication in the group consists of concatenation followed by reduction
(successive elimination of adjacent matching pairs of letters). The locationXn of the random
walker after n steps is given by

(2.1) Xn = ξ1, ξ2, . . . , ξn,

where ξ1, ξ2, . . . are i.i.d. with distribution {pi}. One may also use equation (2.1) to define
non-nearest-neighbor random walks: for such walks, the common distribution of the steps ξn
is no longer restricted to words of length 1. We shall say that a random walk is finite-range
if the step distribution {px} is supported by a finite subset of Γ.

Our primary interest is in the asymptotic behavior of the transition probabilities of the
random walk Xn, and in particular on the behavior of the return probabilities P{Xn = ∅}.
The method of analysis that we shall develop applies generally to all finite-range random
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walks on T d, and even to a large class of infinite-range random walks. As we shall see,
the method extends also to countable free products. However, to present the method in its
simplest form, we shall for now restrict attention to the nearest-neighbor case. To avoid
complications stemming from periodicity, we shall also assume that the step distribution
attaches positive probability p∅ to the empty word ∅.

Remark. In the nearest-neighbor ccase, there is another approach to the analysis of tran-
sition probabilities: see [8] and [2]. This approach does not generalize to the non-nearest-
neighbor case, unfortunately.

2.1. The Green’s function. The Green’s function of a random walk on a discrete group
Γ is defined to be the generating function of the return probabilities:

(2.2) G(z) =
∞∑

n=0

P{Xn = ∅}zn.

In this section, we shall establish some fundamental properties of the Green’s function
and introduce a denumerable family of auxiliary generating functions to which the Green’s
function is related by a system of algebraic functional equations.

For any element x ∈ Γ, define the generating functions

Gx(z) =
∞∑

n=0

P{Xn = x}zn and(2.3)

Fx(z) =
∞∑

n=1

P{τx = n}zn,(2.4)

where

(2.5) τx = min{n ≥ 0 : Xn = x}.

Note that G = G∅. Also, if the random walk is irreducible (that is, for any two states x, y
there is at least one positive probability path leading from x to y) then the sums of the series
(2.3) and (2.4) are strictly positive (possibly +∞) for all positive arguments z. Because the
coefficients of the power series defining the functions Gx and Fx are probabilities, each has
radius of convergence at least one; moreover, the first-passage generating functions Fx(z)
are bounded in modulus by 1 for all |z| ≤ 1. In fact, all of the the functions Gx(z) have
common radius of convergence R, as we shall see below.

The functions Gx(z) can be expressed in terms of the first-passage generating functions
Fx(z) by an application of the Markov property. Conditioning on (i) the first step of the
random walk, and then (ii) the value of the first-passage time τx, one obtains the relations

G(z) = 1 + p∅zG(z) +
∑
x 6=∅

pxzFx−1(z)G(z) and(2.6)

Gx(z) = Fx(z)G(z) ∀x 6= ∅.(2.7)

The first of these may be solved for G(z):

(2.8) G(z) =

1− p∅z −
∑
x 6=∅

pxzFx−1(z)


−1
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2.2. The Lagrangian System. The arguments used thus far have been ccompletely gen-
eral, and do not depend on the particular structure of the group Γ. Assume now that Γ is
a free product (finite or denumerable) of copies of Z2, and that Xn is a nearest-neighbor
random walk on Γ. Under this assumption, the first-passage generating functions, which
by equation (2.6) determine the Green’s function, are themselves interrelated by a system
of functional equations that derive from the Markov property. Because the random walk
is nearest-neighbor, the only values of x that occur in the relation (2.8) are words with a
single letter i; consequently, we shall consider only these.

For those random paths that ultimately visit the state i are three possibilities for the
first step: X1 could be ∅, it could be i, or it could be a one-letter word j for some j 6= i. In
the last case, the path must first return to ∅ before visiting i, and so we may condition on
the first time at which this happens. This leads to the equations

(2.9) Fi(z) = z

pi + p∅Fi(z) +
∑
j 6=i

pjFj(z)Fi(z)


We shall refer to this system as the Lagrangian system of the random walk. Observe that
it has the generic form (1.1). In addition, the equations may be iterated, by successive
re-substitutions on the right sides. If the random walk is irreducible, as we shall assume
henceforth, then for any two colors i, j, some iterate of the equation for Fi(z) includes on the
right side a term in which Fj(z) occurs as a factor with a positive coefficient. Consequently,
all of the functions Fi(z) have the same radius of convergence R, and have the same type
of singularity at z = R. It follows, by equations (2.7) and (2.8), that all of the functions
Gx(z) have a common radius of convergence ρ, and that ρ ≤ R.

2.3. Finiteness of G at the radius of convergence. Because our primary interest is
in the asymptotic behavior of the coefficients of the Green’s function G(z), it behooves
us to look further into the relation between its radius ρ of convergence and the radius R
of convergence of the first-passage generating functions Fi(z). In principle, the relevant
information is already embedded in the functional equations (2.8) and (2.9); however, it
is easier for us to exploit a structural property of the group Γ to deduce some restrictions
on the nature of the singularities. The structural property is this: Any irreducible random
walk on the the free product Γ of three or more copies of Z2 must be transient. This follows
from a stronger theorem of Kesten [15], which asserts that the spectral radius R of the
transition kernel of an irreducible random walk must be greater than 1.

Proposition 2.1. Let R be the common radius of convergence of the first-passage generating
functions Fi(z) and let ρ be the radius of convergence of the Green’s function G(z). Then
R = ρ, and

(2.10) G(R) <∞.

Proof. The proof uses the fact that any irreducible random walk on Γ must be transient.
First note that for any two elements x, y ∈ Γ there is a positive probability path leading
from x to y. Let m be the length of such a path and cm(x, y) > 0 its probability; then for
every n ≥ 0,

P{Xn+m = y} ≥ cm(x, y)P{Xn = x}.
Consequently, for every positive argument s of the Green’s functions,

(2.11) Gy(s) ≥ cm(x, y)smGx(s).
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Suppose now that G(R) = ∞; then by the “Harnack” inequalities (2.11), the ratios
Gx(s)/G(s) remain bounded, and bounded away from zero, as s → R−. Hence, by a
diagonal argument, there is a sequence sn → R− such that

ϕx = lim
n→∞

Gx(sn)
G(sn)

exists. The Harnack inequalities guarantee that the function ϕ is everywhere positive.
Furthermore, by equations (2.7), the function ϕ is Γ−invariant, that is, the ratios ϕxy/ϕx

depend only on y. Most important, the function x 7→ ϕx is R−harmonic, that is, for every
x ∈ Γ,

ϕx = R
∑

y

ϕyP{ξ1 = y−1x}.

This follows from the hypothesis that G(s) →∞ as s→ R−, since by the Markov property
the Green’s function satisfies the relations

Gx(z) = δ0,x + z
∑

y

Gy(z)P{ξ1 = y−1x}.

Since ϕ is Γ−invariant and R−harmonic, the Doob h−transform of the transition proba-
bility kernel of the random walk Xn by the ratios Rϕx/ϕy is Γ−invariant. The h−transform
is the transition kernel defined by

q(x, y) := RP{ξ1 = y−1x}ϕx

ϕy
= q(∅, x−1y).

The iterates of this transition probability kernel satisfy

q(n)(∅, ∅) = RnP{Xn = ∅}.

Since ϕx is Γ−invariant, the kernel q(x, y) is the transition probability kernel of a right
random walk on Γ. The hypothesis that G(R) = ∞ and the relation between q(x, y) and
the transition kernel of the original random walk now implies that the random walk with
transition probability kernel q is recurrent. This contradicts the fact that all irreducible
random walks on Γ are transient. �

Corollary 2.2. For an irreducible random walk on Γ,

(2.12) p∅ +
∑
x 6=∅

pxFx−1(R) < 1/R.

2.4. Behavior off the real axis.

Proposition 2.3. For any aperiodic, irreducible random walk on a nonamenable discrete
group, the Green’s function G(z) is regular at every point on the circle of convergence |z| = R
except z = R.

Proof. Exercise. See [1] for the solution. �
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3. Lagrangian Systems of Functional Equations

3.1. A theorem of Flajolet and Odlyzko. We have already seen in the case of a scalar
Lagrange equation (1.2) that the asymptotic behavior of the coefficients of the solution F (z)
is controlled by the behavior of F near its smallest positive singularity z = R. The same
is true for Lagrangian systems (1.1). To extract the asymptotics from the behavior at the
singularity, we shall call upon a Tauberian theorem of Flajolet and Odlyzko [7].

Theorem 3.1. (Flajolet & Odlyzko) Let G(z) =
∑∞

n=0 anz
n be a power series with radius

of convergence R. Suppose that G has an analytic continuation to the Pac-Man domain

(3.1) ∆ρ,φ = {z : |z| < ρ and | arg(z −R)| > φ},

where ρ > R and φ < π/2, and suppose that as z → R in ∆ρ,φ,

(3.2) G(R)−G(z) ∼ K(R− z)α

for some K 6= 0 and α 6∈ {0, 1, 2, . . . }. Then as n→∞,

(3.3) an ∼
K

Γ(−α)Rnnα+1
.

Thus, to determine the asymptotic behavior of the coefficients it suffices to determine
the nature of the lead singularity.

3.2. Lagrangian Systems. Suppose now that F (z) is a Banach-space valued analytic
function that satisfies a functional equation of the form

(3.4) F (z) = zQ(F (z)),

where Q is a holomorphic mapping of the Banach space to itself such that Q(0) 6= 0. (A
mapping Q : B → B is said to be holomorphic if it is infinitely differentiable [in the sense
of [28], section 4.5], and if for every analytic function F : Cm → B the composition Q(F ) is
analytic.) We shall refer to systems of the form (3.4) as Lagrangian systems. Much of the
theory extends, with very little change, to the more general class of functional equations

F (z) = Q(z, F (z));

however, in the interest of simplicity we shall restrict attention to systems of the more
special type (3.4). When the system of generating functions Fi(z) satisfying the equations
(1.1) is finite, with (say) I members, then the Banach space of interest is finite-dimensional,
to wit, CI ,with the usual norm — this is the case, for instance, for the multitype Galton-
Watson tree discussed in section 1.4, and also for nearest-neighbor random walks on finite
free products of Z2. More examples will be considered in section 4.2.1 below. For random
walks on infinite free products, random walks on finite free products whose step distribution
has infinte support, and multitype Galton-Watson trees with denumerably many types, it
is necessary to consider infinite systems (1.1). In such cases the choice of an appropriate
Banach space will not always be obvious. See section 6 below for an extended example.

3.3. Analytic continuation of a Banach space-valued function. LetB be a (complex)
Banach space, and let Q : B → B be a holomorphic mapping. Under what conditions
will the functional equation (3.4) have an analytic solution F (z) in a neighborhood of the
complex plane containing the origin z = 0? Clearly, the equation admits the solution
F (0) = 0 at z = 0. By the Implicit Function Theorem ([28], ch. 4) for Banach-valued
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functions, this solution admits an analytic continuation to a neighborhood of z = 0, as the
linearized system

(3.5) dF = Q(F ) dz + z
∂Q

∂F
dF

is solvable for dF in terms of dz when z = 0. (Here and throughout the notes ∂Q/∂F
or ∂Q/∂w will denote the Jacobian operator of the mapping Q.) Furthermore, analytic
continuation of the solution F (z) is possible along any curve in the complex plane starting
at z = 0 on which the linear operator

(3.6) I − z
∂Q

∂F

remains invertible. This will be the case as long as the spectral radius of the operator

(3.7) zL(z) := z

(
∂Q

∂F

)
F (z)

remains less than one. Thus, singular points of the analytic function F (z) can only occur
at those points where the spectral radius of zL(z) attains or exceeds the value 1.

In general, the dependence of the spectrum of the operator (∂Q/∂F )F (z) on the param-
eter z may be quite complicated, even though the mapping Q and the function F (z) are
holomorphic. Moreover, in general the spectrum need not be purely discrete. These compli-
cations arise only in the infinite-dimensional case. Therefore, we shall first discuss in detail
the finite-dimensional case.

3.4. The finite-dimensional case. We now restrict attention to the the finite-dimensional
case, where the Banach space B = CI for some integer I < ∞. Discussion of the infinite-
dimensional case will be resumed in section 5 below. Assume that the components Qi of the
mapping Q(w) = Q(w1, w2, . . . , wI) are given by convergent power series with nonnegative
coefficients. Note that this has been the case in all the examples encountered thus far;
moreover, all of the component functions Fi(z) have also been defined by power series with
nonnegative coefficients. The following proposition shows that this is no accident.

Proposition 3.2. If the components Qi(w) of the mapping Q are given by convergent power
series with nonnegative coefficients then the system (3.4) has a unique analytic solution in
a neighborhood of z = 0, F (z) = 0 whose components Fi(z) are given by convergent power
series with nonnegative coefficients.

Proof. We have already seen that there is a unique analytic solution F (z) in a neighborhood
of the origin, by the Implicit Function Theorem, so what must be proved is the nonnegativity
of the power series coefficients of (the components of) F (z). For the purposes of this proof,
F ≤ G will mean that the power series coefficients of F (z) are dominated by those of G(z).
Define a series of approximate solutions to (3.4) by setting F0(z) = 0 and for each n ≥ 0,

(3.8) Fn+1(z) = zQ(Fn(z)).

Because the mapping Q(w) is holomorphic, its Jacobian ∂Q/∂w is uniformly bounded in
(sup) norm for ‖w‖ ≤ C, for any C <∞; consequently, the mapping which sends a function
H(z) to the function zQ(H(z)) is contractive for small z and H. Therefore, the sequence
of functions Fn defined by (3.8) is uniformly norm convergent for |z| ≤ ε, provided ε > 0 is
sufficiently small, and the limit function F (z) is the solution to (3.4).
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Since the mapping Q is nonnegative, F1 ≥ F0 = 0, and hence, by induction, Fn+1 ≥ Fn

for every n ≥ 0. In particular, each Fn(z) has nonnegative power series coefficients. Since
the functions Fn(z) converge uniformly in norm to F (z), the Cauchy Integral Formula
implies that F (z) has nonnegative power series coefficients. �

Corollary 3.3. Under the hypotheses of Proposition 3.2, the entries of the matrix-valued
function L(z) = (∂Q/∂w)F (z) are given by convergent power series with nonnegative coeffi-
cients. Therefore, for positive arguments s, the entries of L(s) are nonnegative, nondecreas-
ing, and convex in s. Moreover, the spectral radius λ(s) is nondecreasing and continuous
in s for nonnegative arguments s. Finally,

(3.9) |λ(z)| ≤ λ(|z|),
and so the function F (z) has an analytic continuation to any disc |z| ≤ r such that rλ(r) <
1.

For positive arguments s, the matrix L(s) has nonnegative entries, and so its spectral
radius coincides with its largest nonnegative eigenvalue. In general, this eigenvalue need
not be simple, nor need it be the only eigenvalue on the circle of radius λ(s) centered
at 0. However, if L(s) is a Perron-Frobenius matrix (a nonnegative matrix M such that
some power Mn has all entries positive), then by the Perron-Frobenius theorem ([22]) the
eigenvalue λ(s) must be simple, and there can be no other eigenvalue of modulus λ(s).

Define the dependency graph of the system (3.4) to be the directed graph G with vertex
set [I] := {1, 2, . . . , I} such that for each pair (i, j) of vertices there is a directed edge from
j to i if and only if the variable wj occurs as a factor in a term of Qi(w) with positive
coefficient. Let A be the incidence matrix of G, that is, the I×I matrix whose (i, j)th entry
is 1 if there is a directed edge from i to j and 0 otherwise. Say that the system (3.4) is
irreducible aperiodic if the incidence matrix A of its dependency graph is Perron-Frobenius.
Clearly, the (i, j)th entry of L(s) is positive for s > 0 if and only if the (i, j)th entry of A
is positive, and so L(s) is a Perron-Frobenius matrix if and only if A is.

Proposition 3.4. Assume that the components Qi(w) of the mapping Q are given by con-
vergent power series with nonnegative coefficients, and assume further that the Lagrangian
system (3.4) is irreducible and aperiodic. Then the matrix L(s) is Perron-Frobenius for all
s > 0 such that the spectral radius λ(s) ≤ 1/s. Furthermore, the lead eigenvalue λ(z) and
the corresponding right and left eigenvalues h(z) and w(z), normalized so that

(3.10) w(z)Th(z) = w(z)T1 = 1,

are analytic in a neighborhood of the segment [0, R) and continuous on [0, R], where

(3.11) R = min{s : sλ(s) = 1}.
Finally, if Qi(0) > 0 for some index i then R <∞ and F (R) is finite.

Proof. That L(s) is Perron-Frobenius for 0 < s ≤ R folows from the discussion preceding
the statement of the proposition. Because the mapping z 7→ L(z) is analytic for |z| < R, and
because the lead eigenvalue λ(s) is simple for 0 < s ≤ R, by the Perron-Frobenius theorem,
results of regular perturbation theory (see [21], section XII.2) imply that the mappings

z 7→ λ(z)

z 7→ h(z), and

z 7→ w(z)
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have analytic continuations to a neighborhood of (0, R), and are continuous at z = R.
Now suppose that Qi(0) > 0 for some i; then by (3.5), the derivative F ′i (0) > 0, and
so Fi(s) > 0 for all 0 < s ≤ R. Since the system (3.4) is irreducible and aperiodic,
it follows that Fj(s) > 0 for all indices j and 0 < s ≤ R. Consequently, the Jacobian
matrix L(s) = (∂Q/∂w)F (s) is not identically zero, and so the spectral radius of sL(s)
cannot remain bounded below 1 for all s > 0; thus, R < ∞. Finally, F (s) must remain
bounded as s→ R− because (a) if Q(w) is linear then the components of F (s) grow at most
quadratically in s, by (3.4); and (b) if Q(w) is nonlinear then (∂Q/∂w)F (s) has entries that
grow at least linearly in F (s), and so it would be impossible for F (s) to grow unboundedly
without having the spectral radius sλ(s) exceed the value 1. �

We are now in a position to determine the nature of the singularity at s = R:

Theorem 3.5. Assume that the components Qi(w) of the mapping Q are given by con-
vergent power series with nonnegative coefficients, and assume further that the Lagrangian
system (3.4) is irreducible and aperiodic. If Qi(0) > 0 for some index i, and if the mapping
Q(w) is not linear, then for each index i there exists Ci > 0 such that

(3.12) Fi(R)− Fi(z) ∼ Ci

√
R− z as z → R.

Proof. Denote by h and w the right and left Perron-Frobenius eigenvectors of RL(R); by
the Perron-Frobenius theorem, the entries of h and w are strictly positive. Define projection
operators PU , PV by

PUx = (wTx)h
PV x = x− PUx.

Denote by V the range of the projection PV . Observe that because all points of the spectrum
of RL(R) other than the simple eigenvalue 1 are of modulus < 1, the restriction of the
operator I − PVRL(R) to the subspace V is invertible. We will show that as z → R,

PU (F (R)− F (z)) = {C
√
R− z}h+ o(

√
R− z) and(3.13)

PV (F (R)− F (z)) = O(R− z)(3.14)

where C > 0. The desired relations (3.12) will then follow, by the strict positivity of the
eigenvectors w and h, since the functions Fi(s) are positive for positive arguments s.

The key to relations (3.13)–(3.14) is that the linearization (3.5) of the Lagrangian equa-
tions (3.4) becomes singular at z = R: in particular, it cannot be solved for dF in terms
of dz. Hence, we shall look at higher order terms in the expansion of (3.4) around z = R.
Write

V (z) = PV F (z), ∆V = V (R)− V (z),

U(z) = PUF (z) = (wTF (z))h, ∆U = U(R)− U(z),

u(z) = wTF (z), ∆F = F (R)− F (z),
and ∆z = R− z.

The functional equation (3.4) and Taylor’s theorem (in its multivariate form) imply that

(3.15) ∆F = (F (R)/R)∆z +RL(R)∆F −H(∆F,∆F ) + higher order terms,

where each component ofH is a symmetric bilinear quadratic form. Because the power series
coefficients of the mappng Q are nonnegative, so are the coefficients of H, and because Q is
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nonlinear, at least some of these coefficients are positive. Applying the projection operators
PU , PV to equation (3.15) and using the bilinearity of H yields

∆U = (U(R)/R)∆z + PURL(R)∆U −H(∆U,∆U) +O(|∆U ||∆V |+ |∆V |2) and
(3.16)

∆V = (V (R)/R)∆z + PVRL(R)∆V +O((∆U)2) +O(|∆U ||∆V |+ |∆V |2).
(3.17)

Since PU is the projection onto the Perron-Frobenius eigenspace, the second term on the
right side of (3.16) cancels the left side, and so the equation may be rewritten as

(3.18) κ(∆u)2 = (u(R)/R)∆z + higher order terms.

Observe that the higher order terms are O(|∆u||∆V |+ |∆V |2) or o(∆z); also, because the
entries of the eigenvector w are positive, u(R) > 0. Because the restriction of I−PVRL(R)
to the subspace V is invertible, the linearization of (3.17) can be solved for ∆V in terms of
∆z, and so

(3.19) |∆V | = O(|∆z|+ |∆u|2).
Thus, to prove relations (3.13) and (3.14), it suffices to show that the constant κ in (3.18)
is positive. But this follows from the fact, noted above, that the coefficients of the Hession
H are positive, because each entry ∆Fi of ∆F has the form

∆Fi = (∆u)hi + a linear function of ∆V.

�

The Tauberian theorem of Flajolet and Odlyzko now yields the following corollary.

Corollary 3.6. Under the hypotheses of Theorem 3.5, the coefficients of the power series
Fi(z) =

∑
n an,iz

n obey the asymptotic relations

(3.20) an,i ∼ Ci/R
nn3/2.

3.5. Consequence: Local limit theorem for NNRW on T d. As a first example, con-
sider nearest-neighbor random walk on a homogeneous tree T d, or equivalently, on the free
product of d copies of Z2. Assume that the holding probability p∅ > 0, so that the random
walk is aperiodic; then the Green’s function G(z) is regular at every point on the circle of
convergence |z| = R except at z = R. Assume also that the nearest-neighbor transition
probabilities pi > 0, so that the random walk, and the corresponding Lagrangian system
(2.9), are irreducible. Then by Theorem 3.5, the first-passage generating functions Fi(z)
have square-root singularities (3.12), and so by Corollary 3.6 their coefficients satisfy

(3.21) P{τi = n} ∼ Ci/R
nn3/2.

Furthermore, by Proposition 2.1, the Green’s function is finite at z = R, and so by (2.8), it
too must have a square-root singularity, that is,

(3.22) G(R)−G(z) ∼ κ
√
R− z.

Therefore, by Corollary 3.6,

(3.23) P{Xn = ∅} ∼ C/Rnn3/2.

This was first proved by Gerl and Woess [8], using somewhat different methods.
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4. Random walks on regular languages

4.1. Definition. A random walk on a free product takes values in the set of all finite words
whose letters are elements of the set of indices of the groups in the free product. It evolves by
successive modifications of the letters at the end of the word (in the nearest-neighbor case,
these are just deltetions or adjunctions), where the modifications are determined by random
inputs (in the nearest-neighbor case, words of length 0 or 1). The rules that determine how
a particular input is used to modify the current state of the random walk are just the
group multiplication laws. These rules are local : for nearest-neighbor random walks, they
use the last letter of the current state; and for finite-range random walks, where the step
distribution is suported by the set of words of length ≤ K, the rules use only the last K
letters of the current state.

A natural and useful generalization is to Markov chains on the set of finite words over
a finite or denumerable alphabet which evolve in the manner just described, except that
the rules determining how inputs are used to modify the current state are no longer given
by a group multiplication law. We shall call such Markov chains random walks on regular
languages, for reasons that we shall explain shortly. Roughly, a random walk on a regular
language is a Markov chain on the set of all finite words from a finite alphabet A whose
transition probabilities obey the following rules: (1) Only the last two letters of a word may
be modified in one jump, and at most one letter may be adjoined or deleted. (2) Probabilities
of modification, deletion, and/or adjunction depend only on the last two letters of the
current word. More precisely, a RWRL is a Markov chain whose transition probabilities
satisfy:

P (Xn+1 = x1x2 . . . xma
′b′ |Xn = x1x2 . . . xmab) = p(a′b′|ab)(4.1)

P (Xn+1 = x1x2 . . . xma
′ |Xn = x1x2 . . . xmab) = p(a′|ab)

P (Xn+1 = x1x2 . . . xma
′b′c |Xn = x1x2 . . . xmab) = p(a′b′c|ab)

P (Xn+1 = a′b′ |Xn = a) = p(a′b′|a)
P (Xn+1 = a′ |Xn = a) = p(a′|a)
P (Xn+1 = ∅ |Xn = a) = p(∅|a)

P (Xn+1 = a |Xn = ∅) = p(a|∅) and

P (Xn+1 = ∅ |Xn = ∅) = p(∅|∅).
Here ∅ denotes the empty word. We do not assume that the transition probabilities are all
positive, nor do we assume that there exist positive-probability paths connecting any two
words. Later, however, we shall impose certain further restrictions regarding aperiodicity
and irreducibility.

Denote by L the set of all words that are accessible from the root ∅ by positive probability
paths. It is not difficult to see that L is a regular language, that is, there is a finite-state
automaton M such that L is the set of all words accepted by M. (See [13] for background
on finite-state automata and regular languages.) This explains the term random walk on
regular language.
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4.2. Examples.

4.2.1. Finite-range reflecting random walks on Z+. Consider a Markov chain on Z+ with
transition probabilities

P (Xn+1 = x+ k |Xn = x) = pk for |k| ≤ K and x ≥ K;(4.2)

P (Xn+1 = x+ k |Xn = x) = px,k for 0 ≤ x < K and − x ≤ k ≤ K.

Such a process behaves as a (homogeneous) random walk with increments bounded by K
outside a finite neighborhood {0, 1, · · · ,K − 1} of the origin. It is not difficult to see that a
Markov chain governed by transition probabilities (4.2) is equivalent to a random walk on
the regular language

L = {amb |m ∈ Z+ and b ∈ {0, 1, 2, · · · ,K − 1}} .

The word amb corresponds to the integer mK + b. Since the increments in Xn are of
magnitude ≤ K, only the last two letters of the representing word aa · · · ab need be modified
to account for any possible change of state. Local limit theorems for Markov chains with
transition probabilities (4.2) were proved, by Wiener-Hopf methods, in [17].

4.2.2. Finite-range random walks on homogeneous trees. Let Xn be a finite-range random
walk on the free product Γ = Zd

2, as defined in section 2 above. Assume that the step
distribution has support contained in the set of all words of length ≤ K from the alphabet
[d]. Then the random walk Xn admits a description as a random walk on the regular
language consisting of finite words a1a2 . . . amb, with m ≥ 0, such that (i) each ai is a
word of length K in the letters [d]; (ii) b is a word of length 0 ≤ |b| ≤ K − 1; and (iii) no
cancellations between successive ai, ai+1 (or between am, b) are possible.

Observe that if the transition probabilities are modified at finitely many elements of Γ,
then the resulting Markov chain, a perturbed random walk, although no longer a “random
walk” (in the usual sense, that is, that the transition probabilities are group-invariant), is
nevertheless still a random walk on a regular language. We will see that the transition
probabilities of such modified random walk satisfy local limit theorems, but not necessarily
with the same 3/2−power law as in (3.23).

4.2.3. Random walk on the modular group PSL(2,Z). The modular group is the quotient
group PSL(2,Z) = SL(2,Z)/ {±I} where SL(2,Z) is the (multiplicative) group of 2 × 2
matrices with integer entries and determinant 1, and I is the 2 × 2 identity matrix. (For
information about the modular group and its connections with the theory of elliptic modular
forms, and also for specific facts used in the subsequent discussion, see [19], especially
Chapter XI.) A (right) random walk on PSL(2,Z) is a sequence

(4.3) Xn = ξ1ξ2 . . . ξn

where ξ1, ξ2, . . . are i.i.d. random variables valued in PSL(2,Z) whose distribution has finite
support. We will show that any such random walk has a description as a random walk on
a regular language:

The modular group is finitely generated, with generators

(4.4) U =
(

1 1
0 1

)
, U−1 =

(
1 −1
0 1

)
, and T = T−1 =

(
0 −1
1 0

)
.
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(More accurately, the group is generated by the equivalence classes 〈T 〉 := {±T} and
〈U〉 := {±U}. Henceforth, we shall not distinguish between matrices and their equivalence
classes in PSL(2,Z).) These generators satisfy the relations

(4.5) T 2 = (TU)3 = I.

Thus, every element of PSL(2,Z) may be written as a finite word in the letters T,U, U−1 in
which no two T ’s appear consecutively, and no U is adjacent to a U−1. It follows that the
modular group is also generated by T,W,W 2, where W = TU . The relations (4.5) translate
as T 2 = W 3 = I. Every element M ∈ PSL(2,Z) has a representation as a finite word

(4.6) M = T aWn1TWn2TWn3 · · ·TWnkT b

where a, b = 0 or 1 and each ni is either 1 or 2.
The modular group contains free normal subgroups of finite index, and so it has a rep-

resentation as a regular language. Following is a sketch of how such a representation may
be obtained (see [19], section XI.3E for details). Let Γ′ be the commutator subgroup of
PSL(2,Z), that is, the subgroup consisting of all finite products of commutators. (The
commutators of any group are the elements of the form aba−1b−1.) The commutator sub-
group of any finite or countable group is a normal subgroup, and so Γ′ is a normal subgroup
of PSL(2,Z). The group Γ′ is free (see [19], Theorem XI.3E) , with generators

X = TWTW 2, X−1 = WTW 2T,(4.7)

Y = TW 2TW, and Y −1 = W 2TWT.

The index of Γ′ in PSL(2,Z) (that is, the number of distinct cosets of Γ′) is 6. Thus, since
Γ′ is a normal subgroup, one may choose 6 distinct elements A1, A2, . . . , A6 of PSL(2,Z),
one from each coset, such that every element of PSL(2,Z) has a representation

(4.8) M = WAi,

where W is a reduced word in the (free) generators X,X−1, Y, Y −1. Observe that there may
be some cancellation of letters at the end of W ; but since there are only 6 possibilities for
Ai, there are only finitely many possible types of cancellation, involving at most a bounded
number of letters at the end of W . Thus, there is a finite subset B ⊂ PSL(2,Z) such that
every element of PSL(2,Z) has a representation as a reduced word

(4.9) M = W ′Bj ,

where W ′ is a reduced word in X,X−1, Y, Y −1 and Bj ∈ B. This exhibits PSL(2,Z) as a
regular language L, with alphabet A =

{
X,X−1, Y, Y −1

}
∪ B.

Now consider a right random walk (4.3) whose jumps ξi are i.i.d. from a distribution on
PSL(2,Z) with finite support. Because there are only finitely many possible values of ξn+1,
there are only finitely many different ways that multiplication by ξn+1 can modify the end
of the word Xn. In particular, there is a finite integer K such that all positive-probability
transitions Xn → Xn+1 involve only the last K letters of Xn, and such that the transition
probabilities depend only on the last K letters of the current state Xn. By replacing the
regular language L by a regular language L′ whose alphabet consists of the words of length
≤ K in L, one obtains a representation of the random walk Xn as a random walk on a
regular language.

A local limit theorem for nearest-neighbor random walk on the modular group was proved
by Woess [26], using different and somewhat more difficult arguments than those employed
here. Later [27], Woess also proved that, for any nearest-neighbor random walk on a discrete
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group containing a free normal subgroup of finite index, the Green’s function is algebraic;
however, his arguments do not allow one to deduce the type of the leading singularity.

4.3. The Green’s function of a RWRL. Assume now that Xn is a random walk on a
regular language L. For x, y ∈ L, define the Green’s function(s) Gxy(z) as follows:

(4.10) Gxy(z) :=
∞∑

n=0

P x{Xn = y}zn = Ex

( ∞∑
n=0

zn1 {Xn = y}

)
.

Thus, Gxy(z) is the expected discounted number of visits to y given that the initial state is x,
where z is the discount factor. Since the coefficients in the power series are all probabilities,
the series converge absolutely and uniformly in the closed unit disc |z| ≤ 1, and so the
radius of convergence is at least 1. Later we shall prove that, under suitable irreducibility
hypotheses, the power series of all of the Green’s functions Gxy(z) have the same radius R
of convergence.

The Green’s functions Gxy(z) are determined by a finite system of generating functions
Hab,c(z), the reentry generating functions, indexed by words ab and c of lengths 1 and 2,
respectively. These are defined as follows:

(4.11) Hab,c(z) := EabzT1{XT = c} =
∞∑

n=1

znP ab {T = n and Xn = c}

where

(4.12) T := min{n : |Xn| < |X0|}.

Observe that some — or even all — of the generating functions Hab,c(z) may be identically
zero, as there may be no positive-probability paths from ab to c through words of length
≥ 2. Those that are not identically zero we shall refer to as the nondegenerate reentry
generating functions.

The relationship between the Green’s functions and the reentry generating functions
Hab,c(z) is a routine consequence of the Markov property. Let x and y be words of lengths
|x|, |y| ≤ 1. If X0 = x, then X1 must be a word of length 0, 1, or 2; if X1 is a word of length
2, then there can be no more visits to y until after the Markov chain Xn returns from the
set of words of length ≥ 2. Hence, by the Markov property, if |x| ≤ 1 and |y| ≤ 1, then

(4.13) Gxy(z) = δx(y) + z
∑

w:|w|≤1

p(w|x)Gwy(z) + z
∑
ab

∑
c

p(ab|x)Hab,c(z)Gcy(z),

where
∑

ab is over all two-letter words, and
∑

c is over all one-letter words.
The equations (4.13) may be written compactly in matrix form as follows. Define G(z)

to be the matrix-valued function of z with entries Gxy(z), indexed by words x, y of lengths
≤ 1, and define P to be the matrix of transition probabilities p(y|x), where again x and y
are words of length ≤ 1. Define K(z) to be the matrix-valued function of z with entries
Kxy(z), indexed by words x, y of length ≤ 1, defined by

Kxy(z) =
∑
ab

p(ab|x)Hab,y(z) if |y| = 1;(4.14)

= 0 if |y| = 0.
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Then equations (4.13) are equivalent to the matrix equations

G(z) = I + zPG(z) + zK(z)G(z) ⇐⇒(4.15)

I = (I− zP− zK(z))G(z)

where I is the identity matrix. Notice that for all z of sufficiently small modulus |z|, the
matrix (zP+zK(z)) has norm less than one, and so the matrix (I−zP−zK(z)) is invertible;
thus,

(4.16) G(z) = (I− zP− zK(z))−1

for all z in a disc centered at z = 0.

4.4. The Lagrangian system of a RWRL. Recall (see equations 4.1)) that, for a random
walk on a regular language, only the last two letters of the current word play a role in the
transition to the next word. Consequently, for any initial state ξ = x1x2 . . . xmab ∈ L, the
letters x1x2 . . . xm are ignored up to time T . It follows that for any word ξ = x1x2 . . . xmab ∈
L, and any c ∈ A,

(4.17) Hab,c(z) = EξzT1{XT = x1x2 . . . xmc}.

The homogeneity relations (4.17) lead directly to a system of quadratic equations relating
the functions Hab,c. These equations derive from the Markov property: Starting from any
word w, the random walk must make an initial jump to another state. If this first jump
is to a word whose length is less than that of the initial word w, then T = 1; otherwise,
the initial jump must be either to a word w′ of the same length, or to a word w′′ with one
additional letter. In the latter case, T is the first time after the initial jump that two letters
are removed; in the former, T is the first time that a single letter is removed. Summing
over all possible initial jumps and applying the identity (4.17) yields the following system
of equations:

Hab,c(z) = zp(c|ab) + zp(ab|ab)Hab,c(z) + z
∑

d,e∈A

p(de|ab)Hde,c(z)(4.18)

+z
∑

d,e,f∈A

p(def |ab)
∑
g∈A

Hef,g(z)Hdg,c(z),

We shall abbreviate this system of equations as

(4.19) H(z) = zQ(H(z))

where H(z) is the vector of nondegenerate first-passage generating functions Hab,c(z) (that
is, those that are not identically zero), and Q is the vector of quadratic polynomials Qab,c

in the variables Hab,c occurring on the right sides of the equations (4.18) above. Observe
that Q is quadratic (that is, each of its components is quadratic) and its coefficients are
nonnegative. Consequently, the solution set of (4.19) is an algebraic curve, and so the
functions Hab,c(z) are algebraic functions. Most important, the system (4.19) is of the
generic form (3.4), and so the results of section 3 apply.

The hypotheses of Theorem 3.5 require that the Lagrangian system be irreducible and
aperiodic, that is, that the incidence matrix of the dependency graph be a Perron-Frobenius
matrix. Following is a relatively simple set of conditions on the transition probabilities of the
RWRL that will guarantee that the Lagrangian system (4.18) is irreducible and aperiodic.
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These are not in any sense minimal, nor do they cover all cases of the examples discussed
in section 4.2 above.

Assumption 4.1 (Aperiodicity). For all words x1x2 . . . xm,

(4.20) P (Xn+1 = x1x2 . . . xm |Xn = x1x2 . . . xm) > 0

This is equivalent to assuming that all of the transition probabilities p(ab | ab), p(a | a), and
p(∅ | ∅) are positive.

Assumption 4.2 (Irreducibility-A). Let L be the set of all words that may be reached from
∅ via positive-probability paths. Then ∀w ∈ L there is a positive-probability path from w to
∅.

Assumption 4.3 (Irreducibility-B). For every word x = x1x2 . . . xm ∈ L of length 2 (or
longer) and every triple abc of letters there exist words

w1 = x1x2 . . . xmy1y2 . . . ynab ∈ L and
w2 = x1x2 . . . xmy1y2 . . . ync ∈ L

and positive probability paths

x→ w1 → w2 → x

through words prefaced by x,w1, and x, respectively.

Proposition 4.4. If the transition probabilities of a RWRL satisfy Assumptions 4.1, 4.2,
and 4.3 above, then the Lagrangian system (4.18) is irreducible and aperiodic. Furthermore,
the mapping Q will be nonlinear and will satisfy the restriction Q(0) 6= 0.

Proof. Assumption 4.1 ensures that the incidence matrix of the dependency graph will have
positive entries on the diagonal (because the second term on the right side of (4.18) will be
positive). Hence, the system will be aperiodic. Assumption 4.3 guarantees that, for each
pair of triples a′b′c′ and abc it is possible to make a succession of substitutions in 4.18) (in the
last sum) so as to obtain an equation for Ha′b′,c′(z) in which Hab,c(z) appears as a factor
in a term with positive coefficient. Thus, the system will be irreducible. Moreover, the
right side of (4.18) will include quadratic terms with positive terms, so Q will be nonlinear.
Finally, Assumption 4.2 implies that at least some of the transition probabilities p(c|ab)
will be positive, so Q(0) 6= 0 (because the first term on the right side of at least one of the
equations (4.18) will be positive). �

Corollary 4.5. Under Assumptions 4.1, 4.2, and 4.3, for every triple of letters abc, there
are constants Cab,c > 0 so that

(4.21) P ab{T = n ; XT = c} ∼
Cab,c

%nn3/2
,

where % ≥ 1 is the smallest positive singularity of the Lagrangian system (4.18).
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4.5. Local limit theorems for RWRL. For nearest-neighbor random walks on homo-
geneous trees, the spectral radius R (the radius of convergence of the Green’s function)
coincides with the smallest positive singularity % of the associated Lagrangian system. For
random walks on regular languages, this need not be the case. Furthermore, the lead
singularity of the Green’s function need not be a square-root singularity, as it is for the
Lagrangian system, and consequently the return probabilities need not obey a 3/2−power
law, as they must for random walks on homogeneous trees. In fact, there are five distinct
possibilities. These are enumerated in the following theorem.

Theorem 4.6. Assume that the transition probabilities of the RWRL Xn satisfy the as-
sumptions 4.1, 4.2, and 4.3. Then the spectral radius R of the random walk is bounded
above by the lead singularity % of the associated Lagrangian system. The random walk may
be positive recurrent, null recurrent, or transient. In the null recurrent case, R = 1 and for
any two words x, y ∈ L there exists a positive constants Cxy such that

(4.22) P x {Xn = y} ∼ Cxyn
−1/2.

In the transient case, R > 1, and for suitable positive constants Cxy one of the following
laws holds for all pairs x, y ∈ L:

P x {Xn = y} ∼ CxyR
−n; or(4.23)

P x {Xn = y} ∼ CxyR
−nn−1/2; or(4.24)

P x {Xn = y} ∼ CxyR
−nn−3/2.(4.25)

All five cases are possible. This may be verified by considering nearest-neighbor reflecting
random walks on the nonnegative integers Z+, whose Green’s functions may be obtained in
closed form by solving quadratic equations (Exercise!).

Proof of Theorem 4.6 (Sketch). We shall consider only words x, y ∈ L of length 1, and
leave as an exercise for the reader to complete the argument. First, observe that the Green’s
functionsGxy(z) all have the same radius of convergence. This follows from the irreducibility
assumptions 4.2–4.3, which guarantee that there exist positive-probability paths from x to
y and back, because this implies that there is a positive constant c and integers k, l such
that for all n ≥ 0,

P x{Xn+k = y} ≥ cP x{Xn = x},
P x{Xn+k = y} ≥ cP y{Xn = y},
P x{Xn+l = x} ≥ cP x{Xn = y}, and

P x{Xn+k = x} ≥ cP y{Xn = x}.

Recall that the matrix G(z) of Green’s functions Gxy(z) indexed by words of length 1
is determined by the reentry generating functions by equations (4.16). The matrix P in
(4.16) is constant, and the entries of K(z) are positive linear combinations of the reentry
generating functions Hab,c(z); consequently, the radius R of convergence of G(z) cannot
exceed the radius % of convergence of H(z). In particular, if the spectral radius of %P+%K(%)
is less than one, then (4.16) implies that G(z) must have the same type of singularity — a
square-root singularity – at z = % as does H(z). This implies that R = % ≥ 1 and that the
asymptotic relations (4.25) must hold, by the Tauberian theorem of Flajolet and Odlyzko.

It is also possible that the spectral radius of sP + sK(s) attains the value 1 at some
s = R < %. If R < %, then since K(z) is analytic at z = %, the function G(z) will have a
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pole at z = R. This pole must be simple, because P + K(z) is a Perron-Frobenius matrix
at z = R. Thus, in this case, the asymptotic relations (4.23) hold, possibly with R = 1. (If
R = 1 then the RWRL is positive recurrent.)

The last possibility is that the spectral radius of sP + sK(s) attains the value 1 at
s = R = %. In this case the singularity of G(z) at z = R is such that for each entry Gxy(z),

(4.26) Gxy(R)−Gxy(z) ∼
cxy√
R− z

.

The proof of this is somehat delicate, and uses the fact that the matrix RP + RK(R) is
a Perron-Frobenius matrix. See [18] for details. In brief, the reasoning is as follows: by
(4.16), the function G(z)−1 behaves near z = R like

M
√
R− z + N(z)

where M is a rank-one constant matrix and N(z) is analytic near z = R, and so the inverse
of G(z) blows up like 1/

√
R− z. Theorem 3.1 implies that if the Green’s function Gxy(z)

behaves like (4.26) at the singularity z = R, then the coefficients must satisfy (4.24).
It remains to show that if the transition probabilities obey the asymptotic law (4.25) then

R > 1. Note that (4.25) implies that the Markov chain Xn is transient. Consequently, there
is at least one two-letter word ab such that

∑
y Hab,y(1) < 1 (that is, so that the probability

of return to the set of one-letter words from ab is less than one). The irreducibility assump-
tions ensure that the number of steps until Xn ends with the letters ab has an exponentially
decaying tail (uniformly in all starting states, since the alphabet is finite). At each such
time, the RWRL may choose to never the set of words of length < |Xn|: this occurs with
positive (conditional) probability independent of the letters of Xn that precede the closing
ab. Thus, the probability that |Xn| ≤ 1 must decay at least exponentially, that is R > 1.

5. Infinite-dimensional Lagrangian systems

In section 3 we showed that for a large class of finite-dimensional Lagrangian systems the
lead singularity is of the square-root type (3.12). This, together with the Tauberian theorem
of Flajolet and Odlyzko, implies that the power series coefficients of the component functions
satisfy a 3/2−power law. In this section, we consider the simplest infinite-dimensional case,
where the spectrum of the Jacobian operator ∂Q/∂F near the spectral radius consists of
eigenvalues of finite multiplicity. In section 6 below we will show how this analysis may be
used to obtain local limit theorems for random walks on infinite free products.

5.1. Lyapunov-Schmidt reduction. Recall that by the Implicit Function Theorem, the
Lagrangian system

(5.1) F (z) = Q(F (z))

has a solution z = 0, F (0) = 0 that admits an analytic continuation along any curve on
which the spectral radius of the operator

(5.2) zL(z) = z

(
∂Q

∂w

)
w=F (z)

remains less than 1. Unfortunately, the spectral radius of a continuous, operator-valued
function need not be itself continuous (although it must be at least lower semi-continuous),
and so the singular points of the solution F (z) of (3.4) may not in general be located by
searching for the points z where the spectrum of zL(z) includes the value 1. However, in
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certain problems the spectral radius of L(s) will for positive s be an isolated eigenvalue
of finite multiplicity, and in such cases the spectral radius of L(z) will vary continuously
with z near the positive axis s > 0. When this happens, the singular behavior of F (z) at
z = R will essentially be determined by a finite-dimensional section, and classical methods
of algebraic geometry (the Weierstrass preparation theorem, Newton diagrams, Puiseux
expansions, etc.) may be used. This program is known in nonlinear analysis as Lyapunov-
Schmidt reduction; it is commonly used in bifurcation theory (see, for instance, [28], chapter
8).

Hypothesis 5.1. There exists R ∈ (0,∞) such that
(a) the spectral radius of sL(s) is less than 1 for all s ∈ [0, R);
(b) limz→R F (z) = F (R) exists and is finite;
(c) 1 is an isolated eigenvalue of RL(R) with finite multiplicity.

Condition (a) guarantees that F (z) has a unique analytic continuation along the line
segment [0, R), and condition (b) implies that the Jacobian operator L(z) has a limit L(R)
as z → R (from inside the disk). Condition (c) implies that the Banach space B may be
decomposed as a direct sum

(5.3) B = V ⊕W,

where V is the space of eigenvectors of RL(R) with eigenvalue 1, and that there is a
projection operator PV : B → V with range V that commutes with L(R), given by

(5.4) PV =
1

2πi

∮
(ζ −RL(R))−1 dζ,

where the contour integral extends over a circle in the complex plane surrounding the point
ζ = 1 that contains no other points of the spectrum of RL(R) (see [14], Theorem 6.17). It
then follows that

(5.5) PW = I − PV

is a projection operator with rangeW that also commutes with RL(R). That 1 is an isolated
point of the spectrum of RL(R) implies that 1 is not in the spectrum of the restriction to
W of PWRL(R), equivalently, I − PWRL(R) is invertible on W .

Proposition 5.2. Assume that Hypothesis 5.1 holds, and let PV be the projection operator
defined by (5.4). Then in some neighborhood of z = R, the V−valued function PV F (z)
satisfies a functional equation of the form

(5.6) PV F (z) = zQV (z, PV F (z)),

where QV (z, v) is a function of dimV +1 complex variables that is holomorphic in a neigh-
borhood of z = R, v = PV F (R).

Proof. Consider the mappingK : C×V ×W →W defined byK(z, v, w) = w−zPWQ(v+w).
This is holomorphic, and takes the value 0 at the point ω := (R,PV F (R), PWF (R)). I claim
that there is a holomorphic mapping W (z, v), valued in W and defined in a neighborhood
of z = R, v = PV F (R), such that for all z, v in this neighborhood,

W (z, v) = zPWQ(v +W (z, v)),

and such that all zeros of K(z, v, w) near ω are of the form (z, v,W (z, v)). This follows from
the Implicit Function Theorem for the mapping K, because the Jacobian of the mapping
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w 7→ K(z, v, w) is
I − zPW (∂Q/∂F )v+w

and this is nonsingular at z = R, v = PV F (R), since PWRL(R) = RL(R)PW and I −
PWRL(R) is invertible on W . Now consider the functional equation (3.4). Applying the
projections PV and PW to both sides, and using the relation I = PV + PW , one obtains

PV F (z) = zPVQ(PV F (z) + PWF (z)) and

PWF (z) = zPWQ(PV F (z) + PWF (z)).

The solution to the second of these equations must be at PWF (z) = W (z, PV F (z)), and so
the first may be rewritten in the form

PV F (z) = zPVQ(PV F (z) +W (z, PV F (z))).

Since the function W (z, v) is holomorphic in its arguments, this is the desired functional
equation. �

5.2. Simple eigenvalues and square-root singularities. Hypothesis 5.1 requires only
that the spectrum of the Jacobian operator L(R) have an isolated lead eigenvalue of finite
multiplicity. If the lead eigenvalue is simple, as will often be the case, the conclusions of
Proposition 5.2 can be substantially strengthened.

Hypothesis 5.3. There exists R ∈ (0,∞) such that
(a) the spectral radius of sL(s) is less than 1 for all s ∈ [0, R);
(b) limz→R F (z) = F (R) 6= 0 exists and is nonzero and finite;
(c) 1 is an isolated eigenvalue of RL(R) with multiplicity 1.
(d) The projection PV F (R) of F (R) on the 1−eigenspace V is nonzero.

When Hypothesis 5.3 holds, the projection PV defined by (5.4) will have a one-dimensional
range, and so there will exist nonzero elements h ∈ B and ν ∈ B∗ (here B∗ denotes the
Banach space dual to B) such that for all ϕ ∈ B,

(5.7) PV ϕ = 〈ν, ϕ〉h.
Note that since PV is a projection and h is in the range of PV ,

(5.8) 〈ν, h〉 = 1.

Proposition 5.4. Assume that Hypothesis 5.3 holds, and let h and ν be such that (5.7)
holds. Define

(5.9) v(z) = 〈ν, F (z)〉.
Then there exist an integer m ≥ 1 and a function A(ζ) holomorphic in a neighborhood of
ζ = 0, satisfying A(0) = 0, such that in some neighborhood of z = R,

(5.10) v(R)− v(z) = A((R− z)1/m).

Remark: The representation (5.10) implies that the function v(z) has an analytic contin-
uation to a slit disk centered at z = R of the form

(5.11) {z : |z −R| < ε and | arg(z −R)| > 0}
and that its asymptotic behavior near z = R is of the form (3.2) for some rational α.
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Proof. Set u(ξ) = v(R) − v(R − ξ). By Proposition 5.2, the function PV F (z) = v(z)h
satisfies a functional equation (5.6) in a neighborhood of z = R. This may be rewritten in
ξ and u as a functional equation for u(ξ) of the form

(5.12) K(ξ, u(ξ)) = 0

where K(ξ, u) is a function of two variables (ξ, u) that is holomorphic in a neighborhood
of the origin in C2, and K(0, 0) = 0. We may assume that the power series expansion of
the function K(ξ, u) contains a term aud, where a 6= 0, that is not divisible by ξ, for if this
were not the case then K could be replaced by K/ξm for some m. (The power series for
K must include terms divisible by u, because the functional equation (5.12) derives from
(5.6), which holds for z < R near R.) Thus, by the Weierstrass Preparation Theorem ([11],
Chapter 1) there exists a Weierstrass polynomial

(5.13) Φ(ξ, u) = ud +
d∑

j=1

aj(ξ)ud−j

such that in some neighborhood of (0, 0) ∈ C2 the zero sets of K and Φ coincide. (Note:
The definition of a Weierstrass polynomial requires that each of the coefficients aj(ξ) be
holomorphic in ξ.)

Since the ring of holomorphic functions near (0, 0) is a unique factorization domain ([11],
Chapter 1), the polynomial Φ may be factored into irreducible Weierstrass polynomials:

(5.14) Φ(ξ, u) =
r∏

i=1

Φi(ξ, u).

Here each Φi is irreducible in the ring of locally holomorphic functions; this means that in
some neighborhood of the origin, Φi(ξ, u) is, for each fixed ξ 6= 0, irreducible in the ring
C[u] of polynomials in the variable u. Consequently, the derivative ∂Φi/∂u cannot have a
zero in common with Φi (except when ξ = 0), and so by the Implicit Function Theorem, for
each ξ 6= 0 and each u such that Φi(ξ, u) = 0, the equation Φi(ξ′, u′) = 0 defines a branch
of an analytic function u(ξ′) near ξ′ = ξ and u′ = u. For at least one of the indices i (say
i = 1), one of the branches of the analytic function u(ξ) defined by Φi = 0 coincides with
the function u(ξ) := v(R)− v(R− ξ) for ξ > 0 small.

The result (5.10) now follows by a standard argument in the theory of algebraic functions
of a single variable (see, for instance, [12], vol. 2, section 12.2). If the branch u(ξ) is followed
around a small contour ξ ∈ γ surrounding 0, then after a finite number m of circuits u(ξ)
will return to the original branch (because for each ξ the polynomial Φ1(ξ, u) has only m
roots, where m is the degree of Φ1 in the variable u). Consequently, u is an analytic function
of ξm in a neighborhood of ξ = 0 (observe that ξ = 0 is a removable singularity because all
roots of Φ1(ξ, u) = 0 approach zero as ξ → 0), and the representation (5.10) follows. �

Let H(v, w) be the Hessian (second differential) form of the mapping Q at the point
F (R), that is, the symmetric bilinear form H : B ×B → B defined by

(5.15) H(v, v) =
(
d2

dε2
Q(F (R) + εv)

)
ε=0

.

Theorem 5.5. Let F (z) be the solution of the Lagrangian equation (3.4), and assume that
Hypothesis 5.3 holds. Assume that the Hessian H(h, h) has a nonzero projection on the
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subspace V , that is,

(5.16) 〈ν,H(h, h)〉 6= 0.

Then the function v(z) := 〈ν, F (z)〉 has a square-root singularity at z = R, that is, for some
nonzero constant C,

(5.17) v(R)− v(z) ∼ C
√
R− z

as z → R in a slit domain (5.11). Furthermore, the function PWF (z) satisfies

(5.18) PWF (R)− PWF (z) = O(|R− z|)
near z = R.

Remark. Theorem 5.5 shows that under Hypothesis 5.3 and (5.16), the function v(z)
satisfies most of the hypotheses of the Flajolet-Odlyzko Transfer Theorem, with α = 1/2:
the only hypothesis that requires separate verification is that v has no singularity on the
circle |z| = R except that at z = R. Puiseux expansions for other linear functionals of F (z)
can be deduced from (5.17)and (5.18).

Proof of Theorem 5.5. The proof is modelled on that of Theorem 3.5 above. Proposition
5.4 implies that v(z) has a Puiseux expansion in powers of (R − z)α for some positive
rational number α. Since PWF (z) = W (z, v(z)h) where W (z, v) is the holomorphic function
constructed in the proof of Proposition 5.2, it follows that PWF (z) also has a Puiseux
expansion in powers of (R−z)α. We must show that α is a multiple of 1/2k for some k ≥ 1,
and that the first nonzero terms in the expansions are as advertised.

Write

W (z) = PWF (z), ∆z = R− z,

V (z) = PV F (z) = v(z)h ∆F = F (R)− F (z),

etc. Recall that v(R) 6= 0, by (d) of Hypothesis 5.3. The functional equation (3.4) and
Taylor’s theorem ([28], section 4.6) imply that

(5.19) ∆F = (F (R)/R)∆z +RL(R)∆F − 1
2
H(∆F,∆F ) +R3

where the remainder R3 is o(∆z + ‖∆F‖2) as ∆z → 0. Apply the projections PV , PW to
both sides and use the bilinearity of the Hessian form to obtain

∆W = (W (R)/R)∆z + PWRL(R)∆W − PWH(∆V,∆V )/2 +RW and(5.20)

∆V = (V (R)/R)∆z + PVRL(R)∆V − PVH(∆V,∆V )/2 +RV(5.21)

where RW ,RV = O(‖∆V ‖‖∆W‖+ ‖∆W‖2) + o(∆z). Since PV is the projection onto the
1−eigenspace of RL(R), the second term on the right side of (5.21) cancels the left side,
and so the equation reduces to

(5.22) (∆v)2〈ν,H(h, h)〉 = 2(v(R)/R)∆z +R′
V

where RV = R′
V h. Recall that the operator PW − PWRL(R) is invertible on the Banach

space W , with inverse (say) M, so equation (5.20) may be rewritten as

(5.23) ∆W = M(W (R)/R)∆z − (∆v)2M(H(h, h)) +RW .

There are now two possibilities: (a) ‖∆W‖ = o(|∆v|), or (b) there is a sequence of points
zn → R along which ‖∆w‖ ≥ ε|∆v| for some ε > 0. I claim that possibility (b) cannot
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occur: If so, equation (5.23) would imply that ‖∆W‖ = O(∆z); this would imply that the
remainder term in equation (5.22) is o(∆z); and this would make (5.22) impossible, since
v(R) 6= 0 and 〈ν,H(h, h)〉 6= 0. Thus, (a) must hold. But (a) implies that the remainder
term R′

V is of smaller order of magnitude than the other terms in equation (5.22). It follows
that (∆v)2 ∼ C∆z for some nonzero constant C. This implies that the leading nonconstant
term in the Puiseux expansion of v(z) is C

√
R− z for some nonzero C. That PWF (z) has

Puiseux expansion (5.18) with first nonzero term proportional to (R− z) now follows from
(5.5) together with (5.23).

6. Application: Local Limit Theorem for RW on Infinite Free Products

We now turn our attention to random walks on infinite free products. For simplicity, we
shall consider only the nearest-neighbor case. In the nearest-neighbor case, the methods of
[8] provide another approach to the study of transition probabilities; however, this approach
breaks down in the non-nearest-neighbor case, whereas the method we shall develop may
be adapted to finite-range random walks, and even to some infinite-range random walks.

Nearest-neighbor random walk on a countable free product Γ of copies of Z2 was defined
in section 2 above. Recall that the Green’s function of a nearest-neighbor random walk
(defined by equation (2.2)) is determined by the first-passage generating functions — see
equation (2.8). The first-passage generating functions are themselves interrelated by the
Lagrangian system (2.9) of quadratic equations. This system involves infinitely unknowns
Fi(z), and so analysis of the lead singularity requires the use of the machinery of section 5.

6.1. Holomorphic character of the link function. Theorem 5.5 requires that the func-
tion F (z) take values in a Banach spaceB, that the link functionQ : B → B be holomorphic,
and that the conditions of Hypothesis 5.3 be satisfied. Of these, the most critical is that 1
should be an isolated, simple eigenvalue of the Jacobian operator RL(R), and the proof of
this will occupy most of the argument.

Recall that, by Corollary 2.2, the function F (z) = (Fi(z)) takes values in the Banach
space B of bounded sequences (with sup norm), for all |z| ≤ R. The Lagrangian system
(2.9) has the special form

(6.1) F (z) = z(M(F (z)) +N(F (z))× F (z))

where M,N : B → B are bounded linear operators and the operation × is coordinate-
wise multiplication. Now any linear operator L : B → B is clearly holomorphic, and by
the product rule ([28], sec. 4.3) the coordinatewise product of holomorphic mappings is
holomorphic, so the implied link function Q for the system (2.9) is holomorphic on B.

6.2. Spectrum of the Jacobian Operator L(s). Recall from equation (3.7) that the
operator L(s) is the Jacobian ∂Q/∂w evaluated at w = F (s). In our case the Lagrangian
system specializes to (2.9); the function F (z) has coordinates Fi(z), indexed by i ∈ N.
Thus, by (2.9), the Jacobian in matrix form has entries

L(s)ij = pjFi(s) for j 6= i; and(6.2)

= p∅ +
∑
j 6=i

pjFj(s) for j = i.

This is clearly a positive operator for s ≥ 0, as all entries in the matrix are nonnegative.
Moreover, since the functions Fi(s) are nondecreasing in s, the norms and spectral radii of
the operators L(s) are monotone in s.
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The key to the spectral analysis of the Jacobian operator is that it decomposes as the
sum of a compact operator and a scalar multiple of the identity. To see this, observe that

(6.3) L(s) = K(s) +D(s) +H(s)I

where

K(s)ij = pjFi(s),(6.4)

D(s)ij = −2piFi(s)δij , and

H(s) = p∅ +
∑

j

pjFj(s).

Observe that by equation (2.8),

(6.5) H(z) = (G(z)− 1)/zG(z)

where G(z) is the Green’s function; note for future reference that (G(s) − 1)/sG(s) is
nondecreasing in s for 0 ≤ s ≤ R, and that

(6.6) H(R) < 1/R

by Corollary 2.2.

Lemma 6.1. Let R be the dcommon radius of convergence of the Green’s function G(z)
and the first-passage generating functions Fi(z). For each s ∈ [0, R], the operators K(s) and
D(s) are compact.

Proof. The operator K(s) has rank one and so is trivially compact. The operator D(s) is
diagonal, with diagonal entries −2piFi(s), and so it maps the unit ball of B (the sequences
with entries bounded in absolute value 1) into the set of sequences with entries bounded by
2piFi(R). This set is compact, since the values Fi(R) are bounded and

∑
i pi <∞. �

Corollary 6.2. For each s ∈ [0, R], the operator L(s) and its adjoint L(s)∗ have purely
discrete spectrum. Each element of the spectrum not equal to H(s) is an eigenvalue of finite
multiplicity (the same for both L(s) and L(s)∗), and H(s) is the only possible accumulation
point of the spectrum. The spectral radius of L(s) varies continuously with s for 0 ≤ s ≤ R.
There is a unique σ ∈ (0, R] such that the spectral radius of σL(σ) is 1, and at least for
s > σ− ε, for some ε > 0, the spectral radius of L(s) is an eigenvalue of finite multiplicity.

Note: Later it will be shown that σ = R.

Proof. The Riesz-Schauder theory of compact operators (see, for example, [14], Ch. 4)
asserts that the spectrum of a compact operator consists of at most countably many isolated
eigenvalues of finite multiplicity (the same multiplicity for both the operator and its adjoint)
that accumulate only at 0. (For a compact operator on an infinite-dimensional Banach
space, 0 must also be an element of the spectrum). Since addition of a scalar multiple of
the identity to an operator merely shifts its spectrum, the statements about the spectrum
of a particular L(s) follow.

To see that the spectral radius ρ(s) of L(s) must vary continuously with s, observe
that either ρ(s) = H(s) or ρ(s) is an isolated eigenvalue of finite multiplicity. Isolated
eigenvalues of finite multiplicity must vary continuously ([14], Chapter 6), but so does
the Green’s function; hence, the spectral radius is continuous in s. The spectral radius
of sL(s) cannot remain bounded away from 1 for s ∈ [0, R], because if so then by the
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Implicit Function Theorem, the function F (z) would have an analytic continuation to a
neighborhood of z = R. Thus, by the Intermediate Value Theorem of calculus, for some
σ ∈ [0, R] the spectral radius of σL(σ) attains the value 1.

Recall now that the function H(s) is nondecreasing and is bounded above by 1/R, by
(6.6). Consequently, when the spectral radius of sL(s) attains (or exceeds) the value 1 it
must coincide with an eigenvalue of finite multiplicity. Since the spectral radius of sL(s) is
nondecreasing in s, the last assertion of the corollary follows. �

6.3. Simplicity of the Lead Eigenvalue.

Proposition 6.3. The eigenvalue 1 of the operator T = σL(σ) has multiplicity one. Fur-
thermore, there are strictly positive right and left eigenvectors h and ν.

The proof will consist of several lemmas. By Corollary 6.2, 1 is an eigenvalue of T with
finite multiplicity, and no elements of the spectrum have modulus greater than one. A priori
it is possible that 1 is not the only element of the spectrum on the unit circle; however,
Corollary 6.2 implies that the spectrum of T has only finitely many points on the unit circle,
and all are eigenvalues of finite multiplicity.

Lemma 6.4. There exist positive right and left eigenvectors h and ν for T with eigenvalue
1.

Proof. Because the operator T is positive, if Tϕ = ϕ then T |ϕ| ≥ |ϕ|. Since V contains
nonzero elements, it follows that there is a nonnegative vector g such that Tg ≥ g. By the
positivity of T , the sequence gn := Tng is nondecreasing, and so in particular each gn is
positive. If it could be shown that the sequence gn converges in norm, then the limit h
would be a positive eigenvector of T with eigenvalue 1.

Claim: The sequence gn converges in B−norm.

Proof. Let λ1, λ2, . . . , λr be the eigenvalues of modulus 1, with λ1 = 1, and let V1, V2, . . . , Vr

be the corresponding eigenspaces. Define projections P1, P2, . . . , Pr by

Pj =
1

2πi

∮
γj

(ζI − T )−1 dζ,

where γj is a circle surrounding λj that encircles no other points of the spectrum. Each Pj

is a projection whose range is the eigenspace Vj (see [14], Theorem 6.17). The projections
Pj commute with each other and with T (since they are linear combinations of powers of
T ). The range U of complementary projection

PU = I − P1 − P2 − · · · − Pr

is an invariant subspace of T , and the spectral radius of TPU is strictly less than one. Now

Tng =
r∑

j=1

TnPjg + TnPUg

=
r∑

j=1

λnPjg + TnPUg.

Since each λj has absolute value 1, any increasing subsequence of the integers has a subse-
quence along which λn

j converges; consequently, along any such subsequence, Tng converges
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in norm. The limit is of necessity a positive element of B. Finally, there can be only one
possible limit, because since gn ≤ gn+1 for all n, if there were two subsequential limits ψA

and ψB then ψA ≤ ψB and ψB ≤ ψA. �

A similar argument shows that there is a positive left eigenvector. �

The following lemma will imply that positive eigenvectors of T and T ∗ are strictly positive,
and this in turn will imply that the lead eigenspaces are one-dimensional.

Lemma 6.5. Let Mm be the finite section of L(s) indexed by pairs i, j such that 1 ≤
i, j ≤ m. Then for each m = 3, 4, . . . and every s ∈ (0, R], the matrix M = Mm is a
Perron-Frobenius matrix, that is, some positive power of M has strictly positive entries.

Proof. By our standing hypotheses on the transition probabilities of the random walk, pi > 0
for each index i and p∅ > 0, and so all of the entries of Mm are positive. �

Corollary 6.6. Positive eigenvectors of T and T ∗ are strictly positive.

Proof. Suppose that Th = h is a positive eigenvector. Since h is not identically 0, some
entry, say the (j; y) entry, is strictly positive. By Lemma 6.5, for each m ≥ 1 some positive
power Mn

m of the finite section Mm of T has all entries positive; consequently, if m ≥ j
then all entries of Tnh indexed by (i;x), where i ≤ m, are positive. Since m ≥ j is arbitrary,
it follows that h is strictly positive. A similar argument shows that positive eigenvectors of
T ∗ must be strictly positive. �

Proof of Proposition 6.3. Denote by V and V ∗ the 1−eigenspaces of the operators T and
T ∗. By Corollary 6.2, V and V ∗ are finite-dimensional subspaces of B and B∗ of the same
dimension. By Corollary 6.6, there are strictly positive right and left eigenvectors h ∈ V
and ν ∈ V ∗.

Claim 1. ϕ,ψ ∈ V =⇒ |ϕ ∨ ψ| ∈ V .

Proof. Since the operator T is positive,

(6.7) T |ϕ ∨ ψ| ≥ |Tϕ| ∨ |Tψ| = |ϕ| ∨ |ψ|.

To see that the inequality is actually an equality, apply the positive linear functional ν to
both sides:

〈ν, |ϕ ∨ ψ|〉 = 〈T ∗ν, |ϕ ∨ ψ|〉 = 〈ν, T |ϕ ∨ ψ|〉 ≥ 〈ν, |ϕ ∨ ψ|〉.
Since ν is strictly positive, it must be that equality holds in (6.7). �

Claim 2. Let ϕ ∈ V be real-valued. Then ϕ is strictly positive, or strictly negative, or
identically 0.

Proof. Suppose first that there are indices α = (i;x) and β = (j; y) such that ϕ(α) > 0 >
ϕ(β). By the irreducibility of T (Lemma 6.5), there exists and integer n ≥ 1 such that the
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(α, β) entry of Tn is positive. Now since ϕ ∈ V it is an eigenvector of Tn with eigenvalue
1; by Claim 1, the positive part of ϕ is also an eigenvector with eigenvalue 1. Thus,

ϕ(α) =
∑
γ∈J

Tn
α,γϕ(γ) and

ϕ(α) =
∑

γ∈J+

Tn
α,γϕ(γ)

where J+ denotes the set of indices γ such that ϕ(γ) ≥ 0 and J the set of all indices γ.
The two sums can be equal only if

∑
J contains no negative terms. But n was chosen so

that there would be at least one negative term, namely, the term γ = β. This proves that
either ϕ ≥ 0 or ϕ ≤ 0.

A similar argument shows that if ϕ ∈ V is nonnegative, then either ϕ ≡ 0 or ϕ is strictly
positive. �

Let ϕ ∈ V be any right eigenvector of T with eigenvalue 1; I will show that ϕ is a scalar
multiple of h. Without loss of generality, assume that ϕ is real-valued (because if ϕ ∈ V
then its real and imaginary parts are both in V , as T is positive) and positive (by Claim
2). Define a ≥ 0 to be the supremum of all nonnegative real numbers b such that bϕ ≤ h.
If the vector aϕ is not identically equal to h then there is an index α = (i;x) such that
aϕ(α) < h(α), and so for b > a sufficiently near a it must be the case that bϕ(α) < h(α).
But then h − bϕ is a real-valued element of V with both negative and positive entries,
contradicting Claim 2.

6.4. Singularity of F at z = σ.

Lemma 6.7. Let H be the Hessian of the link mapping Q associated with the Lagrangian
system (2.9), and let h and ν be the positive eigenvectors of T = σL(σ) and T ∗ with
eigenvalue 1. Then

(6.8) 〈ν,H(h, h)〉 > 0.

Proof. The Hessian operator is the matrix of second partial derivatives of the link mapping
Q. The first partial derivatives are given in equations (6.2); from these equations it is
apparent that the nonzero second partials are

(6.9)
∂2Qi

∂Fi∂Fj
= pj for j 6= i

Hence,

(6.10) H(h, h)i;x =
∑
j 6=i

hihjpj .

Since the eigenvector h has strictly positive entries, this sum is strictly positive for all i.
Since ν is positive, (6.8) follows. �

Corollary 6.8. For every positive µ ∈ B∗, the function 〈µ, F (z)〉 has a square-root singu-
larity at z = σ. Consequently,

(6.11) σ = R.
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Proof. Proposition 6.3 and Lemma 6.7 imply that the hypotheses of Theorem 5.5 are sat-
isfied. Consequently, the function 〈ν, F (z)〉 has a square-root singularity at s = σ. But the
common radius of convergence of the power series Fi(z) is R; therefore, it must be that
σ = R. Consequently, For any positive µ ∈ B∗,

〈µ, F (z)〉 = 〈µ, h〉〈ν, F (z)〉+ 〈µ, PWF (z)〉.

By Theorem 5.5, the projection PWF (z) has a Puiseux series around z = R whose first term
is linear in R−z, and by Proposition 6.3, the lead eigenvectors ν and h are strictly positive.
Thus, 〈µ, h〉 > 0, and so the Puiseux expansion of 〈µ, F (z)〉 has as its first nonconstant
term a nonzero multiple of

√
R− z. �

6.5. Singularity of the Green’s function at z = R.

Proposition 6.9. Let G(z) be the Green’s function of an aperiodic, irreducible, quasi-
nearest-neighbor random walk on a countable free product of finite groups, and let R be its
radius of convergence. Then G(z) has a square-root singularity at z = R, that is, it has a
Puiseux expansion in a neighborhood of z = R of the form

(6.12) G(z)−G(R) =
∞∑

n=2k

gn(R− z)n/2k+1

whose first nonconstant term is g2k

√
R− z, with g2k < 0.

Proof. The relation (2.8) exhibits G as a meromorphic function of a positive linear com-
bination F of the first-passage generating functions Fi. By Proposition 2.1, G(z) is finite
at z = R, and so near z = R the function G(z) is in fact an analytic function of F(z).
By Corollary 6.8, every positive linear functional of F (z) has a square-root singularity at
z = R; consequently, the same is true of G. �

6.6. Local Limit Theorem. By Proposition 2.3 the Green’s function G(z) has no sin-
gularity on the circle of convergence except at z = R, and by the preceding proposition
at z = R the function G(z) admits the expansion (6.12). Therefore, the Flajolet-Odlyzko
Transfer Theorem implies the following Local Limit Theorem.

Theorem 6.10. For nearest-neighbor random walk on a countable free product of copies of
Z2 with positive holding probability p∅, the return probabilities satisfy

(6.13) P{Xn = ∅} ∼ C

Rnn3/2
.

6.7. Remarks. The crux of the preceding argument is the analysis of section 6.2, which
establishes that the Jacobian operator L(s) has discrete spectrum. Only in this part of the
argument does the detailed structure of the Lagrangian system (2.9) play a significant role,
and only the decomposition (6.3) of the Jacobian as a sum of a compact operator and a
multiple of the identity is needed. It is not difficult to show that a similar decomposition
holds for the corresponding Lagrangian systems of non-nearest-neighbor random walks, and
of random walks on free products of arbitrary finite groups. Other applications of the results
of section 5 will be published elsewhere.
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