Asymptotic Properties Of Spatial Cross-Periodograms Using Fixed-Domain Asymptotics. Lim & Stein

The University of Chicago
Center for Integrating Statistical and Environmental Science
www.stat.uchicago.edu/~cises

Chicago, lllinois USA

TECHNICAL REPORT NO. 41

ASYMPTOTIC PROPERTIES OF SPATIAL CROSS-PERIODOGRAMS
USING FIXED-DOMAIN ASYMPTOTICS

Chae Young Lim and Michael L. Stein

January 2007

Although the research described in this article has been funded wholly or in part by the United States
Environmental Protection Agency through STAR Cooperative Agreement #R-82940201 to The
University of Chicago, it has not been subjected to the Agency’s required peer and policy review and
therefore does not necessarily reflect the views of the Agency, and no official endorsement should be
inferred.




Asymptotic Properties of Spatial Cross-Periodograms using

Fixed-Domain Asymptotics

Chae Young Lim and Michael Stein *

Abstract

Cross-periodograms can be used to study a multivariate spatial process observed on a
lattice. For spatial data, it is often appropriate to study asymptotic properties of statistical
procedures under fixed-domain asymptotics in which the number of observations increases
in a fixed region while shrinking distances between neighboring observations. Using fixed-
domain asymptotics, we prove relative asymptotic unbiasedness and relative consistency of
a smoothed cross-periodogram after appropriate filtering of the data. In addition, we show
smoothed cross-periodograms are asymptotically normal when the process is stationary
multivariate Gaussian with appropriate assumptions on high frequency behavior of the
spectral density.

Keywords: Multivariate Gaussian process, Infill asymptotics, Spectral Density, Fourier

transform, Joint cumulant

1 Introduction

Spectral analysis of stationary processes is a powerful tool for analyzing spatial data sets
on a grid. Properties of the spatial periodogram of lattice data have been studied by
many authors [see e.g. Whittle (1954), Guyon (1982), Guyon (1995), Ripley (1981) and
Rosenblatt (1985)]. Often, the processes of interest are defined in a continuous space. Then,
the observed data can be regarded as a realization of a random field on a lattice. Consider
a multivariate stationary random field Z = (Zy,--- ,Z,) on R? with p x p spectral density
matrix F' = (f,) and data observed at 0J for J € szl{l, .-+ ,m;}. Here § is the distance
between neighboring observations. When 6 = 1 independent of m;, we have observations
on the integer lattice, Z¢. For simplicity, suppose that m; = --- = mg = m. Guyon (1982)
showed that standard results for periodograms in time series can be carried over to spatial

periodograms for stationary random fields on Z¢ as m — oo if bias correction is applied
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to the periodogram. This approach, letting the number of observations go to infinity while
fixing ¢, is called increasing-domain asymptotics [Cressie (1993)].

When processes on R? are observed on a lattice, it is natural to let § vary with m. Fuentes
(2002) studied asymptotic behavior of the periodogram as m — oo, § — 0 and dm — oo for
both stationary and non-stationary Gaussian process on R2. In this approach, the number
of observations goes to infinity and the distance between neighboring observations tends to
zero but with slower speed so that the observation region grows without bound and is what
she called shrinking asymptotics. Hall et al. (1994) introduced nonparametric estimators of
the covariance function and variogram using the kernel method and the Fourier transform.
Under shrinking asymptotics, they showed some asymptotic results of their nonparametric
estimators when the observations are not necessarily evenly spaced. There have been many
other studies regarding to this type of asymptotics [see e.g. Constantine and Hall (1994),
Lahiri (1999), Fazekas and Chuprunov (2006), Zhu and Lahiri (2007) and the references
therein |.

If we are interested in processes on a given fixed region of R%, then we can take § = bm ™!
where b is a constant independent of m. Letting m — oo under this condition is called fixed-
domain asymptotics [Stein (1995)] or infill asymptotics [Cressie (1993)]. This approach,
letting the number of observation increase in a given fixed domain, is often appropriate for
spatial data [Stein (1999)]. In time or spatial domain, the fixed-domain approach has been
considered by many authors [see e.g. Ying (1993), Chen et al. (2000), Furrer (2005), Zhang
and Zimmerman (2005) and the references therein)].

In the spectral domain, there is little asymptotic work from the fixed-domain perspec-
tive. Stein (1995) showed, under some assumptions on the process and the frequency of
interest, that the spatial periodogram of an appropriately filtered version of the process is
nearly unbiased for the spectral density of the filtered process on a lattice. He also showed
that the periodogram values at different Fourier frequencies are asymptotically uncorrelated
under some further appropriate conditions. In this paper, we extend some results of Stein
(1995) to cross-periodograms. In addition, we show asymptotic normality of smoothed
periodograms and cross-periodograms under fixed-domain asymptotics when the process
is stationary multivariate Gaussian, under an appropriate assumption on high frequency
behavior of the spectral density. To do so, we make use of assumptions similar to those in
Stein (1995), but extended to cover the multivariate case.

Define a lattice process Y5 = (Y51,Y52, -+ ,Y5,) on 7% by Ys5(J) = Z(6J) for J € 7.
Then Y5 has spectral density matrix Fs, whose (a,b) entry is

fsan(@) =671 " fun(07(w +27Q)),
Qezd
for w € (—m,m|% We set fs.o = fs5.0a. The function f5 .(w) has integral over (—m,7]?
independent of §, but more and more of its mass gets concentrated near the origin as
0 — 0. This peakedness near the origin can cause problems for the periodogram that
can be addressed by appropriate prewhitening. Stein (1995) proposed a possibly iterated
discrete Laplacian operator to difference the data; the number of iterations required relates
to the behavior of the spectral density at high-frequencies. Define the Laplacian operator
d
AsZ(x) = {Z(x+01;) — 2Z(x) + Z(x — 01;)},

J=1



where 1; is the unit vector along the jth coordinate. Define Z}(x) = (As)7Z(x) and
Y7 (J) = Z3(6J) where the Laplacian operator is applied to each component process. Then
Y] has spectral density matrix F7, whose (a,b) entry is

2T

d
fg: ab(w) = Z4Sin2 (%) fg, ab(w).
j=1

To obtain limiting results, we will need the following assumptions on the cross-spectral
density. For positive functions a and b, a(w) =< b(w) means that there exist constants C
and Cs such that 0 < (4 < a(w)/b(w) < Cz < oo for all possible w. We assume that for
a=1,---,p, the spectral density of Z, satisfies

folw) =< 1+ |w|)”%. (1.1)

Throughout this work, we will write & for (o, + ap)/2, supressing the dependence on a and
b. We assume that for some c,p, the cross-spectral density for Z, and Z, satisfies

fap(@)|w|® = cqp exp {i0ap(v) } + 0(1) (1.2)

as |w| — oo, where w/|w| — v and 4(v) is a continuous function on the unit sphere in
R?. To have a valid cross-spectral density matrix in the limit, we assume that the matrix,
F with Fyp, = cqpexp {z Gab(v)} is positive semi-definite. For a = b, we would always have
Bap(w) = 0 and ¢, = ¢4 is positive since the spectral density is positive. Note that cq, can
be zero, which includes the case that Z, and Z; are independent.
By assuming (1.2), for any fixed w € (—7,7]%, w # 0, we have as § — 0,
4 2r
5d_5‘f({ ab(@W) = Cap Z4sin2 (%) Z |w + 27Q|~* exp {i@ab (;i;;g) } .
J=1 Qezd
(1.3)

The absolute value of this limit behaves like c,p|w|*”~® near the origin. Thus selecting 7
such that 47 — @ > —d makes the limit integrable. Here we denote the right side of (1.3)
by gap(w).

In this study, we consider cross-periodograms of the data differenced 7 times, including
7 = 0, which means no differencing. Suppose that we observe Y} (J) = Z3(6J) for J €

T = {1,--- ,m}%. Define a discrete Fourier transform of the process Y.
Da(w)= Y Y, (S)e ™S, (1.4)
SeT,

Then the cross-periodogram is defined as

];75(4.0; a,b) = (27rm)_dDa (w)Dp(w)*,

where * indicates complex conjugate. Here, we only consider I;m(w;a, b) at the Fourier

frequencies 2rm~1J, J € 7,, = {—[(m—1)/2] ,--- ,m—|m/2]}¢. We also study a smoothed
cross-periodogram. Consider a symmetric continuous function K on R? which satisfies
K(X) > 0 and K(O) > 0. Let Kh(X) = K(%)I{qugh}, where HXH = maX(|x1|,--- ,‘$d|),

and
Ky (2rm~'K)

T Yrer, Kn(2rm L)’

Wi(K)
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Then we define the smoothed cross-periodogram by

fh@b (ZWmflJ) = Z Wi(K) 1Ly, s (27Tm71(.] +K);aq, b) ) (1.5)
KeTn
In addition, define the p X p matrix Fg , the smoothed cross-periodogram matrix whose
(a,b) entry is defined by (1.5).

In Section 2, we study asymptotic behavior of the mean and variance of smoothed and
raw cross-periodograms. We find bounds for the expected value, variance and correlations
of cross-periodograms that are similar to results for the periodogram in Stein (1995). Since
the spectral density matrix Fg goes to zero componentwise as m — 0o, we consider relative

asymptotic unbiasedness and relative consistency. For O the matrix of zeros, we will say E g
is relatively asymptotically unbiased for FT if E { (diagFg)_1/2 [Fg — F7|(diagFy) _1/2} —

O, where diagﬁg is the diagonal matrix of FY. Fg is relatively consistent if (diagﬁ_’g) /2 [Fg—
FT| (diagFy )71/ S0 componentwise, in probability.
Proposition 3 shows that for sufficiently large ||J|| and m, E {ﬁwb (ZWm_lJm)} is

close to fg ab (27rm’1.]m) under appropriate assumptions on f,; and 7. In other words,
E 7 is relatively asymptotically unbiased for F 7, the spectral density matrix of Y3. The
conditions for Proposition 3 together with (2.15) imply that, asymptotically, one can ignore
the correlation between cross-periodograms at different Fourier frequencies in calculating
the variance of the sum for a smoothed cross-periodogram. Using this result, Proposition
6 shows that the variance of each component in (diagﬁ'g)fl/2 [ﬁ‘g — F‘g] (di:abglf'g)fl/2 goes
to 0 when Y r Wi(K)? — 0 as m — oo. Thus FJ is relatively consistent for Fy by
Propositions 3 and 6.

Section 3 studies the asymptotic normality of the cross-periodograms under fixed-domain
asymptotics. Unlike the increasing domain case, Gaussian assumption for the process is
essential for the asymptotic result here. Non-Gaussianity will likely lead to non-Gaussian
limits under the fixed-domain approach, which is the case, for example, when estimating the
fractal index for a class of non-Gaussian stationary processes [Chan and Wood (2004)]. Sup-
pose that the process is stationary multivariate Gaussian on R? and that its spectral density
matrix F' satisfies (1.1) and (1.2) with smoothness condition on high frequencies given by
(2.3). Consider h = Cm™7, for 0 < v < 1. Then, the total number of neighboring Fourier
frequencies summed over in the smoothed cross-periodogram defined in (1.5) increases more

4 as m — co. Under this condition on h, Lemma 9 shows that the expected

slowly than m
value of m~(4=% times the smoothed cross-periodogram at 2rm~1J™ converges to Jab(1t)
given in (1.3) if lim,, o, 27J™/m = p # 0. Proposition 10 provides the covariance struc-
ture of smoothed and scaled cross-periodograms under fixed-domain asymptotics. To obtain
the asymptotic covariance structure of smoothed cross-periodograms, we impose additional
restrictions on v when d > 3. Consider two Fourier frequencies, 2rm~1J7 and 27rm~1J%,
for which lim,,— 0 20J7"/m = p, # 0 for s = 1,2. In particular, Proposition 10 shows
that if g, £ py # 0, then smoothed and scaled cross-periodograms at these two Fourier
frequencies are asymptotically independent. Finally, we establish the asymptotic normality
of cross-periodograms in Proposition 12. These results under fixed-domain asymptotics are
the multivariate spatial version of standard results in multivariate spectral analysis of time
series [see e.g. Brillinger (1981) and Brockwell and Davis (1987) |. Brillinger (1981) briefly

considers multivariate spatial spectra for the tapered spatial process observed everywhere



in a bounded region. Proofs of most Lemmas and Propositions are given in Section 4.

2 Mean and Variance of the Smoothed Cross-Periodogram

In this section, we approximate the mean and variance of the cross-periodogram and the
smoothed cross-periodogram under fixed-domain asymptotics. Suppose that Z is a station-

ary multivariate process on R?. Define

d 7 d sin® (752)
an 5(J, K;a,0) = (2rm)~ / @) [T SR "
(—=m,m]d j—=1 sin (7’ + %) sin (%; + ﬂmj)

Then we have

E{ 777—7,6 <2m];avb>} :a:n J(Jv‘];avb) (21)
s m s

for J € 7,, \ {0} or J =0 and 7 > 1. When Z is Gaussian, for J,K € 7, \ {0},

21 27K
COV{ 5 (;;a,b), ,;75< :n ;a’,b’)}

= a7, ;(J,K;a, a’)a:n’(;(J,K; b,b')* + ar, 5(J, —K; a,b’)a;ﬁ(L -K;d',b)*, (2.2)

where cov(X,Y)=E{(X — EX)(Y — EY)*}.
In addition to (1.1) and (1.2), we make the following assumptions on the smoothness
of the spectral density matrix F at high frequencies. For a,b = 1,--- ,p, fup is twice
differentiable with
32

a |9 at+l
| fap(w)| (1 + |w]) %, ’awjfab(w)‘(ulwl) , and ‘8%8%

fon)| 1+ w) =2 (23)
uniformly bounded for j,k = 1,---,d. Note that o, > d, a = 1,--- ,p is required for f
to be integrable and that uniform boundedness of f,; when a = b was already guaranteed
by the assumption (1.2). For real-valued functions a and b, define a(m,J™) < b(m,J™) to
mean b(m,J™) > 0 and |a(m,J™)|/b(m,J™) is uniformly bounded in m and ||J™||. Define
Iiay = 1if Ais true, Ip 4y = 0, otherwise and (m)? = m? if ¢ # 0 and (m)® = logm. For
simplicity, we assume that § = m™! throughout this study.

Proposition 2, which includes Proposition 1 in Stein (1995) as a special case with

a = b, approximates F {Igm (27Tm*1.]m;a,b)} as m — oo. Proposition 2 shows that

I3 s (2rm~1J™;a,b) is relatively asymptotically unbiased for f({ab (2rm=tIm) if |37 —
oo and (m)47 =4~ 1/||[J7||#7=% — 0 as m — oo. The proof of the following Lemma is similar

to the proof of Proposition 1 in Stein (1995) except that when a # b, I, 5 is complex-valued.

Thus, we state the Lemma without proof.
Lemma 1 Suppose that fop satisfies (1.1) and (2.3), and that 47 > max{a,, ap}—1. Then,
for any m and J™ € T,, \ {0},

|E{L}, 5 2em™ 3™ a,b) } — fia 20m ™13
< md747 (HJmH477afl + ”Jm”fl + <m>477a71) ) (24)



If [J™|| < m, the left hand side of (2.4) becomes m?=~1(1+m~U"= Y tlogm I(4,_541}) =
o(m?=%). Then

E{L}, s 2em™ 3™ a,b)} = af, s(I™, I ™5 a,b) = f§ 4 (20m ™1 I™) + o(m4=).  (2.5)
Furthermore, note that using (1.1) and (2.3), we have

f({a (2rm~1J™) = md47|| I |47 and (2.6)

|faap REm™'I™) | <m0 (2.7)

Proposition 2 Under the conditions of Lemma 1, for any m and J™ € T, \ {0},

{175 (2rm=13m;0,0) } = 7, (2710

\/ﬂ{a(27rm—1Jm)fgb(27rm—1Jm)

<m>4776z71 1 1
< ||Jm||4‘r—6¢ + ||Jm||4‘r—6¢+1 + HJmH (28)
Proof  This result follows from Lemma 1 and (2.6). O

We can also get a bound for the smoothed cross-periodogram defined in (1.5). Consider
h = Cm™" for some C > 0 and 0 < v < 1. To make use of Proposition 2, we impose an
additional condition on h to avoid including the zero frequency in the smoothing procedure.

Proposition 3 With the conditions of Lemma 1, suppose that h = min{Cm =", 27 (||J™|| —
1)/m)} for some C > 0 and0 < v < 1. Define Kmin = argminger, joxK/m|<hxo0lld™ + K.
Then, for any m > 2 and J™ € T, \ {0},
B {fuar em™13™) } = [, (2em~1I™)
\/f({a(27rm—1Jm)f({b(27Tm_1Jm)
gl m L ! _
1K 1 A 1A N M A o ST M (i

||Jm + KminH4T—&—1
(| I [4m = Tar<asy- (2.9)

By Proposition 3, fh’ab (27rm_1Jm)7 the smoothed cross-periodogram at a given non-zero
Fourier frequency is relatively asymptotically unbiased for f({ab (2rm=tI™) if ]I — oo
in such a way that (m)*”=*=1/||J™||*"=% and m'~7/||J™|| tend to zero as m — oo,

Next, we develop the asymptotic uncorrelatedness of the cross-periodograms at distinct
Fourier frequencies under the fixed-domain perspective. Lemma 4, which is a generalization
of Proposition 3 in Stein (1995), is a key ingredient for showing the result. An analogous
result to the variance of cross-periodogram under increasing-domain asymptotics is estab-
lished in Proposition 5.

Lemma 4 Suppose that Z is Gaussian, fap satisfies (1.1) and (2.3) and 47 > max{oy, ap}—
1. Then, for J™ K™ € T, \ {0} with J™ # K™,

a7, s (3™, K™ a,b)| < By~ tmd T, (2.10)



where B, = min([|J™]], [[K™[]).

Proof  Similar to the proof of Proposition 3 in Stein (1995). O

Proposition 5 With the conditions of Lemma 4, suppose that J™ € T, \{0}. Let atmax =
max{ag, ap} and amin = min{a,, ap}. If 2J™/m & 72, then
var {Inib’(; (27rm_1Jm; a, b)}
f;amm-um)fg @rm137)

<<H 4Ta]1+z<m>47%1+ ! - (2.11)
imab ||Jm||47‘ aj Pt ||Jm||47'7aj ||Jm||4r—amax+1 ”Jmll .

-1

If 2™ /m € 79, then

var {I;L s (2mm~1I™; a,b)}
: -1
_ _ 2
[3.mm=1Im) fT, (2em=1I™) + (2rm~—1Jm)
47‘ aj;—1 <m>47'7aj71 <m>4776¢71 1 1
< + — 4 — + — - :
J]:L[b HJmH4T a; j;b ||Jm||4‘r—a] ||Jm||47- a ||Jm||4 Qmax+1 HJmH

(2.12)

By (2.2) and Proposition 5, Corollary 1 gives a bound on the correlation between cross-

periodograms at distinct Fourier frequencies that tends to 0 when §,, — oo as m — oo.

Corollary 1 Under the conditions of Lemma 4 , if Bm < m, then for J™ K™ with

Jm LK™ £0,
2 Jm 2rK™
corr{ ;H;( T ia b), m5< T a b)}‘ < B2 (2.13)
’ m m

Using Corollary 1, we can seek a condition similar to (14) in Stein (1995) that will make

var {fh,ab (QWm_lJm)} ~ Z Wi (K)?var {I] 5 (2rm™ ' (J™ + K);a,0) };  (2.14)
KeT,

that is, asymptotically, the correlation between cross-periodograms can be ignored in calcu-
lating the variance of a smoothed cross-periodogram. Once (2.14) is satisfied, Proposition
6 together with Proposition 3 provides that a smoothed cross-periodogram is relatively
consistent to the corresponding cross-spectral density on a lattice when Y Wj, (K)? — 0 as
m — o0o. Assume that h is as in Proposition 3 and ||J™|| < m. Let T, be the subset of 7,
for which Wj(K) # 0 and let L,, be the number of elements of I',,. By our assumptions,
we can apply Corollary 1 to fh,ab and obtain



{f . (%J’")} S W,Laqzm{ . (W+K>b>}
KeT,, m

<2 Y WKWK cov{ s (WJK) a b)v mg(WiJK');avb)H

K, K€y,

K#K’
< > WaE)WK)m2 S (37 4+ K| 37+ KT min{ 37+ K|, 37+ K[}

Kf{(%el“f/n
2d 81 Z Wh |Jm+K||4T a—2 Z Wh K/)”Jm+KIH4T a
KeT, K'elm
m2d—87 Z Wh(K)Q“Jm+KI|2(4T—&) L, Z [J7m + K| -4,
Kel,, Kel',,

the last step using the Cauchy-Schwarz inequality.

Since we have

2n(J™ + K _
Z Wh var{ .6 (7T(7n+) a b)} 2d 81 Z Wh ||Jm+K||2(4-r—o¢)’

KeT, Kely,

(2.14) holds if

Ly Y 3"+ K| —o0. (2.15)
Kel,,
Proposition 6 Suppose that Z is Gaussian and that fop satisfies (1.1) and (2.3). Also
suppose that 47 > max{a,,ap} — 1, h = min{Cm =7, 2x(|J™| —1)/m)} for some C >0
and 0 <y <1 and (2.15). Then, for IJ™ such that | J™| < m and 2m~*J™ € (—1,1)¢,

var {fh@b (2nm~13m) } K; Wi (K)2fZ, (2nm = 3™ T, (2em =1 3™). (2.16)

3 Asymptotic distribution of Smoothed Cross-Periodograms

In this section, we show the limiting distribution of smoothed cross-periodograms under
fixed-domain asymptotics is Gaussian after appropriate normalization if the process is sta-
tionary multivariate Gaussian and its spectral density matrix satisfies some regularity con-
ditions at high frequency. We prove this by showing that cumulants of order 3 or higher
go to zero as § — 0. First, we introduce the definition of the joint cumulant and some
necessary terminology and results in Brillinger (1981) and Leonov and Shiryaev (1959).
Define the rth order joint cumulant, cum (Y3,---,Y;), of (Y1,---,Y;), where Y; are real or

complex with E|Y;| < oo,j=1,---,r, by
cum (Y1, -+, Y,) = 3 (-1 o - )UE [[ v (8 ] ¥)),
Jj€En JjEVp

where the summation extends over all partitions (v1,--- ,vp), p=1,---, 7 of (1,---,7).

Consider a two-way table



(1,1) (1, J1)

: : (3.1)
(1,1) (I,Jr)

and a partition P; U P, U... Py of its entries. Two sets, P,,» and P,,~ of the partition are

said to hook if there exist (i1,j1) € P and (i, j2) € P, such that i; = is. Two sets,

P, and P,,~ of the partition are said to communicate if there exists a sequence of sets

P, = P, Pryy -+, Py = P such that P, and P, hook for s =1,--- ,N —1. A

partition is said to be indecomposable if all sets communicate.

Theorem 7 (Brillinger 1981) Consider a two-way array of random variables X, ;, j =

1,---,J;,i=1,---I. Consider I random variables
Ji
}/1' = Hle,Z = ].,I
j=1
The joint cumulant cum (Y, -+ ,Y7) is then given by

Zcum(Xij;z'j €v)...cum (X, ;i) € vp)
v

where the summation is over all indecomposable partitions v = v1 U ... U v, of the Table
(3.1).

Consider a special case that will be used later. Suppose that J; =2 foralli=1,---r
and X;; are Gaussian with E(X;;) = 0. Then joint cumulants of order 3 or higher are
zero. Let e; and €; equal either 1 or 2, while e; # €;. Then the partition v = Uszﬂ/q is

indecomposable if and only if

vi = {(i1,€1), (i2,e2) }, v2 = {(i2,€2), (i3,€3)}, -,

Vp—1 = {(Z’rflvérfl)y (7;7"767‘)}7 Vp = {(iraér)v (7;1’61)}7

where (i1, ,i,) is some permutation of the numbers 1,--- . Without loss of generality,
we may always set 47 = 1 and é; = 1. Then indecomposable partitions correspond to
pairs of collections {(i2,- -+ ,%,),(e2, - ,e.)}, where (ig,--- ,4,) is a permutation of the
numbers 2,3,---r and (ea, - ,e,) is a collection of 1’s and 2’s. Let ip = (ig,--- ,4,) and

ey = (ea, -+ ,e,). Then we have

-
cum (Yy, -+ ,Y,.) = Z H cum (Xy; ;1 Xije;) cum (X e, Xij,eji0)s (3.2)

iz,e2 j=2
where 4,41 = 41 = 1 and e,y; = e; = 2. Lemma 8 shows that the second order joint

cumulant of Discrete Fourier Transforms defined in (1.4) can be expressed in terms of a7 ;.

Lemma 8 For J,K € 7, the second order joint cumulant of Discrete Fourier Transforms

is given by

cum (Dg(2rm~1J), Dy(2mrm ™ 'K))
d
7> (T + Kj)} (2rm)tal, 5(3,~K;a,b)  (3.3)

Jj=1

m—+1

zexp{—i



Proof  Similar to the proof of (2.1) in Section 4. O

Consider Xij = Dai (27Tm_1(J1—|—K1)) lf] =1land X,‘j = Dbi(—Qﬂ'm_l(Ji—i—Ki)) lfj =2
Then we can apply (3.2) and Lemma 8 to have an expression for the rth order joint cumulant
of smoothed cross-periodograms, since D, (2rm~1J) is Gaussian with E (D, (2rm~'J)) =0
for J #0:

cum (fh,albl (27rm71-]1) o ,fhﬁrbr (27Tm71.]r)) = Z { H Wi(K;) x
j=1

K, Ky

Z H aTmﬁ((_l)éj_l(Jij + Kij)’ (_1)Ej+1 (‘]ij+1 + Kij+1); Uije;s uij+18j+1) }’ (3'4)
iz,ez j=1
where u;e = a; if e =1 and u;e = b; if € = 2.
Lemma 9 and Proposition 10 provide the limit of the expected value and covariance of
smoothed cross-periodograms. These limits depend on the behavior of the spectral density

at high frequency through the assumption. Let K, = f[7 K(x)"dx that will be used in

1,1]4
Proposition 10 and later.

Lemma 9 Suppose that fqp satisfies (1.1), (1.2) and (2.3), 47 > max{ag, ap}—1, lim,, o0 20" /m =
pw#0 and h=Cm™7 for some C >0 and 0 <y < 1. Then we have
lim m~ D Ef, o (2rm I I™) = gan(p). (3.5)

m—00

Proposition 10 Suppose that Z is Gaussian, each entry of F satisfies (1.1), (1.2) and
(2.8), 47 > maxe=1.... p{as}—1, h = Cm™" formax{(d—2)/d,0} <y < 1 andlim,,_,o 27J7"/m =
pe #0 for s=1,2. Letn =d(1 —~)/2. Then, for a;,b1,as and by € {1,--- p},

lim mQ"cov{7n*(d*5‘1)f;wlb1 (27rm*1.]71n) ,mf(d7&2)fh,a2b2 (27rm*1.]’2”) }

m—00

{(27T/C)dk2/K12} Yaias (Nl) Jbsbq (ll’l) ) J71n = Jgn

{(2W/C)dk2/K12} Ya1b, (""1) YJazby (l’l’l) ; J{n = _J12n

0 ) Hl#iyﬂ

Consider J7* £ J5" # 0 but pu; £ py, = 0. With similar arguments as in the proof of
Proposition 10, we can prove that the asymptotic covariance is 0 if || JT* £ J5*|| = O(m?”)
forl—y<p<1.If0<p<1—7andcl = lim, .o 2r(J7 £ JJ')/mh exists, we can
obtain a limiting expression for the covariance. For example, suppose that pu; = py, = p.
Then we can show that

lim mQ”cov{m_(d_é“)fh’alb1 (27Tm_1.]§”) ,m_(d_a"‘)fhmbz (27Tm_1.]§”) }

= KK (4 + X)d% oo (1) 90, (1)
1 [=1,1]¢n{[-1,1]4—cy }

Thus, if 0 < p < 1 -1, then ¢ = 0 so that we have the same limit as in Proposition 10. If
p=1—~and[-1,1]¢4N{[-1,1]?—c; } is empty, the asymptotic covariance is 0. Therefore,

10



with the asymptotic normality result in Proposition 12, the smoothed and scaled cross-
periodograms at 27J7*/m and 27J5* /m are asymptotically independent if pu; + p, # 0 or
even if two Fourier frequencies have the same (or negative) limit when the difference of the
two Fourier frequencies decreases slower than the bandwidth in the smoothing procedure.
For [|J||, [[K|| =< m, we have |a], 5(J,K;a,b)| = O(m4=%)ifJ = K and lay, s(J, K;a,b)| =
O(m4=971)if J # K by (2.5) and Lemma 4. Then, the sum over K, -+, K, in (3.4) can
be divided into several groups based on the number of sets in the partitions of {1,---r}
so that each group is bounded by some order of m that is small enough to make all third
and higher order joint cumulants with appropriate normalization go to 0 as m — oo. More

specifically, we have the following result:

Lemma 11 Under the conditions of Proposition 10, for r > 3 and ay,by, -+ ,a.,b,. €

{17 e 7p}7
‘cum (mf(dfal)fh,albl (27Tm*1J1) ,

) 7m—(d—5‘r)fh7%br (27rm_1J,.)>‘ = o(m™""). (3.6)

Proposition 12 Suppose that lim,, . 27J7/m = p, # 0 for s = 1,--- ,n. Let i =
(py, - s 1y,) and () = (Garby (1)s- 5 Ganb, (4,)). Under the conditions of Proposition

10, for ay, by, -+ ,an,b, € {1,--- ,p},
m"{ (77”f(d*dl)fh,alb1 (27Tm*1.]1) ,
T f, (27mTNL) ) — g(R) }— NE(O,T),

where n = d(1 —v)/2, NE is complex n-variate normal distribution and 3 is given by
Proposition 10.

We have let «,, which controls the high frequency behavior of the spectral density of
Z, vary with a. Thus, it is natural to allow 7, the number of times to difference data, to vary
with each component process. That is, consider Y7 (J) = ((As)™ Z1(83), - -+ , (As)™ Zp(0T)).
Then, (a,b) entry of the spectral density matrix £y for YT is

27

d
i) = 4 3 dsin® ()} Foalw),

where 7 = (1, + 7)/2. By replacing 7 with 7 and assuming 475 > as — 1, s =1,--- ,p, we
can extend Proposition 12 to include this case as well.

11



4  Proofs

Proof of (2.1)
For J € 7,,\ {0} or J =0 and 7 > 1, we have

E{I s {2rm™'J;a,b)}
= (2rm) 4B (Do(2nm ™' 3) Dy(27m 1 J)*)
— (27m) ¢ Z Z e—i2rm 13 (s—u) p (Y5 (s)Ye, ()

=<2wm>-dzze-ﬂm“'”s-“){ / T 7w+ B (Y] ))E(i@uu))}

27rm /Ze i2rm 1 I-w)7Ts Zez(2ﬂm 1J-w) uf&ab( )
27rm dzz —iomm— 137 (s— u)E(YT ( ))E(Y({b(u))

~ (2om) [ f[ n(<m+) gy i (1.1)
= (27m)~¢ / ﬁ W 7t (w)dw,
j=18in” ( SF+ ==L

the equality in (4.1) following from the fact that E(Y({a(s)) =0if7>1 and E(Y{a(s)) =

constant if 7 = 0.
Proof of Proposition 3
Note that we have
[ffap Rrm™ (3™ + K)) = [ (20m™ 1 I™) | < m4 I K], (4.2)

by (23) and EKET,” W}L(K) = ZKGT,,L,H%TK/mHSh Wh(K) =1.
We use similar results as in Proposition 1 of Stein (1995). By the assumption on

h, J™ + K # 0 so that we can apply Lemma 1 to E{];L’é (2em=1 (3™ + K);a,b) } —
ffap (27m ™1 (I™ + K)) as follows:

|E(fh,ab (2rm™'I™)) = fiap (2em ™) |

Z Wi(K) [E {I, 5 (2rm™ (3" + K);a,b) } — fi . (2rm™ (I + K)) } ‘

Ke7,,
+ Y Wa(K) | ffap 2rm ™ (I + K)) = f7p (20m 137
KeT,,
1
Wh ||Jm_|_K||47' a— 1+ Wh )mi
{K; K; [J™ + K|

(it g gt 3 Wh<K>|K||}.

KeT,

Note that

> WE)|K|® = > Wi (K)|[K|* < m*0=7, (4.3)
KeT,, KeT,,|2rK/m||<h

12



for s > 0. Also we have for s <0,
3"+ K[* < [[J7 + Kminl|*, (4.4)

when K # 0 and ||27K/m| < h.

Thus, for 47 —a —1 > 0,

Z Wh ||Jm+K”4T a—1
KeT,

< Z Wh HJmH47— a— 1+ Z Wh )HK||4T—&—1
Ke7,, Ke7,,

< ||Jm||47'7&71 + m(47’*&*1)(1*’7), (45)
and for 47 —a — 1 <0,

Z Wh ||Jm+KH4T a—1
KeT,,

=Wa(@I™T T Y W)+ KT

KE'T,,,“K#O
< ||Jm||47'76¢71 4 ”Jm 4 Kmin||4‘r7&71' (46)
By (4.3),
S° WaK)IK]| < mi, (4.7)
KeT,,
and, similar to (4.6),
1 1 1
Wh(K : (4.8)
2 IIJ"‘+KII S I I K

KeT,

From (4.5) - (4.8),
‘E {fmb (2wm*1Jm)} — Fru (meflJm)‘

< md4T{ ||Jm||4-rfc'v71 + m(47*5‘71)(177)1{47_@—1>0}

o 1
+ ”Jm + ]E{mlnHéL 1-[{47' a—1<0} + e HJmH
1

+ + <m>47——54—1 + ||Jm||47'—a—1m1—’y}
||Jm =+ KminH

1
<<m {||Jm+Km1n||4T a- 1-[{47' a— l<0}+ ||Jm||

1

R T T

With \/fg,a(%rm*1Jm)fg)b(27rm*1.]m) = md=47||J™||*7=% | Proposition 3 follows.
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Proof of Proposition 5
When 2J™ /m ¢ 7.9,

var {17;—1,5} - fg:afg,b

= ap, s(J", I a,a)an, s(I™,I™50,0) + ap, 5(I7, =I5 a,b)ag, s(I™, =I5 a,b) — f({af({b

= {afs(3" 3™ a,a) — f5 o {ar, 53, 37:0,0) — f7,}
+ {a:n,&(‘]mﬂ]m; a, (Z) - f({a}fg;b + {a:n,é(']mv']m; bv b) - f({b}fg—,a
+ ‘a:n}(;(Jm,—Jm;a,b)F.

Then,
Var{lq;,&} - f({afg:b _ a:n’é(.]m,.]m;a, a) — fga y a:n’é(.]m,.]m;b, b) — f({b
f5al5s I3a I5s
ap, s(J™ I a,a) = f7, N ap, s(3M, I 0,0) — f7,
f3a £y
2
a;,(s(Jm, —J™; a,b)
+ £ £T
f(?,afz?,b
Note that we have
1 1 .
[ I || A —ont1 < [ [[ 47— cma 1 for j =a,b, (4.9)
and
1 1
[ A —a+ < [ |47 omaxt1° (4.10)

Then, by Proposition 1 in Stein (1995), Lemma 4 and (4.9), equation (2.11) follows.

When 2J™/m € Z4,
T £T FT £T 2
var {Im,6} - fé,afé,b - ’f&,ab’
= ap, s(J", I a,a)ap, s(I™,I0,0) + ap, 5(I™, =I5 a,b)ay, s(I™, =I5 a,b)”
T FT rT 2
— FEafiy — |3 a]
= ay, s(J™, I a,a)ay, s(I™, I b,b) + ap, s(I™, I a,b)ay, 5(I™, I a,0)
£T FT T 2
- fts,af&b - ‘fé,ab‘
= (a;ﬁ(.]m?.]m;a,a) — f({a) (a:n’(;(Jm,Jm;b, b) — f({b)
+ (an, s (3™, 3™ a,a) = f74) F5y + (ah, (3™, 3™50,0) = f34) fia

=+ (‘a'r‘rn,é(']mv']m;avb” - |fg:ab|) (|a;1,6(‘]m"]m;aa b)| + |fg,ab|) .

Thus,
_ _ 2 B _
var {%,a} = f5afsy — )fiab ar s(I™ I aa) — fI,  aT 5(I™,I™:b,b) — fI,
— = — 2 _ ) X ) _ s
I3at5s f3a I
+a;,5(Jm,Jm;a,a) —f3a | A s(I™IT0,0) — f7,
fg,a f(;—,b

a:n,s(vaJvab)’ - ‘fg,ab

‘a:n 5(Jm,Jm;a,b)‘ +
" ,

fg,ab

" NI NEimin
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By Proposition 1 in Stein (1995), Proposition 2, Lemma 4, (4.9), (4.10) and
F3afsn
T2afzn+ | T

5 <1,

equation (2.12) follows.

Proof of Proposition 6
Since (2.14) holds under our assumption, it is enough to show

> Wi(K)?var {I7, 5 (2rm™ ' (I™ + K);a,b) }

Ke7,,
~ Y WK, 2rm T ™) £ (2mm . (4.11)
Ke7,
We have
> Wa(K)Pvar {I7, 5 (2rm ™ (3™ + K)sa,b)} — Y Wi(K)2f,(2rm ™ I™) f, (2mm ' 3™)
KeT,, Ke7T,,
= Z Wh(K)? [Var{[;w; (2rm™'(I™ + K);a,b) }
KeT,,

= fia (2em ™ I 4 K)) f (20m ™ (I + K)) }

Y WK [ T2, (2rm (@™ 4 K)) 7, (2mm (37 4 K))
KeT,,

— fg,a(27rm1.]m)fg,b(27rm1Jm)}

and

fio (2rm™ "+ K)) f, 2em ™ (3™ + K)) — ff,(2rm ™' I™) f7,2am ™ I™)
{ (2am (3™ + K)) — fga(zm—lJm)}{ Ty (2rm 1 (3™ + K)) — f,;b(zm—lJm)}
+ f67a(27rm7 Jm){f({b (27rm J™ 4+ K) ) _g,b 27rm71Jm)}

+ f({b(27rm_1Jm){f({a (2rm ™' (I™ + K) ) — }T,a me_lJm)}.

Define
ZKeTm Wh(K)2 |:va1“ {[7276 (W’ a, b)} - f({a (27r(J:l+K)) fg,b (2w(J;;+K)):|
Ah,ap(J™) = = S —5
Yker, WalK)* 5, (Z25) 5 ,(225)
and
oFie (2o — r, (2200
(25}7 b(J ) { Wh = g™ ) l X
RLRES s A Y] 7, ()
fT 2W(J"‘+K) f‘r (Qme) f . 27r(J’”+K) fT (27TJm)
( T 2)71'Jm + Z Wh K . ( 2)7er
o (3507) Ko7 fa (355)
‘f_g:b 27"(-] f‘r (27r.]m )
+ Z Wi (K)? ( 2)7er :
KeT,, f&,b( m )
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Then

Sicer, Wa(K)2var {175 (225 0,0) }

>ker, Wn(K)? f (50 f5, (55)

Since ||K|/m < m™7, 2(J™+K)/m ¢ Z? for sufficiently large m. Thus, by Proposition
5, we have

—1=2a(I™) + bn,ap(J™).

T T(J"+K Fr T(J"+K
Sker, Wa(K)2 T, (%) i (%

) <m>47'7aj71
Anab(J7) < = = e
ZKeTm Wh(K)2f({a(%)vf§:b(¢) jgb [Tm + K[+

m

<m>477aj71 1 1
+ + +
j;b ||Jm_|_K||4T—aj ||Jm_|_K||4-r—amax+1 ||Jm+KH

By (4.4) and the assumption (1.1),

ZKGT h(Ii>2 24— —
Anab(J™) < = - || m)2Ur—ai=b)
h, b( ) (ZKeTm th(K)2||Jm||2(4Tfa)) < >

4 <m>47——am;n—1 HJm + KH47——amax 4 <m>47——amax—1 HJm + K||4T—am;n

j=a,b
+ ”Jm +K||47—704min71 + ||Jm +I<|2(47'o7)1‘|

1 41—y —1 AT —min —1 m || 4T —max
< Ww_a)[ H (m) 14 (m) (”J I

j=a,b

Um0 Ly T K || 4770 T {4T§amx}}
+ <m>4‘r70¢maxil { (||Jm||47—*amin + m(4770‘mi“)(177))I{47—>amin}
+ ||Jm + Kmin|I4Taminl{47<amin}}

+ {||Jm||4'r—am;n—1 + m(47——amin—1)(1—7) }I{4T>amin+1}
F I 4 K[| g <13

+ {||Jm||2(476¢)1 + m(2(477a)71)(177) }1{2(47_a)>1}

+ I+ Kmin||2(4T_a)_1I{2(4Toz)<1}‘| .

(4.12)
Since [|J™|] < m implies ||J™ 4+ Kuin|| < m, (4.12) becomes
Ah,ab(']m) < m72(1 + log mI{4T:(Xa+1}) (1 + log mI{4T:ab+1})
+ <m>47—70¢min71m7(4770¢min) + <m>4'rfamaxflmf(4'rfamax)
+ m—(47‘—amax+1) + m—l
2
< <logm) 4 logm 4o (T amax 1) 4 =1
m m

—0 as m — oo (4.13)
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By (4.2) and the assumption (1.1),

1
Phav(I™) < {llJmll_2 Wi (K)? K[ + 3™~ Wh(K)2||K|}
S i |11 2 &,
<«m™7
—0 as m — oo. (4.14)
The last steps follows from
> WiK)?IK|® = > Wi (K)*|K|®
KeT, KeT,,|[2nK/m||<h
< Z Wh(K)st(liw)

KeTy,|27K/m||<h

= Y Wi(K)Pm U,
Ke7,,

for s > 0. Finally, by (4.13) and (4.14), (4.11) holds.

Proof of Lemma 9

By assuming (1.2) and (2.3), we have
m_(d_&)f({ ab(27rm_1.]m) —
2T

d
can{ S 4sin’ (%) 3 I+ 27Q % exp {iﬁab (M)} (4.15)
j=1

G p+27Q|

because m*(d*a)|f({ w2Tm Iy — fg ap(t)] — 0 as m — oco. Also, note that we have
TrL_(d_‘j‘)|Effml7 (27rm_1Jm) — f({ab (27rm_1Jm) | — 0 by Proposition 3. Thus, as m — oo,

’m_(d_&)th,ab (2rm=1J™) — gab(ﬂ)‘

< m—(d—a)

Efyap (2mm ™ 3™) = 7 (20m =137 |

O iy CRm ™) gunla)|

— 0.

Proof of Proposition 10

Consider the following normalized covariance between two smoothed cross-periodograms:

wh( gnanﬂ) = md(l_ﬂy)cov{m_(d_dl)fh,mbl (QWm_ngn) ’m_(d_d2)fh,a2b2 (QWm_ngn) }
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By (3.2) and Lemma 8,
Yn(JT, J37)
— @t —d0+) cum {fh,mbl 2rm = IT) L f age, (20mTITY) }

= m@+e =) (o) =2 ST W (KW (Ka) X
Kl,K2€F7n

cum {Dal 2rm~L (37 + K,))Dy, (—2rm~ 137 + K1),
Doy (=27m ™ (35" + K2)) D, (2mm ™ (I3 + Ko) |

&1+6¢2—d(1+v)(27rm)—2d Z Wh(Kl)Wh(KQ) «
Kl 7K2€Frn

=m

Doy (~2mm ™ (35" + K2)), Dy, (~2mm ™ (37" + Ku)) }

{
{

Jrcum{Da1 2rm~ (I +Ky)),D (—27rm71(J£n+K2))} X
{

= mrtaz—di+) Z Wi (K1) Wh(Kz) x
K1 Koel,

{a:n,é(Jin + K1, —(J3" + Ka)j a1, b2)ay, s(—(I5" + K2), J7" + Kijaz,b1)

g s (I + K1, 35 + Kaiar,az)ag, 5(35 + Ko, I7" + Kuiba,by) |

=m0 LA, 3y + BT J?)}, (4.16)
where
AQTIY = > WhK)Wa(Ka) af, ;(I7 + Ki, —(IF + Ka)ia1,by) x
K. ,Kqel'y,
ap, s(—(J3" +K2), JT" + Ky;az,b1),
and
BT I = > Wi(K)Wi(Ka)a, s(I7" + K1, I3 + Ky a1, a2) x
K., Kqyel'y,

ap, 5(J5" + Ko, J7" + Ky b, b1).

Next, write B(JT*,J5") = B1(J7",J5") 4+ B2(J7*, J5*), where By is the sum over terms in B
with K; = K5 and Bs is the sum over terms in B with K; # K.

First, consider J7* = J3* = J™. From (4.16), we have

'(/Jh(JmaJm) _ m&1+5¢2—d(1+’7){A(Jm’Jm) + Bl(Jm,Jm) + BQ(Jm,Jm)}.
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Since J™ + K; # —J™ + K, for large enough m,

mal “+ao 7d(1+’7)

AT, I™) 4 Bg(Jm,Jm)‘

< m&1+o’¢27d(1+'y) Z Wh(Kl)Wh(KQ)mf(a1+a2)+2d72

K., Kq2€el'y,
< md-m-2 Z Wi (K1) Wh(Kz2)
K, ,Kq€el'y,
L (4.17)

the last step following from % <7vand Y g ger
from (4.22).

Then, to prove the Proposition for J7* = J5* = J™, it is enough to show that

Wi (K1) Wh(Ks) < 0o, which follows

m

| merteamd N By (g ) {(21/C) Ka/KE} Gusan (1) Goat (112)] — 0.

From Lemma 1, we have

lag, s(3" + K, I" + K;a,b) — f5, (20m™ (I + K))| = o(m?~%).
Since 27Tm_1(Jm + K) — 27-rm—1Jm =+ O(m_»y) for K € Fm,
O[3 qp(2rm~1I™)

aw]‘

|f67,ab (2777”71(-]7” + K)) — fg,ab (27rm71.]m) | < Z dfo_z)

J

m~Y =o(m ,

the last step following from (2.3). Thus, we have
m~ ) a7 (I + K I+ Ksa,b) — fi,, 2rm I = o(1). (4.18)

By (4.22), we also have

= o(1). (4.19)

md(l—w)ZWh(K)Q — {(2n/C) K5/ K7}

Finally,

|ma1+a2d““)Bl(Jm,Jm) — {@r/C) K2/ KT} ayas (1) Gospy (1)

< m&1+5¢27d(1+7) Z Wh(K)2
K

- m m = 2rJ™N o, 2™
A s(I" + K I™ + K ba,b1) — f5 a0, <m> I5.babs (m ) |

am (" + K, J™ + K;a1,az) %

+

- . 2nJ™m
mal—‘roéz d(1+7) ZWh(K)Qf&tnaz ( m > x
K

o, (7 ) ~ACR/C) R K3 gusoai) g ()], (420)

By (4.15) and (4.17) - (4.19), the right side of (4.20) goes to zero as m — oo. Using a
similar argument as above, we can also show that

md(l’”*)cov{rrf(d*é”)fh,alb1 (2rm 1 37)  m O fy o, (20m I }

— {@2n/C) K2/KT} Garbs (1) Gaghy (1),
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when JT* = —J5' = J™.
Now consider p; # £p,. For large enough m, all indices of aj, 5 in (4.16) are different.
Thus,

‘md(l_"”cov(m_(d_a”)fh,alb1 (2rm ™1 J7) ,m AT (2rm~1J5) )‘

< moater=di+y) Z Wi (K1) Wi (Ky) m=e=t2(d-00)=2
K17K26Fm

<m0 N WL (KW (Ka)
K., Kqyel'y,

— 0,

the last step following from the same argument as (4.17).
Proof of Lemma 11

Since a,b in (3.4) play no essential role in this proof except that each one appears only
once in an indecomposable set, we ignore these subscripts. For each indecomposable set,
we can reorder the indices so that i, = k, so we can write down one summand in (3.4) as

follows:

r r
> TIWa@®a) [T an s (FD% 15+ Ky), (1) (T i1 + Kj4a)),

Ky, K, i=1 j=1
where we assume that » +1 = 1.

Since ||J;|| < m and K; € T',,, we have ||J; + K;|| < m for ¢ = 1,--- ,r. Thus, by
Lemma 1, |a], s(J; + K;,J; + Kj)| < m?= if J, + K; = J; + K; and by Proposition 4,
|a:n75(Ji +K;,J,+K;)| < mé—1if J, + K; # J; + K,. Note that, for large enough m,
J; +K, # —(J; + K;) when J; = J;. Thus, the largest possible order of m comes with the

case
T T
S TIWe®) [ ans (T + K5, T+ Kjipa).
Ki, - K, i=1 j=1
Define
Bnp(J) =m™ o=t @70 NPT (K) [ [ afs (T + K, T+ Kjpa).
Ky, K, i=1 j=1

To prove the Lemma, it is enough to show that
| m" B - (J) f — 0, as m—0,

because the total number of indecomposable sets is finite.

Now, define a subset of {K3,--- K, }, Gs = {Ky, -+ ,K, : only s distinct groups}, For
example, G; = {Ky, - , K, : K; =--- =K, }and G, = {Ky, - , K, : all K; are different }.
Then, {Kiy, -+ ,K,} = G1 U---UG,, Gy are disjoint and the number of elements in Gy,
|G| = O(LE4) = O(m*¥'=7)). In each group, G, , for s = 2,--- 7, there are at least s
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cases of J+ K; #J + K for j=1,--- ,r. Thus,

| m"” B (J) ‘ <X ,r(das){ Z H Wh(K;) H ‘a;u; (J +K;,J+ Kj+1)’
G,y i=1 j=1

-~+ZﬁWh(K

G, i=1 j=1

< mtA=Nr/2= .y ,r(d—as){ Z H Wh(KZ.)mZFl,... L(d=ay)
Gy i=1

an,s(J+K;,J + Kj+1)’}

+ Z ﬁ Wh(Kz‘)mZS=1v“ .r(d_&s)m72 +

Go i=1
T
SRS )
G, i=1
r—1
< md(l—”’“/?{ STOWRK) +mT Y Y W (Ky) W (Kg) T +
Kel',, Ki#Ks s2=1
.._|_m*”‘ Z Wh(Kl)Wh(KT)}
Ki#-#K,
(4.21)
Note that Y g K (Z5)%( f( 114 )*dx + O((mh)~1), since K (x) is con-
tinuous. Then, for r1+-~-+rs =r,r>1 and s = 1 ST,
Yo WK™ Wi(K)™
K1, Ks€l'm
_ ( ) (79 Pog, K (2o (25)d . 3y K (e (251
mh [ >k K25 (2) ]
d(r—s >
:(%) ( >{Kn-~ nw( 1 )}
mh K7
=0 (m—d(l—’Y)(T—S)) , (4.22)

because we have f(_l 14 K (x)*dx < oo for each positive integer s. Thus, by (4.22), (4.21)
becomes

| m™ By, () | < méd(l—w-{m—d(l—w(r—l) 4+ 2d=(r=2) 4

ot m*T*d(lfv)(rfr)}

T
&« m~WA=Nr/2+d(1—y) 4 Z m—A=)r/2+d(1—)i—j
j=2

— 0. (4.23)

The last step in (4.23) follows from —d(1 —~)r/2+d(1 —v) < 0 and —d(1 —~)r/2+d(1 —
v)j—j3<0forj=2,---,r because r >3 and (d —2)/d <~y < 1.
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Proof of Proposition 12

To prove the fixed-domain asymptotic distribution is Gaussian, it is enough to show that the

rth order joint cumulant of m” (m_(d_&l)fhmbl (£2rm~1IP) - ,m_(d_&”)fh@nbn (£2rm~1Jm))
goes to 0 as m — oo, for r > 3. (see Lemma P4.5 in Brillinger (1981)). This result follows

from Lemma 11, and Proposition 12 follows from Lemma 9 and Proposition 10.
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