
Stat 246 Homework IV - Solution

CA: Darongsae Kwon

1 [40 points]

(a) [5 points]

(b) [10 points]

Note that a set of random variables has a joint Gaussian distribution if and only if every linear combination

of the random variables is normally distributed. Also note that independent normal random variables are

jointly Gaussian. SinceS , Z1, Z2 are independently normal, they are jointly Gaussian, and soevery linear

combination of them is normal. SinceX1 andX2 are linear combinations ofS , Z1, Z2, every linear combi-

nation ofX1 andX2 is also a linear combination ofS , Z1, Z2, and so normal. Thus,X1 andX2 are jointly

Gaussian.

Note: Although each of the random variables in a set of jointly Gaussian random variables is necessarily

Gaussian, it is possible for random variables to be individually Gaussian, but to not be jointly Gaussian.

E(X1) = E(S )a1 + E(Z1) = 0,

E(X2) = E(S )a2 + E(Z2) = 0,

var(X1) = a2
1var(S ) + var(Z1) = a2

1α
2
+ σ2,

var(X2) = a2
2var(S ) + var(Z2) = a2

2α
2
+ σ2,

cov(X1, X2) = a1a2var(S ) = a1a2α
2.
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Thus,

µ(θ) =















0

0















, C(θ) =















a2
1α

2
+ σ2 a1a2α

2

a1a2α
2 a2

2α
2
+ σ2















.

(c) [5 points]

Sincea2
1 + a2

2 = 1,















a2
1α

2
+ σ2 a1a2α

2

a1a2α
2 a2

2α
2
+ σ2





























a1

a2















=















a3
1α

2
+ a1σ

2
+ a1a2

2α
2

a2
1a2α

2
+ a3

2α
2
+ a2σ

2















= (α2
+ σ2)















a1

a2















,















a2
1α

2
+ σ2 a1a2α

2

a1a2α
2 a2

2α
2
+ σ2





























−a2

a1















=















−a2
1a2α

2 − a2σ
2
+ a2

1a2α
2

−a1a2
2α

2
+ a1a2

2α
2
+ a1σ

2















= σ2















−a2

a1















.

Therefore,a = (a1, a2), b = (−a2, a1) are eigenvectors ofC(θ), and the corresponding eigenvalues are

λ = α2
+ σ2, µ = σ2.

(d) [10 points]

Any symmetric positive definite matrixM has a spectral decompositionM = UDU t, whereD is a diag-

onal matrix whose diagonal entries are the eigenvalues ofM and the columns ofU are the corresponding

orthonormal eigenvectors. Note that eigenvalues are unique and each eigenvector is unique up to sign.

Let C be a symmetric positive definite 2× 2 matrix, with distinct eigenvaluesλ > µ > 0 and the unit length

eigenvectorsa = (a1, a2) andb = (−a2, a1). ThenC, by the spectral decomposition, can be written as

C =















a1 −a2

a2 a1





























λ 0

0 µ





























a1 a2

−a2 a1















=















(λ − µ)a2
1 + µ (λ − µ)a1a2

(λ − µ)a1a2 (λ − µ)a2
2 + µ















.

Let α2
= λ − µ andσ2

= µ, thenC = C(θ) with θ = (a1, a2, α
2, σ2).

Now we find an invertible map betweenΣ∗ andΘ. Define a mapΦ : Σ∗ −→ Θ as follows. ForC ∈ Σ∗

with distinct eigenvaluesλ > µ > 0, defineΦ(C) asΦ(C) = (a1, a2, α
2, σ2) ∈ Θ such that (a1, a2) is the

unit length eigenvector corresponding toλ with a1 ≥ 0, α2
= λ − µ andσ2

= µ. As mentioned above, the

spectral theorem says thatλ > µ > 0 are unique anda = (a1, a2) is unique up to sign. Therefore,α2 > 0 and

σ2 > 0 are unique, and, due to the restrictiona1 ≥ 0, (a1, a2) is also uniquely determined. This implies that

Φ is well defined and one-to-one.

We can prove in addition thatΦ is onto by showing that for eachθ ∈ Θ, there exists someC ∈ Σ∗ such

thatΦ(C) = θ. For eachθ = (a1, a2, α
2, σ2) ∈ Θ, let C = UDU t, whereU is an orthonormal matrix

whose columns area = (a1, a2) andb = (−a2, a1) andD is a diagonal matrix whose diagonal entries are

λ = α2
+ σ2 andµ = σ2. Then the spectral theorem says thatC has eigenvaluesλ andµ. Sinceλ > µ > 0,

C is a symmetric positive definite matrix with two distinctiveeigenvalues, soC ∈ Σ∗. Sinceα2
= λ − µ,

σ2
= µ, we haveΦ(C) = θ. Therefore,Φ is one-to-one and onto, and so invertible.
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(e) [10 points]

Note thatΦ is invertible and denote its inverse byΦ−1. Let L(θ; X1, . . . , XN) be the likelihood as a function

of θ andL∗(C(θ); X1, . . . , XN) = L ◦ Φ(C(θ); X1, . . . , XN) be the likelihood as a function ofC(θ) = Φ−1(θ).

Since we assumêC ∈ Σ∗, we have a uniquêθ = Φ(Ĉ) with θ̂ = (â, λa − λb, λb). Given thatĈ is the MLE of

C(θ), we have

max
θ

L(θ; X1, . . . , XN) = max
C(θ)

L∗(C(θ); X1, . . . , XN) = L∗(Ĉ) = L∗(Φ−1(θ̂)) = L(θ̂).

Thus,θ̂ is the MLE ofθ.

2 [20 points]

The joint distribution is given asp(x) = 1
Z exp[

∑L
l=1 ψl(xCl)].

Let A, B,C ⊂ V are disjoint andC separatesA from B. Suppose in addition thatA ∪ B ∪ C = V. Since all

paths fromA to B go throughC, we have the property that ifi ∈ A and j ∈ B, theni cannot be a neighbor of

j, and so, they cannot be in the same clique.

Let

C = {C1, . . . ,CL},

CA = {Cl ∈ C : Cl ∩ A , ∅},

CB = {Cl ∈ C : Cl ∩ B , ∅},

C∗ = C − (CA ∪ CB).

In other words,CA is the set of maximal cliques that include at least one vertexin A, CB is the set of maximal

cliques that include at least one vertex inB, andC∗ is the set of the remaining maximal cliques. Note that

CA ∪ CB ∪ C∗ = C andCA, CB, C∗ are disjoint (i.e.,CA ∪ CB ∪ C∗ = C is a partition ofC).

Since

p(x) =
1
Z

exp[
L
∑

l=1

ψl(xCl)]

=
1
Z

exp[
∑

l:Cl∈CA

ψl(xCl)] exp[
∑

l:Cl∈CB

ψl(xCl )] exp[
∑

l:Cl∈C∗

ψl(xCl)],
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we have

p(xB|xA, xC) =
p(x)

p(xA, xC)

=
p(x)
∑

xB
p(x)

(sinceA ∪ B ∪ C = V)

=

1
Z exp[

∑

l:Cl∈CA
ψl(xCl )] exp[

∑

l:Cl∈CB
ψl(xCl )] exp[

∑

l:Cl∈C∗
ψl(xCl )]

∑

xB

{

1
Z exp[

∑

l:Cl∈CA
ψl(xCl)] exp[

∑

l:Cl∈CB
ψl(xCl )] exp[

∑

l:Cl∈C∗
ψl(xCl )]

}

=

1
Z exp[

∑

l:Cl∈CA
ψl(xCl)] exp[

∑

l:Cl∈CB
ψl(xCl )] exp[

∑

l:Cl∈C∗
ψl(xCl )]

1
Z exp[

∑

l:Cl∈CA
ψl(xCl )] exp[

∑

l:Cl∈C∗
ψl(xCl )]

∑

xB
exp[
∑

l:Cl∈CB
ψl(xCl)]

=
exp[
∑

l:Cl∈CB
ψl(xCl )]

∑

xB
exp[
∑

l:Cl∈CB
ψl(xCl )]

which doesn’t depend onxA (since cliques that contain some vertices inB don’t contain any of the vertices

in A) and is a function ofxB, xC only. Therefore,p(xB|xA, xC) = p(xB|xC), or equivalently,XA y XB | XC .

To extend this result to the general case whereA ∪ B ∪ C ⊂ V, let Ã ⊃ A be all the nodes reached by paths

from A before reachingC andB̃ = V − Ã −C ⊃ B. ThenÃ∪ B̃∪C = V are disjoint andC separates̃A from

B̃, soXÃ y XB̃ | XC. SinceXA andXB are subsets ofXÃ andXB̃, XA y XB | XC .

3 [40 points]

(a) [5 points]

SinceYn+1 = Yn + Un, we haveYn+1 y (Y1, . . . , Yn−1) | Yn, soYn is a MC. If we only observeXn, we can

think that the MCYn is hidden but has a relationship withXn such thatXn = Yn + Zn.

(b) [5 points]

SinceY1,Un, Zn, n = 1, . . . ,N, are independent normal random variables, they are jointlyGaussian, and so

every linear combination of them is normal. Every linear combination of all the variables is normal since

every linear combination of all the variables is a linear combinationY1,Un, Zn, n = 1, . . . ,N. Therefore, all

the variables are jointly Gaussian. SinceY1,Un, Zn, n = 1, . . . ,N have mean 0, all the variables have mean

0.
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(c), (d) [10 points]

LetCn =















Vn bn

bt
n an















be the covariance matrix ofX1, . . .Xn, Yn, with Vn the covariance matrix of (X1, . . . , Xn).

cov(Yn, Yn+1) = cov(Yn, Yn + Un)

= var(Yn) + cov(Yn,Un)

= var(Y1 +

n−1
∑

k=1

Uk) (sinceYn y Un)

= var(Y1) +
n−1
∑

k=1

var(Uk)

= σ2
+ (n − 1)σ2

u.

For s = 1, . . . , n,

cov(Xs, Yn+1) = EE(XsYn+1|Ys)

= E(E(Xs|Ys)E(Yn+1|Ys)) (sinceXs y Yn+1 | Ys)

= E(E(Ys + Zs|Ys)E(Ys +

n
∑

k=s

Uk |Ys))

= E(Ys(Ys +

n
∑

k=s

E(Uk |Ys))) (sinceZs y Ys)

= E(Y2
s ) (sinceUk y Ys, k ≥ s)

= var(Ys) = σ
2
+ (s − 1)σ2

u.

var(Yn+1) = var(Y1 +

n
∑

k=1

Uk) = var(Y1) +
n
∑

k=1

var(Uk)

= σ2
+ nσ2

u.

var(Xn+1) = var(Yn+1) + var(Zn+1) + 2cov(Yn+1, Zn+1)

= σ2
+ nσ2

u + σ
2
z + 2cov(Y1 +

n
∑

k=1

Uk, Zn+1)

= σ2
+ nσ2

u + σ
2
z .

cov(Xn+1, Yn+1) = E(Xn+1Yn+1) = EE(Xn+1Yn+1|Yn+1)

= EE(Y2
n+1 + Zn+1Yn+1|Yn+1)

= E(Y2
n+1 + Yn+1E(Zn+1|Yn+1))

= var(Yn+1) = σ2
+ nσ2

u. (sinceZn+1 y Yn+1)
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cov(Xn, Xn+1) = E(XnXn+1) = EE(XnXn+1|Yn)

= E(E(Xn|Yn)E(Xn+1|Yn)) (sinceXn y Xn+1 | Yn)

= E(Yn(Yn + E(Un + Zn+1|Yn))) (sinceUn y Yn, Zn+1 y Yn)

= var(Yn) = σ2
+ (n − 1)σ2

u.

(e) [10 points]

For s = 1, . . . , n,

cov(Xs, Xn+1) = cov(Xs, Yn+1 + Zn+1)

= cov(Xs, Yn+1) + cov(Xs, Zn+1)

= cov(Xs, Yn+1) (sinceXs y Zn+1)

= var(Ys) = σ
2
+ (s − 1)σ2

u.

Thus, then + 1st column ofVn+1 is (var(Y1), . . . , var(Yn), var(Xn+1)).

For s = 1, . . . , n − 1,

cov(Xs, Yn) = var(Ys) = σ
2
+ (s − 1)σ2

u.

from (d).

Thus,bn = (var(Y1), . . . , var(Yn))t. Then,Vn+1 =















Vn bn

bt
n var(Xn+1)















.

From (d),bn+1 = (var(Y1), . . . , var(Yn), var(Yn+1))t
= (bt

n, var(Yn+1)), var(Xn+1) = var(Xn)+σ2
u and var(Yn+1) =

var(Yn) + σ2
u.

Thus,

Cn+1 =















Vn+1 bn+1

bt
n+1 an+1















=



























Vn bn bn

bt
n var(Xn+1) var(Yn+1)

bt
n var(Yn+1) var(Yn+1)



























=



























Vn bn bn

bt
n Vn(n, n) + σ2

u an + σ
2
u

bt
n an + σ

2
u an + σ

2
u



























,

whereVn(n, n) is the (n, n) entry ofVn.

(f) [10 points]

First, we have

E(Yn+1|X1, . . . , Xn) = E(Yn + Un|X1, . . . , Xn)

= E(Yn|X1, . . . , Xn) (sinceUn y (X1, . . . , Xn))

E(Xn+1|X1, . . . , Xn) = E(Yn+1 + Zn+1|X1, . . . , Xn)

= E(Yn+1|X1, . . . , Xn) (sinceZn+1 y (X1, . . . , Xn))

= E(Yn|X1, . . . , Xn).
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Since we know that the joint distribution of (X1, . . . , Xn, Yn) is Gaussian with mean zero and covarianceCn,

we can computeE(Yn|X1, . . . , Xn).

If














Z1

Z2















∼ N





























µ1

µ2















,















Σ11 Σ12

Σ
t
12 Σ22





























,

whereZ1 is a p × 1 random vector andZ2 is a (n − p) × 1 random vector, then

E(Z1 | Z2) = µ1 + Σ12Σ
−1
22(Z2 − µ2)

var(Z1 | Z2) = Σ11− Σ12Σ
−1
22Σ

t
12.

Thus, we haveE(Yn | X1, . . . , Xn) = bt
nV−1

n X1:n, whereX1:n = (X1, . . . , Xn)t. From this, we can get

E(Yn+1|X1, . . . , Xn) = E(Xn+1|X1, . . . , Xn) = bt
nV−1

n X1:n.

7


