
Stat 246 Homework V - Solution

CA: Darongsae Kwon

1 [60 points]

(a)

The joint distribution ofX0, X1, X2 has the following form.

P(x0, x1, x2) =
1
Z

exp





∑

c∈C
ψc(xc)




,

whereC = {(0, 1), (1, 2)}, the set of all maximal cliques. The normalizing constantZ is

Z =

∑

x0

∑

x1

∑

x2

exp(αx0x1 + αx1x2)

=

∑

x0

∑

x2

{1+ exp(αx0 + αx2)}

=

∑

x0

{2+ exp(αx0) + exp(αx0 + α)}

= 5+ 2 exp(α) + exp(2α).

The marginal distribution onX0 is

P(x0) =
∑

x1

∑

x2

P(x0, x1, x2)

=

∑

x1

∑

x2

exp(αx0x1 + αx1x2) /Z

=
2+ exp(αx0) + exp(α(x0 + 1))

5+ 2 exp(α) + exp(2α)
.

(b)

We have the joint distribution ofX0, X1, X2 given by

P(x0, x1, x2) =
exp(αx0x1 + αx1x2)

5+ 2 exp(α) + exp(2α)

=
exp(α(x0x1 + x1x2 − 2))

5 exp(−2α) + 2 exp(−α) + 1
.
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Therefore,

P(x0, x1, x2) →
1
8

as α→ 0,

P(x0, x1, x2) →





1 , if x0 = x1 = x2 = 1,

0 , otherwise,
as α→ ∞.

(c)

Suppose the rows and columns ofM =





1 1

1 eα



 are indexed by 0, 1, that is,M0,0 = M0,1 = M1,0 = 1 and

M1,1 = eα. Then we haveMXi,Xi+1 = exp(αXiXi+1). Since (AB)i, j =
∑

k Ai,kBk, j for anyA, B, we have

Z =

∑

x0,x1,x2

exp(αx0x1 + αx1x2)

=

∑

x0,x2

∑

x1

Mx0,x1 Mx1,x2

=

∑

x0,x2

M2
x0,x2

which is the sum of all entries ofM2.

(d)

For the graphG overn variablesX0, . . . , Xn−1 with edges only between consecutive nodes, the joint distri-

bution ofX0, . . . , Xn−1 is

p(x0, . . . , xn−1) =
1
Z

exp(αx0x1 + . . . αxn−2xn−1) =
1
Z

n−2∏

k=0

exp(αxk xk+1) =
1
Z

n−2∏

k=0

Mxk,xk+1.

Then the normalizing constant Z is

Z =

∑

x0,...,xn−1

n−2∏

k=0

Mxk,xk+1

=

∑

x0,xn−1

∑

x1,...,xn−2

n−2∏

k=0

Mxk,xk+1

=

∑

x0,xn−1

Mn−1
x0,xn−1

,
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since

∑

x1,...,xn−2

n−2∏

k=0

Mxk,xk+1 =

∑

x2,...,xn−2

n−2∏

k=2

Mxk,xk+1

∑

x1

Mx0,x1 Mx1,x2

︸              ︷︷              ︸

M2
x0,x2

=

∑

x3,...,xn−2

n−2∏

k=3

Mxk,xk+1

∑

x2

M2
x0,x2

Mx2,x3

︸              ︷︷              ︸

M3
x0,x3

...

= Mn−1
x0,xn−1

.

Therefore, the normalizing constantZ is the sum of all entries ofMn−1.

The marginal distribution onX0 is obtained as follows.

P(x0) =
∑

x1,...,xn−1

P(x0, . . . , xn−1)

=

∑

x1,...,xn−1

n−2∏

k=0

Mxk ,xk+1/Z

=

∑

xn−1

∑

x1,...,xn−2

n−2∏

k=0

Mxk,xk+1/Z

=

∑

xn−1

Mn−1
x0,xn−1

/Z

= (Mn−1
x0,0
+ Mn−1

x0,1
)/
∑

y,y′=0,1

Mn−1
y,y′ .

(e)

For any joint distributionp(x1, . . . , xn) on n variables,

p(x1, . . . , xn) =
p(x1, . . . , xn)

p(x1, . . . , xn−1)
p(x1, . . . , xn−1)
p(x1, . . . , xn−2)

. . .
p(x1, x2)

p(x1)
= p(xn | x1, . . . , xn−1)p(xn−1 | x1, . . . , xn−2) . . . p(x2 | x1)p(x1).
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Suppose the joint distribution is given asp(x1, . . . , xn) = 1
Z

∏n−1
k=1 Mxk,xk+1 as in (d). Then

p(xn | x1, . . . , xn−1) =
p(x1, . . . , xn−1, xn)

p(x1, . . . , xn−1)

=

∏n−1
k=1 Mxk ,xk+1/Z

∑

xn

∏n−1
k=1 Mxk,xk+1/Z

=
Mxn−1,xn

∏n−2
k=1 Mxk,xk+1

∑

xn
Mxn−1,xn

∏n−2
k=1 Mxk,xk+1

=
Mxn−1,xn
∑

xn
Mxn−1,xn

=
exp(αxn−1xn)

1+ exp(αxn−1)
.

Since this is a function ofxn−1 andxn only,

p(xn | x1, . . . , xn−1) = p(xn | xn−1).

Similarly for i = 2, . . . , n − 1,

p(xi | x1, . . . , xi−1) =
p(x1, . . . , xi−1, xi)

p(x1, . . . , xi−1)

=

∑

xi+1,...,xn

∏n−1
k=1 Mxk ,xk+1/Z

∑

xi ,xi+1,...,xn

∏n−1
k=1 Mxk,xk+1/Z

=

∏i−1
k=1 Mxk,xk+1

∑

xi+1,...,xn

∏n−1
k=i Mxk,xk+1

∏i−2
k=1 Mxk,xk+1

∑

xi ,xi+1,...,xn

∏n−1
k=i−1 Mxk,xk+1

=
Mxi−1,xi

∑

xi+1,...,xn

∏n−1
k=i Mxk,xk+1

∑

xi
Mxi−1,xi

∑

xi+1,...,xn

∏n−1
k=i Mxk,xk+1

=
Mxi−1,xi

∑

xn
Mn−i

xi ,xn
∑

xi
Mxi−1,xi

∑

xn
Mn−i

xi,xn

, (since
∑

xi+1,...,xn−1

∏n−1
k=i Mxk,xk+1 = Mn−i

xi,xn
)

which is a function ofxi−1 andxi only, so we have

p(xi | x1, . . . , xi−1) = p(xi | xi−1),

and

p(x1, . . . , xn) = p(xn | xn−1)p(xn−1 | xn−2) . . . p(x2 | x1)p(x1).

Thus, this joint distribution defines a Markov Chain. However, since each transition probabilityp(xi | xi−1) :=

P(Xi = xi | Xi−1 = xi−1) depends onMn−i which is different for eachi, the transition probabilities are not the

same at each step, so the Markov Chain is not homogeneous.

Note: We can also use the conditional independence properties defined by the graph to show that the joint

distribution defines a Markov Chain. Since the joint distribution is defined as the product of clique functions

and the normalizing constant, it has a Markov property with respect to the graph, that is, ifC separatesA

from B, thenXA andXB are conditionally independent givenXC . Since nodei−1 separates nodei from nodes

1, . . . , i − 2, Xi is conditionally independent ofX1, . . . , Xi−2 given Xi−1, so p(xi | x1, . . . , xi−1 = p(xi | xi−1).

However, you still need to calculate the transition probabilities to see if the Markov Chain is homogeneous.
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(f)

Without clique functions for singletons, we have

P(x0, x1, x2) = exp(αx0x1 + αx1x2) /Z0

= exp
(

−xt
Γ0x
)

/Z0,

wherex = (x0, x1, x2)t andΓ0 =





0 −α/2 0

−α/2 0 −α/2
0 −α/2 0





. SinceΓ0 is not a positive definite matrix, we cannot

computeZ0.

If we add a clique function for each singleton as given, then

P(x0, x1, x2) = exp
(

αx0x1 + αx1x2 − βx2
0 − βx2

1 − βx2
2

)

/Z

= exp
(

−xt
Γx
)

/Z,

whereΓ =





β −α/2 0

−α/2 β −α/2
0 −α/2 β





. Note that the eigenvalues ofΓ areβ, β ± α/
√

2. Thus, to makeΓ positive

definite, we need to assume thatβ−α/
√

2 > 0, that is,β2 > α2/2. Then this joint distribution is a multivariate

normal distribution with meanµ = (0, 0, 0) and the covariance matrixΣ = Γ−1/2, so the normalizing constant

is

Z = |2πΣ|1/2 = |2πΓ−1/2|1/2 = π3/2|Γ|−1/2
=

π
√
π

√

β(β + α/
√

2)(β − α/
√

2)
=

π
√
π

√

β(β2 − α2/2)
.

The joint distribution is then,

P(x0, x1, x2) =

√

β(β2 − α2/2)

π
√
π

exp
(

αx0x1 + αx1x2 − βx2
0 − βx2

1 − βx2
2

)

.
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2 [40 points]

(a)

1

5 6

432

(b)

Since the maximal cliques areC = {(1, 2), (2, 3), (3, 4), (3, 5), (5, 6)}, the joint distribution is

p(x) =
1
Z

exp






∑

c∈C
ψc(xc)






=
1
Z

exp{ψ12(x1, x2) + ψ23(x2, x3) + ψ34(x3, x4) + ψ35(x3, x5) + ψ56(x5, x6)}.

(c)

The normalizing constant is

Z =

∑

x1

. . .
∑

x6

exp{ψ12(x1, x2) + ψ23(x2, x3) + ψ34(x3, x4) + ψ35(x3, x5) + ψ56(x5, x6)}.

exp{ψ12(x1, x2) + . . . + ψ56(x5, x6)} can be represented as a set of numbers, one for each possible value for

x = (x1, . . . , x6). Since there are 6 variables each withK states, there areK6 values forx, so the summation

over all sequencesx takesK6 − 1 = O(K6) operations.
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(d)

Let f (•) = exp{ψ(•)}. We can rearrange the order of the summations and the multiplications as follows.

Z =

∑

x1

. . .
∑

x6

exp{ψ12(x1, x2) + ψ23(x2, x3) + ψ34(x3, x4) + ψ35(x3, x5) + ψ45(x4, x5)}

=

∑

x1

. . .
∑

x6

f12(x1, x2) f23(x2, x3) f34(x3, x4) f35(x3, x5) f56(x5, x6)

=

∑

x1

∑

x2

f12(x1, x2)
∑

x3

f23(x2, x3)
∑

x4

f34(x3, x4)

︸           ︷︷           ︸

O(K2)
︸                          ︷︷                          ︸

O(K2)

∑

x5

f35(x3, x5)
∑

x6

f56(x5, x6)

︸           ︷︷           ︸

O(K2)
︸                          ︷︷                          ︸

O(K2)
︸                               ︷︷                               ︸

O(K2)
︸                                                                  ︷︷                                                                  ︸

O(K2)
︸                                                                       ︷︷                                                                       ︸

O(K2)
︸                                                                                     ︷︷                                                                                     ︸

O(K2)
︸                                                                                           ︷︷                                                                                           ︸

O(K2)
︸                                                                                                ︷︷                                                                                                ︸

O(K)

Note that you can start with
∑

x6
f56(x5, x6) or

∑

x4
f34(x3, x4) or

∑

x1
f12(x1, x2), i.e. start by removing a node

that has only one neighbor.

Using the above reordered expression, the computational cost is as follows.

The summation overx6 involves only the functionf56(x5, x6), which is a table ofK × K numbers. We have

to sum this table overx6 for each values ofx5 and so this summation hasK(K − 1) cost.

The resulting vector ofK numbers
∑

x6
f56(x5, x6), x5 = 1, . . . ,K, is multiplied by the matrix of numbers

f35(x3, x5) and so this hasK2 cost.

Since there are 5 summations and 4 multiplications of these kinds and the last summation overx1 takes only

K − 1 operations, the total cost of evaluatingZ is about 9K2.

Note: For a chain ofN nodes, evaluating the normalizing constant hasO(NK2) cost which is linear in the

length of the chain.See p.396. Although the graph given here is not a chain, the calculationis done in

a similar way. As long as the graph maintains a tree shape as itgrows toN nodes, the evaluation of the

normalizing constant takesO(NK2) operations.
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