Stat 246 Homework IV - Solution

CA: Darongsae Kwon

1 [40 points]

(@) [5 points]
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(b) [10 pointsg]

Note that a set of random variables has a joint Gaussianbdigen if and only if every linear combination
of the random variables is normally distributed. Also ndtattindependent normal random variables are
jointly Gaussian. Sinc&,Z;,Z, are independently normal, they are jointly Gaussian, aneveoy linear
combination of them is normal. Sine§ andX, are linear combinations &, Z3, Z,, every linear combi-
nation of X; and X, is also a linear combination @&, Z;, Z,, and so normal. Thus{; andX; are jointly
Gaussian.

Note: Although each of the random variables in a set of jointly Géars random variables is necessarily
Gaussian, it is possible for random variables to be indafiguGaussian, but to not be jointly Gaussian.

E(X1) = E(S)as + E(Z1) =0,
E(X2) = E(S)az + E(Z2) =0,
var(Xy) = ajvar(S) + varzy) = a2a? + o2,
var(Xp) = asvar(S) + var@Zz) = a3a® + o2,

cov(Xy, Xo) = ayavar(S) = ajaxa’.



Thus,
2.2, 2 2
#(9):[8]’ C(H):[ala +2' a1 aa ]

ajapa? asa? + o’
(¢) [5 points]
Sincea? + a3 = 1,

a? +0? aapa? a | _( ale® +awo? + agabe? | _ @+ &
alaga’z a%a’z + 0'2 ao a%aga’z + aga’z + a20'2 a

a2a? + 0% ayapa? —ap —a2apa? — apo? + ajapa’ o[ —a
= =0
a]_aza’z aga’2 + 0'2 a —alagaz + alagaz + a10'2 a1

Therefore,a = (a1,a), b = (—ap, &) are eigenvectors of(6), and the corresponding eigenvalues are

A=a?+0% u=02

(d) [10 pointsg]

Any symmetric positive definite matrik has a spectral decompositidh = UDU!, whereD is a diag-
onal matrix whose diagonal entries are the eigenvalugd ahd the columns df) are the corresponding
orthonormal eigenvectors. Note that eigenvalues are eraga each eigenvector is unique up to sign.

Let C be a symmetric positive definitex22 matrix, with distinct eigenvaluet > u > 0 and the unit length
eigenvectors = (a1, ap) andb = (—ap, a1). ThenC, by the spectral decomposition, can be written as

C:[al—az)[ﬂo][ a az):[(ﬂ—u)aiw (- paga;
aa )| Op )| —;pa& (A-paay @A-wad+u )

Leta? = A — p ando? = u, thenC = C(F) with 6 = (ay, ap, a?, o™2).

Now we find an invertible map betweeaif and®. Define a mapb : ¥* — O as follows. ForC € X*
with distinct eigenvalues > u > 0, define®(C) as®(C) = (a1, a, @, 02) € O such that &, a,) is the
unit length eigenvector correspondingtavith a; > 0, @® = 1 — u ando?® = u. As mentioned above, the
spectral theorem says that> 1 > 0 are unique and = (a1, a) is unique up to sign. Therefore? > 0 and
o > 0 are unique, and, due to the restrictamn> 0, (a1, ay) is also uniquely determined. This implies that
® is well defined and one-to-one.

We can prove in addition thab is onto by showing that for eadh € @, there exists som€ € X* such
that ®(C) = 6. For eachd = (ay,ap, 02 02 € O, let C = UDU!, whereU is an orthonormal matrix
whose columns ara = (a1, a) andb = (-ap,a1) andD is a diagonal matrix whose diagonal entries are
A = a? + o? andu = o, Then the spectral theorem says tBatas eigenvalueg andu. Sinced > u > 0,

C is a symmetric positive definite matrix with two distinctie@genvalues, s€ € =*. Sincea? = 1 -y,

ol = u, we haved(C) = 4. Therefore ® is one-to-one and onto, and so invertible.
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(e) [10 points]

Note that® is invertible and denote its inverse By . LetL(g; X4, ..., Xn) be the likelihood as a function
of @ andL*(C(6); X1, ..., Xn) = L o ®(C(6); X1, ..., Xn) be the likelihood as a function &(8) = ®~1(6).
Since we assumé € =*, we have a uniqué = ®(C) with 6 = (&, 1a — Ap, Ap). Given thatC is the MLE of
C(0), we have

maxL(@; X, ... X) = r&%xL*(c:(e); X1, ..., Xn) = L*(€) = L*(@7%(0)) = L(6).

Thus, is the MLE ofé.

2 [20 pointg]

The joint distribution is given ap(X) = 3 exp[Xz; ¥1(Xc)]-

Let A, B,C c V are disjoint andC separate#\ from B. Suppose in addition th& U BuU C = V. Since all
paths fromA to B go throughC, we have the property thatiife Aandj € B, theni cannot be a neighbor of
j, and so, they cannot be in the same clique.

Let
C = {Cy,....,CL},
Cao = {CeC:CnA%0},
Ce = {CeC:CnB=0},
C. = C—(CaUCg).

In other words(a is the set of maximal cliques that include at least one venéx Cp is the set of maximal
cligues that include at least one vertexBnandcC, is the set of the remaining maximal cliqgues. Note that
CaUCgUC, =C andCa,Cg,C, are disjoint (i.e.Ca U Cg U C, = C is a partition ofC).

Since

L
Py = 2 expl ui(c)
1=1

= el Y wibe)lexpl Y wilalexnl 3wl

I:CieCa 1:CieCp I:CeC.



we have

p(x)
p(Xa, Xc)
_ ZXF:()F;)(X) (sinceAUBUC = V)

L exp[Xicieca ¥1(Xc)] €XPIE1ciecs Yi(Xc )] €XP[Sic cc, ¥1(Xa)]
Yo {2 €XPIE1ciccn ¥1(Xc)] €XPIE1c ecs ¥1 (X)) €XP[Ticrec, ¥1(Xc)])

2 expicieca ¥1(Xc)] €XPIX1ciecs Y1(Xc))] €XP[Eic e, ¥i1(Xc))]
2 explXiciec, Y1(Xc)] €XPIEic ee, ¥1(Xc))] Exg EXPIEIC ecs Y1(XG)]

expliciecs ¥1(Xc)]
Yixg EXPL 1 ecs Y1(X))]
which doesn’t depend oxn (since cligues that contain some verticeBidon't contain any of the vertices
in A) and is a function okg, xc only. Therefore p(xg|Xa, Xc) = p(Xg|Xc), or equivalentlyXa 1L Xg | Xc.
To extend this result to the general case whereB U C c V, let A > A be all the nodes reached by paths
from A before reachin@ andB = V- A-C > B. ThenAu BU C = V are disjoint andC separate# from
B, soXj 1l X5 | Xc. SinceXa andXg are subsets ofz and Xz, Xa 1L Xg | Xc.

p(XglXa, Xc)

3 [40 pointg]

(@) [5 pointsg]

U4 U2 Uz ---- Una Un
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SinceYpi1 = Yn + Up, we haveYn1 1L (Y1,...,Yno1) | Ya, SOY, is a MC. If we only observex,,, we can
think that the MCY,, is hidden but has a relationship wiky such thatX, = Y, + Z.

(b) [5 points]

SinceYy,Un, Zy, n=1,..., N, are independent normal random variables, they are jodlyssian, and so
every linear combination of them is normal. Every linear bimation of all the variables is normal since
every linear combination of all the variables is a linear bomationY1, Uy, Zy, N = 1,..., N. Therefore, all

the variables are jointly Gaussian. SinégUn, Z,, n=1,...,N have mean 0, all the variables have mean
0.



(©), (d) [10 poaints|

Vh b

Let Cn = [ tn "
b, an

COV(Yn, Yﬂ+1) = COV(Yn, Yn + Un)

= var(Y,) + cov(Yn, Up)

n-1
=var(Yy + Z Uk) (sinceYy 1L Up)
k=1
n-1
= var(Yy) + Z var(Uy)
k=1

=02+ (n-1)02
Fors=1,...,n,

CoV(Xs, Yni1) = EE(XsYni1[Ys)
= E(E(Xs[Ys)E(Yns1lYs)) (sinceXs 1L Yni1 | Ys)

= E(E(Ys + ZJYE(Ys + »_ UkYs))
k=s

n

= E(Ys(Ys+ ) E(UKYs)) (sinceZs i Y)
k=s

= E(Y?) (sinceUy 1 Ys, k> )

=var(Ys) = o2 + (s— 1)o2.

var(Yn,1) = var(vs + - Ui) = var(¥y) + »_ var(Ui)
k=1 k=1

=02 + no2.

Var(xn+1) = Var(Yn+1) + Var(zn+1) + ZCOV(YrHl, Zn+l)
n

=02+ no2 + o2 + 2cov(Y; + Z Uk, Zns1)
]

=02+ nO'ﬁ +0'§.

COV(Xn+1, Yn+1) = E(Xnt1Yn+1) = EE(Xns1Yns1lYne1)
= EE(Y§+1 + Znt1 Y1l Yne1)
= E(Yﬁﬂ + Ynt1E(Zn11[Yne1))

= var(Yni1) = 02 + no2.  (sinceZnyq I Yoi1)

) be the covariance matrix o, . . . Xn, Yn, with V,, the covariance matrix 0¥y, . .., Xp).



coV(Xn, Xn+1) = E(XnXn+1) = EE(XnXns1/Yn)
= E(E(XnlYn)E(Xn+1Yn))  (sinceXn 1L Xni1 | Yn)
= E(Yn(Yn + E(Un + Zns1lYn)))  (sinceUp 1L Yn, Znig UL Yy)

=var(Y,) = o® + (n— 1)o2.

(e) [10 points]
Fors=1,...,n,

COV(Xs, Xn+1) = COV(Xs, Yni1 + Zni1)
= CoV(Xs, Yni1) + COV(Xs, Zns1)
= coV(Xs, Ynr1) (SinceXs UL Zny1)

=var(Ys) = 02 + (s— 1)o2.
Thus, then + 1st column ofV,,1 is (var(Ys),. .., var(Yy), var(Xn.1)).
Fors=1,...,n-1,
cov(Xs, Yn) = var(Ys) = 0% + (s— 1)o3.
from (d).

V, b
Thus,b, = (var(Ys), ..., var(Yy))t. Then,Vn+1:( n " ]

bl var(Xn.1)

From (d),bns1 = (var(Yy),...,var(Yn), var(Yo:1))' = (b, var(Yn,1)), var(X,,1) = var(X,)+o2 and var{fn,1) =
var(Yp) + o 2.

Thus,
vV b Vn bn bn Vn bn bn
cn+1=[ bt”” a:“ )= b, var(Xn.1) var(Ynu1) |=| by Va(nn)+od an+of |,
TR var(Yn) varts) ) U By, anto?  an+od

whereV,(n, n) is the f, n) entry of V..

(f) [10 points]

First, we have

E(Yni1lX1, ..., Xn) = E(Yn + UplXq, ..., Xn)
= E(YnlX1,...,Xn) (sinceUp L (Xg,...,Xn))
EXns11Xs -« - Xn) = E(Ynet + Znsal X1, - - ., Xn)
= E(Yns1lX1s ..., Xn)  (SiNC€Zns1 1L (X1, ..., %n))
= E(YalX4,. .., Xn).



Since we know that the joint distribution oX{, ..., X,, Yp) is Gaussian with mean zero and covaria@ge
we can comput& (Y| Xy, ..., Xp).

If
Z; 2 ) U, 2o ))
whereZ; is ap x 1 random vector and; is a (0 — p) x 1 random vector, then

E(Z112Z5) = p1 + 212555(Z2 — )
varZi | Zo) = 211 - £1255,%,

Thus, we haveE(Y, | X1, ..., Xn) = bV X1m, whereXyy = (X, . .., Xp)!. From this, we can get

E(YnealX1, ..., Xn) = EKnealXa. . .., Xn) = BV X



