Stat 246 Homework I - Solution

1 [10 points]

The probability of error is

Plerror) = P(Y #Y)
= PY=1Y=2+PY=2Y=1)
= P(Y=1)PY =2]Y =1)+ P(Y =2)P(Y =1|Y =2)
= P(Y =1)P(X <7]Y = 1)+ P(Y = 2)P(X > 7]Y = 2)
= PY =1) fz]Y =1)dx+ P(Y =2) f(z|Y =2)dx

Find critical points (necessary condition):

0 = iP(error)
dr p
_ P(Y—l)d—T " e |Y—1)dm+P(Y—2d/ F@|Y = 2)dz
= P(Y =Df(r|[Y =1) - P(Y = 2)f(1]Y =2)

& P(Y = )f(r]Yy =1) = P(Y =2)f(r]Y =2).

This doesn’t necessarily define 7 uniquely; there can be more than one solution to this equation.
Also, they include (local and global) maxima as well as (local and global) minima. For example,
suppose f(x|Y =i) ~ N(u;,0?), i = 1,2 with P(Y = 1) = P(Y =2) = 1/2 as in 3. If uy < pg,

then 7 = (u1 + p2)/2 satisfies the above criterion, but it maximizes the probability of error.

2 [10 points]

For any non-negative a and b,

S
N—
=

min(a,b) = {min(va,
min( a,\/g)-max(\/a,\/g)
Vab.

IN

[



A two category Bayes classifier h satisfies

h(z) = argmax P(Y = i|z).
i=1,2

Then for this classifier, we have
P(errorjz) = 1—P(Y = h(z)|z)
= 1—maxP(Y =ix)
i=1,2
= I£1i112 (Y =i|xz) (since there are only two categories)

_ I;m F(a]Y =) P(Y =)
=12 f(x)

(Bayes’ theorem).

Therefore,
Plerror) = / Plerror|z)f(z)dz
_ /i:}% F]Y = )P(Y = i)da
< [VIGIY =DPE =1 JGlY =9 =2)ds
= VP(Y =1)P(Y =2) / V)Y =1 f(z]y =2)dx
= VPW =D PY =1) [ VIElY = Df @l =2)ds
< ;5 [ VIGY =07 =

3 [10 points]

Note that
P(error) = / —i% f(z]Y =4)P(Y =id)dx (as in Problem 2)
1
= §/Z:£a2f(:n|Y =1i)dx
and
. 1 _(=—py) )
flz]Y =1i) = e 22, i=1,2
2mo

Let m = min(uq, p2) and M = max(pq, u2). Since

{ v —m| < |z — M| forz <2t

|z —m| > |z — M| otherwise,

we have ,
_ (z—M) X
L o 252 ifx < m;M

2wo

)
_ (zfm)2

min f(z]Y =) =
i=1,2 e 22 otherwise.

b 1
V2mo

2



Therefore,

m+M
P ) 1 1 2 _Mzﬁd o0 _MQ)_Zd
= — 20 20
error 2\/%0_ . e X + m;Me T
M—m
11 /_ P % +/OO “Sdv | (integration by substitution)
= ____ e 2du e 2dv integration by substitution
297 _ M—m
1 > - 2 i
= —/ e 2 du
27T Mgm
1 > _ﬁd
= E— e 2 U
V2T Ja
= 1—®(a)

4 [15 points

—_

(a)

Solve the following equation for a:

0 = cov(Z,Xy)
= COV(X2 — OéXl,Xl)
= cov(Xq, X1) — avar(X;)

= a—Qu].
Then, we obtain
a
a = —,
U1
Z = Xo——Xi

U1

(b)

Since Z = X9 — %X 1 is a linear combination of two normal distributions, Z is also normal. Since
Z and X, are jointly normal, cov(Z, X1) = 0 implies that they are independent. The variance of
Z is

var(Z) = var <X2 - ﬁX1>

U1
2
a a
= v+ |— | v1—2—a
U1 U1
a2
= ’U2 _——
U1



(c)

The conditional mean and variance of X5

E(X2|X1 = l‘)

var(Xs| X1 = x)

5 [15 points]

(a)

Let £ = (£1,62)" and X = (X1, Xp)".

generating function is given by

Note that if Y = (Y1,Y2)! ~ N(u,

given X1 = x are

E<3x+lezx>
U1

2+ B(Z|X, = )

vy
ngn + E(Z) (by independence)
1
a
vy
var < T+ Z ‘Xl = a:)
U1
var(Z| X1 = x)
var(Z) (by independence)
a2
Vg — —.
vy

Y)), then its moment

B(e8'Y) = e&'ntas'e,

The moment generating function of X is

E(estx)

2 2
where p* = #) and v = U; 201 5
2 o{ 0{+ 03

)~

generating functions,
X1

(3

B(B(1X1)

B(E(eM ez X))

E(SN B(e2721 X))
E(e (1+&2) X144 6202)

e§£2°’2E( (€1+€2)X1)

625202+(51+§2)M+ (&1+62)%0

(M HBETTTE
) . Therefore, by the uniqueness property of moment

2 2
07 01
’ 2 2 2 :
oy 0]+ 05

0
7



(b)

Since X}, = X; 4+ Z is a linear combination of normal distributions, X} is normal and X, X},

are jointly normal. Therefore, the distribution of (X7, X})! is determined by its mean vector and

covariance matrix. Since
E(X;) =

var(X}) =

cov (X1, X5)

we have

X1
X

(c)

E(Xl +27Z)=FEX)+ FEZ = p,
var(Xy + Z) = var(X;) + var(Z) = o} + 03,
cov(X1, X1 + Z) = var(X1) + cov(X1, Z) = 02 + 0 = o7,

)= ([

of

)3 4%s))

0%4—0%

X5 has the same marginal distribution as X} ~ N (i, 0% + 03).

6 [10 points]
The variance of a is

var(a) =

1
ar<L i 1 2)

1
= ﬁ Zvar(XilXi2)+ZCOV(XZ'1XZ'2,XJ-1XJ-2)

n2

1

E((X1X3)%)

i#]

(nvar(X;X2) +0)

(E (X1X2)2) — {E(Xng)}Q) .

Note that E(X;X2) = cov(X1, X2) + E(X1)E(X2) = a and

E (B(X?X3]X1))
E (X}E(X3|X)))
B (X3 (var (XalX2) + (5 (X2l X1)}?))

2 2
E <X12 <v2 _y <1> X%))
U1 U1
a? a 2
(v -2 ) B0ty + (2£) BOx)
(% (%
a? a 2
(?}2 — —) v + <—> 3vf‘
V1 U1

v1vV9 + 2a2,



where (*) is from E(X{) = %E(etxl) — %eét%l — 3.
Thus,
. 1
var(@) = — (B ((1X2)?) —{B(X X))
1
= — (v1v2 +2a® — a2)
n
1 2
= - (v1v2 +a ) .
n

Note: There is another way to get F(X;X3) and E((X;X2)?) above. Since

E(£X) = e28'C¢

— e%ﬁfvl +2€61&2a+E€2v2
)

9? '
E(Xng) 862861 E(e ) —— a,
o '
E((X1X9)%) = 852862E(e5 %) L= 20 + v1vs.
2V61 s=t=

7 [10 points]
Suppose that ¥ is a d X d matrix. Then, the loglikelihood is

' . nd nd n 1 = et
U(0; X1, Xo, o+, Xp) = =~ log(2m) — =~ logf — 5 log |3 29;)@.2 X;.
By setting % = 0, we get the MLE Orire of 0 as

. 1 &
Ovre = v ZXfE_lXZ-.
=1

8 [20 points]

()

The following is an R code to generate A and compute X, Anax and Amin.

#define a function

randA=function(dim){

A=matrix(0,dim,dim)
#generate a random matrix of i.i.d N(0,1) variables
#and make sure it is non-singular

while(det (A)==0){



A=matrix(rnorm(dim*dim) ,dim,dim)
}
return(A)

}

#set the dimensions of a random matrix A

d=10

#simulate a non-singular dxd random matrix A
A=randA(d)

#compute Sigma

Sigma=t (A) %*%(A)

#compute the largest and smallest eigenvalues
max.eigen=max(eigen(Sigma)$values)

min.eigen=min(eigen(Sigma)$values)

(b)

Note that SE;; is given by Problem 6 as

" 1
SE;; = \/m - \/E(Eiizjj * E?j)'

The following is an R code to compute e, M and m for d = 10, n = 150.

d=10
A=randA(d)

Sigma=t (A) %*%(A)
max.eigen=max(eigen(Sigma)$values)

min.eigen=min(eigen(Sigma)$values)

T=100
n=150

# set vectors e, M and n
e=array(0,d*d*T)

M=array (0,T)
m=array(0,T)

SE=matrix(0,d,d)

for(i in 1:d){

for(j in 1:d){

SE[i,jl= sqrt((Sigmali,il*Sigmalj,jl+Sigmali,j]l"2)/n)
}

}

for(t in 1:T){



#sample from N(O,Sigma) and compute the MLE of Sigma
cov.mle=matrix(0,d,d)
for(i in 1:n){

X=t (A) %*Ymatrix(rnorm(d) ,d,1)

cov.mle=cov.mle+X%*%t (X)

cov.mle=cov.mle/n
e[(1+(t-1)*d*d) : (t*d*d)]=as.vector((Sigma-cov.mle)/SE)
M[t]=max(eigen(cov.mle)$values)
m[t]=min(eigen(cov.mle)$values)

}

The following plots are histograms of €, (M — Ayax)/Amax and (m — Apin)/Amin for d = 10, 100 and
n = 150, 1000.

It seems that the standardized error of the covariance estimate approximately follows the standard
normal distribution in all cases. For the relative errors of ;\max and Xmin, their histograms don’t
clearly show that they follow the normal distribution although they get closer to some extent to
bell-shaped distributions as n increases. Therefore, the estimates of the covariance seem to converge

faster and are more stable than those of the eigenvalues.

When d > n, we don’t have enough data points to compute reasonable estimates for all entries of

>.. Estimates might be bad in that j\min has negative values.
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