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Algebraic Invariants

Definition:

Thealgebraic invariants of a treeT are the parameter independent polynomial
relations between the joint probabilitiespσ = P (Y = σ).

Example:

The tree satisfies 441 minimal algebraic invariants. Ninety-six of these
are linear invariants such as

1 0

0 10 0

1 00 00 00 0

=

The other 345 are quadratic invariants such as

0 0 10

0 0 000 1 00

0 1 101 1 101 0 111 0 11

* = *

We believe that binary trees require only linear and quadratic invariants.

Computation:

We can compute algebraic invariants very efficiently usingGröbner baseswith
the program4ti2 [4]. We were able to compute invariants for trees with up to
11 nodes. This is a calculation in211 variables, which is among the largest ever.

Related Work:

Recently, the algebraic invariants have been described completely for many
families of phylogenetic models: the general Markov model (different transi-
tion matrices on each edge, all non-leaf nodes hidden) [1], Jukes-Cantor and
Kimura models [7], etc.

Conjecture:

The ideal of invariants of a binary tree is generated by polynomials of degree at
most 2.

Parametric Inference

Question:

Given any labelingx = (x1, . . . , xn) of the tree, which matricesT = (aij) make
px1...xn maximal among the coordinates of the distributionp?

Solution:

Transform the problem to logarithmic coordinateslog(aij), where it becomes
linear:− log(px) ≤ − log(pσ) for all σ.

This reduces the problem to that of calculating the convex hull of− log(pσ) for
all labelingsσ. The polytopes in the pictures are the result of this calculation.

After computing the polytope, we can immediately

1. Identify all labelings which are most likely for some choice of parameters
(the vertices of the polytope).

2.Tell which labelings are most likely for given parameters (using linear pro-
gramming).

Although there are2n possible observations, this calculation can be done in
polynomial time.

THEOREM: (PACHTER-STURMFELS, [6]) This convex hull can be cal-
culated in polynomial time in the number of nodes of the model (for a fixed num-
ber of parameters) using a geometric version of the sum-product algorithm.

Conjecture:

The number of vertices of the polytope (observations maximal for some choice
of the parameters) of any binary tree is bounded by a universal constant.

This conjecture has been verified on all binary trees with at most 15 nodes and
selected larger trees, with a maximum of 20 vertices found.

Non binary trees:

However, non-binary trees are not as nice. For example, a tree with 15 nodes
can have a polytope with up to 35 vertices. The number of vertices and structure
of the polytope depends heavily on the model.

Example

The figure is a convex polytope with 8 vertices. Each vertex corresponds to a
labeling of the tree that is of maximal probability for some choice of parameters.
Next to each vertex is the corresponding tree.
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THEOREM: (ERIKSSON, [2]) If T is any binary tree with more than
3 nodes, in which every leaf is an odd distance from the root, then there are
exactly eight labelings of the tree which are the labelings of maximal probability
for some choice of parameters.

Overview

Homogeneous Phylogenetic Models:

•Rooted phylogenetic tree withn nodes.

• Each node is a binary, observed random variableYi.

• Every edge has the same transition matrixA =

(
a00 a01
a10 a11

)
• The joint probabilities arepσ1σ2...σn = P (Y = σ). In terms of the parame-

ters, the probability of observingσ is the product of the parametersaij that
correspond to the transitions between theσi on the edges of the tree.

Questions:

We are interested in two questions from [6] that are of fundamental importance
to the use of statistical models in biology.

1.Given observationsσ = (σ1, . . . , σn), describe the set of parametersaij such
thatpσ is maximal among the coordinates ofp.

2.Which (parameter independent) relations on the probabilitiesp(Y = σ) does
the model imply?
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