Stat 246 Homework V - Solution

CA: Darongsae Kwon

1 [60 points]

(@)

The joint distribution ofXp, X1, X> has the following form.

ceC

P(x0, X1, %p) = % exp[Z wc(xc)],

whereC = {(0, 1), (1, 2)}, the set of all maximal cliques. The normalizing constéig

Z Z Z exp(aXoXy + aX1Xo)

Xo X1 X2

Z Z{l + explaxo + axo)}

X0 X2

z

D 12+ expxo) + expxo + a))
Xo
5+ 2exp) + exp(2).

The marginal distribution oiXg is

P(Xo)

DD P00, 1, %)

X1 X2

Z Z exp(axoX + ax1Xz) /Z

X1 X2

2 + explXo) + expl(Xo + 1))
5+ 2exp@) + exp(Zy)

(b)

We have the joint distribution oXg, X1, X2 given by

exp@XoXs + aX1Xo)
5+ 2exp) + exp(2r)
exp@(Xoxy + X1 X2 — 2))
5exp2a) + 2expla) +1°

P(xo, X1, X2)




Therefore,

1
P(Xo, X1, X2) — g @sa-— 0,
1, ifxg=X =X =1,
P(xo0, X1, X2) — X . ! 2 as a — oo.
0, otherwise

(©

11
Suppose the rows and columnsMf = [ Le ] are indexed by A, that is,Mgo = Mg1 = M1p = 1 and

My = €. Then we haveMy, x,,, = exp@X;Xi,1). Since AB); ; = X x AixBy j for anyA, B, we have

z

Z exp@XoXy + axyX2)

X0,X1,X2

Z Z MXo,Xl MXl,Xz

X0, X2 X1

Z M>2<0,X2

X0,X2

which is the sum of all entries d¥2.

(d)

For the graplG overn variablesXq, ..., X,_1 with edges only between consecutive nodes, the joint distri
bution of Xg, ..., X1 iS

1 1 n-2 1 n-2
P(X0, - +» Xn-1) = 5 EXP@XOXL + ... %n-2Xn-1) = 5 | | €XPEXNKer1) = 5 | | Myoxes-
k=0 k=0
Then the normalizing constant Z is
n-2
Z = Z M1
X0,...,Xn-1 k=0
n-2
= Z n Mg i1
X0,Xn-1 X1,--:Xn-2 k=0
_ -1
- MQO,anl’
X0,Xn-1



since

n-2
Z 1_[ Mxk,xk+1 = Z 1_[ MXk X1 Z MXo X1 Mxl Xo

X1, Xn-2 k=0 Xn-2 k=2
Mo
n-2
= Z My 301 Z Mxo xo Mxz.xs
X3,....Xn—2 k=3 X2
Mo
_ -1
- MQOaXn—l
Therefore, the normalizing constanis the sum of all entries df1"*.
The marginal distribution oiXg is obtained as follows.
POO) = D P00, 1)
X1,..:Xn-1
n-2
= Z n My x1/Z
X1,..,Xn-1 k=0
n-2
= Z Z n Mxxe.1/Z
Xn-1 X1, Xn-2 k=0
1
= Z MQO Xn- 1/Z
Xn-1
= (MEg+MID/ > Myt
v,y'=0,1
(€)
For any joint distributionp(x, . . ., X,) on n variables,
X1y es X1y e s Xno X1, X
(X0, .. %) = P(X1, ..., %) P(Xt, ..., X%-1)  P(X1, X2)

P(X, .- -5 Xn-1) P(X15---» Xn2)  P(Xa)
P | X1, -+« s Xn=1) P(Xn=1 | X1, - - -, Xn=2) . . . P(X2 | X1) p(X1).



Suppose the joint distribution is given pé, . . ., Xn) = 3 [Tf-1 My x., as in (d). Then
P(X1, - - -, Xn-1, Xn)
P(XL ... Xn-1)
[TRoi M x,1/Z
Sxo TTRod Mygeer /Z
My, 1 %0 TTRoE M
T My 10 TTRZ Mg

Mxn—1an

an MXn-l,Xn
EXPEXn-1Xn)
1+exp@xn-1)

P(Xn | X1, ...y Xn-1) =

Since this is a function aof,_; andx, only,

P(Xn | X1, ..., Xn-1) = P(Xn | Xn-1)-
Similarly fori =2,...,n-1,

P(Xes - - -5 Xi-1, Xi)
p(Xl’ cee Xi—l)

P(Xi | X1, ..., Xi—1)

.....

MXi 1,% an Mn_i i

_ -1, Xi, Xn : n-1 _ n—i

- Z M Z Mn—i > (Smcezxnl ,,,,, Xn-1 ITk:i MxkanJrl - MXi,Xn)
X VIX-1,X Xy TYIX L Xn

which is a function ofx;_; andx; only, so we have
PO | Xa, - -+ Xi-1) = P(X% | Xi-1),
and

P(XL, - > Xn) = PO | Xn-1)P(Xn-1 | Xn-2) - .. P(X2 | X1) P(X1)-
Thus, this joint distribution defines a Markov Chain. Howeggece each transition probabilipfx; | xi—1) :=
P(Xi = x | Xi_1 = X_1) depends oM™ which is diferent for each, the transition probabilities are not the
same at each step, so the Markov Chain is not homogeneous.

Note: We can also use the conditional independence propertieseddfiy the graph to show that the joint
distribution defines a Markov Chain. Since the joint disttibn is defined as the product of clique functions
and the normalizing constant, it has a Markov property watpect to the graph, that is,df separates\
from B, thenX, andXg are conditionally independent giveda. Since nodé—1 separates nodérom nodes
1,...,i =2, X is conditionally independent o, ..., X;_> given Xi_1, SOpP(X | X1,...,X-1 = p(X% | Xi—1).
However, you still need to calculate the transition proliéds to see if the Markov Chain is homogeneous.

4



(f)
Without clique functions for singletons, we have

P(Xo, X1, X2) = exp(aXoX1 + aX1X2) /Zo
= exp(—xtrox) /2o,

0 —-a/2 O
wherex = (Xg, X1, ¥o)tandllg=| —a/2 0 —a/2 |. Sincely is not a positive definite matrix, we cannot
0 —-a/2 O

computeZg.

If we add a clique function for each singleton as given, then

P00, X1, %) = exp(axoxs +axaxe — B — X% — p5) 12
= exp(—xtrx) /Z,
B —-a/2 0
wherel' =| —@/2 B —a/2 | Note that the eigenvalues Bfares, 8 + a/ V2. Thus, to maké& positive
0 —a/2 B

definite, we need to assume tjgate/ V2 > 0, thatis ;82 > a?/2. Then this joint distribution is a multivariate
normal distribution with meapn = (0, 0, 0) and the covariance matiix= I'"1/2, so the normalizing constant
is

Z = 12252 = 2201212 = 732 Y2 = mNT n

JB6+a/ VDB —arv2)  VEE - a?[2)

The joint distribution is then,

B> — a?/2)

P(x0, X1, X2) = =

exp(axoxl +aXgXp — BX6 — X2 —Bx%) .



2 [40 pointg]

(@)
1 o N
O—0O O
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(b)

Since the maximal cliques aée= {(1, 2), (2, 3), (3, 4), (3,5), (5, 6)}, the joint distribution is

Losf5000)

ceC

p(¥)

1
= 7 explri2(X1, X2) + ¥23(Xe, X3) + ¥34(X3, X4) + ¥r3s(X3, X5) + ¥se(Xs, X6)}-

(c)
The normalizing constant is
Z = Z e Z exply12(X1, X2) + Y23(X2, X3) + ¥r34(Xa, Xa) + 35(X3, Xs5) + ¥56(Xs, X6)}-
X1 X6

explv12(X1, X2) + ... + Yse(Xs, Xs)} can be represented as a set of numbers, one for each posdimefar
X = (Xg,...,Xg). Since there are 6 variables each vitlstates, there aré® values forx, so the summation
over all sequencestakesk® — 1 = O(K®) operations.



(d)

Let f(o) = exply(e)}. We can rearrange the order of the summations and the nizatijpins as follows.

Z = ) expignala, Xo) + Yas(Xe, Xa) + Waa(Xs, Xa) + Yras(Xa, Xs) + Yas(Xa, X))
X1 X6
= Z e Z f12(X1, X2) f23(X2, X3) f34(X3, X4) f35(X3, X5) fs6(Xs, Xe)
X1 X6
= Z Z f12(x1, X2) Z f23(X2, X3) Z f34(X3, X4) Z f35(X3, X5) Z fs6(Xs, X6)
X1 X2 X3 Xa X5 X6
0o(K2) O(K?)
o(K?) o(K?)
o(K?)
O(K2)
o(K?)
O(K?)
o(K?)
oK)

Note that you can start with,,, fse(Xs, X) Or 2., f3a(X3, Xa) O 35, f12(X1, X2), i.€. start by removing a node
that has only one neighbor.

Using the above reordered expression, the computatiosaisas follows.

The summation ovexg involves only the functiorfsg(Xxs, Xg), Which is a table oK x K numbers. We have
to sum this table ovexg for each values oks and so this summation h&gK — 1) cost.

The resulting vector oK numbersy’,. fse(Xs, Xs), X5 = 1,..., K, is multiplied by the matrix of numbers
f35(X3, X5) and so this hak? cost.

Since there are 5 summations and 4 multiplications of thesisland the last summation ovartakes only
K — 1 operations, the total cost of evaluatifigs about %?.

Note: For a chain of\ nodes, evaluating the normalizing constant 8N K?2) cost which is linear in the
length of the chain.See p.396. Although the graph given here is not a chain, the calculaiodone in
a similar way. As long as the graph maintains a tree shapegaevits toN nodes, the evaluation of the
normalizing constant takeé3(NK?) operations.



