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Abstract. ‘Iterative conditional fitting’ is a recently proposed algorithm that can
be used for maximization of the likelihood function in marginal independence mod-
els for categorical data. This paper describes a modification of this algorithm, which
allows one to compute maximum likelihood estimates in a class of chain graph mod-
els for categorical data. The considered discrete chain graph models are defined us-
ing conditional independence relations arising in recursive multivariate regressions
with correlated errors. This Markov interpretation of the chain graph is consistent
with treating the graph as a path diagram and differs from other interpretations
known as the LWF and AMP Markov properties.
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1 Introduction

This paper considers models for categorical data that are analogous to Gaus-
sian models induced by systems of linear regression equations with possibly
correlated error terms. This analogy is of interest because systems of regres-
sion equations appear in many contexts, including structural equation mod-
elling and graphical modelling, see e.g. Koster (1999), Wermuth and Cox
(2004). For an example, consider the equations

X1 = P +e1, (1)
Xo = P + P21X1 + €2, (2)
X3 = B30 + €3, (3)
X4 = Bao + €4, (4)
X5 = P50 + B51X1 + €5, (5)

in which the coefficients (3;; may be arbitrary real numbers and the error
terms ¢; have a centered joint multivariate normal distribution with positive
definite covariance matrix 2 = (w;;). This matrix {2 is assumed to have a
pattern of zero entries such that any pair of error terms is independent except
for the pairs (g;,€;41), @ = 2, 3,4, which may have possibly non-zero correla-
tions. These assumptions lead to a particularly structured joint multivariate
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Fig. 1. Chain graph with directed and bi-directed edges. The use of bi-directed
edges is in the tradition of path diagrams employed in structural equation modelling.

normal distribution A (p, ) for the random vector X = (Xjy,..., X5). While
the mean vector p is arbitrary, the covariance matrix is of the form

w11 Be1wit 0 0 Bs1wi1
Ba1wi1 ﬁ§1w11 +woo waz 0 BorfBsiwnn
Y = 0 wWa3 W33 W34 0 . (6)
0 0 W34 Wayq w45

Bsiwir  Bo1fsiwin 0 was BHwil +wss

The normal model induced by (1)-(5) and the assumptions on the error
terms g; comprises all distributions A (p, X)) with p € IR® arbitrary and
X of the form (6). This model can be represented using the graph shown
in Figure 1. The directed edges in this graph represent covariate-response
relations and, in the tradition of the path diagrams employed in the structural
equation literature, bi-directed edges represent possible error correlations.
The graph in Figure 1 is an instance of a chain graph. Chain graphs may
have both oriented and unoriented edges, drawn here as directed and bi-
directed edges, subject to acyclicity constraints. A brief introduction to chain
graphs is given in §2. A more detailed treatment can be found, for example,
in Andersson et al. (2001) and Lauritzen (1996). Note, however, that the so-
called LWF and AMP chain graph models discussed in Andersson et al. (2001)
and Lauritzen (1996) differ from the models considered in this paper.

It can be shown that the normal model associated with the graph in
Figure 1 comprises all multivariate normal distributions in which

Xl_J.L(Xg,X4), XQ_J.L(X4,X5) |X1 and (XQ,Xg)J.LX5 |X1 (7)

Here 1l denotes marginal or conditional independence depending on whether
a conditioning set is specified. Having such a model characterization in terms
of the non-parametric concept of conditional independence is useful because
it is also meaningful outside the realm of normal distributions. Character-
izations such as (7) are available more generally. In particular, if a system
of linear regression equations with correlated errors corresponds to a chain
graph, then the associated normal model can be characterized in terms of
conditional independence. For the details of these results, we refer the reader
to Koster (1999) and Richardson and Spirtes (2002).



Discrete Chain Graph Models 3

This paper considers discrete chain graph models for categorical data ob-
tained by imposing conditional independence relations such as (7). We review
these models in §3, and in §4 we describe how the recently proposed ‘iterative
conditional fitting’ algorithm can be modified for computation of maximum
likelihood estimates. Different chain graphs can be Markov equivalent, i.e.,
lead to the same statistical model. In §5 we discuss how the choice of the
graph can affect the computational efficiency of the associated fitting algo-
rithm. Concluding remarks are given in §6.

2 Chain graphs

Let G = (V, E) be a graph with finite vertex set V and edge set £ C (V x V)
such that there are no loops, i.e., (v,v) € F for all v € V. Two vertices v and
w are adjacent if (v,w) € E or (w,v) € E. If (v,w) € E and (w,v) € E, then
the edge (v,w) € E is without orientation and, reflective of pictures such as
Figure 1, we refer to the edge as bi-directed. If (v, w) € E but (w,v) € E, then
the edge (v, w) is directed. We will also write v — w and v < w to indicate
directed and bi-directed edges, respectively. If v — w then v is a parent of w.
The set of parents of v is denoted by pa(v), and for a set of vertices « C V
we define the parents as

pa(a)={w eV | ea: w—vin G}.

A sequence of distinct vertices (vo, ..., vg) is a path if v;_; and v; are adjacent
for all 1 <i < k. A path (vg,...,vx) is a semi-directed cycle if (v;—1,v;) € E
for all 0 < i < k and at least one of the edges is directed as v;_1 — v;. Here,
v_1 = vg. If the graph G has no semi-directed cycles, then G is a chain graph.

Define two vertices vy and v in a chain graph G to be equivalent if
there exists a bi-directed path from vy to vg, i.e., a path (vg,...,vg) such
that v; < v;41 for all 0 < i < k — 1. The equivalence classes under this
equivalence relation are the chain components of G. For example, the chain
graph in Figure 1 has the chain components {1} and {2, 3,4,5}. The chain
components (7|7 € 7) yield a partitioning of the vertex set

V:UT,

TeT

and the subgraph G induced by each chain component 7 is a connected graph
with exclusively bi-directed edges. Moreover, the directed edges between two
chain components 71 and 72 all have the same direction, i.e., if (v1,v2) € 71 X T2
and (wy,wy) € 71 X To are two pairs of adjacent vertices, then either v; — vy
and w; — wa, or vo — v and wg — wy.
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3 Discrete chain graph models of multivariate
regression type

Let X = (X, |v € V) be a discrete random vector whose elements correspond
to the vertices of a chain graph G = (V, E). The graph G determines a list of
conditional independence statements such as (7). The details of the process
of determining the conditional independence statements are reviewed, for ex-
ample, in Drton (2008). Let component X, take values in [d,] = {1,...,d,},
and define Z = X,cy[dy]. For i = (i, v € V) € Z, let

p(i)=P(X =i)=P(X, =i, forallv e V). (8)

The joint distribution of X is determined by the array of probabilities p =
(p(i)|i € I), which is in the ([],c dv) — 1 dimensional probability sim-
plex A C IRZ. Hence, the discrete chain graph model associated with G
corresponds to a subset P(G) C A, which comprises exactly those arrays of
probabilities p that lead to the desired conditional independence relations for
the random vector X.

An array p € P(G) obeys a factorization over the chain components of
G. For a chain component 7 C V| let

p(iT | iTr(T)) = P(XT =ir |X7T(T) = Z-7r(‘r))a (9)

where 7(7) is the union of all chain components 7/ in G that contain a vertex
w that is a parent of a vertex in 7, i.e., all 7/ such that 7’ N pa(r) # 0. If
(1) = 0, then (9) refers to an unconditional probability. It then holds that
each p € P(G) factors as

p(i) = T plirlini),  i€T. (10)
TeT

The factorization in (10) is of the type usually encountered in directed graph-
ical models (also known as Bayesian networks) but operates on the level of
chain components rather than individual vertices. The factorization for the
chain graph in Figure 1 is of the form

p(l) = p(il)p(iQ,’ig,’L'4,i5 "il), 1e1. (11)

The conditional independence relations that need to hold in an array of
probabilities p in order for it to be in the model P(G) lead to constraints
on the conditional probabilities p(ir | ir(r)). Drton (2008) describes a change
of conditional probability coordinates that simplifies these constraints and
yields in particular that the positive distributions in the model P(G) form
a curved exponential family. This ensures regular large-sample asymptotics
such as asymptotically normal maximum likelihood estimators.

Consider a chain component 7 € 7 and let ir(;) € Zr(7). For a non-empty
subset @ C 7, define J, = Xyeal[dy — 1]. The set [d, — 1] = {1,...,d, — 1}
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is the range for random variable X, but with the highest-numbered element
d,, removed. (Any other element could be chosen as baseline and be removed
instead.) For each j, € Ja, let

Q(joz ‘Zﬂ-(.,-)) = P(Xa = Ja ‘X’Tl'(‘l') = iﬂ(T))'

The probabilities q(ja |ir(r)); @ # @ C 7T, jo € Ja, can be shown to be in
one-to-one correspondence to the probabilities p(i; | ir(s)), i~ € Zr. This gives
the above mentioned change of coordinates that simplifies the considered
conditional independence relations to the form in Theorem 1.

A subset o C 7 is disconnected if there are two distinct vertices v, w € «
such that no path from v to w in G has all its vertices in a. Otherwise, « is
a connected set. A disconnected set § C 7 can be partitioned uniquely into
inclusion-maximal disjoint connected sets v1,...,7- C T,

d=m Uy U- - U". (12)

Theorem 1 (Drton, 2008). Let G be a chain graph with chain components
(|7 € T). An array p in the probability simplex A belongs to the discrete
chain graph model P(G) if and only if the following three conditions hold:

(i) The components of p factor as in (10).
(it) For all T € T and ir(;y € Ly(y), it holds that
q(Js lin(r)) = a0 [in())0ne liner) -+ a0y, Liner))
for every disconnected set 6 C T and js € Js. Here y1,...,7v C 7T are the
inclusion-mazimal connected sets in (12).
(i11) For all T € T, connected subsets v C T and j, € J,, it holds that
Q(jv | iﬂ‘(‘l‘)) = Q(j’y | kﬂ'(‘l’))
Jor every pair iy ry, k() € Lr(r) such that iyay) = kpacy)-
Example 1. For the graph from Figure 1, Theorem 1 only constrains the
conditional probabilities p(ia, 3,144,175 |%1) for the second chain component
{2,3,4,5}. The constraints from condition (ii) are
q(j2, jali1) = q(2 |i1)q(ja | i1), (13)
q(j2,Js |i1) = q(j2 | i1)q(ds | i1), (14)
q(jz, Js [i1) = q(s | i1)a(Js | i1), (15)
q(j2: 3+ 5 | i1) = q(ja. 33 [i1)q(js |i1), and (16)
q(j2, ja, Js 1) = q(j2 |i1)q(ja, Js [ i1), (17)

for all iy € [d1] and jas45 € Ja345. Condition (iii) leads to the constraints

)=
)=
) =
)=

q(j3 1) = q(js | k1), (18)
q(jali1) = q(ja| k1), and (19)
q(j3, jali1) = q(j3, ja | k1), (20)

for all i1 < k1 € [d1] and j34 € T34.
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4 Tterative conditional fitting

Suppose XM ... X are a sample of independent and identically dis-
tributed random vectors taking values in T = X,cv[d,]. Suppose further
that the probability array p for the joint distribution of the random vectors
X®) is in a chain graph model P(G). If we define the counts

n(i)=> lixwoy, i€,
k=1
then the likelihood function of P(G) is equal to
L(p) = [ [ p(i)"®.
i€T

For a C V and i, € Z,, define the marginal counts
n(ia) = Z n(])>

and the marginal probabilities

Using the factorization in (10), the log-likelihood function ¢(p) = log L(p) can
be written as the sum £(p) = > . £+(p), where

ﬂ,—(p) = Z z Tl(i.,-, Z‘7r(‘r)) logp(iT | 7;71'(7')) (21)

7;7\'(1') ir

are the component log-likelihood functions. For different chain components,
the conditional probabilities p(ir |ir(r)) are variation-independent. We can
thus maximize ¢ over P(G) by separately maximizing the component log-
likelihood functions over their respective domains.

Ezample 2. For the graph from Figure 1 we obtain that ¢(p) = £1(p)+£a345(p)
with component log-likelihood functions

ti(p) = Y n(ir)logp(ir), (22)
i1€[d1]
la345(p) = Z n(i)log p(iz, i, 14,5 | i1). (23)
ez

The function ¢; is maximized by p(i1) = n(i1)/n and only the maximization
of #3345 presents a challenge.
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Since the component log-likelihood function £, in (21) is a sum over i (),
each term of this sum can be maximized separately if one has variation-
independence of the probabilities appearing in the different terms.

Proposition 1. Suppose T is a chain component of the chain graph G such
that pa(v) = n(1) for all v € 7. If ir(r),Jn(r) € Ln(r) aNd in(ry # Jn(r)s
then the two arrays of conditional probabilities (p(ir |ix(ry)|ir € Z;) and
(p(ir | jn(r)) lir € Z7) are variation-independent.

Proof. Since pa(v) = w(7) for all v € 7, condition (iii) in Theorem 1 is void.
Condition (ii) constrains each one of the arrays (p(ir |ix(r))|ir € Zr) and
(p(ir | jr(r)) |ir € I;) separately. O

Clearly, Proposition 1 applies only in very special cases. It does not apply,
for instance, to the chain component {2,3,4,5} of the graph from Figure 1
because pa(2) = {1} differs from pa(3) = 0.

Different approaches can be taken for maximization of a component log-
likelihood function ¢, in an arbitrarily structured chain graph. One approach
is to express /. in terms of parametrizations and then apply routines for un-
constrained numerical optimization. Note, however, that care must be taken
to avoid issues due to the fact that the involved parameters are generally
variation-dependent. Here we will take an alternative approach by general-
izing the ‘iterative conditional fitting’ (ICF) algorithm described in Drton
and Richardson (2008a). This algorithm was proposed for binary marginal
independence models and has a Gaussian version discussed in Chaudhuri et
al. (2007). The marginal independence models studied in Drton and Richard-
son (2008a) are special cases of the chain graph models considered here. They
are obtained from chain graphs with only one chain component, in which case
conditions (i) and (iii) in Theorem 1 are void.

Generalized ICF for maximization of ¢, from (21) starts with a choice of
feasible estimates of the probabilities p(i; |[ir(r)). These estimates are then
improved iteratively. Each iteration cycles through all vertices in 7 and when
considering vertex v € 7 an update step with three parts is performed:

(a) Use the current feasible estimates to compute the conditional probabili-
ties
p(iT\{v} ‘ iﬂ'(‘l’)))

in which the variable X, is marginalized out.
(b) Holding the probabilities computed in (a) fixed, solve a convex optimiza-
tion problem to find updated estimates of the conditional probabilities

P(iv |1\ fo})ur(r))-

(¢) Compute new feasible estimates according to

Plir 1o} |in(r)) = Pliv | i\ o} ur())PE {0} | (r))-
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The update step (a)-(c¢) mirrors the corresponding step in the original ICF
algorithm, however, we now condition on the variables X ;) throughout.

It remains to explain which convex optimization problem has to solved
in part (b). The problem is to maximize ¢, treating the conditional proba-
bilities from part (a) as fixed quantities and imposing the constraints from
Theorem 1(ii) and (iii). To see the convexity of the problem, note that for
fixed values of p(ir\ (v} |ir(r)) the function £, is a concave function of the
probabilities p(iy | i(r\ {v})ur(r)). Moreover, for fixed p(ir\{v} | ix(r)), the con-
straints in Theorem 1(ii) and (iii) are linear in p(i, | i(r\{o})un(r))- Thus the
feasible set for the problem is convex.

Example 3. We illustrate the outlined algorithm for the chain graph G in
Figure 1 and the component log-likelihood function £2345 from (23). For sim-
plicity, we assume all five variables to be binary, i.e., d, =2 forv=1,...,5.
Up to symmetry, there are only two different update steps in ICF, namely,
the one for v = 2 and the one for v = 3.

Update step for v =2: In part (a) we compute the 16 conditional probabili-
ties
p(i37i4,i5|i1)7 i17i3,i4,7:5 :1,2
These are then treated as fixed in part (b), in which we maximize

2
> nlir,ia,is, ia, i5)log p(ia | i1, i3, 4, i5) (24)

01,005 =1

with respect to p(is |41, 13,14, %5). This maximization is done under con-
straints derived from (13), (14), (16) and (17). Since the probabilities
p(is, 4,15 |11) are fixed, (15) is preserved automatically when updat-
ing the probabilities p(ig|i1,i3,%4,i5). Moreover, since pa(2) = w(r)
for 7 = {2,3,4,5}, conditions (18)-(20) do not constrain the probabil-
ities p(is |41,13,14,%5). The important point is that (13), (14), (16) and
(17) are linear constraints in p(iz | i1,%3,%4,%5). The second factor on the
right hand side of these equations is a function of the fixed quantities
p(i3,14,15 | 1) and thus also fixed. All other terms are linear combina-
tions of p(ig | 41,13, 4, 15). For instance, (17) is linearized by writing

q(.j27j4aj5 ‘7’1) = Z p(jQ |i17i37j47j5)p(7:37j47j5 | il)? (25)
iz=1
2

q(j2|i1) = Z p(jz | i1, 43,44, 15)p(i3, 14, i5 | 11), (26)

3,%4,i5=1

and noting that the probabilities p(is, i4, i5 | 41) are fixed quantities. In the
resulting constrained maximization of (24) the two terms corresponding
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to i1 = 1,2 can in fact be maximized separately because none of the
constraints obtained from (13), (14), (16) and (17) involve two conditional
probabilities p(ZQ |’i1, ig, i4, Z5) and p(kQ | kl, kg, k‘4, k5) with il 7& k?l.

Update step for v =3: In part (a) we compute again 16 conditional proba-
bilities, namely,

plia,ia,i5|11), i1,12,04,05 = 1,2.

The objective function for part (b) is analogous to (24) but the proba-
bilities p(iz | i1,%3,14,15) are replaced by p(is|i1,42,14,%5). The relevant
constraints are now (15), (16), (18) and (20). These can be linearized
as in (25) and (26). The equations derived from (18) and (20) now in-
volve p(ig | i1,13,%4,15) and p(ke | k1, k3, ka, k5) with iy < k1. Hence, the
optimization problem cannot be decomposed any further by splitting the
strata 71 = 1 and 7; = 2.

In the update step for v = 2 in the above example, the terms in (24)
indexed by different values of 71 can be maximized separately. This obser-
vation is general in that analogous decompositions are possible if a vertex
v € 7 satisfies pa(v) = 7(7). This follows because pa(v) = 7(7) implies that
condition (iii) in Theorem 1 remains void; also recall Proposition 1.

5 Fitting marginal independence models via chain
graphs

Graphical models based on graphs with directed edges generally lead to the
problem of Markov equivalence, which arises if two different graphs induce
the same statistical model. While such Markov equivalence poses challenges
for the statistical interpretation of graphs, it can sometimes be exploited
for more efficient computation of maximum likelihood estimates. Fitting al-
gorithms, such as ICF, are often specified in terms of the underlying graph.
The idea is then to find, among several Markov equivalent graphs, the one for
which the associated fitting algorithm runs the fastest. Drton and Richardson
(2008b) pursued this idea in the case of marginal independence models for
the multivariate normal distribution and presented an algorithm that con-
verts a graph with bi-directed edges into a Markov equivalent graph more
suitable for optimization of the likelihood function. As we illustrate next,
these constructions are also useful in the discrete case.

Table 2 in Drton and Richardson (2008a) presents data on seven binary
variables from the US General Social Survey (sample size n = 13486). The
data and software for their analysis are available for download at a supporting
website for that article. A backward selection among bi-directed graphs for
these data yields the graph G, in Figure 2(a), which is identical to the one in
Figure 4(a) in Drton and Richardson (2008a). Since all edges are bi-directed,



(a)

(b)
Fig. 2. (a) Bi-directed graph G, for data from the US General Social Survey. (b)
Chain graph G, that is Markov equivalent to the bi-directed graph G,.

the model P(G,) can be characterized by marginal independences. The ICF
algorithm for GG, iteratively estimates conditional probabilities of each of the
seven variables given the remaining six variables. Running the algorithm for
the given data, the deviance of P(G,) was found to be 32.67 over 26 degrees
of freedom, when compared with the saturated model of no independence.
The asymptotic chi-square p-value is 0.172.

Using the results in Drton and Richardson (2008b), it is easily seen that
the bi-directed graph G, in Figure 2(a) is Markov equivalent to the chain
graph Gy in Figure 2(b), i.e., P(G,) = P(Gp). When passing from G, to Gj
all but one of the bi-directed edges were substituted by directed edges. The
remaining bi-directed edge in G} between MemChurch and ConClerg cannot
be replaced by a directed edge without destroying Markov equivalence to G, .
The graph G} has six chain components, namely,

71 = { Trust}, 1o = {Helpful}, 73 = {MemUnion},
74 = {ConLegis}, 75 ={MemChurch, ConClerg}, 76 = {ConBus}.
The factorization (10) takes the form
p(i) = plir)p(in |ir)p(imv)p(icr)p(ivc,ico liT,in,imu,icL)X
plics |imc,icc,ir,in,imv,icL), (27)

where the indices identify the variables via the capital letters in their names.
The factorization in (27) reveals several closed-form maximum likelihood es-
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timates, namely,

(i) = 01,
oy nliT,ig)
p(ZH|ZT)— n(ir) )

plivy) = n(z;\L/IU),
plicr) = n<i§L)»

and

n(ice,imc,ico,iT,iH,iMU,iCL)
n(ivc,ice,iT,iq,imU,icL)

plics |ivme,ico,ir,im,imu,icL) =

see Drton (2008) where this observation is made in generality. The problem
of computing maximum likelihood estimates in P(Gyp) can thus be reduced
to the simpler problem of maximizing the component log-likelihood function
£,.. Moreover, since 75 is a complete set (there is an edge between all of its
elements), ¢,, and thus also the likelihood function of P(G;) have a unique
local and global maximum if all counts are positive as is the case for the
considered data; see again Drton (2008) for a general version of this result.

The maximization of ¢,, can be effected using the generalization of ICF
developed in §4. It requires alternating between two update steps that es-
timate the conditional probabilities of MemChurch and of ConClerg given
the respective five remaining variables in the components 7, with m < 5.
The variable ConBus in 7g is marginalized out in this computation. The con-
straints in part (b) of the update step for MemChurch arise from condition
(iii) in Theorem 1. They take the form

2
> plimcliceir,in,ivv,icu)plice lir, i, ivu,icL) =
ice=1
2
Z p(jmc lice,ir,in,ivu, kon)plice lir,in,imu, ker), (28)
ico=1
for jpyu = 1,i¢cr, = 1, kor, = 2 and arbitrary combinations of i1, iz and iy -
The variables being binary, (28) corresponds to a total of eight constraints.
The symmetry present in G, implies that the update step for ConClerg is
analogous to that for MemChurch.

Running the ICF algorithm associated with G, as opposed to G, produced
the same results with substantial reduction in computation time. When im-
plementing the two algorithms in the statistical programming environment
‘R’ and using the same routine to solve the constrained optimization problem
arising in the parts (b) of the respective update steps, we found that using
G} reduced the running time by a factor of about 70.
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6 Conclusion

We have described a simple modification of the ‘iterative conditional fitting’
(ICF) algorithm proposed for marginal independence models in Drton and
Richardson (2008a). This modification allows one to fit models associated
with chain graphs. In future work it would be interesting to compare or
even combine the ICF approach with other approaches to computation of
maximum likelihood estimates such as that of Lupparelli et al. (2008).

As illustrated in §5, fitting algorithms for graphical models may take
different forms for Markov equivalent graphs, and choosing the ‘right’ graph
from a Markov equivalence class can be crucial for computationally efficient
model fitting. Graphical constructions relevant for the models considered in
this paper are given in Drton and Richardson (2008b) and Ali et al. (2005).
However, these constructions generally do not return a chain graph but rather
a graph from the larger class of ancestral graphs introduced in Richardson
and Spirtes (2002). Generalizing ICF and other fitting algorithms to cover
discrete ancestral graph models is an interesting topic for future research.
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