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Abstract

We formulate a deformabletemplatemodel for objectswith a clearly de ned
mechanisnfior parameteestimation A separatenodelis estimatedor eachclass and
classi cationis likelihoodbased no discrminatiorboundariesrelearned.Nonethe-
lesshighclassi cationratesareachiezedwith smalltrainingsamplesThedatamodels
arede ned onbinaryorientededgefeatureghatarehighly robustto photometricvari-
ationandsmalllocal deformations.The deformationof an objectis de ned in terms
of locationsof amoderatenumberreferenceoints. Eachreferencepointis associated
with apart - aprobabilitymapassigninga probabilityfor eachedgetypeat eachpixel
in awindow. Thelikelihood of the edgedataon the entireimageconditionalon the
deformatioris describedsapatctworkof parts(POP)model- theedgesareassumed
conditionallyindependentandthe mamginal at eachpixel is obtainedby a patchwork
operation:averagingthe maginal probabilitiescontribtuted by eachpart coveringthe
pixel. Objectclassesaremodeledas mixturesof POPmodelsthatarediscoveredse-
guentiallyasmoreclassdatais obsered. Experimentsare presentean the MNIST

databasehundredf deformedATEX shapesteadingzipcodesandfacedetection.

1 Intr oduction

Two directionsof research classi®catioranddetection have dominatedhe®eld of shape
andview basedobjectrecognition. The ®rst, classi®cationrefersto the discrimination
betweersereralobjectclassedasednsegmentediata(seeVapnik(1995),Amit & Geman
(1997), LeCunet al. (1998), Hastie& Simard(1998), Belongieet al. (2002)), and the
second,detection,to ®nding instancesf a particularobject classin large images(see
Leungetal. (1995),Rowley etal. (1998),Viola & Joneqg2004), Amit & Geman(1999),
Fei-Feietal. (2003),Torralbaet al. (2004).) Thelatteris often consideredsa problemof
classi®catiorbetweerobjectandbackgroundBoth subjectsareviewedasbuilding blocks
towardsmore generalalgorithmsfor the analysisof complex scenescontainingmultiple

objects.



1.1 The challengeof sceneanalysis

An importantquestionis how to integratethe detectorsandthe classi®eranto oneframe-
work whenmultiple objectsof differentclassesattimesvery similarin shapearepresent
in theimagetogethemwith noiseandclutter.

Onecanimaginerunningdetectordor severalobjectclasseatlow falsenegativerates.
This will typically yield quite a large numberof falsepositvesaswell as multiple hits
(for differentdetectors)n the sameregion. It is thennecessaryo classifyamongthese
andeliminatefalsepositives. Furthermorejf several objectscanbe presentin the scene,
oneneedso chooseamongmultiple candidatenterpretations i.e. differentassignments
of labelsand posesfor a numberof objects. It is hard to imagine performingthis task
basedon pre-trainedclassi®ersamonginterpretationssinceit is impossibleto anticipate
all possiblecon®gurationsn training. This callsfor anonlinemechanisnto determinehe
optimalcon®guration.Thesamessuewouldariseif bottom-upsegmentatior(Shi& Malik
(2000)),or salieny detection(ltti & Koch (1998))is usedto determinecandidateegions
or locationsof the objectsof interest. Competingsegmentations/classi®catiomgedto be
resohed.

In Amit et al. (2004) a simple example of suchan approachis developedin a lim-
ited context. The basicbuilding blocks are simple “naive Bayes” statisticalmodelsfor
the dataaroundeachindividual object,assumingndependenceonditionalon the poseor
deformationparametersModularity is achievzed by concatenatinglatamodelsof theindi-
vidual objectsatthererespectre posedogethemwith asimplebackgroundnodel,yielding
amodelfor theentireobjectcon®guratioror scene Competitiondetweeralternatve can-
didatecon®gurationsareresohed by comparingthe likelihood of the dataunderthe two
con®gurationsThereareno pre-traineddecisionboundariesandyetit is possibleto make
very ®ne distinctionsbetweenvery similar objects. The useof conditionalindependence
modeldeadsnaturallyto (i) anef®cientcoarse-to-®nenechanisnior computingcandidate
detectiondor thedifferentobjects (ii) localizationof thecomputatiomeededor choosing
betweerdifferentinterpretationgo regionsof ambiguity

In the applicationpresentedn Amit et al. (2004)- readinglicenseplates- geometric

variationis limited to a smallrangeof linear variationsandeachclassis de®nedin terms



of a single prototype. The main challengeis the presenceof clutter and a high degree
of photometricvariation. In view of the relative succes®f this approactto dealingwith
scenegontainingmultiple objects,it is of primaryinterestto investigatethe possibility of
extendingthesemodelsto highly deformableobjects. In this paperwe proposesuchan
extension,using the samebinary edgefeaturesand within the frameavork of conditional

independencenodels.Thisis brie y describedelow.

1.2 Edgebaseddeformable models

We startwith the "BernoulliModel' - a generaledgebaseddeformablemodelproposedn
Amit (2002).A classof non-lineardeformationss de®nedogethemwith modelprobability
mapson a referencegrid. The assumptioris that given only oneobjectis presentn the
imageata particulardeformationall edgesn theimageareindependentandthe marginal
probability of ®nding an edgeof a certaintype at a pixel is computedin termsof the
deformationand the model probability maps. To implementthis modelin practiceit is
necessaryo (i) parameterizéhe non-lineardeformations(ii) develop a mechanisnfor
estimatingthe probability mapsfrom training data,wherethe deformationis not known
(iif) devise an algorithmfor computingthe mostlikely deformationgiven the estimated
probabilitymapsandatestimage.

In this paperwe proposesuchan implementationwhich lendsitself to ef®cient train-
ing andtesting. A moderatenumberof referencepointsis de®nedin the referencegrid.
Deformationsare de®nedin termsof a mappingof thesereferencepointsinto the image
grid. Eachreferencepointis associatetb a partwhichis simplyasubwindav of themodel
probability maparoundthe referencepoint. Thesesubwindavs/partsarenot disjoint, they
canhave signi®cantoverlaps.Thepartis mappedogethemwith thereferenceointinto the
imagegrid. Thedistribution of the edgedataon the entireimagegiven a particularmap-
ping of the referencepointsandtheir associateghartsis againdescribedy a conditional
independencenodelobtainedwith a patchworkingoperation:The maiginal probability of
anedgefeatureatary pixel in theimageis thesimpleaverage of the probabilitiesproposed
atthatpixel by any of the partscoveringit. Thistiestogetherthe partsin a consistentvay

into a patchwork of parts (POP)modelfor the data. Figure 1 providesanillustration of
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Figurel: (A) The probabilitymapfor horizontaledgesor theclass'7' (darkcorresponds$o high
probability). In redarethereferencepoints. (B) Threesubwindavs of the probabilitymapcentered
at threeof the referencepoints. (C) A sample'7'. (D) detectechorizontaledges.(E) The shifts
of the referencepointsdenotedby small red arravs togethemwith the supportof the subwindevs
- darler pixels are coveredby more subwindavs. (F) The probability map on horizontaledges

determinedy the patchveork operationandtheshiftsgivenin (E).

theseideas.

Oneadvantageof this patchwork modelis thatthe individual partscanbe trainedsep-
arately Thelocationof a partis assumedo vary within arestrictedrangein thereference
grid, i.e. relative to the objectcenterat referencescale. The speci®clocationof the part
associatetio eachtrainingimageis unknavn andis considerec&sanunobseredvariable.
The expectation-maximizatiodEM) procedureis then appliedto estimatethe maginal
probabilitiesat eachpointin thewindow, aswell asto getthe distribution on the location
of thepart. Thisyieldsa collectionof parts- thelocal subwindavs of the probability map.
Placingtheseat their meanlocationsand performingthe patchwork operationyields the
full modelprobabilitymaponthereferenceyrid. Eachobjectclassis modeledasa mixture

of suchPOPmodels. Theseare discoreredsequentiallyby keepingtrack of training ex-
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ampleghathave low lik elihoodwith respecto all currentcomponentsf the mixturefor a
particularclass.

Classi®cationis likelihood based- the classwith highestlikelihoodis chosen. For
detectionthe likelihoodratio to an online adaptivebackgroundmodelis comparedo a
threshold.In this settingno training is performedfor the backgroundnodel. It is simply
assumedhatall edgesareindependenandthe mamginal probabilitiesof eachtype arethe
sameatall pixelsanddeterminednlineby thedensityof theseedgetypesin the particular
imageregion beinganalyzed.

1.3 Summary of results

The proposednodelsallow for a simpleandef®cient training procedurgrom very small
samplesizesandyield high classi®catiorrates- far higherthanachiezable with SVM's
on the samefeatures.For examplewith 30 examplesper classon the MNIST dataseive
achieve 3% error on the testset (6% error with SVM's), reachingl.52%error with 500
examplesperclasswherein effect only 80-100exampleswvereactuallyusedto updatethe
modelparameterghroughsequentialearning.Usingadifferentclusteringmechanisnand
with 1000 examplesper classwe achieve under.8% error Preliminaryexperimentsfor
readingzipcodesby combiningobjectmodelsto scenemodels(asin Amit et al. (2004))
yieldsarecognitionrateof 82%,with thecorrectzipcodebeingin thetop 10interpretations
for 94% of the zipcodes.Thesearevery high ratesconsideringhatonly 500 examplesper
classareusedto trainthemodels,andno presgmentatioror preprocessing performed.

To testthe relevanceof thesemodelsto otherobjecttypeswe train facemodelsfrom
3000llivettifacedatabasemages.Thelik elihoodratio with respecto theadaptve back-
groundmodelis usedasa ®lter on detectionsof the algorithmdescribedn Amit (2002).
Thereductionin falsepositivesis by afactorof 20-30. Theresultingfalsepositive ratesat
givenfalsenegative ratesareabout3-5 timeshigherthanthe stateof theart (seee.g. Viola
& Jones(2004),Schneidermaf Kanade(2004))but giventhe simplicity of the testand
thelack of trainingonbackgroundve believeit is evidenceof thegeneralityandusefulness
of theproposednodels.



1.4 Paper organization

Thepaperis organizedasfollows. In section2 we surwey relatedwork on objectmodeling
andclassi®cation.In section3 the full POPmodelis describedn detail, followed by the
training procedurdan section4. Issuesinvolving computationare discussedn sectionb.
In section6 we provide detailson a numberof experiments. In additionto handwritten
digit classi®cationwe experimentwith deformedETpX symbolswheretherearehundreds
of classeswith readingzipcodesandwith facedetection.We concluden section7 with a

discussiorof somepossibleextensionsof thealgorithm.

2 Other work

We describeelatedwork in theliteraturewhich canbebroadlydividedbetweemrmodeling
(generatre) framewnorks on one handand non-parametriaiscriminatve framewnorks on
theother

2.1 Modeling frameworks

By modelingframavorkswe referto thoseapproachewherethe basisfor classi®catioris
a statisticalmodel of the datagiven eachobjectclass. Thesearealsodenotedgeneratre
modelsalthoughrarely canthesemodelsgenerateealisticimages.

2.1.1 Deformable templates

Ourmodelfallssquarelyin thecategory of deformabldemplatemodelsproposedn Grenan-
der(1978),Grenande(1993). Two attractve featuresof thedeformabldemplateparadigm
aretheformulationof acomprehensie modelfor theimagedataandthe explicit modeling
thegeometricvariability (rigid andnon-rigid) of objectswithin a givencateyory. In partic-
ular, the ability to tie togethera dense®eld of very basicandpoorly informative features
(grey levels, local edges)within a global modelis the key to the wide-spreadiseof this
paradigmn the medicalimagingcommunity Therehasrecentlybeensigni®cantprogress
in modelinglarge deformationgseeBey etal. (2005)),photometricvariability (seeTrouvie



& Younes(2004))or multimodality (seeRocheet al. (2000)) providing a promisingtech-
nologyfor detailedmodelingandanalysisof shapeandappearanceariability (seeGrenan-
der& Miller (1998))).

However, in the objectrecognitioncommunity modelingis nota goalper sebut a path
to objectdetectionandclassi®cation Speedrobustnessandlearnabilityof the parameters
play a majorrole in the birth anddeathof objectrecognitionparadigms.Despitedemon-
stratedusefulnes®f the templatematchingapproachseeJainet al. (1998), Coughlanet
al. (2000)),a persistentveaknes®f densemodelingapproachess the computationatost
of the matchingprocesgthoughone shouldnot underestimatéhe computationakcost of
mary othercombinatoriakxplorationschemesandmoreimportantly theveryincomplete
statisticalschemdor estimatingthe templateandthe geometrionodelwhenthe deforma-
tionsareunobsered. In thedeformableemplateramenork trainingrequiressimultaneous
estimationof the templatedistribution aswell asthe deformationof eachtrainingimage.
Thisis of coursea chickenandegg problem.Oneneedgshetemplatemodelto computethe
deformationsandoneneedghe deformationgo estimatethe templatedistribution.

In Burl etal. (1998),a partdecompositiorof theglobalgrey level templates proposed
leadingto a generatre modelfor grey level imagesby a mechanisnsimilar to ours: a
geometriarrangementf ‘rigid' partswhoselocationsaredravn from agivendistribution.
Conditionalon this arrangementthe pixel valuesare assumedndependentthoseon the
supporif apartaregivenby aspeci®cgaussiamppearancmodel,thosein thebackground
aregivenby agenerid.i.d. gaussianmodel. However, to ensureawell de®neddistribution
overlapsare forbidden A similar type of modelinvolving local ‘rigid' models,i.e. parts,
but basedon edgescan be found in Crandallet al. (2005). The adwantagehereis the
useof edgesthat are photometricallyinvariant. It is very dif®cult to write a workable
modeldirectly on the gray level valueswhich is photometricallyinvariant. Moreover an
i.i.d constantmeanmodelfor backgrounds not very useful. However the preclusionof
overlapis a dravback of both approachesn that large areasof the objectare modeled
asbackground]eadingto alossin precisionanddiscriminatorypower. Furthermorethe
‘gaps'renderunsupervisedraining very problematic.Indeedin Crandalletal. (2005)the

centerof the partsaregivenby theuseron thetrainingimages.



With respecto theseapproacheshe main contribution of the POPmodelsis twofold:
(i) a simpleandef®cient training procedurefor the templatesandthe distribution on ge-
ometry (ii) the formulationof a densedatamodelexplaining all edgedataon the object

allowing for ®ne discriminationbetweersimilar shapes.

2.1.2 Deformable nearestneighbor approaches

In Hastie& Simard(1998)a nearesheighborapproachs proposedwith a distancethat
dependsboth on a deformationparameteiand a gray level distancemeasure. Thereis
no explicit de®nition of a statisticaldatamodel, but since sumsof squaresare usedas
imagedistance they areimplicitly usinga modelwhereconditionalon the deformation,
the gray level valuesare independentGaussiarnwith ®xed varianceand meanprovided
by thetemplate.This approacthis problematicfor genericgray level datasinceit doesnot
addresphotometriovariability andthedeformationsrerestrictedo theaf®neclass.There
is anattemptto obtainmoreef®cient classi®catiorby estimating templatesfrom clusters
of training examplesthis is not explicitly formulatedasa statisticalestimationproblem,
althoughmary of theingredientsarepresent.

In Wiskott et al. (1997) a distancebasedapproachs usedfor facerecognition,with
a geometriccostde®nedin termsof the distortionsof a graph,and a datadistancede-
®nedin termsof the distancebetweenthe outputsof a library of Gabortype ®lters - jets.
Recognitions alsobasedn nearesheighbors.

In Belongieetal. (2002)theimagedatais transformedo alabeledpoint procesavhere
eachpointis characterizethy a rathercomplex setof measurementdescribingthe distri-
bution of edgesin its neighborhood.The labelsor featuresaredesignedo berobustto a
wide rangeof deformation®f theobjectaswell asphotometricvariability. Oncethedatais
reducedo a point processthe deformationis expressedsa point match,thusgreatlyen-
richingthespaceof allowabledeformationsAgainthedistancas de®nedasacombination
of ageometrigpenaltyanda measuref how well thelabeledfeaturesmatch.

Thesenearesnheighborapproachesachof which hasbeenhighly successfulcanbe
viewed asassigninga templateto eachtraining example,thusrequiringintensve compu-
tation and extensve memory The distancesare not explcitly formulatedin a statistical



deformabletemplateframevork andare hencesomavhat ad-hoc. One conclusionof this
papers thatstatisticaimodelingandestimatiorproceduregield compactandef®cientrep-
resentation®f the shapeensemblege.g. handwrittendigits, faces,etc.) wheredistances
arede®nedn aprincipledmannetin termsof likelihoods.

2.1.3 Sparsemodels

Our approactsharessomeelementswvith sparsemodelsbasedon interestpoint detection,
(seeBurl etal. (1995),Amit & Kong(1996).)In Fei-Feietal. (2003),the authorspropose
a constellationmodelwherethe variability within an object classis representedy the
joint distribution onthe geometricabrrangemenndthelocal appearancef a ®xedsmall
family of interestpoints. It is importantto underlinethatin theseapproachespneis no
longermodelingthedistribution of a densesetof featuressuchaslocal edgesor graylevel
values. Ratherthe imagedatais transformedo a sparsecollectionof pointsusinglocal
®lters that ®re with low probability on genericbackground. The statisticalmodelis for
the transformeddata,which canbe viewed asa sparsdabelledpoint process.In Fei-Fei
etal. (2003)a principledprobabilisticmodelis proposedor the transformediatatogether
with a detectionandclassi®catiormecanisnbasedon computingthe maximumposterior
on constellations Furthermorehe learningalgorithmis formulatedassuminghe interest
pointsareunobsered.

The primary differencewith respectto the modelsproposedhereis that the sparse
modelsdo not provide a generatre modelfor the raw databut for the point processvhich
is computedorior to theobjectdetectiorandclassi®catiorsteps.In particulay notop-dovn
procesdriven by the currentposehypothesisn the detectionstepis allowedto look for
missinginterestpointsor moreinformative ones.Moreover, the averagenumberof points
detectedn animageaswell asthetotal numberof pointsinvolvedin anobjectmodelneed
to stayextremelysmallto avoid a combinatorialexplosionin the learningprocessandin
the detection/clasi®catiosteps. Sucha small numberof parts,andsuchdrastic®Iltering
of the original datawill not be suf®cientfor discriminatingbetweenvery similar classes,
asarisingin characterecognitionproblems,or to achiese very low falsepositive ratesin
detectionproblems.
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By contrastthe modelsproposecdheredirectly provide a "dense'datamodel for the
obsered edgemapseverywhee in an image and explicitely deal with the issueof the
overlap of local edgemodels. This allows us to make detaileddiscriminations. Indeed
sparsedatamodelscan be viewed as approximationsto the densemodel that can help

streamlinecomputation.

2.1.4 Denserepresentations

As indicated,oursis a densedeformableemplatemodel. Sinceclassi®catioror detection
requiretheestimatiorof thedeformationtheendresultis notonly aclasdabelor alocation
of the objectin the scenebut anexplicit mapof the modelinto theimage.A by productis
theidenti®cationof an objectsupport at the level of edgesjn termsof thoselocationsin
theimagewherethe modelprobabilitiesaredifferentfrom backgroundThisis illustrated
in ®gure9 for zipcodesand®gure 15 for faces.

In Borensteiretal. (2004)objectrepresentationareexplicitly learnedn orderto accu-
ratelyde®nea supportor a®guregroundsegmentation.Theirrepresentatiors alsode®ned
in termsof a collectionof overlappingparts,andin eachparttheregion correspondingo
objector backgrounds learned.Theauthorsusea graylevel datarepresentatiorut there
is no explicit statisticalmodelfor the data,andmulti-classproblemsor multi-objectscene
problemscannotbesolveddirectly in termsof probabilityratios. Furthermoreghesemod-
elsarelearnedn adiscriminatve framewvork - objectagainstackground.

In Leibe& Schiele(2003)andLiebe& Schiele(2004),aprobabilisticHoughtransform
baseddn scale-ivariantinterestpointsandscaleadaptve mean-shifis proposedor object
detectionandobject/backgroundegmentation.Eachinterestpoint castsa ‘probabilistic’
votefor different(object/location/scald)ypothesesThe useof predetectedhterestpoints
putsthis algorithmin the sparsecategory describedabove in thatthedatais transformedo
alabeledpoint procesgrior to processingHowevertheauthorsalsoproposea methodfor
determininga denseobjectsupport. The interestpointson a detectedbjectusea learned
“supportprobability map' relative to the point locationto castvotesfor pointsas object
supports. This approach althoughbasedon local patchesand a learnedsupport,again
doesnot stemdirectly from a clearlyde®nedstatisticalmodelfor theimagedata(object+

11



backgroundbr for thedistribution of interestpointsandtheir local appearance.
The statisticalformulation proposedhereallows us to extendingsuchapproacheso
dealwith competitiondetweersceneanterpretationgontainingseseraldeformableclasses

of similar shapesasin the zipcodeexperiments.

2.1.5 Comprehensve scenemodels

Themodelsdescribedbore mainly describeéhedataaroundoneor severalknown objects,
assumingat bestavery simplemodelfor off objectdata.Othershave attemptedo develop
more comprehensie modelsfor the "background'. In Gemanet al. (2002) the authors
arguefor aahierarchyof composition®f increasinglycomplex elements reusablearts-
leadingto a naturallikelihoodbasedchoiceof the optimalinterpretationIn their proposal
an interpretationinvolves not only the objectsandtheir posesbut an assignmenbf part
labelsto structuresn thebackgroundhatarenotassociatetb arny object. Despiteoffering
a comprehensie modelingframewnork thereremainsigni®cantchallengedrom the point
of view of trainingandef®cientcomputation.

In Tu et al. (2004)a comprehensie modelfor sceness proposedwithin the Markov
random®eld framewvork which is richer thanthe conditionalindependencenodelsused
here. However, suchmodelsarevery complex andareknown to posea signi®cantchal-
lengein training andin computation. The authorsproposea sequencef simpli®cations
andapproximationgo circumwenttheseobstaclesvhichinvolve theintroductionof classi-
®cationanddetectiormethodsasinitialization techniques.

Finally therehave beenattemptdo apply statisticalmodelsin the particularcontext of
handwrittencharacterecognition,seefor exampleParizeau& Plamondorn(1995),Revow
et al. (1996), Kim & Kim (2003), thesehowever are rather dedicatedto the particular
application.

2.2 Discriminati ve methods

The mostsuccessfumethodsreportedin the literaturefor discriminationbetweenrhighly

variableobjectclassesnvolve varioustypesof non-parametriclassi®erghataim directly
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at estimatingdecisionboundariesasopposedo datamodelsfor eachclass. For someex-

amplescoveringarangeof techniqueseeVapnik (1995)(SVM's), Amit & Geman(1997)
(Randomizediecisiontrees) LeCunetal. (1998)(Feedforvardneuralnetworks),andnear

estneighborapproachesiastie& Simard(1998),andBelongieetal. (2002). Thesetech-
niquesyield very high classi®cationrateson the MNIST dataset_eCun (2004). Their
successs dueto a combinationof factorsincluding novel learningalgorithms,judicious
choiceof invariantrepresentationffeatureslandcloselyrelated- a carefulchoiceof dis-
tancemeasureshatincorporatecertaingeometrianvariances.

Non-parametriclassi®catiortechniqueshatdirectlylearndecisiorboundariesretyp-
ically trainedin batchform. Nearesneighboralgorithmscanaccumulateadditionaltrain-
ing examplessequentiallyhowever oneis forcedto storeall training datain memoryand
computations formidable. Indeednearesheighbormethodsare usedmoreasa proof of
the power of certainsetsof featuresor certainchosendistances.Both the kernelbased
(SVM) methodsandthe sequentiaboostingmethodsusethe more dif®cult examplesto
de®nethe decisionboundariesThe formeractuallyusestheseexamples- amongothers-
to de®nethedividing hyperplanein thehighdimensionalmplicit featurespace.Thelatter
retrainsclassi®erstypically decisiontrees with higherweighton misclassi®edxamples.
As will beseerbelon themixtureof POPmodelsprovidesa simpleandnaturalframenork
for sequentialipdatingwithout needto storepreviously obsenedexamples.

In termsof scalabilityto large numbersof classesmost experimentsare performed
with severaltensof classe@at most.In Amit & Geman(1997)someexperimentsvereper
formedwith severalhundredsut sincethe classi®ergdecisiontreesin this particularcase)
aremulti-classit is necessaryo trainin thepresencef all theclassesn the®rstplace.On
the otherhandwhenthe classi®ersare producedas multiple object/non-objectlassi®ers
(the standardiorm for SVM's or boosting)the de®nition of the non-objectpopulationis
of primaryimportanceandthe relatve weightingbetweerthe differentobject/non-object
classi®erss asensitveissue.A closelyrelatedproblemis how to integratesuchclassi®ers
asmodularbuilding blocksfor resolvingambiguitiesbetweendifferentsceneinterpreta-
tionsinvolving several objects.Indeedtherelative weightingin the form of likelihoodsis

one of the direct advantagef the statisticalmodelingapproach.Finally it is often the
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casethatthe decisionboundariesleterminedoy theseclassi®ersare not easilyvisualized
nor canthey be easilyadapted.

The work in LeCunet al. (1998) developsa full systemfor readingstringsof hand-
writtendigits wheresegmentatiorandclassi®catiorarefully integratedoothin thetraining
stageandin the recognitionstage. However the underlyingprinciple in training is opti-
mizing on large numbersf parameteror the correctlabelingof trainingimagesof object

sequencegiencethe needfor very largetrainingsets.

2.3 Discovering parts

Therehasbeeninterestrecentlyin ®ndinglocalfeatures'parts” atvariousscalesvhichare
discriminatvefor objectsagainstackgroundSeefor exampleViola & Joneg2004),Ull-
manetal. (2002),Torralbaetal. (2004),Krempetal. (2002),andBernstein& Amit (2004).
In someof theseapproachegeaturesarediscoveredusingdiscriminatie rulesrelative to
a backgroundpopulation(seeViola & Joneg2004),Uliman et al. (2002), Schneiderman
& Kanade(2004)). In Torralbaet al. (2004)the featuresare jointly discoveredfor sev-
eral classesgainusinga discriminatve procedure Note thatin Ullman et al. (2002)and
Schneidermar& Kanade(2004) after the featuresare determined,a conditional Bayes
modelis usedto classifyagainstbackgroundln Bernstein& Amit (2004)the approachs
entirelymodelbasednodiscriminatie criterionis usedto choosdhefeaturesor createthe
objectmodels. In thesemodelsthe local featuresare computedn a feedforward fashion
from the edgesor the pixel intensities,and the distribution on the original datais never
modelednor is the original edgedataever revisited. To someextentit is possibleto view
thesepart basedmodelsasan approximationto the full modelon the edgedatawith the
hiddendeformationparameter

We believe that certainambiguitiescanonly be resohed with highly localizedsimple
featuresat the original resolution,andthereforeit is importantto be ableto write reason-
ablestatisticalmodelsat this level whichincorporategeometrianformation. Perhapsnost
of theanalysiscanbe doneat thelevel of complex featureswith minimal geometrianfor-
mation,but for sometasksthe original detailis important. This is consistentvith theideas

proposedn Ahissar& Hochstein(2002), whereit is suggestedhat lower level features
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Figure2: A sampledigit imagewith edgemapéor four of the eightorientations.The rst two are
horizontalwith oppositepolarities,andthe lasttwo arevertical with oppositepolarities. In black

aretheoriginal edgelocationsin grayarethelocationsafterspreading.

at higherspatialresolution for examplethosecomputedn V1 areusedin full detailonly
at a later stagefor re®neddisambiguation.Of coursein the initial bottom-upprocessing
they areusedin afeedforwardfashionto computemorecomplex featuresstoredon coarser

grids.

3 From Bernoulli modelsto Patchworks of parts

The datamodelwe proposeis basedon a setof binary orientededgefeatures(seeAmit
& Geman(1999)),computedat eachpointin theimagewhichis de®nedonagrid L. We
write X = fXe(X)jx2 L;e= 1, ;Eg,whereE = 8, correspondingo 8 orientations
atincrementof 45 degrees.Thesefeaturesare highly robustto intensityvariations.Each
detectededgeis spreadto its immediate3 3 neighborhood.This spreadingoperation
is crucialin providing robustnesgo small local deformationsandgreatlyimprovesper
formanceof ary classi®erimplementedon the data. In ®gure 2, we shov edgemapsfor
four orientationson a sampleimagefrom MNIST. In black arethe original edgesandin
gray arethe locationsafter spreading.The advantageof focusingon suchfeaturess their
applicability to mary typesof problems,characterecognition,detectionandrecognition
of 3d objects,medicalimaging (seeAmit (2002))aswell asreadinglicenseplatesfrom
rearphotosof cars(seeAmit etal. (2004)).

The Bernoullimodelin its mostgeneralform assumeshatthereexists a modelprob-
ability mappey;y 2 G onareferencegrid G, andaset of admissiblenstantiationsof

the objectwith somedistribution p( ). Givenonly oneobjectis presentin theimageat
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instantiation we assumehatthe edgesn the imageare conditionallyindependentvith
maiginal probabilitiesat eachpointx givenby ( pe)(X): In differentsituationswe canuse
differentde®nitionsof theinstantiations andtheoperation p. Forexampleif represents
a setof mappingsf theentiregrid G into theirgagelatticewe canwrite

2 e 1y if X2 G

pe(X) = P(Xe(X) = 3j ) = _
" Pe:bgd otherwise

(1)

wherepepga IS @ genericbackgroundprobability for edgetype e. The problemwith this
modelis that the spaceof mappingsis very large andthis posesseriouschallengesoth
for estimatingthe probabiity mapspe(y) when is not obsened andfor computingthe

mostlikely in testing.A majorsimpli®cationoccurswhenwe think of summarizinghe

namelythelocal subwindavs of the probabilitymaparoundy;.

Now imaginethatthe partQ; is ‘'moved' to the pointz;. Edgesat pointsin theimage
latticethatarenot coveredby ary of thewindows z; + W getassignedackgroungroba-
bilities. Edgesat pointscoveredby oneor moreof thesepartsareassignedhe averageof
the probabilitiescontritutedby eachof them,see®gure 1. Speci®callyfor eachx 2 L let
I (x) = fi : x 2 zy + Wg bethe setof shiftedreferencepointswhoseW neighborhood
coversx (see®gure 3 (C) for examplesof | ). For eachelementi 2 | (x) the maginal
probabilityassignedo X ¢(X) is

Qi;e;x z — pe;yi+X Zi:

We keepthe mainassumptiorthatin the globalmodelall thevariablesX ¢(x) areindepen-

dentconditionalon . The malginalprogabilityateachpointx is thengivenby

> P i N
pe(x) = P(Xe(x) = 2§ )= _ o7 2100 Quex 2 i1 ()i >0
>

" Pe;bed if jl (x)j =0,

(2)
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(A)

(B) (©) (D)
Figure3: (A) The probabilitymapfor horizontaledgesfor a 2 modelwith the referencepointsy;
in red. (A) For two different2's theoriginalimage.(B) Theestimatednap - shavn asredarrovs
indicatingthe shift of eachreferencepoint togethemwith avisualizationof | (x).Thedarker a pixel
themorepatchescoverit. (C) Theresultingglobal POPmodel(for horizontaledges)btainedby
patchingthe shiftedlocal models.

wherepe.nq iS a generichackgroundprobability for edgetype e. Thuswe areproposinga

patchworkof thelocal modelsusingthe pointwiseaverageof all local submodelsovering

thepointx. Hencethetermpatchworkof parts (POP) model.
TheglobalPOPmodelconditionalonthepoints isthen

Y Y
P(Xj)=PXjzy;:::520) = [ PO =™ pe(x)]® =0 3)

X e

with pe(x) de®nedin (2). Let = (Yi)i=1.:n, I.€. the original referencepoints. The
original probabilitymappe.,;y 2 G is givenby pe(y). Sincethewindows have notbeen
movedthe probabilitiesin the averagen (2) areall thesameandequalto pe.y.

In the left panelof ®gure 3 we show the probability map estimatedor class'2' (A).
For sample 2'-s we show theoriginalimage(B); Theoverlapsof thepatches thefunction
| (x) - andfor eachshifted patcha red arrowv pointing from the original referencepoint
z; to the new locationy; (C); The global POPmodeldeterminedby (D). Note how a
combinationof shifts of local modelscan accomodate variety of deformationsof the

original probabilitymap.
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3.1 Modeling the deformations

andvariances 1 PR on. Typically f will dependon the particularclassbeing
modeled.Ontop of theseclassvariationswe assume uniformdistributiong( ) on af®ne
mapsover alimited range centeredcaroundtheidentity map. Thedistributiong is thesame

for all classesThejoint distribution on edgesanddeformationss summarizeas

P(XX; ) =PXj )f()a(); (4)

where
P(Xj )=P(Xj z3;::15 z);
is givenby equation(3).
All togetherwe now have a generatre modelfor the edgefeatures:samplea con®g-
uration accordingto f ( ), sampleanaf®ne map accordingto g( ), placeeachlocal

modelQ; atits correspondingpoint z;. At eachpointx 2 L compute pe(X), according

3.2 Classclustersand Classi cation

OnePOPmodelmay not be suf®cient to describethe populationof a givenclass. There
arequalitative differencesn shapebetweensaydifferentinstanceof the digit 7 thatcan

not be accommodatethroughlocal deformationsof the parts. We thusmodeleachclass

e Z
Pe(X)= P(d) Pea(Xj )fca()a( )d d; )

d=1

tions.
One approachto classi®cationwould proceedby ®nding the classc that maximizes

the mamginal likelihood of the obsered datagiven by equation(5). This integrationcan
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be prohibitive, furthermoreit can be usefulto have an instantiationassociatedvith the

classi®cationWe thereforechooseo classifyby maximizing
Y= argmax, max maxmaxPeq(X] )fca( )o( ): (6)

In otherwords,assumingauniform prior on classesglassi®cations obtainedoy takingthe
classlabelfrom the maximuma-posteriorion classmodelandinstantiation.

In the next sectionwe describehow the probability modelfor oneclusteris estimated.
In sectiord.4we explainthemechanisnior estimatinghedifferentclusterdor eachclass,

andin section5 we explain how to ef®ciently computethe abore maximum.

4  Training

We describethe training of onePOPmodelfrom a giventrainingset. Onecouldervisage
simultaneouslyrainingthemixtureof POPmodelsfor eachclass put we preferto discover
the mixture componentsequentiallyasdescribedn section4.4.

A priori we do notknow which referencepointsy; to choosenor do we know the prob-
ability map.Intuitively areferencepointis onearoundwhich similar non-trivial structures
occurfor differentinstance®f the object. Furthermoreve wantthe collectionof windows

zi + W to cover all structuresof intereston the object, possiblywith someredundang.

neighborhoof eachsuchpointfor a possiblepart,i.e. alocal probability maparounda
referencepointy;. Thefull probability mapis never directly estimatedrathereachy;; Q;

is estimatedseparateharoundeachstartpoint x;. The estimateof thefull probabilitymap
globalPOPmodel. Namelythe estimatedoartsare patchedogetherwith locationsat the

estimatedeferencepointsy;. We returnlaterto the questionof whetherthis indeedcan

capturethe original probabilitymapthatgeneratedhe data.
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X+ U
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Xx+U

I (2) :
Z@HW

- -

Estimatedmodel
| ©®

X+ U

| @

2@+ W

Figure4: Right: lllustrationof estimationprocedure The subwindevs x + U andx + W centered
at startpoint x for threesampletraining images. The commonunderlyingstructureis foundin
imagel ) atz() + W (dashedine) wherethe shiftis givenast() = z(0)  x 2 V. Right: After

alignmentandaveragingthe correctmodelemeqges.

4.1 Training onepart model

Sincewe are dealingwith one part aroundone start pointt we remove subscriptsandto
further simplify notationwe assumeonly one binary featuretype X (x);x 2 L. LetZ
denotethe randomvariable describingthe location of the point of interestin a training
imageX . Givenastartpointx we consideronly dataX y. x from a®xedsubwindav U + x
whereW U andwe assuméghatZ + W x + U. Namelythe randomshifts of the
regionZ + W alwaysfall withinx + U. LetT = Z X, theshiftsT arehiddenvariables

takingvaluesin a®nite squareneighborhood/ of theorigin. seefor example®gure4. We
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assumehatgivenT thelikelihoodof thedatais

Y
P(Xu+ij;fp5952W;pbgd) = p;((X+S+T)(1 ps)l X (xts+T)
s2W %

Pa (L Pogn)® X (7)

s2Un(x+ T+ W)

i.e. the variablesX (s);s 2 U areindependengiven T andwe ignorethe fact that the
window x+ U maycontainadditionalon-objectpointsbeyondthesetZ + W. Themamginal
distribution on T is denoted . The unknovn parametersre thereforeQ = fps;s 2
W g; pogt, and . Thelog-likelihoodof asetof m trainingimagesx () with observedshifts

T hasauniquemaximizerat

1 X
A(t) = a 1f-|-(j):tg;t2V
j=1
1 . .
Qs = = XD(x+TO+s);52W
j=1
1 o X ()(s)
= — X V/(s):
Poot = G0 W)

=1 s2x+ T +wW

And we cansetthe correspondingeferencepointy to be
X

y=Xx+ t 2 VA(1):
However, sincewe donotobsere T 1), thelik elihoodof theobseneddataX () hasthe

form of amixtureover all possibleshifts:

X
P(Xu+xiQ;Pogss ) = ()P (Xy+xjt; Q; Pogd)

t2v
We arenow in the classicalsettingof estimatingthe parametersf a mixture distribution.
An importantuniquefeatureof the presentsettingis that the distributions of the compo-
nentsof themixtureareshifts' of eachother thusmoredatacanbe pooledto estimatethe
parametersT he standardnethodfor ®nding alocal maximumof thelik elihoodis the EM
algorithm,seeDempsteret al. (1977),which we describebelow, assumingor simplicity
thatthe startpointx = 0.

We generatéterative estimatesQ ; pgg)d; " asfollows.
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e P .

1. Initialize Q¥ = = XU(s);82 W,
- 1 P

pbgd m(uUj] Wj)  s2unw

O(t) = 15Vj;t2 Vv

P .
[ X0)(s):

2. For eachtrainingpointj andshiftt 2 V, compute

o PO Q(‘)-p“’) O(t)
P QO p) Ot

PEX Q0 bl ) =

A simpli®cationoccursif thenumeratomanddenominatoaredivided by

Qszu Pod RO pog)t XO); yielding
Y

Ps x 1 Ps = Ps 1 xe.

P(t; Xu;Q;Poga; )/ (1)
ow Pog 1 Pog

(wherewe have omittedthe superscriptgj ) and(l).)

3. Compute X
. 1 .
(C+1) (t) — E p(tJX(J) Q() pbgd’ ()):

j
\ 1 X X Y e e
QL™ = - PiX$: Q0 phay )XWt +s);s2 W
2V j
1 X X X . . i _
Phgi” = maui Wi P(tiX $5Q0;plh )XV (t+ s):
Y1 W) t2V. ] s2un(t+Ww)
1 "+ 1,goto2.

Thecorrespondingeferencepointy is setas
X .
y=x+ t2VrO():

After a small numberof iterationsthe probabilitiesQ{" corverge and are recorded
for eachpart. Typically after a few iterations,for eachtraining image the distribution
P(tiX 3’ QO); piay) is highly pealedatoneparticularshift wherethe commonstructureis

found,asshavnin ®gure4.
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Figure5: Resultsof training. Probabilitymapsfor a horizontaledgetype. High probability areas
aredarler. Top left: Meanglobalmodelfor the A" symbolin the IATEX dataset.Top right: Mean
globalmodelwithoutiterations.Bottom: Samefor thethe 0" digit in MNIST. (Seealso gure 11)

4.2 Mean global model(MGM) and inter-part consistency

Themeanglobalmodelis obtainedoy applyingthe patchwork operationwith theestimated
partsQ; atthereferencepointsy;. Namelythe maiginal probabilitiesat eachpointin the

referencegrid areobtainedthroughequation(2) usingthe estimatedartsQ; with z; = ;.

This canbeviewedasan estimateof thefull probability mapassociatedo the classunder
theBernoullimodel.

The meanglobal modelfor two characterss shavn in ®gure 5. On the left for one
type of edge(horizontal)is the resultwith the EM iterations. On the right is the result
with no iterations,namelyeachpartis obtainedby taking Q(so) obtainedwith no shifting.
Thealignmentgeneratedby thetrainingprocedurgroducedgar moreconcentratednodels

23



LT |
e gl

Figure6: Left: Meanglobalmodelfor 7's Dark - high probability Right: Thelocal modelsof the

seven,usedto computdeft panelshavn displacedor visualization.

wherelocal variability hasbeenfactoredout. As shawvn in the resultssection,this leads
to signi®cantimprovementsn performancesincethelik elihoodcontrastbecomesharper
Similar displaysfor facesareshovn in ®gurell.

Note thateventhoughthe local modelsaretrainedseparatelythey patchtogetherin a
consistentnannemwhenplacedat the estimatedeferenceoints- the MGM “looksright'.
As anadditionalillustration,in ®gure 6 we shav the MGM for thedigit 7' togetherwith
someestimatedocal models(slightly displacedrom their original location.) The darker
areasarethoseof higherprobability For easeof presentatiorihesemodelsweretrained
with a singlebinary feature,which is presenif the gray level valueis above a threshold.
Again the MGM looks exactly like a seven. Placingthe partsat the estimatedeference
pointsy; yields a consistenpart con®gurationin the sensethat the distributionsinduced
ontheoverlapregionsby severaloverlappingpartsarevery similar. Hadthis not beenthe
case,the modelwould appearvery blurredanddiffuse. The training algorithmis trying
to explain the datain windows aroundtwo nearbystartpoints,andthe consisteng in the
imagedataacrosghesewindows forcesthe estimatednodelsto patchtogetherconsitently
if placedatthecorrectlocations.

The resultingMGM is a probability mapon the full referencegrid andhencecanbe
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viewed as an estimateof the underlyingprobability map which generatedhe data. An
indicationthatthis is a reasonablestimatehasto do with the factthat the local models
canbe ‘reread'from the MGM. In otherwords,insteadof keepinga recordof eachof the
estimatedocal modelsQ;, we cankeeponly the probabilitymapdeterminedy the MGM.
Thelocalmodelsarethenreadoff by extractingtheprobabilitiesin subwindavsaroundthe
referencepointsy;. Theresultinglocal modelsarenotidenticalto theoriginalones put are
closeenoughandtheresultingclassi®catiorratesareessentialljthe same We emphasize
thatthis would not have beenthe caseif neighboringlocal modelswerevery inconsistent
ontheregionsof overlap.Theprobabilitiesof theMGM ateachpointin theoverlapregion
would beanaverageof two very differentprobabilities.Thelocal modelswe would reread
would bedifferentfrom the original ones.

4.3 Estimating the distrib ution on deformations

We estimatehejoint distribution onlocationsf ¢( ) asfollows. Re-loopthroughthetrain-
ing datawith the estimatedPOPmodel. For eachexampleand eachpart p;.w , cOmpute
zi(”; the optimal local placemenbf parti asdetailedin section5 belov. Usethe sam-

ple () :j = 1;:::;m to estimatethe covariancematrix, for the joint Gaussiarcentered

bution hasa smallpositive effectontheerrorrates.A morejudiciouschoiceof distribution

onthedeformationsandits estimationproceduranayyield moreinterestingresults.

4.4 Learning mixtur e models

Our goalis to enablearny modelwe developto evolve asmoredatagetsprocessedThe
ideais to ervisageeachclassasa mixture of POPmodels,and have the numberof mix-
ture componentandthe parametersf the mixture component&volve asadditionaldata
is introduced. This is a non-trivial taskand very little canbe found in the literatureon
sequentiatlustering.We describea rathernaive approactthathasperformedremarkably
well.

Givendatafrom oneclasswe traininitially onasmalltrainingsetT, of sizeM »x and
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produceone POPmodel P, from this dataset.For this modelwe computethe meanand
standarddeviation o; ¢ of thelog-likelihoods o(X);X 2 T,. Any “problematic'data
pointin Ty with log-likelihoodonestandarddeviation belonv themean- "o(X) < o 0
- is addedto a new list T;. Now asadditionaldatapointsX arrive (not from the original
setTyp), we evaluate (X ) andaddto T, only thosefor which "o(X) < ¢ 0. Once
thesizeof thislist jT1j = M.« estimatea POPmodelP; from this datasetandestimate

1; 1. All pointsin T, arealreadybelow thresholdfor the model Py. Thosethat also
fall below thresholdfor P, areusedto starta new list T,. New datapointsthatfall below
thresholdon all existing models(in this casePq; P,), areaddedto T,, andsoon. In this
manneradditionalmodelsare addedoncea suf®cient numberof pointshasaccumulated
whoselik elihoodis belown thresholdfor eachof the currentmodels.Thisis summarizedn
thefollowing pseudo-code.

1. SetDb=0.Tg=;.j=0.
2. While jToj < M max
If gXW)y< 4 gforalld= 1;:::;D
addX () to Tp.
Endlf
=i+
EndWhile

3. Estimatehe POPmodelPp from Tp, andestimate p; p fromTp.

4. Initialize Tp +1 with all elementsn Tp for which 5 (X) < p D.

Gotol.

Notethatj is neverreinitializedandthe maximumnumberof pointsstoredatary stage
is Mmax - Clearly asthe numberof modelsgrow the rateat which the “bad' setgrows is
slower andslower. Effectively we aretraining with only a very small subsetof the data
points,sincealreadyafterthe ®rst setmostpointsareabove threshold.

In ®gure 7 we shav two of the modelsestimatedor the class?. It is encouragingo
seethatthe secondclusterhaspicked up sevensthatarequalitatively differentfrom those

representetly the®rst, i.e. Europearsevenswith a crossbar.

26



Figure7: Sevenmodels: The MGM's for two seven clusters.Dots shav the referencepointsy;.

Left: probabilitymapsfor horizontaledges Right: probabilitymapsfor verticaledges.

5 Computation

Computingthe global maximumin equation(6) is dif®cult. In practicewe will limit our-
selvesto ®nding a local maximum. So far we have implementedthe following simple
approximation.

Givena particularPOPmodel(correspondingo a particularclasscluster) for eachpart
modelQ;, startfrom thereferencepointy; andperformalocal searchin its neighborhood
for z; maximizingthe likelihoodratio of the local model Q;.w (X ,+w) to a background
model, disregardingthe otherparts(i.e. ignoringthe overlaps,andthe joint distribution
f ( )). Speci®callywe usethe searchmeighborhood/ of section4, (seealso®gure4) and
thelargerneighborhoodJ which containsary possibleshift of W by anelemenbf V. Let

Pe:bgd = Ne=jUj Wheren, is thenumberof instance®f edgetypee. We view p,y asalocal
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estimateof the probability of edgee outsidetheregionz + W.

Simply maximizing Q; (X ,+w) overz 2 y; + V would imply that likelihoodsover
differentobsenationsarecomparedInsteadwe write the samemodelfor the xed region
U asin equatiory of sectiord, whereontheshiftedsubwindav z+ W we have probabilities

from Q; andon theremaindeiprobabilitiespe.pgi.

2 3
¥ 4Y X e(s+2) (1 Xe(st+2) Y X e(s) (1 Xe(s)5
Qi (X Us Z) = pe;s;i (1 p6;S;i) € pe;bgj (1 pe;bgd) ¢
e=1l s2W s2Unz+W
8)
Dividing by a backgroundmodel
¥y X e(S) (1 Xe(s))
ngﬂ(xU) = pe;bgj (1 pe;bgjl) € ; (9)
e=1 s2U

which doesnot dependon z, the the ratio simpli®esto a productover thedatain z + W

alone:
2 QiXy;2) _ ¥y Pe;s;i Xelor2) (1 Pesii) . xe(s+2)).
T2 = QlX0) @ Peosd) 4o
Qog(Xu) ow Pebd (1 Pebg)
Thus
Z = argmax,,, .y 10gJi(2): (12)
After local optimizationfor eachpointuse = (z;;:::;z,) to computethefull likelihood

underthe POPmodelasgivenin equationg3), (4). Thusthefull conditionaldistribution
involving the overlapsandthe termf ( ) is computedonly after the maximization. One
caniteratively maximizethefull likelihood,computinga local maximumfor z;, giventhe
currentlocationsof all otherpoints. This is muchslower anddoesnot seemto yield ary
improvementin performance.

6 Experimental Results

In thissectionwetry to illustratetheusefulnessf theproposediatamodelsandassociated
training proceduran a numberof applications.Dueto spacdimitations not all detailsof
theimplementatiorcanbe provided.
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Edgespreadingvindow -3 3
Partsize(W)-9 9
Overlapparametedeterminingnitial pointgrid- = :5
SearcmeighborhoodqV) -11 11

Numberof iterationsin EM - 10

Numberof datapointsat which additionalmodelis estimated M ,ox = 10

Tablel: Default settingof algorithmparameters.

6.1 Classifyingsegmentedigits

We presentetailedexperimentson the MNIST datasetto explore the dependencef the
algorithmon several of the modelparametersThe default parametersrede®nedin table
1.

Computing the af ne component- normalization

Sincethedistribution g on the afl®ne componentloesnot dependon the classwith aview
to reducingthe computationaload, we assume canbe computeddirectly from the data
without using ary particularmodel. Thusinsteadof "deforming' the modelby asin
equation(4) werenormalizehedatato theidentity pose.Firstthecenterof masgmy; my)
of all detectededgelocationsis movedto the centerof theimage(cy; c,). For eachedge
locationwesubstitutex ! x my+c;y! y my+ ¢ Slantis correctedoy computing
byx - theslopeof theregressionine of thex coordinate®tted onthey coordinate®f the
edgelocations,andsubstitutingk ! x bx(y ¢,). Finally afterdeslantingve compute
the standardieviationss,; s, of the edgelocationsin eachcoordinateandscaleseparately
in eachcoordinateby r=s;; ry=s, wherer, andr, arepredeterminedonstantslescribing
theaveragewidth andheightof the edgecloudsproducedy sampledigits.

Remark: The above proceduras clearly sensitve to noiseandclutter, andis viewedasa
computationakhortcut.A full minimizationover ;z is costly Ontheotherhand,coarse
to ®ne approachegseeFleuret& Geman(2001),Amit etal. (2004))have yieldedaccurate
af®ne poseestimatesery ef®ciently, someof theseideasare usedin the experimentson
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Trainingdata| Avg. clusters| Errorrate | Errorrate| SVM
perclass perclass with f withoutf | errorrate
10 1 6.5 6.05 12.61

30 2.6 3 3 6.17

50 3.4 2.46 2.58 4.18
100 4.1 1.96 2.14 3.02
500 8 1.52 1.85 1.47

Table2: Right: Classi cationratesasfunctionof numberof trainingdataperclass.Middle column
indicatesnumberof clusterdoundin eachclasswith the sequentiatlusteringalgorithm.We report
error rateswith the prior on andwithout, aswell asthe bestratesachieved with SVM's on the

sameedgefeatureqUsingaquadratickernel).

readingzipcodesvherethis normalizationis not possible.

Err or ratesasfunction of training setsize

The ®rst questionof interestis the evolution of the error rateswith the training setsize.
Thisis summarizedn table2. The classi®catiorresultsarefor atestsetof 10,000where
themamgin of erroris about.17%. Theerrorratestartsat 6% with 100trainingdata,i.e. 10
perclasswith 1 POPmodelperclass,to 1:5% with 5000training data,i.e. 500 per class
with on average8 modelsper class. Note thatthis meanghatthe modelswere estimated
with about80 samplesper classof the 500 available. Ignoring the joint distribution on
shifts the rateis 1.85%. With 1000training images(100 per class)the error rateis just
under2% (1.96%). Without thejoint distribution on shiftsit is justover 2% (2.14). In this

experimentthe estimatedoint distributionf seemso have a smalleffect.

Stability with respectto the training set.

The modelsreportedin table 2 were trainedwith the ®rst (100,300,1000,5000)aining
examplesof the MNIST training set. Of interestis the stability of the resultswith respect

to variationsin thetrainingset.For samplesize300- 30 perclass- wetrained25 classi®ers
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Trainingdata| No. of Clusters| POPErrorrate | SVM errorrate
100 5 1.75 3.02
500 20 1.11 1.47
1000 30 .8 1.15

Table3: Classi cationresultswith non-sequentiatlusteringusingall availabledata.

ondisjointsubset®f thetrainingset. The meanclassi®catiorratewas3.1%with standard
deviation .3%. Thisis anencouraging®@nding. Despitethe very smalltraining setsize,the

varianceof the®nal classi®catiorrateis very small.

Comparisonto non-parametric classi ers.

For the smallersize datasetd 0-100per class,the resultsarefar betterthanarnything we
wereableto achieve with non-parametriclassi®catiormethodsuchasSVM's or boosted
randomizeddecisiontreeson the sameedgefeatures,seelast column of table2. The
3% errorratereportedfor 30 examplesper class,andthe 2% error rate reportedfor 100
examplesper classarecompetitve with mary algorithmslistedin LeCun(2004)thathave
beentrainedon 6000per class. The resultsbecomeindistinguishableasthe samplesizes

increase.

Non-sequentialclustering

Theclusteringalgorithmdescribedabove is appealingoecausef its sequentiahatureand
the ability to updatethe modelas more datais obsered. However for optimal resultsit
may be preferableo estimatethe clusterssimultaneouslyrom all the availabledata. This
is dif®cult to do in our context becauseof the fact that the instantiationparameter is
unobsered. However usinga coarseapproximatiorto the POPmodelin termsof a ®xed
library of local partsasproposedn Bernstein& Amit (2005)we canimplementan EM
type algorithmto estimatea prede®nechumberof clusters.Thenusingthe dataassigned
to eachsuchclusterwe estimatea POPmodel. This improvesthe resultsfor the larger

training setsizesassummarizedn table3.
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With only 1000training points per class,usinglik elihoodratio basedclassi cation

with no discrimination boundaries,we achieve a stateof the art error rate of 0.8%.

Computation time.

Computatiortimeis about.09 perimageperclusteronaPentiumlV 3Ghz,for example20
imagespersecondvith ®ve clustergerclass.Thusasthenumberof clustersgrows classi-
®cationslowsdown. Oneremedyis to usesimplermodelsto detectthetop 2,3 classesFor
examplewith the modelsmadefrom 30 examplesper class,with 2-3 clustersper classthe
top 3 classearecorrectlyidenti®edfor 99.6%o0f the data.Usingsomecon®dencedhresh-
old the more intensecomputationsusing more clustermodelscanbe performedon only
the ‘uncertain’examples.Ultimately this classi®catiormethodshouldbeincorporatedn a

comprehensk coarse-to-®neomputation.

Varying parameter settings.

At 100 examplesper classwe experimentedwith someof the parametersettings. We
summarizeheresultsin table4 wherethe modi®edparameteralueis indicatedall others

beingatdefaultvalue.

VariedParameten Default | Noopt. | NOEM | Mppax =40 W =6 | W = 12
iters. w/wo f
Errorrates 1.96 10.1 3% 2.04/2.35 | 2.79 2.44

Table4: Comparingerrorratewith default parameterso individual parametechanges.

First we shav the importanceof optimizing on the locationsz;. If the likelihoods
arecomputeddirectly at the meanlocations,i.e. the searchneighborhoodvV = f0g, the
classi®catiorratefallsto 10.1%. Theclassi®catioris highly dependenbn Maxing outthe
deformatiomuisanceparameter!

It is possibleto estimatethe local modelsassuminghereareno shifts. In the window
Xi + W aroundeachstartpointx; estimateheedgeprobabilitieswithoutary shifting. This

yieldscrudermodels,(see®gure5) with highererrorrates- 3% (insteadof 2%) - whichis
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Figure8: Examplesof randomlydeformedatex symbols.Left, arandomsamplefrom the entire

trainingset.Right: 30 randomlydeformed4's & sand[.

still respectabléor thistrainingsetsizebut s signi®cantlylowerthantherateobtainedwith
the original model. It shouldbe recalledthatthe momentbasedprealignmenperformed
ontheedgedata,asdescribedn section6.1 alreadyyieldsgoodlocal alignment.

We alsotried increasingthe value of M ,ox Which determineshe numberof points
neededo estimatea nev POPmodel,the numberof modelsper classdroppedfrom 4.1
to 2.6. This led to a very slight decreasen performance.lt is interestingthat in this
settingtherewas a somavhat larger drop in classi®cationrate when the distribution on
deformationss ignored. With moreclusterspart of the geometricvariationis coveredby
the differentmodelsandthe constraintson the deformationcapturedoy the distribution f

areredundant.

6.2 Largenumbers of classes IATEX characters

This experiments primarily meantto testthe scalabilityof this methodto largenumberof
classesWe emphasizegainthateachclassmodelis learnedseparatelyandclassi®cation
is basedon simplelik elihoodcomparisonsWe useessentialljthe sametype of datasetas
in Amit & Geman(1997)or Amit (2002). A sampleof deformedatex symbolsis shavn
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in 8. We usedthe default parametershowvn in table 1. With 10 examplesper classthe
errorrateis 7.8%. With 30 training examplesper classfor eachof the 293 classesand 2
modelsper class,the error rateis 3.7%, againessentiallythe sameasthat achiezed with
multiple decisiontreesandreportedn Amit (2002).In this examplesincewe do notapply
thenormalizationdescribedn section6.1thereis amuchgreaterdecreasén theerrorrate,
down to 10.7%.,if trainingis performedwith no shifting,i.e. V = f0g.

6.3 Readingzipcodes

We have run preliminary experimentson the applicability of the digit modelsto parsing
a ‘scene'i.e. readingzipcodes.The goalis to performa likelihoodbasedabelingof the
zipcodeavoidingary preprocessingr pre-sgmentation Thedigit modelsaretrainedfrom
theisolatedandsegmentedMINIST dataset.However the zipcodedigits appearat widely
differentscales(at least2:1) - evenin the samezipcode. Thusinsteadof estimatingone
POPmodelfor eachclasscluster we estimatea numberof modelswhereall the datain
theclusteris simultaneouslgcaledor slanted.In this way we avoid thenormalizationstep
describedabore which would requirepre-sgmentatiorof the individual digits andcanbe
quitesensitveto noise.All themodelsareestimatedvith 500digits perclassfrom the®rst
5000MNIST trainingdigits. Thereare20 clustersper class,and4 scalesand3 slantsper
cluster

An initial coarse-to-®neomputation®nds candidatedetectiondor all 10 digits, using
very conserative thresholds.Typically this will resultin a setof 2-3 hundreddetections
denotedD. Eachdetectioncomeswith a classlabel c, a modellabel m, a locationx,
aninstantiation anda supportS - the setof imagepixels for which the assignedcedge
probabilities pe(x) (seeequation(2)) aredifferentfrom thebackgrounakdgeprobabilities.
Themodelm refersto a particularclustermodelfor classc. For someexampledetections
andtheir supporton a samplezipcodesee®gure 9. Note that dueto the mary different
scalesandslantsat which the digits appeartherecanbe mary detectionson a particular
partof the zipcodethat ‘make sense'unlessthe full context of the interpretations taken

into account.
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Figure9: Thesupportof severaldetectionsonazipcode.
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Figure10: Top: Optimalinterpretatiorwith supports Bottom: Next bestinterpretation.

An hypothesidor theinterpretatiorof the entirezipcodeinvolvesa quintuple:

The edgedataof the entire zipcodeconditionalon suchan interpretationis modeledby
concatenatinghe individual datamodelson the union of the supportsS = [ ;S;. Onthe
complementS® the edgesare againassumedndependentith backgroundorobabilities.
Onregionswherethe supportsoverlapwe caneitherusethe overlaptrick, or simply pick
the probabilitiesassignedy oneof thetwo models,accordingto somepreassigneadrder
(sayfrom left to right). Let T; = [}:1 Sj; then

PO P Y 0 1 g R
P(Xjbgd) ~

; (12)

e x2snT ; pe;bg:i 1 pe;bg:i

(seeAmit etal. (2004)for moredetails). The goalis to ®nd the mostlikely interpretation
from amongall quintuplesof D. In oursetting,sincethedetectiondaveto bearrangedn a
linearfashion|t is possibleto computethe optimalinterpretatioref®ciently with dynamic
programmingon a ®ve nodegraphwhereeachdetectionis a possiblestateat any nodein
the graph. Clearly the linear constraintsule out mary con®gurations.The top panelof
®gure 10 shonvsthe optimalinterpretatiorfound by the dynamicprogramming.
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Wetestedheresultsonasetof 1000zipcodesrom the CEDAR database No segmen-
tationor preprocessingf ary kind is performed.We obtaina correctzipcoderecognition
rate of 82%. A simple modi®cationof dynamicprogrammingcanyield the top K most
likely interpretations.The bottompanelof ®gure 10 shav the secondbestinterpretation.
For 94% of the zipcodeghe correctlabelingwasamongthetop 10. Furthermoreusinga
simplerejectioncriterion comparingthe lik elihoodsof the top two interpretationsye get
96%correctwith 50%rejection.Computatiortime onaPentiumlV 3Ghzis 8 secondper
Zipcode.

Thereis not muchliteratureon readingzipcodesn recentyears. However comparing
to the literaturefrom the mid to late 90's this initial resultis within the rangeof results
obtainedby very dedicatedalgorithms.Someresultsarepresentedh table5. Notethatthe
trainingandtestingdatasetarenotthesamesoit is hardto provide anaccurateomparison.

Author n correctatOrej. | % correct| % rej

Haetal. (1998) 436 85% 97% 34%
Palumbog& Srihari(1996) | 1566 96.5% | 32%
Wang(1998) 1000 72% 95.4% | 43%
POPmodels 1000 81% 96% 50%

Table5: Comparisorof zipcodereadingrates.

6.4 Faces

To verify whetherthis modelis applicableto gray level objectsthatarenot line-drawvings
we performeda facedetectionexperiment.Using the ®rst 300 imagesof the Olivetti data
setwe trained5 facePOPmodelsat .3 of the original scale- on averagel0 pixelsbetween
the eyes. As in the zipcodeproblem,to accomodatealifferentscaleswe simultaneously
scaledtheimagesn eachclusterat.27,.3 and.33to createscaledversionsof eachmodel.
Thusin total thereare 15 POPmodelsfor faces. In ®gure 11 we shov the meanglobal
modelfor oneof the facemodelsat scale.3. For comparisonwve showv the global model
obtainedif no EM iterationsare performed,this simply recordsthe edgeprobabilitiesat
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eachpixel overall trainingfacesn thecluster with no local shifting. Theformermodelis

muchsharperor equialently haslower entroyy.

.
-

Figurell: Toprow: Globalmeanmodelfor afaceclusterwithoutEM iterations.Left, horizontal

L
-

edges right vertical edges. Bottom row: Global meanmodelsafter EM iterations. Dark means

higherprobability

Using anef®cientbut crudefacedetector(seeAmit (2002))we obtaincandidatdoca-
tions/scalegor testingthe POPmodels. Thesedetectorsarebasedon the sameedgesand
arecoarseapproximation®f the POPmodels.At eachcandidatevindow we useanadap-
tive estimateof the backgrouncedgeprobabilitiespe.pg, andde®nea homogenoudack-
groundmodel assumingconditionalindependencef the edgeswith the samemaiginal
probabilitieseverywherein the window. Using a likelihoodratio testof the MGM's (no
shifting) to backgroundor eachof the 5 modelsandeachof the 3 scaleswe pick the best
model. This doesnotinvolve theintensive computatiorof optimizingthe shift of eachpart

in the POPmodel. Only atthe chosemmodeldo we computethe optimalinstantiation as
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Figure12: ROC curwe for facedetection X axis- numberof falsepositvesamongl30images.Y

axis,fractionof detectedaces.

explainedin sectionb.

Finally the likelihoodratio of the ®tted POPmodelto thelocally adaptedackground
modelis comparedwith a thresholdto decideif the candidatedetectionis a faceor not.
Varying this thresholdyields and ROC curwe presentedn ®gure 12. We testedon the
combinedCMU MIT testsetsof uprightfaceqtestA,testB,testC).In testingwe excluded
a coupleof upside-davn cardfaceswo pro®lesandseveral charicature'or line draving
faces(not the playing cards)leaving 490 “faces'. The imagescontainingthe excluded
facesremainin thetestsetfor falsepositive rates,andto detectthe otherfacesthat might
occurin theseimages. Thereare 130imagesin the testset. The resultsare not asgood
assomereportedin the literature. At afalsenegative rate of 12% we have approximately
250falsepositivescomparedo around80reportedor examplein Viola & Joneq2004)or
Schneiderma& Kanadg2004).Howeverall othermodelshave usedexplicit trainingwith
large numbersof facesandevenlarger numbersof backgroundmages.The interesthere
is thatthe facemodelsaretrainedwith only 300 faces,no backgroundandyet a simple
likelihoodratio testto anadaptve backgroundnodelhassomuchpower.
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Figure13: Somefacedetectiononimagesrom the CMU-MIT dataset.

Someimageswith detectionsa few false positvesand falsenegativesare shovn in
imagel3andl14.

In additionto a location and scalewe obtaina full instantiationof the face. As an
examplein ®gure15 (A) we shawv the subimageof a detectedacefrom the upperlefthand
panelof ®gure 13, togethemwith the shifts of the referencepoints(B), andthe global POP
modelfor thehorizontaledgeqC). Note how the deformedprobability modelis adjusting
to thefactthatthefaceis partially rotated.Thelower panelof the ®gure shovs the support
computedor eachof thefaces.
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Figurel4: Someadditionalfacedetections.

7 Discussion

We haveintroducedanew classof statisticalobjectmodelswith rathergenerabpplicability
in avarietyof datasets.Thesanodelsdescribeéhedenseorientededgemapsobtainedrom
thegraylevel data,andassumendependenceonditionalon theinstantiation.The advan-
tagesof statisticalmodelingandlik elihoodbasedclassi®catiorhave beendemonstratedt
severallevels: (i) robustestimationof modelsfrom small datasets(ii) easyscalabilityto
large numbersof classesandnew datafrom existing classes(iii) stateof the art classi®-
cationrateson the MNIST handwrittendigit datasetiv) compositionof objectmodelsto
scenemodelsfor zipcodereading(v) facedetectionthroughlik elihoodratiosto adaptve
backgroundnodels.

One inherentdravback of the currentmodelsis sensitvity to rotationsbeyond say
+=15degrees.We allow only shifts of the partsbut whenan articulatedcomponenof
the objectundegoesa signi®cantrotation or skew, the probabilitiesof the edgesat each
locationcanno longerbe representedsa shift of the original model. Currentlythis can
be accomodatedhroughan additionalclusterin the class. An alternatve is to ‘rotate'
the modelsby estimatingtransitionprobabilitiesbetweenedgetypesasa function of the
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(A) (B) (©)

Figure 15: Top. (A) The subimagearounda face. (B) The shifts of the referencepointsrelative
to the hypthesizedtenterof the detectedace. (C) The resultingglobal POP probability mapfor
horizontaledges Bottom. Supportof globalPOPmodelsfor the vefaces.
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rotation. Anotherpossibilityis to develop partmodelson evensmallerwindows, basedn
theoriginal graylevel data,wherephotometridnvariances explicitly modeledhroughthe
meanlevel in eachwindow. It is easielto rotateanactualimagethanto rotateanedgemap.
In generait would seemusefulto pursuethe possibility of graylevel POPmodels.

In thecurrentimplementatiora differentpartmodelis trainedfor eachpoint of interest
for eachclusterof eachclass.Somepreliminaryexperimentatiorhasshovn thatmary of
thesepartsarevery similar, andthatthe estimategartscanbereplacedy representaties
from a relatively small library as described. This raisesthe possibility of discovering a
universalfamily of partswith whichall modelsaretrained.This hasbeenpartially explored
in in Bernstein& Amit (2004)wherea setof partsis estimatedrom unlabeleddata,and
arethenusedin afeedforwardframenork. Namelyeachpixelis labeledby themostlik ely
partandall the partsfrom eachneighborhoodiremeigedontoonepixel onacoarsegrid.
Thisis thentheinputfor the objectmodelsandlik elihoodbasedclassi®cationWe believe
that thereis placefor a statisticalmodelintegratingthe two levels: the part basedevel
andtheedgebasedevel into oneconsistenhierarchicaimodel. This type of modelshould
bene®tffrom theinformationcontainedatbothlevels. Thecoarsepartbasednodelscanbe
viewedasthecoarsestepin acoarsdo ®nehierarchythuspointingto apossiblantegration
of the hierarchicaimodelswith the CTF methodology
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