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Basic model 
 

ε= +Y AP   

subject to ( )∈ΩA, P  

Y : n×p data matrix, 
A : n×q source contribution matrix, 
P : q×p source composition matrix, 
 : n×p error matrix, 
: a set of feasible parameter values.  

 
 



Existing approaches to uncertainty evaluation

• Propagation of error (delta method)
– B.A. Roscoe and P.K. Hopke (1981); Park (1997) Dissertation

• Bootstrap
– Henry et al. (1997), PNAS; Park et al. (2002), Environmetrics;

Gajewski and Spiegelman (2004), Environmetrics
• Bayesian approaches

– Park et al. (2001), JASA; Billheimer (2000), NRCSE Tech report
• Blocked bootstrap

– Christiansen and Sain (2002), Technometrics
• Simulation experiments (parametric bootstrap)

– Park et al. (2002), Environmetrics; Gajewski (2000), Dissertation



Our new approach

• One important feature of a bilinear model is that the transpose of the model
has a bilinear form.  This is important because it suggests the sampling of
columns in addition to or in place of rows of the data matrix.  The dependence
structure of the columns of the observation matrix is different from the typical
nonstationary time series structure found in the row dependence.

• Our reason for using a jackknife estimator rather than a bootstrap estimator is
that the typical jackknife estimator deletes only one row or column of the data
at a time.  This saves computational effort.  In addition typically identifiability
of the parameters may be maintained whereas a typical bootstrap approach to
this type of a problem would lose identifiability of the parameters.  (This is
particularly true if the identifiability constraints are on the contributions (A).)



Notation



Degrees of freedom



NUMFACT and Related Statistics

• Notation:
• R : sample correlation matrix
• l1, ..., lp : eigenvalues of R
• b1, ..., bp : eigenvectors of R
• N : the number of independent resamples.
• b1j

*, ..., bpj
* : eigenvectors of the correlation matrix Rj

* of the jth
resample (j = 1, ..., N).



The Numfact statistic



Some Numfact examples

• Numfact seems to work well in
receptor models and that was the
motivating example

• Available from the PLS_Toolbox the
main chemometric software
package



Usual simulation model

Simulated Example
We first consider a simulated example to illustrate (1). The data is
generated based on the basic model with true source composition
matrix P0 given in Table 1 where n = 50, p = 9, and q = 3.  The
source contribution matrix A is generated from a truncated
multivariate normal distribution N3(3, I3) where   and I3
represents a 3×3 identity matrix.  The errors associated with n
observations are independently generated from the normal
distribution with mean 0 and a diagonal covariance matrix so that
the proportions of the error standard deviations to the model
standard deviations are about 12-33%.  The resulting data matrix
Y consists of nonnegative numbers.





Autocorrelated example

• Same profiles
• Autocorrelation for errors = .7





Bootstrap Vs Jackknife CIs

Jackknife captured the true value 95% of the
time (missed 1 out of 18)

Bootstrap missed 8 out of 18 cases



Clinton Drive Example

The original data consists of 2,541 hourly observations 

(after initial screening of the outliers) on 54 volatile 

organic compounds (VOC) and total nonmethane organic 

carbon (TNMOC) - Henry, Spiegleman, Collins, and Park 

(1997).  

Ten species are selected for  the current study.  



PC plots suggesting 3 main sources



Comparison of uncertainty limits



Questions?



Further Discussion

• No model is exact but some are useful
– Receptor models are often at least in part exploratory
– Missing sources show up differently as species are dropped the

projections on the remaining source profile columns may change
dramatically

• This is less likely to occur with the bootstrap approach
particularly when the sample sizes are large

• Cliff is working on a bootstrap approach with Phil Hopke and Ron
Henry may be working on his own.  Both approaches take dependence
structure into account.  Cliff and Phil require short-midrange range
dependence and use a variant of block bootstrapping.  The issue to be
addressed is bias adjustment.


