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Abstra
tPrin
ipal 
omponent analysis (PCA) has been used for de
ades tosummarize the human geneti
 variation a
ross geographi
 regions andto infer population migration history. Redu
tion of spurious asso
ia-tions due to population stru
ture is 
ru
ial for the su

ess of diseaseasso
iation studies. Re
ently PCA has also be
ome a popular methodfor dete
ting population stru
ture and 
orre
tion of population strati-�
ation in disease asso
iation studies. Motivated from manifold learn-ing, we propose a novel method based on spe
tral graph theory. Re-garding ea
h study subje
t as a node with suitably de�ned weightsfor its edges to 
lose neighbors, one 
an form a weighted graph. Wesuggest using the spe
trum of the asso
iated graph Lapla
ian opera-tor, namely, Lapla
ian eigenfun
tions, to infer population stru
turesinstead of prin
ipal 
omponents (PCs). For the whole genomewideasso
iation study for North Ameri
an Rheumatoid Arthiris Consor-tium (NARAC) provided by GAW16, Lapla
ian eigenfun
tions re-vealed more meaningful stru
tures of the underlying population, 
om-pared with PCA. The proposed method has 
onne
tion with PCA, andit natually in
ludes PCA as a spe
ial 
ase. Our simple method works
omputionally fast and is suitable for disease studies at the genome-wide s
ale.Introdu
tionAs is well known that unidenti�ed population stru
ture 
an 
ause spuriousasso
iations in genomewide asso
iation studies [1,2℄. Su
h asso
iations typi-
ally o

ur when the disease frequen
ies vary a
ross subpopulations therebyresulting in that a�e
ted individuals are more likely to be sampled fromoverrepresented subpopulations. To 
orre
tly identify population stru
turesfrom population genotype data is 
riti
al for the rapidly planned and 
arriedout genomewide asso
iation studies. Though this topi
 has been extensivelystudied, the prevailing methods su
h as genomi
 
ontrol and stru
tured as-so
iation still have limitations [3℄. Re
ently prin
ipal 
omponents has beenemployed to summarize the geneti
 ba
kground variations [4,5℄. Pri
e et al [3℄suggested another solution to in
lude a few top PCs as 
ovariates in a regres-sion setting. However, there is potential 
on
ern about the interpretation ofPCs. Re
ently, John Novembre and Matthew Stephens [6℄ showed that thepatterns su
h as gradients and waves appear in the PC analysis of 
ontinuousgeneti
 data sometimes resemble sinusoidal mathemati
al artifa
ts that arisegenerally when PCs are applied to spatially 
orrelated data. Nevertheless,2



PCA 
an provide eviden
e of major demographi
 migration events and is stillwidely used in many 
ontexts of geneti
 data analysis.Here we propose a novel approa
h for dete
ting population stru
ture mo-tivated from graph theory. It is nonlinear and 
an reveal the lo
al dependen
estru
tures of population samples. One regards 
ases and 
ontrols as verti
esof a weighted graph [7℄ and ea
h vertex is 
onne
ted to its 
lose neighborsin the sense of 
orrelation via edges. This re�e
ts the fa
t that distan
esbetween verti
es that are far apart are usually meaningless, and thereforeneed not be preserved. The weight of the edge for ea
h pair of individualsmeasures the degree of being 
orrelatedness ( see Method). The eigenfun
-tions of the asso
iated graph Lapla
ian operator on the graph are generalizedgeometri
 harmoni
 fun
tions [8℄, whi
h 
ontain useful geometri
 stru
tureinformation of the population dependen
e graph. The eigenve
tors of thegraph Lapla
ian are the �rst-order linear approximations of Lapla
ian eigen-fun
tions. Therefore they are mu
h more meaningful than the usual PCs asthey relate to the intrinsi
 stru
ture of the data.The Lapla
ian eigenmap formed by embedding ea
h subje
t to a lowerdimensional Eu
lidean spa
e via the top few eigenfun
tions has extremelyimportant lo
ality preserving property, that is, the distan
e between a pairof subje
ts in the Lapla
ian eigenmap re�e
ts the degree of their being 
orre-lated. The more they are 
orrelated, the 
loser they are mapped to. Imme-diately, Lapla
ian eigenmap leads to 
luster-like stru
tures for subje
ts whoeither 
ome from the same dis
rete subpopulation or share more 
ommonan
estry in an admixed population. We suggest using Lapla
ian eigenve
torsinstead of PCs to study population stru
ture and regressing on Lapla
ianeigenve
tors in disease asso
iation testings.We demonstrate our method, LAPSTRUCT, on the North Ameri
anRheumatoid Arthritis Consortium (NARAC) data provided by GAW16. Rheuma-toid Arthiritis (RA) is a 
omplex and 
hroni
 in�ammatory human disorder,with both a moderately strong geneti
 
omponent and environmental fa
tor.It has been observeded that PTPN22 and TRAF1-C5 genes are asso
iatedwith RA [9℄.Materials and MethodsThe study sample of NARAC in
ludes 868 
ases and 1194 
ontrols a
rossNorth Ameri
a, who has been treated at rheumatoid 
lini
s. The individualsfrom NARAC were genotyped by SNP array Illumina 550K 
hip in the whole3



genome, with total 545,080 SNP s
ans. 507,246 SNPs passed quality 
ontrolwith the 
riteria: Hardy-Weinberg equilibrium (HWE) P-value < 10−5(using
χ2 statisti
) in 
ontrols, SNP genotype 
all rates >90% 
ompleteness andminor allele frequen
y (MAF) <0.01. Ea
h individual's a�e
tion status (un-a�e
ted as 0, a�e
ted as 1) was regarded as the phenotype. All the 2026individuals in NARAC were in
luded in the analysis.Regard ea
h individual j as a vertex Vj in a weighted graph G = (V, E),where j = 1 to N . Set the weight between individuals j and k to be aGaussian kernel Wjk = e−

||Vj−Vk ||2

t for j 6= k and ||Vj−Vk|| < ǫ , and Wjj = 1.0for all j. Here t and ǫ are some sele
ted positive real numbers. The 
onstant
t stands for the global di�usion s
ale on the graph and we set t=1.0 in the
omputations. The ǫ measures the size of ea
h subje
t's neighborhood interms of 
orrelations, that is, all individuals to whom the distan
e is within
ǫ are regarded as one's 
lose neighbors. The ||Vj −Vk|| measures the distan
ebetween vertex Vj and Vk. Here we take ||Vj − Vk|| = 1 − Cjk, where Cjk isthe standard sample 
orrelation 
oe�
ient between individuals j and k aftersuitable normalization of genotypes. It is obtained as follows. Let gij denotethe matrix of genotype (0, 0.5, 1) of individual j at SNP i. We normalize ea
hSNP i by subtra
ting o� the row mean µ = 1

N

∑

j gij, and then divide ea
hentry by √

1

2
pi(1 − pi), where pi is a posterior estimate of the allele frequen
yat SNP i given by pi =

1

2
+
∑

j
gij

1+N
, all missing entries are ex
luded from the
omputation. Let's still use gij denote the normalized genotype matrix, then

Cjk = 1

M

∑

i gijgik.Let D be a diagonal matrix of size N × N with entries Djj =
∑

k Wjk,whi
h is a natural measure on the verti
es. The Lapla
ian matrix on graph Gis de�ned as L = W−D. Note that L is a symmetri
 and positive semide�nitematrix, and we restri
t to the normalized version D−1L whi
h is not symmet-ri
 anymore. The eigenfun
tions of the normalized equation Le = λDe aredenoted by ej = (ej1, . . . , ejN)T for ea
h j, ranked a

ording to the in
reasingof their 
orresponding eigenvalues, i.e., λ0 ≤ λ1 ≤ λ2 ≤ . . .. It is easy tosee that 0 is always an eigenvalue with 
onstant eigenve
tor 
onsisting of all1's. These eigenfun
tions generalize the low frequen
y Fourier harmoni
s ona manifold approximated by the graph G. The Lapla
ian eigenmap with �rstn (usually small, 2 or 3) eigenve
tors is de�ned as f : k −→ (e1k, e2k, . . . , enk)for individual k to a
hieve dimension redu
tion. Note the situation here isdi�erent from PCA, where one takes the PCs 
orresponding to the largest4



eigenvalues whi
h a

ount for the largest amount of variation in the data.Next we follow Pri
e et al [3℄ to regress genotypes and phenotypes on thetop 10 Lapla
ian eigenve
tors for ea
h individual and 
ompute the adjusted
χ2 statisti
 of the residues. [Figure 1 about here.℄ResultsThe PC map (see Figure 1) depi
ts the European population stru
turethat has previously been reported in a di�erent study [3℄. In the Lapla
ianeigenmap one also observes the 
ompa
t trend from 
enter to ease-south anda long tail-like trend to east. Surprisingly, these presumably assumed twotrends are remarkably seperated in the unnormalized version of Lapla
ianeigenmap. We 
ompared the results for two SNPs that have been reportedto be asso
iated with RA (see Table 1). The results are 
onsistent with theprevailing prin
ipal 
omponents based approa
h, EIGENSTRAT.[Table 1 about here.℄Dis
ussionBy setting a 
onstant weight for ea
h pair of individuals and su�
ientlylarge ǫ to in
lude all individuals into everyone's neighborhood, the proposedapproa
h naturally in
ludes PCA as a spe
ial 
ase. This fa
t follows fromthe observation below. If all weights Wij are equal, say, 1

N2 , where N is thetotal number of individuals, then Djj = 1

N
and L = 1

N
I − 1

N2 ee
t, where e =

(1, . . . , 1)t. Let g = (g1, . . . , gN)t denote the genotype data of all individuals,where ea
h gi stands for the genotype ve
tor for the ith individual and µdenote the sample mean ve
tor of genotypes. Then one has gLgT = Ê[(g −
µ)(g − µ)]t. Sin
e Ê(g − µ)(g − µ)t is the sample 
ovarian
e matrix of theindividuals, the Lapla
ian eigenfun
tions equal the prin
ipal 
omponents.In general, for su�
iently large ǫ, the top Lapla
ian eigenfun
tions de-s
ribe global variations instead of lo
al dependen
e stru
tures, and they nu-meri
ally approximate to the top PCs. As ǫ de
reases, Lapla
ian eigenmapdes
ribes the lo
al dependen
e stru
tures at di�erent s
ales. When ǫ be-
omes so small that ea
h subje
t's neighborhood shrinks to itself, Lapla
ianeigenmap 
annot dete
t any stru
ture. In pra
ti
e, the ǫ should be 
hosen5



reasonably large to make the graph 
onne
ted and maitain valid type oneerror for asso
iation studies.We have introdu
ed a novel method for population stru
ture dete
tionwhi
h preserves lo
al dependen
e stru
tures. The Lapla
ian eigenmap nat-urally leads to population 
lusters a

ording to the degree of 
orrelatednessamong individuals. It is less noise, 
ompared with PCA method. For dis-ease asso
iation testing, LAPSTRUCT has 
omparable performan
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es toimprove the presentation. The Geneti
 Analysis Workshops are supportedby NIH grant R01 GM031575 from the National Institute of General Medi
alS
ien
es.Referen
es1. Mar
hini J: The e�e
ts of human population stru
ture on largegeneti
 asso
iation studies. Nat. Genet. 2004, 36:512�517.2. Freedman Mea: Assessing the impa
t of population strati�
ationon geneti
 asso
iation studies. Nat. Genet. 2004, 36:388�393.3. Pri
e AL, Patterson N, Plenge RM, Weinblatt ME, Shadi
k NA, Rei
hD: Prin
ipal 
omponents analysis 
orre
ts for strati�
ation ingenome-wide asso
iation studies. Nature Geneti
s 2006, 38:904�909.4. Zhu X, Zhang S, Zhao H, Cooper R: Asso
iation mapping, using amixture model for 
omplex traits. Genet. Epidemiol. 2002, 23:181�196.5. Chen H, Zhu X, Zhao H, Zhang S: Qualitative semi-parametri
 testfor geneti
 asso
iations in 
ase-
ontrol designs under stru
turedpopulations. Ann. Hum. Genet. 2003, 67:250�264.6. Novembre J, Stephens M: Interpreting prin
ipal 
omponent analy-ses of spatial population geneti
 variation. Nature Geneti
s 2008,40:646�649. 6



7. Chung FRK: Spe
tral Graph Theory. Ameri
an Mathemati
al So
iety1997.8. Rosenberg S: The Lapla
ian on a Riemannian Manifold. Cambridge Uni-versity Press 1997.9. Plenge R: TRACF1-C5 as a risk lo
us for rheumatoid arthiritis- a genomwwide study. NEJM 2007, 357:1199�209.

7



List of Figures1 Population stru
tures dete
ted by PCA, Lapla
ian and its un-normalized version both with ǫ = 1.0. . . . . . . . . . . . . . 9

8



0    0.04 

0    

0.08 

PC 1

P
C
 
2

0    0.04

0    

0.14 

LAP 1

L
A
P
 
2

0    0.12 

0    

0.02 

Unnormalized LAP 1

U
n
n
o
r
m
a
l
z
i
e
d
 
L
A
P
 
2

Figure 1: Population stru
tures dete
ted by PCA, Lapla
ian and its unnor-malized version both with ǫ = 1.0. 9
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Table I: Asso
iation testing results for genes PTPN22 and TRAF1-C5 byEIGENSTRAT and LAPSTRUCTSNP Chrom EIGENSTRAT LAPSTRUCTrs2476601 1 26.74 (2.33 × 10−7) 33.72(6.36 × 10−9)rs3761847 9 27.57 (1.52 × 10−7) 25.39 (4.68 × 10−7)
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