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Abstract

Estimating species abundance via transects and quadrats has the advantages over
other abundance estimators (such as mark-recapture) that they can be less expensive
and do not require handling the animals. However, there can be diverse sources of
bias in transect sampling. Here we address a bias that results when the margin from
which sampling occurs has a complex geometry (e.g., is convoluted) and the probability
of sampling areas away from that margin is not uniform. We introduce a means of
correcting that bias via a Horvitz-Thompson estimation procedure with a cubic-spline
approximation of the margin. We apply these methods to the estimation of Pacific
herring (Clupea pallasi) egg abundance along coastal southeast Alaska. We show the
method corrects for an overestimation of abundance. This method has application to
a number of habitats, including coastlines, rivers and forest margins.
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1 Introduction

Accurately estimating the abundance of species is a key component of ecological studies

and, in many instances, quantitatively challenging. For species that are somewhat seden-

tary, sampling via transects and quadrats is common and estimation procedures can be found

in foundational works (Seber 1973 [15], Burnham et al. 1980 [9], Borchers et al. 2002 [4],

Buckland et al. 2001 [8]). Transect and quadrat sampling is often inexpensive and avoids

handling the animals, in contrast with methods such as mark-recapture. For plants and for

animals with low vagility or those that have a sedentary phase, transect sampling methods

are ideal. However, as many authors have noted, there are diverse sources of bias in estimates

of species abundances using transect sampling designs, including those associated with over-

looking an organism when it was there [13], biases associated with aggregated distributions

of species [11], and biases that arise from uneven coverage throughout the surveyed area [14].

Of the sampling biases that ecologists must contend with, perhaps the most difficult to

overcome are those related to the geography inherent to the habitat to be sampled and the

species distribution over that geography. One such bias is that associated with sampling

along a margin that has complex geometry, such as a coastline, a river, or a forest margin.

In this paper, we show that areas along such a non-linear, convoluted margin may have an

unequal probability of being sampled under common transect sampling schemes, introducing

biases in the estimates of species sampled in these landscapes. We introduce a way to correct

this bias using Horvitz-Thompson estimation and a cubic-spline approximation of the margin

(which, in the example we provide, is the coastline.) We include an artificial “buffer” zone

to deal with the difficulty of measuring the exact area of the interested region. We apply

these methods to a dataset on Pacific herring (Clupea pallasi) spawning grounds in Alaska,

and show that a random sampling scheme without correction leads to an overestimate of

their abundance as a consequence of the coastline geometry in that region.
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2 Habitat geometry and non-uniform sampling

When estimating the abundance of species in an ecological system, designing a transect

sampling scheme that achieves uniform coverage can be difficult, if not impossible. This

difficulty arises in part because the spatial extent of the species of interest may not be well

known a priori. A vital aspect of survey design then is to assign transect locations in such

a way to account for this uncertainty. There are two components to assigning transect loca-

tions. First, the starting location for transects must be determined, then the direction the

transect will proceed must be chosen. In habitats with clear boundaries, such as coastlines,

rivers, or forest margins, the border between habitats provides a natural and repeatable lo-

cation at which to initiate transects. Because species composition and abundance frequently

change along elevation or distance gradients (Didham et al. 1998 [7], Burns 2004 [2], Power

et al. 2004 [5]) that surround such edges, an easily determined, logical and unbiased direc-

tion in which to survey is perpendicular to the edge habitat. Transect starting positions can

be randomly drawn using a linear, uniform distribution over the edge. Along each transect

multiple sampling quadrats are surveyed following a predetermined set of rules. Such rules

should ensure that the survey covers all parts of the region of interest.

In the Pacific herring spawning example, a quadrat is sampled every 5 meters along each

transect and transects are terminated after either reaching a set distance away from the

edge or if the samplers reach a predetermined cue (e.g. a given depth in coastal SCUBA

survey). For this example the location of the first quadrat is effectively random because tidal

fluctuations constantly change the initiation point of the transect. If the surveyed boundary

follows a straight line, this sampling scheme is sufficient. However, many real boundaries are

irregular and convoluted and randomized transect sampling along these boundaries results

in biased, non-uniform sampling of the area.

To demonstrate the potential for sampling bias, we first define sampling probabilities.
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The sampling probability of a point in the region of interest is the chance for that point to be

reached from a randomly selected point on the edge. We say that a point is reachable from

a transect origin on the edge if a quadrat lying on the transect extended from that origin

location covers that point. The two step sampling procedure described earlier produces a

probability distribution over the support of the interested region. However, this sampling

distribution is typically not uniform within the survey area due to boundary geometry. The

chance that a given point is sampled is determined by the length of the boundary from

which this point can be reached. So it depends on both the number of boundary segments

satisfying the reachability condition and the convexity (or concavity) of these segments. For

example in Figure 1, Point 1 is much more likely to be sampled than Point 2.

Figure 1: Two points with different sampling probabilities.

Because of the non-uniformity, simply taking the average of the densities in the sampled

quadrats will produce a biased estimate of the true average density if the population’s dis-

tribution is related in some way to the edge’s geometry that determines the distribution of

the sampling probability. For example, if the population of interest tends to occur in regions

closer to the edge, and if points closer to the edge are overall more likely to be selected than
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points farther away, then this simple estimator will overestimate the true average density in

the region. We demonstrate this bias in sampling data for Pacific herring.

In addition to finding the appropriate weights for correcting bias in the estimates of

abundance, an additional challenge is to measure the exact size of the interested area, usu-

ally the area where the population is present. This problem also arises from the irregular

geometric shape of the edge habitat. A simple way of estimating this area would be to

take the product between the total linear length of the edge and the average length of the

sampled transects. However, this method often does not produce a sensible estimate of the

total area. For example in the simple idealized cases demonstrated in Figures 2(a) and 2(b),

the product of the average transect length and the length of the edge underestimates the

area of the censusing region in 2(a) and overestimates the area in 2(b). Only when the edge

is a straight line does this product generally equal the true area of interest.

(a) (b)

Coast Border of censusing regions

Land Censusing region Water

Figure 2: Two idealized censusing regions. The two censusing regions indicated in the left
and right panels are of the same size, but the product of the total coast length and the
average transect length underestimates the censusing area in (a) and overestimates it in (b).
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3 Methodology

3.1 Unbiased estimation

The fundamental cause of the bias in the simple unweighted estimator of average popu-

lation density is the non-uniformity in the sampling probability distribution arising from

the edge sampling scheme. Horvitz and Thompson (1952) show how to correct the bias in

such situations by weighting the sampled points inversely proportional to their sampling

probabilities. The weighting technique is essentially the same as one gets from “importance

sampling” (Liu 2001 [10]) but applied to probability masses rather than densities.

Before presenting the weighted estimator, we first introduce some basic notation. Write

Q(t, q) for the qth quadrat along the tth transect and Qt for the total number of quadrats

placed along the tth sampled transect. Let T be the total number of transects sampled, d

the distance between two adjacent quadrats on each transect, πtq the sampling probability

of the central point of Q(t, q), and finally Xtq the measured population density in Q(t, q).

Under the key assumption that sampling probabilities vary little for points within the

same quadrat, which is typically true when the quadrats are small compared to the scale of

the transects, the Horvitz-Thompson (H-T) estimator for average population density is

µ̂ =

∑T

t=1

∑Qt

q=1(1/πtq)Xtq∑T

t=1

∑Qt

q=1 1/πtq

, (1)

which can be calculated by computing πtq for all sampled quadrats. (See detailed derivation

in Appendix A1.)

The variance of the H-T estimator is commonly estimated by computing second order

inclusion probabilities [1]. Here we can avoid computing second order inclusion probabilities

by treating the transects, rather than the quadrats, as our sampling units. The transect-

quadrat sampling scheme allows us to do so because the sampled transects are selected
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independently from the space of all transects in the first step of the two-step procedure.

(There is a one-to-one correspondence between transects and transect origins.) This random

sampling over transects provides protection from the spatial correlation across transects.

At the same time, treating the transects as the basic units saves us from dealing with

the covariance structure among the quadrats within each transect. Therefore, under this

sampling scheme we can bypass the entire covariance structure of the quadrats in estimating

the variance of the H-T estimator.

To implement this transect-as-unit method, let Yt be the weighted sum of population

densities along the tth randomly selected transect, and Zt the sum of the weights of all the

quadrats sampled along that transect. That is,

Yt =

Qt∑

q=1

(1/πtq)Xtq and Zt =

Qt∑

q=1

1/πtq.

For each t, Yt and Zt are two jointly distributed random variables over the space of all

the transects that could be drawn, and (Y1, Z1), (Y2, Z2), . . . , (YT , ZT ) are independent

identically distributed bivariate random vectors. More specifically, let µY = E(Yt), µZ =

E(Zt), σ2
Y = Var(Yt), σ2

Z = Var(Zt) and σYZ = Cov(Yt, Zt). Then




Yt

Zt


 ∼

(


µY

µZ


 ,




σ2
Y σYZ

σYZ σ2
Z



)

,

for all t = 1, 2, . . . , T .

With these new notations, the H-T estimator of the average population density can be

rewritten in terms of Y and Z,

µ̂ =

∑T

t=1 Yt∑T

t=1 Zt

. (2)
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Its variance can be estimated by (see [3], p.155)

V̂ar(µ̂) =
1

T

(Y·

Z·

)2( s2
Y

Y·

2 +
s2

Z

Z·

2 −
2sYZ

Y· Z·

)
(3)

where

Y· =
1

T

T∑

t=1

Yt, Z· =
1

T

T∑

t=1

Zt, s2
Y =

1

T − 1

T∑

t=1

(Yt − Y·)
2, s2

Z =
1

T − 1

T∑

t=1

(Zt − Z·)
2,

and

sYZ =
1

T − 1

T∑

t=1

(Yt − Y·)(Zt − Z·).

Also note that the unweighted estimator µ̂0 coincides with the H-T estimator µ̂ when all of

the πtq’s are equal. Hence we can use (3) to estimate the variance of µ̂0 as well.

3.2 Computing sampling probabilities

The key to compute the H-T estimator and its standard error is to find the appropriate

weight, πtq, or the inverse sampling probability, for the center of each sampled quadrat. Since

the sampling probability for each point is proportional to the length of the edge segments

from which that point can be reached, our task is to compute this length for each quadrat

center.

The first component of computing sampling probabilities is to algorithmically define the

edge where transects begin. Defining this edge is a trivial exercise if a high resolution digital

map containing the edge as a distinct layer is available. In our example with herring below,

we only had access to a digitized chart (a common form of spatial data) from which we

extracted a one pixel wide coastal profile. We fit uniform cubic B-splines to this profile,

which gives an analytical representation of the coast that will later be utilized to compute

sampling probabilities. Of course by fitting cubic splines, we assume that the coastline
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satisfies the corresponding differentiability conditions. Note that a smoothness assumption

is implicit in the actual sampling scheme, because SCUBA censusing attempted to be in a

direction perpendicular from the coast, which is possible only if the coastline is assumed to

be differentiable. We provide details for extracting and spline-smoothing the NOAA nautical

chart coastline in Appendix A2. These techniques could be applied to other digitized media

such as scaled aerial photographs or satellite images.

Once the smoothed chart was produced, we computed the sampling probabilities for the

centers of sampled quadrats. For this purpose we divided the B-splines approximating the

coast profile into tiny segments whose lengths are 0.002 pixel width. The choice of this length

is arbitrary up to the extent that they must be small enough so that the coastal segments

can be treated as points for numerical purposes. Within each of these tiny segments the edge

is approximately a straight line, so the tangency of the coast in each of these segments is well

defined and can be attained from the analytic form of the corresponding splines. This then

determines the direction of the transect extending from that segment. For computational

purposes, we can translate the reachability of a given quadrat center from a coastal segment

into three criteria: (1) the distance from the point to the transect is less than half of the side

length of the quadrats, (2) the line segment connecting the point and the coast segment must

be contained in the survey region, and (3) there is no physical barrier (e.g., a rock or deep

water) between that point and that coast segment that would prevent the surveyers from

sampling the entire transect. Summing up the length of all the tiny segments satisfying the

above three criteria gives the sampling probability of that quadrat center (up to a constant).

3.3 Measuring the survey area

Now that an unbiased estimator for the average population density is available from H-T

estimation, the remaining task is to measure the size of the survey area. Because habitat

edges are not straight, simply estimating the average transect length and taking its product
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with the total linear edge length will not give a correct estimate of the survey area. However,

we can solve this problem by noticing that it is unnecessary to measure the exact area where

a population is actually present. If we could find a region that covers all the survey area,

and if we pick this extended region (ER) carefully enough, then we would be able to easily

measure the area of the ER, and use the method introduced in the previous subsection to

estimate the average density in this extended region. The product of the average density in

the ER and the size of the ER will be a sensible estimate of the total population size.

4 Application to Data

4.1 Study System

Along the west coast of North America, Pacific herring (Clupea pallasi) spawn annually

in shallow coastal areas vegetated with marine algae (e.g. the kelps, Order Laminariales)

and seagrasses (e.g. Zostera (ital.) spp.). Surveys of herring eggs deposited in spawning

grounds provide an economical method to assess abundance of this ecologically important and

commercially exploited species. Total egg abundance is a critical component for determining

population size and setting fisheries catch limits. Spawn deposition occurs in April or May in

southeastern Alaska. Egg densities can be extraordinary, exceeding 108 eggs/m2 in places.

Herring egg abundance estimates are derived from SCUBA surveys conducted at herring

spawning grounds by the Alaska Department of Fish and Game (ADFG).

Annually since 1980, ADFG divers have estimated herring egg abundances at herring

spawning sites by initiating a transect from a randomly selected point along the coast known

to have received herring spawn and conducting a transect perpendicular to the coastline.

Within a given transect the abundance of herring eggs attached to the substrate within a

0.1 m2 quadrat is visually estimated every 5 meters. The number of quadrats sampled per

transect depends on local bathymetry.
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In this section we apply our method to the ADFG herring spawn survey data collected

in Sitka Sound in southeastern Alaska in April of 2004. The map available for this region

is a NOAA nautical chart at an approximate scale of 1:25000. The dataset includes the

egg counts for 637 sampled quadrats along 42 transects randomly selected from 77 miles of

coastline that received herring spawn in 2004. The numbers of quadrats included in each of

the 42 transects range from 3 to 65 and average 15.

4.2 Extended region designation

Because herring only spawn in shallow waters close to the coast, one simple example of an

extended (spawning) region (ESR) would be the sea region within a certain distance, D,

to the coast. Under previous notations, this is equivalent to imposing the condition that

Qt ≤ D/d. See an illustration of such an ESR in Figure 3.

ESR

SR

Land

Island

Figure 3: True spawning region (SR) and the extended spawning region (ESR).
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For the ESR, most transects extending from the possible origin points on the coast include

exactly D/d quadrats except those that are physically blocked by land. Also, because the

divers stop at a water depth for which there are no eggs at greater depths, Xtq is hereafter

defined to be 0 if it was not directly observed by the divers. That is,

Xtq = 0 for t = 1, 2, . . . , T and Qt < q ≤ D/d.

On the other hand, the area of the ESR, AE, can be easily measured, essentially without

error, on a digitized map by counting the pixels. Finally, we can obtain an estimator for the

total number of eggs,

N̂ = µ̂AE =

∑T

t=1 Yt∑T

t=1 Zt

· AE, (4)

and

V̂ar(N̂) =
1

T

(AE Y·

Z·

)2( s2
Y

Y·

2 +
s2

Z

Z·

2 −
2sYZ

Y· Z·

)
, (5)

where the Y ’s and Z’s are now defined on the ESR.

5 Results and Discussion

Because herring typically do not spawn more than 400 meters away from the coast, we

choose D = 400 meters as the upper bound of transect length in the definition of the ESR.

A histogram of the weights for the sampled quadrats, i.e., the inverse sampling probabilities

for their centers, is given in Figure 4. The values are rescaled so that 1 represents the

weight for a quadrat if the coast were a straight line and the sampling on the spawning

region were uniform. The weights range from 0.074 to 11.5. Most of them are smaller

than 1, which is consistent with the fact that points with higher sampling probabilities, and
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thus lower weights, are generally over-sampled. Figure 5 gives a color map of the sampling

probabilities. It shows that most quadrat centers close to the coast have significantly higher

chance of being sampled (indicated as blue) than if the coastline were a straight line.

Weights (Inverse Sampling Probability)

Fre
que

ncy

0 2 4 6 8 10 12

0
200

400
600

800
100

0

1

Figure 4: Histogram of the inverse sampling probabilities of quadrats in the Pacific herring
surveys of coastal southeast Alaska. The red dot represents the point with the highest weight.
Values to the left of the dashed line indicate those that were oversampled.

Table 1 presents the estimates of the egg density and the total number of eggs in the sur-

vey region using four different methods: (1) unweighted estimation on the extended spawning

region, (2) H-T estimation on the extended spawning region, (3) unweighted estimation on

the (unextended) spawning region, which was used by the ADFG, and (4) H-T estimation

on the (unextended) spawning region. Note that strictly speaking there is no way to attain

the weights for the original spawning region, because the exact boundary of this region is
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Intensity Scale [Sampling probability]

0.05 0.5 1 2 3 4 5 7 9 12

10 20 30 40

20
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80

Transect

Qu
ad

rat

Figure 5: Map of the sampling probabilities for herring eggs in coastal southeast Alaska.
Yellow indicates a low probability of being sampled while blue is high. The data have been
rescaled so that “1” indicates the chance of being sampled if the coast were simply a straight
line.

unknown and so the lengths of the possible transects are also uncertain. Here we use the

weights from the ESR as an approximation for the weights from SR. The latter two meth-

ods give much higher estimates for the total egg count mainly because the estimate for the

spawning area, which is attained by simply taking the product of the total coastal length

and the average transect length, is probably larger than the true spawning area. For both

the ESR and the SR, H-T estimation produces smaller estimates for the egg count than

those given by the unweighted estimator. Also, the standard errors for the H-T estimators
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are almost the same as their counterparts for the unweighted estimators. So correcting the

bias of the unweighted estimator using weights does not lead to increased variability in this

case.

On the ESR On the SR
Unweighted H-T Unweighted H-T∗∗∗

Egg density (1000/m2) 131 (22) 95 (23) 570 (73) 530 (76)
Coast length (km) 146 146 146 146
Spawning area (km2) - - 11.1∗ 11.1∗

Extended spawning area (km2) 40.8 40.8 - -
Total egg count (1010) 534 (90) 390 (92) 633 (81)∗∗ 588(87)∗∗

Table 1: Estimated egg density and total egg count by method. Note: (∗) The true spawn-
ing area is unknown, and probably smaller than 11.1 km2, which is the product of the total
coastal length and the average transect length. (∗∗) The standard error for the estimated to-
tal egg count under the last method is computed assuming that contribution to the variance
of the estimated total egg count from the variance of the estimated spawning area is domi-
nated by the uncertainty in the estimated egg density. (∗∗∗) Because the actual spawning
region is unknown, in theory there is no way to compute the appropriate weights for the H-T
estimator on the SR. Here we use the weights computed from the ESR as an approximation.

The percentagewise difference between the H-T estimator for the egg count and the

unweighted one is nontrivial for both the ESR and SR. However, the difference for the ESR,

about 27%, is quite a bit larger than that for the SR, and is a finding we would expect because

points further from the coast have smaller sampling probabilities and therefore larger weights

in the H-T estimator (Figure 5). Therefore, the H-T estimator tends to put larger weights

on the points in the ESR that fall out of the true spawning region as those points tend to

be farther from the coast. Thus more weight is put on points with zero eggs, drawing down

the H-T estimator relative to the unweighted estimator.

Because the upper bound on the length of each transect we impose to define the ESR

in our example is quite arbitrary, it is interesting to see how sensitive the estimates are

for different choices of the ESR. For this reason, we compute the estimates for the total

egg count for several different feasible ESRs. We construct a sequence of different ESRs
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by changing the maximum transect length from 325 meters (i.e., 65 quadrats), which is the

observed length of the longest transect, up to 525 meters (i.e., 105 quadrats). As Table 2

shows, both the H-T estimate for the total egg count and its standard error are quite stable

over this rather generous range of ESRs.

QM 65 70 75 80 85 90 95 100 105
Estimated total 424 417 401 390 387 393 392 392 395

egg count (99) (95) (92) (92) (91) (92) (93) (94) (95)

Table 2: Estimated total egg count (/1010) using H-T estimation and its standard error for
different ESRs. QM is the maximum number of quadrats in a transect, which defines our
ESRs.

6 Concluding Remarks

In habitats with complicated geometry, transect sampling schemes that randomly select

transect origins along the edge of a habitat can result in an uneven distribution of sampling

probabilities over the surveyed area. This uneven distribution leads to bias in the unweighted

estimator of the average population density. We introduce a method that incorporates the

geometry of habitat edges to compute the appropriate weights for the sampled quadrats,

thus correcting the sampling bias. When applied to the ADFG herring data, this weight-

ing procedure causes no extra variability in the estimation while correcting significant bias.

Cluster sampling coupled with this Horvitz-Thompson estimation method provides an effec-

tive, economic and generic way of sampling an area. Such a sampling design is particularly

valuable when direct (spatial) uniform sampling is too costly or the survey area of interest is

not easily defined, as a result of a lack of high resolution maps, such as the lack of detailed

bathymetric data for the herring dataset.

An important issue in implementing the techniques introduced in the paper is the choice

of the buffer zone, or the ER. The general guiding principle is to pick a region that covers
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the true interested region and exceeds the latter as little as possible. (Ideally, the ER will

equal the true region of interest.) Of course another principle is that the area of the ER

should be easy to measure or compute. A good choice of the ER should balance these

two contrasting criteria. In this light, the ER we used for the herring data was based

on a fixed maximum transect length, and was thus rough. It meets the second criteria

very well while almost completely ignoring the first. A better ER can be obtained by

techniques such as photographing the interested region to determine at least approximately

the appropriate maximum transect lengths for different parts of the boundary. This should

be done before the sampling procedure takes place. With such information at hand, the

divers (or other surveyers) should sample each transect up to the designated maximum

length of that transect if possible, rather than determining subjectively where they should

stop. While we apply the H-T estimator to a coastal situation, it should be emphasized

that the procedure outlined above is generic and applicable to a wide variety of ecological

settings—where detailed knowledge of a survey area is limited and habitat is irregularly

shaped.
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Appendix A1. Deriving the H-T estimator

We use a pair of coordinates (s, r) to represent a point in the sea, where s indexes the

position of the corresponding transect origin on the coast and r the perpendicular distance

of the point to that transect origin. Because a point in the sea could have more than one

corresponding origin points on the coast (see Figure 1), different pairs of coordinates could

refer to the same spot. Next, we let p(s, r) be the sampling probability for Point (s, r), and

X(s, r) the population density at Point (s, r). Now if we let A0 be the area of each quadrat,

then under the key assumption that sampling probabilities vary little within each quadrat,

the Horvitz-Thompson estimator can be computed as

µ̂ =

∑
t

∑
q

∫
Q(t,q)

X(r, s) · 1/p(r, s) dA
∑

t

∑
q

∫
Q(t,q)

1/p(r, s) dA

≈

∑
t

∑
q 1/πtq

∫
Q(t,q)

X(r, s) dA
∑

t

∑
q 1/πtq

∫
Q(t,q)

dA

=

∑
t

∑
q
(1/πtq)XtqA0∑

t

∑
q(1/πtq)A0

=

∑T

t=1

∑Qt

q=1(1/πtq)Xtq∑T

t=1

∑Qt

q=1 1/πtq

.

Appendix A2. Extracting and smoothing the coastline

Coastline extraction and thinning

Extracting the coastline would be a trivial matter if the map had a separate layer identifying

the coast or it used a unique color to indicate coastal points. In our case, however, the map

was a single digitized image of Southeast Alaska. Both the coastline and all the legends and

comments are represented by black pixels in the image; land, shallow water, and deep water,

on the other hand, are encoded as camel, blue, and white pixels respectively. Also, in the

map the coastline had a width of two to three pixels.

To extract the coastline we distinguished the coastal pixels from all the other black pixels,

and that required some definition of a “coastal pixel”. The appropriate definition depends
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Figure 6: Coastline extraction of a portion of the map.

Figure 7: A thinned version of the coastline in Figure 6.

19



on the specific properties of each map. For the ADFG herring project, the criteria we chose

was that if the 5 pixel by 5 pixel square centered at a black pixel included both land and

water, then that black pixel in the middle was considered a coastal pixel. Picking out coastal

pixels based on this rule produces a two-to-three-pixel wide coastline. Figure 6 illustrates

the effect of this algorithm on a typical portion of the map. Overall, this algorithm does a

satisfactory job in identifying the coastal points.

After extracting the coastal pixels, the next step was to thin the coastline to one-pixel

wide. There are standard 2D image processing algorithms for this particular purpose that

preserve the Euler number of the coastline image [12]. Such algorithms are implemented

in standard image processing packages such as the image processing toolbox in MATLAB,

which we used. The result of the thinning procedure when applied to the coast segment in

Figure 6 is presented in Figure 7.

Coastline smoothing

After obtaining a one-pixel wide coastline, we smoothed it by fitting uniform cubic B-splines

with the coastal pixels as control points [6]. A uniform cubic B-spline is twice continuously

differentiable and its x and y coordinates can respectively be parametrized as piecewise cubic

polynomials. Each piece between two adjacent pixels is determined by the four adjacent

pixels around that segment, and the x and y coordinates of each piece are parametrized as

cubic functions of a “speed” parameter t ∈ [0, 1]. For a more detailed discussion of these

and other properties of B-splines, see [6]. The fitted B-splines give an explicit mathematical

formula for the coast, which facilitates the computation of both the length of a coastal

segment and the tangency at any coastal point.
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