The University of Chicago

Center for Integrating Statistical and Environmental Science

www.stat.uchicago.edu/~cises

Chicago, lllinois USA

TECHNICAL REPORT NO. 4

SPACE-TIME COVARIANCE FUNCTION S

M. L. Stein
May 2003
Revised: November 2004

This r reh is funded by

US.EPA-Science To Achieve

Results (STAR)Program

(€111 §:4 R-82940201-0

*Although the research described in this article has been funded wholly or in part by the United States
Environmental Protection Agency through STAR Cooperative Agreement #R-82940201-0 to The University
of Chicago, it has not been subjected to the Agency’s required peer and policy review and therefore does
not necessarily reflect the views of the Agency, and no official endorsement should be inferred.



http://www.stat.uchicago.edu/~cises

Space-Time Covariance Functions *

Michael L. Stein

ABSTRACT: This work considers a number of properties of space-time covariance functions and
how these relate to the spatial-temporal interactions of the process. First, it examines how the
smoothness away from the origin of a space-time covariance function affects, for example, temporal
correlations of spatial differences. Models that are not smoother away from the origin than they
are at the origin, such as separable models, have a kind of discontinuity to certain correlations that
one might wish to avoid in some circumstances. Smoothness away from the origin of a covariance
function is shown to follow from the corresponding spectral density possessing derivatives with
finite moments. These results are used to obtain a parametric class of spectral densities whose
corresponding space-time covariance functions are infinitely differentiable away from the origin and
that allows for essentially arbitrary and possibly different degrees of smoothness for the process
in space and time. Second, this work considers models that are asymmetric in space-time: the
covariance between site x at time ¢ and site y at time s is different than the covariance between site
x at time s and site y at time ¢. A general approach is described for generating asymmetric models
from symmetric ones by taking derivatives. Finally, the implications of a Markov assumption
in time on space-time covariance functions for Gaussian processes are examined and an explicit
characterization of all such continuous covariance functions given. Several of the new models

described in this work are applied to wind data from Ireland.
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1. INTRODUCTION

Stochastic models describing how processes vary across space and time are essential to the
application of statistics to geophysical and environmental sciences. This work considers stationary
models for the covariance functions of processes on R? x R, where d is the spatial dimension of the
process. Specifically, letting Z(x, t) be the value of the random field at location x and time ¢, assume
there exists a function K on R? x R, necessarily positive definite, such that cov{Z(x, s), Z(y,t)} =
K(x—y,s—t) for all x,y € R? and all 5, € R. In addition, many of the models considered here
are spatially isotropic in the sense that K(x —y,0) depends only on |[x — y|. The restriction to
stationary models is not meant to suggest that nonstationary models are unimportant. However,
as with many recent efforts to develop nonstationary spatial models (Sampson and Guttorp 1992,
Higdon 1998, Fuentes 2002, Fuentes and Smith 2001, Nott and Dunsmuir 2002, Clerc and Mallat
2003), stationary space-time models should play a central role as a building block for nonstationary

models.

Christakos (1992, 2000), Jones and Zhang (1997), Cressie and Huang (1999), Brown, et al.
(2000), de Iaco, Myers and Posa (2001, 2002, 2003), Gneiting (2002), Ma (2003) and Hartfield and
Gunst (2003) describe some recent efforts to develop new classes of stationary space-time covariance
functions on R? xR. Kyriakidis and Journel (1999) review recent work in the geostatistical literature
on space-time modeling, including approaches based on a multiple time series perspective. There
is considerable additional work on models in continuous space and discrete time; see, for example,
Haslett and Raftery (1989) and Handcock and Wallis (1994). Before one can judge the utility
of a class of models, one needs to have some understanding of what space-time covariances imply
about the corresponding processes. Because it is often difficult to think about spatial and temporal
variations simultaneously, it is tempting to focus on K (0, -), how the covariances at a single place
vary across time, and K(-,0), how the covariances at a single time vary across space. If these
were the only characteristics that mattered, then separable models, which are of the product
form Ki(x)K2(t), would suffice, since K; positive definite on R? and K, positive definite on R
imply KK, is positive definite on R? x R. Section 2 shows that separable covariance functions
generally imply that small changes in the locations of observations can lead to large changes in the
correlations between certain linear combinations of observations. The source of this “discontinuity”
can be traced to a lack of smoothness away from the origin of separable covariance functions or,

more accurately, that they are not smoother away from the origin than at the origin. Furthermore,
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many of the nonseparable space-time covariance functions proposed in recent works have a similar

lack of differentiability along certain axes and thus similar properties with their implied correlations.

One is thus led to seek space-time covariance functions that are smooth everywhere except
possibly when (x,t) = (0,0). Another goal here is to find models that allow different degrees of
smoothness across space than across time. For example, one may want the process to be mean
square differentiable with respect to spatial coordinates but not with respect to time. Section 3
gives results showing that if the derivatives of a spectral density have certain moments, then the
corresponding covariance function (i.e., the Fourier transform of the spectral density) possesses
derivatives away from the origin. Section 4 uses these results to give a parametric class of spectral
densities whose corresponding space-time covariance functions are infinitely differentiable away
from the origin and for which one can achieve essentially any combination of degrees of smoothness
in space and in time by appropriate choices of the parameters. Unfortunately, explicit expressions

for the covariance functions are available only for some very limited special cases.

Gneiting (2002) calls a space-time covariance function K fully symmetric if K (x,t) = K(—x,t)
K(x,—t) = K(—x, —t) and notes that such a property is inappropriate for processes, such as many
atmospheric processes, for which there is a dominant flow direction over time. Section 5 shows
how one can generate space-time covariance functions that are spatially isotropic but not fully

symmetric in space-time by taking derivatives of spatially isotropic fully symmetric models.

One common method for restricting the classes of processes one considers is to assume some
kind of Markov or autoregressive structure. Section 6 gives a characterization of the class of mean
square continuous, stationary, space-time (Gaussian processes Z that are Markov in time in the
sense that the process at times £ > 0 and the process at times s < 0 are conditionally independent
given the process at time 0. Section 6 gives some specific examples of such covariance functions
and shows that for any given x, Z(x, ) can possess long-range dependence in time. The fact that
a space-time process that is Markov in time can be long-range dependent when observed at a
single location across time is intriguing and may possibly help to explain the frequency with which

geophysical time series exhibit long-range dependence.

Section 7 applies some of these models to 18 years of daily wind speeds at 11 sites in Ireland.
These data were studied at length by Haslett and Raftery (1989), but not with an eye towards

obtaining a model for the covariance function on R? x R. Gneiting (2002) fitted one of his proposed
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models to these data via weighted least squares and demonstrated its superiority to a separable
model. However, Gneiting (2002) found a clear lack of full symmetry in the data, a feature which
he notes his chosen model does not capture. Using approximate likelihoods, Section 7 considers a
number of models not possessing full symmetry and shows that they fit the asymmetries and other

properties of the empirical space-time covariances reasonably well.

Proofs of all propositions are given in the Appendix.

2. COVARIANCE FUNCTIONS WITH RIDGES

This section shows that covariance functions that are not smoother along their axes than at
the origin imply a kind of discontinuity in correlations of certain linear combinations of the random
field. Stein (1999, p. 30 and p. 52) provides further results on covariance functions that are not
smoother away from the origin than at the origin.

For a nonnegative integer m, suppose Z(t, s) is m times mean square differentiable in its first
coordinate and write Z,,(t, s) for this mth mean square derivative. The covariance function of Z,,
is given by K,,(t,s) = (—1)m0*™K (t,s)/0t*™. Define p™(t,s) = corr{Zmn(e,0) — Z;,(0,0), Zpn(t +
€,8) — Zm(t,s)} and let p™(t,s) be its limit as € | 0, assuming the limit exists.

PROPOSITION 1. Suppose K,, is a continuous function on R?, 0 < aj < --- < ap < 2,
C1,...,C, are even functions on R with C1(0) # 0 such that

P
Km(t,s) = Kn(0,s) + Z Cj(s)[t]*™ + R(t),
j=1

where, for any given s, Rs(t) = O(t?) ast — 0, and R4(-) has a bounded second derivative. Then

Cr(s){[t +€|™ — 20t + [t — €[}
201(0)60‘1

sup lim

—p(t,s)| =0 1
upli (e, o

and p™(t, s) exists for all (t,s) with

pm(t, S) — {OC:I(S)/CI(())v i ; 8 (2)

Proposition 1 has direct implications for the properties of optimal linear predictors. To simplify
matters, assume m = 0 and consider predicting Z(e,0) based on Z(0,0), Z(0,s) and Z(e, s) when

the mean is an unknown constant. It is possible to show that as € | 0, the best linear unbiased
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predictor, or ordinary kriging predictor, of Z(e,0) has mean squared error 2{01 (0) — %1((50))2 }eal +

o(e*1), whereas the predictor Z(0,0) has mean squared error 2C;(0)e®! + o(e®'). We have that
Z(0,0) is an asymptotically optimal predictor of Z(e,0) if and only if Cy(s) = 0. Thus, the lack
of continuity of p°(¢, s) along the s axis leads to best linear unbiased predictors that, even though
there is an observation Z(0,0) whose correlation with the predictand Z(e,0) tends to 1 as € | 0,
depend nontrivially on observations whose correlations with the predictand are bounded away from

lase] 0.

Many separable covariance functions K (¢,s) = Kj(t)Ka(s) satisfy the conditions of Proposi-
tion 1 with C(s) # 0 for all s, since whatever lack of smoothness K (¢,0) has for ¢ near 0 will auto-
matically be preserved in K (¢, s) for ¢ near 0 unless K2 (s) = 0. Thus, separable covariance functions
tend to have “ridges” along their axes. More specifically, if K £2m) (t) = Co+ 275, Cjlt|* + R(),
where R(t) = O(t?) and has a bounded second derivative, then the conditions of Proposition 1
are satisfied. Furthermore, (2) holds under the weaker condition that R has a bounded second
derivative in some neighborhood of the origin. Some covariance functions have logarithmic terms
in their expansions at the origin (e.g., a term like t?log(|¢|)) for which it is possible to obtain an
extension of Proposition 1. The only other commonly used continuous covariance functions Ky
for which K(t,s) = K;(t)Ka(s) would not satisfy the conditions of Proposition 1 are covariance
functions that are analytic, such as e~t*. Stein (1999, pp. 30 and 69) argues that such covariance
functions are physically unrealistic because they imply implausibly smooth processes. For example,
if K(¢,0) is analytic in ¢, then, for any € > 0, based on observing Z(t, s) for ¢t € [0, €], it is possible
to predict Z(t, s) without error for all ¢.

Cressie and Huang (1999), de Iaco, Myers and Posa (2001, 2002) and Gneiting (2002) describe
approaches of generating nonseparable space-time covariance functions. All of the examples in
Cressie and Huang (1999) are analytic along either the spatial or temporal coordinates, although
their general approach can yield covariance functions without this property. De laco, Myers and
Posa (2001) consider a sum of product form models with functions of just time and just space,
which share any ridges possessed by any one of the summands. De Iaco, Myers and Posa (2002)
consider integrated versions of these models, which do not necessarily have ridges, but the specific
examples they provide have the same smoothness along their axes as they do at the origin (and thus,
for example, have a ridge along the time axis unless they are analytic in time). Gneiting (2002)

shows that all functions of the form K(x,t) = 021/)(t2)_d/2g0(|x\2/w(t2)), where ¢ is completely
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monotone on [0,00) and v is positive and has a completely monotone derivative on [0,00) are
positive definite on R? x R. For these models, whatever lack of smoothness K (x,0) has for x near
0 will be shared by K(x,t) for ¢t # 0 and x near 0, since fixing ¢t # 0, K(x,t) is just a rescaling of
K (x,0). Moreover, whatever lack of smoothness K (0,t) = 023 (t2)~%?¢(0) has for ¢ near 0 will
also hold for fixed x # 0 and ¢ near 0 in K (x,¢) unless ¢(|x|?/1(¢?)) just happens to cancel the
lack of smoothness in ¥ (#2)%2. All of the examples of completely monotone functions in Gneiting
(2002) are strictly monotone, so at least for these ¢, there cannot be such a cancellation for more
than one value of |x|. Thus, it would appear that the nonseparable covariance functions proposed

in Gneiting (2002) cannot be smoother along their axes than at the origin.

For erfc the complementary error function, Ma (2003, (5.3)) shows that

K (x,1) = el erfe (’y(x)l/ 2 27?1%) +eMerfe <v(x)1/ “+ QVZSEQ ®)

is positive definite on R? x R for  any valid continuous variogram on RY. Heine (1955) obtained
the special case of (3) when d = 1 and y(z) o |z|. If v is infinitely differentiable away from the
origin, then under mild additional conditions on , it is possible to show that (3) is as well (see
Appendix). However, K(0,t) = 2e~* for any +, so that this class of models is limited in its

possible purely temporal covariance functions.

3. SMOOTHNESS OF SPECTRAL DENSITIES AND COVARIANCE FUNCTIONS

This section explores the relationship between the existence of moments for derivatives of a
spectral density and derivatives of the corresponding covariance function at locations other than
the origin. Suppose f is the spectral density for a real-valued weakly stationary process, so that
f is nonnegative, even and integrable on R?. Then K(x) = [, e™'* f(w)dw is the corresponding
continuous covariance function. Write w = (wq, ..., wq)’, x = (z1,...,24)" and for a d-tuple m with
nonnegative integer components, set m = mp + --- + mg. Let D™ denote the differential operator
O™ /9" - - 0xl'e. For vectors a and b of length d, define a® = ngl afi and say a < b if a; < b;
for 1 <i <d. It is well-known (Stein and Weiss (1971), p. 5) that if w™ f(w) is integrable, then
D™K exists and D™K(x) = [oq (iw)™e™* f(w)dw. We are interested here in proving D™K (x)
exists for x # 0 when w™ f(w) is not integrable. Define (k); = k(k+1)---(k+j—1) and (k)o = 1.
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PROPOSITION 2. Suppose DXf exists, DAf is integrable for all @ < k and w™D¥f(w) is

integrable. If z; # 0 for every j such that k; > 0 then D™K (x) exists and is given by

prie = 3 11 e M Ce (I T2

pt+q=mj=1

—k

Note that if k; = 0, (k;)p, = 0 for p; > 0, in which case, take (kj)pjxj i7Pi t0 be 0 even if zj = 0.

COROLLARY 1. If the conditions on f in Proposition 2 hold only on some set |w| > R for

some finite R and xj # 0 for every j such that k; > 0, then D™ K (x) exists.

Let us apply Proposition 2 to the spectral density f(w1,ws) = (1+w?) L (1+w?+w3)~L. Ttis
possible to show that for any given m, choosing k sufficiently large makes w™D(OF) f (w) integrable.
Thus, f is infinitely differentiable for all x with x9 # 0. Furthermore, w’fD(k’O) f(w) is integrable
for all positive integers k, so that D*0) K (z1,0) exists for all 23 # 0. However, wy D9 f(w) is not
integrable for any positive integer k, so Proposition 2 tells us nothing about the differentiability of

K with respect to x5 along the z; axis. In fact,

00 Cos(xlwl)ef|zg|(1+w%)l/2
K(x1,29) = 27r/0 (1 + wl)i2 dwr,
from which one can show that for any z;, K (1, z2) — K(x1,0) = —72|za|e” "1 4+ 0(|z3]) as 2o — 0,

so that indeed K is not differentiable with respect to xo anywhere on the z; axis.

The next proposition gives simple conditions on f under which D™ K (x) exists for all x # 0.

PROPOSITION 3. For j = 1,...,d, suppose (ag/awﬁ)f(w) exists and is integrable for { < k
and |w|"(8k/8wf)f(w) is integrable. Then for all x # 0, D™K(x) exists for all m such that

mi + -+ - +mg < n. Furthermore, if x; # 0,

m;

m; w)™ k -
D"K(x)=>_ ( pﬂ)ik(—np(k)px;k—p /R ) ((mj)p {;w? f(w)} ™ *dw.

p=0

This follows immediately from Proposition 2. A corollary similar to Corollary 1 holds here as well.

The conditions in Proposition 3 may not be easy to verify in practice, so the next result gives
a general class of spectral densities for which these conditions always hold. Write w' = (w), w})

where w; € R% for j = 1,2. Although ds is always 1 for space-time models, Proposition 4 and
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certain results in the next section take on a more symmetric and transparent form when treating

the more general case considered here.

PROPOSITION 4. Suppose f(w) = {Pi(|w1|?) + P2(lw2|?)} ™", where v > 0, f is bounded
and P, and P, are nonnegative polynomials on [0,00) of positive degree a and «a, respectively.
Then f is integrable if and only if di/(aqv) + da/(aav) < 2 and, if so, its Fourier transform K (x)

possesses all partial derivatives of all orders for all x # 0.

4. A NEW CLASS OF SPACE-TIME COVARIANCE FUNCTIONS

One rich class of spectral densities that satisfies the conditions of Proposition 4 is

Fw) = {e1(af + [wi*)* + ea(aj + [wal?)*2} " (4)

for ¢; and ¢y positive, a? + a3 > 0, a1 and ay positive integers and dy/(a1v) + do/(agv) < 2.

Jones and Zhang (1997) consider d; = 2 and ay = v = dy = 1. If ay and a9 are positive but
not both integers, then (4) is still a valid spectral density whenever dy /(a1v) 4+ do/(agv) < 2, but
Proposition 4 no longer applies. The Fourier transform K (xi1,x2) of (4) depends only on |x;| and

|x2|. To see how K behaves when either |x;| or |x2| are 0, consider

Ki(x1) = K(x1,0) = / e {/ f(Wl,Wz)dwz}dWh
RrR%1 R42

so that fi(w) f]Rd2 (w1, wo)dwy is the spectral density for the covariance function Kj(x;). The
behavior of K (x;) for x; near 0 depends on the behavior of fi(wy) for large |wy|. Letting r; = |w;|

for j = 1,2, as r; — 00, it is possible to show

Ji(wr) :/ {a ai + |wi|*)* + ca(a3 + [wo/? a2} dwy
RrR92

27Td2/2 do—1
= d/2 / {61 a1+r1)a1+62(a2—|—r2)a2} o2 " dry
2
) da/2
7;/2 / {017“20‘1—1—0 r%a“"} grldm
2

e <q>dg/<2a2>r<2d;>r(y—2§2) 5

© T(d2/2)aacy \ 2 F(y)ri“@” dz /o)

using Gradshteyn and Ryzhik (2000, 3.241.4). This result does not require o or as to be integers.

A similar result holds with the roles of wi and wo switched. A desirable feature of the class
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of models (4) with aq and ap positive reals is that for all v; > 0 and $; > 0, one can show
there is an element in the class such that f;(w;) ~ ﬂjrj_% 4 for j = 1,2. The coefficient v;
controls the smoothness of the process in x;, so that, for example, Z is m times mean square
differentiable in each component of x; if and only if v; > 2m. Thus, roughly speaking, one can
separately allow for any degree of smoothness of the process along its first d; dimensions and any
different degree of smoothness along its last do dimensions. However, for Proposition 4 to apply,
we need a1 and ag to be integers. Whenever 7 /79 is rational, it is possible to choose a7 and
o integer-valued. Specifically, suppose for ( > 0 and positive integers p; and po, 7; = (p; for
j = 1,2. For any positive integer ¢, setting a1 = p1q, as = paq, v = (( + di/p1 + d2/p2)/(2q)
and choosing ¢; and ¢y appropriately yields f;(w;) ~ Bjrj_w b for j =1,2. A simple calculation

shows dy /(aqv) + d2/(aav) < 2, so the resulting f is integrable.

There are only a few special cases of spectral densities of the form (4) for which explicit
expressions for K are available. Consider first a1 = ao = 1, in which case there is no loss of gener-
ality in taking ay = 0. Setting 8 = (¢1/¢2)"/?, K(x1,%3) is proportional to My (4, +ds) /2 (a1 (|x1]*+
ﬂ2|x2|2)1/2), where M, (r) = r”IC,(r) and K, is a modified Bessel function of order v. For ¢, 0
and v all positive, every function of the form ¢M, (fr) is an isotropic covariance function in any
number of dimensions. This class of covariance functions is called the Matérn class (Handcock
and Stein 1993) in honor of Matérn’s pioneering work in spatial statistics (Matérn 1960). The
parameter v controls the smoothness of the corresponding process, which is m times mean square

differentiable in any direction if and only if ¥ > m (Stein (1999), p. 31).

Equation (4) can sometimes be transformed analytically when a1 # ag if a1, ag, and v are
all integers. For example, a covariance function of the form (3) with v(x) = |x| is obtained when
di=do=1, a1 =1, a0 =2, a0 =0 and v = 1. It is possible to extend this result to other positive
integer values for v. Rather than pursuing models with d; = 1 further, let us instead consider
di=3,dy=1, a1 =2, a5 =1, ao =0 and v > 1 an integer, for which it is also possible to obtain
an explicit expression for K. For d; = 3, one cannot take v = 1, because the resulting f is not

integrable. To find, for example, the Fourier transform of {c?(a? + [w|?)? + UQ}_2, first note that

et qy 7T6—C2(a2+\w|2)|t\
/ s g (14 A + Wl
® {c2(a? + |w|2)2 + v?) 2c(a? + |w|?)
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so letting r = |x| (Yaglom 1987),

o) 7cz(a2+k2)\t|
K(X,t) :27'('2/0 W{1+C a +k2 ‘t‘}SID )k’zdk’
Ir2e—C 202 |t| 00 e—csz\ﬂ ] ) 00 6—c2k2|t| )
= — {/0 (a2+k2)3ksm(kr)dk+c |t|/0 Mkzsm(kr)dk}.

Using integration by parts and 3.954 in Gradshteyn and Ryzhik (2000) on both of these integrals

yields

2 442
_T 2, T 1 A
K(x,t) = 16066 "erfc <0a|t| 2c|t|1/2> <a3 2 + "

2 442
1 4c*t
T e erfe (ca|t|1/2 S <3 TR )
a

16¢6 2c|t[1/2 a2 7
3/2‘“1/2 2
™ 9 T
—_—— — t . 6
M exp< ca’lt] - 462]t|> (6)

For x = 0 or t = 0, define K by continuity, so that K(x,0) = %e“"(l + ar), which implies
the corresponding process is exactly once mean square differentiable in any spatial direction (Stein

(1999), p. 28). Furthermore,

—2q2 :
K(0,t) = 7T2 ( = + 4c*t ) erfc (Ca|t|1/2) + m/e " <Cwl/2 — CS’tP/z)

8cb b 4a? 2

2 27r3/2
806a3

and applying Taylor series, it follows that K(0,t) = t[3/2 + O(t?) as t — 0. Thus, the

process is not mean square differentiable in time (Stein (1999)7 p. 27). Finally, although it is not
obvious from (6), Proposition 4 implies that this function is infinitely differentiable away from the
origin.

If ap = 1in (4), then the Fourier transform over wo can be obtained analytically. Specifically,

defining 0(t) = {c1cy ' (a? +1)* + a3}'/? for t > 0,

7Td2/2My—d2/2 (9(|W1|2)|X2‘)
2V_d2/2—105p(y)9(|w1|2>2u—d2 .

/d {c1(a% + ]W1’2)a1 + Cz(ag + ]W2!2)}_V eiw,ZXQdWQ —
R42

Thus, K(x) can be computed by numerically carrying out a one-dimensional Bessel transform. If
dy is odd, then this Bessel transform reduces to one-dimensional Fourier transforms, which, for
every value of |xo| of interest, can be approximated quickly for a large number of ¢ values using the

fast Fourier transform. However, the fast Fourier transform is much less efficient for computing
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K at a modest set of (x,t) values for many sets of parameter values, which is what is needed for
statistical inference. Given the strong analyticity properties of spectral densities of the form (4),

one can hope that quickly converging series expansions for their Fourier transforms can be found.

5. MODELS LACKING FULL SYMMETRY

This section describes a simple and general approach to deriving space-time covariance func-
tions that are spatially isotropic but not fully symmetric. Suppose z € R? has length 1, scalars a,
¢ and ¢y are nonnegative, b < 4cicz and f(w,v) = {a+b(w'z)v + c1|w|* + cv? } ¥ (Jw], |v]), where
(1 + |w|? + v®)¥((|w], |v|) > 0 is integrable over R%T!. These conditions imply that f and ¥ are
nonnegative and integrable. Furthermore, fi(w fR w,v)dv depends on w only through |w|,
so that K is spatially isotropic. Now Kjy(x, t), the Fourier transform of ¥, only depends on (x,t)
through (x|, t), so define K on RT xR by Ko(|x|,t) = Ko(x,t). Writing f(()ml’mg) for D(m1m2) |

we get (see Appendix)

K(x,t) =aKo(lx|,t) — bﬂKo Vi, 1) — er K6 (1), 1)

d—1-
Fh

0,2)
— =Ky (1l 1) — 2Ky 7 ([x. ).
In practice, whenever an analytic expression for K is available, there is commonly an analytic
expression available for its derivatives. Furthermore, if Ky is infinitely differentiable everywhere

but at the origin, then so is K.

Let us consider a specific example for which all of the calculations can be done analytically.
For (31 and (32 positive, consider Ko(r,t) = M1 ((6%7"2 + ﬁ%tQ)l/Q) with v > 0, for which the
corresponding Ky is twice differentiable. Letting y = (3%r% + ﬂ%tQ)l/ 2 yields (Abramowitz and
Stegun (1965), 9.6.26) K\ (r,t) = —B2rMy(y), K\ (rt) = B8t My_1(y), KoV (rt) =
—FM, () + Bir* Moo () and Ky 2 08) = —5BMo(y) + B3M,1(y). Using Myaa(y) =
Y*My—1(y) + 20 M, (y),

K(x,t) ={(a — c157)Bir* + (a — c233) 8517 — b3 55 (x'2)t } M, _1 (y)
+ (2av + o33 + cldﬁ%)/\/ll,(y).
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If ¢y = a/B} and ¢ = a/fB3, then K(x,t) = a(2v + d + )M, (y) — b33 53(x'z)tM,_1(y). Defining

T = bf102/(2a) gives the alternative form
K(x,t) = a{(QV +d+1)My(y) — 2T(ﬂ1x/z)ﬁgt/\4y,1(y)}, (8)

where 0 < 7 < 1 guarantees that K is positive definite.

Setting d = 2, a = /4 = o =1,z = (1,0),v = 0.5 and 7 = 1 in (8), Figure 1 plots
K((z1,0),t)/K(0,0). The lack of full symmetry is apparent. On the other hand, K ((0,x2),t) =

K((0,—x2),t) for all x9 and ¢. Other directions for x yield a linear combination of these two cases.

Models of the form (8) have equal degrees of smoothness in space and in time. Thus, we can
compare these models to what one would get by setting s = (|x|* + 2tb'x + 02t2)1/2 for |b| < ¢ and
letting K (x,t) = C(s) for C an isotropic covariance function in d + 1 dimensions. This approach
always yields elliptical contours for the covariance function, in contrast to what Figure 1 shows.
In addition, note that K in Figure 1 becomes slightly negative for x1 and ¢ large and positive
but remains positive when x; < 0 and ¢ > 0, which could not happen for a covariance function
with elliptical contours. Furthermore, the general approach outlined in this section can be used
to obtain asymmetric covariance functions that have different smoothness across space than across

time, which an affine coordinate transformation of an isotropic model cannot achieve.

6. MARKOV MODELS

One commonly used principle for restricting the class of stochastic processes to consider is
to require some kind of Markov property. Although there are notions of Markovian behavior for
spatial processes, the Markov property is more frequently used to describe dependence structure
in time, in which case it has the interpretation that the future and the past are conditionally
independent given the present. Note that we are only assuming the conditional independence
holds if Z is observed throughout R? at a given time t. If Z is observed on some A C R? at time
t, we will generally not have conditional independence of the future and past even on A. So far,
this work has only considered the first two moments of space-time processes, but by adding the
assumption that the process is Gaussian, then the process is Markov if and only if for every ¢y € R,
t > to and x € R?, the best linear predictor of Z(x,t) in terms of Z(-,ty) is the same as the best

linear predictor of Z(x,t) in terms of {Z(y,s) : y € R% s < to}. If the process Z is stationary
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in space-time, then it suffices to verify this property for x = 0 and ¢tyg = 0. The following result

characterizes all continuous space-time covariance functions satisfying this condition.

PROPOSITION 5. Let Z be a stationary, mean square continuous real-valued space-time pro-
cess with covariance function K. Then the best linear predictor of Z(0,t) in terms of Z(-,0) is the
same as the best linear predictor of Z(0,t) in terms of {Z(y,s) : y € R% s <0} for all t > 0 if and

only if K is of the form

K(x,t) = /]Rd exp{iw'x — [t|3(w) — itp(w)} F(dw), (9)

where (3 is an even nonnegative Borel-measurable function, ¢ is an odd Borel-measurable function
and F is a positive, finite symmetric measure on R%.

Note that K (x,0) = [L4 e™'X[(dw), so that F' is the spectral distribution for the spatial variation
of Z. Furthermore, K is spatially isotropic if and only if the measure F' depends on w only through
|w|. The function § can be viewed as a damping factor in time for each spatial frequency w and
the function ¢ a phase modulation for each frequency. Note that G(w) may equal 0 for certain

frequencies, which means that those frequencies are not damped at all in time.

If B(w) > 0 almost everywhere with respect to F', one can rewrite (9) as

wt+iw'x
K(x,t) = 1 Blw)e

T Jaas1 B(w)2 + {v + p(w)}2 dv F(dw). (10)

If 1/3(w) is integrable over RY, then taking F(dw) = dw/3(w) yields [3(w)? + {v + ¢(w)}?]~! as
the spectral density of a stationary space-time Gaussian process that is Markov in time. Thus,
spectral densities of the form (4) with do = 1 correspond to Gaussian Markov processes if and only
ifv=ay=1.

The model given by Brown, et al. (2000) is the special case of (10) when ¢(w) = w'u,
B(w) = A+ iw'Sw and F(dw)/dw = exp (— 3w'Ew) /(A + w'Ew) for some A > 0, a vector u and
positive definite matrix . All such processes are analytic in space, which may limit their utility.

A class of models for which (9) can be evaluated analytically is 3(w) = (log(1 + a2|w]|?),
F(dw)/dw = (1 4 o 2|w|?>)~“+9)/2 and ¢(w) = ew’z for some unit vector z and positive a, v and
(. In this case,

e
W (x—etz)

K(X7 t) = /]Rd (1 +a—2‘wy2)u+C|t|+d/2dw

12



74/200

~ AT (1 + (e + Ld)

My gy (afx — eta). (11)

Taking ¢t = 0 essentially recovers the Matérn model for the spatial variation: K(x,0) oc M, (alx]),
so that one can get any possible degree of differentiability in space. When x =0, d =2 and ¢ =0,
K(0,t) = ma?/(v + (|t]). For general d, using Stirling’s formula, it is possible to show that as
|t| — oo, K(0,t) ~ {ma?/(C|t])}#2. For d =1 or 2 and ¢ = 0, K(0,1) is not integrable in t, so the

process at a single location exhibits long-range dependence.

That a Markov process can exhibit long-range dependence along one of its margins may be
unexpected; certainly, this cannot happen for a finite-dimensional ergodic Markov process. The
source of the long-range dependence for this process is that the damping factor, (w), is near 0
for |w| near 0, so that the low frequency spatial variations decay very slowly. Geophysical time
series often exhibit long-range dependence and perhaps this can be explained by the fact that one
generally analyzes low-dimensional margins of high or infinite-dimensional systems that are actually
Markov but for which the damping of broad scale spatial features of the system is sufficiently weak

to produce slowly decaying correlations in time.

If € £ 0 in (11), then the model is not fully symmetric. Furthermore, from Abramowitz and
Stegun (1965, 9.7.8), K(0,t) decays exponentially as t — oc. Instead, K (etz,t) ~ {ma?/(C|t])}%/?

as t — oo, so that the spatial-temporal correlations decay algebraically along this line in space-time.

Let us next consider the smoothness away from the origin of (11), setting € = 0 for simplicity.
First of all, K is infinitely differentiable at (x,t) if £|x| # 0. Because the smoothness of M, ¢, (a|x])
in x as x — 0 increases with |¢| (Stein (1999), p. 31), K is smoother in x along the spatial axes than it
is at the origin. However, it is possible to show that for any given x, K (x,t) = K (x,0)—Cx|t|+o(|t])

as t — 0 with Cx # 0, so K is no smoother along the time axis than at the origin.

Similar to (3), for a valid variogram ~ on R, it is possible to show that if |¢| is replaced by
~(t) on the right-hand side of (9), the resulting model is still positive definite (although no longer
Markov unless v(t)  [t]|). The proof is similar to that of Theorem 2 in Ma (2003). Applying this

extension to (11) yields

74/20d

K(x,t) =
%0 = ST 1) + L)

My o) (ax — et (12)
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as an explicit class of space-time covariance functions that can achieve any degree of differentiability

in space and in time.

7. IRISH WIND DATA

This section applies some of the models described here to the Irish wind data studied in
Haslett and Raftery (1989), Gneiting (2002) and de Luna and Genton (2005). The daily aver-
age wind speeds from 1961-1978 at 12 sites and the intersite distances are available at Statlib,
http://lib.stat.cmu.edu/datasets/. Tilmann Gneiting kindly provided the latitudes and longitudes
of the sites. As in Haslett and Raftery (1989), the analyses here are on the square roots of the
wind speeds because this transformation makes the data nearly Gaussian. Similar to Haslett and
Raftery (1989) and Gneiting (2002), the data were deseasonalized by regressing the wind speeds
averaged across sites on a small number of annual harmonics and one of the sites, Rosslare, was
removed because of some clear nonstationarities that result when it is included. Denote by Z the
deseasonalized square root wind speeds. The mean of Z clearly varies with site, so EZ(x;,t) is
modeled as an unknown constant m;. To have a complete model for the wind speed process over
Ireland, one would need a spatial model for EZ(x,t) as a function of x. The m;s are larger at
the coastal sites than inland, and any sensible model for EZ(x,t) would need to incorporate this
information. By analyzing only differences in time of the observations, the problem of modeling

the m;s is avoided here.

One way to compare the models would be through the maxima of their likelihoods, but
it is difficult to calculate likelihoods exactly for all 72,314 = 11 x 6574 observations. Write
AZ(x,t) = Z(x,t +1) — Z(x,t) and set Dy = (AZ(xy,t), -+, AZ(x11,t)). For j = 1,...313,
let Y; = (D(j_1ye41, > D(j—1)e421). Since 6574 = 21 x 313+ 1, Y = (Y1, -+, Y313) is the vector of
all first differences in time of the data and EFY = 0. Indexing the model for the covariance function
for Z by 0, the likelihood for @ in terms of Y is the restricted likelihood of the full dataset and
its maximizer is called the restricted maximum likelihood estimator (Christensen 1996). A simple
313

approximation to the restricted loglikelihood is given by >

;—1logp(Y; | 0), which is a special

case of an approximation studied in Stein, Chi and Welty (2004) that extends an approach due
to Vecchia (1988) to the restricted likelihood setting. This approximation ignores the dependence

between the Y s, but does yield an unbiased estimating equation for @ (Stein, Chi and Welty 2004).
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It is natural to compare any fitted covariance function to empirical measures of space-time
variations. The empirical space-time variogram for Z would include the effect of the m;s. To avoid
this problem, Figure 2 plots summaries of the space-time variogram for AZ, which is invariant to
changes in the m;s. Figure 2a shows the strong dependence on distance of the spatial variogram
of AZ. Figure 2b shows that the temporal variogram of AZ decreases from lag 1 to lag 6. The
temporal variogram of the undifferenced data (not shown) is increasing and concave in k and this
concavity leads to the temporal variogram of AZ being above its sill for & small and positive.
Alternatively, one could say that taking first differences in time slightly overdifferences the data,

inducing negative correlations between AZ(x,t + k) and AZ(x,t) for k small and positive.

Define the empirical space-time variogram of AZ by

1 6573—k
9(x,y;k) = 5 ] > {AZ(x,j+ k) - AZ(y, §)}
=1

2(6573 — k)
for k > 0. Figures 2d and f demonstrate the clear asymmetry in g(x,y; k) for £ = 1 or 2, which
appears to be largely a function of differences in longitudes between sites. If AZ is stationary in
space-time with covariance function K, then F{g(x,y; k) —g(y,x;k)} = K(y —x,k) — K(x—y, k).
Thus, the increase in g(x,y; k) — ¢g(y,x; k) with longitude in Figure 2d shows that if y is east of x,
then the covariance between AZ at x today and y tomorrow is generally larger than the covariance
between AZ at y today and x tomorrow, with the difference being approximately proportional to
the difference in longitudes between the sites. Figure 2f shows that this pattern is reversed for
k = 2: for y east of x, AZ(y,t + 2) generally has weaker covariance with AZ(x,t) than AZ(y,t)
with AZ(x,t+2). This reversal in asymmetry does not have a simple explanation, but it is at least
partially a consequence of considering the space-time variogram of AZ rather than Z itself. More
specifically, if one looks at empirical estimates of cov{Z(x,t+k), Z(y,t)} —cov{Z(y,t+k), Z(x,t)}
for y east of x, then one gets the expected result of a generally decreasing relationship as the
difference in longitude increases for both k£ = 1,2 and even k£ = 3. However, despite the perhaps
greater difficulty of interpreting the space-time variogram of AZ rather than Z, the fact that

differencing automatically removes any constant spatial effect makes it attractive.

Another feature that any good model should capture is an apparent discontinuity in K (x, t)
at x = 0 for all ¢, which can be seen if one looks carefully at Figure 2c or at Figure 5 in Gneiting

(2002). Gneiting (2002) calls this phenomenon a spatial nugget effect. Because the 11 stations are
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fairly evenly spread throughout Ireland, one cannot say whether this apparent discontinuity would

be present for two sites within, say, a few kilometers of each other.

A simple way to introduce asymmetry into a model of the form K(|x|,t) is to consider, for
some unit vector z, the model K (|x — etz|, t), which is positive definite on R? x R whenever K (|x],t)
is. Since the asymmetry appears to be almost entirely a function of differences in longitude, letting
x1 indicate latitude and x2 longitude, we will set z = uz = (0, 1)’ rather than trying to estimate it

in the various models.

A general issue that must be addressed is how to interpret |[x—etus| when the spatial locations
are points on the sphere & and not the plane. The simplest solution is just to map the relevant
portion of S to R?. For example, if L is the mean latitude of the 11 sites, one could use the mapping

from the sphere to the plane of (z1,x2) — (21,22 cos L). This suggests defining
- 1/2
cov{Z(x,s),Z(y,t)} = K(r[(wl - y1)2 + {(z2 —y2) cos L — e(s — t)}ﬂ / ,S8 — t), (13)

where r is the conversion factor from a degree latitude to kilometers, roughly 111. If K is a
valid covariance function for the process on R? x R, then the resulting covariance function for
the process on & x R is valid as well. However, the ratio of the arclength of a degree longitude
of the southernmost to the northernmost site is 1.088, so this transformation entails a nontrivial
distortion of distances. Transformations from S to R? that distort distances less would require that

lines of longitude not be mapped into vertical lines, which would also be undesirable.

An approach that does not distort distances is to define the function G(x,y) = r cos ™! { sinx siny;+
cos x1 cos yp cos(zg — yg)}, the great circle distance between two points on the Earth assuming it

is a perfect sphere, and set
cov{Z(x,s5), Z(y,t)} = K(G(x,y + €(s — t)uz), s — t). (14)

However, K positive definite on R? x R no longer guarantees that the resulting model is positive
definite. The approximate likelihood approach used here at least guarantees that the fitted models
are positive definite at the 11 sites for 21 days of first differences. Note that this definition leads

to the temporal autocovariance function of Z(x, -) depending on latitude.

Of course, the best solution would be to develop directly valid covariance function models

for § x R, but that would be beyond the scope of this paper. An easy way to generate valid models
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for processes on & is to consider restrictions of models on R? to the sphere (Yaglom 1987, Gneiting
1999). This idea can be easily extended to yield fully symmetric models on S x R, but it is not so

clear what might be good asymmetric models on § x R.

Extensive experimentation with various models led to the following two best fitting models in
terms of the approximate restricted likelihood. The first is an extension of (4) and (21) in Gneiting
(2002) that allows for space-time asymmetry and a more flexible spatial nugget effect than in (21)

in Gneiting (2002):

cov{Z(x,s),Z(y,t)} =

T B —t>u2>27} Mx=y) (15

(1+als—t2)*° (1+als — t2)* (1+d]s — t2)"
The parameter domain is all real €, all nonnegative a,d’, ¢, ¢, @’ and § and all & and 7 in [0, 1]. This
nine-parameter models sets the parameter 3 in (21) of Gneiting (2002) to its maximum possible
value, 1, since this boundary value maximizes the approximate likelihood. The other best fitting
model is an eight-parameter model based on (12) with v(¢) = ¢|¢|” that includes a two-parameter
spatial nugget term suggested by the form of (12) when x =0 and € = 0:

My st (@G (x,y + €(s — tug)) {x =y}
co{Z(x,5), Z(y,8)} = vHCs=tIT (v + (s — t]r 4+ 1) V4 |s—t

(16)

with € real, ¢, ¢, @ and ¢ nonnegative, v and v/ positive and v € (0,2). The approximate likelihoods
for these and many other models were maximized using the routine nlm in R. These two models
(or minor variants of them) yielded higher likelihoods than similar extensions of (3), (8) or of sep-
arable models, and the maximized approximate loglikelihood for (16) is larger than that for (15)
by 15.3. The parameter estimates for (15) are (g/zﬁ\, a,q,c, :y\,’e\,g,(;’,(;’) = (0.581,0.876,0.817,6.94 x
1075,0.773,—0.0661,0.138,4.47,0.479) and for (16) are (6,7,(,7,4a,¢,0,/) = (1.25,0.921,0.499,
1.43,0.00185, —0.0584,0.0199, 0.689). Given the approximate nature of the likelihood and the con-
siderable amount of informal model selection involved in arriving at these two models, it would be
imprudent to read too much into the moderate advantage of (16) over (15). Figure 2 shows fitted
variograms for AZ for each of these two models. Both models fit the spatial variogram well. Model
(16) fits the temporal variogram and the average of the time-lagged spatial variograms better than
(15), but (15) fits the asymmetries better. The models fitted in Haslett and Raftery (1989) and
Gneiting (2002) are fully symmetric and hence produce fitted values in Figures 2d and f that are

identically 0. Figures 2b, ¢ and e show greater variation at and between coastal locations than
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inland locations, a feature that none of the models considered here can fit. Allowing different
variances at different sites can improve the fit considerably. For example, by extending (16) to
have two overall scale parameters, one for the four most coastal sites (Roche’s Point, Valentia, Bel-
mullet and Malin Head) and another for the other seven, the maximized approximate loglikelihood
increases by 145.7 units and (results not shown) produces substantially better agreement between
the observed and fitted variograms in Figures 2b, ¢ and e. The vector autoregressive models used
by de Luna and Genton (2005) allow for asymmetry in space-time and spatial nonstationarity, but

these models do not naturally extend to locations other than the observation sites.

If instead of (14), one uses the flat Earth approximation (13) in (15) and (16), the maximized
approximate loglikelihood decreases by 18.8 and 19.7 units, respectively. Thus, the difference in
loglikelihoods between (15) and (16) is nearly unchanged by how we define distances on the Earth’s
surface, but both models fit moderately better when using the approach that does not distort great

circle distances.

8. DISCUSSION

A number of recent papers have derived new space-time covariance functions and this work
adds some further ones. However, to develop appropriate models for specific spatial-temporal
processes, one needs more than just a laundry list of potential models. Three additional critical
aspects of model-building are theoretical frameworks for thinking about the differences in models,
methods for fitting and comparing models, and diagnostics for assessing the adequacy of models.
These issues are particularly critical with regards to the nature of spatial-temporal interactions of
processes. Sections 2—-6 consider some theoretical bases for describing spatial-temporal interactions
implied by various covariance functions, including smoothness away from the origin, space-time
asymmetry and Markov properties, although this work clearly only scratches the surface of this

problem.

For fitting and comparing models, it is natural to use likelihood-based (either Bayesian or
frequentist) methods where possible. However, even for Gaussian processes, exact likelihoods are
often impossible to compute for large space-time datasets, creating the need for methods of approx-
imating likelihoods and for developing inferential procedures that take account of the fact that the
exact likelihood is not available. For the Irish wind data, the lack of missing values and stationarity

in time imply that the modeled covariance matrices for any set of consecutive days have a block
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Toéplitz structure. The SLICOT Library (http://www.win.tue.nl/niconet /NIC2/slicot.html) pro-
vides Fortran 77 routines for efficiently computing, for example, the Cholesky decompositions of

block Toéplitz matrices needed for the approximate likelihood calculations reported on in Section 7.

For assessing model adequacy, spatial-temporal datasets of long duration provide opportu-
nities not available for purely spatial data. In the purely spatial context, Stein (1999) argues that
empirical variograms can be highly unreliable and hence comparing empirical variograms and max-
imum likelihood estimates of the variogram may not be a good way of assessing model adequacy.
However, for the Irish wind data, the empirical variogram estimates are averages over 18 years of
daily data and are quite accurate, which can be seen, for example, by comparing estimates based on
the first 9 and last 9 years of data. Thus, comparison of the fitted and empirical variograms can be
a powerful diagnostic for space-time covariance functions when one has a fixed monitoring network
of long duration. In particular, I believe the disagreements between the fitted models and empirical
variogram estimates in Figure 2 are a sign of model misspecification. When making comparisons
between empirical and fitted variograms for spatially sparse monitoring networks, it is critical to
remove any purely spatial component of the variation, since these effects will be poorly estimated
no matter how long the data record. This problem was solved here by taking first differenes in
time at each monitoring site. However, one would need to develop a separate model for this purely

spatial component if one wanted to predict winds at a site without a monitor.

The possibility of space-time asymmetries in covariance functions leads to important and
fascinating challenges in modeling and diagnostics. Figures 2d and f, which plot empirical and
fitted asymmetries as a function of the difference in longitude between sites, proved useful for the
Irish wind data, but one could not expect the difference in latitude between sites to play so small a
rule in the asymmetry for a region much larger than Ireland. Thus, there is a need for visualization
methods for variograms that take account of how they jointly depend on differences in latitude,
longitude and time. Finally, there is clear scope for models and methods that reflect the Earth’s

spherical shape and its rotation about a fixed axis.
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APPENDIX: PROOFS

PrROOF OF PROPOSITION 1. The conditions on K, imply var{Z,,(0,¢) — Z,,(0,0)} ~

—2C1(0)e** as € | 0. Now

p
var{ Zm(0,€) = Zpn(0,0)}p"(t, 8) =Y Cy(s){|t + €| —2/t|* + |t — €|}
7=1

+ Rs(t +€) — 2Rs(t) + Rs(t — ).

For two functions f and g on a domain A, write f < g if there exists C' < oo such that |f(z)| <
Cg(z) for all x € A. Then for fixed s, Rs(t +€) — 2Rs(t) + Rs(t —€) < € for t € R and € > 0, and
if p=1, (1) follows immediately. If p > 1, then for |t| < 2e, |t + €] — 2|t|% + |t — €|% < €%, and

for [t| > 2e,

o o o
WHW—%W+W@WﬂW{O—D —m(uf)}<m%@0

and (1) follows. Since, as € | 0, var{Z,,(0,€) — Z,(0,0)} ~ 2C1(0)e** and {|t + €|** — 2|¢t|** + |t —
€|*1}/(2¢*1) — 1 if t = 0 and to 0 otherwise, (2) follows.
DIFFERENTIABILITY OF (3). Assume 7(x) # 0 for x # 0, which only excludes processes that
are exactly periodic in some direction. First consider the differentiability in ¢ of (3). From (5.1) in
a (2003), the covariance function in (3) equals § [ cos(atw) exp{—(1 4 w?)y(x)}(1 4+ w?) ' dw.
For all x # 0, this integral is the cosine transform of a function with finite moments of all orders, so
it is infinitely differentiable with respect to t. Since K(0,t) = 2e~%! K is infinitely differentiable
in t for x = 0 and ¢ # 0. Next consider D™*) K (x,t) for m # 0. For x # 0,

o242
;;K(x t) = # exp{’y(x) — 47(1) }y(x)l/Zaij’)/(X).

Thus, for x # 0, D(m’k)K(x, t) exists and is of the form

2 2
exp{ t } Z s tﬁJ’Y —aj—1/2 H {D(kjé)fy(x)}‘sﬂ
l

where the sum and product are both over a finite number of terms and the a;s, 3;s and ;s are

nonnegative integers. Finally, consider x = 0 and ¢ # 0. Because exp ( — Zﬁ;(tj)) tends to 0 very
quickly as y(x) | 0, D™® [ (0,¢) = 0 for all m # 0 under mild conditions on . For example,

the following conditions suffice: there exist positive C' and § such that vy(x) > C|x|? in some
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neighborhood of the origin and, for any given n # 0 with nonnegative integer components, there
exist constants B and 7 and positive R (possibly depending on n), such that |D®™~(x)| < Blx|

for 0 < |x| < R.

PROOF OF PROPOSITION 2. Suppose for an integrable function g on R, (9/0w;)g(w) exists

and is integrable. If x; # 0, then for almost every (w1, -+, wj—1,wjt1,- -, wq)’,
g(w)e"i%idw; = —— —g(w) p "% dw;.
R

iz Jr | Ow;

Thus,

S 1 8 w
WXqw = — WX qw.
/]Rd glw)e™ *dw 1% Jpd { 3wjg(w)} oW

Applying this result repeatedly and using D2 f integrable for all q < k gives

/Rd F(w)e™*dw = (_le)k/ (D" f(w) }e™*dw.

R4

Since w™ DX f(w) is integrable, for all j < m,
DS / {Dk f(w) }eiw/xdw = / (iw)] {Dk f(w) }eiw/xdw
R R4

(Stein and Weiss 1971, p. 5). Proposition 2 follows by repeated application of the product rule for

differentiation and elementary counting arguments.

PROOF OF COROLLARY 1. Let h be an infinitely differentiable function on [0, c0) such that
h(t) = 0 on [0, R] and h(t) = 1 on [R + 1,00). Then Proposition 2 applies to h(|w|)f(w) and
{1 — h(|w|)} f(w) has bounded support, so its Fourier transform is infinitely differentiable and,

hence, the Fourier transform of f has the required derivatives.

PROOF OF PROPOSITION 4. The integrability of f holds if and only if
oo o0
/ / (14 r2o1 4 p202)y=vpdhi=lBl g gy < oo,
o Jo

which one can verify holds for oy, ay positive if and only if dy /(aqv) + do/(aerv) < 2.
Write w; = (wj1,...,wjq;)" for j = 1,2, and, without loss of generality, we will show
|w|™ (0 /Owk,) f(w) is integrable for k sufficiently large. Using the chain rule for higher derivatives

21



of composite functions (Gradshteyn and Ryzhik 2000, 0.430.2), for k > 2aq, (08 /0w})) f(w) is a

linear combination of terms like

201 Y ap
(P ?) + Pa(fwaf2)} 40 H{ TPy >} an

(=1 Owiy

2001

for which )~ a; = Z ja; = k with ao, ..., a2,, nonnegative integers. We do not have to consider
7=0 7=0
2001
¢ > 20y in (17) because then (9°/0wt,)Pi(lw1?) = 0. To obtain > ja; = k, we must have
j=0

ap < k{1 —1/(2a1)}, or k —ap > k/(2c1). Now, for a given m, (17) times |w|™ will be integrable

if [w|™(1 + [wy|)FRea—D=20001 (1 4w |22 4 |wy|222)%0 k=¥ ig integrable, and if k > m — 20qv +dy,

/d o lw|™(1+ |w1|)k(20‘1—1)—2¢10a1(1 + |wl|2a1 + |W2|2a2)a0—k—ydw
Rd1+d2

k(2@1—1)—2a0a1
<l / / 2a1(k+1/ ao) 2a2 (k+v—aop) Tl dTldT'Q

+ 75

00 7,"‘2/@1 k(2a1—1)—2a0a1
2 (ri" +r3")ry di~1,da—1
<1+ y rd dry
as(k+v—ao)
1 1 Ty

k(2a1—1)—2a0a1

oo m m

+ (7‘1 + 7‘2 )7‘1 le 1 Qfldr dT
as/aq 2a1 (k+v—ap) 1 1 2
To 7"1

<< 1 _'_ /OO 32 1—2a0v {r;n—ZCXQ(k—ao) +7"£n+(a2/a1)(dl_k) +réa2/a1)(m—k+d1)}dr2
1

I

which, using k — ag > k/(2a1), is finite for k sufficiently large. Proposition 4 follows.

PRrROOF OF (7). Using Theorem 17 in Stein and Weiss (1971),

0? 0?
K(x,t) = aKy(x,t) bz zja at (x,t) — 1 Z WKQ(X, t) — CQ@KO(X,t).
j=1 "7

Next,
d 2 d 2 .2
(2,0) x| Ty
me,w:z[ (1.£) 2y LR (x |t>{H
2
(2,0) d—1—@,0
=Ky (x|, t) + 7K (Ix[,t)
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and
d
0? (11
D% gy ot t) = H (1], 1),
7j=1

where the conditions on ¥ guarantee the existence of the relevant derivatives of Ky. Equation (7)

follows.

PROOF OF PROPOSITION 5. Let us first prove that Z Markov implies its covariance function
is of the form (11). Write K (x,t) = [ ™™+ G (dw, dv) for the spectral representation of K. Be-
cause G is a positive finite measure, one can define the measure F' given by F(dw) = [ G(dw,dv).
By the Radon-Nikodym Theorem, G(dw,dv) = Hy(dv)F(dw), where Hy(-) is a positive, finite
measure for F-a.e. w. Set 1w (t) = [ €' Hy(dv), which is well-defined for F-a.e. w.

Let £2(@) be the closed real linear hull of e ¥+ with respect to G and H(G) the closed
real linear hull of Z(x,t) with respect to G. Then X%+ « . Z(x,t) defines a Hilbert space
isometry between £2(G) and H(G). Let P; be the orthogonal projection operator in £2(G) onto
the closed real linear hull of e® W+ for s < t, x € R Tt suffices to show that for all x € R?
and all s, t nonnegative, cov[Z(0,t) — E{Z(0,t) | Z(-,0)}, Z(—x, —s)] = 0, or in terms of elements
of £L%(@G), [e™ W+“’3( wt Py e“’t)G(dw, dv) = 0. The Markov property implies Poei*? is in the
closed real linear hull of e*¥ (i.e., it does not depend on v), so define A(t;w) = Pye’’*. Now,
limg .o A(t + s;w) = A(t;w) in £2(F) because Z(x,t) is mean square continuous by hypothesis.

Thus, A(t;w) is jointly measurable in ¢,w. Next, for s,¢ nonnegative, using the stationarity of Z,

At + s;w) = Poe ) = pyp eivltts)
= Po(e"* A(t;w)) = A(s; w)A(t; w)

and it follows that A(t;w) = e~ for all ¢ > 0 for some measurable function o with real and
imaginary parts 8 and ¢, respectively. Since m = A(t;w), # must be even and ¢ odd. Next,
K even implies A(—t; —w) = A(t;w), so for t <0, A(t;w) = A(—t; w) = P~ and it follows
that K is of the form (9) with 5 even and ¢ odd. Finally, to see that § must be nonnegative, note
that if B(w) < 0, limsup,_, UU e“”Hw(dv)‘ = limsup,_,, e~ 18™) = oo, which can only happen
for a set of w with measure 0 under F', so that one can assume (3 nonnegative everywhere without

loss of generality.

To prove the converse, if K is of the form (9), then one needs to show Pye*t € L2(F). Since

= [ e™*ny(t)F(dw), it follows from (9) that 1y (t) = e 1™ =#W) F_ae Then for s,t
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nonnegative,
/ (eivt o ef|t|ﬁ(w)7it¢>(w))eiw’eri'UsG(dW’ d’U)
— K54 0) — [t (o) paw)
e B AT}

which is 0 by (9). Thus, Poe'’! = nw(t), which, for 3 even and nonnegative and ¢ odd, is in £2(F)

as required.
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Figure captions

Figure 1. Contour plot for correlation function {4./\/1 1/2(($% + 3 +t2)1/2) — 2x1t./\/l,1/2((a:% +x3+
t2)1/2)} /{4M 15(0)} for x5 = 0.

Figure 2. Variograms for AZ(x,t+ 1) for Irish wind data. In each figure, + indicates a variogram
value for coastal sites, * indicates a coastal and an inland site and o indicates two inland sites. The
X indicates a fitted value under model (15) and V indicates (16). In Figure b, horizontal offsets
within each day are proportional to latitude, with more northerly sites to the right. For improved
legibility, Figure b omits the temporal variogram at lag 0, which is necessarily 0 for both empirical
and fitted variograms. Figures d and f plot asymmetries for all pairs of sites for which y is east of

X.
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Figure 2
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